Appendix

A Missing Proofs in Section 3

Proposition 1 (3-Pareto Efficiency, Upper Bound). There is no neutral rule f: L(A)" —
R(A) that satisfies e-DP and B-Pareto efficiency with 8 > em—1.

Proof. Let f: L(A)™ — A be a voting rule satisfying e-DP and S-Pareto efficiency. Let P be a
profile, where ay > as > - -+ > a,,, for alli € N. Since a; Pareto dominates a5, as Pareto dominates
as, etc., we have

Then we claim that for profile P,
P[f(P) = a1] <" - P[f(P) = an].

Theorefore, we have s~ < e, ie., 8 < em1, as desired.
Finally, we prove the claim above. In fact, for any voting rule f: £(A)" — R(A) satisfying
e-DP and neutrality, we have

P[f(P) = a] < e"-P[f(P) =b], foralla,be A (1)

Now, we prove Equation (1). For any profile P, P’ € L(A)™, let £y(-,-) represents the fy-distance
between them, i.e., lo(P, P') = {j € N :=;#>~"}. Then, by considering the following operation
Op, we can see that P can be transferred to P’ through k = ¢y(P, P’') times of operations.

— Op: Choose a voter ¢ € N that >;#>}, let =;=>".

Letting Py, P, ..., Py denote all of the profiles, we have the following diagram.
P=p 22 p 22 p, O . O p _pr

Notice that in each step, only one voter’s preference is changed. Consequently, for each i, P; and
P, 11 are neighboring profiles. Since f satisfies e-DP, we have

P[f(P) =a] <e - Plf(P) =a] <> -P[f(P) =a] <... <" -P[f(P') =al.

Besides, for any given P, P" € L(A)", there are at most n distinct voters j € N that =;7>".
Therefore, for any profile P, P’ € L(A)™ and any a € A, we have

P[f(P) = a] <" - P[f(P') =d].

Now, for any profile P € £(A)™ and an arbitrarily chosen paif of alternatives a,b € A, let P’ be
the profile transferred from P by swapping a and b in each voter’s preference. By the neutrality of
f, we have

PIf(P) = a] = P[f(P') = b] and P[f(P') = a] = P[f(P) =b].



Then it follows that

which completes the proof. a

Proposition 2 (3-Pareto Efficiency, Lower Bound). Given ¢ € R;, Mechanism 1 satisfies
e-DP and e*=2 -Pareto efficiency.

Proof. Let €gorda: L(A)* — R(A) denote the mapping introduced by BordaEXP. Then for any
profile P € L(A)* and alternative a € A, we have

eBordaf_>(a)e/(2m—2)

= S eBordap(c)e/(@m—2) "
ceEA

P[QEBorda(P) = a]

First, we establish the bound for Pareto efficiency. Given profile P € £L(A)™, suppose a,b € A are
a pair of alternatives that a >~; b for all j € N. It follows that, for each voter j € N, the number of
alternatives that are considered worse than b according to her preference order >; is strictly less
than the number of alternatives considered worse than a. Formally, we have

HeeA:ra=jc}|—|{c€e A:b>=jc}|>1, forall jeN.
By the definition of Borda score, we have
Bordap(a) — Bordap(b) = n.

Then it follows that
eBordap(a)~e/(2m—2)

= S eBordap(c)-¢/(2m—2)
ceEA

N gBordap (b) | gne/(2m—2)

= Z eBordap(c)-e/(2m—2)
ceA

= ene/(2m72) : IP)[QEBorda(]D) = b]’

]P)[@Borda (P) = a]

which indicates that Egoqga satisfies ezm -2 -Pareto efficiency.
Then we prove the DP-bound. For all neighboring profiles P, P’ € L(A)",

Z eBordapl (¢) 5=

]P)[QBorda(P) = CL] _ eBordap(a)-ﬁ cEA
P[GBorda(P/) _ a] - eBordaP/(a)Wi2 ’ E eBordap(c).?‘méi2
ceEA
Z eBordaP/(c)Ti_2

cEA
gee/z. sup Bordap(c) 5=
Pec(A)yn Y, e Pl am=

ceEA

€
<e

)

which completes the proof. a



Lemma 1. Given v > 0, a voting rule f satisfies y-SD-efficiency if and only if

> PlE=4]
! > sup inf el
v pecayger(a)ieNves 3, PIf(P)=a]
x>y

Proof. Suppose that f is not -SD-efficient. Then there must be some profile P € £L(A)™ that f(P)
is v-SD-dominated by some ¢ € R(A), i.e.,

1
Z PE=2z] > —- Z Pf(P)=2z], forally€ Aand »~,€ P,
TGy v Ty
which is equivalent to
> PlE=24]
L T
v S jeNyea S, Pf(P)=a]
Ty

Therefore, f is y-SD-efficient if and only if for each P € £(A)™, there does not exist such ¢, i.e.,

>, Pl§=a]
1 x5y

> inf ,
7 7 jeNyea S5 PB[J(P) =4l
x5y

for all y € A and P € L(A)",

which is equivalent to

>, Pl§=ax]

LTy

> sup inf .
Pec(ay ger(a)i€Aved > Pf(P) =z

Tx>5Y

1
Y
That completes the proof. a

Proposition 3 (y-SD-Efficiency, Upper Bound). Given v € R, there is no neutral voting
rule f: L(A)™ — R(A) satisfying e-DP and ~-SD-efficiency with v > %

Proof. Consider two profiles, P; and Py, where all voters in P, share the same preference order a; >
a9 = -+ = a,. In contrast, in Py, the voters’ preferences are a,, =" as =" a3 =" -+ =" ay_1 >’ aj.
Then the unique SD-efficient lottery for P; and P, should be 1,, and 1, , respectively. Here, 1,,
and 1, represent indicator functions defined as follows.

1 = 1 =
IP[]]_al _ a] _ { a aq P[]]_am _ a] _ { a Am

0 otherwise ’ 0 otherwise

Let f be any neutral voting rule satisfying e-DP. By Equation (1), we have

PLf(PY) = 1] < € - PIf(P3) = ai] (by DP)
=e" - P[f(P1) = am]. (by neutrality)

By symmetry, for any a # am, P[f(P1) = a] < e -P[f(P1) = a]. Therefore,

STPIF(P) = a] < ((m — 1)e™ +1) - PIf(P) = am] < 1,
acA



ie, P[f(P1) =am) < m If there exists some « that f satisfies y-SD-efficiency, there does

not exist any £ € R(A), such that

- > P[f(P) =2], forallyec A

Ty T:x>Yy

Therefore, we have

> Plg=a]
1 >  sup sup inf —— oy
v 7 pec(aycer(ayved Y, PIf(P) =]
x>y
> Pl =2
x>y

> sup inf

cer(ayved Y, Pf(P1) = 7]

Ty
Z> P[la, = ]

2 inf -y

ved 3 PIf(P) = a]

>y

B 1

max Y. P[f(P1) = z]

YEA zigyy
B 1

1=P[f(P1) = ax]

(m—1)e™ +1

(m — 1)ene
In other words, we have v < %, as desired. a

( De’

Proposition 4 (vy-SD-Efficiency, Lower Bound). Mechanism 2 satisfies e-DP and 1)e -

SD-efficiency.

Proof. Letting Eani: L(A)" — R(A) denote the mapping introduced by Mechanism 2.
For any neighboring profiles P, P € L(A)" that P_; = P’ and >;#~, suppose that the
chosen ballot in the mechanism is =;. Then

Pl€ani(P) =a | i # j] = P[€ani(P') = a | i # j] (use C' to denote them)
Further, for any a € A,

P[GAnti(P) = a] P[Z =7JA QEAnti(P) = a] + IP)[ e QEAnti(P) = a]

Pl€ani(P’) = d] Pli = j A Eani(P') = a] + P[i # j A Eani(P') = a]
2PlCani(P) = a | i = j] + "2 P[€ani(P) = a | i # j]

LP[Epani(P) = a | i = j]+ “LP[€ani(P') = a | i # j]
1 & Anci — - Ll.c
_ wPl&ani(P) Cl|lv JJ"‘ 0 (P, =P )
[m( N=ali=j+=1.C ’
<e SP[Eani(P) =a|i=jl+ 22 - C

EP[QAHU( )—a|i:j]_|_n7*1.c

n



which indicates that Eany; satisfies e-DP. On the other hand, given profile P, suppose the top-ranked
and the last-ranked alternative of =; are a;op and ajqs, respectively. Then, for any £ € R(A), we
have

5 Pl =4l 1 > P, =al
TiTiY < _ Ty ]
> Pleami(P)=1a] = X Pl€ami(P) = 1] > Pl€ani(P) = ]
Ty Ty Ty
Theorefore,
> Pl¢=a]
sup inf TEY = inf !
cer(A)¥€A Y. PlCani(P)=z] wea 37 Pl€aw(P) = 7]
Ty Ty
_ 1
1- IED[eAnti(-P) = alast]
~ (m—1)e°
(m—T1)ec+1
By Lemma 1, Eany; satisfies %-SD—efﬁciency, which completes the proof. O

Lemma 2. Given v < 1, v-PC-efficiency implies v-SD-efficiency.

Proof. In fact, we only need to prove that for any &, ¢ € R(A), &€ =790 ¢ implies £ =7~7C (. Let
¢ and ¢ be two lotteries satisfying £ =750 ¢, i.e.,

1
Z]P’[g:x]>f~Z]P’[§:y], for any y € A.
Ty v Ty
Then, on the one hand, we have

> P=a] PlC=yl=) PC=y]- Y PE¢=a]

T, yEANT>Y Ty

> Y PC =]~ SO PC=1]

A x>y

On the other hand, we have

LS Pe=yPle=y = Py S Pl =y

gl

T, YyEANT>Y r€eA y<x

== Y Re= Y (1= Pl =4l
z€A y<x Ty

<Y Re=u- Y (1-2 T Pe =)
z€A y<x Ty

<Y PC= Y (1= PC=y
T€EA y<x Ty

SETD M SR !

T, YyEANT -y



Then it follows that

1
Yo PE=a]-PC=yl2-- Y Pl=a]-PE=y]
T, yEANT>Y v z,yEANT>Y
which completes the proof. ]

Proposition 5 (k-PC-Efficiency, Upper Bound). Given any k,e € Ry, there is no voting
rule f: L(A)" — R(A) satisfying e-DP and k-PC-efficiency.

Proof. Consider the profile P, where all voters share the same prefereoce
ap > ag > - > Q.

Then the unique PC-efficient distribution on A is 1,,. Further, we have
Y Plla=2] Plf(P)=y]= ) PIf(P)=yl=1-Pf(P)=al.
Y iy y: a1y
However,
Y P(P)=a]-Plle, =yl = Y PIf(P)=a]- Y P[L, =y =0.
T,y Ty T€EA Yy T3y

In other words, for all x € Ry, the lottery 1,, can xk-PC-dominate any f(P), which completes the
proof. a

Proposition 6 (a-Condorcet Criterion, Lower Bound). Mechanism 3 satisfies e°-Condorcet
criterion and e-DP.

Proof. Let Rew: L(A)* — R(A) denote the mapping introduced by CWRR. Then for any profile
P e L£(A)* and alternative a € A, we have

2, a=CW(P
PRcw(P) = a] = § «tm=t @ } (P) , for all P that CW(P) exists.
s Tm—1» Otherwise

By definition, it is not hard to see that CWRR satisfies e*-Condorcet criterion. Thus, we only
need to prove that CWRR satisfies e-DP. In fact, for any neighboring profiles P, P’ € £(A)™ and
a €A,

PRcw (P) = d] o IMaXeen PRcw (P) = d]
PRcw(P) = a] ~ max,eca P[Rcw(P') = q]
e€ 1
= ef—&—m—l/eﬁ—l—m—l

:ee7

which completes the proof. ]

Proposition 7 (n-Condorcet Loser Criterion, Upper Bound). There is no voting rule sat-
isfying e-DP and n-Condorcet loser criterion with n > €.

Proof. Suppose f: L(A)" — A be a voting rule satisfying e-DP and n-Condorcet loser criterion.
Consider the profile P (n = 2k + 1):

— k+1 voters: a; = ag > -+ > G,



— k voters: ay > Q1 > -+ = aq.

By definition, we have wplam,, a;] = —1, for all a; € A\{an}, i.e., ap, is the Condorcet loser. Now,
letting one voter change her preferece from ay > ag > -+ > @ t0 Gy > A1 > -+ > a1, We can
obtain another profile P’:

— k voters: a1 =" as =" - =" am,
— k+ 1 voters: ap, =’ am—1 = -+ > a.

Now we have wp[a1,a;] = —1, for all a; € A\{a}, i.e., a1 is the Condorcet loser for P’. Then
Plf(P)=a1] = n-P[f(P) = an] (By n-Condorcet loser)
> e Plf(P') = ap] (By eDP)
>e - Plf(P) = a] (By n-Condorcet loser)
> e ”  PIf(P) = all, (e-DP)

2e

which indicates that e=2¢-n? < 1, i.e., n < €. That completes the proof. a

Proposition 8 (n-Condorcet Loser Criterion, Lower Bound). Mechanism 4 satisfies e°-
Condorcet loser criterion and e-DP.

Proof. Let Reor: L(A)* — R(A) denote the mapping introduced by CLRR, we have

—L_— a=CL(P
PRcL(P) = a] = { (MLt ,( ) , for all P that CL(P) exists.
=TT otherwise

By definition, it is not hard to see that CLRR satisfies e*-Condorcet criterion. Thus, we only
need to prove that CLRR satisfies e-DP. In fact, for any neighboring profiles P, P' € £(A)" and
a€ A,

IP’[E)‘{CL(P) = a] < maXgeA ]P)[ERCL(P) = CL]
PRcL(P) =a]  max,ea P[RcoL(P) = a]

< e / 1

S m—1ec+1" (m—1)ec+1

:eE,

which completes the proof. a



B Missing Proofs in Section 4

B.1 Results in Table 3 and their proofs

Proposition 9. Given ¢ € Ry, BordaEXP satisfies

n n(m—2)
e2 +(m—2).e 4m—4 .

(1) = (2) sy -SD-efficiency,
e2 +(m—1).e 4m—4

(2) e(Ll3141) 5% _Condorcet criterion,

(8) ezm=2 —(81-1) %2 _Condorcet loser criterion.

Proof. Let €pgorda denote the voting rule introduced by BordaEXP. First, we prove (1). In fact,

> PlE = 1]
sup inf L <supinf !
pe iw Y Pl@oda(P)=2] ~ p iw Y. P[€rowa(P) = 7]
;Y riY
) 1
=sup lnf 1
P 7 1—Pl€goa(P) = a{ast]

1
< - .
1— sup ian[GBorda(P) = a’gast]
pP J

where a{ast denote the last-ranked alternative in ;. By syemmetry, we have

n(m—2)
e 4m—4

sup in,fHD[QEBorda(P) = a’{ast} =
P J

n(m—2) °

e% + (m — ]_) e dm—4

n n(m—2
Then BordaEXP satisfies :;ii:ji:{(::@ . Second, we prove (2). By definition, for any profile
P that CW(P) exists, CW(P) must defeat each alternative a # {CW(P)} in at least half of
the votes, i.e., Bordap(CW(P)) > (m — 1) ([%] +1). And for each a # CW(P), Bordap(a) <
(m —1)n — (| 5] +1). Therefore,

P[€goras (P) = CW(P)] _ (m-D(L31+1)  (m-bm-( )40
]P)[QEBorda (P) = CL]

—o(lB)+1) 525 -3

3

m

which indicates that BordaEXP satisfies e(L%JH)'2m727%—C0ndorcet criterion. Finally, we prove
(3). By definition, for any profile P that CL(P) exists, a # CL(P) must be ranked than CL(P)
in at least a half of votes, i.e., Bordap(CL(P)) < (m — 1) ([2] —1). And for each a # CL(P),
Bordap(a) = n — [§] 4 1. Therefore,

PlCgoaa(P) =a] i (o) (130)

>e 2m-—2 2m—2

P[€gorda(P) = CL(P)] ~

—e2m—2 7([%"71) 2m=2,

which indicates that BordaEXP satisfies e?mn%*([%]*l) 7m—2_Condorcet loser criterion. O

Proposition 10. Given € € Ry, RD-Anti satisfies



(1) 1-Pareto efficiency,
(2) (L%Jil)e€+[%]+1
3 (e

ne¢

-Condorcet criterion,
-Condorcet loser criterion.

Proof. First, given profile P, for any a,b € A, a Pareto dominates b means that a ~; b for all
j € N. Then a, the Pareto dominator, is never ranked last in any > ;. Therefore, P[€ani(P) = a >
P[Eanti(P) = b], which completes the proof of (1). Second, we prove (2). For any profile P € L(A)",

. 1 n
|{-7 eN: a{ast = CW(P)H < |—§—| - 17

otherwise CW(P) will be the Condorcet loser. Therefore,

PlEani(P) = CW(P)] > [%Wn_ - (m— 11)6E 1t L%JT:_ - (m — f;ee +1
For any a # CW(P),
]P)[@Anti(P) = a] < m

Hence, we have

Pleami(P) =CW(P)] _ (13 —1)e +[5]+1
]P)[QEAnti(P) = CL] i ne¢ )

which completes the proof. Finally, we prove (3). Given a profile P that CL(P) exists,
. ; n
G €N alpy=all <511,

otherwise a will be the Condorcet loser. Therefore,

(2] -1 1 3] +1 e
. = > * : .
Pl€anti(P) = a] > n (m—1)e +1 + n (m—1)ec+1
Hoewver,
eE
P[€ani(P) = CL(P)] < m—Te 41

Hence we have

Pl€ani(P) =a] (2] —1)e+[2]1+1
P[€ani(P) = CL(P)] ~ ne ’
which completes the proof of (3). O

Proposition 11. Given ¢ € Ry, CWRR satisfies 1-Pareto efficiency, mrgl-SD-eﬂiciency, and
1-Condorcet loser criterion.

Proof. The bounds of Pareto efficiency and Condorcet loser criterion are evident, since for any
profile P, neither a Pareto dominated alternative nor the Condorcet loser can be the Condorcet
winner. Then we only need to prove the bound of SD-efficiency. Given profile P, we have

> Pl =2q]
sup inf ekl < L .
pe iw Y, PRew(P)=1] "1 —supinf P[Row(P) = al_ ]
;Y P J

Then there are two possible cases for the profile, discussed as follows
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1. If CW(P) exists, then there must exist some j that af_ ., # CW(P). Therefore

. i 1
Hjlf]P)[iRCW(P) = a.l]ast] = 7e€ a1 .
2. If CW(P) does not exist, then

. 5 1 1
H]lf]P’[%cw(P) = Q] = — 2 T

In other words, we have

; 1
sup inf PR Py=adal |=—,
Pp j [ CW( ) last] m
which indicates that CWRR satisfies mT’l—SD—eﬂiciency. That completes the proof. a

Proposition 12. Givene € Ry, CLRR satisfies 1-Pareto efficiency, %—SD—leﬁciency, and
1-Condorcet criterion.

Proof. The bounds of Pareto efficiency and Condorcet criterion are evident, since for any profile
P, neither a Pareto dominator nor the Condorcet winner can be the Condorcet loser. Then we
only need to prove the bound of SD-efficiency. Given profile P, we have

> Pl§ =41
sup inf vy < ! —
pe 3w Y PRon(P) =2] "1 —supinf PReL(P) = al, ]
=5y P J

Then there are two possible cases for the profile, discussed as follows
1. If CL(P) exists, considering the profile P, where each a{ast # CL(P) for each j € N, we have

e€

inf PRoL(P) =al, | = ————.
lj [Ron(P) = iy (m—1)e+1
2. If CL(P) does not exist, then

, 1 e
inf PR (P) = & =— <7
in [RoL(P) = aj,.y] m  (m—1)es+1

In other words, we have
inf P[RcL(P) =dl ] = L
supinf P[Rew (P) = ajy,,] =

which indicates that CWRR satisfies %—SD—efﬁciency. That completes the proof. O

B.2 Proofs of Theorems 1-6

Theorem 1. There is no voting rule satisfying e-DP, a-Condorcet criterion and n-Condorcet loser
criterion with o -1 > €°.

Proof. Consider the profile P (n = 2k + 1):

— k+1 voters: a; = ag > -+ > G,
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— k voters: amy, = Q1 > -+ = aq.

By definition, we have CW(P) = ay, since wp[ay,a;] = 1, for all a; # a;. Now consider another
profile P’ with the same number of voters:

— k voters: a1 =" az =" -+ > am,
— k+ 1 voters: an, = am_1 > -+ > ay.

Then wplay,a;] = —1, for all a; € A\{a}, i.e., a1 is a Condorcet loser. Since there is only one voter
changes her preference from P to P’, we have

Plf(P) = a1] = o - P[f(P) = ao] (a-Condorcet criterion)

> an-Plf(P) = an] (n-Condorcet loser criterion)

e “-an-Pf(P) = an (e-DP)

>e “-a® n-Plf(P) = as] (a-Condorcet criterion)

>e “-a® 02 -Plf(P) = ai] (n-Condorcet loser criterion)

> oo B(P) = il (D)

which indicates that e~2¢a?n? < 1, i.e., an < e. That completes the proof. a

Theorem 2. If a neutral voting rule f: L(A)" — A satisfies e-DP, B-Pareto efficiency, and «-
Condorcet criterion, then af™ 2 < e™.

Proof. Consider the following profile P (n = 2k + 1):

— k+ 1 voters: a; > ag > -+ > Qm;
— k voters: ag = - > am, > ai.

By definition, we have wp[a1,a;] = 1, for all a; € A\{aq}, which indicates that CW(P) = a;. Also
notice that wpla;,a;] = n for all i < j. Thus, a; Pareto dominates a; for all i < j. The relations
among all alternatives are shown in the following graph.

Condorcet Winner Pareto Pareto Pareto
a1 as as e G- (2)

Since f satisfies a-Condorcet criterion and S-Pareto efficiency, we have

PIf(P) = a1] 2 o P[f(P) = ay]
af - P[f(P) = as]

\

ARV,

af™? ‘Pf(P) = am].

Now, consider another profile P, where all voters’ preferences are exactly the same:
Um > A1 = = = Q1.

Then we have the following graph.

Condorcet Winner Pareto Pareto Pareto
Ay A —1 A —2 e ai.

Similarly, we have

P[f(P') = am] = af™ 2 - P[f(P') = a1].
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Notice that |{j € N :>;#~}| = n. Therefore,

Plf(P) = a1] = af™ 2 - P[f(P) = an]
> ¢ a2 Bf(P) = an)
> 070287 BI(P') = a]
> e 2. o232 Pf(P) = aq).

Then e 2"¢a2B2m =4 L 1, i.e., af™ 2 < €, which completes the proof.

(e-DP)

(e-DP)

a

Theorem 3. If a neutral voting rule f: L(A)™ — R(A) satisfies e-DP, B-Pareto efficiency, and

a-Condorcet loser criterion, then af™ 2 < em.
Proof. Consider the following profile P (n = 2k + 1):

— k+ 1 voters: a1 > ag > -+ > Qm;
— k voters: as > -+ > amy, > ay.

By definition, we have wplai, a;] = 1, for all a; € A\{a1}, which indicates that CL(P) = ay. Also
notice that wp[a;, a;] = n for all ¢ < j. Thus, a; Pareto dominates a; for all ¢ < j. The relations

among all alternatives are shown in the following graph.

Pareto Pareto Pareto Condorcet Loser
1 az o Am—1 ? Q-

Since f satisfies a-Condorcet loser criterion and g-Pareto efficiency, we have

=
flac]
=
Z
I
Q
>,

\VARVARVARY
o w
:
%
i
=
=
Il
s
:

=
E
b
ac)
=
=
I
S
3.

Now, consider another profile P’, where all voters’ preferences are exactly the same:
A > Qm—1 > =+ > Q7.

Then we have the following graph.

Pareto Pareto Pareto Condorcet Loser
m m—1 T a2 1-

Similarly, we have
P/ (P') = am] > af™ 2 - P[f(P") = ai].

Notice that |{j € N :>;#~}| = n. Therefore,

P[f(P) = a1] > ™ - PIf(P) = am]
>e " afm T Pf(P) = ap)]
> e @B (P) =
> e 2. o221 P[f(P) = ay).

Then e~2"¢a?232m4 < 1, i.e., af™ 2 < e, which completes the proof.

Proposition 13. Condorcet method satisfies SD-efficiency on D¢

(e-DP)

(e-DP)
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Proof. Let P be an arbitrarily chosen profile in Do. Then we only need to proof that there does
not exist £ € R(A) that SD-dominates CM(P).
In fact, if there exists such a &, we can obtain by definition that

Y Plg=0b]> ) P[CM(P)=0], forallje N andac A
b>-ja b>-ja
Since for any a € A that CW(P) >=; a, we have
> PICM(P) = b] = P[CM(P) = CW(P)] = 1,
b>-]'a

which indicates that

b>ja

Therefore, for any a € A that CW(P) >; a, P[¢ = a] = 0. However, according to the definition
of CW(P), each a € A must be ranked behind CW(P) in some >;. Hence we have { = CM(P), a
contradiction. O

Theorem 4. There is no neutral voting rule f: L(A)" — R(A) satisfying e-DP, a-Condorcet

—ne

at+tm—1—ae

criterion, and v-SD efficiency with v > e

Proof. Consider the profile P, where all voters’ vote are exactly the same, i.e.,
a1 > a2 = > Qm, foralljeN.

It is not hard to see that CW(P) = a;. Since f satisfies a-Condorcet criterion, we have P[f(P) =
al < P[f(P) = a1]/«, for all a € A\{a;}. Therefore,

=P =l 5 plP) =dl < (14 7 ) FIAP) = )
ac€A\{a1}
Le, P[f(P) = a1] > 55— Further, by Equation (1), we have
ae—ne

PIA(P) = am] 2 ™" - Pf(P) = a1] > —————.

However, for profile P, the unique SD-efficient lottery is 1,,. In other words, all lotteries £ € R(A)
that £ # 1,, are y-SD-dominated by 1,, with v > 1. Further,

> P[l,, = x| inf Y P[1,, =]

T=y YEA zy
> Pf(P)=a] ~sup 3 P[f(P) =]
-y yeEA x>y

_ 1

~1-Pf(P) = an]

1
T
1—- a+m—1

a+m—1—ae™ "

a+m-—1

)

atm—1—ae™ "

ie., 1, can o] “-dominates f(P), which completes the proof. O
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Theorem 5. There is no neutral voting rule f: L(A)™ — R(A) satisfying e-DP, n-Condorcet loser
ey
ene .

criterion, and v-SD-efficiency with v >
Proof. Let m > 2. Consider the following profile P with k(m — 2) voters (k > 1).

— kvoters: y >=ai1 >=ag > - > T > Qm_2,

— k voters: y > ag > az > --- > x > ay,

— k voters: y = ag > a4 > --- > T > aog,

— k voters: -- -,

— k voters: Yy > G2 = a1 = -+ = T > Q3.

Then it is quite evident that CL(P) = x. Since f satisfies -Condorcet loser criterion, we have
Plf(P) =a] = n-P[f(P) = x|, for all « € A\{z}. By Equation (1), we have P[f(P) = z] > e~ ™.
Since f satisfies n-Condorcet loser criterion,

Plf(P)=a]l =27 -Pf(P)=x] > ae™ "¢, foralla e A\{z}.

However, the unique SD-efficient lottery of P is 1,, since 1, can SD-dominates any other lotteries
on A. Further,

> ]P[]ly = b] igg > P[]ly = b]
b>a a b>a
Y. PIf(P)=1b] ~sup Y- P[f(P) =1b]
b-a a€Absa
B 1
1 —inf 1<£r<111711172IF’[f(P) = a4]
S 1

“1—ae e’
In other words, 1, can et:%—SD—dominates f(P), which completes the proof. O

Theorem 6. There is no neutral voting rule f: L(A)" — R(A) satisfying e-DP, v-SD-efficiency,
and f3-Pareto efficiency with v > T <

e e
e _—enegr-myp—1"

Proof. Consider the profile P, where all voters’ preferences are the same, i.e.,
a1 >=; G >j -+ >j G, foralljeN.

By definition, for all ¢ < j, any a; Pareto dominates a; in profile P. In other words, we have the
following diagram

Pareto Pareto Pareto
1 a2 e m-
Since f satisfies -Pareto efficiency, P[f(P) = ai+1] < 5 - P[f(P) = a;] holds for any i < m. By
Equation (1), P[f(P) = a] = e ™ - P[f(P) = a1]. Further,

Pf(P) = a1] <™ -P[f(P) = am],

1 ené
P[f(P):aﬂéB-P[f(P):al]g 3 Plf(P) = am),
PU(P) = am-1] < gy BUAP) = 1) < g - PIF(P) =
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By summing up the above inequalities, we have

1 1
1= YRR =< (14 (14 544 g ) ) B =,
a€A 5 ﬂ
ie, P[f(P)=am] > e—e%+3+—1 However, the unique SD-efficient lottery of P is 1,,, since
it can SD-dominate any other lottery. Further, we have
> Pl1, =1] inf Y P[1, =]
b>a acA b>a
> P[f(P)=1b] ~sup Y P[f(P) =1b]
b>a a€Ab>a
B 1
1=P[f(P) = an]
S 1
= 1 B 5_1

ene —ene ﬂQ*'m +ﬂ71

ne_gneg2—m

e
In other words, 1,, can ot —enegT-m I A—1

-SD-dominates f(P), which completes the proof. O
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C More Experimental Figures
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Fig. 1. Tradeoff curves between a-Condorcet criterion and y-SD-efficiency under e-DP (upper bounds).
Left: m = 5,n = 10. Right: m = 5,n = 20.
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Fig. 2. Tradeoff curves between n-Condorcet loser criterion and ~-SD-efficiency under e-DP (upper
bounds). Left: m = 5,n = 10. Right: m = 5,n = 20.



