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Abstract

This paper identifies a structural property of data distributions that enables deep
neural networks to learn hierarchically. We define the “staircase” property for
functions over the Boolean hypercube, which posits that high-order Fourier coeffi-
cients are reachable from lower-order Fourier coefficients along increasing chains.
We prove that functions satisfying this property can be learned in polynomial
time using layerwise stochastic coordinate descent on regular neural networks —
a class of network architectures and initializations that have homogeneity prop-
erties. Our analysis shows that for such staircase functions and neural networks,
the gradient-based algorithm learns high-level features by greedily combining
lower-level features along the depth of the network. We further back our theoretical
results with experiments showing that staircase functions are learnable by more
standard ResNet architectures with stochastic gradient descent. Both the theoretical
and experimental results support the fact that the staircase property has a role
to play in understanding the capabilities of gradient-based learning on regular
networks, in contrast to general polynomial-size networks that can emulate any
Statistical Query or PAC algorithm, as recently shown.

1 Introduction

It has been observed empirically that neural networks can learn hierarchically. For example, a
‘car’ may be detected by first understanding simpler concepts like ‘door’, *wheel’, and so forth in
intermediate layers, which are then combined in deeper layers (c.f. [112]). However, on the theoretical
side, the mechanisms by which such hierarchical learning occurs are not yet fully understood. In this
paper we are motivated by the following question:

Can we identify naturally structured and interpretable classes of hierarchical functions, and
show how regularE]DNNs are able to learn them?

This is a refinement of the generic objective of trying to understand DNNs: We identify several
key desiderata for any theoretical result in this direction. (1) Natural structure: We aim to capture
naturally occurring data of interest, so the structural assumption must make conceptual sense. (2)
Interpretability: If we hope to clearly interpret the inner workings of neural networks, understanding
both how they classify and also how they learn, then we need a model for data that is interpretable to

I'The notion of regularity is specified in Deﬁnition this means network architectures and initializations
that have homogeneity properties within layers, in contrast to the emulation architectures in [3} 4]
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begin with. Interpretation of the representations occurring within a neural network is most clearly
expressed with respect to structural properties of the data. Finally, (3) Regularity of the network: The
network architecture and initialization should be symmetric in a sense defined later on. This prevents
using carefully-crafted architectures and initializations to emulate general learning algorithms [3} 4]
We view this type of restriction as being partway towards considering practical neural networks that
learn in a blackbox fashion. The results in this paper aim to satisfy all three high-level objectives.
The relation with prior work is discussed in Section [I.1]

This paper proposes a new structurally-defined class of hierarchical functions and proves guarantees
for learning by regular neural networks. In order to describe this structure, we first recall that any
function f : {+1, —1}" — R can be decomposed in the Fourier-Walsh basis as

fl@)= > f(S)xs(x), where f(S):=(fxs), xs(@):=]]u )
5C[n] i€S
and the inner product between two functions is (f, g) = Ef(X)g(X) for X ~ Unif({+1, —1}").
This decomposition expresses f(z) as a sum of components, each of which is a monomial y g (),
weighted by the Fourier coefficient f (S). Our definition of hierarchical structure is motivated by
an observation regarding two closely related functions, “high-degree monomials” and “staircase
functions”, the latter of which can be learned efficiently and the former of which cannot.

Monomials with no hierarchical structure The class of monomials of any degree k& where k <
n/2 (i.e., the class {xs}scn],5=) is efficiently learnable by Statistical Query (SQ) algorithms if
and only if k is constant [5 6], and the same holds for noisy Gradient Descent (GD) on neural nets
with polynomially-many parameters [J5], and for noisy Stochastic Gradient Descent (SGD) where
the batch-size is sufficiently large compared to the gradients’ precision [3| 4]. This was also noted
in [7] which shows that gradients carry little information to reconstruct y g for large |S|, and hence
gradient-based training is expected to fail. Thus, we can think of a component x s as simple and
easily learnable if the degree |\S| is small and complex and harder to learn if the degree || is large.

Staircase functions with hierarchical structure Now, instead of a single monomial, consider the
following staircase function (and its orbit class induced by permutations of the inputs), which is a
sum of monomials of increasing degree:

Si(x) = &1 + 2122 + 12203 + T1T2T3T4 + - -+ X1ok - )

Here S)(z) has a hierarchical structure, where x7 builds up to 12, which builds up to x;zox3,
and so on until the degree-k monomial x1.;. Our experiments in Fig. [2[ show a dramatic difference
between learning a single monomial x1.; and learning the staircase function Si. Even with n = 30
and k = 10, the same network with 5 ReLU ResNet layers and the same hyperparameters can easily
learn S, to a vanishing error (Fig. 2b) whereas, as expected, it cannot learn x1.; even up to any
non-trivial error since x1.j is a high-degree monomial (Fig. 2al).

An explanation for this phenomenon is that the neural network learns the staircase function Sy (x) by
first learning a degree-1 approximation that picks up the feature =, and then uses this to more readily
learn a degree-2 approximation that picks up the feature x; 22, and so on, progressively incrementing
the degree of the approximation and ‘climbing the staircase’ up to the large degrees. We refer to
Fig. [Ia]for an illustration. This is indeed the learning mechanism, as we can see once we plot the
Fourier coefficients of the network output against training iteration. Indeed, in Fig. [2c|we see that
the network trained to learn x1.1¢ cannot learn any Fourier coefficient relevant to x1.19 whereas in
Fig. @ it is clear that the network trained to learn S learns the relevant Fourier coefficients in order
of increasing complexity and eventually reaches the .19 coefficient.

Main results We shed light on this phenomenon, proving that certain regular networks efficiently
learn the staircase function Sk (), and, more generally, functions satisfying this structural property:

Definition 1.1 (Staircase property). For any M > 1, a function g : {—1,1}" — R satisfies the
[1/M, M]-staircase property over the unbiased binary hypercube if:

e forall S C [n], if §(S) # 0 then |§(S)| € [1/M, M].

e forall S C [n], if §(S) # 0and |S| > 2, there is S’ C S such that |S\ S’| = 1 and
9(5") # 0.

Furthermore, g is said to be an s-sparse polynomial if |{S : §(S) # 0}| < s.
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Figure 1: Hierarchical learning method and proposed architecture.
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Figure 2: Comparison between training x1.10 and S1p with n = 30 on the same 5-layer ReLU ResNet

of width 40. Training is SGD with constant step size on the square loss. Here fu denotes the Fourier
coefficient (x1.;, f) corresponding to the network output f.

The parameters M and s appear naturally since a PAC-learning algorithm for s-sparse polynomials
satisfying the [1/M, M]-staircase property must use a number of samples that depends polynomially
on M and s. Our theoretical result is informally summarized as follows, and we remark that the proof
shows that the neural network progressively learns approximations of higher degree:

Theorem 1.2 (Informal statement of Theorem Let g : {—1,1}"™ — R be an unknown s-sparse
polynomial satisfying the [1/M, M|-staircase property. Given access to random samples from
{(z,9(2)) }z~{—1,1}n, there is a regular neural network architecture that approximately learns g in
poly(n, s, M) time and samples when trained with layerwise stochastic coordinate descent.

Even though we only consider hierarchical functions over the Boolean hypercube {—1, 1}" in our
theoretical result, we believe that the techniques used in this work can be extended to other function
spaces of interest, exploiting the orthonormality of the corresponding Fourier basis functions. For
this reason we give a fairly general definition of hierarchical functions in Section [3|that goes beyond
the Boolean hypercube, as well as beyond the strict notion of increasing chains. This more general
class of functions is of further interest because it includes as special cases well-studied classes such
as biased sparse parities and decision trees in a smoothed complexity setting (see Section [3.1).



1.1 Related Work

Statistical query emulation results For the general class of polynomial-size neural network ar-
chitectures with any choice of initialization, it is known that SGD on a sufficiently small batch-size
can leanﬂ any function class (including functions satisfying the staircase property) that is efficiently
learnable from samples [3]], while GD can learn any function class that is efficiently learnable from
statistical queries (SQ) [4]. However, these results rely on highly non-regular architectures and initial-
izations, with different parts of the nets responsible for different tasks that emulate the computations
of general learning algorithms. In particular, it is not known how to obtain the emulation results of [4]
for “regular” architectures and initializations as defined in Deﬁnition@ In contrast, our architecture
in Theorem @] is a regular neural network in this sense, and our analysis further illustrates how
features are built greedily over depth rather than by emulating a given algorithm.

Consider also the orbit class under permutations of the inputs of the “truncated staircase function”,
Sisk(z) = Zf:j Xi:k(x), for 1 < j < k < n. Note that this class is efficiently SQ-learnable when
k = n, since the monomial x1., is always present and one can recursively check which sub-monomial
is present or not by checking at most n monomials at each step. However, we conjecture that S;_,,, (x)
is not learnable by regular networks trained with gradient descent if min(n — j, j) = w(1). Therefore
such truncated staircases provide a candidate for separating gradient-based learning on regular
networks versus general, non-regular networks that allow for emulating any SQ algorithm [4].

Hierarchical models of data Explicitly adding hierarchical structures into machine learning algo-
rithms such as hierarchical Bayesian modeling and hierarchical linear modeling has proved successful
in various machine learning tasks beyond deep learning [8H11l]. For image data, [[12,[13]] propose
hierarchical generative models of images and use them to motivate deep convolutional architectures,
although these works do not prove that deep learning learns these generative models. [14]] similarly
proposes a ‘deep rendering model” which hierarchically models levels of abstraction present in data,
but does not prove learnability. [15] gives a training algorithm for deep convolutional networks that
provably learns a deep generative model of images. The paper [[16] proposes a generative model of
data motivated by evolutionary processes, and proves in a formal sense that “deep” algorithms can
learn these models, whereas shallow algorithms cannot. In contrast to our work, the “deep” algorithms
considered by [16]] are not descent algorithms on regular deep neural network architectures. In [[17] it
is shown that during training of two-layer ReLU networks with SGD, the lower frequency components
of the target function are learned first. Unfortunately, their results have an exponential dependence on
the degree. In our work, we leverage depth and the hierarchical Boolean function structure to ensure
that higher-level Fourier coefficients are learned efficiently. Finally, [18]], studies learning Boolean
circuits of depth O(log n) via neural networks under product distributions using layer-wise gradient
descent. While [[L8] requires the architecture to match the Boolean circuit being learned, in contrast,
our architecture is regular and independent of the function learned.

Power of depth Several works have studied how representation power depends on depth. [19]
shows that deep networks can represent a class of compositionally-created functions more efficiently
than shallow networks. [20] shows that certain smooth radial functions can be easily represented by
three-layer networks but need exponentially-many neurons to be represented by a two-layer network.
Based on an analysis of learning fractal distributions related to the Cantor set, [21] conjectures that
if shallow networks are poorly represent a target function, then a deep network cannot be trained
efficiently using gradient based methods. [22] presents a depth separation result by showing that deep
networks can produce highly oscillatory functions by building on the oscillations layer by layer. [23]
uses this phenomenon to show a sharp representation theorem for arbitrary-depth ReLU networks.

Other theoretical works have proved depth separation theorems for training. [24] prove that a two-
hidden-layer neural network where the first hidden layer is kept random and only the second layer
is trained, provably outperforms a just one hidden layer network. In [25}126] it is proved that deep
networks trained end-to-end with SGD and quadratic activation functions can efficiently learn a
non-trivial concept class hierarchically, whereas kernel methods and lower-depth networks provably
fail to do so. The class of functions studied by [25}26] are those representable as the sum of neurons
in a teacher network that is well-conditioned, has quadratic activations and has a depth of at most
log log n, where n is the number of inputs. This function class is expressive but incomparable to
the hierarchical function class studied in our work (e.g., we can learn polynomials up to degree n,

These reductions are for polynomial-time algorithms and for polynomial precisions on the gradients.



whereas [26] is limited to degree log(n)). Furthermore, our function class has the advantage of being
naturally interpretable, with complex features (the high-order monomials) being built in a transparent
way from simple features (the low-order monomials). In [27H29], gradient dynamics are explored
for the simplified case of deep linear networks, where an ‘incremental learning’ phenomenon is
observed in which the singular values are learned sequentially, one after the other. This phenomenon
is reminiscent of the incremental learning of the Fourier coefficients of the Boolean function in our
setting (Fig. [2)). For real world data sets, [30] empirically shows that in many data sets of interest,
simple neural networks trained with SGD first fit a linear classifier to the data and then progressively
improve the approximation, similar in spirit to the theoretical results in this paper.

Neural Tangent Kernel and random features A sequence of papers have studied convergence
of overparametrized (or Neural Tangent Kernel regime) neural networks to the global minimizer of
empirical loss when trained via gradient descent. In this regime, they show that neural networks
behave like kernel methods and give training and/or generalization guarantees. Because of the
reduction to kernels, these results are essentially non-hierarchical. [31}[32] in fact show that deep
networks in the NTK regime behave no better than shallow networks. We refer to [26] for a review of
the literature related to NTK and shallow learning. Finally, we mention the related works [33H335]]
which consider learning low-degree (degree q) polynomials over R™, without a hierarchical structure
assumption. They require n*(?) neurons to learn such functions, which is super-polynomial once
g > 1. The results hold in the random features regime, known to be weaker than NTK.

1.2 Organization

In Section 2] we give the problem setup, network architecture and the training algorithm, and also
state our rigorous guarantee that this training algorithm learns functions satisfying the staircase
property. In Section 3| we discuss possible extensions, defining hierarchical functions satisfying the
staircase property in a greater level of generality from Definition We refer to Appendix [A] for
additional experiments which validate our theory and conjectures for both the simplest definition of
the staircase property in Definition[I.T]and the generalizations in Section 3.2}

2 Regular networks provably learn hierarchical Boolean functions

We state our main theoretical result, which proves that a regular neural network trained with a descent
algorithm learns hierarchical Boolean functions in polynomial time.

2.1 Architecture

Our network architecture has neuron set V' and edge set F, and is defined as follows (see also Fig.[Tb).
The neuron setis V' = Vi, UVy U. .. Vi. Here Vin = {¥in,0,%in,15- - -, Vin,n } is a set of n + 1 inputs,
and each intermediate layer consists of |V;| = W neurons. Furthermore, the edge set F is a sparse,
random subset of all possible directed edges:

* each (vp,v;) € Vip x V; is in the edge set E independently with probability p;, and

e each (v;,v;41) € V; x Vi4q for i € [L — 1] is in the edge set E independently with
probability po.

For each edge e € F, let there be a weight parameter a, € R. And for each neuron v € V' \ Vi,
let there be a bias parameter b, € R. The parameters of the network are therefore a € R and
b € RV\Vin_ For simplicity of notation, we concatenate these two vectors into one vector of parameters
w=la b eRF@RV\Vin,
For each i € [n], the ith input, vi, ; € Vin, computes x;, and the Oth input, v;, ¢, computes a constant:
Jom (@3w) = x4, and fy,  (2;w) = 1.
Given a neuron v € V' \ Vi, the function computed at that neuron is a quadratic function of a linear
combination of neurons with edges to v, (i.e., the activation function is quadratic). And the output of

the neural network is the sum of the values of the neurons at the intermediate layers:
2

fv(aj;w) = Z aefu(x;w) +by, and f(x;w) = Z fv(.’E;IU)-

e=(u,v)EE veV\Viy
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Our architecture satisfies the following regularity condition:

Definition 2.1 (Regular network architecture and initialization). An architecture is regular if for any
1 <i < j < L, for any distinct pair of potential edges (v, v;), (vi,v;) € Vi x Vj, the events that
these edges are in E are i.i.d.; the same holds for any distinct pair of potential edges (u, v;), (v/, v;) €
Vin X Vj; the same holds for any distinct pair of potential edges (u, Uout), (U, Vout) € Vj X Vout
(where Vo is the output vertex). Furthermore, the initialization is regular if it is i.i.d. over the set of
present edges and each weight has a symmetric distribution.

In our case the weight initialization is i.i.d. and symmetric since we choose it to be identically zero
everywhere, which works since we escape saddle points by perturbing during training. On the other
hand in our experiments the initialization is an isotropic Gaussian, which also satisfies Definition [2.1]

2.2 Loss function

Let the loss function be the mean-squared-error between the output f of the network and a function
g:{—1,1}" — R that we wish to learn. Namely, for any z € {—1,1}", a € R and b € RV \Vin,
define the point-wise loss and population loss functions respectively, where w = [a, b]:

lzyw) = %(f(x,w) —9(2))%  l(w) =Epoqo1, 13 l(z;0). (3)

We will train the neural network parameters to minimize an Lo-regularized version of the loss
function. Let A1, As > 0 be regularization parameters, and define the point-wise regularized loss
lr(z;w) = £(x;w) + R(w) and the population regularized loss g (w) = ¢(w) + R(w), where

1 1
R(w) = 3 Z Aa? + B Z Aoa?.
e=(u,v)EE e=(u,v)EE
u€Vin ugVin
The distinct regularization parameters A1, A2 > 0 for the weights of edges from the input and
previous-layer neurons, respectively, are for purely technical reasons and are explained in Section

2.3 Training

We train the neural network to learn a function g : {—1, 1} — R by running Algorithm This algo-
rithm trains layer-wise from layer 1 to layer L. The ¢th layer is trained with stochastic block coordinate
descent, iterating through the neurons in V; in an arbitrary fixed order, and training the parameters of
each neuron v € V; using the TRAINNEURON subroutine. Each call of TRAINNEURON runs stochas-
tic gradient descent to train the subset of neural network parameters w, = {ae}e:(w))e e U{b,}
directly associated with neuron v (i.e., the weights of the edges that go into v, and the bias of v),
keeping the other parameters w_, = {a¢}e—(w,v)eE s.t. vzor Y 100 forev\(foyumi,) fixed.

Algorithm 1: TRAINNETWORKLAYERWISE

Input: Sample access to the distribution {(x, g())}s~f—1,1}». Hyperparameters
Wa L7p17p27 )\1a )‘27 1, Bv €stop) a, T.
Qutput: Trained parameters of neural network after training layer-wise.

(V, E) « random network constructed as in Section
w9 6,1?(— 0 // Initialize all weights and biases to zero.
for layeri =1to L do
for neuron v € V; do
// Train the neuron parameters, w,, fixing other parameters
w't «— TRAINNEURON (v, w'; A1, A2, 1, B, €stop, @, T)
t—t+1
end
end
Return w!
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Algorithm 2: TRAINNEURON (v, w%; A1, A2, 7, B, €stop, @ty T)

Input: Neuron v € V' \ V. Initial network parameters w®. Access to random samples (z, g(z))
for x ~ {—1,1}". Hyperparameters A1, A2, 1, B, €st0p, @, T.
Output: Parameters of network after the subset of parameters w,, of neuron v is perturbed and
then trained with NEURONSGD, while all other parameters w_,, remain fixed.

// To avoid saddle points, randomly perturb the neuron parameters

wberturb « 4p0 4+ 2, where 2 is a noise vector whose entries are i.i.d. in Unif ([—7, 7]).
erturb 0 erturb
wP — [w?,, w? ]
// Run stochastic gradient descent on neuron parameters, until
approximate stationarity

w9GP <~ NEURONSGD (v, wPe™t b X\ Ao, B, €st0p, )

// Prune the neuron’s small weights

wrewnd ¢3¢0 rounding to 0 every entry of magnitude less than 7

Return wround — [U)O wround]

—v) v

Algorithm 3: NEURONSGD (v, w%; A1, A2, 1, B, €stop, @, T)

Input: Neuron v € V' \ Vi,. Initial network parameters w®. Access to random samples (z, g(z))
for x ~ {—1,1}". Hyperparameters A1, Az, 1, B, €st0p, @, T.

Output: Parameters of network after the subset of parameters w, corresponding to neuron v is

trained, all other parameters w_, remain fixed.

t«0

while true do

// Approximate V, fpr with minibatch size B

Draw i.i.d. data samples (z*!, g(z%1)),..., (2bB, g(z"B))

€« 500 Va a0, w))
// Stop if we have reached an approximate stationary point
if ||£7|] < €st0p then break out of the loop;

// Update w, in direction of the approximate gradient
witt « wl — agt

t<1t+1

(l’U? w’f)]

Return [w

2.4 Theoretical result

We prove that Algorithm|[I]learns functions satisfying the staircase property in the sense of Defini-
tion[I.T] We defer the exact bounds on the parameters considered to Appendix

Theorem 2.2. Let g : {—1,1}" — R be an unknown s-sparse polynomial satisfying the [1/M, M]-
staircase property for some given s, M > 1. Given an accuracy parameter € > 0, a soundness
parameter 0 < § < 1, and access to random samples from {(x, g(x))}z~{—1,1}, there is a setting
of hyperparameters for Algorithm(I|that is polynomially-bounded, i.e.,

1/pOIY(n787M7 1/67 1/5) S I/Vavahp%)‘la)‘QaanvcstopvaaT S pOIY(nvvav 1/67 1/6)a

such that Algorithm|[I| runs in poly (n, s, M, 1/¢,1/8) time and samples and with probability > 1 — §
returns trained weights w satisfying the bound £(w) < ¢ on the population loss.

2.5 Proof overview

We now briefly describe how Algorithm |1|learns, giving a high-level depiction of the training process
in the case that the target function is the staircase function Ss(z) = x1 + x122 + z12223. We
refer to Fig. [3| for an illustration of the training procedure, where grey neurons are ‘blank’ (i.e.,
have identically zero output) and the green neurons are ‘active’ (i.e., compute a non-zero function).
Initially all neurons are blank and the total output of the network is 0.



E 2 X3 — X3 — A
ns 0 C nz? = ny——"=
no 2 n— : . :
ny 0 S —_— Ny 1% 3 —_— g% 3
- FR . 8 |
ng— 2 ng— 2 = 2
b R — 3 I 1 4
Output: Output: Output:
Input Step 1 X Step 2 Xy + X%y Step 3 X1 + %%,
+ X1X2X3

Figure 3: An illustration of the training procedure for learning S3(x) = x1 + x1x2 + 1x223. The
grey neurons are ‘blank’ and the green neurons are ‘active’.

We set the random network topology connectivity hyperparameters p; and ps to be small, so that
the network is sparse. We can show that the following invariant is maintained throughout training:
any neuron has at most two active parents. Intuitively, this is because we can bound the number
of active neurons at any iteration during training by s + n + 1, so the number of neuron tuples
(uy,uz,u3,v) € V4 such that uy, us, u3 are active and all have edges to v is in expectation bounded
by (s +n + 1)3(p1)>W < 1. Since any neuron during training has at most two active parents, we
may tractably analyze TRAINNEURON for training new neurons: in a key technical lemma, we show
that every active neuron v has exactly two active parents v and u’, and approximately computes a
monomial given by the product of the parents’ values, f,(z) ~ xs, = fu(x)fu ().

We cannot set p; and ps to be too small or else the network will not be connected enough to learn.
Thus, we must also set the connectivity parameters so that for any pair (u,u’) € Vi, x (V' \ V1), the
neurons v and u’ share many children, and at least one of these children may learn the product if it is
useful. For this it is sufficient to take the expected number of shared children pypoW > 1 very large.
We now present a run of the algorithm, breaking it up into “steps” for exposition.

Step 1: The algorithm iterates over neurons and trains them one by one using TRAINNEURON.
Most of the neurons trained are left blank: for example, if a neuron v has the two inputs x5 and 1, then
by our key technical lemma the neuron could either remain blank or learn the product of the inputs,
T9 = x9 - 1. But the mean-squared error cannot decrease by learning s, since x5 is orthogonal
to the staircase function in the Lo sense (i.e., (S3(x), z2) = 0, because the staircase function does
not have x5 as a monomial), so the neuron v remains blank. Let ¢; be the first iteration at which
the algorithm reaches a neuron n; € V; that has x; and 1 as inputs. When the network trains n;
using the sub-routine, we show that it learns to output x1 = x1 - 1, since that is the highest-correlated
function to S3(x) that n; can output. Combined with the linear layer, the overall neural network
output becomes f(z;w') & x1.

Step 2:  The error function after Step 1is E1(x) = S3(x) — f(z;w') ~ z122 + x172273. Again,
for many iterations the training procedure keeps neurons blank, until at iteration ¢4 it reaches a neuron
no with inputs 1 (due to neuron n4) and zo (directly from the input). Similarly to Step 1, when
we train ngy, we show that it learns to output z1 9, which is the function with highest correlation to
E1(x) which ny can output. Thus, the neural network now learns to output f(x; w'?) &~ z1 + 2172,
so the error function has decreased to Fa(z) = S3(z) — f(z;w?) ~ x12223. The training proceeds
in this manner until all the monomials in S3 () are learned by the network.

Error Propagation and Regularization: A significant obstacle in analyzing layer-wise training
is that outputs of neurons are inherently noisy because of incomplete training, and the error may
grow exponentially along the depth of the network. In order to avoid this issue, we have two distinct
regularization parameters A1, Ay and connectivity parameters p;, po for edges from inputs versus
edges from neurons. In our proof of Theorem [2.2] we set Ay < Ay and p; > po, which ensures
that after training a neuron (say ny above) the weight from the neuron ny (which has regularization
parameter ) is much smaller than the weight directly from the input x5 (which has regularization
parameter \1). Since the inputs are noise-free, this disallows exponential growth of errors along the
depth. We conjecture that if the network is trained end-to-end instead of layer-wise, then one can
avoid this technical difficulty and set \; = A9 and p; = po, because of a backward feature correction
phenomenon [26] where the lower layers’ accuracy improves as higher levels are trained.



3 General Hierarchical Structure

3.1 Extension to biased binary inputs and implications

We extend the main result of this paper to more general setting of functions over a space of i.i.d.
binary variables that have zero expectation but are not necessarily supported on {+1,—1}. For
instance, if { X;};¢[,) are i.i.d. and Boolean (on {+1, —1}) with E(X;) = b for some b € [—1,1],
the centered variables X; = X; — b are valued in {1 — b, —1 — b}. Over these centered variables,
the Fourier coefficients of a function are given (up to normalization) by f(S) = E ¢ f(X) [[,c ¢ Xi

for any S C [n]. Thus, the staircase property of Definition generalizes clearly: the function
f:{1—0b,—1—0b}" — R satisfies the staircase property if for any S C [n] with |S| > 2 such that

f(S) # 0, there is a subset S' C S such that |S'\ §’| = 1 and f(S’) # 0.

Showing a similar result to Theoremfor staircase functions on the variables X; with a quadratic
activation requires a slight modification of our argument since X 2 is no longer constant (and equal
to 1), so one cannot use the simple identity Z1Z, = (Z; + Z3)?/2 — 1 that holds for variables
valued in {+1, —1} to prove that a neuron learns the product of its inputs when trained. However,
adding skip connections from the previous layer with quadratic activation, along with the fact that
rir2 = ((r1 +72)? — 72 —r2) /2, one can hierarchically learn new features as products of previously-
learned features. Alternatively, one can change the activation so that each neuron maps a vector input
vto (a-v+b)?+c-y?, where a,b, c are trainable parameters, to learn products of general binary
variables. A similar proof to that of Theorem [2.2]is then expected to hold, implying that one can
learn staircase functions over i.i.d. random variables that are binary and centered (beyond {+1, —1}
specifically). We will now discuss two interesting examples that fall under this setting.

Biased sparse parities and kernel separation Consider the problem of learning sparse biased
parities, i.e., the class of monomials of degree log(n) with a {+1, —1}-valued input distribution that
is i.i.d. with EX; = b = 1/2. It is shown in [36] that such a distribution class is not learnable by any
kernel method with poly-many features, while it is learnable by gradient-based learning on neural
networks of polynomial size. The result of [36] relies on an architecture that allows emulating an SQ
algorithm — far from a regular network as considered in this paper. However, sparse biased parities
are staircase functions over unbiased binary variables, with polynomially-many nonzero coefficients
since the degree is logarithmic. So an extension of Theorem [2.2]to arbitrary binary centered variables
would imply that regular networks can learn sparse biased parities, implying a separation between
kernel-based learning and gradient-based learning on regular networks.

Decision trees under smoothed complexity model Secondly, in a smoothed complexity setting,
where the input distribution is drawn from the biased binary hypercube, and the bias of each variable
is randomly chosen, the class of log(n)-depth decision trees satisfies the general staircase property.
This is because Lemma 3 in [37] implies that with high probability there is a poly(n/e)-sparse
polynomial that e-approximates the decision tree and satisfies the staircase property over the biased
binary hypercube. Thus, the extension of our result to the case of biased binary inputs would imply
that regular neural networks learn decision trees in the smoothed complexity model

3.2 Extension to more general Lo spaces

We now give an even more general version of the staircase property in Definition Since neural
networks are efficient at representing affine transforms of the data and smooth low-dimensional
functions [35]], we generalize the class of hierarchical functions over the space of continuous, real
valued functions [—R, R]" C R™; R € R* U {co} without any reference to underlying measures but
with enough flexibility to add additional structures like measures and the corresponding L? norms.
Set R € RT U {oo} and consider any sequence of functions H := {h; : R = R}renugo} such that
hy is the constant function 1, and any affine transform A : R" — R” such that A(xz) = Az + b for
A € R™";h € R". We call a function f : [~ R, R]* — R to be (H,.A)-polynomial if there exists a
finite index set Iy C (N U {0})" such that for some real numbers (o )xer,

f(x) = Ek::(kh,,,,k")ejf ak HZL:1 P, (yi)

3Such a conjecture was recently made by [38], which leaves as an open problem in Section 1.3 whether neural
networks can learn log(n)-juntas in a smoothed complexity setting, and implicitly poses the same problem about
the more general case of log(n)-depth decision trees.




Where y := A(z). We also define Ord(k) := |{i : k; # 0}| and a partial order ‘<’ over (NU {0})"
such that k' < kiff &, € {0, k;} for every i € [n]. For M > 1, we will call a (¥, .A)-polynomial to
be (1/M, M) hierarchical if

1. 1/M < |ax| < M forevery k € I5.

2. Forevery k € Iy such that Ord(k) > 2, there exists k’ € I such that Ord(k’) = Ord(k)—1
and k/ < k.

We now extend the definition to general continuous functions. Suppose ds is a pseudo-metric on
the space of bounded continuous functions C*([—R, R]";R). We call f € C*([-R, R]";R) to be
(1/M, M, S) hierarchical if for every e > 0, there exists a (1/M, M) hierarchical (H, .A)-polynomial
fesuch that: ds(f, fe) < e. We note some examples below:

1. Let 4 be the uniform measure over {—1,1}", ds be the L? norm induced by p, H = {1, 2}
and A be identity mapping. We note that functions over the unbiased Boolean hypercube
satisfying the [1/M, M]-staircase property in Definition|l.I|correspond to (1 /M, M, L?(u))
hierarchical functions as defined above.

2. In the case when p is the biased product measure over {—1,1}™, we can take H = {1,z}
and A(z) = x — Ex. This recovers the definition in Section

3. When p is the isotropic Gaussian measure, we can take R = oo, H to be the set of 1-D
Hermite polynomials and A to be the identity. In case 1 = N(m, ), we instead take
A=3"Y2(z —m).

4. When R < oo and S is the L? norm with respect to the Lebesgue measure. C([— R, R]"; R),

we can take 7 = {exp(i™£%) : k € Z} and A = I. This allows us to interpret (#,.A)-
polynomial approximations as Fourier series approximations.

5. When R < oo and § is the uniform norm (or sup norm) over C([—R, R]"™; R), we can take
H ={1,x,22, ...,} and A = I. Since any continuous function can be approximated by a
polynomial, this presents a large class of functions of interest.

In items 1-4, we consider these specific function classes 7 in order to make (#,.4) monomials
orthonormal under L?(11). We leave it as a direction of future work to extend our theoretical learning
results in Theorem [2.2]to such function classes.

3.3 Composable chains

Finally, we discuss a distinct way to generalize the staircase property. One can relax the strict inclusion
property of Definition with a single element removed, to more general notions of increasing
chains. For instance, if g(.5) # 0, one may require that there exists an S’ such that |S’| < |S| and
[SAS’| = O(1), and we conjecture that regular networks will still learn sparse polynomials with
this structure. More generally, one may require that for any .S such that §(S) # 0, there exists
a constant number of .S;’s such that |.S;| < |S| and §(S;) # 0 for all j, and such that S can be
composed by {S;} and the input features x4, . . ., z,,, where in the Boolean setting the composition
rule corresponds to products. Finally, one could further generalize the results by changing the feature
space, i.e., using regular networks that take not just the standard inputs x1, ..., x,, but also have
other choices of features ¢1(z"), ..., ¢p(2™) as inputs, for p polynomial in n.

4 Limitations and societal impacts

For simplicity of the proofs, the architecture and training algorithm are not common in practice:
quadratic activations, a sparse connectivity graph, and layer-wise training [39-41] with stochastic
block coordinate descent. We also perturb the weights with noise in order to avoid saddle points [42],
and we prune the low-magnitude weights to simplify the analysis (although this may not deteriorate
performance much in practice [43]]). We emphasize that these limitations are purely technical as they
make the analysis tractable, and we conjecture from our experiments that ReLU ResNets trained with
SGD efficiently learn functions satisfying the staircase property. This work does not deal directly with
real world data, so may not have direct societal impacts. However, it aims to rigorously understand
and interpret deep learning, which may aid us in preventing unfair behavior by Al
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A Experiments

The expository experiments given in Figure 2] compared the training of .Sy, to the training of x1., with
each iteration of SGD drawing fresh i.i.d samples from the data. In this section, we fix the number of
samples m and cycle through it with some mini-batch size B at each iteration. In order to maintain the
comparison fair, we normalize Sy, in order for it to have the same Ly norm as x1., (Whenever there is
a comparison). For example, in the case of uniform measure over the hypercube, we replace Sy, with
Sk/ V'k. We also conduct the experiments for various underlying distributions (such as Gaussians
and biased product distributions on the Hypercube), the double staircase function and various choices
of n and k. When the underlying distribution, n and k are fixed, we will attempt to learn Sy and x1.x
with the same neural network along with the same parameters and hyper-parameters. We use the
ReLU resnet architecture everywhere, with the same width across the layers(see [44]). We train the
network by minimizing the square loss via. SGD. The errors and Fourier coefficients plotted below
are all computed with fresh samples (of size 3 x 10%).

In all the experiments below, we note that the functions satisfying the staircase property are learnt
hierarchically - i.e, the network learns the simpler features first and then builds up to the complex
features. However, the network is unable to learn just the complex features by themselves (like x1.x)
to any non-trivial accuracy.

Learning with Unbiased Parities: We consider the same parameters as in Figure [2| but with a

fixed number of samples and Sy, /+/k instead of Sy, in order to normalize. We take n = 30, k = 10,
number of samples m = 6 x 10%, mini-batch size B = 20, depth 5, width 40. The results are plotted

in Figure The Fourier coefficient fg for S C [n] denotes Ef(z)x s (x) for f being either x1.; or
S/ VE.
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Figure 4: Learning Staircase and Parity functions with UnBiased Rademacher data.

Learning with Gaussian Data: We draw x from the standard Gaussian distribution of R™ instead
of the uniform measure over {—1,1}"™. This scenario is harder since monomials Hle x; can have
heavy tails, will makes them occasionally take very large values. Hence, we take k to be small and n
to be large. Instead of Sy, we consider Sy, / Vk to ensure that its L5 norm under the Gaussian measure
is 1. In ﬁgurewe take n = 100, £ = 5 number of samples m = 3 X 105, mini-batch size B = 20,
depth 8, width 50. The Fourier coefficient fg for S C [n] denotes Ef (x)xs(z) for f being either

X1k or S/ V.

Learning with Biased Parities: In Figure[6] we consider the co-ordinates of z to be drawn i.i.d
from {—1, 1}, but biased such that P(x; = 1) = p = 0.75. In the definitions of Sy, and x1.;, we

replace x; with Z; := % and attempt to learn Sy (z)/vk and x1.x(Z). We take n = 30,

k = 7, number of samples m = 6 X 10%, mini-batch size B = 20, depth 5, width 40. The Fourier
coefficient fg for S C [n] denotes E f(7)xs(%) for f being either x1.;, or Si/Vk.

Learning the Double Staircase: 'We now consider learning the double staircase function, which
has the structure defined in Deﬁnition Define Sy = Sk () + T12p41 + T1Tp 1Ty + - +
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T Hi;} Ty Wetake k =1 = 7 and n = 30, width 50, depth 5, mini-batch size B = 20 and
number of samples m = 10°. For simplicity, we choose the underlying distribution to be the uniform
distribution over {—1, 1}". The Fourier coefficients here are same as that for the staircase function
under the uniform measure over {—1, 1}".
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Figure 7: Learning the double-Staircase function with Rademacher data.

B Formal Theorem Statement

We restate the main theorem, giving an explicit set of hyperparameters that works.

Theorem B.1. There is a universal constant C > 0 such that following holds. Let g : {—1,1}" = R
be an unknown s-sparse polynomial satisfying [1/M, M|-staircase property over the unbiased
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Boolean hypercube (Definition[I.1) for known s, M > 1. Given an accuracy parameter € > 0, a
soundness parameter 0 < 0 < 1, and access to random samples from {(x, g(x))} yg—1,1}», With
the following setting of hyperparameters for Algorithm|[l]

L=n (4)
W = (64M?(n+ s+ 1)3L/5)* (5)
p1 = (64M*(n + s+ 1)*L/5)~° (6)
p2 = (64M?*(n +s+1)°L/85)~ (7
T=1/(22°M"L) (8)
n=4r=1/2"M"L) )

Define
k= WLMs/(€f).

For a sufficiently small constant cy > 0,
Ay = cA/{*% <1 (10)
VAL A = 1/(64M*L) <1 (11
For a sufficiently small constant cgyp > 0 that may depend on cy,
€stop = Cstop/€7430 (12)

For a sufficiently small constant c,, > 0 that may depend on cy, Cstop,

a=cqa(AMA2)°k™™ (13)
For a sufficiently large constant cg > 0 that may depend on c, Cstop, Cas
B = cp(Mhg) k010 (14)

Then, with probability at least 1—5, TRAINNETWORKLAYERWISE (Algorithm[l) runs in O(r2391) =
O((nsW M/ (€6))1723%®) time and samples, and returns trained weights w satisfying that the popu-
lation loss is bounded to the desired accuracy:

l(w) <e.

B.1 Basic definitions

A key concept in our proof will be “blank™ neurons and “active” neurons. We say that a neuron
is blank if it computes the zero function identically, and also all input and output edges have zero
weight:

Definition B.2. A neuron v € V'\ Vi, is blank at parameters w = {a¢}cer U {by fvev\v;, of the
network if:

o folzsw) =0forallx € {—1,1}", and
* b, =0, and

* a. =0forall e = (u1,us) € E such that v € {uy,us}.
Definition B.3 (Active neuron). A neuron v € V is active if and only if it is not blank.

We will also often refer to parents of a neuron, which are the neurons that have edges into the neuron:
Definition B.4 (Parent neurons). The parents of a neuronv € V are the set P, = {u : (u,v) € E}.

Finally, we also define what it means for a neuron to compute a monomial up to certain relative error:

Definition B.5. Let S C [n], w be a setting of network parameters, and v € V be a neuron. We
write that neuron v computes x s(x) up to € relative error if

fulm;w) = rxs(z) + h(z)

for some scaling factor v € R, some function h : {—1,1}" — R such that h(S) = E,[h(z)xs(z)] =
0, and such that |h(x)| < |r|e for all x.
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B.2 Proof organization

Our proof is organized into three modular sections, described below.

Appendix[C: NEURONSGD correctness In this section, we prove that calling NEURONSGD will
with high probability return an approximate stationary point of the loss in polynomial time and
samples. The main technical difficulty in this section is to prove that the loss is smooth throughout
training. To overcome this, we use the fact that the Lo regularization ensures that the network’s
parameters are bounded during training.

Appendix [Df TRAINNEURON correctness In this section, we analyze calls to
TRAINNEURON(v,w) when v is a neuron with at most two active parents. Roughly speak-
ing, we prove that if (A) v has two active parents that approximately compute monomials x g, ()
and xs,(x), and (B) the error E,[(f(x;w) — g(x))xs, (z)xs, ()] is large, then after training v
approximately computes s, ()xs, (z). Otherwise, the neuron v remains blank and all the weights
in the network are unchanged. The proofs in this section consist of analyzing of the stationary points
of the loss, since NEURONSGD is guaranteed to train to such a stationary point.

Appendix [E; TRAINNETWORKLAYERWISE correctness In this section, we prove Theorem
We show inductively on the training iteration that during training each neuron is either blank or it
approximately represents one of the nonzero monomials of g, up to small relative error. Because the
network is taken to be quite sparse (see hyperparameter setting above), at any iteration every neuron
has at most two active parents. Therefore, the guarantees that we have proved for TRAINNEURON
apply to control the progress on each iteration.

C Correctness of NEURONSGD: finds approximate stationary point

In this section, we show that with high probability NEURONSGD reaches an approximate stationary
point of the regularized loss if the minibatch size is a large enough polynomial in the relevant
parameters. We now introduce notation used to state and prove the main result of this section.

Assumption C.1 (Assumptions and notation for Lemma|[C.2). The inputs to NEURONSGD are a
neuron v € V '\ Vi, and an initialization of parameters
0 0 0
w = {ae}eGE U {bv}vEV\Vixﬂ

such that the following hold:

* At initialization, all neurons have magnitude upper-bounded by U, ¢, > 1:

cw)| < Upeur-
max max | fu(z;w")| < Uneur

* Neuron v has outward edges’ weights equal to zero at initialization: i.e.,

al =0foralle = (v,u) € E.

* During training, only the subset of parameters

Wy = {ae}e:(u,v)eE U {bv}
corresponding to the inputs to neuron v. Therefore,

t 0

wt, = w®, and w' = [wW° ,, w!]

—y Wy
for any iteration t. In particular, w* = {al}eer U {0} }vev.

* Let T denote the number of iterations, so the method returns

T

w? = [w?,, w!]

—y Wy |-

* g:{-1,1}" — Ris an s-sparse polynomial satisfying the [1/M, M)-staircase property
for some M > 1, as in Theorem|[B.1]
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In all of the results of this section, we assume that Assumption [C.1|holds. Now we state the main
result of the section. Since the hyperparameters are fixed we omit explicit dependence by writing
NEURONSGD (v, w) := NEURONSGD (v, w; A1, A2, 1, B, €stop, @, T).

Lemma C.2. Consider running NEURONSGD (v, w°) (Algorithm where v € V' \ Vi, is a neuron,
and w° are the initial parameters of the network.

Let § > 0 and define
tmaz = [353(1110)/(05(6‘%0;;)2)] + 1.
Suppose that for some large enough universal constant C, the mini-batch size is at least
B> C(A1A2)_3’€8(Unem)4(1 + eR(w0)4) 1Og(2tmaw/5)/€§t0pa
and the learning rate is at most
a < 1/(0(/\1)\2)75’116(Uneur)m(l + ER(wO)4))'
Then the following hold with probability at least 1 — §:

1. The loss does not increase:
ZR(’LUT) S KR(’LUO)

2. The output w” is a 2¢st0p-approximate stationary point of the loss with respect to w,,:
T
||V’wu£R(w )H S 2€Stop

3. The number of iterations of stochastic gradient descent until a stationary point is reached is
polynomially-bounded:
T S tmax

The proof is a standard analysis of stochastic gradient descent finding an approximate stationary point
of a nonconvex loss. However, care must be taken because the loss is not uniformly smooth: if the
parameters of the network grow to infinity, then the gradient of the loss may also grow to infinity. In
order to overcome this technical obstacle, we prove that the Lo regularization term ensures that the
parameters of the network are bounded during training.

Specifically, we prove inductively on the loop iteration ¢ € {0,..., 7T} that with high probability
the loss £ (w') does not increase. For the inductive step, we note that the Lo regularization and
the upper bound on the loss implies that the parameters are polynomially upper-bounded at each
iteration. In turn, this means that the loss is smooth in the neighborhood of the current iterate. And
since the current iterate is not close to a stationary point (since otherwise we exit the loop), the loss
decreases with high probability, completing the inductive step. The proof is given below, although
several auxiliary claims must be proved first.

C.1 Parameters are bounded by loss

In this section, we prove Claim[C.6] which shows that the parameters of the network are polynomially-
bounded by the loss during training. First, let us show several auxiliary results.

We observe that training the weights w,, only affects the value of neuron v, since all output edges
from the neuron v have zero weight:
Lemma C.3. Under Assumption for any setting of the parameters w, = {ae}e—(u,v)cr U {bv},

Flas [l w]) = f@; 1wy, 0) + folas [l w]). (15)
And for any neuron v # v € V,

Proof. For any u € V' \ (Vi, U {v}) we claim that f, (z; [w®,, w,]) = fu(z;[w®,,0]). If uisa
successor of v then by induction on the depth of u, we have that f, is independent of the value of
neuron f,, since all outward edges from v have zero weight under w° , by Assumption On the
other hand, if u is not a successor of v then it is independent of w,,.

Finally, f,(z;[w?,,0]) = 0 forall z € {—1,1}" because all the edges to v have zero weight, and
v has zero bias. So f,(z; [w® ,, w,]) = fo(z; [w°,,0]) + fo(z; [w°,,0]). Eq. follows from
O

—u —v

recalling the definition f(x; [w®,, w,]) = 3, cv\vi, ful@s [y, wy]).
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In order to prove Lemma|C.2] we must first prove several auxiliary claims.
Claim C.4. Under Assumption for any neuron v # v € V and setting w, = {ac}e=(uv)ep U
{by} of the parameters of neuron v, define the set of network parameters w = [w® , w,]. Then

| fu(@;w)| < Uneur-
Proof. By Eq. (16). | fu(w;w)| = |fula; (w2, )] = | fulw; [wl,, wC])| = |fulw;uw®)| < Umuﬁ
Claim C.5. Suppose that g is an s-sparse polynomial satisfying the [1/M, M|-staircase property, as
in Assumption|[C.1| Then, max, |g(z)| < Ms.

Proof. For any x € {—1 1}™, by the Holder inequality,

z)| = | Z] )| < [{9(S) # 0}| - max|g(S)| < Ms.
O

Claim C.6 (Parameters are upper-bounded during training). For any setting w, = {ac¢}e—(u,v)er U
{by} of the parameters of neuron v, define the set of network parameters w = [w® , w,]. Then

max [ac| S (MA2) "2 \/lr(w) (17)
|bo] < (A1A2)_1”2(Uneur)2€R(w) (18)

In particular, we obtain the following bound for the parameters w,, associated with neuron v:
[wolloo S (A1A2)™ ! 2(Unew)2 max(1, lp(w)).

Proof. For any e € E, the bound on |a.| follows because of the Lo regularization term

%)\1>\2 ()’ < %Al (ae)? < R(w) < Cr(w).

We now prove the bound on |b,|, using the above bound on |a.|. For any z € {—1,1}",

[f@w)] > |fol@w) = Y [fulaw)]
u€V\(VinU{v})
> [fo(z;w)| = WLUpeur using Claim[C-4]
Z | ( )| - KUneuT'

2
Furthermore, for any = € {—1,1}", recall that f,(z;w) = (Ze:(u,v)GE e fu(T; w)) + by, s0

[foz;w)] = [bu] = ({(u,v) € E}| - max|ac| - omax | ful; w)])

> |by| — (2W)2(M1X2) " Y2 - \/IR(w) - Upewr)? using Eq. (T7)
> |by| = 16(A1A2) " 5% (Uneur)*lr(w)
Recall from Claim [C.5that |g(z)| < Ms < & for any z € {—1,1}". This implies

1
lr(w) > Ez~{—1,1}n§(f(x§ w) — 9(17))2
1
= EwN{—Ll}"i(maX(Ov [fo(@;0)| = KUneur — £))?

Z (‘bv| - 16(>\1)\2)71/€2(Uneur)zgR(w) - QHUneuT)za
so we must have

o] < VEr(w) + 16(A1X2) " k2 (Unewr ) r(w) — 26U cur
~ (/\1)\2) K ( neur)zgR w)

20



C.2 Stochastic gradient approximation is close during training

The main result of this section is Claim[C.10] which proves that if the loss is bounded during training,
then the stochastic gradient approximations £? are close to the true gradients with high probability.

First, we prove that if the parameters associated with the neuron v are bounded, then the magnitude
of the function computed by the network at each neuron is polynomially upper-bounded:

Claim C.7 (Neurons are upper-bounded during training). Under Assumption for any setting w,
of the parameters of neuron v, define the network parameters w = [w° ,, w,,|. Then,

ul\T; S (A _12Uneur2€ .
gleaéizegiﬁ}nv (z;w)| S (M1A2) " K7( ) lr(w)

Proof. The bound holds for all w € V \ {v} by Claim [C.4] For v, recall that f,(z;w) =
2
(Ze:(u,v)EE aefu(x§ w)) + bv’ SO

[fo(z;w)] < ({(u,v) € B} - max |ac[- max |fu(z;w)])* + |by]
e=(u,v) ueV\{v}
5 (2W . ()\1)\2)71/2\/61{(’[0) . Uneur)2 + (A1A2)71K/2(Uneur)2£R(w) by Clalm@
S ()\1)\2)71’432(Uneur)2€R(w)-

O

Claim C.8 (Gradient of neuron v is upper-bounded during training). Under Assumption[C.1} for any
setting w,, of the parameters of neuron v, the gradient of f, with respect to w,, is bounded:

~

936?1%?(1}" [V, fo(z;w)[lee S max(kUneur e:(rg,%))(eE |acl,1).

Proof. Forany x € {—1,1}",
Vi, fo(250) loo = |V, (( Z a6fu(x§w))2 + bv) oo

e=(u,v)EFE

= max 2 e fu(x;w) | - max w(x;w)|, 1
L el | e ftei)

< max(AWU,eur max  |ael, 1)
e=(u,v)€EE

Smax(kUpeuwr max |ael,1)
e=(u,v)EE
O]

Claim C.9 (Gradient of loss is upper-bounded during training). Under Assumption [C_1} for any
x € {—1,1}" and for any setting w,, of the parameters of neuron v, the gradient of the loss with
respect to w, is bounded. Namely, defining the set of network parameters w = [w® ,, w,], we have

IV, lr(z;w)|loo S ()‘1)‘2)_3/254(Unew)3 maX(ER(w)2» 1).

Proof. For the subsequent arguments, define the “error” function

C(r;w) = f(;w) — g(x).

This is the gap between the learned function f from the true function g. The definition of ( allows us
to write the gradient of the unregularized loss at x € {—1,1}™ as:

V, l(@;0) = =V, (fla;w) — g(x))?
= 5V, (¢ [w2,, 0)) + fo(;w))? by Eq. (T3)
= (¢(; [w?,, 00) + folm; W)V, fo(a;w)

— N =

21



So we may upper-bound the gradient of the unregularized loss at = by:

[V, €(@; w)][ o

< [¢(as [w?, 0)) + folasw)] - |V, folziw)]ls

= [f(z;w) — g(@)] - |V, folz;w)][00s by Eq. (I5)
S(‘f(x;w)_g(x)DmaX("iUneure (ril%})( |ae‘71) by Claim@
S (1f(z5w) = g()]) max((MA2) " ?kUneur/Cr(w), 1) by Claim[C.6]
S (1f (@5 w)] 4+ Ms) max((AtA2) "2k Uneur v/ Cr(w), 1) by Claim[C.5]
< (M) T K3 (Unewr) R (w) + Ms) max((MA2) ™2k Upeur v/ Cr(w), 1) by Claim[C.7]
< (M) 726N Unewr)® max(Cr(w)?,1)

Finally, the triangle inequality implies an upper-bound on the gradient of the regularized loss at x:

IV, Cr(@;w)lloo £ [V, {(z;0) [0 + max(Ar, A2) 7?1a7)(€E ||

< (Mid2) 261 (Unewr)® max(£p(w)?, 1),
by Claim|[C.6} and using 0 < A\q, A2 < 1. O
Finally, we use the above bounds to prove that with high probability the stochastic gradients computed

by NEURONSGD are close to the true gradients if the minibatch size is taken to be a large enough
polynomial.

Claim C.10 (Stochastic gradient approximation is close during training). Under Assumption[C.]
there is a large enough constant C' such that for any ¢ > 0,6 > 0 and iteration0 < t < T, if

B > C(A1X2) k8 (Uneur)* log(1/8) max(Lr(w')*, 1) /€2,
then
Pl|¢" = Vu, Lr(w")]| > € | w'] < 4.

Proof. Recall the definition of &' from Lines [3| I and E| of Algorithm I Namely, draw i.i.d.
bl . wbB ~ {—1,1}", and define the random variable ¢* as follows:

1< .
=3 ZVwUZR(mt’l;wt).
i=1

By linearity of expectation and differentiation, £* is an unbiased estimator of the true gradient:
1< ,
=5 Z Vu, Ellr(z";w")] = Vi, Ep 1,130 [(r(z;0")] = Vo, Cr(w').

So it suffices to prove that £¢ concentrates around its mean. We will use the Hoeffding inequality.

Plll€" = Vi, lr(z;w')l| > € | w'] S P[I" = Vi, Cr(z;0") oo > ¢/ VIV | ']
< (2W) exp(—2Be?/(2V2W max || V., £r(z; w") [ 00 )?)-
The first inequality uses that £? is of length at most 21, since there are at most W +n + 1 < 2W
parameters associated with the neuron v, since there are at most W edges to v from the previous

layer, at most n edges to v from the inputs, and one bias parameter. The second inequality is the
Hoeffding bound. Therefore, the inequality

Ppog—1,137 (1€ — Ve, lr(z;wh)|| > € <6

follows by using Claim|C.9|to upper bound ||V, £r(z; w") ||, and choosing the constant C in the
statement of the claim large enough. O
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C.3 Objective is smooth during training

The final claim bounds the smoothness of the loss function at each iterate during training. This is

needed to prove that with high probability NEURONSGD does not increase the loss.
Claim C.11. Under Assumption given a setting of parameters w,, for neuron v, let w = [w° , w).

Then the Hessian of the loss at w with respect to the parameters w,, has bounded norm

V2, Cr(@)I| S (\A2) ™ K (Uneur)* max(Cr(w), 1).

Proof. For the subsequent arguments, define the error function

((zw) = f(a;w) — g(x),

in the same way as defined for the proof of Claim [C.9] We now write the Hessian of the loss
with respect to the parameters w, = {a¢}e—(u,v)ep U {bv} at any point z € {—1,1}". For any
e=(u,v),e = (v,v) € E:

0?0 (x;w)
0aer Oae
0 Ol(x;w)
" day  Oae

RN A CoA)
= o (Gl 0, 0) + (s L)

- (PLAm)) (SRLD) - (glasfut ) + i) - (G150

6ae/ aae aae/aae
_ (Ofu(zw) Of(z;w)
o (9(16/ aae

@ 0, T + fol@w) |22 S aw fun s w) fulww)

Oar
e’'=(u"w)eEE

) (s [0, O) 4 Fols w)) - (2o (a5 0) (s )

_ (3fv(fr;w) Ofy(z;w)

Oar Oa,
So
0?4 (x;w)
OaerOae
Ofy(z;w) Ofy(z;w S,
< | At DRG] or o 8) + £ s 0)] - o a:0) o)
8ae/ aae
Afv(z;w) ? 0o 7 2 :
< . )l -
= 6”—(u”,§)eE Do ‘ +2[¢(; [wZ,,, 0]) + folx;w)] - (Uneur) by Clalm@
S max (e Uneur)? |, max  far[%,1) +21¢ (w3 [wl,,0)) + fol@s w)] - (Unewr)® by Claim[C
e’'=(u""w)e
S ()\1)\2)_1'“52([]77,61”‘)2 maX(KR(w)u 1) + 2‘4-(337 [wEW 6]) + f'u(x; ’LU)‘ . (UHEUT)Q by Clalm@
= (M) K (Unewr)® max(Cp(w), 1) + 2| f(z;w) — g(2)| - (Uneur)® by Eq. (T3)
< (M) T e (Unewr)? max(£p(w), 1) + 2| f (z;0)] - (Unewr)? +2M s - (Upewr)? by Claim[C.3]
< (MiA2) T 2 (Unewr)? max(Cr(w), 1) + 2(MX2) " 62 (Unewr ) Hr(w) + 2M s - (Upewr)? by Claim[C.7]
5 (/\1/\2)71’43(Uneur)4 max(ER(w), 1)
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Similarly, for any e = (u,v) € E,

0%l (z;w) 0 0 = Ofp(z;w)
‘&zeabv = abv((C(% [w2,,0]) +fv($7w))87ae)
_|0fu(zsw) Ofu(a;w)
B da, ob,
0fv(x,w) . Ofy(z;w
= 87(16 since %ﬂ) =1
< max(kUneur (rnax) . |aer], 1) by Claim [C§]
e'=(u',v)e
< (MA2) T2k (Unewr)? max(y/Cr(w), 1) by Claim[C-6]
And similarly:

=1.

O (x;w)| |0 fy (5 w) O fu(z;w)
ob,ob, | | b, b,

Finally, this allows us to bound the operator norm of the Hessian of the regularized loss:

IV, £r(w)ll

[E[VE, Er(z; w)]|
B[V, (s w)][| +max(Ar, A2)

IE[¢ mﬁ{ ) ¢" (V2 U(z;w))¢] +max(Ar, A2) by the Courant-Fischer Theorem

2W (M A2) " 3 (Unewr)* max(£r(w), 1) since w,, has length at most 2
(A A2) 6 (Unewr ) max(€r(w), 1).

IN

ANRIA

Note that we use that w,, has length at most 2WW, which is true since there are at most W + n < 2W
edge parameters and 1 bias parameter associated with neuron v. [

C.4 Loss decreases if gradient approximation is good

In this section, we prove Claim which shows that if the gradient approximation £¢ on iteration ¢
in NEURONSGD is sufficiently accurate, then the loss decreases. In order to show this, we first prove
a claim that is essentially a converse of Claim[C.6} namely, we show that if the parameters w,, of
neuron v are upper-bounded, then the loss is upper-bounded as well.

Claim C.12 (Bounded change in parameters implies bounded change in loss). For a given setting
w,, of the parameters of neuron v, define the network parameters w = [w ,, w,]. Furthermore,
for any real-valued vector of parameters p of the same length as w,, define w), = w, + p and

w' = [w°,,w!]. Then the following holds:

—v? v

Cr(w') S (MAa) T 62 (Unewr) (1 + Lr(w)* + ||ul|%)
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Proof.

l(w') = Epoqo1 1y l(x;w')
1

= SEoniorp (Flasw’) — (@)

1 2
= §Ex~{—1,l}" (f(l", [wfv, 0]) + fol(z;w ) 9(33)) by Eq. @
< Egngo1,13n (Ms+ W LUpeur + | fo(; w')|)2 by Claim [C:5]and Claim[C4]

S Epmio1yr (KUneur + | fola; w)))?

< HQUseur + ]Exw{—l,l}" |fv($, w,)|2

5 K‘QU'r%eur + IEww{fl,l}" |b;| + Z a’efu(a:; w/)
e=(u,v)EE
2772 2 2 .
< K:4U38u’l“
S 6 U eur (1 + o ll5 + [l12ll%)-
Furthermore, by Claim [C.6]

[ |loo < ()‘1)‘2)71"52(Unew)2 max(1, (r(w)).

maX(L Hwyllio)

So
1
lr(w") — lr(w) < l(w') + 5 ;max()\l, )\Q)HUI;H?,O

S & U max([lw, |5 + [l12ll5) + (W) max(Ar, Ag) ([Jws 1%, + [l1ll%)
S (MA2) TR (Unewr) P (14 Lr(w)* + (|11,
using A1, A2 < 1 for the last line. O

Definition C.13. For any iteration 0 < t < T, let Ego04,+ be the event that for all 0 < t' <t we
have

16" = Vi, €r(w")]| < €stop/3.

Claim C.14. Suppose that the learning rate o satisfies o < (M A2)® /(C* (Upewr) ' (14+Lr(w?)?))
for some large enough universal constant C, and let 0 <t < T — 1. If Ego0q4,¢ holds, then

Cr(w'™) < lrp(w') — o €)7/3.

Proof. The proof is by induction on ¢. For any 0 < ¢ < T', suppose that E¢,,q ¢ holds. By Taylor’s
theorem there is 6, € (0, 1) such that:

2

Cr(w'™h) = Lp(w') — ag’ - Vo, Lr(w') + %((ViﬁR(@wt + (1= 0w h))eh) - ¢
We note that Ey,,4 ¢ implies

€V, lr(w') 2 €17 — earopll€'ll/3 = (2/3) 1",
where the second inequality is due to ||| > €st0p, because t < T'.

Furthermore, we note that
ER(wt) S ER(’LUO).

If t = 0 then the above inequality is trivial, and if ¢ > 1 then it is true by the inductive hypothesis,
since Eg,0q,; implies Eg,04,¢—1. This allows us to prove that the loss is smooth in the neighborhood
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of wt:
(V3 Cr(Brw" + (1 = 0w F1))E") - €]
< IVa, Cr(Bew’ + (1= 0wl
< (M) T e (Unewr ) max(Cr (0;w® + (1 — 0w, 1)]1€? by Claim [C.TT]
= (MA2) 6 (Uneur) ! max(Cr([wl,, w) + a1 — 6,)¢7), 1) €]
< () 5K ) (1 + L)) + (1 — )N )IEN? by Claim[CTS

So
(V3 Lr(Brw” + (1= 0w 1))E") - €](MA2) k™0 (Uneur) ™
S (L+ r(w) + g% €|
S (L+ Cr(w) + (aestop)* + V0, Cr(w)]12) €12 by Eogood.s
S M+ Lr(w") + aVu, Cr (W) [5) €] by @, €stop < 1
S (U Lr(w')* + (@A he) ™2k Unewr)® max(Cr(w!)%, 1))[€7 by Claim[C
S 1+ Cr(w)HE?,

where the last line is by making the learning rate o small enough that it satisfies a <
(A1 22)326™ 4 (Upewr) 2 min(£g(w?) =2, 1). So plugging these bounds back into Taylor’s theorem:

Lr(w'™) < Lr(w') — a((2/3) — aC(MA2) " °K' (Uneur) (1 + Lr(w)*))[|€7]1?,

where C is some universal constant. Taking o < (A A2)?/(3CKI (Upewr)*®(1 + Lr(w?)?)) <
(MA2)°/(BCKY (Upeur)*®(1 + £r(w?)?)), we conclude that

Cr(w'™) < Cr(w') — allg]?/3.

C.5 Proof of Lemmal[C.2]

We now combine the above claims to prove the main result of this section: i.e., that NEURONSGD
returns an approximate stationary point in a polynomial number of iterations.
Proof of Lemma[C.2} Recall that t,,q, = [3¢g(w?)/(c(€stop)?)] + 1. We make the following claim:
Claim C.15. Under the setting of Assumption|[C_1| suppose that the learning rate « satisfies
a < 1/(C(A1A2) Pk (Unewr) (1 + Lr(w°)*))

and that the minibatch size is at least

B> C(AA2) 2k (Uneur)* (1 + Lr(w")*) 10g (2t mas /8) /€21op
for some large enough universal constant C. Then, for any t > 0 we have

]P)[Egood,min(tJrl,T) ‘ Egood,min(t,T)] >1- 6/(tmaw + 1)

Proof. We split into two cases. If T' < ¢:
]P)[Egood,min(t—i-l,T) ‘ Egood,min(t,T) and T' < t] = ]P)[Egood,min(t,T) ‘ Egood,min(t,T) and T < t] =1
Otherwise, if T > ¢, then
]P)[Egood,min(t+1,T) ‘ Egood,min(t,T) and T' > t]
=PlIg™" = Vo, Cr(w ™| < €stop/3 | Egood,min(e,ry and T > 1]
P[|€F = Ve, £r(w™™)|| < €stop/3 | Egoodmine,7) and T > t and Cp(w'*") < Cr(w")]
>1—6/(tmax + 1)

where in the second-to-last inequality we used Clalm @ and in the last 1nequa11ty we used
Claim|C.10]and the fact that £+ is independent of w?, ... w' conditioned on w'*!. O
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Combining Claim with a union bound for all ¢ € {0,...,tmnqs}, and noting that Claim
implies P[Ego04,0] > 1 — 6/ (tmaz + 1), it follows that

]P)[Egood,min(tmaz,T)] >1- d.

We claim that if Eyo04,min(t,,..,7) holds, then we must have T' < £,,,4,.. Indeed, otherwise, the event
Ego0d,t,,., holds, so applying Claim we must have

t’nl(l(l‘/
Cr(w'me=tl) < Up(w®) — Z I€X17/3 < r(w®) = atmaw(€siop)/3 < 0,
t=0
which is a contradiction because the loss cannot be negative. Therefore, we conclude that:
]P)[Egood,T and T’ S tmaz] 2 1-6.

If Eyo0q,7 holds, Claim implies that £ (wT) < £z (w°). Furthermore, under the event Egopq,1
we must have [|€T]| < €st0p, 80 | Vo, Cr(WT) || < €stop + €stop/3 < 2€st0p- O

D Correctness of TRAINNEURON: learns product of inputs

The main results of this section are Lemmas D-§] and to [D.13] which control how
TRAINNEURON (Algorithm [2) updates individual neurons during the training of the entire network.
Because of the sparsity of the network, in this section we only reason about how TRAINNEURON
updates neurons with at most two active inputs. These will be the only results that will be needed to
prove correctness of TRAINNETWORKLAYERWISE in Appendix [E]| We also assume that each of the
neurons in the previous layers is either blank (i.e., always computes zero), or it represents a monomial
Xs(x) up to some small relative error, since this will hold true inductively on the training iteration.

Suppose that we train an initially blank neuron v by running TRAINNEURON(v,w") :=
TRAINNEURON (v, w%; A1, A2, 0, B, €st0p, @, 7). If v has at most one active parent, then we prove in
Lemma |D.7that with high probability v remains blank after training. This is because by analyzing
the stationary points of the loss one can see that the Lo regularization term sends the weights of the
input edges to v to close to zero, and these are rounded to exactly zero in LineE]of TRAINNEURON.

If instead v has two active parents u; and us, then the situation is more delicate. Suppose in this case
that u; approximately computes a monomial x s, (x), and us approximately computes a monomial
X s, (z). We prove that training the neuron v allows it to approximately compute the product of these
two inputs: i.e., the monomial x s, ()xs, (z). If the error function does not have a large component in
the direction of x s, (2)xs, (), then the Ls regularization will again prevail and send the input weights
to zero, and v will remain blank after training (proved in Lemma[D.8). On the other hand, if the
error function does have a large component in the direction of x s, (2)xs,(«) then the regularization
will be relatively insignificant to the decrease in the loss from learning x s, (z)xs, (x), and so with
lower-bounded probability the neuron v will learn to approximately compute x s, (z)xs, (z) (proved
in Lemmas [D.11]to[D.13). Thus, training neuron v computes a monomial equal to the product of
monomials computed by neurons at lower depth only if it significantly decreases the loss, and so this
ensures that a bounded number of neurons in the network are active during training.

We also note that an obstacle to applying TRAINNEURON to train the network layerwise is the
possible exponential error blow-up along the depth in the approximation of each neuron computed
by the monomials. In order to overcome this obstacle, we must carefully bound the blow-up in the
relative error of the new neuron created. For this, we roughly prove in Lemma [D.12]that if neuron u,
has relative error €1, and neuron us is an input in Vi, and therefore has relative error €5 = 0, then the
new neuron trained will have relative error at most

A
€newrel = 61(1 + O(\/;KO(D) —+ )\1A2,€O(1).
2
By taking the ratio of \; and A, sufficiently small, it holds that
€newrel = 61(1 + O(]./L)) + )\1)\2&0(1)7

so the relative error of a neuron can blow up to at most /A; \;x°(!) by the Lth layer. This is very
small if we take \/A; Ao sufficiently small, and so the relative error of the neurons is controlled
throughout training.
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D.1 At most two active inputs: assumption and notation

Formally, the following assumption is shared by the main results of this section:

Assumption D.1 (At most two parent vertices are active). TRAINNEURON is run with a neuron
v € V' \ Vin, and a parameter initialization wY, such that the following hold:

There are two parent vertices uy,us € P, as well as constants r1,712,€1,€2 € R, sets
S1,S2 C [n] and functions hy,he : {=1,1}" — R such that for each i € {1,2} and
x € {—1,1}" the following holds:

Fui(w;w") = rixs, (2) + hi(w) and |hy(z)] < |rile;,
and hi(S;) = Eyq—1,13n [hi(x) x5, (x)] = 0 for each i € {1,2}.
On the other hand, for any vertex u' € P, \ {u1,us}, forall x € {—1,1}" we have

fur (x;0°) = 0.

The neuron v is blank at initialization (i.e., all input and output weights and the bias

associated with v are zero):
al = 0 forall e € E such thatv € e, and b° = 0.
We use v; € {1, A2} to denote the regularization parameter associated with ay, ).
Namely, v; = A1 if u; € Vi and ~y; = Ao otherwise.
We use S = S1 U Sy \ (S1 N S2) to denote the symmetric difference between Sy and Ss.
We write the error at parameters w as:
((z;w) = fla;w) — g(x),

and its Fourier coefficients for S C [n] is:

C(S;w) = Eyoq_1,13n[¢(25w)xs(2)].

Under Assumption [D.T] we may decompose the function learned during training as follows:

Claim D.2 (Decomposition of learned function). Suppose that Assumption holds, and write
and write e; = (u;,v) € E for each i € {1,2} for shorthand. For any setting of parameters
Wy = {ae}e=(uv)cr U {by}, we have

Fas[w,,wo]) = fa;u0) + folw; [, w)) (19)
2
= fla;uw®) + | Y ac, fu,(x;u) | +by (20)
1€[2)
2
= flz;w°) + | D ac, (rixs, (@) + hi(z)) |+ bo. @D
1€[2]

Proof. The first line follows from the definition of f in Section using that a = 0 for all
e = (v,u) € E. The second line uses that f,/(x;w®) = 0 forall (v/,v) € E suchthatu’' & {uy,us}.
The third line uses that f,,, (z;w°) = x5, (z) + hi(z).

D.2 Reduction to analyzing the idealized loss

The main technical challenge in Appendix [D|is to analyze the approximate stationary points of the
loss function £ ([w® ,, w,]) with respect to w,. In order to do this, we introduce an “idealized loss
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function”, which will be a close approximation to the true loss. Let w = [w®, w,]. If S; # Sa, the
idealized loss function is defined as:

) = 5(2r1r200,0, + E(S50) + 5(r1e,)? + (0, ) + by + 050

1 ~Ql. ,,0Y)2
D DN(SCATD)

S’ C[n]

5'£0,S

And if S; = S5, it is defined as:
~ 1 . 1 R
Uw) = 5 (100, + 7200, by + EBu®)? 4+ 5 37 (S5 w))2,

Similarly, define the regularized version:
(r(w) = l(w) + R(w).
As we will see below, / is the loss function that would arise if we had h; (x) = ho % 0 (ie., if all

of the parents to vertex v computed a monomial noiselessly). We prove in Lemma that £ is close

to the true unregularized loss ¢ and that the gradients of ¢ with respect to w,, are close to the gradients
of £ with respect to w,. The benefit of this result is that in the proofs we may analyze the stationary
points of the simpler loss ¢ instead of the actual loss /.

Lemma D.3. Suppose Assumption holds on the initialization w°. Then for any parameter vector
wy = {@e}(uvyer U {by}, and letting w = [w?,, w,], we have

_ < 4 0,03 )
[f(w) = L(w)] S gneagme{rg%}"(lleIIOO + 1) ([ ful@;w?)]” + 1)(1_3}?;;} &), (22)

_ 7 < 3 .00V (3 .
IV t0) = P )l S max s (% + 1)1l ) + 1) ma o). 23)

Proof. First, for any x € {—1,1}", define the functions Y and Y:
2

T(z;w) = Z ae,rixs, () | + by + ()
i€[2)
2

Y(w;w) = | D ac,(rixs, (@) + ha(2)) |+ by + (@)
i€[2]

The reason for these definitions is that we may write the idealized and actual loss functions in terms
of T and Y, respectively. First, by Parseval’s theorem on the Boolean hypercube, the idealized loss
function is:

U(w) = lExN{—l,l}" [((2r172ae, ac, + C(S;w”)xs(2) + (75 (ae,)? + by + C(0;w°))

2
+ Y &S0 ()]
S’ C[n]
5'#£0,8

= %Egj [T(z;w)?].

Furthermore, the actual loss function may be written as:
L(w) = Epmg-1,13n [0(x;w)]
5 2
1

= §Ez~{71,1}" Z ae, (rixs; (¥) + hi(x)) | + by + ((z) by Eq. (2T)
i€[2]

1 2
= iEI[T(x;w) ].
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We bound ¢(w) — £(w) by bounding T and T — Y pointwise for any = € {—1,1}". First,
T w)| < (2max|ae,ri])* + [bo] + [¢ (w3 0°)]
< dmax [ac, |* (max | fu(2;w°)] + €)% + [by] + |¢(a;0")]
S (lwol1Z, + 1) (max | fu (w5 w”)] + 1)% + [¢ (230°)]
< (lhwoll3e + 1) (mac | fu(z; w")| + 1)% + (Ms + W Lmax | fu (z; w")])
K([lwo]|3 + 1) (max | fu(w; w®)[* +1) := Uy ().

Let us compare Y to T
2 2

(5 w) = T(wsw)| = || Y ac, (rixs, () + hi(2) | = | D ae,rixs, (z)

i€[2] i€[2]
)2 (|ra] + [ra] + le] + lea]) (Jex] + [e2)

S llwo |3 (max| fu (z;0°) + 1)( max €) := Us(2).
U i€{1,2}

< (max|a,

Of course, by the triangle inequality we also have:
T (z;w)| < Ui(z) + Us(x) := Us(x).
This lets us prove the first bound in the claim:

8w) = ()] = [Eu[T(@30)? = T(a;w)?)|
< B [T (25 w)? — T(x;w)z‘]
S Bl T(asw) + T(asw)| |T(aiw) - YTaiw)|

Eo[(Ur(2) + Us(2))(Ua(2))]

< v 4 1 (T 0y(3 1 2).
Smax max, K(llwelloe +1)(1fulz; W) +1)( max €)

For the second part of the: claim, we bound the gradient of ¢ — {. For this, let us first bound and
compare the gradients of Y and Y:

||vaT(x;w)||oogmax(l,lmax |ae,7i| - max |r;|)
, ire{1,2}

S (Jwollso +1) - (Ig}eaglfu(x;wlz +1) := Ua(x).

Let us compare V,,, T(z;w) to Vo, T (z;w):

IV, T(@;w) = Vi, T(@;w)lleo S ( max |ac, > “(Iral =+ fraf + lex] + leal)(Jex| + fe2])

e{1,2}

S ”wvHOO(maXUU(x?wO” + )( max 61) = U5<x)'
u i€{1,2}

And by triangle inequality we have:

IV, T(2;w) 0o < Ua(x) + Us(2) := Us ().
The above bounds may be combined to prove that the gradient of the true loss is close to the gradient
of the idealized loss:

IV, (w) = Vo, Ew) | oo = [ Ea[Y (25 w)(Vaw, T(w;w) = T (2;w)(Vaw, T (250)] 0
= [|Eo[(Y (25w) — T (23 w))(V, T (3 w))
= T(2;0)(Vu, T(w;w) = Vo, T(w;w))]
<maXU2( VUs(x) + Ur(2)Us(z)

Smax  max (lwoll5e + 1) (| fu(z; w®)| +1)(ig{li>§}@)-
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SGD

D.3 Approximate stationarity of w , and loss does not increase

In this subsection, we prove that with large enough minibatch size B and small enough learning rate,
with high probability the vector w°“? computed in Line [3|of TRAINNEURON (i) is an approximate
stationary point of the idealized loss £([w® ,, w,]) with respect to the parameters w,,, and (ii) satisfies
Cr(w¥EP) < p(wPertr?), This is proved by appealing to the guarantees for NEURONSGD in
Lemma and the fact proved in Lemmathat the idealized loss ¢ and the true loss ¢ are close.
First we prove a helper lemma bounding £ (wP*"**"") and max, ey max,e(_1,1}» | fu(@; WP 7).
Claim D.4. Under Assumption|D.1) the following bounds are satisfied:

. ayperturby| < P 1 d
N R (R gy I

Cr(wPerr?) S K% (max | fi (23 w%)|* 4 1) + r(w”).

Proof. First, note that w) = 0 by Assumption So since the noise added at Linehas each entry
in Unif[—7, 7], we must have ||wPe"*%||, < 7. This is the input to the call of NEURONSGD in
Line3]of TRAINNEURON, and because of Lemma[C.3|it satisfies

. ., perturb < 2 .0 2
m}{ria}fcl}nlfv(x,w I <n+( nmax  max | fu(z;07)])

< SN2 & 1
~ <I1Pea\§xe?i%?{1}” [l w1+

Therefore,

. ., perturb < .0 . ., perturb
mae max (o0 < max( e |fulaso®)] |, (o 0

< ( max |fu(z;w")])? + 1.
< (anox [l )

Furthermore, by splitting the loss into the unregularized part and the regularization terms:

ZR (wperturb)

ertur max()‘h /\2)

< tgurertorty 4 02 e S oo
ecE

1 AL, A

< max i(g(x) — W Lmax f, (x; wPertur®))2 + W(Qwﬁ + Z 1a®|?) by Claim[C3|
ecl
AL, A
< W2(ma () 4 1) + P02 (g2 4 57 a0
ecE

< w2 (max | (5w 4+ 1) + WP + ()

< £ (max| fu (;w°)[* + 1) + g (w”).

The main result of the subsection may now be stated and proved:

Lemma D.5. Consider running TRAINNEURON (v, w®) (Algorithm IZI), where the assumptions As-
sumptionhold. There is a large enough constant C' such that for any § > 0, if we define

— (V{2 . 0,0Y 14 0 2
tmaz = C'(K (qulea&{me{ni%ﬁ}n | fulz;w)[" + 1) + Lr(w”))/(alestop)”),

and if the minibatch size is at least

B2 max max C"(MA2) 7R (| ful; ) P+ (K5 (| fu s )[4+ 1) +r(w°) ") log(2tmas /) /€240ps
ueV ze{-1,1}"

and if the learning rate is at most

o <min min 1/(C"(MA2) PRI (| fula; w®) [P + 1) (65 (| fu (a3 wO) ' + 1) + Lr(w®)Y)),
ueV rze{-1,1}"

then P[Estqt] > 1 — 6, where Egqy is the event that the following hold:
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1. The loss at w3%P is not larger than the loss at wPe™*""°:
ER(’LUSGD) < éR(wperturb)

SGD

2. The parameters w are an approximate stationary point with respect to w,:

[V, r(w ) |loe < 2€st0p
[V, Cr (0P [0 < €star (W0, €1, €2) = €star,
where
Estat = 2€st0p+C’ gleagmegfg}n(Alkz)*"ﬁa”(€R(w°)‘°’+1)(|fu(w; wO)POH)(é‘E?’E} )
3. The call to TRAINNEURON runs in time O(k Bt az)-

4. We have the following bound on the returned parameters:
”wSGD”OO < Ustat(wo) = Ustat,
where Ugiqr = C' (M A2) ™'k (max, maxe 1 13 [ fu(2;w?)[® +1)(Lr(w®) + 1).

Proof. The proof is by plugging the bounds of Claim[D.4]into Lemma[C.2] which provides guarantees
for NEURONSGD.

Let C be the constant from Lemma For large enough constant C’, we have

tmaz = 3£R(wperturb)/(a(estop)2)v

B> C'(MAg)kS( Joax  fulw; w)[* + 1) (% (max | fu (250°)['° + 1) + Lr(w")*) 10g(2tmaz /8) /€310y

> C(M2) 72k dmax [ fulas )+ 1)* (1 + (w7 (max | fu (23 w®)[* + 1) + Lr(w”))") 10g(2tmaz /0)/ €516y

> C()\l)\2)_358(m3,x |fu($, ,wpeTturb)|4)(1 + ZR(wperturb)zl) IOg(2tmax/5)/€§tOp,
and, similarly,
a< 1/(0()\1)\2)75n16(max max ‘fu(x’ wperturb)DlG(l 4 gR(wperturb)4)).
u€lU ze{-1,1}"

In particular, the bounds in NEURONSGD hold with probability at least 1 — §. Let F4q4: be the
event that they hold. Under E;,;, Item |I| of the lemma immediately follows. Furthermore, since
the NEURONSGD method runs for at most ¢,,,,,, iterations and each iteration takes at most B time,
Item E| follows. Finally, since

IV, Lr(w P < 2€st0p,

we conclude that for some large enough constant C” we have
IV, LR () [l
< 2€500p + ”V'wuéR(wSGD) - unKR(wSGD)”oo

< 2eq0p + c" rglea‘iiwe{nf}ﬁ}n(‘|waD||go + 1)(|fu(x, wperturb)‘?’ + 1)(13{1%}2{} Ei)7 by Lemmam

This may be further bounded by noting that by Claim|[C.6]and Claim[D.4]

052 e S ()2 (max_max [ Fuas w777 4 1R (0 P) 1)

S ()\1)\2)*1/4;2(111&)( %H%Xl} |fu(x;wperturb)|2 + 1)(£R(wperturb) + 1)
u ge{—1,1}"

S (ude) i (max [ fur o)+ D(En(w®) + 1),

Thus, for large enough constant C’” and assuming C’ is also large enough, by again applying
Claim[D.4}
vaufR(wSGD)Hoo

< 2e510p + C gleagme?gqﬁ}n(AMz)‘f‘H”(fR(wO)g + 1)(| fu (s w®) [P + D(,max, ).

In the above, the second inequality follows from applying Claim [D.4] This proves Item 2] concluding
the proof of the lemma. O
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In the subsequent proofs of this section, for brevity of notation write €54; = €stat (wo, €1, €2) and
Ustat = Ustat (wO)

D.4 Blank input weights are trained to zero

Before proving the main lemmas in this section, let us prove one last helper claim, which states that
the parameters on which f, does not depend are set to zero by TRAINNEURON.

Claim D.6 (Blank neuron weights are zero). Under Assumption and if the event Eq; of
Lemmal[D.3| holds, and if

T > 2€510¢/ Min(Ay, Ag) := e(l), (24)

then for all e = (u,v) € E such that f,(z;w’) = 0 for all x (i.e., parents u that are blank at
initialization), it holds that aﬁf’und =0.

Proof. Recall that w®¢P = [w° , wS%P] (i.e., all parameters except for the parameters to neuron

v are frozen during training). For any e = (u,v) € E such that u is blank, the derivative of the
unregularized loss at z € {—1, 1}" with respect to a, is:

8€ 2 SGD 8
(ﬂﬁé+e) = aae(%(f(m;wo)+fv(x;wSGD) —g(:c))Q), by Eq. (T9)
= (f(z;w°) + folz; w9P) — g(2)) - %fv(x;wscp)
= (f(x5w") + folzs wSGD) —g(x))-0=0 since fy(z;w!) =0
Therefore o0 . o
|#| > min(Ay, Ag)|al| — I%| = min(\y, \o)|all.

So in particular
\aé| S 2€St0p/min()\1, /\2) S 6smt/min(/\1, )\2) < T,

so by the truncation step of Line the algorithm returns trained weights w™"" with ¢'*"*4 = 0. [

D.S TRAINNEURON correctness : training a neuron with at most one active input
(Lemma [D.7)

We may now state and prove the first main result of this section — i.e., if a neuron with at most one
active input is trained, then it remains blank after training.

Lemma D.7 (TRAINNEURON correctness: at most one active input). Suppose that Assumption[D.]]
holds, the event Fg,¢ from Lemma @] holds, and also ro = e3 = 0 (i.e., neuron us is blank).
Suppose also that

T> 265tat/min(>\1, )\2) = 6(1)7 (25)
7> |C(0; W) + €star + (11)?] 26510/ min(Ay, A2)|?, 26)

and
€star < min(Ay, Aa)/(2r1)%. 27

Then after running TRAINNEURON (v, w®), we have w™*" = w9, so the weights do not change
during training and the neuron v remains blank.

Proof. All neurons u € P, \ {u1} are blank at the initialization w" by the assumptions in the lemma
statement (for the case of u = us, this follows because because 1o = €3 = 0, 0 f, (2; wo) =0
for all z € {—1,1}"). Therefore, by Claim[D.6]and Eq. (25), for edge ¢ = (u,v) the algorithm
TRAINNEURON returns weight a1 = 0.

Now consider the parameters b, and a., . We compute the partial derivatives of the idealized loss:
ol
0b,

= ((r1a¢,)* + by — {(0;0°)) and = ((r1ae,)* + by — C(0;0°))(2(r1)ac, ).

14
O0te,
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Since the event E4; holds, by Item 2] of Lemma|D.3] we have
||Vw‘UZR(wSGD)HOO S Estaty
which implies
[(r1aZFP)? + 6597 — {(0;0°)] < estar,

e1
and A
(11 = 2(r1)?[(r1a25P)? 4+ 6597 — C(0;w®))]aZCP| < €qtar,
which means that

so, by Eq. 27),

and hence

(’Vl - 2(7'1) 6$tat)| GD| < €stats

|aeSlGD| < €stat/(71/2) = 2€stat /71,

B3P < €0 0)| + €star + (1) 26s0ae /711
Thus, in Llnelof TRAINNEURON since 7 > max(2€szat /71, |C(0; wO) |+ €star + (11)2 \2€smt/’yl| )

by Eq. and Eq. (26)), we have bro““d = (0 and a“’““d = 0. So overall we have wround =0 for all

0

round _ [w? wff’“nd] = [w®,,0] = w’, and the neuron remains blank. O

parameters, so w

D.6 TRAINNEURON correctness: training a neuron with two active inputs whose product is
not useful (Lemma [D.8))

The next main result of this section is the correctness of TRAINNEURON in the case in which both u;
and us are active neurons, but the monomial x g (z) that is approximately computed by their product
only has low correlation with the error function ¢(z;w?). In this case learning the product of the
active inputs would not significantly decrease the loss, and the L, regularization on the weights
dominates. Thus the neuron remains blank after training because of the rounding step in Line [ of
TRAINNEURON.

Lemma D.8 (TRAINNEURON correctness: two active inputs, product not useful). Define
(1) = 2€stat/min(>\17 )\2)

@ = =1+ max r; Ustat)ﬁstat
i€{1,2

6(3) = 86(2) 1+ Ustat 2 + |C(S,’LU )|)H13X(17 |r17~2|2)/min()\1,)\2)2

max (A1, A2)
i All’ A; \/max AL A2) + [E(S; w0)] + € max(Ar, A2))/ min(1, [r172]?)

Suppose that Assumption|[D 1| holds and that event Egq1 from Lemma[D.3holds. Suppose also that

T > max(e(l), €@, 6(4)) (28)

7> |C(0;w°)| + 2(r? + 72) (max(e™M, €® ™)) + ¢ 10 (29)

4(r7 + 73)€star/ min(Ag, Ag) < 1/2 (30)

Then after running TRAINNEURON(v,w"), the weights are not changed during training (i.e.,
wod = 49) and so the neuron v remains blank.

Before proving this lemma, let us prove a helper claim:

Claim D.9. Suppose that Assumption[D.1)and the event Eq; from Lemmal[D.3|both hold, and also
that S1 # Ss. Define

p= (27‘17"2&SGD eSQGD é(S;wO))(Zrlrg). 3D
Then, for any distinct i, j € {1,2}
1pasP 4 ~; aSGD| < (14 max r2Ugat)estar =€, (32)
i€{1,2}
and
e — o [lagP) < (5 + [pl)e®. (33)
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Proof. First, write the derivatives of the idealized loss with respect to the parameters b,, a.,, and a.,:
dlr
ob,,

Further, for any distinct i, j € {1, 2},

= |(r130,)? + (r206,)? + by + (0300

or

olr = (2r1720e, A, + 5(5; wo))(errgaej) + <8b ) (2r2ae,) + Yite, -

Oae,

By the guarantee in Itemof Lemma|D.5|and the event Eyqq, we have ||V, £r(w05P) |00 < €stat.
It follows that

(217205 aSCP 4 ¢(S;w ))(2r1r2a DY 4 7,a5P| < egtar(1+ 12a5CP).

Finally, by Itemlé-_l| of Lemmaﬂwe also have the bound ||wf &P, < Ustat, which combined with
the above equation implies

(2r172a9P aZP + (S5 w ))(27"17‘2@SGD) + ’YiaeSiGD| < €stat(1 + 1 Ustat),

which is the claimed inequality Eq. (32) when rewritten in terms of p.
Multiplying Eq. (32) for i = 1, j = 2 by ~a:

N2pagl® + 7ealfP| < qael?,
and multiplying Eq. fori = 2,5 = 1by |p|:
102a59P + 72paSEP| < |ple®.

Combining the above two inequalities by the triangle inequality,

M7 = p[[aSFP] < (2 + |p))e®.
Eq. (33) follows by a symmetric argument. O

Now we may prove the main result of this subsection:

Proof of Lemma([D.8] We claim that

la SGD| |aSGD| < max(e®), ¢®)_ @), (34)

This is proved below, but first let us see the consequences. Plugging Eq. (34) into the stationarity
Igj we obtain

condition ‘ |w=wsep | < €stqr guaranteed by Item [2)of Lemma

3P < 1C0; )| + 2(r1a27P)? + 2(r2a57P)? + st
< 1G5 0] + 211 + [r2f*) (max(e, €, ) + gt

Therefore [a2P|,|a5%P| < 7 by Egq. .b and [bJ9P| < 7 by Eq. (29). So Line {4f of
TRAINNEURON rounds afCP, aZ%P and b7CP to afovd = qrownd = prownd = (. Furthermore,
C]alm-and Eq. (28 1mply around = 0 for all ¢’ (u’, v) € E such that v’ & {uy, us}. Overall,

this implies w , since erund 0

round — O =wd

Therefore, it only remains to show (34). We prove it with a case analysis.

Case 1: If S} = Sy, we have S = S; U S5\ (S1 N S2) = 0. In this case, Itemof Lemma|D.3|
aeR

guarantees the stationarity conditions lw=wsap| < €stqr and aa - | w=wscp | < €stqr for any
ie{1,2}ie.,
|(r1aSGD + TQQEQGD)z + bfGD + ¢(S; w0)| < Estat-
2ri(r1a20" + 120700 ) (r1aZCP + 120770 )2 + 079 + ((S50%)) + viag \ < €stat-
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Combining these two inequalities and the triangle inequality, we obtain

[1aS9P| < (14 [2ri(r1aZ%P + 12057P))estar,

€2

So

max |a§iGD| < (1 +4(r? 4 r3) max |aiGD|)estat/ min(Aq, A2)
K2 7

1
< €stat/ min(Ag, Ao) + = 5 max |aSGD| by Eq. (30)
This means that
max |afiGD\ < €star/ min(Ag, Ag) = e,
concluding the analysis of this case.

Case 2: Otherwise, we are in the case that S1 # So. Let p = (2r172a5%PaSP + ((S;w)) (2r172)
be defined as in Eq. (31).

Case 2a: If |y172 — p?| > ~172/2, then by Eq. , which is guaranteed by Claim

max |aS P |

1€[2]

< (m‘c[g]w +1p))e® /Inye — P

< (maxy; + loe @ /(y172/2)

< (max(A1, A2) + |p])e® /(1172/2)

< (max(Ar, Ag) + |(2r172aS TP aSP + C(S;w)) (2r172) ) /(1172/2)

< (1+[2r1m2)?[afCPaZCP | + [2r1m2]1{(S;w"))e® /(1172/2)

<8P (1 4 [aSFPaZCP | + (S5 w®)|) max(1, [r1ral?) / (y172)

< 8¢ (1 + (Ustar)? + |€(S;w®)]) max(1, [r1r2)?)/ (717y2) by Item ] of Lemma[D.3]
< 3

Case 2b: Otherwise, if [y172 — p?| < 7172/2, then
ol € [V7172/2, V/31172/2] (35

In this case,
[2r1r2a27PaZ7P| < |p/(2rira)| + (S w))|
< V372/2/ 21| + [((S5w0)] by Eq. (35)
< A/ Irire] 4 [€(S5w)]-
Therefore, min; |aS%P| < \/m/(2|r1r2|2)+|§(S;w0)|/|2r1r2| Also, by Egq. of
Claim|[D.9] for any distinct i, j € {1,2} we have

@ +7iagP /ol < €@ /|pl,
Therefore, by the triangle inequahty.

max aZP] < (max(y1,72) min |aZP] + ) /|p|
K2

< (max(y1,72) minaZ%P| + ) /v/3172/2 by Eq. (33).

Therefore

max [a5°P] < (max(1, 32)y/ VATT/ @lriral?) +1E(8;w0)|/|2r1r | + @)/ 31722

max ’}/17 ")/2
min ’}/1

2V +1C(8:00)] + €O A) /min(1, raraf)
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D.7 TRAINNEURON correctness: training a neuron with two active inputs whose product is

useful (Lemmas [D.11] to [D.13)

We now prove Lemmas to which are our final main results on TRAINNEURON’S cor-
rectness. These results state that if a neuron with two active inputs is trained, and if learning the
product of the inputs would significantly contribute to reducing the loss, then with polynomially
lower bounded probability the neuron learns the product up to some small relative error, and remains
blank otherwise.

For the following definition recall that p = (2r172a5%PaSP + {(S;w°))(2r172) as defined in
Eq. (31).

Definition D.10. Let E, cyactive be the event that |y1v2 — p?| < v172/2.

In our analysis, when |((S;w?)| is sufficiently large (i.c., when the learning a neuron that rep-
resents xs would significantly reduce the loss, then the event E,,cqctive cOrresponds to when
TRAINNEURON creates an active neuron.

Lemma D.11 (Two active inputs, product is useful, case when neuron remains blank). Suppose that
Assumptionholds, and the event Egiqt N (—Epewactive) holds, and Sy # So. Finally, recall the

definitions of €1 e(?) (3
e = 2€5tat/ min(Ar, Az)

€? = eqar(1+ Dnax 77 Ustat)

€® = 8@ (1 4 (Ustar)? + C(S;w®)|) max(1, |ry72]?)/ min( Ay, Az)?
and suppose that the following hold:

7 > max(e), ) (36)
7 > [C(0;w”)| +2()r1* + |r2*) () + st (37)
Then w4 = 4O (and v remains a blank neuron).

Proof. Since S; # Ss, and the event ~E,, o active implies |y1v2 — p?| > ~172/2, the proof of this
lemma is identical to the proof for Case 2a in Lemma|[D.§] O

Lemma D.12 (Two active inputs, product is useful, case when new active neuron is created). Suppose
that Assumption holds, and the event Egqt N Epewactive holds. Suppose also that f,, (x; wo)
depends only on variables in Sy, and f,(x;w") depends only on variables in Ss, and that So # )
and Sy N Sy = 0. Suppose also that e; < 1 and €3 = 0. Finally, recall the definition

e = 2€stat/ Min(A1, A2),

and suppose also that

> el (38)
C(S;w”)| > V3max(Ar, Az)/|r172]. (39)
¢ < min(Ay, A2)/[C(S;w0)|/|riral/8 (40)
1 /A1,
T<8¢£memvm@, 1)
T < (If(S;wO)I/4)(miin [7il)/ (max [rs]) — 1C(0; w")| — €star (42)

for some large enough universal constant C > 0.

Then
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1. We may write f,(z; w®"™) = ryg(z) + h(z), such that h(S) = 0, the error is bounded

by |h(17)| < |T‘€new7~ely where

6mwd=@%w+ﬂdﬁwwm&&w)Hﬁ2q%hﬂ+q(LJ -

and the scaling factor r is close to fé(S; w?):

R 4
I+ E(S;w?)] < Y12

[rira|

+1)

2. The weights after training are bounded: am“nd = 0foralle = (u',v) € E such that

u' & {uy,us}, and

roun roun A2 2
s a2 ) < 40/ 3218 w0 el

3. The error bias is bounded: R
|C(®7 wround)| S €stat-

Lemma D.13 (Two active inputs, product is useful: two cases and probability lower bound). Suppose
that Assumption[D_1| holds, as well as the conditions of Lemma|D.I1| Suppose also that 1,15 # 0,
S1 # Sa, and that the following inequalities hold, where C' > 0 is a large enough universal constant,

n > 4t
27y ram?] < |C(S;w)|/16
|27 7o7?| < |é(S;w0)|/16
[r1ran®{(S5w®)| > 16(rPn” + r3n* + [¢(0; w?)])
1 N
35 rren?C(S; )| = A Wn* — Cgleagze?wg}n(lfu(x;w”)lg’ +1)( max &) >0

Then
IP)[E’newactive N Estat | w } > mln( |’)"17’2<(S w0)|/8) [_‘Estat | wO]'

D.7.1 Proof of Lemma|D.12|

Proof of Lemma[D12} The proof is modularized into several claims:

(43)

(44)

(45)

(46)

(47)

Claim D. 14 (Input weights from blank neurons are sent to zero). aX?""! = 0 foralle’ = (u/,v) € E

such that v’ & {uy,uz2}.

Proof. By Claim[D.6] since the precondition Eq. (38) holds, as well as Assumption[D.T]and the event

Estat~

So it only remains to examine a“’““d ag‘;‘md, and bround,

Claim D.15. The following bounds on |aS“P| hold:

SGD| > S;w9)|/|4riral.
mas [6£07] > /IC(S5u)|/larire|

SGD < - S 0
len?llg}\a | IC(S;wO)[/[rir2]
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Proof. Since E,cwactive holds we must have p? € [y172/2, 37172/2], so

ol € [V7172/2, V/31172/2]- (50)
Plugging Eq. (50) into the definition of p implies that

H2r1r2aSGD SGD| _|E(S;w”)|| < /3By1y2/2/|2r1 7).
Since [C(S;w®)| > v3max(A, A2)/|r172| > 21/37172/2/|2r1 72| by Eq. , this means
|2r172a7 P 0350 ] € [|C(S510)]/2,21C(S;w))- (D
Eqs. (48) and (#9) immediately follow. O
Claim D.16. For any distinct i j € {1,2} we have

| SG’D‘ < |aSGD| < 4| SGD| (52)
i

Proof. Moreover, plugging Eq. into Eq. (32),, for all distinct i, j € {1,2}, we also have
a2 + 7P [p| < €®)/|pl

<@/ 172/2

< \/|§(S'w0 )/ 4rira|/2 by Eq. {0)
< SGD by Eq. 53
< max a2 y Eq. (@) (53)
Let ¢*,5* € {1,2} be distinct indices such that |aSGD| = maxieq1.0 [aS9P| and |aSGD _
minge(q 23 |ae].GD |. Therefore,
|a; sep + V5= afch/M < |CLSGD|/2 by Eq. (53)

As a consequence,

1
2| SGD| < |")/j SGD/p| < SGD.

e*

And because of the bounds in Eq. (30), we have

1105971 < /171597 < 4jaSSP).
i J
This immediately implies Eq. (52). O

We now use the above claims to bound the range of [min; [a5%P |, max; [aSP|]:

Claim D.17.

min |aZP| > < \/ LS wO)|/[rira (54)

maX|aSGD| < 4\/i |((S wO)|/|rirs| (55)
2

Proof. We first show Eq. (54):

SGD in(y1,72) SGD
by Eq.
m1n|a | > 4”max(71,72) max|a \ y Eq. (52)
) |2
)

\/mln(’Yla’YQ i (S w)|/|4r17s] by Eq. @)

S wO |/|’I“1’I“2| since A1 < A\g and V1,72 € {/\1,)\2}
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And similarly we show Eq. (53):

SGD| <4 max (1, V2

max |a; min |a§’iGD by Eq. (53)
7 7

< 4y R21e(s500) rars.
1

Claim D.18. ag;und = aflGD, aé‘;““d = affD and b = pSGD,

Proof. First, from the previous claim,

) 1 A2
min 8P| 2 1 [ 21¢(5:u0) i by Eq. 63
> T by Eq. (I).

Furthermore, by the stationarity condition ‘gt% |w=wsap | < €stat, which is guaranteed by the event

Etq: and Item 2] from Lemma[D.5}

|(r1agP)? + (r2aZ7P)? + 0797 + {(0:0°)] < estar-

€2

which means that

0757 > (r1aZFP)? + (raallP)? - 1C(0;w°)| = €star

> max(r;aP)? — 1C(0;w°)| — €star
> min(r;) *|{(S;w®)|/[4r1ra] = [C(0:0%)] = estar by Eq. (@8)
> (\5(5;w0)|/4)(nliin [ril)/ (max |rs]) — (05 w°)| = €star

T by Eq. @2)

Therefore, since |a5¢P|, |aSCP|, |b54P| > 7, the rounding in Lineof TRAINNEURON keeps the

1 €2

weights from NEURONSGD unchanged. O

V

We may now begin to prove the items of Lemma [D.12]
Claim D.19. Item[2holds.

Proof. This is true because by Eq. , we have max; [aS%P| < 4\/%|§(S; w9)|/|r1rz2|, and by

SGD round SGD round O

the previous claim we have a = ag]"" and a2,”" = ag)

€1

We now proceed to analyze the relative error of the active neuron that is created.

Claim D.20. Neuron v becomes active, with low relative error: i.e., f,(x; W) = rys(z)+ h(z),
where r = 2r1r2aSGDaszD and h(z) < |r|€newrer for any x, and h(S) = 0. This is the first half of

€1

Item[|of the lemma.

Proof.
folzywomd) = b1 4 (a2 (ry xg, (2) + ha (7)) + a0 Y7o xs, (2))? since €2 = 0
= b9 + (aS9P (r1xs, () + hi(@)) + aSFProxs, (x))? by Claim [D-T§]
= 2r11r2a5PaS P x s, (2)xs, (x) + T1(x) + To(2) =rxs(z) + h(z),
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where we have defined r = 2r172a2PaS9P, h(z) = Ty (z) + To(z), and

Tl(l‘) _ b;S)'GD + (TlaSGD) + (r2aSGD)

To(x) = (a5Phy(2))(2r1aS%P xs, (2) + a2 P hi(z) + 2r2a3%P x5, (2)).

Note that h(S) = 0 since 73(S) = 0 and T5(S) = 0 and by linearity of the Fourier transform
h(S) = T1(S) + T5(S). In particular, 7} (S) = 0 because T} (z) is a constant and S # () because
since S7 and S5 are disjoint we have S = (S U S2) \ (S1 N S3) = S1 U Sy D Sy # (0. Further,
Ty(S) = 0 since, first of all, hy () xs, () and hy ()% depend only on variables in S; so they cannot
be correlated with x g because, which depends on all the variables in S5, which is nonempty. And,
secondly, hy1(S1) = 0 by Assumption s0 hy(z)xs, (z) cannot be correlated to x g (z) because
S5 is nonempty.

In order to bound |T (z)], let us first compute the derivative of the regularized loss with respect to b,:

olgr - ov
0ob, - 0ob,
0 1
= aTEx~{71,1}"[§(bv + (Z e, fu, (73; wO))Z + C(x§w0))2]
v i€[2]
_EIN{ 11}" Zae ful xZ; w +<(.’E w )]

= b, + C(0;w°) + EIN{_LW (Y ac, fu (x;0°))]

i€[2]
= by + C(0:0°) + (r1ae,)? + (r2a,)*
+ B {1,130 [2r20c, ac, (r1Xs, (2) + i (2))xs, () + 271 (ae, ) s, (@) (2) + (ac, b (2))?)
= by + C(0;0°) + (r1ac,)? + (r2ac,)* + Ep 1132 [(ac, b (2))?],

where in the last line we use that E,¢_1 1}»[xs, (¥)h1(7)] = 0 by Assumption We also use
that B, ¢_1,13»[(xs, (z) +h1(x))xs, (z)] = 0since xs, (x) + hi(z) only depends on {; };cs, and
S1 NSy =0, and Sy # () by assumption. Therefore,

(T3 ()] = [bo + (r1a25P)? + (raagP)?|

€2

4 2
<o 1000 00)] + [Epmg—1,132 (a8 1 (2))°)]
< 2eatop + [C(0:10°)| + [Bon (1,132 (0877 (2))°) by LemmalD.3
< Zearop + (B 0°)] + (aZ7Prrer)? since [ ()] < |r1ei]
2 A2
< 2e50p + [C (0 w°)] + 16+ |C(5 w®)[rier]?/|rarel by Eq. (53)

< 2est0p + |C(0; )] + 16/\*1|C(5;w0)|\61\2\7"1/7“2\

We now bound |73 ()|. Since [h1(2)[ < [r1ler, and |xs, ()], [xs, (z)] < 1,
| To()] < 21|r1a2 7P| (Ir1aZ P (1 + €x) + [r2agP)).
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By the above bounds on T} (z) and T (), we have

|h(2)| < |Ti(2)] + |T2()]
< |Ty(x )|+261|r1aSGD (|1 aSGD (I14+€)+ |r2aSGD)

SGD
< wwuza<a»|/v~-Fe1<L;::R;L)<1-+e1>%-1>> by defnition of
lr1aZCP|
< |r[(1Ta(2)]/|r] + 61(2W +1)) bye <1
Y
< [rl(T @)/ + e (82 /2 +1) by Eq. (52)
T2V 7
= [r|(|T1(x )|/|27'17°2GSGD SGD| + €1 (8 2 1)) by definition of r
ga!
N T
SVK%H@MAdSnWH+em%iM;f+1D by Eq. (1)

SMMWWHWWﬂWﬂSWN
+w—kmvmmufm ﬂﬁﬁ+u>

= |T|€newrel~
O
Claim D.21. The error in the direction of x s is greatly reduced to close to zero:
A 4./
I+ (S5 w0)| < Y2 (56)
|ri72|
This proves the second part of Item([l]
Proof. By Eq. (32), for any distinct i, j € {1, 2}, we have
2ilaSeP| + €@
= aSGD
By the bound in Eq. on the ratio of [aZ%P| and [aZ%", this means:
(2
P> < 4\/ 7]71 + | SGD
<4ymr+ a SGD‘~
By the lower bound on max; \afﬁD | in Eq. , this implies
(2
p=4ymy+ —=
VIE(S5w0)|/|4ri7s]
< 8v/71172 by Eq. (@0).
Since p = (2r1r2afPadCP + C(S;w®))(2r179) = (r + C(S; wP))(2r172), this proves Eq. 1i
A 4,/
Ir+{(Siu)] < 22,
172l
O

Claim D.22. We now prove Item which controls the final bias of the error: | (0; w™"™ )| < 2e40p-
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Proof. Using Eq. Z)),

ot
8bv w=wSGD
ov
— P lw—wseD R does not depend on b,
01
= 3 5 Le~{-11p [(f (25 w®) +b59P + (> aSOP fu, (z;0°))? — g())?]
v ie[2]

= Ep(-1,y0 [(Fla30”) + 0597 + (3 aZP fu, (;0°)) — g(2))]

1€[2]
= By [ 0®) + 50 4 (30 a2 f, (23 00))? - g(a)) by Claim[D.T§]
i€[2]
= Epo—1,13 [C (a5 0™ )]
= (0w
By event FEg, and the stationarity guarantee in Item |Z| of Lemma @, we have
vang( SGD)HOO < 2¢€st0p- O

O

D.7.2 Proof of Lemma|D.13

Proof of Lemma[D.13] Let Egoodini: be the event that the following conditions Egs. (57) to (59) hold.
These conditions 1mply that the random perturbation at initialization in Line |Z|1$ good and ensure
that the optimization in NEURONSGD will not fall into a saddle point or spurious local minimum:

|aperturb| |aperturb‘ > ,'7/27 (57)

sgu(riraaly” ™ alsT ) = sgn(—((S;w’)) (58)

|pperturt| < 3 [1ryra (S5 w0)|n/8. (59)

Since ape’““”b aperturt pperturd gre chosen i.i.d. uniformly at random from [, 1], the events that
Egs. (57) to . hold are independent of each other and of w°. So

P[Egoodinit | w’] = (1/4)% - (1/2) - min(1, \/|r172{(S; w°)|/8).
We make the following claim:

Claim D.23. If (= Enewactive) N FEstat 0 Egoodinit holds, then L5 (wPerturt) < {p(wSGP).

On the other hand, Lemma m D.5| guarantees that under the event E;,; we have £z (wPertvrt) >
Cr(w3%P), so to avoid a contradiction we must have

P[(—Enewactive) N Estat N Egoodinit | w°] = 0.
So by a union bound,
P[Enewactive N Estat N Egoodinit | w°]
= P[Estat N Egoodinit | wo] > 1 —P[=Egoodinit) — P["Estat | wo]

> min(1, \/[2r172¢(S;w0)])/C — (1 — P[Egtar | 0°]).

It only remains to prove the helper claim:
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Proof of Claim[D.23) We begin by comparing £(w“?) and £(wPe"*""®). First, we lower-bound
{(w39P) under event (—Epcwactive) N Estat:

- 1 .
UwP) =5 > (S )’
S’'C[n]

S'#0,8

1 A 1 X
_ 5(2T1r2aSG‘DaSGD + 4(57 wO))Q + §(T%((ISGD)2 4 T%(aiGD)Q =+ bfGD + C((Z);wo))Q

ey e2 €1

1 R
> 5(2T1T2GSGDCL§2GD + (S5 w?))?

1 ~
> 5(—2\7“17“2|72 +1¢(S;w)])?

where in the last line we use that that under event (- Epcwactive) 1 Estar We have [aS 9P|, |aZ9P| < 7

by Lemma and also 2|r175|72 < |¢(S;wP)| by Eq. . On the other hand, under event

goodinit-
(2riraalem rake 4 {(S;w®))? < (2rira|(n/2)* — |C(S5w0)))?,

since [aZert ], [aberur| < /2 by Eq. (57), sgn(2riraaletertazertert) = —sgn(((S5w")) by
Eq. (58). and 27112 (1/2)2 < [C(S; 1) by Eq. @4).

Furthermore, by the fact that [a?"*“r®|, [apeturb| < p,

(T%(agfrturb)Q + r%(aperturb)Q + bf})erturb + 6((2)’ ’LUO))2 < (7“%772 + 7“3772 + |bgerturb| + |5(®, U}O)DQ.

€2

So combining the above bounds we obtain:

~ 1 A
é(wperturb) _ 5 Z (C(S/;’LUO))2
S’'C[n]
S'#£0,8

1 A 1 .
_ 5(27,1712a}enlerturba;gsrturb + C(Sa wO))2 + 5(7‘% (aglerturb)2 + T%(a;e)srturb)Q + bgerturb + C(@v ’LUO))2
1

. 1 , .
< S(=I2ral(n/2)? + [E(S3w0))? + (3 + i+ BT+ (00 ).

This implies that:

~(wSGD) _ g(wperturb)
> 2 2riryr?? — e {(S;00)] — gl /2P 4 lrran?(S; w') /2

— S R ] ()
> 2 (~12rirar? (S +Irrand(S;0)/20) — S0P + v 4 ] 4 605w )

where for the second inequality we use Eqs. (44) and @5). Thus, using > 47 by Eq. {3)), we have
g(wSGD) o g(wperturb)
1 ; 1 ertur A
> §|7“17"2772C(S;w0)| = (i 4 rin® + [ "I+ 1C(0;w”)))?

1 A .
> §|7“17”2772C(S;w0)| — (2% 4+ 2?4 |C(0; w?)])? — 2|pperturt?

v

1 5 ertur
E|7“17”2772C(5;w0)|—|55 turb|? by Eq. (@6)

1 ~
> 3§|T1T2U2C(5;w0)|- by Eq. B9  (60)
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This now lets us prove that £z (w*P) > (p(wPe "), In the first inequality we use that w°, =
’LUSGD _ wperturb
- Y—v

—v

and w? = 0.
ER(U)SGD) _ éR(wperturb) — f(wSGD) _ e(wperturb) + R(’LUSGD) _ R(wperturb)

1
> E(’wSGD) _ g(wperturb) + R(wO) _ R(wO) _ 5 max(/\l, /\2) Z |a€erturb|2
e=(u,v)EE

1
_ ((wSGD) _ ((,wperturb) _ 5 max()\l, )\2) Z |a;gerturb|2
e=(u,v)EE
> E(wSGD) _ ((wpertu’rb) _ max()\l, )\2)W772

In the last line we have used |a2°"*"| < 1 for all e = (u,v) € F, and also there are at most 2/
possible edges feeding into v: |[{(u,v) € E}| < 2W. Now, by the triangle inequality and since the

idealized loss / is close to the true loss /l,

YwSCPY — f(wrerterd

> lﬁ(wSGD) — f(wperturty |g(wSGD) — Y(w5CDY| - |Z(wperturb) — f(wPerturty]
> g(wSGD) — (wperturt)

e perturb||4 SGD |4 1 (2 0y|3 1 i by Eaq. ,
ma e (Jur " + [P + 1)(1fu o)+ 1)( max <) by Eq. @D

for some large constant C' > 0. Plugging in the bound [[w?*™* ||, < n < 1 by construction, and
|wS¢P|| < 7 < 1 from Lemma under event (= Eycwactive) N Estat, We have

g(wSGD) _ g(,wperturb)

> g SGDy _ g perturby _ ' : 0y3 41 ),
2 (w”™7) — l(w ) gleagxel{fgaﬁ}n(lfu(w w)[” + )(ig%i);} €)

for some large enough constant C’ > 0. So combining the above bounds:

1 ~
KR(wSGD) — ER(wpe”Wb) > 3—2|r1r2772§(5;w0)| — X Wn? — C'max max (|fu(:v;w0)|3 + 1)( max_¢;)

wEV ze{-1,1}n
>0,

by Eq. (47), taking a large enough constant in Eq. . Thus, we conclude that £ (wPe™*ur?) <
ER(U)S 2. O
E Correctness of TRAINNETWORKLAYERWISE (proof of Theorem [B.T)

In this section, we prove Theorem [B.T| by using Lemmas [D.7} [D.8| and [D.T1] to [D.13| to prove that
certain events hold with high probability during the execution of TRAINNETWORKLAYERWISE

(Algorithm[I). A key property that we will prove is maintained throughout training is that every
active neuron computes some monomial up to a good relative approximation. Let us formalize the
notion of approximation, as it will be needed later:

Definition E.1. Letrv € V be a neuron, andlet S C [n] be a subset of indices. We say that v computes
the monomial x s up to relative error €, if there is some r € R such that for all x € {—1,1}" we
have

|fv(‘r) - TXS' < 6rel|r|~
We call r the “scaling” factor for neuron v’s approximation.
As an example, for any i € [n], the input v;, ; computes z; = X ;3 with zero relative error, since

fow.: () = x; for all z. And furthermore vy, o computes the monomial 1 = xp with zero relative
error, since fy,, ,(x) = 1 for all z.
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E.1 Definition of events

The basis of our proof is showing that certain events and invariants hold with high probability during
training. We now define them. In order to do this, recall the definition of the error function at iteration
t €{0,...,WL} of TRAINNETWORKLAYERWISE:

C(z;w') = fa;w') — g(=),
and recall its Fourier coefficients:
((S;wh) = Epmf—1,130 [C(a5 0" x5(2)]-
E.1.1 Representation of monomials events

The first group of events states that all of the neurons in the neural network are either blank or
represent a monomial approximately. Furthermore, they state that all low-order monomials in g of
degree at most ¢ + 1 are represented in the network after the first ¢ layers have been trained.

Definition E.2. We say that a subset S C [n] is represented at iteration t with scaling r and relative
error €. if there is a neuron uw € V' \ Vi, such that for all v € {—1,1}":

o fulm;wt) = rxs(z) + h(z), where
* |h(z)] < €res and h(S) = 0.

We write that neuron u represents (the monomial corresponding to) S.

Definition E.3 (¢,;., € fourmoves €learned) Let €re 0 = 0, and for any i € [L] inductively define

A [ A
€rel,i = 16M€st0p + 128M2/\72(€rel,i—1)2 + (32M2 )\71 + ]-)ETel,i—l
1 2

Furthermore, define
€ fourmove = 100M2L63t0p

And let
€learned = 16M2)\2

Foranyi € {0,1,..., L}, let
ti=Wi
be the iteration at which layers 1, ..., 4 have been trained in TRAINNETWORKLAYERWISE.

Definition E4. For any t € (t;—1,t;], let Eycp s be the event that at time t there is exactly one
neuron ug representing S, with relative error €5 < €14, and with scaling factor rg such that
|TS - §(5)| S efourmovet + €learned-

Definition E.5. Foranyi € [L] andt € (t;—1,t;], let Enopadactive,r be the event that, for any neuron
v € V'\ Viy, that is active at iteration t (i.e., such that there exists x with f,(z;w') # 0), v represents

S such that §(S) # 0and |S| < i+ 1.

Definition E.6 (Event: first ¢ layers represent all monomials of degree at most ¢+ 1). For convenience
of notation, let E,cpjqyer,0 to be an event that always occurs. For any i € {1,..., L}, let B eplayer,i
be the event that: E,, s, holds for each S C [n] such that |S| < i+ 1 and §(S) # 0, and that
Enobadactive,ti holds.

Definition E.7 (Polarization of Fourier coefficients). For any t € [W L], let Epq; ¢ be the event that
forany S C [n];

« If§(S) = 0, then |C(S; w?)| < €fourmovel.

* If §(S) # 0 and S is represented in the network at time t, then |§(S; wH| < €earned +

6fou'r‘movet-

« If §(S) # 0 and S is not represented in the network at time t, then |((S;w') + §(S)| <

6fouv”m(wet-
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E.1.2 Boundedness of bias and network parameters invariants

In order to apply the guarantees for TRAINNEURON, we also need to maintain certain technical
events that ensure that the parameters and weights of the network do not blow up too much. This
ensure smoothness of the objective during training.

Definition E.8. Foranyt € {0,...,tL}, let Epiqs be the event that |é((2); wh)| < 2€5t0p < €stat. In
other words, this is the event that on iteration t the error is unbiased.

Definition E.9. Foranyt € {0,...,tL}, the Encurbound,t €vent is that all neurons at iteration t
have magnitude upper-bounded by 2M: i.e.,
t
a a C; < 2M. 61
glegme{nilﬁ}nlfu(r w')| < (61)

Definition E.10. Foranyt € {0,...,t}, the Eparambound,t €vent is that at iteration t we have the
following bound on the trained weights:

ma}%{\ay < 16M2\//\2/)\1. (62)

ec

E.1.3 Network connectivity events

Finally, we have certain events that control the connectivity structure of the network. First, we ensure
(because of the sparsity of the network), that every neuron has at most two active inputs and if it has
two then one of them is from V,,.

Definition E.11. For simplicity of the definition, let Vo = ().

Foranyi € {0,...,L—1}, Epothree,i be the event that after training layers 1, . .., i (i.e., at iteration
t;), there is no v; € V; such that

{(u,v;) € E such that u is active at iteration t; }| > 3,
and also there is no v; € V; such that
[{(vi—1,v;) € E such that v;_1 is active at iteration t; and v;_1 € V;_1}| > 2.

Second, we also ensure that the network architecture is sufficiently connected that the product of any
pair of trained neurons can be learned.

Definition E.12. For simplicity of the definition, let Vo = (). Let
Nshared = 64M? log(16sL/6) (63)

Forany i € {0,...,L — 1}, let Econn i be the event that, at iteration t;, for all distinct pairs of
neurons u,u’ € {u € V;_1 UViy s.t. u is active at iteration t;},

‘{’Ui S sz : (U,’Ui) € E7 (ulvvi) S E}| 2 Nshared-
E.2  E,.cpiayer,r Suffices to ensure learning

We now show that the E,.cpjqyer, . €vent is enough to prove that the loss is bounded by ¢ at the final
iteration ¢z, (proved in Lemma|[E.T5)). Thus, the goal of the remainder of the proof will be to show
that E,.cpiayer,z Occurs with high probability.

Claim E.13 (Bounded relative error during training). For all i € {0,...,L}, € < (1 +
1/L) (16 Mi€stop). In particular, €pep; < 45M Lesiop < €/(2Ms) < 1/2.

Proof. The proof is by induction on ¢. In the base case i = 0 we have ¢, 0 = 0, satisfying the
bound. For i € {1,..., L}, we have by the inductive hypothesis

A .
€reti = 16Megop + 128M2>\—2((1 +1/L) 16 M (i — 1)esiop))?
1

+ (32M2\/§ + 1)(1 + 1/L)1_1(16M(Z - l)estop)~
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Since

128M2%((1 +1/L) 7 (16M (i = Destop))

A2
< 128M2>\—1((1 +1/L)* (16 M Legs0p))

= 128M>2(64M2L)?((1 4+ 1/L)* (16 M Le 1)) by Eq. (TT)
=25 M7 L3¢410p
<1/(2L) by Eq. (12)
and
2 A1
32M2% /== =1/(2L),
A2
this means

ereti < 16Mesop + (1/(2L) +1/(2L))(1 +1/L)' 7 (16M (i — 1)estop)

< 16Megiop + (14 1/L) (16 M (i — 1)estop)

< (1+1/L) (16 Miestop).
This proves the first part of the claim. To see the second part, note that, for any ¢ € {0, ..., L}

€reri < (14 1/L)“(16 M Legrop) < 45M Legsop < €/ (2Ms) < 1/2.

O]
Claim E.14 (Bounded error in Fourier coefficients during training). Foranyt < WL,
Efourmovet + €learned < 32M2>\2 < 6/(4]\4'5) < 1/(4M)
Proof.
efourmm)et + €learned < 6fourmm)eVVL + €learned
= 100M>*W L?€g10p + 16M>Xo
< 32M2)\, by €stop < A2/(100W L?) in Eq.
<¢/(4Ms) by Ay < €/(128M?3s) in Eq.
<1/(4M). sinces > 1,e<1
O

Lemma E.15. If E, cpiayer, 1 holds, then ((w'") < e.

Proof. Since L > n—1, the event F;.cpiqyer, 1. States that the active neurons of the network at iteration
t1, are in bijective correspondence with the subsets .S C [n] such that g(.S) # 0. In other words, for
each S such that g(S) # 0 there is exactly one neuron ug such that f,, . (z; w't) = rgxs(z) + hs(z)
where |hs(z)| < €rer,|rs| and |rs — §(S)| < €fourmoveti + €learned- Furthermore, there are no
other active neurons, meaning that:

flaw™)y = > fuglz;w').

S:9(8)#0
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This implies that the error function is always bounded:

[C(asw'™)| = | f(z;w"™) — g(2)]
=1 D fusl@mw) = §(S)xs ()|

S:9(5)#0
= > (rs—3(9)xs(z) + hs(z)|
S:9(S)#0
< Y Irs —a(S)] + |hs(x)]
S:9(5)#0
< Z Irs — g(S)| + €re,z|rs]
S:9(S)#0
< Y frs— a8+ erenn) +ererli(S)
S:9(S)#0
< S 2 — ()| + e nlg(S)] by Claim[E-T3]
S:9(5)#0
< Z 2(€fourmovetL + 6learned) + ME’I"EI,L
S:9(5)#0
< 25(€fourmovetL + €learned) + Mserel,L
< 25(€f0urmovetL + €learned) + €/2 by Claimm
<e/2+¢/2 by Claim [E.T4]
— €.

As a consequence, we may bound the loss at the final time step ¢r.:
L(w') = Epmq—1,13n € z;w'r)]
wht

= ]Eacw{—Ll}" [C(z; )2]
< Epngoi e [€)
2

€
€.

IA N

E.3  E,cpiayer,r. 0ccurs with high probability
In this section, we prove that E;.cpqyer, 1, Occurs with high probability, essentially concluding the

proof of the theorem because of Lemmalm First, we define the intersection of the events defined
above, which we will show holds with high probability by induction on the iteration number.

Definition E.16. Define the event

Estepgood,O = Epol,O N Eneurbound,o N Ebias,O N Eparambound,() N Enobadactive,o-

Foranyt € {1,... tr}, inductively define the event

Estepgood,t = Estepgood,t—l N Epol,t N Eneurbound,t N Eparambound,t N Ebias,t N Enobadactive,t-

Definition E.17. Define the event

Elayergood,O = Econn,O N Enothree,O N Ereplayer,0~

Foranyi € {1,..., L}, inductively define the event

Elayergood,i = Elayergood,i—l N Ereplayer,i N Econn,i N Enothree,i-
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E3.1  Egiepgood,: follows from Egiepgood,i—1 and Ejgyergood,i—1 With high probability

The first element of our induction is given by Lemma [E.20] below. It bounds the runtime of an
iteration of TRAINNETWORKLAYERWISE and proves that with high probability the event Eepgood,
continues to hold. First, we prove a couple of helper claims.

Claim E.18. Lett € {0,...,t.}. Under the event Egicpgood,t» we have

Cr(w') < 22W2L3MBs? (64)

Proof. We bound the regularized loss at wt, using that under the event Eicpgood,t, DOth Ereurbound,t
and Eparambound,t hold:

lr(w') = t(w") + R(w")
=Epoq—1,13n [ wh)] + R(w')
< max [0(x; w")| + R(w")
< max(f(z;w') — g(2))* + R(w")
< max 2g(x)* + 2f (z;w")? + R(w")

< (Ms)? + 2f(z;wh)? + R(w?) by Claim[C.5]

< (Ms)? + 2W L max max f, (z;w")? + R(w")

< (Ms)? +8WLM? + R(w') by Eq. (]B_T[) since Fyeurbound,: holds

< (Ms)? +8WLM? + Y (at)? since A, Ag < 1
eclE

< (Ms)?* +8WLM? 4 2W?L max |al,|*

< (Ms)® + 8WLM? 4+ 2W2L(16M*\/A2/A1)* by Eq. (62), since Eparambound,: holds

< (Ms)? +8WLM? + 2W2L(2*°MBL?) by Eq. (TT)

< 2Z2W2 L3 MBS

O

Let Eg4¢,+ denote the event that on call ¢ to TRAINNEURON, the event E;,; from Lemma@holds.
Lemma E.19. Let

Sstat = 0/(64LW sM?). (65)

Foranyt € (ti—1,...,t;), if the event Estepgood,t—1 N Elayergood,i—1 holds, then P[Esyqt 4 | wi=1] >

1 — Ostat. Furthermore, if Egiqit holds then the call to TRAINNEURON exits after at most O(IQQBQ )
time.

Proof. The lemma follows by applying Lemma[D.5] Indeed, for some large enough constant C' so
that we can apply Lemma[D:5] we bound the learning rate by taking ¢, > 0 small enough:
a < 1/(C(A ) 22567 by Eq. (13)
< 1/(C(MA2) kM ((2M)32 + 1) (k3 (2M)'6 + 1) + 2%258)
< 1/(C(AA2) PR1((2M)*2 + 1) (55((2M) " + 1) + Lr(w®)*)) by Eq. (64)

. . 5 16y—1 L0y(32 —1
<£%1‘I/1Ee{rgllr}l}n(0(>\1)\2) £°) T (| fulz;w™) 72 + 1)

: (’%8(|fu(x; w0)|16 + 1) + €R<w0>4)_1 by Eneurbound,tfl
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the bound on the number of iterations in Lemma [D.5]is at most:

_ 2 NP t—1 2
bmaz = O (max  max | ful@; D)7+ 1) + Lr(w0)) /(e lEotop)”)

< C(s*((2M)* +1) + Lr(w'™") /(a(estop)?) bY Encurbound.t-1
< C(K2((2M)4 +1)+ 222,%8)/(@(6815017)2) by Eq. (64)
< 2230%10/(04(@%017)2)

< C*(M1r2) k%% /(€stop)? by Eq. (T3)
< CP (A Ag) PR by Eq. (12)

and the minibatch size satisfies the following because the constant cp is large enough:

B > C*(A\ ) 1K10 by Eq. (T4)
> C3 (M A2) 262 Tog(1/8stat) by Eq. (63)
> CQ()\l)\g)‘3(298 998 log (2t maz /Ostat) by tymae bound

C(MA2)~ (2% 48) IOg(thaI/(SstatVe?top by Eq. @
CAAe)*k3((2M)® + 1)(R5 (M) + 2%K%) 108 (2mac /stat) /1o

C(Au) K3 (2M)° + 1)(R5(2M)' + Cr(w)*) 108(2 s /Sutar) [rop by Eq. (64)
Cre)*kS(max  max [fu(z;w®) + 1)

weV ze{-1,1}n
: (ﬁg(mgx | fu (s w )|16 +1) + eR(wO)4) 1Og(2tmax/5stat)/€§topv

Thus, we can apply Lemma and derive the claimed bounds, including the runtime bound of
O(KBtmaz) = O((M ) 2KT853) = O(k2393). O

Now we are ready to prove the main result of this subsection, which is the inductive step showing that
Estepgood,t 1s maintained with high probability. The proof calls on the guarantees on TRAINNEURON

proved in Lemmas[D.7} [D-8| and [D-T1|to[D.13}

Lemma E.20. For any layer i € [L] and iteration t € [W L] such thatt € [t;—1 + 1,t;] and
Estepgood,t—l N Elayergood,i—l holds, then
]P)[Estepgood,t N Estat,t | wtil] Z 1-— 6stat-

Furthermore, if the neuron v € V; trained in iteration t has exactly two active parents representing S1
and Ss, and §(S) # 0, and —E,}, s,t—1 holds for S = (S1US2)\ (S1NS2), then with lower-bounded

probability v is trained to be a neuron that represents S':

PlErep,s, | w' ™1 > 1/(64M?).
Proof. We prove that if Eyq + occurs then Egiepgooa,: also occurs. This suffices to prove the first
part of the claim since P[Esia¢ ¢ | w ™! > 1 — d54: by Lemma

Let v € V; in layer ¢ be the neuron that we update with TRAINNEURON on iteration ¢. Then by event
By othree,i—1, v must have at most two active parents at iteration ¢ — 1: i.e.,

Hu eV :(u,v) € Eand Iz s.t. f(x;w™h) #0} <2.
For ease of notation, let 11, us € V@l U Vi, be two parents of v such that (u1,v), (uz,v) € E, and
=0

such that all other parents are blank’f if (u,v) € F and u & {uy,us}, then f, (z;w'™1)
the functions computed at w1, uo as

fu, ('Y =rixs, (@) + hy(z),

where 71,72 € R, 51,52 C [n], and fzj(Sj) = 0. Since Ejgyergood,i—1 implies Erepiayer,i—1, We
know that for any active neuron u’ € V;_; U Vi, we have f,/(z;w'™!) = r'xg (z) + h'(x), where

“This notation assumes that v has at least two parents, but this is only for the sake of convenience since the
case where v has no parents or one parent essentially follows by the same arguments, letting 71 = r2 = 0 or
T2 = 0.
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h/(S/) = 0and |7"/| < |7' —g(S')| + |g(5’)| < elear7Led+€fourm0'ue( 1)+M < 1/(4M)+M <

2M by Claim[E.T4] so

|T’1|, |7’2| € {0} U [1/2Mv QML (66)
and there are €1, €5 > 0 satisfying
€1,€2 < €reli—1 (67)
such that for all z € {—1,1}", |h;(x)| < |r;|e;. Therefore, we may bound €szq¢ (w1, €1, €2) and
Ustat (wtil):
Claim E.21. Under Fgicpgood,t—1 and Ejgyergood,i—1, We have
6si&at('wt ! 61;62) ()\1)\2) /{ 6stop < 1 (68)
Uetat(wtil) 5 (>\1A2)71/€20 (69)

Proof. We bound e€4yq¢ (W', €1, €2), first recalling that by the definition in Lemma

€stat (wt_l €1, 62)

S €stop + flflea&(le{mﬁ}n()\1>\2)_3f€12(€R(wt_1)3 + D)(|fulz; w0 + ”Qé’?i’é} €)

ueV ze{-1,1}"

S €stop T (MA2) PRIZWPLEMES® )P (| fu(s w0 + Dererioa
< estop + (AA2) PRIZ(W2LAMBs2)P MPe, o1y

< €stop + (A1) PRIZTT0C

= €stop + (MA2) 2K €rer i

(Al)\Z) K/ 6stop

estop tmax  max  (AA2) R (Cr(w' ) + ) (|fulw; w0 TP + Deper,ioa

by

by Eq. 7)

by Eq. (64)
by Eq. (61)

Claim[ET3]

In the above bounds, we have used that Eq. (64) holds because Etcpgood,:—1 holds, and Eq. (61)

holds because E,,curpound,i—1 holds by Egiepgood,t—1-
Similarly, we bound Usq¢(w' ™!, €1, €2), recalling the definition in Lemma

Ustar(w'™1) < (A A2) "1k (max max | fu(z; w1+ 1) (lr(w'™1) + 1)
U ze{-—1,1

< (MA2) e (max  max | fyu(zsw' TP+ 1)k°
u ze{-1,1}»

S ()\1)\2)71I€4M81€8
= ()\1)\2)_1/{20.
Here again, we have used Eq. (64) and Eq. (61)) because Escpgood,:—1 holds.

We may now break the analysis into cases, Writing €5¢q¢ = €stat (wt’l, €1,€2) and Ugpqr =

for shorthand.

by Eq. (64)
by Eq. (61)

O

Ustat (wt)

Case 1: At most one active input If v has at most one active parent at iteration ¢ — 1, then
fu, (x;wt 1) = 0 without loss of generality.

Checking preconditions of Lemma([D.7} In this case, we apply Lemma|[D.7] first checking that the
preconditions apply. In the below, let taking C' > 0 to be a large enough umversal constant. Eq. (23)
applies since

2€stat/min()\17 )\2) < 2€stat/()\1)\2)

< C(Mr2) 6 egt0p by Eq. (68)
S 1/(221M7L) by €stop S ()‘1)‘2)4’%_74/(2210) in Eq
- by Eq. (§)
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Furthermore, Eq. (26)) applies, since

|C(® )‘ + €stat + (r1)2‘2€stat/ min(Ah )\2)|2

< 2estat + (11)%[2€5ta¢/ min(Ag, A2) |2 by Epias,t—1
< O A2) 26 eg10p(1 + (71)2[2/ min(Ag, A2)|?) by Eq. (68)
<C(M)™? 67em,p(1 + (4M/X1)?) since || < 2M
< 64C (M A2) P €gtop/N] by Eq. ()
<T

Finally, Eq. (27) applies since

Estat < C(/\l )\2) "i 6stop by Eq @
< A\1/(4M)? by €stop < (M A2)*K7%9/(4C) in Eq.
< min(Aq, A2)/(2r1)? by |r1] < 2M

Thus, all the preconditions of Lemma[D.7]hold.

Applying Lemma @ Therefore, under event Est,+ after running TRAINNEURON (v, w'™1) we
have w' = w'~!. So since the weights are unchanged and we assume that ;o ¢ holds, Estepgood,t
follows from Estepgood,t—1-

Case 2: Exactly two active inputs If v has exactly two active parents at iteration ¢ — 1, then by
Eq. , we must have |ry|, |ro| € [1/(2M), 2M]. Furthermore, let S = S7 U S5 \ (S1N.S2), so that
xs(x) = xs, (x)xs, (x). We further subdivide into two cases, depending on whether S is represented
by a neuron in the network and whether §(S) = 0.

In order to analyze this section, let us first upper-bound the quantities €(1), ¢(?) €(3),

6(1) = 268tat(wt_1 €1a€2)/min()\1’ )\2)

< (A o) 3KE estop/mm()\ A2)

< (MA2) K egtop. (70)
e =1 +m ax 3 Ustat (W' ™)) estar (W' ™1 €1, €2)
<@+ (2M)2)Ustat( - 1))€st H(w' ™ e, €2) by Eq. (66)
S (14 2M)*) (M A2) P egpar (W™, 61762) by Eq. (69)
S (14 2M)*)(MA2) T w2 (MA2) TP K T erop by Eq. (68)
S ()‘1A ) Hsgestop 71

And since Egiepgood,t—1 implies Epo; ¢—1, we have

|§(Sa wt_l)‘ < |g(S)| + (t - 1)€fourmove + €learned
<1G(S)| + (M /4) by Claim[E-14]
<2M by [g(S)I <M (72)

e® = 86(2)(1 + (Ustmt)2 + |é(5’; wt_1)|) max(1, |T1r2\2)/min()\1, )\2)2

max(1,|r1ra|?)

< (Aih2) 4 6 €qt0p) (1 + (Ustar)? + |E(S; wt_l)\)m by Eq. (7T)

< ((MA2) "6 eatop) (1 + (Ustar)® + [C(S;w' ™)) max(1, [ryra|?)

fg(()‘l)‘Z) K7 est0p)(1+( stat) +|<(S til)‘) byEq.@)

S ((MA2) k% earop) (A1, A2) 2620+ [C(S; "™ 1)]) by Eq. (69)

< (MA2) B3RP egi0p- by Eq. (72)  (73)
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Case 2a: Exactly two active inputs, product is not useful Consider the case in which either
§(S) = 0 or S is already represented by some neuron at iteration ¢ — 1 (i.e., Eyp g¢—1 holds). Since
Estepgood,t—1 implies Ep,; 1, we have the following bound

|<A.(Sv wt_l)‘ S (t - 1)€fourm0'ue + €learned
< 32M2 ). by Claim [E-14]

Using this, we will prove that the TRAINNEURON (v; w!~1) will with high probability leave the
neuron v blank and the weights unchanged after training. Intuitively, this is because if neuron v were
trained to represent the monomial g, then this would not reduce the loss significantly since the
Fourier coefficient ¢ (S;w'™1) of the error is small. Therefore the regularization term dominates and
pushes the trained weights on this iteration to close to zero.

Checking preconditions of Lemma[D.8 We apply Lemma[D.8]to conduct our analysis. In order to
check that the preconditions are satisfied, let us first upper bound the quantity €(*),

max()\l, )\2) ~ i1 (2) max()\l, )\2))
min(A1,)\2 \/ma’X(Ala)\Q) + |C(S7w )| +€ min(l, |r1r2|2)
= 2y Ao/ Ay A + (S5 w1)] + Age®)/ min(1, [ryra )
(AT Aa + [E(S3wt=1)] 4+ Aae®) by Eq. (66)
< W (Ve Ay e + [ES5 0] + (ade)~5e0) by Eq.
< gl \/AQ/AI\/AQ +1¢(S;wt=1)]) + (M d2) Pk eqrop
SK, \/)\2//\1\/)\2+32M2/\2+()\1)\2) K €stop
,S K5 Ao+ 32M2)\, + ()\1)\2) 5593657501, by Eq. @
S EV A2+ (Ad) PP egrop (74)
In the following, let C' > 0 be some large enough universal constant. Eq. (Z8) holds, because
max(eM, e® ™) < O(k7\/ A2 + (M A2) 86 FBegr0p) by Egs. (70), (73) and (74)
<1/(22' ML) + C(M2) %K% e, since vAg < 1/(2216MC) by Eq.
<1/(2*M7L) since €510 < 1/(221k110C) by Eq.
=7 by Eq. (8)

And Eq. (29) holds,
|(f(®; w4+ 2(r? + r%)(max(e(l), €®), 6(4)))2 + €stat

< 2(r? 4+ r2)(max(eM, e® ™)) 4 2¢ 0, by Ebias,i—1
< 8M?(max(eM, e® ™)) 4 2¢ 0 by Eq. (66)
< 8M? /(22 ML)? + 2¢40s by Egs. (70), (73) and (74)
<1/ ML) + 2410

<1/(22'MTL) + C(M2) 265 egi0p by Eq. (68)
<1/(2°°M7L) by €stop < (A1 A2)3k774/(221C) in Eq.
<7 by Eq. (8)

Finally, Eq. (30) applies, since
4(r? 4+ 13)€star/ min(Ag, Xo)
= 4(r} + 73)€star/ A2

< 32k%€grat /)\2 by Eq. (66)
< C()\l)\g) KJ Estop by Eq @
<1/2 since €srop < (A1 A2)157%9/(2C) by Eq. (12 .
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Thus, all the preconditions to Lemma[D-8|hold.

Applying Lemma @ So we conclude that if the event Ey;q; ; for the tth call to TRAINNEURON
holds, then we have w! = w'~!. The network weights are unchanged and neuron v remains blank.
Thus Egiepgood,: follows from Egepgo0d,i—1 1n this case.

Case 2b: Exactly two active inputs, product is useful The final case is if §(S) # 0 and S is not
represented by some neuron at iteration ¢ — 1. Since Egtepgood,t—1 implies Epy 1, we have

|§(Sa wtil) - 9(5)\ < 6fourmovet
<1/(4M) by Claim [E.T4]

So since §(S) # 0 implies that |§(S)| € [1/M, M| by assumption,

C(S5w! )| € [3/(4M), (5/4)M] C [1/(2M),2M] (75)

In this case, we will prove that with polynomially-lower bounded probability TRAINNEURON trains
v to approximately represent the monomial xs(x). And otherwise, with high probability it leaves
the weights unchanged: w? = w!~!. To show this, we will use the guarantees for TRAINNEURON
proved inLemmas [D.TT|to[D.13] In order to apply these, we must first verify the preconditions.

Checking preconditions of Lemmas[D.T1|to[D.13| By Eyothree,i—1, we know that v cannot have two
active parents on the previous layer. Therefore, we must have ug € Vi, without loss of generality, so
Yo = A1, €2 = 0, and |So| < 1 because vy is an input. Now, if u; € Vi, then the preconditions of the
lemma with respect to the sets S, S5 also hold because u; and us are distinct inputs and therefore
Sy # () without loss of generality and S; N Sy = ().

On the other hand, suppose that ¢ > 1 and uq € V;_1. Then |S1| < i by Erepiayer,i—1. Since
§(S) # 0and E,.p s+—1 does not hold, S is not represented by a neuron in the first ¢ — 1 layers so by
Ereplayer,i—1 We conclude that | S| > 4. Therefore since |S2| < 1 and S # S; we have |Sz| = 1 and
|S1| =i and |S| =i + 1. Thus, f,, (x;w'™!) only depends on the variables in S;. This is because
by Eiayergood,i—1, We must have Eyothree,0 N - - . Enothree,i—1, 80 the predecessors of neuron u; all
have in-degree at most 2, and at least one of the parents is in Vi,.

We conclude that in all cases Sy # (), e2 = 0, S1 NSy = (), and f,, (x;w'™!) depends only on
variables {z;};cs, and fy, (z;w'™") depends only on variables {z;};cs,. It only remains to verify
Egs. to , which we do below. First, Eqgs. to hold, since 7 > max(e(!), ¢(3)) and
7> [C(B;w0)] + 2(Jr1|? + [r2]?) (€®))? + €41ar by the same reasoning as in Case 2a.

In the arguments below, let C' > 0 be a sufficiently large universal constant. Eq. (39) holds, since

\/?jmax(/\17>\2)/|7‘17”2‘

< V3Xo/(1/(2M))? by Eq. (68)
< 320 M?

<1/(2M) by Ao < 1/(64M?%) in Eq.
< 148w by Eq.

Eq. (@0) holds, since

min(Ay, A2)4/[C(S;w0)|/|r17r2]/8

= 2/ 1E(S500) /Il /8

> A1 /(8v/|r1r2|2M) since |(S;w?)| > 1/(2M) by Eq.
> A1 /(8- (2M)3/?) since ||, |r2| < 2M by Eq.
> O(AA2) ¥ €t0p since €stop < (M1 A2)°k721/(32C) by Eq.
> e, by Eq. (71)
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Eq. () holds because

1 /A 1 A1 2
8\/)\;|<(S wO)|/|r1ra| > e /\—;|C(S;w0)| since |r1|,|r2|§2MbyEq.
1 A1 A
> [ — i sw?)| > 1/(2M) by Eq. (75
> e Smee [X(Siw?)] = 1/(2M) by Eg
1
> by Eq.
= 2048\2M /2L yEq. @D
> T by Eq. (71),
Eq. (#2) holds because
(1S5 w?)]/4) (min [r;) / (max |ri[) - 1C(0; w°)] = €star
> 1/(8M)(min |ri])/(max [ri]) — [¢(0 w)] — star since [¢(S;w®)| = 1/(2M) by Eq.
> 1/(32M3) — |C(0; w°)| — €stat by Eq. (66)
> 1/(32M3) — 2€41a: by Ebias,t—1
> 1/(32M3) — C(MA2) 3k egt0p by Eq. (68)
> 1/(64M3) by €stop < (A1A2)k~70/(64C) in Eq.
> T by Eq. (8)
Eq. (@3) holds because 1 > 47 because ) = 47 by definition in Eq. (9).
Eqs. (44) and (@5) hold because
12r17o72| < |2r17m2n?| by Eq. (9)
< 8017y by Eq. &9
<1/(32M) since 7 = 47 < 1/(16M?) by Eq. (9)
< 1(S5w”)|/16 since [¢(S;w®)| = 1/(2M) by Eq.
In order to show Eq. {8)), we first prove
€Estat S C()\l )\2)_356765top by Eq @)
< 1/(2%°MML?) since €sop < (A1 A2)3K~81/(236C) by Eq.
=’ by Eq. ©)
Therefore, Eq. (#6) holds because
[riran®C(S5w)| > 1/(4M?)n*|C(S; w”))| by Eq. (66)
> 1/(8M°)n? by Eq. (73)

> 12ty

> 20N (0% 4 €nar)?

> 16(4]\42772 + 4M?n? + Gstat)2
> 16(rin* + r3n® + €star)’

> 16(rin’ + r3n® + [¢(0;w”)))?

by 7> < 2= M7 in Eq. (9)
by €stat < 1n? proved above

by Eq. (66)

by Ebias,t—l

Finally, in order to show Eq. (7)), we first prove the following two bounds:

| > N
=~ 256 M3
> 22, Wi

1 ~
5 [riran®¢(S; w")
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and

1 .
§|r1r2n2<(5; w?)|

1 2

> IV by Egs. (66) and (73)
= M2 by Eq. @)
> 2110M4L€st0p by €stop < K21/(25°C) in Eq.
> 20((2M)* + 1)(45M Lestop)

> 2C((2M)? 4+ 1)éper i1 by Claim[E-13|
>20((2M)3 +1 i by Epepi
> 20((2M)” + )(Zg%}e) Y Erep,i-1
> 20 rglea‘}/(we?i%},(l}anu(xv wO)‘S + 1)(zg{1;1i,}2(} Ei) by Eneurbound,tfl

Eq. holds by combining the above two bounds, since we take C' greater than or equal to the
constant from Lemma [D.13}

1 o
35 [ C(S;w)[ > A Wn? + Cgleagmegﬁﬁ}n(lfu(x;wo)l?’ +1)(max e)

Therefore, the preconditions of Lemmas [D.TT]to[D.13]all hold.

Applying Lemmas[D.T1|to[D13] Let Epcyactive,: be the event defined in Definition [D.10] for the
iteration ¢ call to TRAINNEURON. Lemma states that if (mEpewactive,t) N Estar,¢ holds, then
w' = w! L. In this case Estepgood,t Tollows from Egiepgood,i—1 because the parameters of the neural

network are unchanged.

On the other hand, if Eycwactive,t N Estat,t holds, then Lemma [D.T2] states that the weights w,
corresponding to neuron v are trained so that neuron v becomes an active neuron. In particular, Item|T]
of Lemma@lstates that f,(x;w') = rxs(z) + h(x), where

. 4,/
|7" + C(Sa wt_l)l < N < 4M)\2 < €learned

|7172]

and h(fE) < |T|€newrel for

2 _ 2 _ A2 T1 Y2
encwrel = (destop + 2|C(B;w" ™)) /|C(S5w )] + 32 el | /o] + 61(8L —+1.
A Iral V' m
Recall that 5 = \; since we have assumed without loss of generality that us € Viy. If uy € Vi,
then we also have ¢; = 0 because f,, (x) computes either the constant 1 or an input monomial in
Zi,...,Ty,. Therefore,

Enewrel = (4€stop + 2|é(®a wt71)|)/|€(57 wt71)| < 16M€stop < €rel,i

by Epiqs,+—1 and Eq. (75). On the other hand, if u; & V;, then we have u; € V;_; because it must
be in the previous layer, and the regularization is y; = A because w; is not an input in Vj,. Also, by
Ereplayer,i—1 We must have that the relative error f,, () is €1 < €p¢i—1. S0 if u1 & Vi, then

degtop + 2|C(0; w1 Ao r A
Enewrel = e 7 cl 0 +32 2 1||€rel,i—1\2 +~€1(8m 2y 1)
C(S5w! 1) Adfre| 2| V Az
A2 2 T A
< 16M€3t0p + 32r|€rel,i—1| |T1/7’2| + (SW )\7 + l)erel,i—l by Ebias,t—l and Eq @)
1 2 2
2/\2 2 2 A1
< 16Megiop + 128M )\*|Erel,i—1| + (32M X + Déreri-1 by Eq. (66)
1 2

= €rel,i

In both cases €pewret < €rel i, and so Ey.¢p s holds because the network has been updated so that
neuron v now computes x g with at most €,; ; relative error.
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Finally, Lemma [D.12] allows us to prove that Egsepgood,: holds. First, we show that Epp
holds. The condition on ((S;w') follows since ¢(S;wt) = ((S;w'™!) + r, and so we have
1E(S; w)] < €rearnea < €fourmovel + €learned- Furthermore, since = FE,.cp g 11y, by Eport—1 We
have |C(S; w'™1) + §(9)| < € fourmove (t — 1), and so combining by triangle inequality with the
bound on |r + {(S;w!™1)|, we have
7 = 9(5)| < €fourmovet + €learned < M /4

This means that |r| < |§(S)| + M/4 < 5M/4. So |h(z)| < |rlerers < (BM/4)(45M Lesiop) <
100M L%€st0p = €fourmove by Claim Since for any S’ C [n], we have |((S";w!) —

(S 3w = |fu(Sswh)| = [(S")] = [Ermi—11yn [2(@)xs (2)]] < max, [2(2)] < €fourmove-
Therefore, Fpo;,+ follows from F,; ;1 and this bound.

To prove that Epcurbound,: holds, note that |f,(z;w?)| = |fu(z;w'™1)| < 2M for all u # v

by Enecurbound,t—1. And | fy(z;wh)] < |r| + |h(z)] < (5/4M)(1 + 45M Legy,,) < 2M since
45M Leygop < 1/2 by Claim

Eparambound,: holds because

max fag| = max(max|a; "], e |acl)
< maX(16M2 V )\2/)\17 max |az‘) by Eparambound,tfl
e=(u,v)EE
N -
< max(16M2\/ Ao /A1, 4\/)\2|C(S; w%)|/|rir2]) by Item[2]of Lemma [D.12]
1
< 16M2\/ A/ M\ by Egs. (66) and (73)

Ejiqs,t holds by Item [3|of Lemma And Ey,ppadactive,+ holds because the active neuron that has
been created represents .S, where g(S) # 0 and |S| =i + 1.

Thus, in this case Estepgood,t = Estepgood,tfl N Epol,t N Eneurbound,tEparambound,t N Ebias,t holds.
Therefore, our analysis shows that if G(.S) # 0 and (= Eyep,s,t—1) N Estepgood,i—1 N Elayergood,i—1
holds, then

P[Erep,s,t | wt_l] Z IP>[lz‘newactive,t N Estat,t | wt_l]

> min(1, \/|r172¢(S; wt=1)|/8) — P[~Egtars | w'™!] by Lemma[D.13]

> min(L, /1¢(S; wt=1)|/(16M)) — B[-Euare | w'™'] by Eq. §8)
> min(1,1/(32M?)) — P[=Fytars | w'™"] by Eq. (73)
> 1/(32M?) — P[=Egtar | w1
> 1/(64M2),
since P[~Estars | W'Y < st < 1/(64M?) by Lemma O

E.3.2 Ereplayer,i N Estepgood7ti follows from Estepgood,ti,l N Elayergood,ifl with high
probability

Another ingredient in the induction is showing that the updates from iterations ¢;_; + 1 through ¢;
suffice for Fy.cpiayer,: to hold with high probability. Essentially, if the degree at most ¢ monomials
were represented after training layers 1 through ¢ — 1, then with high probability the degree at most
1 + 1 monomials are represented after training layers 1 through .

Lemma E.22. ]P)[Ereplayer,imEstepgood,ti Estepgood,ti,l mE‘layergoad,ifl] Z ]-_WS(Sstat_(s/(&L)

Proof. Estepgood,t; implies Epobadactive,t;- Therefore it remains to show that for any S C [n] with
|S] < i+ 1and §(S) # 0 that E,..;, 5+, holds with high probability.

Suppose that ¢ > 1, then for any S with |S| < ¢, we have that E,., g, holds by the inductive
hypothesis Ejqyergood,i—1. Therefore, it remains to prove E..;, s ¢, holds with high probability for
any S C [n] such that |S| = ¢ + 1 and §(S) # 0.
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Fix such a subset S with |S| = ¢ + 1 and §(S) # 0. Since g satisfies the staircase property in
Definition [1.1] there must be a set S; C S such that §(S’) # 0 and |S \ Si| = 1. By the event
Ereptayer,i—1, which is implied by Ejqyergood,i—1, there is aneuron uy € V;_1 such that u represents
S1. On the other hand, letting Sy = S\ 51, because |Sa| = 1 there is a neuron uy € V4, such that us
represents So. Therefore, by Econp,i—1. it holds that [{v € V; : (u1,v), (u2,v) € E}| > Nshared-

Let (1) <. < (%) be the iterations such that the neuron v € V; trained at iteration t) satisfies
(u1,v), (uz,v) € E}. By the above argument, k > Nspared-

Forany t € (t;_1,t;] if w'~! is such that (- rep,S.t—1) N Estepgood,t—1 N Elayergood,i—1 holds, then
by Lemma|[E.20|we have that Esscpgood,t N Elayergood,i—1 holds with probability at least 1 — d¢qs. In
addition, if ¢ € {t(M), ... 1)}, then E,ep 5.t N Estepgood.t N Elayergood.i—1 holds with probability at
least 1/(64M?). Since once E,.;, s+ holds, it is also true that E,., s+ holds for all ¢’ > ¢, analyzing
the Markov chain implies

]P)[E'r'ep,S,t,- N Estepgood,ti ‘ Estepgood,ti,l N Elayergood,i—l] > 1- W6stat - (1 - 1/(64M2))k
Z 1-— W(Sstat — (5/(88[/),
since k > ngparea > 64M? log(16sL/5) by Eq. (63).

By a union bound over all S such that S| = i+1 and §(S) # 0, we have P[E,cpiayer,i N Estepgood, t;
Estepgood,t,;_l N Estepgood,i—l] 2 1-— WS(;stat - 5/(8L)

The case where ¢ = 1 is similar: here it suffices to show that F,..;, 5, holds with high probability for
any S C [n] such that |\S| < 2 and §(S) # 0. An analogous argument to the above works, appealing
t0 Econn 0 and the fact that for each S’ C [n] with |S’| < 1, there is a neuron u € V4, computing
Xs- O

E3.3 Econni N Enothree,: follows from E,..,14y¢r,; With high probability

The final element of the inductive step is to guarantee that the network connectivity events for the
edges to layer ¢ after the training of layers 1 through ¢ — 1 has concluded. The idea behind proof here
is that the edges to layer ¢ are independent of the state of the network parameters at iteration ¢;_1,
and since Eyeplayer,i—1 guarantees that there are at most s active neurons at iteration ¢;,_; we may
ensure these events hold with high probability.

Lemma E.23. Foranyi € {0,...,L — 1}, conditioned on Eycpiayer,i and w', the event Ecopy i
holds with probability at least 1 — 0 /(8L).

Proof. First we consider shared children of pairs of inputs in V;,. By Eqs. (3)) and (6)),
(p1)*W > 10log(4W L/6)nshared
> 10log(4(n + 1)L/0)nshareds
for any distinct u, v’ € Vi, we have
Pl[{v1 € Vi : (u,v1), (v, v1) € EY| > nnarea] > 1 —6/(4(n +1)L)?

by a Hoeffding bound, as all edges from Vj, to V;; are i.i.d. with probability p; and independent
of w'i. Therefore, by a union bound, for all pairs of distinct u, u’ € Vi,, with probability at least
1 —6/(16L) we have that |[{v1 € Vi : (u,v1), (v, v1)} > Nsnared-

Now, we consider the number of children of an input and a neuron on the previous layer. For i > 1,
note that F,.cp1qyer,s implies that the number of active neurons in V; after iteration ¢; must be at most
s —because each active neuron corresponds to a unique nonzero Fourier coefficient of g. Furthermore,
these active neurons are trained independently of the edges from layer i to layer ¢ + 1. Hence for
any active neuron v; € V; that is active at iteration ¢; and any input v € Vj,, the expected number of
neurons v; 41 € V;41 that have v; and u as parents is

p1p2W > 101og(AW L/6)nshareds
by Egs. (§) to (7). So by a Hoeffding bound,

PH{UiJrl S ‘/;+1 : (UivviJrl) € E7 (U,Ui+1) S E}I Z nshared] Z 1- 6/(4WL)2
>1—6/(16W(n+1)L).
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Finally, a union bound over the at most W (n + 1) pairs of an input u € V}, and a neuron on layer
V; imply that with probability at least 1 — §/(16L) for all such pairs [{v;+1 € Vi1 : (vi,vig1) €
E7 (’U,7 Ui+1) S E}| Z Nshared-

The lemma follows by a union bound of the above two results. O

ti

Lemma E.24. For any i € {0,...,L — 1}, conditioned on E,cpiayer,i and on w', the event

Ernothree,i holds with probability at least 1 — 6 /(8L).

Proof. By Eycpiayer,i» there are at most s active neurons in V;, because each one corresponds to a
distinct nonzero Fourier coefficient of g. For any v € V1 and distinct uy, us,us € Vi, U{u € V; :
uis active at iteration ¢, }, call the tuple (v, u1, u2,u3) “bad” if (u1,v), (u2,v), (uz,v) € E. The
probability that a tuple (v, u1, uz, ug) is bad is at most max(py, p2)® = (p1)?, since these edges are
independent of w’i, because by the layerwise training w'* depends only on presence or absence the
edges up to the layer V;. The number of bad tuples is thus at most
(P1)*W(s+n+1)* <

<4¢/(16L)
in expectation by Eqs. (3) and (6). Therefore, by a Markov bound there are no bad tuples with
probability at least 1 — 6/(16L).

Furthermore, the number of neurons v € V;;; that have at least two active uj,us € V; is in
expectation at most

(sp2)®W < <46/(16L)

, by a similar argument and Egs. (3) and (7). So a Markov bound shows there are no such neurons
with probability at least 1 — ¢ /(16L).

So by a union bound E,,o¢pree,; holds with probability at least 1 — ¢/(8L). O

E.3.4 Proof of Theorem B.1|

We conclude by combining the inductive steps Lemmas[E.20|and [E-22]to prove that E,¢piqyer, . holds
with high probability, and then recalling this is sufficient by Lemma|E.15

Lemma E.25. E,..piqyer, 1, holds with probability at least 1 — 9.

Proof. We prove by induction on i that for any i € {0,...,L — 1},
P[Elayergood,i N Estepgood,ti] > 1- (21 + 1)5/(4L)

For the base case ¢ = 0, note that Ep;qs 0 holds because C(0;w®) = —g(0) = 0. Further,
Ereurbound, 05 Eparambound,0, and Epopadactive,0 follow from the fact that the network is initial-

ized to all zeros, and E,, o holds because ((S; W°) = —§(S) for all S C [n]. Erepiayer,0 holds
because by definition it always holds. Finally, given E,cplayer,0, Lemmas[E.23|and [E.24|imply that
Econn,0 N Enothree,o hold with probability at least 1 — §/(4L). Combining these with the definition
of Elayergood,0 ald Esiepgood,o in Definitions @andm it follows that

]P)[Elayergood,O N Estepgood,to] > 1- 5/(4L)
For the inductive step for any ¢ > 1, Lemma[E.22]implies that
]P)[Ereplaye'r,imEstepgood,ti | Elayergood,i—lﬂEstepgood,ti,l] > 1_W55stat_5/(8L) > 1_5/(411)

Also, Lemmas [E.23]and [E.24] imply that
P[Econn,i N Enothree,i | Ereplayer,i N Estepgood,ti N Elayergood,ifl] > 1- 6/(4L)

Since
Elayergood,i = Elayergood,i—l N Ereplayer,i N Econn,i N Enothrce,ia
we conclude that

]P)[Elayergood,i N Estepgood,ti] > IP>[E1layev”good,i—1 N Estepgood,t,;,l} - 5/(2L) > (2Z + 1)6/(411)
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This concludes the induction.
Applying the claim with ¢ = L — 1, we obtain
IP>[E/‘lu,yergood,L—1 N EstepgoodﬁL,l] > 1- (2L - 1)6/(41/)7
and so by one final application of Lemma we have P[Erepiayer, N Estepgood,tr] > 1 —
(2L)6/2>1—-46/2. O]

Proof of Theorem|B.1} By Lemma that if Eycpiayer,z holds then ¢(w't) < e. Further,
Lemma proves that P[E,cpiayer.r.] > 1 — 8. The runtime bound follows because there are
t;, = WL = O(k) iterations, each of which can be implemented in O(x23%%) time and samples by
Lemmal[D.3l O
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