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Abstract

Without prior information, domain generalization with only access to multi-domain
training data relies on guessing what the test data is. In this work, we consider mild
assumptions that there is a distribution over domains and the out-of-distribution
data is generated by the shift of the domain distribution. We study a domain-level
variance-based regularizer. We show that the variance-regularized method locally
approximates the group distributionally robust optimization and embeds the local
information into the objective function as a weighting scheme. By taking the
empirical domain distribution as an anchor of the location, we propose a weighting
correction scheme and provide guarantees of in-distribution generalization. Com-
pared to the Empirical Risk Minimization, we prove the potential benefits of our
proposed method but do not observe consistent improvements in general.

1 Introduction

Domain generalization [[12} 28] is an out-of-distribution (OOD) generalization problem and has drawn
much attention recently [39} 44, 135]]. Some recent works consider an ambitious goal that generalizes
to "absolutely" unseen domain by learning domain-invariant features. From the perspective of theory,
the price of such invariant learning methods is the requirement for harsh assumptions or strong prior
information, which is necessary to guarantee that the invariance exists and is identifiable. In this
work, we assume that there exits a distribution of domains and the OOD test data is generated by
the shift of the domain distribution. Then domain generalization is formulated into a distributionally
robust optimization problem (DRO, [9} L1} [10]).

Let z = (x,y) be a data point consisting of an input vector x € X" and the target label y € ).
Suppose the training data is structured with respect to a latent domain label:

Dy ={z,1 <1 <m} = {{z;,1 <j<m}, 1 <i<n}, (1)

where m is the total sample size , m; is the sample size of the i-th domain and n is the number of
domains. We assume that the training domains are randomly drawn from possible domains with
a domain distribution @, i.e. &, = {e1,ea,...,e,} C & with ¢; ~ @ and the data points under
domain e is sampled from the distribution P,. Let H be the hypothetical space and h € H be a
model that maps x € X to h(x) € Y. The loss function £(y,y) : ¥ x ¥ — [0, M| measures
how poorly the output y = h(x) predicts the target y. Denote F as the collection of the functions
f=4Lh(),") : z — [0,M] with b € H. The in-domain expected risk and its sample average
approximation ([34]) are denoted by

R(fles) = Byp, [f(2)] and B(fle) = -3 flay) @
(3 J:1

respectively. The distribution shift between training and test data is characterized by the change of @,
while the data distributions P,, e € £ are fixed.
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We study the group distributionally robust optimization problem (group DRO, [21}130, 33]):

min max B, p(f(z)], st P= /PeQ(de)’ Dy(QlIQo) < p, 3)
where () is a selected domain distribution, Dy(-||-) stands for the ¢-divergence ([3l [14]) and the
tuning parameter p modulates the distribution shift. Throughout this paper, Dy(-||) is the x*-
divergence, i.e., ¢(t) = (¢t — 1)2. Sagawa* et al. [33]] consider the empirical optimization problem,

i R(fle)) with A=< (g1, qn) ¢ >0,> qi=15p.
%1%2%,;(1 (flei) wi {(ql )¢ >0,) g }

i=1

Here A,, is the (n — 1)-dimensional probability simplex. In this case, the parameter p is fixed
and sufficiently large. For more ambitious goals, Krueger et al. [25] propose the minimax risk
extrapolation (MM-REXx) that extends the uncertainty region A,, into

An(a): {q(Q17aqn)Q’L ZaaZQil}a
=1

where the parameter o € (—oo, 1/n] modulates the uncertainty region. The negative value of «
extrapolates risks and encourages robustness to large distribution shifts.

At the sample level, the DRO loss can be asymptotically approximated by the sum of the ERM loss
[38] and a variance-based regularizer [17]], where the negligible error term converges to zero almost
surely. Section 7 in [[17] gives general results when the DRO objective is a Hadamard differentiable
functional to P and F is a FPy-Donsker class. From the perspective of generalization, the upper
bound of the prediction risk may also have a variance-based regularization term that trades between
approximation error and estimation error [5, 16} 13}, 124]]. Sample variance penalization [27] replaces
the variance-based regularization with its empirical estimator and gives theoretical guarantees on
the prediction performance. To address the computationally intractable problem caused by the non-
convexity of the regularizer, Namkoong and Duchi [29] and Duchi and Namkoong [16]] investigate
the robustly regularized risk, that provides a convex surrogate for variance-regularized loss, and
prove finite-sample and asymptotic results characterizing prediction performance. Back to domain
generalization problem, Krueger et al. [25] develop a variance-regularized empirical loss (V-REX):

R(f) + A\V,u(f), where

1< _
,Z (fle:) and Vo (f

=15 (Ruted - i)

i=1

3
:\H

Xie et al. [41]] prove that with high probability, optimizing the regularized loss R(f) + A/ Vour(f)
is equivalent to solve a MM-REx problem.

In this work, we refine R(f) and V,,.(f) based on the intuitive understanding of generalization
and distribution estimation. Recall the problem in (3). In general, Qo is the ground-truth domain
distribution and @ belongs to a neighborhood of Q. Therefore, the empirical version of (3)) should
replace Qo with its empirical approximation over &, i.e.,

my mMp

G = (o) = ().

However, the existing variance-regularized methods directly replace Qg with a discrete uniform

distribution (the center of A, («)) without considering a consistent and efficient estimator 4. In the
sample variance penalization, this problem does not exist because the discrete uniform distribution
on sample points (no tie), i.e. the empirical distribution, is a consistent estimator of the ground-truth
data distribution. Consider a new uncertainty region:

Qap(@) = An(a) N {q: Dy(qll§) < p}.
Specifically, any ¢ = (q1,...,qn) € Qa,p(q) satisfies

Z%‘Zl, Z%(&—l) <p.
i=1

i o Y

[\
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In Section we prove that with high probability, the MM-REx problem on Q, ,(g) can be

uniformly equivalent to minimize the variance-regularized empirical loss R( )+ Ay Vout (f) where

Zqz flei) and Vou(f Zqz (flex) = R(f))". )

Comparing to R(f) and V,,,;(f), the two terms R(f) and V,,,;(f) just introduce a weighting scheme

derived from the empirical domain distribution §. In addition, the term R( f) is the exact ERM loss
[38]. In Section[3.1] we investigate the generalization guarantee of the variance-regularized estimator,

f=argmin R(f) + A/ Voue(f), (5)
feF

via the covering number of the function class 7. Appendix [C|also provides a version of the general-
ization guarantee with localized Rademacher complexities, which may provide tighter generalization
bounds in some cases. In Section we consider a general uncertainty region Q, ,(qo), where the
choice of g represents a kind of prior knowledge. Similar to the arguments in Section 3| we can also
write go as a weight assignment and embed it into the variance-regularized loss function. We present
a general form of the proposed method and prove that the optimization equivalence in Section
still holds when we replace Q, ,(q) with Q ,(qo).

Our results clearly show that

* From the perspective of generalization, we propose a weighting correction scheme for
variance-regularized domain generalization methods. The proposed method can outperform
ERM under some cases, which shows the potential competitive edge of the proposed
weighting correction method.

* We do not observe that our method consistently improves ERM under general cases.

* The proposed method is robust to the change of the domain distribution (). From an
optimization perspective, it is equivalent to solve a group DRO problem.

2 Preliminaries

In this section, we present the rationale for using variance-based regularization to improve the
robustness of generalization. Section[2.1] gives two domain adaptation examples that the test data
is known. We prove that the standard deviation of risk can bound the generalization gap between
training and test data. In Section [2.2] we formulate an invariant learning principle as a hypothesis
testing problem. We point out that penalizing the risk variance can protect the null hypothesis: the
model is invariant across domains.

2.1 Risk variance bounds generalization gap

We present two simple examples to show that penalizing the standard deviation of risk is a natural
strategy to improve robustness to the domain distribution shift.

Risk Interpolation. In the first example, we assume the test distribution belongs to the convex
hull of training domains. This is a typical risk interpolation case. Let P* be the test distribution.
Suppose there exists g* = (¢}, -+ ,¢}) € A, such that P* = >"" | ¢7P,,, where P,;,1 <i <n
are training domains. Then the generalization gap between the training and test data is

Zqz (fles) Z(Iz (flei) _Z( _(Iz< (fle:) Z% f|62)

i=1

where ¢; = Q(de;)/Q(dE;) is the proportion of the training domain e; in the training data. We
write ¢ = (q1, - - - , ¢n)- By the Cauchy—Schwarz inequality, we have

erry < 1/2Dg(q*||q) X v/ Vour(f), (6)
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where V,,,:(f) is the between-domain risk variance over the training domains:

Vout ( Z%( flei) Z% (fles) ) :

Notice that V,,;(f) only depends the training data. Therefore, it is natural to penalize +/ Vo (f) to
obtain a tight upper bound of the test error. The principle here is that if for Ve; € &, R(f|e;) is
a constant that only depends on f, i.e. V,,:(f) = 0, then changes from g to ¢g* cannot cause any
generalization gap.

Sub-population Shift. Recall that the training data in (1)) is structured with respect to a latent domain
label. In this example, the domain label is the class label y. Therefore, the marginal distribution of
y is different in the training and test data, and the conditional distribution P(x|y) is the same. Let
Y ={1,2,..., K}. Then the generalization gap between the training and test data is

erry = ZE z)ly = k] x (Po(y = k) — P(y = k))

< ¢2D¢ V) x VVour(F),
where
K
Vour(f) = > Pely = k) (Elf (2)ly = K] ZE 2y = k)’
k=1
is the between-class risk variance over the training data. Therefore, the generalization gap is also

bounded above by the between-domain risk variance. If the in-class risks are equal, i.e., E[f(z)|y =
k] =E[f(z)|ly = k'], Vk, k' € Y, then the sub-population shift cannot cause generalization gap.

2.2 Penalizing risk variance protects invariant models

In this section, we heuristically discuss the relationship between variance-based regularization and
invariant learning. The REx principle [25]] presents two training goals: Reducing training risks and
Increasing the similarity of training risks. Krueger et al. [25]] heuristically explain the utility of
V-REx as enforcing the equality of training risks in the limit case A — +4-o00. In some experiments,
V-REx with small A also shows robust generalization and may outperform ERM. Here we understand
this phenomenon by extending the REx principle to the population level:

(i) Minimizing the expected risk R(f);
(i) Cannot reject the null hypothesis of the test:

R(fle) = R(f|€'),Ve,e' € E vs Hy: R(fle) # R(f|€/),Te,e € E. (1)

In general, Principle (i) is achieved by minimizing the ERM loss. Next we show that variance-based
regularization is related to the hypothesis testing problem in Principle (ii). Under regular assumptions,
one can use the one-way ANOVA F-test to check the hypothesis testing in (7). The F-test statistic is
the ratio of the between-domain variance to the in-domain variance, i.e.,

Vout(f) . 2 2
F=—-——"/—/>"—with V z” .
V(f) _Vout(f) t zzljzl ))

Here V¢ (f) and R(f) are defined in . If F is larger than a threshold, e.g. the (1 — 5%)-quantile
of a F distribution, one should reject the null hypothesis. Here 5% is the significance level. If
the in-domain variance of a well-trained model is approximately stable, then penalizing Vout( f)is
equivalent to a constraint that Hy cannot be rejected. Therefore our proposed method that penalizes

Vout( f) is consistent with the REx principle and the regularization term f/out( f) is a generalized
version of V-REx.
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3 Variance-Based Regularization

Motivated by Section[2] we study a variance-based regularization method for domain generalization,
which minimizes the following empirical loss function:

where ) is a tuning parameter and Vout( f) is an empirical estimator of the between-domain risk
variance. The proposed loss (8) directly optimizes the ERM principle ]:2( f), which is different to
the recent invariant learning methods that minimize R( f), e.g. Invariant Risk Minimization [II.
The regularization term is slightly different to V-REx: (i) The square-root operator is derived from
generalization gap; (ii) Different to the empirical variance of R( f|e), we penalize the between-domain
variance of f(z).

We consider Qg in (3) as the training domain distribution and denote the training distribution as
Py = f P.Qo(de). To proceed further, we denote more notations as follows:

R(f) = Eenqy [R(fle)] = Eanr [f(2)],  V(f) = Eanr[(f(2) — R(f))?],
Vin(fle) = Eonp, [(f(2) = R(fl€))?],  Vout(f) = Eenqq [(R(fle) — R(f))?].

where R(f|e) is defined in (2). Here V,;(f) is the between-domain variance and V;,,(fle) is the
in-domain variance of the domain e € £. According to the decomposition of the total variance, we
have

V(f) = Var(E[f(z)le]) + E[Var(fle)] = Vout(f) + Eenqq [Vin(fle)].

When Qo and P, are replaced by the corresponding empirical distributions, we rewrite V'(f),

Vin(fle) and Voui (f) as V(f), Vin(fle) and V,u(f) respectively. In the finite-sample setup, the
decomposition of the total variance also holds:

V(F) = Voutr(F) + 3 = Vin(fle)-

i=1

3.1 Generalization

Since the empirical loss (8) is derived from generalization bounds, we present two versions of the
generalization guarantee. The first result depends on the covering number of the function class F.
In the Appendix, we also derive a version of the generalization bound with localized Rademacher
complexities, which can provide more refined uniform generalization bounds in some cases.

We start with the definition of the covering number. Let F be a collection of bounded functions
f: X xY — [0, M]. Suppose F is a subset of a metric space with a norm || - ||. We say a collection
{fY, ..., fN} C Fisan e-cover of F if for each f € F, there exists f such that || f — f?|| < e. The
covering number of F is

N(F,e|l-]) = inf {N € N : there exists a collection {f*,..., fV}
which is an e-cover of F with respect to || - || }

In the following, we use the £°° norm: || f — gllcc = SUp,cxxy |f(2) — g(2)|. Now we are ready to
present the following theorem:

Theorem 1 Letn > 2 and {z; ;,1 < i < n,1 < j < m;} is an i.i.d sample drawn from P.
Suppose f(z) € [0, M] forany f € F and z € X x Y and the function class F has the over number:
N, = ]\7(./'—",67 || : HL°°(X><))))~ Let0 < < 1and

(n+2)N, 2t

t=1 .
o8 ) ’ m—1
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Then we have, with probability at least 1 — 6,

R(f) < R+ M Vourlf) *ZV 1v<f\ei>

+Z\/ m = OmMA? | (dm — 1) M2
vm(m; — 1) 3m

+(2+A+Z>\ Lﬂ;”)e

holds for every f € F.

The proof of Theorem || is presented in the Appendix [Bl In some cases, the covering number-
based analysis cannot provide a tight generalization bound [4} 5, [36]. Therefore, we also use the
local Rademacher complexity [3]] to present the generalization of the proposed variance-based
regularization. The details and proof are postponed into Appendix [C|

Why we study In-Distribution generalization? Theorem [I|provides the generalization guarantee
for the in-distribution (ID) generalization rather than the OOD generalization. But its result gives
important insights into the OOD generalization. First, the ID error provides a lower bound for
the worst-case OOD error since &, is a subset of £. Second, some empirical studies of OOD
generalization have observed a linear relationship between the ID and OOD test error [31} 20, [22].
Third, some OOD generalization bounds are derived from a domain adaptation framework [8, 7} 2}
42,143, e.g.,

OO0D error < ID error + error gap + O(-), 9)

which starts from the ID error and then depicts the error gap. Most recent works focus on minimising
the error gap and ignore how their robust (or invariant ) methods increase the ID test error. Fourth,
our assumptions are mild and general. We do not impose strong constraint on the test data, e.g.
structured generative mechanism, and only assume the domain distribution shift. Therefore, we
analyze the ID error of the proposed robust method under mild assumptions.

We denote f* as the optimal function and let f be a solution:

fe argminR(f) + A Vout(f).
feF

Next we study the excess risk of f . According to Theorem we obtain the following result.

Corollary 2 Suppose the assumptions in Theorem[I|hold. Let 0 < § < 1 and

IN, +2 2%
tZIOgT—i_7 )\: m

Then, with probability at least 1 — 9,

R(f)—R(f*) < 2x W+ZAW
+(2+A+zn:>\\/§)e+yw.

Parametric Example. Suppose the hypothetical space F is a class of parametric functions:
F={fo(z):z€ X xY, €0 CR},

where the parameter set © is bounded. Further, for any data point z, fy(z) is a L-Lipschitz function
of § with respect to £2 norm on ©. Then the covering number is bounded above:

1\ d
N, < (1 + diam(©) - L - 7) . with diam(©) = sup ||§ — ¢']..
€ 0,0'€O©
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Then we take

1 It
e:E, log N. = O(logm), A= 0( ogm

).

m

Therefore, by Corollary [2] with probability at least 1 — J,

R(f) = R(f*) < 20/ Hw + Z M\ mi%HBi) + O(IO,im)- (10)

Potential competitive edge. The second term on the RHS of contains the empirical in-domain
variance Vj, (f|e;). For over-parameterized model, the empirical in-domain variance of f can be
close to zero. If there exists an optimal function f* € argmin; R(f) such that V/(f*) = 0, then the
term O(log m/m) dominants the convergence rate of the excess riskﬂ For ERM, the convergence
rate of the excess risk is 1/1/m, which is slower than log m/m. Due to the fast convergence rate, our
proposed method can outperform ERM when the sample size m is large enough.

Cannot consistently outperform ERM. If there is no optimal function f* € argmin, R(f) satisfies
V(f*) = 0, then the first term on the RHS can dominant the excess risk. In this case, the

convergence rate of the the excess risk of our method is y/log m/m, which is slower than ERM. This
implies that if V/(f*) > 0 for Vf* € argming R(f), ERM can outperform our method when m is
large enough.

OOD generalization. According to Eq. (9), OOD error can be rewritten as a sum of ID error and error
gap. The distance between the training and test domain distribution can determine the error gap term
under our setup. Furthermore, we only assume that the training and test domain distributions are close
but different, and do not impose any structured generative models, such as structural equation models
[40Q] or probabilistic graphical models [23]]. In other words, we do not introduce prior information and
use mild and general assumptions. Due to the uncertainty of the test data, the error gap should be the
worst-case error gap for the domain distribution shift and hypothetical space, which is independent of
the estimator. This implies that without prior information, the ID error is a reliable metric to infer the
OOD error.

Non-convexity. Similar to the Sample Variance Penalization [27]], the proposed objective function
() is in general non-convex and computationally intractable. The proposed regularization term
is non-convex even if the loss function is convex. It is still unclear how to actually minimize the
variance-regularized objective function. Krueger et al. [25] use a penalty annealing scheme to obtain
a good pre-train model. In the Appendix [A] we empirically show that our method can use random
initialization without dropping generalization performance.

3.2 Optimization

In this section, we show that minimizing (§)) is equivalent to solving a group DRO problem con-

cerning a local neighbourhood of the empirical domain distribution. Let ¢ = (¢1,¢2,...,¢,) be a
discrete distributions defined on the domain set £, = {e1, e, ..., e, }. We consider the following
optimization problem that minimizes
n
max ¢ R(fle;), an
q€Qa,(d) ; sHiles)

which is slightly different to group DRO problem because Q,, (g, p) is not centered at the uniform
discrete distribution. We denote A = /2p and rewrite the empirical loss in (8) as

L(f;0) = R(f) + \/ 20Vour (f)- (12)

The following theorem shows that the objective (IT]) is bounded by two variance-regularized functions
in the form of (12).

!The factor log mm comes frome the covering number N-. If the hypothetical space F only contains finite
models, Ne is a constant and is independent to m. Then the convergence rate of the excess risk is 1/m.
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Theorem 3 Suppose the training dataset D and a function f € F are given. Let p, be the largest
distance between ¢ and q € Q. +o0(q) and

mini(a/di— 1?7, t(f)

(mmz (f‘ez) R(f ))

then we have

L(f;p-) <  max qu (fles) < L(f;p1)- (13)

q€Qn, +o0(4)

This second inequality in (T3) implies that the optimization problem (TT)) with p = +oc is always
bounded above by the variance-regularized loss with the tuning parameter p_ . On the other hand, we
can also derive a tuning parameter p_ depends on the training data and a given model f, and then
prove that L(f; p_) is a lower boundary of . According to the proof of Theorem one can find
that the equality holds:

max Zq, f|€z = () 2p‘70ut(f)7

qeQ, p(q)

when the radius p satisfies p < p_. If Vout( f) is nonzero and p is given, the equality holds if and
only if Ve; € &,

. 2p - A
o < iy 7 oy (BUIe) = RU) +1). (14)

Therefore, the parameter « and the radius p govern each other.
Sketch of Proof: We start with a preliminary result: for any « and p,

max Zqz fle:) < L(f3 ),

9€Q0.,(9)

which is directly derived from the Cauchy-Schwarz inequality. By checking the conditions for the

equality, we obtain the constraints in (14). Note that Qn, 1 o0 (§) € Q1c0,p, (g) since py is the largest
distance between ¢ and g € Q. 1(q). Hence the second inequality in (13) is trivial. Let g* be

¢ = e SSuifle)
q€Q co.p_ () i=1
Furthermore, ¢* € Qa,,_(§) € Qa,100(q). Hence the first inequality in (13) holds. O

Theorem [3] shows the equivalence between group DRO and the variance-based regularization in
. However, the lower bound L(f; p_) still depends on the training data and model. Next we use
concentration inequalities and the covering numbers of F to derive the uniform results.

Theorem 4 Suppose that o is a non-positive scalar and V), (f) = V(f) = >, ¢:Vin(flei) > 0
For each training domain, both §; and q; are larger than § > 0. We write

s Vould) o ’
S TRVE (1—(n—1)61> '

Let 7 > 0 and 0 < n < 1 be two constants. Define

V;n(f|ez)
V(f)

For any f € F., the following expansion uniformly holds:

]:7—777 = {f €F: V(f) > T, and < 777V€i € gt’r}-

max Zqz (fles) = L(f;0),

qeQ,, p/(q)
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with probability at least 1 — N, x p, where N, = N(]—}m7 (=7 - (e aexy) ) is the
covering number of F; ,, and

m(l—n)*r 1 m+n—1 m(1 —n)?r?
p = eXp<_ 3202 +E>+ n—1 eXp(_ MA )

+Zexp{ 2M2 (mi(11_+n3)n+ 477)2}'

4 General Version

Recall the uncertainty region in (3): {Q : Dy(Q||Qo) < p}. In Section 3| Qo is the ground-truth
domain distribution. In fact, it can be a selected anchor distribution closed to the target test domain.
The choice of @y can be regarded as a kind of prior knowledge and the hyperparameter p represents
how strong is the confidence in the prior. We formulate the finite-sample optimization problem as

max 4 €;), (15)
qua p(QO Zq ‘

where qq is the conditional distribution of e glven e € &, which is derived from Q. In this problem,
the uncertainty region Q, ,(go) is centered at a discrete distribution gy rather than the uniform
distribution or the empirical distribution q. Therefore, we can manually select g to introduce the
prior information.

According to the proof of Theorem [3]in the , the optimization equivalence in Section [3.2] also
holds when we replace Q. ,(q) with Q, ,(qgo). To proceed further, we rewrite L£(f;p,qo) =

R(fv qO) + 2pvout(fv qO) with
R(f, qo) ZQM fle:) and  Viui(f, qo) ZQOZ fle:) — R(f, QO))Q-

Then we restate Theorem B]as the following general version.

Theorem 5 Given the training dataset and a function f € F, then for any distribution qq, the
inequality always holds:

max qu (fles) < L(f;p,q0).

q€Qaq, p(qo)
If the between-domain variance Vout( 1, qo) is non-zero, the equality holds if and only if Ve; € &,

2p A A
@ < a0y 5o (R(le) = RUaw)) + 1),

On the other hand, if o is fixed, the equality holds when the radius of Qq.,(qo) satisfies
< mini(a/QOi — 1) Vou(f, (Io)
" 2(min; R(fles) — R(f, q0))”

This result shows the equivalence between the optimization problem (T3] and the variance-regularized
loss L(f; p,qo). Therefore, for unbalanced domains and any given prior gy, we can still use the
variance-based regularization to approximate the DRO problem. Please refer to the Appendix for the
complete proof of Theorem 3]

5 Conclusion

In this work, we study a variance-based regularization method for domain generalization. We prove
the guarantees for in-distribution generalization and figure out the potential benefits of our proposed
method compared to ERM. Our proposed objective function is non-convex and the optimization
procedure is computationally intractable. The learnt model can be highly dependent on initialization
or pretraining. In future work, we will consider combining generalization bounds with specific
optimization algorithms to seek fine-grained generalization guarantees.
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Experiments

In this section, we present empirical evidence to verify our theoretical results that under mild and
general assumptions, the proposed weighting correction scheme in ([O)) has better ID generalization
guarantees than the existing variance-regularized domain generalization methods. By Theorem 4]
we reformulate the objective function in (3)) into a batch version. Then we consider the following two
settings:

* Balanced batch. This is the standard operation in DomainBed [18]] and is commonly used
by the existing variance-based regularization methods. In each iteration, the same number
of data points are randomly drawn from each training domain to form a batch.

» Unbalanced batch. (Our method) In this setting, we randomly draw data points from each
training domain with equal proportions, such that the proportion of each domain in one
batch is the same as the proportion of the domains in the entire training data.

We consider three variance-regularized domain generalization methods.

* Variance. The V-REx regularization [25] penalizes the domain-level variance of risk without
considering the empirical domain distribution. The V-REx estimator is

f = argmin R(f) + )‘Vout(f)v
fer
where

R() == Rl and Vo) = 3 (R(le) — R(D)

%

» Standard Deviation. We also consider the RVP Regularization [41], which slightly changes
the penalty term of V-REX into the domain-level standard deviation of risk. Xie et al. [41]
provides an understanding of generalization from the perspective of quantile regression and
shows that RVP locally approximates DRO. We remove the scheme of penalty annealing
since it is not involved in group DRO. The RVP estimator is

f: argminR \/ ot (
fer

* Weighting Correction. Our proposed method introduces the empirical domain distribution
as a weighting scheme into the objective function. We also remove the scheme of penalty
annealing. Our proposed estimator is

f = argmin R(f) + M/ Vour (£),

feF
where

= Z R(fle;) and Vout ZQ 1% (fle:) — (f))2
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Implementation Details. We consider two datasets: PACS [26] and VLCS [37]] We use ResNet50
as neural network architecture [19] and start from a pretrained model on ImageNet [32]. In order
to fairly evaluate the different regularization, we follow the DomainBed Benchmark to randomly
select 20 groups of hyperparameter combinations and repeated the experiment three times for each
hyperparameter group. The model is selected according to the training domain validation accuracy,
that is the in-distribution validation accuracy. The hyper-parameters includes batch size, learning
rate, weight decay, iterations of penalty annealing, and the regularization parameter A. The other

experimental settings are the same as those in Gulrajani and Lopez-Paz [18]].

The results are reported in Table[I} One can find that the improvement of the weighting correction

scheme is statistically significant compared to the original VREx method.

Table 1: The ID prediction accuracy on PACS and VLCS.

PACS
Balance Regularization Method A C P S Avg
X Weighting Correction 969+0.1 97.0+0.2 964+01 97.24+0.2 969 + 0.1
X Standard Deviation 674+£03 549+£10 510+14 824+04 639+02
X Variance 20.5+ 0.5 196+02 205+£05 36.7+£59 243+1.7
v Standard Deviation 820+ 0.6 813+0.1 772+ 0.6 86.1+0.5 81.74+04
v Variance 97.0 + 0.1 96.6 + 0.1 96.2+02 97.0£02 96.7+0.1
VLCS
Balance Regularization Method C L S A\ Avg
X Weighting Correction 819+02 87.6+0.1 85.7+03 834+00 84.7+0.0
X Standard Deviation 437+£00 450£02 482407 46105 458=+03
X Variance 53.8+1.5 491+£09 533+£09 5274+1.7 522405
v Standard Deviation 48.0+23 475407 489405 536+ 04 495+0.7
v Variance 81.3+02 873+£02 854+£05 831402 843402
B Proof of Theorem 1]
Theorem. Let n > 2 and {z; j,1 < i <n,1 < j <m;} is an i.i.d sample drawn from P,.. Suppose

the function set F has cover numbers
Ne = N(}_v €, H ’ ||L°°(X><y))7
and forany f € Fand z € X x ), f(z) € [0, M]. Then we have for every | € F,

RU) < A+ R Z e

" QWMt 2(4m — 1) Mt
Z\/m (m; —1)(m —1) 3m(m —1)

+(2+\/7 Z mz_l))t)ev

with probability at least 1 — (n + 2) N, exp(—t).

Proof: By the Bernstein inequality, with probability at least 1 — exp(—t),

R(f) < R(H+ M+%

holds for any given function f. Furthermore, by Theorem 10 in [27]

)

NG R L

m—1 m-1"
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443

444

holds with probability larger than 1 — exp(—t). Then,

. 2V (f)t Lo2Mt 2

R(f) < R +\| 2+ o+ o

IN

- e B

holds with probability larger than 1 — 2 exp(—t). According to the decomposition of the total variance,
we know that

VW) = S () — Rfle) + Rfle:) - R(P)°

Hence, with probability larger than 1 — 2 exp(—t),
2Vour (£)t N z”: 2m; Vi (f]€:)t L 20m —1)Mt

m—1 m(m —1) 3m(m—1) ~

R(f) < R(f)+
i=1
By applying Theorem 10 in [27],

\/ in f|€z m(f|€z)

holds with probability smaller than exp(ft). Hence we have,

R < RO+ Bl Z e et

2miM2t

i —

= 2\ﬁMt (4m — 1)Mt
Z\/m m; —1)(m —1) 3m(m—1) ’
holds with probability larger than 1 — (2 + n) exp(—t).
gex;, we consider a set of functions {f!,..., fV<}, which is a minimal e-cover of the function space
of size

Ne=N(F, 6| - lL=xxy))-
Then, for any f € F, there exists f7, 1 < j < N such that || f — f7]| = (xxy) < €. Therefore,

R(f) < R(f)+e

< R(p) 4y el Z ”(ﬁf'“’t
" 2/m; Mt 2(4m — 1)Mt
+; Vm(m; —1)(m — 1) * 3m(m — 1) e

with probability larger than 1 — (2 + n) exp(—t). Notice that R(f7) < R(f) 4 e and
‘A/out(fj) \/Vo1tt(f) + \/Vout(fj - f) < \/Vout(f) + ¢
Vin(fle) < A/ VinlFled) +y/ VinlF9 = Flea) </ Vin(Fle) +

IN
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466
467

(=2}

Therefore, for every f € F,

R(f) < R(f)-s-\/ﬁ Z i —1) ml()f|e,»)t

- 2/m; Mt 2(4m —1)Mt
Z\/mmz—l )+ 3m(m — 1)

+(2+,/ +i} 1);)6

holds with probability at least 1 — (n + 2) N, exp(—t).

Let

2)N, 2
M, and )\ = 7t
1) m—1

Then we have, with probability at least 1 — 4,

R(f) < 1:2(f)+)\m+z/\\/ i~ m(f\ez)

Z,/ m = DmMA? | (dm — 1) M2
vm(m; — 1) 3m

+(2+\/7 Z )6,

for every f € F. Hence Theorem[I]is proved.

t =log

C More results for Theorem 1]

In this section, we use the local Rademacher complexity [5] to present the generalization of the
proposed variance-based regularization. We start with the definition of the sub-root function, which
can be used to bound the local Rademacher complexity.

Definition 6 ([S], Definition 3.1) A function 1) : [0,00) — [0, 00) is sub-root if it is non-negative,
non-decreasing and if v — (r)/+/1 is non-increasing for r > 0.

For any nontrivial sub-root function 1, i.e., not the constant function v = 0, it is continuous and has
a unique positive fix point r* = ¢(r*) . In addition, for all » > 0, » > (r) if and only if r* < 7.
We consider the local Rademacher complexity:

E[R,({cf(z): f € F,c€[0,1], and E,.p[c*f*(z)] < r})] (16)

which is also used by [16]]. Here the notation E in takes the expectations with respect to the
Rademacher random variables. We denote a sub-root function ,,(r) as an upper bound of the
localized Rademacher complexity:

Um(r) > E[R,({cf(z):f€F,cel0,1], and E,plc?f?(z)] < ). (17)

The solution of ¢, (r) = r is denoted as r,. When the distribution P is replaced by P.,, the upper
bound sub-root function and the corresponding fixed point are written as ¢, ; and r, ;

Theorem 7 Let F be a collection of bounded functions f : X x Y — [0, M| satisfying the localiza-
tion inequality for some sub-root function Y, (1) (Y, i(1)) with root , (17, ). Let

1
By = —(t -+ log[log %1) and Cy, = 2((2¢ + 84M)B,, + 36r7,),

15



468

469

470
471
472

473
474

475

476

477

478

479

480
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484

where [-] stands for the ceiling function. Then, for every | € F,

R < 0+ VIO (R + e/ Vou )

3 n i
20 2 B e

= Mt
)| 14402 Y Mipe O L(4+§M)
m
=1

Cn Mt 7
4+ 3M) + 6r), + 14M By,

+\/ 144C,, M2r, +

m
with probability at least 1 — (2 + n) exp(—t).

Proof: Before proving the theorem, we state a useful lemma that provides a version of uniform
Bernstein’s inequality by measuring the complexity of the localized functions that near the optimum

of an empirical risk.

Lemma 8 [[[16], Lemma 17 and Lemma 18] Let F be a collection of bounded functions f : X XY —
[0, M| satisfying the localization inequality for some sub-root function 1, (1) with root r%,. Let

1
Bmza(t—klog[log%}) and n>0.

Then with probability at least 1 — exp(—t), for every f € F,

R(f) — R(f)| < (\/2¢By, + 6475 + 3MB VWE[F2] + 6r%, + 14M By, (18)
BLF) < BU)+ B + 72030+ ) + (4 M), (19)
and
E[f?] < E[f*] + ——E[f?] + 72M*(1 + n)r}, + M(4 + zM) (20)
o +1 ™ m 37

whereIEl[f2(z)] =1 ZZ 12 L [P (24 g).

Proof: Please refer to Appendix D.1 and D.2 of [16] for a complete proof of the lemma.
O

Now we turn to the proof of Theorem 7] We denote C,,, = 2((2e + 84M)B,,, + 3677,). Itis easy to
see that

(v/2eB, + 6/r%, + TMB,,/3)?
= 2eB,, + (361}, + 84M B,,) + 21/2¢B,,\/3677, + 84M B,),
< 2(2eB,, + 361, + 84M B,,) = 2C,,,.

Then the inequality implies that for every f € F,

R(f) < R(f)+VCnE[f?(z)] + 6%, + 14MB,,,
holds with probability at least 1 — exp(—t). By with 7 = 1, we have for all f € F,

R - CoMt 7 .
R(f) < R(f) +1\/2CE[f?(z)] + \/144CmM2rm + == (4 g M) +6r), + 1AM By,
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as5  with probability at least 1 — 2 exp(—t). Notice that

Bf2(z)] = —Zj zi;) — R(fles) + B(fler) — R(P) + R())°
= fZZ zi5) — R(fle))” + (R(fles) — R(H)” + R(f)?
=1 j=1

= RN+ Voul)+> %Vm(f\ei)
i=1

486 Then we have

R(f) < (14+2C)R(f)+ 2CmVout(f)+Jcmzrgjm(flei)

WMt
CmMt | gM) + 6%, + 14M B,,.

+\/ 144C,,, M?r, +

Next we deal with the upper bound of V;,, (f |ei) We denote

fz‘ez = Zf Zz,j

487 According to (20), for every f € F,
2n+1 Mt 7

BLPGle] < TR + 120+ o), LA g M),

ass  holds with probability at least 1 — exp(—t). Let = 1. Then, for every f € F,

n

R(f) < (1 + vV 2Cm)R<f) + V 2Cfm‘?out J m Z % |ez

i=1

" m; Mt 7
+ \l 144C,, M2 3 %rfn’i + Cm%(zl + M)

i=1

C’m Mt 7
m

\/ 144C,, M2r%, (4+ g M) +6r}, + 14M By,

as9  with probability at least 1 — (2 + n) exp(—t).
490 ]

w1 D Proof of Corollary 2|

a2 Corollary. Letn > 2 and {z; ;,1 < i <n,1 < j < m;} isani.i.d sample. Suppose the function set
493 F has cover numbers

Ne = N(F, & |- l[eexx»)),
ss4 andforany f € Fand z € X x ), f(z) € [0, M]. Let

2N, +2 2t
t = log ;_ , and A=,/ ——.

495 Then, with probability at least 1 — 6,

R(f) = R(f") < 2A



496

497
498

499

500

502

503

505

506

507

508

Proof: According to the proof of Theorem I]
Wout ()t = [2miVin(fle)t  2(4m — 1)Mt
— 1) ’

holds with probability larger than 1 — 2 exp(—t). Next, we consider a set of functions { f!, ..., fN<},
which is a minimal e-cover of the function space F of size N. = N(F,¢,|| - || Lo (xxy)). Then, for

any f € F, there exists f/, 1 < j < N, such that || f — f‘j”Loo(XXy) < €. Therefore,
R(f) < R(f))+e

R(f)

2V0u J = 2mz zn J ez

i=1

IN

2(4m —1)M

+m

with probability larger than 1 — (2 + n) exp(—t). Notice that R(f7) < R(f) + € and
Vot (F) < A Vo) + Vo7 = 1) <\ Vour () + €,

Vin(files) < A/ Vin(Fles) +\/Vin(f7 — fles) < \/Vin(flei) + €
Therefore, for every f € F,

R(f) < R()+ 2V"“t +Z\/2m””f|€;) 1)
2(4m71 2m7
o S by 244/ —— Z ) €,

holds with probability at least 1 — 2N, exp( t). Since

+ e,

IN

IN

feF m
then we have
R+ 2t gy [Pl

By the Bernstein inequality, with probability at least 1 — exp(—t),

- V() 2Mt

R(f*) < R(f")+ (22)

m 3m
By Theorem 10 in [27],

VVour(f*) < \/V(f*)<\/TV(f*)+\/jﬁ21, (23)

holds with probability larger than 1 — exp(—t). Combining (21)), (22) and (23] ,

2m1 l’ﬂ

R(f) < R(f

+2M + Mt 4m — 1
3m -1 3m(m 1)

+(2+\/7 Zn: sz ) €,

holds with probability larger than 1 — (2N, + 2) exp(— ).

18
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520
521

E Proof of Theorem

Theorem Suppose the training dataset D and a function f € F are given. Let p be the largest
distance between q € Q,(q, +o0) and

_ mini(a/qi—l)Q‘Afout(f)
Z(mlnl (‘ez) R(f))

5
Then we have

Lfip) < max th fled) < £F: ).

q€Qa,+00(9)

In this section, we decompose the complete proof into the three steps.

Step 1. Given a training dataset and a function f € F, the following inequality always holds:

max(é)ZqiR(ﬂei) < R(f) 4+ \/20Vous (f). (24)
PR =1

Proof: Since > ; ¢; =land ) . | G; = 1, we have

Z(h (fled) = Z(Qi — @) R(fles) + ZéiR(f\ei)
= R(f) + Z(% - qz)R(.ﬂez)

Since Y., (¢; — ¢;)C' = 0 holds for any constant C,

n n

Z(Qi — i) R(fle)) = Z(QZ — i) (R(fle:) — R(f)).

i=1 i=1
Thus the max problem in (24) is equivalent to maximize

n

max Z(qz - @z)(R(ﬂez) - é(f))

qua,p(q) i=1

By the Cauchy-Schwarz inequality,

< (X EE S ke - RO)
i=1 v i=1
S \/% X Vout(f)

O

Step 2. If the between-domain variance Vout( f) is non-zero, the equality holds if and only if
vei € gt’m

N 20 (B fle) — B
@ <y 5 (Rl = ) 1),

19



522 On the other hand, if « is fixed, the equality holds when the radius of Q, ,(q) satisfies

(a/(ji — 1) Vout(f)
(mmz (f‘ez) (f))

523 Proof: The equality in (24) is attained if and only if the following requirements hold at the same time:

<

R

524 (i) There exists a constant ¢ such that V1 < i < n,
4 — Gi NEAE: A
— = c\/qi(R(fle;) — R(f)).
NG ( )
525 (i) The 2 divergence between q and § achieves p, that is
n LA, 2
Z (i A-Qz) — 2.
i=1 i

526 It is easy to see

2 2 _ 2p
Z% (fle) = R(f)" =2p = c= o)
527 Then the discrete distribution g satisfies (i) is
6 = | @ (B(fle) ~ R() +
Vour (f)

528 Since g belongs to Q, ,(q), the only constraint here is ¢; > «, Ve; which holds if and only if
529 Ve; € i,

. 2p A fles) — R
<ai( 7y (RUle) = R(f) + 1).

53 On the other hand, if « is fixed and non-positive, the constraint implies that the radius p of Qq ,(§)
531 should be sufficiently small:

o < iy L (R(flen) — R(P) +1))

Vrout(f)
o 2P (R(fles) — F
@ ool T (R(fle:) — R(f)),
- a/g —1 S 2p

mini (]%(f‘ez) - A(f)) a Vout(.f)
mml(a/qz — 1)2Vou (f)
2(min; B(fle;) — R(f))"

P

532 Hence the proof is finished.
533 O
s34 Step 3. Proof of (I3) in Theorem 3]
535 Proof: First, p is the largest distance between ¢ and ¢ € Q, 4+o.(4). Therefore,
Qo +00(d) = Lapy (@) € Qoo (9)-
sss Hence the second inequality in is trivial. Let ¢* be the solution:

¢ = e S wh(fl)
q€Qto0,p_ (Q)Z 1
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537 According to Step 2,

max ZQZ |61 = (f;p—)v

q€Q oo, (4

538 and

q~ € Qiop (4) = Qayp (@) C Qo t00(9)-
ss9  Hence the first inequality in (I3)) is proved.

540

s¢t F Proof of Theorem 4

s42 In this section, we start with a preliminary result.

543  Theorem 9 Suppose that o is a non-positive scalar and

Vo/ut Zqz 'Ln flez

s44  For each training domain, both §; and q; are larger than 6 > 0. Let

/ Vo/ut(f) o 2
Y VE <1—(n—1)5_1> '

sa5  If n > 2 and m is sufficiently large such that

Volut(f) > V()

s46  then, given f € F, the following expansion uniformly holds:

qegiaj( q)th (fle) = L(f50),
547 with probability at least
(v, (F) = V() m+n—1 mVy..(f)?
1’eXp(* 2M2(t V() )< n—1 )eXp< T)
1n(f‘el) + = Vo/ut(f))
‘Zexp( I (Von (100) + 2V D :)

s4is  Proof: Note that R(f|e) € [0, M] for any f € F and e € &,. Thus for any training data ID,
(min R(fle:) — R(f))* < M2,

s49 In addition, since o < 0 and ¢;, §; > 9,
@ 2 @ 2
——1 <|({————=-1] .
m;n(% ) - <1<n1>6 >

, < mlnl(a/@l - 1)2‘70Aut(f)2’

~ 2(min; R(fle;) — R(f))

s50 Hence, to satisfying

551 it suffices to show that



552

553

554

555

556

557

558

559

560

562

563

Notice that
Vout(f) =V (f Z in(fled) = Vi (f) + 11 + Lo + I,

where

~
i
I

V(f) ~V(f),

I = *Z n(flei),
_ZQZ in |ez ‘/zn(f|€z)>

By Theorem 10 in [27]], for any 6 > 0,

I3

P(2V(h) < (f)—&)gexp(—m).
We take
= fomgy Vo) = 5 VD)
Therefore,
P(h< =) = PV < V() = Vial)
m / 2
< o (- 2]\‘/_/;);t )‘1//((];))) ):

For the term I,

n R M2
|I5] < Z |in - %}Vin(ﬂ@i) <lq—- Q||1T
i=1

According to the Pinkser’s inequality and the method of types [15], for any § > 0,

ld —qlli < vV2Dk1r(dllg) <6

1-— ( m;fl_l )Cxp(—m52>.

(f)/M?. Then we know

with probability at least

We take § = V!

out

m+n—1 mV,)..(f)?
Pt <~ qvtn) < ("5 e (- Il
Next, we deal with I3. By Theorem 10 in [27], for any § > 0 and any e; € &,

(mi — 1)52 )
2M2(‘/in(f|ei) + 6) ‘

p(%vm(ﬂei) > Vin(fle:) +5) < exp ( -

Let

1 m;

m;

6:

)Volut(f)
Then we have
P(Vialfler) > VinlFle) + Vi) = P(=" VinlFlee) > Vinlfler) +9)

(Vin(flei) + 5 Vour (£))° )
2M2m; (Vin (flei) + 1Vour ()27

IN

exp<f
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se4 Therefore Iz < — 4V (f) with probability smaller thant

( |€1) + T Vo/ut(f))
Zexp( 2M2m1( in(f|el)+ 4Vo/ut(f)) )

s65 Combining the results of 11, I and I3, we have

%ut(f) > 4‘/:)/ut<f)
se6 with probability larger than

v () = V() m+n— MV,
l_eXp(_(2M2( )V(f))>_< :—11)6’{1’( VTY))

_ ex Vin f‘ei) s Vo’ut(f))
Z P ( 2M2mz( in(f|ez) 4Volut(f)) )

567 Hence the proof is finished.
568 (]
ses  Next, we extend Theorem[J]to a more general variant with respect to the family of functions F.

570 Theorem. Suppose that o is a non-positive scalar and V,),,,(f) = V(f) — >_, ¢iVin(f|ei) > 0. For
571 each training domain, both §; and q; are larger than § > 0. We write

s VouS) a ’
A TATE (1(n1)5_1> '

572 Let 7 > 0 and 0 < n < 1 be two constants. Define

V;n(f|ei)
V()

513 Forany f € F, ,, the following expansion uniformly holds:

max qu (fles) = L(f;0"),

9€Q0 1 (9)

Frg = {feF:V(f) =1, and < n,Ve; € Er}.

574 with probability at least 1 — N, X p, where N, ,, = N(]-'T’n, @ =), - HLoo(XXy)> is the

575 covering number of F , and

b GXP<W+1)+(7’”+§11 >exp<m<1’7>2T2>

32M? 16 n M4
mi(1—n)+ 477)2}
+ZQXP{ 2M2ml( 1+ 3 '
s76  Proof: We consider a set of functions {1, ..., fV}, which is a minimal e-cover of F ,, of size

Nry = N(]:T,,,,e, H : ||L°°(Xx)f))-
577 Define the event

¢ = {Vout(f ) > 4V0/ut(fl), for 7 = ]_’ . ’N}
s78  Recall the proof of Theorem and the terms I; to I3. For any f € F. ,,

Vi) = V(£)*
exp (— (Vo) VD'

P < ghoulh)) < 20(m ~ V()
P ( 32M222:ut({))12/( Nt 4]\7335/“”)1) - QM;/(E;:)— 1))
< e (- 32M222)/ut(f))12/( N i)
< exp ( 32M2)2T + iG)
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s79  For the term I,

P(Iz < - 4Vo/uf(f)> < ( m;ffl >exp( mv?&#)
< (e (- mOG2)
ss0 Forany e; € &,
_ Vilfle) + 5 Vo (F)? ( i Vou () 1)’
2M2m; (Vi (fles) + §Vaue (£))? 2M2mv Vin( f|ez +4 Vout(f)

2
Vi ) LT 1)

2M2
om(f

2
m; — )+1>
1+377

m; (1 +477)
1+ 3n

2M2m2

(o
(i oy
(

(

2M2mZ

sst  Therefore, for the term I3,

m;(1 —mn) + 4n\2
p(1 N) = ew{ = samn( )
3~ 4 Vour( ZeXp 2M2m1 1137

ss2  Furthermore, we have for any f € F; ,

Vot () > V2 (F),

583 with probability larger than 1 — p, where

B m(l—mn)?r 1 m+n-—1 m(1 — )7
P = eXp<_ 3202 +16)+ n—1 eXp(_ MA )

m;(1—n) +477>2}
*ZGXP{ 2M2mz( 1+ 37 '

s8¢ Then, combining the results of {f7,j =1,..., N},
P(€) > 1= N(Fr, & | - [Le(xxy)) X

Given the event €&, for any f € F, there exists f7 such that

If— fjHLOO(XXy) <e

585  Hence,
Vout(f) Z Vout(fj) - 62
1 , 1 5
> ZVo/ut(fj) - > 1‘/O/ut(f) - 162
s86  We take
1
= R 1 —
€ 10 T
587 Then,
N 1 5 1
Vout (f) > ZVO/ut(f) - 162 > gvolut(f)'

ss8 Hence the proof is finished.

589
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so0o G Proof of Theorem [3

sot Theorem. Given the training dataset and a function f € F, then for any anchor distribution qo, the
592 inequality always holds:

max Z qiR(flei) < R(fa qo) + 2pf/out (f,qo0),

q€Qa(qo,p

593 where

fi(f,qo) = %ZQO,ié(flei)a

. 2
Vout (f? q()) = Z qo, ’L f|ez ( )) .
594 If the between-domain variance Vout( f,qo) is non-zero, the equality holds if and only if Ve; € &,

2p - ~
o < g0 (| —2—(R(fles) — B(f,0)) +1)-
( Vout (fa qO) )
se5  On the other hand, if « is fixed, the equality holds when the radius of Q. (qo, p) satisfies,
_ mini(a/go — 1)? Aout(fa )
< 5
Q(mlnl ( les) — (f7 QO))

s96 The proof here is similar to that of Theorem
se7  Proof: Since >, ¢; =1land ) ., qo; = 1, we have

Z QiR(ﬂei)
i=1

> qoiR(fled) + > (g — q0.)R(fle:)
i=1 i=1

= R(f, Qo) + Z(Qi —qo,i)R(flei).

see  Since Y. ;(q; — ¢;) = 0, then we have

n n

> (g —qi)R(fler) = > (ai— q0.:)(R(fles) — R(f, q0)).

i=1 i=1
s99 Thus the max problem with respect to q is equivalent to maximize

n

max Z(Qz - QO,i)(R(ﬂei) - R(f, QO))'

q€Qa(qo,p) <=
i=1

600 By the Cauchy-Schwarz inequality,
n

Z(Qi —4qo i)(R(ﬂei) - R(f, QO))

i=1

= qu Wi @7 (B(fles) = R(f, q0)

n 2
q;i — qo,i 2
< ZMX zqm (flen) — R(f, @0))
im1 4o,i
S out faqO

601 The equality is attained if and only if the following requirements hold at the same time:
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602

603

604

605

606

607
608

609

610

(i) There exists a constant ¢ such that V1 < ¢ < n,

%%%i=%@ﬂ@0kn—Mﬁ%»-

(ii) The x? divergence between q and qy achieves p:

n o N2
Z (qz qO,z) _ 2p
qo.i

i=1 0.4
It is easy to see
QZCIOZ (fles) = R(f,q0)) =20 = c= .
Vout(f:qo)
Then the discrete distribution q satisfies (i) is
2p R .
4 = mqoﬂ‘ (R(flei) = R(f,q0)) + q0,i-

Since g belongs to Q,(qo, p), the constraint here is ¢; > «, Ve; which holds if and only if

o < aos mz&ﬂ (Flei) — R(f)) +1), Ve € Eur

On the other hand, if « is fixed and non-positive, the constraint implies that the radius p of Q,(qo, p)
should be sufficiently small:

a < CIO,z‘( L(R(f‘ei) - R(f, QO)) + 1)

%ut(fv qO)
@ —1< ,\L R i 5
= qo,i V Voue(fs CIO)( (fles) = R(f ©));
a/qoi—1 > 2p

min; (R(fle;) — R(f,q0)) — \| Vour(f,q0)
< mini(a/qol- — 1)*Voui(f, ‘IO)
- 2(m1nz ( |ez) (faqo))

Hence the proof is finished.
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