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ABSTRACT

Transformers have demonstrated remarkable success across various applications.
However, the success of transformers have not been understood in theory. In this
work, we give a case study of how transformers can be trained to learn a clas-
sic statistical model with “group sparsity”, where the input variables form multi-
ple groups, and the label only depends on the variables from one of the groups.
We theoretically demonstrate that, a one-layer transformer trained by gradient de-
scent can correctly leverage the attention mechanism to select variables, disre-
garding irrelevant ones and focusing on those beneficial for classification. We
also demonstrate that a well-pretrained one-layer transformer can be adapted to
new downstream tasks to achieve good prediction accuracy with a limited number
of samples. Our study sheds light on how transformers effectively learn structured
data.

1 INTRODUCTION

The Transformer architecture (Vaswani et al.,|2017) has emerged as one of the most popular models
in the modern deep learning, demonstrating remarkable success across a wide range of real-world
applications, including language processing and language modeling (Vaswani et al., [2017; Radford
et al 2019; OpenAl, [2023), computer vision (Dosovitskiy et al., [2020; Rao et al.,|2021), and rein-
forcement learning (Jumper et al.,|2021}; |Chen et al.,|2021}; Janner et al., | 2021)). Despite its empirical
achievements, the underlying mechanisms of transformers remain poorly understood due to their
complex architecture, especially the mechanism of the self-attention layers.

As the core of the Transformer architecture, the attention mechanism has consistently been the
primary focus of research aimed at understanding how Transformers work. Some empirical re-
search (Xu et al.| [2019; [Vig & Belinkov} 2019} |Rao et al.} 2021} |Yao et al.,|2021; |Chen et al., 2022)
demonstrated that the attention layer can effectively extract structure information by assigning dif-
ferent weights to different input tokens. To fully understand such property theoretically, researchers
explore the expressive power of transformers across various aspects (Edelman et al., 2022} Bai et al.,
2024]). Edelman et al.|(2022)) study the capacity of single-head attention to approximate sparse func-
tion by presenting the covering-number of attention function class. [Bai et al.| (2024) demonstrate
that the transformers can implement a broad class of standard machine learning algorithms in con-
text with various data distributions.

In addition to examining the expressive power of Transformers with custom-designed parameters,
some recent studies have focused on analyzing the training dynamics of Transformers to determine
whether these favorable properties can be attained using popular optimization algorithms in the deep
learning community. Zhang et al.| (2024)) provide a global convergence analysis of gradient flow on
the linear regression in-context tasks, where they consider a linear layer for attention calculation.
Huang et al.| (2024)); |Siyu et al.| (2024) extend this result to one-layer transformers with a softmax
attention layer. Wang et al.| (2024); Chen et al.| (2024b) study the capacities of transformers to learn
sparse linear regression tasks. Specifically, by exploring the optimization trajectory, [Wang et al.
(2024) show that one-layer transformers can effectively extract the positional information, and pro-
vide a rigorous convergence analysis. At the same time, fully-connected neural networks fail in the
worst case. |Chen et al.| (2024b) study the mechanisms of multi-head attention, revealing that multi-
head attention will exhibit a sparsity in multiple-layer transformers. All the preceding works focus
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on the regression tasks, and for the classification task, Jelassi et al.| (2022) theoretically demonstrate
that the one-layer vision transformer trained by gradient descent can converge on spatially structured
data and the attention map exhibit patch association. [Tarzanagh et al.|(2023ab) prove that one-layer
attention can converge in direction to the hard margin solution of SVM. [Li et al.| (2023a) provide a
generalization error bound for vision transformers trained by stochastic gradient descent. Although
these papers provide some insights into mechanisms of one-layer attention for classification tasks,
their theoretical results rely on some specific initialization which is practically infeasible, or strong
assumptions that input data follows some particular patterns or certain parameters of attention ar-
chitecture remain fixed throughout the training.

To further explore how transformers extract structure information in classification tasks, we consider
a classic statistical problem with “group sparsity”. In this setting, input variables are generated from
multiple groups, while the true label of this input is determined by variables from a single group. We
investigate the properties of one-layer transformers trained by gradient descent on this data model.
The major contributions of this paper can be summarized as follows:

1. We establish a tight global convergence analysis with a matching lower and upper bound for
the population cross-entropy loss of a one-layer transformer trained by gradient descent (Theo-
rem[2.2). All parameters in the one-layer transformer are jointly trained with the same learning
rate from zero initialization, without imposing any prior knowledge of the desirable patterns of
the parameters. Specifically, by precisely characterizing the global optimization trajectories of
all trainable parameters, we decrypt the working mechanism of each component of the one-layer
transformer for learning the “group sparse” data model. Our results theoretically verify that
transformers can learn the optimal variable selections.

2. We demonstrate that the well pre-trained one-layer transformers on “group-sparse” inputs can be
efficiently transferred to a downstream task sharing the same group sparsity pattern. Specifically,
denote the number of variable groups as D, the dimension of variables in each group as d, and the
downstream sample size as n. Then we show that the one-layer transformers fine-tuned by online-

SGD on the downstream task can achieve 6(%) generalization error bound (Theorem .

3. We conduct numerical experiments, empirically show that training loss will converge, and verify
our conclusions regarding the optimization trajectories of trainable parameters. Specifically, the
sparsity of the attention score matrix empirically demonstrates that one-layer transformers can ef-
fectively learn the optimal variable selection. Additionally, we transfer the pre-trained one-layer
transformers to downstream tasks, and empirically show that it can achieve a good generalization
performance with a small sample size. All these empirical observations back up our theoretical
findings.

Notation. Given two sequences {z,, } and {y,, }, we denote z,, = O(y,,) if there exist some absolute
constant C; > 0 and N > O such that |x,| < Cily,| for all n > N. Similarly, we denote
xn = Qyy) if there exist Cy > 0 and N > 0 such that |x,| > Csly,| for all n > N. We
say x, = O(yn) if z, = O(y,) and z, = Q(y,) both holds. Besides, we denote =, = o(y,)
if, for any € > 0, there exists some N(¢) > 0 such that |x,| < €|y,| for all n > N(e), and we
denote x,, = w(yy) if Y = o(zy). We use O(-), Q(-), and O(-) to hide logarithmic factors in
these notations respectively. Moreover, we denote z,, = poly(y,,) if z,, = O(yZ) for some positive
constant D, and z,, = polylog(y,) if z,, = poly(log(y,)). For two scalars a and b, we denote
a Vb = max{a,b} and a A b = min{a,b}. Finally, for any n € N, we use [n] to denote the set
{1,2,--- ,n}.

2 TRANSFORMERS LEARN “GROUP SPARSE” DATA

In this section, we present our theoretical findings that one layer transformer can learn “group
sparse” data by implementing an optimal variable selection. We first introduce the definition of
“group-sparse” data distributions and the one-layer transformer we study in this paper.

Group sparse learning problem. Assume the feature vector X € RP, the label y of feature vector
X is determined by a labeling function ¢(-) : R — Rasy = ¢((X,3*)), where 3* € RP is a
pre-defined ground truth. Furthermore, we assume there exists a predefined D disjoint partitions of
[p], specifically, [p] = U2, G; and G; N G; = () for any i # j. Then we refer to this learning
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problem as “group sparse” if the ground truth vector 8* satisfies that
supp(8”) := {k: B # 0;k € [p]} C G;

for some j € [D]. In particular, if the labeling function ¢(x) = x, we denote this learning problem
as group sparse linear regression. If the labeling function ¢(z) = sign(x), we denote this learning
problem as group sparse linear classification.

The definition above regarding group learning problem is motivated by Huang & Zhang| (2010);
Li et al| (2023b). In this paper, we focus on a binary group sparse linear classification problem.
For simplicity, We consider the setting where all G;’s are of the same size d, implying p = dD.
Besides, we convert the feature vector X € R into a matrix X € R P where each column
x; is the collection of the variables from G;. Let j* be the index of the label-relevant group, i.e.
supp(8*) C Gj-. Then we can denote v* the d-dimensional vector obtained by restricting 3*
on G-, so that (3*,X) = (v*,x;-). Lastly, we assume the features are generated from Gaussian
distribution. We provide a formal definition of the data model as follows:

Definition 2.1 (Group sparse inputs following Gaussian distribution). Let v* € R? be a fixed vector
representing the parameters of the labeling function, and j* € [D] be the index of the label-relevant
group. The binary classification data input pair (X,y) € R4*P x {1,+1} is generated from the
following distribution D:

1. The features are generated from Gaussian distribution, i.e., X = [X1, X2, ..., xp| while each col-
umn x;, j € [D] represents a group of variables and is independently generated from N (0, 021,).

2. The label of this input X is determined by the features from the label-relevant group indexed by
j*, defined as y = sign((x;«,v*)).

Notice that the label y is determined solely by the direction of v*, while the norm of v* does not
affect the data distribution. For simplicity of expression, we assume that [|[v*||s = 1 in the following.

One-layer self-attention transformer. For each x; with j € [D] from data distribution D defined
in Definition [2.1} we define the corresponding positional encoding p; as

T
. LT . . T . .
pj = {sm (jDi—l—l)’Sm <2JD+1)7‘” , SN (D]D—l—l)} 2.1)

The definition above is motivated by the fact that p;, j € [D] form an orthogonal basis. We generate
our new training input by concatenating the Gaussian feature X with positional encoding matrix

P, which is defined as P = [p;,p2, -+ ,pp]. Specifically, we define the new training input as
Z = [z1,22, -+ ,zp) € ROTDI*D with z; = [x],p]]T forall j € [D]. Now we introduce the
one-layer self-attention architecture applied to the mput Z as:
D
F(Z,W,v) =Y VvIZS(Z"Wz;) = v ZS1p. (2.2)
j=1
Here S(-) : RP +— RP denote the softmax mapping as S(h); = # and S =
i'=1

[S(ZTWz1),S(Z"Wzy),--- ,S(Z"Wzp)] € RP*P. Besides, we denote the entry in the j’-
th row and j-th column of S as S;, ;. Compared to the classical single-head, one-layer self-
attention structure in |Vaswani et al,| (2017); [Dosovitskiy et al.[ (2020), we make some mild re-
parameterizations on the architecture:

1. We combine the query and key matrices into one trainable matrix W € R(¢+D)x(d+D)

2. We replace the value matrix with one trainable value vector v € R P,

The consolidation of query matrix and key matrix is commonly considered in recent theoretical
analyses of attention structure (Tian et al.,|2023; [Wang et al., [2024} Huang et al., 2024; Zhang et al.,
2024). The simplification of the value matrix into a vector is because only one parameter vector v*
needs to be studied, and the value vector v could be regarded as a combination of the value matrix
and a second layer with uniform weight. Similar simplification is also considered in some recent
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studies about understanding the attention mechanisms in classification tasks. (Jelassi et al. [2022;
Tarzanagh et al.| 2023a).

Loss function and training algorithm. We consider minimizing the population cross-entropy loss
to train the above one-layer attention transformer in (2.2). Specifically, the loss function is

‘C(V? W) = ]E(X,y)N'D I:E(y : f(zv W7 V))],

where £(a) = log(1+exp(—a)) is the cross-entropy loss function for binary classification. Although
the choice of population loss implicitly assuming an infinite number training set is not feasible in
practice. It can significantly simplify the training dynamics and enable us to focus on an analysis
of the global optimization trajectories. This objective loss is considered in a large number of recent
theoretical works (Jelassi et al., 2022; |[Zhang et al.| |2024; [Huang et al.l 2024; [Wang et al., 2024;
Nichani et al., 2024; |Chen et al., 2024b)) focusing on the optimization analysis of transformers.
Besides, as one of the most popular loss functions classification tasks, cross-entropy loss is widely
considered in recent theoretical works concerning transformers on classification tasks (Jelassi et al.,
2022; [Tian et al., 2023} |2024). Compared to the hinge loss considered in |Li et al.| (2023a), it is
more common and general in practice. We utilize the gradient descent algorithm to optimize the
preceding loss function. We consider the joint training regime, where all trainable parameters v, W
are updated simultaneously with the same learning rate 7, i.e.,

vtD — () _ vaﬁ(w(t)a V(t)); 2.3)
WD = WO — pVw £(W, v(). @4
Besides, we consider zero initialization v(o), wO =o.

Tight convergence bounds. Following the preliminaries, the next theorem presents our main results
regarding convergence bounds.

Theorem 2.2. For any ¢ > 0, suppose that D > w(log?(1/¢)), d < O(poly(D)), 0.,m = O(1)
witho, <1/3andletT* = © (D3 \Y, ﬁ) Under these conditions, it holds that

1. The self-attention extracts the variables from the label-relevant group: for any new sample
(X,y) ~ D with the corresponding softmax output matrix S(T") at the T*-th iteration, with
probability at least 1 — exp ( — ©(v/D)), it holds that

S;T*J) >1—exp(—0(D))

forall j € [D].
2. The first block of value vector aligns with the ground truth: v(7") = [ng*), 05]" with VgT*) €
R, where

3. The loss is sufficiently minimized:

W7

Vi,

7v*

< eDexp(f @(\/5))

2

1 . . 1
Cl(G/\ﬁ) SE(V(T ),W(T ))§€/\ﬁ,
where (' is a positive constant solely depending on 7 and o, with C; < 1.

Theorem implies that one-layer attention model can learn the group-sparse data with an
assumption of an infinite number of training data. It can achieve arbitrary small loss by imposing a
mild assumption concerning the scale of sparsity in our data model D. Specifically, for any given
loss tolerance €, we need the number of variables group to be larger than the logarithm squared of the
reciprocal for loss tolerance, i.e., log2(1 /€). Based on this assumption, Theoremcan establish a
tight upper and lower bound on the convergence rate of population loss.

In addition to providing a tight convergence bound, Theorem [2.2] decrypts how each component
of one-layer self-attention (2.2) takes effect when learning sparse group data, by precisely identi-
fying the scale of the parameters at 7*-th iteration. Specially, for any new sample (X,y) ~ D,
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the attention score regarding the label-relevant group at 7*-th iteration, i.e. S(.?;.*) is approximately
1 with high probability. This observation indicates that the self-attention layer almost attends to
the label-relevant group, effectively selecting the variables mostly beneficial for classification while
disregarding all other irrelevant variables. Besides, the second block of v(T") retains 0, implying
positional encoding is only involved in the calculation of attention weight. Following the proce-
dure of optimal variable selections, positional embedding is never presented in the final output of
one-layer attention. This observation benefits our learning tasks as positional embedding can not
provide additional beneficial information for classification. Finally, Vgt) is almost aligned with the
ground truth direction v*, verifying that the value vector learns the optimal direction for the binary
classification problem. These observations collectively guarantee that the one-layer transformer 2.2
can correctly implement the classification task on the “group sparse” data

Notablely, a recent work (Wang et al.l [2024) studies the sparse token selection of transformers on
a similar data model to ours. By characterizing the entire training dynamics, they demonstrate a
global convergence of transformers on the sparse token selection task without further assumptions
on initialization. Besides, they do not impose fixed positions on target tokens, which is more general
than our settings. However, they assume the positional encoding of the next token an average of
target tokens, which alleviates the technical challenges, is somewhat impractical. What matters
most is that they consider the 5 loss function in their settings, making their learning problem more
akin to a regression task, which significantly distinguishes our optimization analysis from theirs.

3 DOWNSTREAM TASKS

The variable selection mechanism of one-layer self-attention enables it to be efficiently transferred
to a downstream task sharing a similar structure. In this section, we provide a generalization er-
ror bound for the downstream task to theoretically verify this conclusion. We first introduce the
definition of downstream task data distribution we study as follows:

Definition 3.1. Consider a downstream task with training data (X, 5(®) ¢ R¥*P x {1, 41},
1 € [n] generated from a new distribution D satisfying:

1. Linear separability with a margin: maxy.|jv|,<1 y® . <V, Xgl)> > ~ almost surely for all ¢ € [n].
Besides, the label-relevant group index j* is the same as the distribution D in Definition 2.1}

(i

2. Each entry of X(¥ is independent sub-Gaussian, with ij,)cH Ve

j € [D].

<o, foralli € [n],k € [d] and

Compared to the data distribution for pre-training in Definition 2.1} we make downstream task distri-
bution more general by relaxing the Gaussian data to sub-Gaussian data. Besides, the assumption of
linear separability with a margin is commonly considered in the analysis concerning generalization
risk bounds of classification tasks (Wu et al.} 2024; J1 & Telgarskyl, 2020; |Cao & Gul [2019).

Fine-tuning with online stochastic gradient descent. Similarly, we concatenate each xy) with

positional encoding p; as defined in (2.1), and generate the new training raining data (Z(i)7 y(i)),
for i € [n]. Then, we consider fine-tuning a one-layer attention model with the same structure

defined in (2:2)), and denote the new parameters as v and W. We fine-tune the new parameters by
online SGD, i.e.,

FO+D) — 5@ _ NVin(W(i), g(i)); 3.1
WD) — W@ _ WWZZ,(W(O’ v (3.2)
for all i € [n], where £;(W® @) = ¢(y® . f(Z® WO (1)), The initialization are set as

¥ = 0and W© = W(T)_ which is obtained from the pre-trained model in Section [2} In the
following theorem, we present a generalization error bound on this downstream task, which concerns

an average of all iterates {(W(®, v())}"_ of online SGD.
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Theorem 3.2. Suppose that D > w(log®(n)), d < O(poly(D)), 5, < O(1), and 7j =
@(W). Under these conditions and for any § > 0, it holds that

1 Zn (i) ~(i (d+ D) log® n log(1/4)
J— ~ . (/l') (/L) S — _—
i=1 ]P)(Xq,y)ND (y F(Z, W, v) < 0) = O( v2n © n ’

with probability at least 1 — § — nexp(—O(v/D)) over the randomness of {(X (), 3}

Theorem [3.2] establish a generalization error bound composed of two terms. The first term concerns
the ratio between the practical dimension d + D and sample size n. Here we consider d + D
as the practical dimension since the positional encoding is also involved in the learning process.
The second term is a standard large-deviation error term. If we take v = ©(1) as most literature

assumes, we can obtain a sample complexity on the order of (%2 + Llog(1)). In comparison,
the existing lower bound for the sample complexity of linear logistic regression on vectorized X is
Q(22 + Llog(1)), according to the classical PAC learning (Long}|1995). This superiority in sample
complexity theoretically demonstrates that one-layer transformers trained on “group data” can be
effectively transferred to a similar downstream task.

4 PROOF SKETCH

In this section, we provide a comprehensive explanation of how a one-layer transformer implements
variable selection on group sparse data. Furthermore, we share insights into the reasoning that led
to the conclusions presented in Theorem [2.2] along with a proof sketch for the convergence bound.

For a clear illustration of each component in the one-layer self-attention, we first separate v(*) and
W) into the following blocks,

(t) (t)
W = [T, ()T WO lw W]

t t
wil wi

where vi" € R%, v{" € R?, W] € R4 W) € R”P W) € RP*% and W) € RP*P.
In the followrng, we will show that a precise Characterrzatron of all these blocks at 7*-th iteration
plays a key role in our theoretical convergence analysis.

A low-rank structure of W) beneﬁcial for attending to label-relevant group j*. The con-

clusion that the attention score Sg ~ 1 with high probability for any new sample (X,y) ~ D
serves as a foundation for transformers to correctly implement classification on group-sparse data
distribution D. Without such a guarantee, the loss cannot converge regardless of the direction in
which the value vector converges, since the product of the label and variables from irrelevant groups
still follow a Gaussian distribution.

The following lemma accurately characterizes each block of W(T™)
rational of SET j) ~1
Lemma 4.1. Under the same condition with Theorem W (T™) satisfies that
T* T*
Wg,z )»Wé,1 ) = 0;

Wgﬁ*) :ﬂlv*v*—r +W( .

, providing insights into the

1,1,error’
WD (3 (o)) (T + W
J#3*
where 81| < O(VD), B2 = ©(3z). The error terms W:(L 1 gmr and Wz,;gmr are small such that

Wl W2 el < exp (= ©(VD)).

1,1,error 2,2,error

Lemma indicates that W(”™) exhibits a particular pattern: (i). the off-diagonal blocks W§T2)

)

and Wé 1~ remain 0; (ii). the leading component of left-top block W( aligns directionally
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with the projection matrix v*v*T; (iii). the leading component of the right bottom block aligns
directionally with ( Zj £ (pj* — pj)) ( Zle pj)T. In the following, we explain why this pattern

implies that S;« ; ~ 1 for all j with high probability, which benefits the label-relevant variable
selection.

First, Wg ), Wng ) =0 suggests that the features x;’s, do not engage with the positional em-
bedding p;’s when calculating the attention scores. Besides, due to the orthogonality among the

positional embeddmg p;’s, the position-position interaction term p, Wé 5 )p] takes a large value

only when j = j*. Furthermore, by standard concentration 1nequahtles it can be shown that
TWng )Xj < pj. WéTz )pj for all j, j* € [D] with high probability. All these observations col-

lectively conclude that p,. W; o 'Pp; will eventually dominate the softmax calculation, which finally

implies that SJ <~ L

Accurate characterization of the alignment between v(”7") and ground truth v*. Based on
Lemmaf4.T|and preceding discussions, we have shown that one-layer attention can effectlvely extract
the features from the label-relevant group. The remaining challenge is to accurately characterize the
alignment between v(7") and ground truth v* in terms of both direction and scale. The following
lemma presents this result.

Lemma 4.2. Under the same condition with Theorem[2.2} it holds that,

Vit = o v v =0,

where the error term vﬁ;)m satisfies that (vgn)or, v*) = 0 and ||v1 em)rHQ < exp (— O(VD)).
Besides, the coefficient of the projection of v(”™) onto the direction of v*, which is denoted by a(*),
follows that
Co((T*)3 + D) <o T < C3((T*)3 + D),
where Cs, C'5 are both positive constants solely depending on o, and 7.
. . (T™) L o
Lemma reveals two important facts. Firstly, the fact that v, ° = 0 implies that the positional
embedding part only contributes to attention weight calculation, and is not presented in the output.
Furthermore, ng ) is well aligned with the direction of v*, and the scale of its projection onto this
direction is accurately characterized by a matching lower and upper bound. Besides, the second
(T*) (T)
conclusion of Theorem [2.2]is a direction corollary of this lemma as H ”‘?T)H -V < 2“;’}#&
vy 2 2

*

Upper and lower bounds of y - f (Z,W(T*),V(T*)). A tight upper and lower bound of y -
f (Z,W(T*), V(T*)) is undoubtedly of utmost significance for the analysis of global loss conver-

gence. The accurate characterization of a(*) in Lemma enables us to get this matching bound.
Before we present the result, we introduce a notation E7« to denote the event that the conclusion

in Theorem holds, i.e., S(T ‘) > 1 — exp(©(D). Then, we present our results regarding the
matching bound of y - f(Z, W 7, v(T™)Y in the following lemma.
Lemma 4.3. There exist two i.i.d. random variables By, By with By / oi, By / a? ~ XQD, such that

uf(Z, W) V7)) > _DalTB — DIV,
Moreover, under the event Er-, it holds that

Da(T)
2

1,5

y(v*,xj-) — 1 < yf(Z, W) vT) < DaTy(v*, x;0) + 1.

Based on these lemmas, we are ready to prove the conclusion of convergence bound in Theorem[2.2}

Proof of Theorem 2.2} We separate £(v(T") W)} into two parts as
LT WED) =E[tyf (2, W) VTN, ] +E[Lyf (2, W) v ) 1g 4]

I Iy
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For I, by the fact that exp(—x)/2 < ¢(z) < exp(—=) for all z > 0, and utilizing the results of
Lemmald.3|for Er- occurs, it holds that

Do) 2 2
I1§E[eexp( 5 YV ,Xj*>)1ET* S\ 7 ouDa@’

. . 2 1
- — DaT)y(v*, x ——
L > E[2e exp (— Da'' y(v*, x; >)1ET*] = \/;4eoxDa(T*)'

The last steps of both formulas are derived by basic integral since y(v*,x;-) follows a folded nor-
mal distribution with mean 0 and variance o2 (See more details in Lemma [E.5| and Lemma .
Furthermore, for /5, we provide an upper-bound as

2 (T*) 2 (T*) 3 c
I, <\ |E|log® (14 exp (DaT) B} + D||V} erer||, B3 P(E%.)

237,03 () + [V
< 21/202 (™)) ’E[By] + 202 |[v{T) |E[B) /P(E5.) < [V ervor | |

1,error

e©(vD)
The first inequality is from Cauchy-Schwarz inequality and Lemmal4.3| The second inequality holds
by the fact that log(1 + a) < 2log a for large a, and (a + b)? < 2(a” + b?). The third inequality is

derived by applying the definition of By, Bs in Lemmaand the fact P(E5..) < e=©D) from the
first conclusion in Theorem [2.2] (We provide a rigorous detail in Lemma|C.5]) By the upper-bound
of '™ in Lemma the definition of T7* in Theorem [2.2and our condition D > w(log?(1/¢)),
we know that a(T”) < e=©(VD) indicating that I, < I;. Let T* = ( g%)lS(D3 V 5iz). by
applying the lower and upper bounds of a(7™) in Lemma we can finally obtain that

. « 2 4de 1
L(vT) WT < oF <\/7 < e
v S22 s\ L e DA pE S

3 ) 2 1 1 Cy
E(T)W(T>>I>\/7 = .
v )25 > 7 4eCyo, D(T*)'/3 + D? = 32e2C5

This completes the proof. O

5 NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments on synthetic data to verify our theoretical conclu-
sions. Two types of synthetic data are generated following the group sparse data distribution defined
in Definition [2.1 and downstream task data distribution defined in Definition [3.1] respectively. For
each type of synthetic data, we generate two samples with different sample sizes n, variable group
numbers D, and variable dimensions d. Besides, the variable group numbers D, and variable di-
mensions d are matched across these two different types of synthetic data to enable the parameters
of one-layer self-attention to be transferred to downstream tasks.

In the experiments where transformers learn variable selection, we generate data according to Def-
inition setting o, = 0.25 and j* = 2, with two different pairs of (n,d, D): (500,4,6) and
(200, 2,4). The vector v* is randomly generated and then fixed. We set the learning rate n = 0.5
and train the models for 400 iterations. During the training process, we plot the training loss, the
(vi? v (t)

RERITRE 2
final iteration), we calculate the attention score matrix for each sample and display the heatmap of
the average attention score matrix across all samples.

cosine similarity and the norm ratio ||v§t) II/llvs |- After the training loss converges (at

As shown in Figures |1} the training loss converges to O after sufficient iterations, and v§t) rapidly
aligns with the direction of v* early in the training and continues in that direction for the rest of
the iterations. When the training loss converges, we can also observe in Figure (1| that vat) || is

relatively small compared to ||v§t) |l. When we examine the attention matrix, as shown in Figure |2



Published as a conference paper at ICLR 2025

Training Loss in Gradient Descent Cos Angle of v{? and v Norm Ratio ||v&"]1/]1v"]|
1.0 1.0
10
0.8 0.8
"
8os 2
K 5
2 o6
é e §‘Uv6 g
5 0. 5
£ 3 <
5 Soa 004
204 %
g >
s
0.2 0.2
0.2
0.0 0.0
o 50 100 150 200 250 300 350 400 o 50 100 150 200 250 300 350 400 o 50 100 150 200 250 300 350 400
Epoch Epoch Epoch
- (@) * ; (t) ()
(a) Training Loss (b) Angle in v;"” and v (c) Norm Ratio ||vy”||/||v;” ||
i i i Cos Angle of v{” and v*
o Training Loss in Gradient Descent g! 1 Norm Ratio ||V§"|V||V;”H
Lo 0.200
0.6 0.175
0.8
8
Sos S 0.150
g 206 & 0.125
< g £
g0 < $ 0100
s Soa s
203 Soors
E 3
> 02 = 0050
0.2 -
0025
0.1 0.0 0.000
o 50 100 150 200 250 300 350 400 o 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Epoch Epoch Epoch
- () * : (t) ()
(d) Training Loss (e) Angleinv;”’ and v (f) Norm Ratio ||v5”||/|lvi” ||

Figure 1: Figures on training loss, cosine similarity and norm ratio. The first line presents the
training results with a sample size of 400, 6 variable groups, and a variable dimension of 4. The
second line shows the training results for a sample size of 200, with 4 variable groups and a variable
dimension of 2.
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Figure 2: Heatmap of the average attention matrix. Figure [2(a)] shows the heatmap of the attention
matrix corresponding to the 6 variable groups, and Figure 2(b)| shows the heatmap of the attention
matrix corresponding to the 4 variable groups.

we observe that the second row is significantly larger than the others, indicating that the attention is
predominantly focused on this row. This phenomenon well matches the prediction from our theory.

We conducted additional experiments on the downstream tasks by generating two new Gaussian
samples, each with a different v* from the previous setup. These samples follow Definition [3.1]
with parameters set to g, = 1 and v = 1, while using the previous configurations for d and D.
To ensure linear separability with a margin, we applied a projection to adjust the data accordingly.
The test accuracy is calculated after each iteration using 1000 test samples. Both experiments use a
sample size of 400, and the learning rate is set to 1073,
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Figure 3: Test accuracy in the downstream task performance with different variable group numbers
and variable dimensions.

As shown in Figure 3] the test accuracy initially oscillates during the early stages of training. How-
ever, after a longer training period, the test accuracy stabilizes and converges to 1 in both settings.

This oscillation is primarily due to the transition in the direction of the vector vgt) during training.

According to our analysis, once vgt) completes its direction transition, the test error decreases, lead-
ing to stable learning in the downstream task. These trends are consistent with the theory, confirming

that the pre-trained transformers perform effectively on downstream tasks.

6 CONCLUSIONS AND LIMITATIONS

In this paper, we study how one-layer transformers trained by gradient descent learn a binary clas-
sification group sparse data, without imposing any prior knowledge on the initialization. We pro-
vide an accurate characterization of optimization trajectories. Based on this result, we theoretically
demonstrate that the one-layer transformers can almost attend to the variables from the label-relevant
group, and disregard other ones by leveraging the self-attention mechanism. Besides, we establish a
tight convergence rate with a matching lower and upper bound for the population loss. Furthermore,
we also propose that a pre-trained one layer transformers on a group sparse data can be effectively
transferred to a downstream task with the same sparsity pattern. We theoretically demonstrate this
conclusion by providing an improved generalization error bound for one-layer transformers, which
surpasses that of linear logistic regression applied to vectorized features. Our numerical experiment
observations support the theoretical findings. Although our theoretical findings provide insights
into the mechanism of self-attention in variable selection, we focus exclusively on a one-layer self-
attention model. Future research could be more intriguing if it explored deeper transformer architec-
tures. Additionally, investigating the integration of self-attention with other modules, such as MLPs,
ResNets, and normalization layers, presents a promising direction for further work.
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A ADDITIONAL RELATED WORKS

Expressiveness of transformers. There has been a line of works studying the expressiveness of
transformers. Yun et al.| (2020); |Dehghani et al.| (2019); [Pérez et al.| (2021); [Wei et al.| (2022) inves-
tigate the universal approximation results for transformers on a general class of functions. |Likhosh-
erstov et al| (2021); Bhattamishra et al.| (2022) evaluate the expressive power of transformers on
boolean concept classes by sample complexity. [Bhattamishra et al.|(2020); |[Liu et al.|(2023) explore
the the capacity of transformers to recognize formal languages. |Sahiner et al.|(2022) study the equiv-
alent finite-dimensional convex problems of transformers by the lens of convex duality. |Olsson et al.
(2022); Dong et al.| (2022); |Garg et al.| (2022); [Ruis et al.| (2020) investigate the capacity of trans-
forms to learn in context and interpret the attention layers as gradient descent iterations. [Sanford
et al.| (2024)) discuss the strengths and limitations of the representation power of attention layers, by
demonstrating the necessary intrinsic complexity of parameters on two different tasks.

Optimization of transformers. Several recent works study the optimizations of transformers.
Zhang et al.|(2020) compare the performance of transformers trained using SGD and adaptive meth-
ods, attributing the subpar performance of SGD in training language models to the heavy-tail dis-
tributed noise it introduces. In contrast, by adjusting the batch size in experiments, | Kunstner et al.
(2023) empirically demonstrates that the varying performance of Adam and SGD can be ascribed
to the differences in their geometric trajectories rather than the noise introduced by stochasticity.
Pan & Li|(2023) compare the convergence rate of Adam and SGD on transformers, and argue that
Adam has a better directional sharpness of the update steps than SGD. Through a two-stage training
regime, |Li et al.| (2023c) investigate the optimal parameters of transformers applied to a masked
topic structure model. [[Idiz et al.| (2024)) explain the mechanism of attention from the perspective
of Markov chains. The output of transformers is generated by a context-conditioned Markov chain,
with weights determined by the attention structure. [Nichani et al.|(2024) demonstrate that two-layer
transformers trained by gradient descent can encoder the latent causal graph in the first attention
layer when solving in-context learning tasks with latent causal structure. [Tian et al.| (2023) analyze
the training dynamic of transformers with one self-attention layer and one decoder layer trained by
SGD, revealing how transformers combine the tokens and attend more to distinct tokens. [Tian et al.
(2024) further investigate the training dynamics jointly with a MLP layer, predicting a particular
pattern of attention map and theoretically decrypting the hierarchies of tokens. |Li et al.| (2024) in-
vestigates the training dynamic of transformers when performing one-nearest neighbor selection.
Gao et al|(2024) studies the global convergence of transformers under particular conditions. (Chen
et al.| (2024a) investigates the in-context learning capacity of transformers by studying the training
dynamics of a two-layer transformer on n-gram Markov chain data.

B DETAILED COMPARISON WITH JELASSI ET AL. (2022)

In|Jelassi et al.|(2022), the authors provide a theoretical guarantee that one-layer vision transformers
can learn the inner structure of data, which is defined as “patch association” by the authors. This
result offers novel insights into the training dynamics of one-layer transformers.

However, both the conclusions and proof techniques of Jelassi et al.| (2022) can not be directly
extended or applied to this work due to the distinctive settings among these two studies. Specifically,
Jelassi et al.| (2022) considers a one-layer vision transformer defined as

f(X) =0o(v'XS(A)1p,

where X is the sequence of tokens/feature groups with each column x; denoting a token/feature
group, o(-) represents the activation function, v indicates the value vector, S(-) represents the
softmax function, and A is input matrix of the softmax function. Unlike the common design of
transformers, they directly treat the entries of the matrix A as trainable parameters and consider
training A with gradient descent. In contrast, we consider softmax attention with the formulation
S (ZTWZ), and treat the coefficient matrix W as the trainable parameters, which aligns with the
general design of transformers. Besides, the initialization of the value vector v in|Jelassi et al.|(2022)
is assumed to strictly align with the direction of ground truth v*, which is a strong and impractical
assumption. In comparison, we consider general zero initializations.

In addition to the distinctions among the settings of problems, our theoretical results are more pre-
cise and refined. While [Jelassi et al.| (2022)) provides an upper bound on the number of iterations
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needed to achieve a population loss of 1/poly(d), we offer both matching upper and lower bounds
for iterations to reach arbitrarily small population loss. Furthermore, we present a sample complex-
ity analysis for transfer learning, which surpasses the conclusion of linear logistics regression on
vectorized inputs from the PAC learning theory. In contrast, Jelassi et al.| (2022)) does not include
such sample complexity analyses.

C PROOF IN SECTION]

In this section, we provide detailed proof for lemmas in Section[d] Before we demonstrate the proof
details, we first introduce some basic gradient calculations of £(v, W) w.r.t v, W as,

VV,C(W,V) =E Zl(yf(Z,W,v)) "y

Of(Z; W,v)
. ov

=E[('(yf(Z;W,v))-y-ZS1p| =E

D D
Cyf(ZWv)Y gz ) Siy
j=1 j'=1
(C.1)
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For the following derivation, we first introduce a shorthand notation that ¢/(*)
O (yf(Z, W® v(®)), Besides, we also use A to denote an orthogonal matrix A with v* being
its first column. We denote &5, - - - , &4 the rest columns in A, i.e.,

= [v*a£27 e 7£d] S RdXda (C3)
where (v*, &) =0, (§;,&) = 0and ||&]||2 = 1 forall4,i' € {2,---,d}.

C.1 RESTATEMENT OF LEMMA [4.2] AND LEMMA [4.1]

For the sake of conciseness and coherence in the presentation, we rearrange some content from

Lemmaand Lemma Specifically, we consolidate the conclusion that vét) , Wgt)z, Wé )1 =0
into Proposition [C.I] The remaining conclusions of Lemma [4.2] are presented in Lemma[C.2] We

also include the remaining conclusions regardmg W§ )1 from Lemma in Lemma and the

conclusions about Wg )2 from Lemma n Lemma C 4 We present these new lemmas in this
subsection and proof them respectively m the following subsections of this part.

We first introduce our new Proposition m

Proposition C.1. For iterates v(*) and W) of gradient descent in (2.3) and (2.4), it holds that
vét) =0, Wgt)z = 0 and Wét)l =O0forallt > 0.

The next Lemmais a restatement of conclusion of vgt) in Lemma
Lemma C.2. Under the same condition as Theorem[2.2] it holds that

vgt) = aWy* 4y

1,error
for all 3 <t < T, where the error term satisfies that (v* vgtz,mr> = 0 and

H 1 error||2 704\/5 (C4)
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for some positive constant Cy solely depending on o, 7). Besides, the coefficient a(*) satisfy that

1 - 1
2 3n 2n303 2\ 3 ™ 2 2 6n 2n202 /2 3
\/ = t—3)+ = /ZD%) <o < /- —— = t—3)+ ——=4/=D3
( 7r2awD( )+ 1257 V « =0 2 no3D3 - WUQED( )+ 7T ™

(C.5)

In the following Lemma|C.3|and Lemma , we present the conclusion concerning Wgt)l and Wgt)z
from Lemma[.1] respectlve y.

Lemma C.3. Under the same condition as Theorem[2.2] it holds that
Wi = gvvT + Wi (C.6)

1,1,error

forall 3 <t < T*, where |f1| < ¢1v D for some positive constant ¢; solely depending on 1, 0.
Besides, the error term satisfies that

W) morlle < e €7V, (C.7)

1,1,error
for some positive constant C'; solely depending on o, 7.

Lemma C.4. Under the same condition as Theorem[2.2] it holds that

Wét,)QZBQ(Z Pjx — Py )(ij> 22error> (C.9)

J#I*
forall 3 <t < T, where 5% < |f2| > £ for some positive constants ¢z, c3 solely depending on
1, 04, and the error term satisfies that

W eerll2 < e €7VP. (C.9)
for some positive constant C'; solely depending on o, 7.
Lemma C.5. Under the same condition with Theorem with probability at least 1 — exp ( -
CsV/D), it holds that
S\ >1- Dexp(~CyD); 8% < exp(~CyD)
forall 3 <t < T*,j € [D]and j' # j*. The coefficients Cg, Cy are all constants solely depending

on o, and 7.

C.2 PROOF OF PROPOSITION

We will prove Proposition [C.1| by induction. And we first introduce several lemmas, which will be
used for further proof of Proposition [C.T]

Lemma C.6. If Wgt%, Wét)l = 0, then Sg»?’jz can be expressed as a function of {y-x1, -+ ,y-Xp},
and is independent with y for all j;, j» € [D].

Proof of Lemma|C.6] When Wgt)g, VV(t1 = 0, we can re-write St as

J1,J2
t) _ exXp (Z;’rlw(t)zjé) o exp (X;rlwg,)lxn + pjlwé )2p72>

1.2 — =D = =D
102 > ja=1 XD (z.T Wtz;,) > i1 OXD (x;»';W( )xj2 + p—r W(t)QpJQ)

t
o exp( TW()y X]2+pjlwé)2pjz)
- D t) :
Zh 1exp(y xTW( 1Y ijerJaWéQpp)

If we omit all non-random components, we have SJ1 s = Sgl s (y-x1, -,y Xp). Moreover, by

Lemma we obtain that S;l), j, 18 independent with y. O

Lemma C.7. If Wgt%, Wét)l = 0 and vét) = 0, then ¢'(*) can be expressed as a function of {y -
X1, -+ ,Y - Xp}, and is independent with y.

17
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Proof of Lemma[C.7] When vét) = 0, we express ¢'() as,

00— (2, WO v 0)) = : :

By Lemma S( ), is a function of {y-x1,---,y-xp} forall j,j € [D]. Therefore, ¢'*) can

also be expressed as a function of {y - x1, -+ ,y - xp} when omitting all non-random components.
By applying Lemma we have (/) is mdependent with y. O

Lemma C.8. If Wgt%, Wét)l, vgt) =0, Wﬁ =av*v*' and vgt) = bv* for some scalar a, b, then
S;i)’h and £ can be expressed as functions of {y(v*,x1), -+ ,y(v*,xp)} for all j;,j, € [D],
and they are independent with y(&;,x;) forall¢ € {2,--- ,d} and j € [D].

Proof of Lemma|C.8] When W:(L )Q,Wg)l = 0 and W§>1 = av*v*', similar to the proof of
Lemma|C.6] we can re-write S, j, as

T (t) )

viv® ij + p]1W2 2Pj2
Ji.d2 T ZD ( TW(g, ) - D T *T 5 . W(t)
js=1XP \Zj, Zjs D js=1 €XP (axj3v VI, TP, Wo 2PJ2)
X t
exp (ay(v*, %, )y(v*,%;) + P}, Wips. )

pu— D t .
Zjazl €xXp (ay<V*7 Xj3>y<v XJ2> + p]3W§ 2pJ2)

o exp (z]—'; W(t)zjz) B exp (ax

This is a function of {y(v*,x1),---,y(v*,xp)} when omitting all non-random components. Be-

(®)

sides, when v,’ = 0 and v; = bv*, we express ') ag,

0O = (2, WO V) = - ; 1

1+exp (yf(2, WO, v()) 1+ exp (Z]D 1<V§ ), YXi) D s{)

Ja]')

Since we have demonstrated that Sgtl{jQ is a function of {y(v*,x1), - ,y(v*,xp)} forall j,j' €
[D]. Therefore, ¢'*) can also be expressed as a function of {y(v*,x1), -+ ,y(v*,xp)} when omit-
ting all non-random components. By Lemma we obtain that y(v*,x;) is independent with y
for all j € [D]. Furthermore, by the orthogonality among v* and &, - -+ , &4, we can also obtain

that y(v*,x;) is independent with (&;,x;) for alli € {2,---,d}. While for j # j/, y(v*,x;) is
independent with (§;,x;/) since x; is independent with x ;. Combining all the preceding results,
we conclude that y(v*,x;) is independent with y(ﬁi,xj/> forall i € {2,---,d} and 4,5’ € [D].

Since S") VinSs ¢'®) are functions of {y(v*,x1),--- ,y(v*,xp)}, we finally prove that they are in-
dependent with all y(&;,x;)’s.

O
Now, we are ready to prove Proposition [C.1]
Proof of Proposition[C.1} Since the iterates of v(*) and W(t) start with v(?) = 0 and W(® = 0, it
suffices to show that V., L(v(), W®)) = 0, Vy, ,L(v), WD) = 0and Vw, , L(v), WD) =

0 given v\ =0, ng 0 and Wg)l =0by inductions. We first prove that V, £(v(), W) =
0. By @]) we have

D D D D
VLW =3 5 B[y 8(; o = 37 3 BIIE[(S) o =0
j=145'=1 j

~—

j=14'=1
The second equality holds because ¢/(*) Sg )j is a function of {y - x1,--- ,y -xp} forall j,j’ € [D]
by Lemma and Lemmawhen v(t) =0, W(t)2 = 0and W(t)1 = 0. Then by Lemma

()

we have y is independent with ¢/(*) S . And the last equality holds since E[y] = 0. Next, we prove

18
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that le LV, W®) = 0, and we skip the proof for V, , £L(v(, W®) since it’s similar.
By (C.2), we have

D D
VWI,QE( (t) W(t) Z Z |: f/(t)s t) S(t < (t)’Zjl>(le — Xj//>:| p;r
J=1 /=1 j" 45"
D D
=>.>. > E{ygl(t)s(t)gsg D ) (e — yxj“)}pjT
j:1]/=1 ”#]
D D
t t t
= Z > El V( 1S5S0 ) (yxg — yxj'//)}pjT =0.
J=14'=1j5"#j’ Pe

The second equality holds because (v(*),z;/) = (vi” x;/) when v§” = 0, and 5> = 1. The third

equality holds since I(*) is a function of {y - x1,--- ,y - xp} forall j, j’, 5" € [D] by Lemma
and Lemrna when vét) =0, Wgt)Q = 0 and Wét)l = 0. Similarly by Lemma , we have y is
independent with ("), The last equality holds since E[y] = 0. This finishes the proof. O

C.3 CALCULATIONS FOR INITIAL ITERATIONS

Since we have demonstrated that vg)7 Wgt)g, Wét)l = 0 throughout the training process in Proposi-
tion (C.1| we will focus our analysis solely on the iterates V(t) W( and Wé )2 Before we further
present the global characterization of vgt), Wg)l and Wét)Q we ﬁrst calculate several initial iterates
of these parameters in the following lemmas.

Lemma C.9. Under the same condition with Theorem the iterates vgt)7 W of gradient de-
scent defined in (2.3)) and (2.4) satisfy that W(!) = 0 and vgl) = aMv* with oV = %
Proof of Lemma[C.9] Att = 0, we have <v§0)7 z;/) for all j' € [D] since vg ) = 0, and correspond-
ingly Vw £(v(®, W()) = 0. Therefore, we still have W) = 0. On the other hand, we calculate
the gradient of £(v(®), W) wrt vy att = 0 as

D

D D
1 1 T *
VL WO) = 32 S B[S = 3 S Bl] = —jEle] = T

j=1j'=1 Jj=1

The second equality holds since ¢/(®) = 1 by the fact f(Z,v(®), W(®) = 0, and Sé??j = 2 for all

4,5" € [D] by the fact W(®) = 0. The third equality is by the independence between y and x; for
J # j*. The last equality is from[E.4] By this result, we obtain that

v§1) = vgo) — )V, L WO = ﬂ%v* =aWv*,

which completes the proof. O

Next, we provide the calculation for the second iteration.

Lemma C.10. Under the same condition with Theorem [2.2} the iterates vgt) of gradient descent
defined in ([23) satisfies that v{* = a®v* with a?) = G)( ).

Proof of Lemma[C.10, By the fact W(1) = 0, we still have S( ) % forall j, j/ € [D]. Therefore

we can calculate the gradient w.r.t vg ) as

D D
Vo, LD, WD) =SS E[eWysth x, ] = E[0Wyx.] + 37 E[Oyx;]

i=1j'=1 it

19



Published as a conference paper at ICLR 2025

We analyze the value of E[¢/(Vyx ;.| and E[¢'Vyx;] respectively. For E[¢/Vyx -], we have
E[¢Wyx;-] = AATE[(Dyx;-] = AE[£Dy[(v*,x;0), (€2, %500, (€ x5-)] |

= AE {E’(l)yKV*an*% <€2axj*>7 R <£d7xj*>]—r:|
d

=E[(Wy(v*,x;-)]v + Y E[('Vy(&i,x;)]&
=2

d
=E[(Wy(v*,x;) v + Y E[I'Vy|E[(&i,x;-)]& = B[ Dy(v*,x;-)]v*,
=2

where A is the orthogonal matrix defined in (C3). The penultimate equality holds since E’ W =
. By replacing y with sign ((v*,x;-)), we can notice that y¢'() only

1+exp (O‘(l) ZJD:1<V 1yx]>)
contains the projection of x;- on the direction of v*, i.e., (v*,x;~). Hence by the orthogonality

among v* and &, - - - , £ and properties of Gaussian distribution, we have (§;,x;-) is independent
with y¢'") for all i € {2,---,d}. The last equality is simply by E[(&;,x;+)] = 0 for all i €
{2,---,d}. Through a similar process, we can also derive that

E[¢Dyx,] = E[fOyiv" x,)]v"

for all 7 # j*. Moreover, we could notice that ¢/ (1)yxj have the same distribution for all j # j*,
and correspondingly E [¢/(Vy(v*, x;)] take the same value for all j # j*. By carefully checking
the distribution of ¢/(Vy(v* x;) and ¢'(Ny(v* x;) with j # j*, we notice that Lemmaand
Lemma apply to the calculation of E [E'(l)y<v*, x;+)] and E[¢'My(v*,x;)] with j # j*. We
can derive that

Vo, LvD, W) = ( [ Wy (v x;-) Z E[¢/My(v* xﬁ])v :
J#5

And for the coefficients of v*, we have

/2D no? 2m
E[f/(l) (v, x;+) ZEK/ va Xg > 0’1\/7 < Jan 7720_;1)2@(\/5),

J#5*

and

]E[fl(l)y<v*,Xj*>] + Z EV/(I)MV*an)] <

no

. : 4(14702) [D 2,54
— 0. e 2w + w — exp (T]%) S ®
iz 2v/2em N0y s 2w

Applying these results into the gradient descent iteration of vgt), we have

vid =y n(E[f’(l) vix] + Z E[¢'My(v ,xj>Dv* = aPv*,
J#I*
where a(?) = ,@(\/5). This completes the proof. O

Lemma C.11. Under the same condition with Theorem [2.2] the iterates Wg 1 of gradient descent

defined in (24) satisfies that ng = B1v*v*T. The coefficient 3 satisfy that |8;| < ¢;v/D for
some non-negative constant c; solely depending on n and 0.

Proof of Lemma[C.11] We first demonstrate the calculation details of Vi, , £(v(), W) Since
vi? = aWv* and v{" = 0, we always have (v(¥), z;) = () (v*,x;) in the following calcula-

tions. For Vw, , £L(v)), W), we can obtain that

T, L W) <[ S5 Y S8 vy ]

J=1j5'=135"#j5"

20
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a(l

D D
i) Z Z E é’(l (v, xjr )x]/x - Z Z Z E E’(l) (v, xjr >xjuij] .

Jj=1j'=1 J=14'=13"#j’

I Iy

We analyze the value of I; and I, respectively in the following. For I, we can obtain that

p b <V*’Xj’>
I a(l) _1 ZZA E|¢Wyv ) <€2,:xj'/> [(v* )}, (€0 %), s (€arx)] | AT
e (€0, %)
Bj,j’eRdxd

We denote the entry in the ¢1-th row and i5-th column of the expectation matrix B/’ as B/

utilizing Lemrna L we can examine the value of B’ for two cases: j=j andj # j'.

11,12

By

i1,02°

Casel: j = j'.
1. B{’ﬂ = E[Z'(l)y<v*,xj>3]

2. B, =E[0Oy(v* x;)(&,.x;)?] = E[lOy(v*,x;)|E[(&,.%;)?] = e2E[¢'Dy(v*,x;)].
forall 47 # 1.

3. lejlg = E[Z’(l)y(v*,Xj>2(£i2,xj>} = E[E’“@(V*,xﬁﬂE[(&Q,Xj>] =0, for all 75 # 1.
4, lejl = E[E'(l)y<v*,Xj>2<£il,xj>} = E[@’(l)y<v*7xj>2]E[<£il,xj>] =0, forall i; # 1.

5. lejzz = ]E[g/(l)y<v*7xj><€i1’xj><£i27xj>] = ]E[él(l)y<v*7xj>]E[<£i17Xj>}]E[<€’i27xj>} =0,
for all ’Ll,ig 7é 1 and il 75 i2.

CaseIl: j # j'.
L B3 = E[fOy(v*, x;)2(v*, x5)].
. lejm _ EV’U)?J(V*aXj'>2<£i2’xj>] — E[gl(l)y<v*,Xj/)Q]EK&izvXjﬂ =0, for all i3 # 1.

3. Bfij@ = E[gl(l)y<V*7xj’><£i17xj'><V*ﬂXj>] = E[gl(l)y<v>k7Xj’><V*7xj>]E[<£i1>xj'>] =0,
for all 47 # 1.

4. B‘le‘]LQ - E[‘gl(l)y<V*an’><£i17Xj’><€i27xj>] = E[E/(l)y<v*7Xj/>]E[<€i17X]">]E[<€i27xj>] =
0, for all 4,42 # 1.

By previous discussion of le i,» We derive that
WD -1) & & W(D —1)02 I L
« * * * ok @ O *
I = 7(1)2 ) E g E[é“”y(v ,xj/>2<v ,Xj>]V vl 4 —( D2 ) E[Z'(l)yw ,xﬁ]&éj
o i=2 j=1

(C.10)
Similarly, for I», we have
y
1) 27Xj” .
o SN AER[Dy(v ;) : (V¥ x), (€2, %)+, (€ayxy)] | AT
J=17'=13"#j' ’
(a,xjrr)

Cii’3" gRdxd
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We denote the entry in the 1 -th row and i9-th column of the expectation matrix G733 as C7 303" .

11, ’LQ
And we examine the value of C] J ’2] for two cases: j = j” and j # j”
Casel: j = j".
1. C{ﬁ J = E[é’(l)y<v*,xj>2<v*,xj/>].
2. €77 = E[Oyvixg)€n %)’ = E[fOyivx)]E[E %)) =
2B [0 My(v*,x;)], forall iy # 1.

3. C{izj = E[0Oy(v*,x; ) (v*, x;) (€, %) ] = E[Dy(v*,x; )1 (v*, x;)|E[(&i,,%x;)] = 0,
for all 75 # 1.

4. Cfﬂj =E[0Wy(v*, x;) (v, %) (&, x5)] = E[0Dy(v*,x;)(v*, x;) | E[(&,,%;)] = 0, for
alliy # 1.

5. Cgljzzj = EV/ 1)y<v*’Xj/><€ilﬁxj><€i27xj>] = ]E[El(l)y<v*’Xj/ﬂ]EKE’iUXjHERSiQ?Xj>] =
O for all 21,7,2 75 1 and il 75 ig.

CaselIl: j # j'.

11

LGP = By v ) (v xp0) (v, %))

2. lejmaj E[ﬁl(l)y<v*,Xj’><V*,Xj”><£izvxj>} — E[Z/(l)y<v*,Xj/)(V*,Xj">]E[<€i2an>} =
0, for all 45 # 1.

3. Cfljfj = E[0Wy(v* x;) (&, , x50 ) (v, x;)] = BE[0Oy(v*, x;) (v, %) |E[ (&, x;0)] =
0, for all i; # 1.

4. Cff;j =E[0Wy(v*, x;) (&, %0 ) (&irr x5)] = BE[0Oy(v*, x;) | E[(&,, %) [E[(&i,.%5)] =
0, for all 41,19 # 1.

y] 7.7

By previous discussion of CJ , we derive that

(1) D D . o d D
IQ = C;)ig Z Z Z EV’(I)y<V*,Xj/><V*,Xj” <V*,Xj>} V*V*—r + — 1 J$ ZZE 6/(1 V 7XJ>]5161T
J=1j'=150 i=2 j=1
(C.11)

aM(D

Notice that the coefficients of &EZT are all equal in both I; and I». Besides, we define two sets:
Jv =105, i" €Dl j. i # 3,7 # '} and Jo = {(4, 5", 5")4. 5", 5" € [D}; 3, 5", 3" # 3", 5 #
j' # 7" }. Then by using (C.10) minus (C.I1)), we get

vW] 1‘C( ® W(l)) = Il - IZ

D D
04(1)< _1 ZZE@’(I) vt )2 (v xj ZZ Z IE(/(I (v ,Xj’><v*,xj'/'<v*’xj>]>V*V*T

Jj=1j'=1 J=14'=134"#j’
I3
a(l) /(1) * 2/ % /(1) * * *
:ﬁ (D-1) Z E[ﬂ y(v axj'> (v ﬂxj>] - Z E[f y(v 7Xj’><v 7Xj”<v vXj>]
(4,3 €1 (4,5,3"")€J2
1311 I3,2
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Z E[€’(1)y<v*,xj/>2<v*,xj>] - Z E[ﬁ’(l)y<v*,xj/><v*,xju (v*,x;)] )V*V*T.

(43¢ 1 (4,3%,3" )¢ J2

I3
By carefully checking the terms inner expectation of I3 1, we can utilize Lemma to obtain that

2 2 5 no2 T
_\/54(?7 o T Unoy ek s g oL cEEripe,
1 = 13,

T 48mntod
Similarly, we obtain that
2 4 3 oy (3 2 4 3 n’of 3
_ 16 6774:1( Oz + no e 4r > D5/2 < 132 16 n?og ( Oz + noze 4 ) D5/2
no? ous Varm - no? V2T Vor

by Lemma|[E.13] and
2 312
|Ig73| S 6 7O'_TD
™
(t)

by Lemma Applying all the preceding results to the gradient descent iteration of Wy 3, we
finally obtain that

IN

W& =W Vw6, WD) = gvivT

) )

And the coefficient 3; satisfy that |31 || < ¢;+/D for some non-negative constant c; solely depending
on 7 and o,,. This completes the proof. O

Lemma C.12. Under the same condition with Theorem [2.2} the iterates Wé 5 of gradient descent
defined in (2.4) satisfies that

(2)
WiL= (¥ (b -, )(zpj)
J#T*
The coefficient 3, satisfy that 75 < B2 < 5% for some non-negative constants cy, c3 solely de-
pending on 7 and 0.

Proof of Lemma O

For Vw, , £(v(Y, W), we can derive that

D D

VW2’2£(V(1),W(1)) =E |:£/(1) -y - Z Z Z S 1) S(l . (1)7 Zj/>(pj/ — pJ//)p;r:|
J=1y'=135"#j"

Oé(l) D D

_ (1)
1) ZZ g/(l) (v*,xjr >]pJ P] ° ZZ Z Ef,l) Y- (v >lpj”pj~

J=13'=135"#j'

Il IZ

We discuss the value of I; and I respectively in the following. For I, we can obtain that

a(l)(D -1 (1), 7% /(1) z T
I, = TE[Z y(v*, x;+) Zp] Z E é y(v*, x;) pj/ ij .
j=1

J'#5*

I Iy

While for I5, we can also obtain that

@ D (1) ZD
IQ = LDQ [E[g’(l)y<v*,xj*>] E pj// ( E pT) + aDj E[E/(l)y<v*axj'>] pj* ( pJT)
j=1 j =

J"#9”

Ion Iz 2
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S YT Rl (D).

J1#EIT 3 #E G

Iz 3

As we discussed earlier, E[¢/ Wy (v, x;)] takes the same value for all j # j*. Therefore, we can
obtain that

VW2,2‘C(V(1)7W(1)) =h—-IL=(h1—-1I)+ ((11,2 —I3) — 12,2)
)

9 (B [0y v x,01] - EEO 0] (T (6 — ) ( Z p] )
J#I*
Furthermore, we can utilize Lemma[E.10|and Lemma[E-T1] to obtain that,

2 4(1+no?) n?ol
El/D v x.: ) — E[0Dyivc. x.\] > — \/7 T e) z
[ y<V ’ X] >] [ y<V ’ X] >] - Ox T nos /7D7_r €Xp 1t ’

2
E[{'Dy(v* x;.)] —E[I'Oy(v* x,)] < S
[ y( j >] [ y( ]>] RN

Applying all the preceding results to the gradient descent iteration of Wét)g, we finally obtain that

and

W) = Wé ) — nVw,, L(v, WD)
a®

T (Bl Wytvt )] +EEOuiv' )] ) (X (o "‘pﬂ)<zp’>

J#i*
D
-

=58( Y (o —pj))(ij )

prs =1

where

2,2 o2 2 2) 2,4 2 2
1 nio; T < By < 1 oy - 4(1+770m)67~ < 1 2y Tz
D? 47 /e D? « nox\V2D D?2 r«

This completes the proof.

C.4 PROOF OF LEMMA [C.3] LEMMA [C.2] LEMMA [C.3]AND LEMMA [C.4]

In this subsection, we provide complete proof for Lemma [C.3} Lemma E;l Lemma @ and
Lemma We first prove Lemma | given that the result concerning W) in Proposition |C. 1]
Lemma [C.3| and Lemma [C.4] holds. Then we use Lemma [C:3 to prove Lemma [C.2] Lemma w
and Lemma [C.4] by induction. We would like to clarify that this is not circular reasoning, since we
are utilizing induction. It’s reasonable to assume that all conclusions hold for each iteration and
verify all conclusions still hold for the next iteration, as long as we can rigorously demonstrate these
conclusions hold at the beginning.

Proof of Lemma|C.3] By Lemma[C.3|and Lemma[C.4] there exists constants ¢y, ¢2 solely dependin g
on 7,0, such that |3;| < c1VD and By > 025. Then further combining with Lemma

c

— 2
Lemma [E.16{and Lemma E.18] with probability at least 1 — %;%De 772YP _ De=2, we
can obtain that

2, Wz = x W{')x; + p, Wip],
(D +1)?
ﬂQ + X;I—/Wg )1 errorXj + Py W2 2 E:I‘rOer

4
< (B0 x5 ) (v 350 |+ [TWES Lo 35 21557 12+ WD o5 125 21122

= BV, x5 ) (V' %) — ¥
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<c1f<1/1361 omDi>2+eC2 o2(Vd+VD)* + e@f(ﬁf

C2
<=D
12

holds for all j’ # j* and 5 € [D], and

T
Z;—*W(T)Zj =X; Wg X5+ p;r*wé 2)p;r

. ) (D - 1)(D +1)? T
= 61 <V 7Xj*><V 7Xj> + fﬁ 2T X Wg 1,error Xj + p] W2 Q)errorp]
CQD * * T T
> 25— BV ) (v )| - Hwﬁ,ﬁmuznxj||2||xj-f||2 — W4 crerl L 95 2212
2 2
CQD Co 1 D+1
27 D D _
=7 le( 13¢,02°" 4) ecz o2 (Vd+ VD) - eczf(\/ 2 )
>2p
-6
holds for all j € [D]. Therefore, we can obtain that
2p
s > ____ ¢° —— >1-De 1D,
Jﬂ_@%D—I—(D—l)el%D_ e ;
2p
S < o < BP,
79 = eFD 4 (D —1)eBP
__c2
holds for all j' # j* and j € [D] with probability at least 1—1/265271:2D3/4e w177VP _pe-% >
1 — e=%VD for some non-negative constant Cg solely depending on 7, o,. [

Next, we prove Lemma|[C.2] Lemma|C.3|and Lemma|C.4]by induction. When we prove Lemmal[C.2]
we will assume that Lemma and Lemma hold at current iteration. The same situation
still holds for proof of Lemma @ and Lemma @ As we discussed earlier, this is not circular
reasoning by the essence of induction. Rigorously, all the conclusions from these three lemmas
could be composed into a big induction. However, for simplicity and consistency, we present them
respectively. Besides, we denote E; the event that |(v*,x;)| < c4D'/* and ||x, |2 < 0,(V/d++V/D)
for some constant ¢4 solely depending on 7,0, and all j € [D], and denote Ef the complement

event. By Lemma | the occurrence of E; can imply that S( ) . >1—Dexp(—CgyD) and Sy)j <
exp(—CyD) for all 5/ # j* and j € [D]. And the probablhty of E; follows that IF’(ES(t)) >
1 — exp(—CsV/D).

In the following, we present the proof for Lemmal[C.2]

Proof of Lemma|[C.2] By Lemma and Lemma , we have Wﬁ = Byv*v* T with |31 <
1V D, and W§22) = Bg(zj#* (pj* — pj)> ZJD:1 p?) with 62# < By < 035, aligning
with the formulas of Wgt)l, Wgt)z in Lemma and Lemma We assume the conclusions of
Lemma and Lemma still hold for any ¢ < T, then by Lemma we have P (Egt)) >
1 — exp(—Cy \@) Based on this result, we define a proxy gradient gf,t) which is calculated by
assuming Sg-i),j =1,1ie.,

G\ = DE[0'(Day(v*,x;+) + Dy(vi e x;0) ) yx;+].

Vi ,error’

(®)

Besides, since vy .,

is perpendicular to v* (which is 0 at ¢ = 2), it is inner the linear subspace

spanned by the {&5, -, €4}, and we denote its decomposition as nglmr = 2?22 agt)Ei. By the
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orthogonality among &2, -+ ,&4, we have ZZ 5 (a (t)) | gfirr0r||;. We also denote P the

projection matrix of the linear subspace spanned by the {&3,--- ,&;}. Then, we can decompose
( ) by a similar process in Lemma as

G = DE[H(Da“ y(v*, X >+Dy<v() X)) Y+ }

1,error’

:DAAT]EV’(DQ(” (v, x;» —|—DyZa (&, xj+ >)yxj*}

=2

d
— DAE|¢'(Day(v*,x;-) + Dy Y al™ (€ %)) y[(v* x50, (€2,%50 ), s (€0, %)) ']

=2
d
= DE[¢'(Da®y(v*,x;-) + DY ay(gi x;0)) y{v*, x;-) |v*
=2
+ZDE[€’ (DaWy(v* x,.) +D2a( (&%) )y € xse) | €

= 1=2
And we can upper bound the difference term as

vaﬁ(v(t)»w(t)) - Qét)Hz = HE[DK'(Da(t)yW*,xj*) + Dy(vgtgrmr, ))yx;- — Z Zé’(t yxj/S( ) }

7'=15=1
E H (Dzl(Da(t)y<V*7X]'*> + Dy<vgte):rror7 yx]* - Z Zé/(t)yxj/s( )1{Ef} ’ ]
j'=1j=1 2
E H(Dﬁ'(Da(t)y(v*,ij —|—Dy<vgtimr, ))yx- — Z Zﬁ’(t)yx /Sj J)l{EC ’ ]
j'=1j5=1

0 (DaWy(v*,x;-) + Dy % ) —¢®

1,error»

SD}E{

)]+

(®)
(p->52,)
j=1

Iz

|

I

+ 3 ZE[ S(t’jl{Ef}}—kDE{ t}]+D§D:1E[
J'#3* j=1 j'=1

n
13 15

o)

where the inequalities hold by triangle inequality and the fact that |¢'| < 1 and |S;/ ;| < 1. Next, we
demonstrate our analysis on two cases: t = 2 and ¢ > 3.

When ¢ = 2, v{? = a(dv* implies that vfe)m)r = 0. Therefore, we have
G\? = DR [E’ (DaPy(v*,x;-))y(v*, xj*ﬂ v*.

And we provide the upper bounds for each term of val L(v W) - (]52) H respectively. Spe-
2
cially, for I, we can derive that

I <D]E[€’(Doz(*) (v, x; )—i—Dy(Vgtgm)r,x )) E’(Q)‘Hx ||21{Et:|
D ®) @
SZE Da'¥y(v* ,x;+) — ZZyv LX)
j'=1j5=1

+ Dot |ZiE[ v oxp)

J'#3* i=1

(t)
S ",jl{Et}}

21{Et

D D
Sl KD -3 s§i{j> [(v*, %)
j=1
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_@0: D7 |a®|(Vd+ VD) _ 1
- 2eCo D 5neC4‘F

The first inequality is because £’ is Lipschitz continuous with i. The penultimate inequality holds
since [(v*,x;)| < e3DY4, ||xjll2 < 0.(Vd + VD), Sgtj > 1 — Dexp(—CyD) and ng)j <
exp(—CoD) when 17,3 = 1. And the last inequality holds since a? = —0(v/D). Similarly, we
also have

DWd+vD) _ 1 L D*WVd+VvD) 1

(%
I, < I
2 and 3 S ecD 57’]604 VD'

- eCoD = BpeCaVD '
For 14 and I5, by applying Cauchy-Schwarz inequality, we have

/ /7 1
2 .
I4 <D ]E ||X] || l{EC CB\/* 57’604\/57
D2f 1
2
203 VRl Rl Bl = 58 < ot

Combining all preceding results, we have | Vy, £(v(?), W2)) -G
C4 only depending on o, and 7. Furthermore, we can derive that

i = v =V, L@, W) = a®v =562 —n(Vy, L, W) —g?)

H2 <& r for some constant

= (a@) + DnE [ — 0 (Da®y(v*, x;-))y(v*, XH} + <V*, nG» —nVy, L(v?, W<2))>>V*
+ 1P (9 = Vi, £L(vD, W)

=aB®v* + vi®)

1,error*

For a®, we can utilize Lemma to derive that

2 2
a® > W[D+a = ||V, L(v 2’,W(2))—G£2)I|QZW\/ED%
4 5 s
(3) 2 @) @ W) _ c@ 2
a'? < no, fD—|—oz —|—77||Vvl/3(v ,WE — g1 ||2 < no, ;D.

And we also have Hv1 em)rHQ n||Vv, L(vZ, WP — SZ)HQ < ¢=94VD | which completes the
proof att = 3.

Since we have derived that (C.3) and (C4) hold at t = 3. We will use induction to prove the case
when 3 < ¢ < T*. Instead of directly proving (C.4), we prove the following inequality

nt
Hvl,errorHQ — ec\/B)

(C.12)

where c is some positive constant solely depending on o, and 7. Then we assume (C.3) and

hold at any 3 < ¢ < T — 1. Similarly, we can bound I; in HV‘,IE(V(”, wW®) — gf,“ , as
I gDIE[ 0 (DaOy(v*, x;+) + Dy(vi dors X)) — z’<t>‘||xj* ||21{Et}]
D (©) g (v ) ) ®
SZE Da y<V ) X > + Dy<V1 serror? X Z Zy \a tvi ,error’? 4’>Sj/7j HXJ }
j’'=1j5=1
Da( N
< l( ZS(t) ) v, X | [|<v VX ) ! S(f?-l{Et}]
15 =1
D
+Pg (t) D (t)
Z (D ZS j) 1err0r||2| +Z Z ZE[HVLermrHQ’ 21{Et}:|
=1 J1#§* =1

27



Published as a conference paper at ICLR 2025

c30. D% oW (V/d + /D) + 402D3Hv1 morHQ max{d, D} 1
<
2eCoD 5€C\F
The first inequality is because ¢’ is Lipschitz continuous with 7. The penultimate inequal-
ity holds since |(v*,x;)| < e3DY4, |xjll2 < o.(Vd + VD), ]t)j > 1 — Dexp(—CyD)

and ng)j < exp(—CyD) when 1;gzy = 1. And the last inequality holds since alt <
O((T*'? + D) <« exp(C’g ) by (C3) and our definition of 7% in Theorem For other terms

in HV L(v® W) — , we can obtain the same upper bound with ¢ = 2. Therefore, by

combining these results, we obtaln that HV‘,lﬁ(v(t)7 W(t)) — g,ﬁ” ||2 < ec% for some constant ¢

only depending on o, and 7. Now, we are ready to derive the gradient descent update for v(*+1) as

Vi =l v, L(v, W) = alOv 4 v *ngﬁt)*”(vvlﬁ( W) - g(t)

1,error

( ® 4 DnE — 0 (DaWy(v*, x;-) + Dy(vgtermr,xj ))y(v*,xj*ﬂ + <v*, nGgiH — anl£>)v

d
S (aE“ +DE[ — £ (DaWy(v*,x;) + DY aly(€ x;0))yléir ;e | )si + 1P (9 — Vv, £)
=2 1=2

(t+1)

(1) *
= v +V1,err0r'

For o™ we can utilize Lemmam to derive the following iterative formulas

) 1 1
Al > o ® D[ ( _ >_ Ty, £(v®, W) — g0
a'’ +n 2D (a ())2 U§D4(a(t))4 all g,

2 1
©0) n_o_
>a +\/>20'mD (a(t))27

t 2
(1) < o® L pp 21 ﬂ# V. L(v® WD) _ g
@ <o+ T, Dz(a(t))2e +9|[ Vv, L+, ) =G, Hz

a(t)+\/§ 2n L
T oD (a(t))2

hold for all ¢ > 3. Then combined with the fact about initialization that "%\/g D < a® <

and

N0y \/g D, Lemmal|[E.19|and comparison theorem, we finally get that

. 1 1
2 3n 2n303 2\ 3 T 2 2 6 2202 2 .\ 3

\/ = t—2 e JEZD3) <otV < [ = t—2 2\ =D3
( i 2amD( )+ 1257 V & =« ~—V 2no3D3 * v UxD( )+ ™ T ’

(t+1)

error | | 2°

which completes the proof for (C.3). Next, we demonstrate the upper bound for Hv1 In order

to provide this result, we first analyze the coefficient of each &;, and W.L.O.G, we assume az(. ) > 0.
Then by Lemma[E-TT] we have

E[ -y (Da(t)y<v*,xj*> + Dy(vgtimr,x] ))y(v*,xj*>] <0,

and

2
. ¢ . 2 Ugal(»t) 7 DZH Vi ermor || 5 6o,a; ®)
E[_E/(Da(t)y<v ’Xj*> +Dy<v5,2nor’xj*>)y<v 7Xj*>:| > _\/; a® € 2 > — 77D s

where the last inequality holds by a(*) \f D. Therefore the coefficient of &; follows that

o) + nDE[ —0(DaWy (v, x;-) + DZaz('t)y<£i7xj*>)y<£iaxj*>} ‘ < |a§t) B
i=2
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by o, < % from conditions of Theorem Based on these results, we can finally provide the

upper-bound for Hertfo)er as

d d
vitemall, <[22 (ai” +DE| ~ £ (Day(v*, x;-) + DZa?)y@i,xm)y@xj*>})ai
i=2 i=2 2
i
d d 2
<\ 2 <a§t)+77D]E[f’(Da(t)y<V*7Xj*>+DZaz(’t)y@i,xj*))y(Si»Xj*)}) + ZE
i=2 i—2 ec
d
2 Ui (t +1)p
< ; (av(It)) + ecf - HVI errorHQ ec\/ﬁ ’

which completes the proof for (C.12). Further by our definition of 7* in Theorem[2.2} we can obtain
1" n —C4vVD
Hvl,errorHQ = 607\/5 <e :
This completes the proof for (C.4).

Next, we present the proof for Lemma|C.3]

Proof of Lemma|C.3| By calculations in Lemma | we have obtained that W follows CH
with W%

1,1,error

= 0. Instead of directly proving (C.7] , we prove the following 1nequahty,

t) nt
||W§ 1error||2 < ec\/ﬁ'

(C.13)

for some constant ¢ solely depending on 7 and o,,. Therefore by induction, we assume it holds for £,
and prove it still holds for t+1. Actually, it suffices to show that HVW1 LV W) ||2 <e VD,
By (C.2), we have

Vw, ﬁ( ) W)y

[z“’f) Z Z > S0SE yvl x) (kg — X )% }

J=15'=135"#35"

- D D r
=E|¢® Z Z Sg»?j(l — SS?J) (Vgt),x] )Xj/ij] —E[¢® Z Z Z SJ g ],,]y V1 >X7 >X7”X]T}

Jj=1j'=1 J=17'=1;5"#j5"
L I,
=E[¢/® Z Z s(t (1- s(t Dy vV x; )xjx; g,y | + [g/(t) Z Z st )y<v§ ) %, )%, 1{Ec}}
- j=1j5'=1 - j=1j'=1
11,1 Il.2

|:€,(t)z Z Z S(t) ) V1 7Xj >XJHX 1{Et :| |:£/(t) Z Z Z S t) S(t Jy V1 ,X] >X]//X ]_{Ec}:l

J=1j'=13"#j" J=1j'=13"#j'

1> Iz 2

For I; 1, we have

Il < 32 3 B[S0 -80) («lev" 50

Jj=1j'=1

(®)

y

1{&}}
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- 8D?max{d, D}(csa¥ DV/* + Hvl mor“ (vVd + \F)) 1

- ecoD 4eC\F
The first inequality is by triangle inequality and |y| |¢'] < 1. The second inequality holds because
|(v*, %)) < 3DV, ||x]l2 < 0x(Vd + VD), S, > 1~ Dexp(—eD) and SY; < exp(—eD)
when 1;z,3 = 1. The second inequality holds since o ) < O((T*)Y3 + D) < exp(CyD) and

Hv1 em)rHQ < e~ CaVD by Lemma and definition of T in Theorem Similarly, for I5 1, we
can obtain that
o) 1

D D D
t
Ially < 30 3 E[s,80, (a0 v )
=115 A
- 9D? max{d, D}(ca¥ D1/* + ||v§2m,r||2(\/g+ VD)) o1
ecP ~ 4eeVD’

In the following, we also denote v* by &; in summation calculation for simplicity of expression.
Then by applying Cauchy—Schwarz inequality, we can obtain an upper bound as

+ H 1err0r 2’|Xj||21{Et}

5 g Rgl
ok SO (1 -8 )y §£; iji
11221, = AEP“”EIEZ =S yivi? x| [@hx»xgb&x~-xahmﬂ1wa}AT
S (€4, %) g
d d
= ZZE[@@)Z Z S(t S(t ) <V§t),XJ ><£i»xj/><£i’axj>1{E§}:| &
i=114'=1 j=14'=1 2

_ D D 2

L j=14=1

[SEE
-

o
Il
i
N\
I
A

2
@wmme)PW

2 D
z/ Xj > ( V1 aX] 'qug >2>‘| ]P)(Etc)

«
Il
-
S\
I
—
T
<
Il
-
<
I
-

IN
—
M=
M~
=
7 N
.MU
'MU
e
oo
_
N
S

M=
v
ﬁ

i=14=1 L j:l 7'=1
d d i D 2 D
< X | (el ) (X o w26 x0?) | VETE)
i=14=1 L “j=1 j'=1

d d D D D
WMwwzZZZZZM&mmmm&m%wmmﬂmm
i=14'=1j1=1j2=1j5'=1
\/>U3dD (O‘(t) + H i errorHQ) 1
OD S 4o/
The first and second inequality is derived by Cauchy—Schwarz inequality, and the facts that
ZJ 1 (S(It )2 < land (1 - S(t) )27 2 ¢ < 1. The last inequality holds since a(¥) <

O((T"‘)l/3 + D) < exp(Csy/D) and vatimer < ¢ %VD by Lemma and definition of
T* in Theorem 2.2} Similarly for I, we also have

IN

2, X1
||12’2H2 = |AE {el(t) Z Z Z SJ J J” Jy Xj'> : ’ [<£1)Xj>v (€2, %)+, <€d’Xj>]1{E§}} AT
J=1j'=1j#j5' : 9
<£d7xj”>
d d
= Z ZE[E/ ) Z Z Z s! S§f/ y( vl x; ><€i7xj”><£i’axj>1{E§}:|£i£i’
i=14'=1 J=13'=1j#j’ 2
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d d . D D 2

= Z Z E|&® Z Z Z s{ S(t)gy vi? x; ><€ian”><€z'qu>1{E§}}
i=11d'=1 Jj=1j'=1j4#j'
a d T D 2

S\ L 2E (Z >0 SIS, i) € ) | VEERD
i=14=1 Jj=174'=1j5#j5"
d d [, D 2, D D

< |2 (e (3o 07) (3 i) | vEED
i=1i=1 j=1 j'=1 §7r=1
d d [, D 2, D D

= Z ZE (Z| & x;) ’) ( <V§t)7xg >2) ( Z <£i7xj”>2) P(EY)
i=14'=1 j=1 =1 =1

d d D D D D
= VMo [ DD D DT D DT B i) 1€ 1) 470 oy (61 00| V(B
1=1j2=15'=1;"=1

i=11i=1j1=1j2=1

\/70'3dD2( ®) + ||Vgt,irror||2) < 1
eCsVD ~ 4ecVD’

Combining all the preceding results, we have

letiel:rror HWI 1,error + n|‘vw1,1£(v(t)7 W(t))Hg
< W ], + 11 22l 2l 2

nt dn  n(t+1)
T eVD  feevVD VD

which completes the proof for (C.13). Further by our definition of 7* in Theorem[2.2} we can obtain

(t) < I'm _ —c.vp
le,l,error 9 = ec‘/ﬁ > €
This completes the proof for (C.7). [

Next, we present the proof for Lemma|C.4]

Proof of Lemma|C.4] By calculations in Lemma , we have obtained that ng; follows (C.8)
with W%,emr = 0. Instead of directly proving (C.9), we prove the following inequality,

t nt
W eororllz2 < ok (C.14)

for some constant ¢ solely depending on 7 and o,. Therefore by induction, we assume it holds for ¢,
and prove it still holds for t+1. Actually, it suffices to show that || Vw, , £(v(®), W(®)) |, < e=eVD,
By (C.2), we have

Vw,, E(v(t W)

[g/(wz Z 3 888 vl x;)(py Pj”)PjT}

J=13'=135"#j'

D D
:E[m) SN0 (1 -8W ) yiviY x)py pj} [5/ Z Z S 81080 yvl x;psp]

j=1j'=1 J=15'=135"#j'

Iy Iy

31



Published as a conference paper at ICLR 2025

D D
=5 E{m)sﬁ? (1 -8 )yvi? x;) 1 s,y ]pj p) +Z Z ]E{g/(t s (1 -8\ )y <V§t)’xj,>1{Etc}}pj/pjT

J=1j=1 Jj=1j'=1

I Iy 2

D D
B 99 DECCSANTRETR MRS RS o Sl i (LR LR ot

J=13'=135"#j'

<
Il
—
.
Il
—_

1> Iz 2

For I 1, we have

¢ ¢ *
Ihall, <303 B[S, (1= 80 (a® (v %)
j=1j'=1
D*(D +1)(e3a™ DV + ||v{) .|| ,(Vd + VD)) 1
: < .

ngD — 466\/5
The first inequality is by triangle inequality and |y| |¢'] < 1. The second inequality holds because
|(v*,%;)| < esDY4, ||xjl2 < 0. (Vd+VD), S j ] > 1—Dexp(—CyD) and S( ; < exp(=CoD)
when 15,3 = 1, and ||p;[l2 = /(D +1)/2 by Lemma The second mequahty holds since

al) <O((T*)Y3 + D) < exp(CyD) and Hv1 emrHQ < e CaVD py Lemmaand definition of
T* in Theorem@} Slmllarly, for I5 1, we can obtain that

||IQ’1H2 < Z Z [Sy)jsgt”)j( ® <V*7Xj’> + ||V§t,irrur||2| 2)1{E,,}] ||pj”
j=1j/=1

- 2D%(D + 1)(03a(t)D1/4 + Hv1 ermrH \f—i— \/>)) 1
— ngD - eC\/B.

By applying Cauchy—Schwarz inequality, we can obtain an upper bound for I; > as

D D
t t t
> EOSD (1= S5 )i )1 | pyp)

j=14'=1

2
ZZ [E’(t)S(t) ng)g) <V§t)vxj>1{E§}] [[23[]5
j=14'=1

+ Vil

1,error

ez ]l v,

—~

<

LollPsll,

1.2, =

2

Hz

UL 1)2\/IP’(E§) i 5 B[(8,)" 1", %]

=1=1
(D+1)(a® + v P(E) |~ | v
_ (0 + "l JVEED |5 1S B[00 o,
J=1 \j'=1
- 3%0’r(D+ 1)D% (Ot(t) + ||Vgt,irr0r||2) < 1
— 2608\/5 B 466\/5.
The first inequality is derived by Cauchy-Schwarz inequality, [|p,[l, = /(D +1)/2

by Lemma [E.18] The second inequality is derived by Cauchy-Schwarz inequality, and
25:1 (Sg’f)J) < 1. The last inequality holds since a¥) < O((T*)'/? + D) < exp(Csv/D)

and |1‘V§EHOIH2 < e~CavD by Lemma and definition of 7™ in Theorem Similarly for I5 o,
we also have

D D
Z Z Z V/(t)s(t) S ; <V5 )’X] >1{Ec}}pj~pjT

15"#5

|12 2”2

2
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2
I

D
> Y E[eos) sy x; >1{E§}}2

J=15=15" A

Mu

< (D+1)V/RED ZZE[<S§f?j)2<v¥%xj/>2 > )]

i=1j'=1 3"y

(D +1)(@ + Vil ) VPED) | | <

< ( ”2“ ) > B[ /I 2 xp0)1]
j=1 \ j’=1
1 30 (t) (t)
< 4UI(D + 1)D4 (a + Hvl,errorHQ) < 1
B 2¢CsVD T 4eeVD’
Combining all the preceding results, we have
HWQt;irror ng2 error + 77||vwg’)2‘c||2
< || WA e 2+n||fm||2 l| sl +nllFaall, + 2]l
nt 4n  n(t+1)

- eC\/E 466\/5 o ecx/ﬁ ’
which completes the proof for (C.14). Further by our definition of 7* in Theorem[2.2} we can obtain

*
(t) T —caVD
HW2,2,error 9 < 60\/5 <e 7 :

This completes the proof for (C.9). O

Finally, we provide the proof for Lemma[4.3|

Proof of Lemma By Lemma and Proposition we can re-write i f(Z, W) v(")) as

D D
yf(zv W(t)v V(t)) = a(t) Z Z y<V*, XJ + Z Z V1 err0r7 S(t)

j=14'=1 j=17'=1

By the fact that ZjD’:l (ng) j)2 < 1 and Cauchy-Schwarz inequality, we can get a worst-case lower
bound for y f(Z, W® v(®) as

mwonz-and ((Eenr)' (£ o))

j=1 j'=1 =
D D (t) 1 D 1
_ ||ng2rror||22 <Z <v(1.jem,xj/>2>2 (Z (ng?])2>2>
Jj=1 j'=1 ||V1,en’0r||2 j'=1
D 3 D 1t) 2 3
2 - Da(t) < Z<V*,Xj/>2) — D||V§t.grror ( Z < (t)eﬂor X > > '
=1 j’=1 Vi errong

v® 2
. t : D dror .
Since (v* vg imr> = 0, we can derive that 377, (v*,x;/)? and § 1 < e 7xj/> are i.i.d.

Vi, errorH2

®) 2
. 1 D * 2 1 D V1 error :
random variables and = > j,:1<v VX107, = > ) ,Xj) ~ X% by the properties of

—
J=1 Hvl,error”2
Gaussian distribution. Besides, when E; holds, we also have

j ||V1 error||2
J'#5* j=1 '=1

D
yf(Z, WO v) > aOy(vs x,) 38—
Jj=1
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D )y<v* o) — 0,0 D*(Vd+ VD) 0,D(Vd+ D)

¢CoD -

eCQD eC4\/D
D N
> Da® <1 — ecD>y<v ,Xj*> — 1.

The second inequality holds because F; implies that st > 1 — De P, st < e%PD and
[%j:]l2 < 0.(v/d 4+ v/D) by Lemma and Lemma Besides, Lemma |4.2| guarantees that
||V§2H0r||2 < ﬁ The last inequality holds because a¥) < O((T*)*/? + D) by Lemma
which is much smaller than e“°” by our definition of 7 in Theorem Therefore, the last two
terms are much smaller than 1. Similarly, we can also obtain that

yf(Z, WO V) < aWy(v,x;.) Zs“ +al Y [y

D
ZS% + [V Z [
J'#5* Jj=1 =
7,002 (Vi + VD) _0.D(va+ VD)

609D eC4 VD

< DaDy(v*,x;.) +

< DaMy(v* xj-) + 1.

This completes the proof. O

D PROOF OF THEOREM

This section provides a complete proof for Theorem [3.2] Before we demonstrate the proof for
Theorem 3.2} we first introduce and prove several lemmas which will be utilized for further proof.
The following two lemmas are very similar to Lemma|[C.3] Lemma [C.4]and Lemma[C.3]

Lemma D.1. Under the same conditions of Theorem with probability at least 1 — ne~CsvD
over the randomness of (X(i)y(i));l, it holds that

BIV*V*T 0

W(l) = + W(zorv Dl
0 52(2;’;&]’* (s _pj))(ZjD_l p;r) ¢ ®-D

where |81| < ¢1vV D, By > % for some constant cq, co solely depending on 7, o, and the error
term satisfies that

HwerrorH S exXp ( - Cl()\/ﬁ)~ (D2)

The coefficients C's, C'¢ are both positive constants solely depending on o, 7, and 7.

Lemma D.2. Under the same conditions of Theorem , then with probability at least 1 —ne~CsVD
over the randomness of (X(i)y(i)):l:l, it holds that

SE'Z*),]‘ >1— Dexp(—Cy1D);
S\ < exp(~CuD)

foralli € [n],j € [D] and j° # j*. The coefficients C3, Cy; are both positive constants solely
depending on o, o, and 7.

Proof of Lemma[D.2] By Lemma D] there exists constants ¢y, ¢z solely depending on 7, o, such
17

that |51] < 1V D and Bo > 02%. Then further combining with Lemma and Lemma
with probability at least 1 — ne=¢1VD we can obtain that

() WO = g (v, (v ) — P
()

< [ty <Dy <ﬂ>\+||wm|| RIS

ﬂ +( ) Wgrior 51)
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2
/ ~ A1 262(Vd +V/D)?
= Cl\/>< 136102 s D ) + 6C10\/5

Ca
< =D
=12

holds for all j" # j*, j € [D] and ¢ € [D], and

Z. (D-1)(D+1)? :
(Z§)) W() Bl< ) ] ><V ,X§)>+f62+( )) W‘grzror 5)
c D "
> == ’51 (v X >’ W G 112571, 125
2
2D C2 1 262(Vd+ vVD)?
2461\/5< 130102””4) ETe
>2p

2p
, e?
S@.> _ _ >1— De 12
T eFP 4 (D —1)erP
. 2D .
S(-f). < — e12 —— < e~ 1D
79 = 3D 4 (D —1)eBD
This completes the proof. O

Proof of Lemma- By Lemma |C.3| and Lemma we have obtained that W() = W(T")
follows (D-T) with |\we,m|\2 < max{||w171,my|2, |W2727WH } < exp (= C;v/D). Instead
of directly proving (D:2)), we prove the following inequality,

|, <exp(—C7VD) + i (D.3)

(2)
”W exp(cD)’

error

where c is a constant solely depending on o, 5,, 7. Based on our previous discussion, we know it
holds for ¢« = 1. Therefore by induction, we assume it holds for ¢ < n — 1, and prove it still holds

for ¢ + 1. Actually, it suffices to show that HVWEZ- (v, W(i)) ||2 < e~“P. And we firstly provide
an upper-bound for ||[v(V ||, as
3,

501, = 7303 3 o sl
k=1 j=1j'=1
< (V25, +1)imD(Vd+ VD) < " .
= (Vs bt )= V&, +1)D(Va+ VD)
The first inequality is because HZY)H < (V26,+1)(Vd+ D) by Lemmand Lemma

The last inequality holds by the scale of 77 from the conditions of Theorem|[3.2] Based on this upper-

bound, we can further demonstrate the upper-bound of HVWEZ-(V@), WD) ||, Then by (C2). we
have

vwc( >w<>)

i i\ T
OIS S 80 o) ) ) o)

J=1j'=13"#j’

D D
i) [ %) ~(3 i i i\ T i i [ ~ [ i i
Y S 80 (1 8 (. ()OS S S 8080 (0.l )

i=15'=1 J=15'=15"#5"
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For I, we have

2(V§5x-%1).Dn(v[7+>vf7) 1

D D
Il = 3257 8571 = ST IS, 1237

j=1j'=1

The first inequality is by triangle inequality and |y|, |¢'| < 1. The second inequality holds because
127 < (V26. + 1) (Vd + VD), s“{j > 1~ Dexp(—C11D) and S, < exp(~C11D) by
Lemma and upper-bound for Hv H2 The second inequality holds by the condition concerning
n from eoremn Similarly, for I, we can obtain that

2(V25, +1)°Dn(Vd + VD)

H J )H2 - 6C11D 2eCD

1

|IQ||2 <ZZ Z S§ )JSJ”] 51/2‘2
J=1j5'=13"#j5’

Combining all the preceding results, we have
IWEE N, < Wl + 7l Vw £, W,
< Wkl +all ], + 7|2l
< exp (- C7vD) e”; 21 _ oxp (— Cy/D) + WD)

2ecD ecD

VO, 125"

o], <

which proves that (D.3). Then by conditions concerning n from Theorem [3.2] we further have

WGk, < exp (= VD) + =I5 < exp(~CioV/D).
This completes the proof. .

For further proof in this section, we introduce the following several notations. We denote v* =
argmax., |y ,<1 Miniep) ¥ - (v, xgi)> and v = [(IOgD" “)T,0p ] € R¥D. And we define
W is an idealized matrix such that Sg )j = 1 and S( ) = 0 for all j/ # j* and j € [D] (Such
a matrix exists by Lemma . Furthermore, we deﬁne a proxy loss by —¢' as R;(V, W)

0 (yD . (2D, W, 7)) and R(V,W) = Ex 5l — - fN(Z Vzv))] Based on these
notations, we can finish the remaining proof. Firstly, we prove that £;(v, W) is nearly convex.

Lemma D.3. With probability at least 1 — ne=%VP it holds that

1
,yeclzD

Li(F. W) = Li(vO, W) > (Vo £, W), 9 = 50) —
for all ¢ € [n], where C12 is a constant solely depending on ¢, 7., 7

Proof of Lemma By convexity of ¢, we can obtain that
Li(9, VAV) — L;(v W)
=y @) p(z0 )W V) — g(y(i)f(z(i)7W(i)’g(i)))
Zﬁ’(y( ) f(z ) Wi ))>y(i) (f(Z("'),\/R\/',V) _ f(z(i)7§“v(i)7g(i)))

— 9ecD :

D D
:z’@y(”(Z > s§f;,<v—6<i>,z§“>> +£’<i>y”>( Z s() ) 20y + 0@y 3 Z S

j=1j'=1

(T 0, WO) % 90) 4 0040 (D 380, ) @) 4 0040 3 380
=1

J#3* i'=1

J#G* j'=1

And we can bound |I] as

1 (0= sl ) el

1l

J#3* j'=1
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(\fom+1)(\f+\ﬁ)Dlogn 1

where the penultimate inequality is by Lemma Lemma Lemma and definition of V.
This completes the proof. O

Based on the preceding Lemmas, we are now ready to prove Theorem 3.2}

Proof of Theorem[3.2] By updating rule (3.I), we can obtain that
[ 91 = 90— 9] + (962 - 96,30 ) + o+ — 9
= ¥ = 9|2 - 2V £;(FD, WD), 5D —9) 1+ 2|V, £+, WD) |12

S _ )2 ~ S W <G i 1 i
< ||v(>—v||2+2n(£i(v,W)—ﬁi(v<>,w<>)+w%D) + ||V £ (3D, W2
( (V,W)—-L

O ~ S W =) W ~pr ~(i) Wi
< [[F = I, + 27 L7 W) — Z'(V()’W())JrVecuD>Jﬂ]ﬁi(V()’VV())

21 21

< [ = 9 - 7O, W) + 2 2

(D.4)

The first inequality holds by Lemma[D.3] The second inequality holds because

PV La(30, W) |? = (g’(y(i)f(z(i)7g(i)7W(O)))z

2
Pe(yD (20,0 WD) (vV25, +1)*(Vd+ VD)’ D? < 7L, (), W),

where the first inequality holds by the facts that —¢'(x) < ¢(z), —¢'(x ) < land ||z( )||2 (V25,+

1) (\/E + \/5) , and the last inequality holds by our condition that 7 ( NoT R er NOIEER And

the third inequality is because

logn
v
By rearranging and take a telescoping sum on both side of (D.4)), we obtain that

zi<v,vAv>—e(y<i>f<z<i>7vAv,V>)—ﬁ( yO & ?"3>)se<logn>g}1.

n ~ ~112
l Zﬁi(g(i)’\’ﬁ(i)) < Hv(l) isz 2

2(V26, +1)?log? n(d + D) 2 2
C12D +
n nn yetiz

2n ~eC12D + n’

2
+=<
n

> < V26, (Vd+ VD) and —{(z) < {(z), we

Further by applying the fact that v < min;¢y ||x§l)
can get

n n ~ 2 2
LS Ry, W) < lz 30 i) < AV + 1) logn(d+ D) | 2
n 4 ¥2n ~vet2

n
(D.5)

Notice that the quantity 3, (Ri(v(®, W) - R(¥D, \7\7("’))) forms a martingale w.r.t. the fil-
tration o((Z(l), y), .o, (2D, y(kfl))> = o(*). The martingale difference R;(v(?), W(®) —
R(V®, W) is bounded by 1 since —¢' is bounded. And we also have

E[(Ri(g(i)7 WO — REFWD, W(zd))?‘a(i)}
—E[R:(¥1), W()2 ‘ (@] _QR(gu‘)’V“(;u))E[Ri(;u)ﬁ\?(i))‘am] +RED, W2

:E[Ri(v<i>,VN\7<i>)2’a<i>] _RED, WD) < E[Ri(gu),v“\}(i))‘g(i)] RED, W2 < REO, WD),
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Therefore by Theorem 1 in Beygelzimer et al.|(2011)) (a version of martingale difference concentra-
tion inequality), with probability at least 1 — § for any positive 4, it holds that,

1 & o o 2 L L . log(1
LS (RED, W) - R,@#0, W) < 23 E[(R, 0, W) _R(Q(Z),“r(%)))Q‘U(%)} , log(1/9)
= [La— n
=2~ ) s log(1/96)
< () Wiy . 108(1/9)
<L RE WO ¢

Rearranging on both sides and applying the results of (D.3), we get
L e 4 & iy <. Alog(1/6)
RED W)y < 2N "R (vO Wiy 4 Z 17
SoROWO) < YR W) 4 2
16(v/25, + 1)?log® n(d + D) 4log(1/4) 8
< 3 + +—c.5-
¥2n n ~eCi2

1
n

Since P x .5 (y- f(2, W,v < 0) < Q’R(W, V) holds for any v and W, we finally derive that

o HIED)Y ol

1< <) ~(i 2 o N o
- (- @ @ z 7O W@
nl§_ljw><x,y)~p(y AR ><o)<ni§_1j7e<v W ><0( o

which completes the proof.

E TECHNICAL LEMMAS

E.1 INDEPENDENCE AMONG GAUSSIAN RANDOM VECTORS

Lemma E.1. Let z;, 25 be two Gaussian random variables with zero mean, and y = sign(z;). Then
y is independent with y - 21 and ¥y - zo. Moreover, ¥ - z2 also follows the normal distribution, which
has zero mean and the same variance with zs.

Proof of Lemma @] W.L.O.G, we assume that 2z, zo are standard Gaussian random variables. We
first prove that y is independent with y - z;. It is clear that y - z; = |21]|. Then for any 2 > 0,

Py-z1 <) =P(|z1] <) = P(|z1] < zly),

which indicate that y-z; has the same distribution with y-z1 |y. Therefore, y is independent with y-z;.
Next, we prove that y is independent with y - zo and y - 25 follows the standard normal distribution.
We denote ®(-) the cumulative density function (c.d.f.) of the standard normal distribution. Then
for any z € R,
Ply-z0 <z)=P(zn <a;y=1)+P(z0 > —z;y = —1)
=Pz <2z) Ply=1)+P(z0 > —2) - Ply = —1)
1 1
ié(x) + 5(1 — ®(—x)) = ®(x),

where the second equality holds by the independence between y and z2, and the last equality holds
by the symmetry of standard normal distribution that ®(—z) = 1 — ®(z). This proves that y - z5 ~
N(0,1). Moreover, it is obvious that

Bly- 2 < aly=1) = B(zz < aly = 1) = ®(a),

and
By -2 < aly = —1) = P(z > —aly = 1) = 1 - &(—) = B(a),

which indicate that y - z has the same distribution with y - z3|y. Therefore, we complete the proof
of Lemma [E1l 0

Lemma E.2. For y and x1,Xa, -+, xp defined in Definition[2.1] it holds that y is independent with
y - x; forall j € [D]. Moreover, y - x; ~ N(0,021,) for all j # j*.

38



Published as a conference paper at ICLR 2025

Proof of Lemmal|E.2} For simplicity of expression, we assume o, = 1 here, and the proof for o, # 1
is the same. We consider the following two cases: j # 7" and j = j*.

When j # j*, y is independent with x;. Then for any k € [d], we have y - x;[k] ~ N(0,1)
and y - x;[k] is independent with y by Lemma Therefore, ¥ - x; is independent with y since
each coordinate of y - x; is independent with y. Moreover, we have Ely - x;[k] - y - x;[k']] =
E[x,[k] - x;[k']] = 0 for any k # k', which finally proves that y - x; ~ N(0,1,).

When j = j*, let A be an orthogonal matrix with v* being its first column. We denote &2, - , &4
the rest columns in A, i.e., A = [v*, &, -+, &;]. Then we have

Y- -Xjpx =Y 'AATXj* =Yy~ [V*7€23"' 7£d] ' [<V*7Xj*>v<€27xj*>v"' a<£daxj*>}—r

d
i=2
By orthogonality among v*, &, - - - , €4, we obtain that (v*,x;«) and (§;,x;+) fori € {2,--- ,d}
are all independent random variables with standard normal distribution, which further indicates that
y is independent with (§;,x;-) forall ¢ € {2,---,d}. Then by Lemma we can obtain that y
is independent with 2;1:2 y - (€i,x;+) - v;. Besides, note that y is the sign of the standard normal

random variable (v*,x;~). From Lemma we have that y is also independent with 3/ - (v*, x;-).
Hence y is independent with 3 - x;«. This completes the proof of Lemma

Lemma E.3. Fory and x1,X2, - -+ ,xp defined in Definition[2.1] it holds that y-x1,y-X2, - ,y*Xp
are mutually independent.

Proof of Lemmal|E.3} For any ji,jo € [D] with j; # jo, then at least one of j; and jo is not j*.
W.L.O.G., we assume jy # j*. Then by Definition X, is independent both with y and x;,,
hence it’s independent with the product y - x;,. On the other hand, by applying Lemma[E2} y - x;,
is independent with y. Therefore, we finally prove that y - x;, is independent with y - x,. [

E.2 CALCULATION DETAILS OF EXPECTATIONS

3 o

LemmaEd4. Letx ~ N(0,021,), for any fixed v € R, it holds that E [x sign ((x,V))] = 0

v
Ivll2"

Proof of LemmalE.4} Let A = [V/|[V]2, &, - ,&/] be an orthogonal matrix, which is defined
similarly with Lemma|[E.T] Then by a similar method, we obtain that,

~ ~ d
xsign ((x,¥)) = sign ((x,¥)) - <H§”2,x> : ﬁ + sign ((x,9)) - (€. x) - €.
=2
Note that <ﬁ, x) and (&;,x) for i € {2,---,d} are i.i.d normal random variables with mean 0

and variance ai, therefore we have

: ~ . ~ A v 2 v
E[xs1gn ((x, v))] = ]E{mgn ((x,v)) - < i ,x>] . EE = O’r\/;~ S

This completes the proof. O

Lemma E.5. Let 2; ~ N(0,0%) and a fixed scalar a, then it holds that

1. If a < 0, then

2o 2 (2 ) < Bfexplalaa)] < min {2, /2]
max = = - X min< 2,4/ = )
& S Vs G a  —oja? = Blexplala] = T —0a

2. If a > 0, then

0'%0/2 0’%@2

e 7 < E[exp(alz1])] <2e>
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Proof of Lemma[E5] The probability —density function for [z is  f., () =
i\/%e’ﬁ/(z"%)l{xzo}. By this density function, we can calculate E[ exp(a|z|)] as

o1

— ar 1 2 ofa® o Lz _ 5.4 2 ofa’
E[exp(alz1])] = \/ / + \/76 2 / e 5(#-o1a) de =2e7 2z P(z > —01a),
g1 s 0

where z is a standard Gaussian random variable. If ¢ > 0, it holds that % < P(z > —0ya) < 1.
Then we can obtain that

2 0242
e 7 <E[exp(alz1])] < 2e 7

When ¢ < 0, by applying the tail-bound of standard Gaussian random variables and Mills ratio
simultaneously, we have

1 _0%2‘12 ( 1 1 ) < IP( S ) < _"%2"2 . 1 1 1
e - — 2> —01a)<e min< 1, — .
Vor —o1a  —oja’d) ~ = = Vor —o1a

Therefore, we derive that,

2 1 1 2 1
2 - )<E <min< 2,4/ = :
s (—0’1(1 —Uifa3> - [eXp(a|z1|)} = i { s —ala}
Besides, we also have
> 22 1 —opa+1)?
P(z > —01a) = e"zdx > e_( A ,

which further implies that E[ exp(alz1])] > y/-2 €%, Combining all preceding results, we finish

the proof. O
Lemma E.6. Let z; ~ N(0,0?) and two fixed positive scalars a, b, then it holds that
2/ 1 1 1 b2
E[exp(—alz1)1, <] > 1/ 2 [ — — —— — ( —ab— —) .
[exp(=alzi))1pz <] 2 /= (m o3a®  ora+bfoy P\ YT 252 )

Proof of LemmalE.6] The probability —density function for [z is  f., (z) =
i\/ge_wz’/(?”f)l{mzo}. By this density function, we can calculate E[exp(—alz1])1,, <]

o1
as,

1 2 b *Lfam A 1 2
E[eXp(—a|zl|)1|Z1|§b} = 0—\/;/ e 2 2 *6 s / +<71a do
0 0
2

o2a

1
=27 (]P’(z >o01a) —P(z > o1a+ b/ol)),

where z is a standard Gaussian random variable. By applying the Mills ratio, we have

P(z > ) > 1 *Liﬁ( ! ! )
z> —0o1a e _— ),
= = oia  ojad

and

1 _ (oja+b/oy)?
2

P(z > +b <
(22 o1a+b/o1) < V2 (oya + b/al)e

Therefore, we finally derive that,

1

2/ 1 1 b?
E - 1, >/ = — - 5= - (— b—f> ;
[exp(=alaaD)1ps 0] 2 w(ala ofa®  o1a+b/oy el 207 )

which completes the proof. O
Lemma E.7. Let z; ~ N(0,0%) and a fixed scalar a, then it holds that
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1. If a > 0, then
1

Ib1(01,a) < E[|z1] exp(—alz1])] < \/5

T o162’

- 2( 1 3
where by (01, a) = max {01\/> 20%a, 2\/Te o1 \/;(Ula2 — W) }

2. If a < 0, then

2, o 2 o oia?
o1/ = —otae” > < E[|z1]exp(—alz1])] < 014/ = — 20fae > . (E.2)
™ T
Proof of LemmalE.7} Similar to Lemma|E.5] we can calculate E [| 21| exp(—alz )] as
(s3] z2
i\/ g/ ze 21 dw
2
1/ fe / Te ~3(%+010) dz
1/76 z / we~ 3 (@He1a) gy
i T e atoia)? - ~}(etora)?
=0 fe 7 | —oya e~ 3(@toia dx + (x 4+ o1a)e” 2TV dg
™ 0 0

D) 0Za2
o1 [\/7 —201ae" 7 P(z > Jla)] , (E.3)
™

where 2z is a standard Gaussian random variable. When a > 0, by applying tail-bound of standard
Gaussian random variables and Mills ratio simultaneously, we have

(E.1)

E[|21] exp(—alz1])]

2

1 ,“%Ta( 1 1 )<]P’( > ona) < _oie? L L ( 1 1 N 3 )

e — - z>o01a)<e minql, —(— - ==+ —=) ;.

Vor owa  oja’d) ~ == "Vor\oia  oja®  ojad
(E.4)

Applying the result of (E-4) into (E-3), we finally get

2 9 2 1 3 2 1
max {011/ - 207a, \/;<c71a2 - U:fa4> } < E[|z1] exp(—alz])] < \/;alaQ' (E.5)
Besides, we also have
2 ﬁ e _1(,,_’_ )2
E[|z1]exp(—alz1|)] = 011/ =€ 2 xe 2T qy
m 0

2 g /1 3 (a+ -
o1/ —e" 2 re~3(@+o10) 4p > e 71e, E.6)
! \/; 1/2 2\/ 267‘1’ (

Combining the results of (E:5) and (E:6), we finishes the proof of (E.I). When a < 0, it’s obvious
that 1/2 < P(z > o1a) < 1. Replacing this results in (E3), we finish the proof for (E.2) O

v

Lemma E.8. Let 2; ~ N(0,07}) and a non-negative fixed scalar a, then it holds that

2a2

E[2] exp(alz1|)] < 20f(a®07 + 1)e

Proof of Lemma[E-8] Based on the density function of |21 |, we can calculate that

D e
E[2] exp(alz|)] = — f/ 22e 21 “dz
g1 ™ Jo
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1 2 02‘12 (o9} 1 e 2
= 4/ Ze = z2e 3(2-01a) dx
g1 ™ 0
2 o242 %) s
:O'%\/76 2 (z + aoy)’e” 2% da
™ —aoy

2,2 o2a?

< nge%E[(z +a01)?] =207 (a0} +1)e 7,

where z is a standard Gaussian random variable. This finishes the proof. O

Lemma E.9. For any Gaussian random variable z with mean 0, it holds that E[—¢'(z)] > 1/4.

Proof of Lemma It can be derived that

E[—0'(2)] =E[ - 0'(2)1{.<0p] + E[ = 0(2)1z50y] 2 E[ = €(2)1{<0}] > %E[l{zgo}} = %a

which finishes the proof. O

Lemma E.10. Let 2; ~ N(0,0?) and 2o ~ N(0,03) be two independent Gaussian random vari-
ables, and a, b be two scalars. Then it holds that,

1. If a > 0, then

1
Zlbl(Ul,CL) S —E[ﬁ'(a\zﬂ +b2’2)|21‘] S ub1(01,027a,b), (E7)

_ 2 _ 2 g1 —o1a 2 1 3
where (b1 (01,a) = max {01\/; 207a, N ,\/:(Ulaz a{*a4>} as defined

o2b2
. . 2 1 2 2
1nLemma and ub, (01,09, a,b) —mln{\/;—alaze p 701\/;}.

2. If a < 0, then

g1 2

2
<V < —E[E’(a|zl| + bzg)\zlu < 01\/;. (E.8)

™

Proof of Lemma[EI0, By the law of total expectation, we have —E [¢/(a|z1| + bz2)|21|] = E [IE[ -

(alz1] + bz2)|zl||22”. Since z1, 22 are independent, we still have 21|22 ~ N(0,071). We first

ZQ:|
|21

E
[exp (alz1]) + exp (alz1] + b22)

prove the case for a > 0. The lower-bound can be calculated as

[ |21
1+ exp (alz1| + bz2)

E[E[—z’(a|z1| +sz)|z1||22H —E|E

>E

]

1
> E[—{'(b22)|E[|21| exp(—alz1|)] > Zlbl(al,a)7 (E.9)

where the last inequality holds by applying Lemma|E.7/and Lemmal[E.9] and b (1, a) is defined in
LemmalE.7] On the other hand, we have

_E[¢ b ) 1] gl 1al
[#lalza] +bza)l ] [l—s—exp (alz1] +b2z2) | = | exp (alz1] + bz2)

2 1 o
=1E[zllexp(—alzll)]ﬂf[exp(—l)zz)]s\[r >, (E.10)

e
01@2

where the last inequality holds by applying LemmalE.7)and moment-generating function of Gaussian
random variables. Besides, we also have

2
—E[l'(alz1] 4 bz2)|21]] < E[|21]] = 014/ =. (E.11)

™
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Combining (E-9), (E-I0) and (E-TT)), we finish the proof for (E.7). Next, we prove the case for a < 0,
and (E.TT) still holds for a < 0. Besides by Lemma|[E.9] we can obatin that

2
—E[l'(a|z1| 4 bz2)|21|] = —E[¢'(b22)|E[|21]] > 041\/; (E.12)

Combining (E.TT) and (E:12)), we finish the proof for (E.8). O

Lemma E.11. Let 2; ~ N(0,0%), 22 ~ N(0,03) and z3 ~ N(0,03) be three independent Gaus-
sian random variables, and a, b, ¢ be three non-negative scalars. Then it holds that

lby(01,09,03,a,b,¢) < —E[l'(a|z1]| + bza + c23)23] < ubs(01,02,03,a,b,¢), (E.13)

where

co? o3 2 03¢ ofa?io3e? 2 o3¢ i L U
lbs(01,09,03,a,b,¢) = max{ — —=, ——— —24/———¢ 2 TV 2o C T 5,
4 DY T ob T oLa

/ 11
e~ 014 \/7 e 20362 20§c2 .
377021) 01a o3 a3

Proof of Lemma[ET]} Similarly, by the law of total expectation, we have —E[¢(a|z1| + bzs +

and

UbZ(le 02,03,a, b7 C)

cz3)z3] = E[E[ — U(a|z1] + bz + cz3) 23|21, zzﬂ Notice that —¢' is a decreasing function and

23 has a zero-centered symmetric density function. Hence, we obtain that E| — ¢'(a|z1| + b2z +
cz3)23|21, 22] < 0. Specifically, we have

E[— ¢ (alz1] + b2 + 023)23’21, 2
=E[ — ¢'(alz1| + bzo + c23)231 1, 01|21, 22] + E[ — €' (alz1| + bzo + c23) 231 1, <0y | 21, 22]
=— E{( — 0'(alz1] + bza — cz3) + €' (alz1] + bza + c23)) 231 2501 |21, 22] (E.14)

Since —¢' is Lipschitz continuous with ; and the value of —¢' is always in (0, 1), we have

— E{( — U'(alz1] + bza — cz3) + €' (alz1] + bza + CZS))Z31{Z320}‘21,Z2}

2
> — min {E[cz§1{2320}/2|z1,ZQ],E[231{2320}|21,22}} = max{ — %, f%}. (E.15)

On the other hand, we also have

— 0'(alz1] + bza — cz3) + €'(alz1| + bza + c23)
1 1 ea|21\+b22 (eczg _ e—czg)

_1 +ea‘21|+b227C23 - 1+ea\z1\+b22+623 - (1 +ea|21|+b22—023>(1 +ea|zl|+b22+023)
alzy|+bza (,c23 _ ,—cz3 cz3 _ ,—cz3

S e (e e~ %) _ -l e e

= (ea|z1| 4 ea|z1|+sz—623) (e(l|21| + ea|zl|+b22+c23) eCc?3 | e—cz3 | ebz2 + e—bz2

CzZ3 —Cz3
ec”3 — e 3

Ze_a|21| eC%3 4 e—CZ3 4 6b22 + e*ng 1{2321/5}1{‘22‘§1/b}
o) €= €] L o—aa
Ze T et e Mz Lzl 2 3¢ L1/ Lzi<i/op- (E.16)

By applying result of (E-16) in (E:T4) and Lemmal[E.3] we obtain

1
E[ — ¢'(alz1] + bzg + c23)23] < —g]E[6*a|z1|]E[z31{Z321/cﬂIP’(|22\ <1/b)
o3 [2 _oia /2( 1 1 ) ~ 5ot 32
_ il (= _ 4 o3¢ E.17
3mogb max{ — "Val\oa olad € T ( )
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2

x 1
where the last inequality holds because2 Elz31i>1/03] = = f Jexe idr = Zre Z
_ 1 /b ~5o7 2 TEEE Qi
and P(|z5] < 1/b) = s e rde > e 2% Similarly, we also have
— U'(alz1] + bzg — cz3) + 0'(alz1| + bza + c23)
1 1 ea\zl\erZg (6023 _ efczg)

—1 T ea|21\+b227023 - 1+ 6a|21|+b227623 - (1 + ea|z1|+sz—CZ3) (1 + €a|21|+b22+023)
alz1|+bz cz —cz cz —cz
elzilHbaa (gezs _ gmczs) _ _alz| eo#s — e %8

<
- (1 + ebZQ—czs) (1 + ebz2+c23) eC?3 4 e—¢z3 4 ebza 4 o—bz2

Ccz3 Ccz3

<etlml€ 7€ 7
- ebZQ + 67b22

By applying result of (E.I8), Lemma[E.5|and Lemma[E.7]in (E.14), we have
IE[ — V' (alz1| + bza + 023)23] > fIE[e‘Z'Zl']E[e*b|z2|]E[23(ecz3 — 67%3)1{2320}}

< ezl g=blz2] (e —e=o%). (E.18)

2 02¢ o2a2to2e?
_9,) 2 TEE T (E.19)
T ogb
Moreover, we can also obtain that
— U'(alz1] + bza — cz3) + 0'(alz1| + bza + c23)
1 1 ea\zl\erzz (6023 _ efcz3)

—1+ea|zl\+b22fcz;3 B 1+6a|zl|+bzzfcz;; - (1+ea|z1|+bz2—023)(1+€a|zl|+b22+cz3)

ea|21 |[+bz2 (eCZ3 _ 6—023)

_ ,—alz1| ,—bza (cz3 —cz3
=e e e —e . E.20
— ea|z1|+b227023 ea\zl\+b22+023 ( ) ( )

By applying result of (E-20), Lemma[E.5|and Lemma[E.7]in (E.T4), we have
E[ — E/(G,|21| + bzg + 62’3)23] > —E [e_alzll]E[e_bZQ]E[2’3(@023 — 6—023)1{2320}]

2., 52,2 ,2.2
>y /Ege%u 5 (E21)
To1a
Combining (ET3), (E:17), (E-19), and (E:Z1), we finish the proof for (E.13). O

The proofs for the following Lemmas are very similar to that of Lemma[E.TT] while we still include
them here for completeness.

Lemma E.12. Let z; ~ N(0,0%), 20 ~ N(0,03), 23 ~ N(0,02), and z4 ~ N(0,03?) be four
independent Gaussian random variables, and a1, a2, a3, a4 be four non-negative scalars. Then it
holds that

lbg(O’l,O'Q,O'3,0’4,(11,(12,CL3,CL4) S 7E[€,(a1|21‘ + agz9 + azzs + a424)z§,24] S Ub3(0'170'2,O'3,O'4,CL1,CL2,CL3,CL4),
(E.22)

where

asoio? o304 4 2 0202ay(ado? +1) evfa%+0§2a§+aiai }
9

4 7 or m 0202

lb3(01,02,03,04,a1,a2,a3,a4) = max{ -

and
04 — — 1 1 e e
U'b3(o-1a027037047a17a27a37a4) = T Y093, .3 max < e 71N 1/2, ——— — 3.3 e 80203 B8ozaz 20zay
1927 2030203 o101 o1a7

Proof of Lemma[E-T2} By the law of total expectation, we have —E[¢'(a|21| + bz + cz3 +
dz4)2324) = E|22E[—'(alz1| + bzg + cz3 + d24)z4’z1,z2,z3]}. Notice that —¢' is a decreas-

ing function and z, has a zero-centered symmetric density function. Hence, we obtain that
E[—'(alz1| + b2z + cz3 + dz4) 24|21, 22, 23] < 0. Specifically, we have

E[—'(a1]z1] + azzs + azzs + asz4) 24|21, 22, 23]
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=E[ — ¢'(a1]21| + a2z + azzs + asza) 24l 1, >0y |21, 2, 23]

+E[ = ¢'(a1]|z1] + azz2 + aszs + asza) 2l <oy | 21, 22, 23]

= — E|:( — E’(al\z1| + agz9 + a3z3 — a424) + Z'(a1|zl| + agz22 + azz3 + a424))z'41{z420} ‘21, 22, Z3:| .

Since —¢' is Lipschitz continuous with § and the value of —¢' is always in (0, 1), we have

_ E|:( — K’(al‘zﬂ + agz9 + aszz — CL4Z4) + f’(a1|21| + agz20 + azz3 + a4Z4))Z41{Z420}|21, 22, Z3:|

4’ V2

2
> — min {E[a4221{2420}/2|213227Zg],E[Z41{Z420}|21722’2;3]} _ max{ . 40y g4 }

Then we have

wo? o asoio?  olo
—E[ﬂ’(a1|z1| +a222 +a3253 +CL4Z4)Z§Z4] Z maX{ — 4447_\/7247}E[Z§] == max{ — %,— \/Si}

(E.24)
On the other hand, we have
— ZI(G1|21‘ + agz29 + azzz — a4z4) + E/((l1|21| + agz9 + azzz + a4z4)

1 1

1 4 eailziltazzatazzs—aszs o 1+ ea1lz1|+azzataszzz+asza

e111|21 [+a2z2+azz3 (ea424 _ 6—11424)

- (1 + ea1|21|+a222+0323*a424) (1 + ea1\21\+a222+a323+a4z4)

el |z1|+azz2+azz3 (60424 _ 6*11424)

= (eal\zl\ + ea1\21\+a222+a323*a424) (eallzl\ + ea1|z1|+a222+a3z3+a4z4)

a4z _ p,—aazs
:e*al\zl\ e e

ea4za | e—a4zi | gazz2tazzs | g—a2zz—a3zs

asZs _ p,—aazs

>ea1lzl € © 1,1 1

0474 | o—a4Z4 | pG222+0a323 | p—G222—04%3 {Z4> S Iz l< 5 lasl< 505 )

-1

e—e
>p—a1lz]
=€ 2e 1 o 1) sz Hinl< i Ml
>1 _a1|21|1 a1 1 (E.25)
=3 {ra> g Y Hlzal<og Izl <gig b .

By applying result of (E-23)) in (E23) and Lemma|[E:3] we obtain

1 1
E[ — ¢ (a1]z1] + a2z + aszs + asz4)z4] < —EE[e 1l 1‘]1@[z41{z4zé}]E[zgl{‘zg‘gﬁ}]]POZQ\ < 27&)

04 1/2 1 1 B o Py
— —————— max e~ o101~ / , — —— (€ 803af BSofa3 20fa} (E.26)
192m3aza30203 oia1  ojay
22
where the last inequality holds becauseIE[Z41 S1/as)] = —= [, xe *¥idz 20303
{za>1/a4} oav2r J1/as )
z2 1
2a3 T 202 1 " 80242 1
= 3 > 393, — ) =
E[Zdl{\23\<za3 }] agff = dz = 32a305v2m - and P(|z| 203)

22 1

1 2a2 2a2 d " 80242 L
< — 292 . Similarly, we also have
ooV 2T ffﬁ — a202V2 Y’

— V' (a1]z1| + agza + azzs — asza) + 0 (a1]21| + asza + azzs + aszq)
1 1

"1 4 emilziltazzetasza—asza | 4 earlzi|+tazzataszztaszs

ed1 |z1|+az2z2+azz3 (6’1424 _ e—a4z4)

= (1 + ea1|z1|+a222+a323—a424) (1 4 €a1|zl|+a2zz+a3zs,+a424)
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6a1|21|+aQZ2+a323 (6a424 _ €7G4Z4) 6(1424 _ 67&424
— ea1|21|
- (1 + ea222+a323*a434) (1 + eaQZ2+a323+a4Z4) eU4%4 | e—04Z4 | eA222+0A323 | o—G222—03%3
e04%4 _ p—04Z4

Seallzl\ < eal\zl\e*\a222+aszs\(6a424 — e < 6a1\Z1\efa2|22|6a3\23|(ea424 — )

ea2z2taszs | g—a222—azzz —

(E.27)

By applying result of (E-27), Lemma[E.5] Lemma[E.7 and Lemma[E8]in (E23), we have
E[—fl(a1|21| + a9z + aszs + a42’4)Z§Z4} >_F [em|z1I]E[e—azlzzl]E[zgeaslzsl]E[z4(ea4z4 _ e—a4z4)1{z420}]

2 0202a4(a202 + 1) olad+odad+odal
> g, /2 03% (a305 )e X .
m o202

(E.28)
Combining (E-24), (E226), and (E.28)), we finish the proof for (E:22). O
Lemma E.13. Let z; ~ N(0,0%), z2 ~ N(0,03), 23 ~ N(0,03),24 ~ N(0,0%) and 25 ~

N(0, ag) be five independent Gaussian random variables, and a1, as, as, a4, as be five non-negative
scalars. Then it holds that

5
2 1 o?a? . o
_ E[f/(aﬂzll + aozo + G323 + Q424 + a5z5)23z425] > —8\/; e% H ( g; + 0'1*2017262);

0202

i=3
2 1 o3 o ,  oda?
—E[l (a1|21]| + aoze + a3z + asz4 + as25)23242 <8\/7 ez 4 olaeT T ).
(¢ (arln] + a2z + ag2s + agza + aszs) sz < 8y = gm fai

Proof of Lemma[E13] By the law of total expectation, we have

— E[ﬂ’(a1|zl| + ag20 + a3z23 + aq24 + a5z5)z3z425]

=K {]E[—E/(a1|zl| + asgzo + azzs + agzs + a52:5)232:42:5’23, 24, 25]}
:E[]E[—é’(a1|zl| + aozo + aszs + agzg + a5z5)23241{232420}z5|23, 24, 25]]

@

+E [E[—IZ'(CM 21| + a2z + aszs + aazs + as525) 23241 1y, <0} 25|23, 24, 25]}

@

Since —¢' is a decreasing function and z5 has a zero-centered symmetric density function. We can
conclude that ) < 0 and @ > 0, and

@ S 7]E[€/(a1|21| + ag22 + azz3 + aqz4 + CL5Z5)2324Z5] S @

Next, we provide a lower bound for (I) and an upper bound for 2). Similar to the proof of
Lemmal[E-12] we have

© 2 —E[er B[ b R gzl B o B 561 20
= —2]E [eal|Z1|]E[e_azlzz‘]E[Z3ea3231{Z320}]E[z4€a4z41{z420}}E[Z5€asz‘r’1{2520}]

5
/21 o%a3 <0i ofa?
> -84/ — e 2 + olae 2 .
T 0202 II V2T v

=3
The last inequality is derived by applying Lemma [E-3] Lemma [E.7]and Lemma [E.8] On the other
hand, we can obtain that

@ < —E[eal‘zlq]E[e_a2|z2|]E[23Z4ea3‘z3‘+a4lz4|1{z3z4<0}]E[z5ea5z51{z520}]
=2E [e“llzll]E[e*‘”‘Z?‘]E[236“3Z31{2320}]E[z4e“4z41{z420}]E[256‘152‘51{%20}]

5
[2 1  ofaf o; ofa?
<8y — e 2 H — + U?aie 7 .
T 02G2 i—s V2T

This finishes the proof. O
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Lemma E.14. Let 2y, 22, 23 be three standard Gaussian random variables, and z;, z; are either
independent or z; = z; for ¢ # j. Then it holds that E[|zlzgz3|] < 2\/%.

Proof of Lemma There are three possible cases:

1. 21, 22, 23 are all independent. Then E[|z12223|] = E[|21|]E[|22||E[|25]] = 24/ 2

K T

2. Two of z1, 22, z3 are equal while another one is independent with these two random vari-
ables. W.L.O.G, we assume z; = 2o and z3 is independent with both z1,25. Then

E(jz122%1] = E[A]E[=5]) = /2

3. 21, 22, 23 are all equal. Then E[|212223|] = E[\zl|3] = 2\/2

This finishes the proof. O

E.3 CONCENTRATION RESULTS

i.4.d.

Lemma E.15. Let 29,22,---,2p ~  N(0,02). Then with probability at least 1 —
\/%%1/46*0%‘/5/2, it holds that |2;| < c10, D'/ for all i € [D] and any constant c; .

Proof of Lemma|E-I5] By Mills ratio, we can obtain that

2 1 /D
. 1/4 s - _ 1
?(Jai] > 100D )f\ﬁclpwexp( Y )

By applying a union bound over all i € [D], we complete the proof. O

Lemma E.16. For x;, X2, - ,xp defined in Definition [2.1] it holds that
%]z < 0xVd+ 0,V D

with probability at least 1 — De~% forall j€[D].

Proof of Lemma|E.16] Since || - ||2 is 1-Lipschitz continuous, then by Theorem 2.26 in Wainwright
(2019), we can obtain that

_D
P(Ix;l: ~ E[lxsll2] = 0 VD) < e %.
Besides, by Jensen’s inequality, we also have

(1] < /B[] = 0eVa

Applying a union-bound over all j € [D] completes the proof. O

Lemma E.17. For x'” defined in Deﬁnition it holds that
| <V*,X§Z)> ’ < Ca.'le/4

|7, < V25, (Vd + VD)

with probability at least 1 — ne=<"V? forall i € [n] and j € [D], where c is any positive absolute
constant, and ¢’ is positive constant solely depending on c.
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Proof of Lemma[E-T7} By definition of || - [|,s,, we have |E[x; @ | < V26, and E[x %}2 < 252 for
alli € [n], j € [D] and k € [d]. By Hoeffding inequality, we have

o _ VD
<‘| x")| E||v ,x§-”>|]‘ > caxDl/‘*) <2exp (- 27),
Besides, by Bernstein’s inequality, we also have

(CERE

where ¢ is an absolute constant. Applying a union-bound over all ¢ € [n] and j € [D] completes
the proof. O

> 505D> < 2exp(—c'D), (E.30)

E.4 ORTHOGONALITY AND NORM OF DISCRETE SINE TRANSFORM
Lemma E.18. For positional encodings p1,p2,--- ,pp defined in (Z.I), it holds that ||p;|| =

% forall j € [D] and (p;j, p;/) = 0forall j # j' € [D].

Proof of Lemma This lemma is equal to prove that

D Y .

> s k] \ g (TR D+1 /
D+1)° = W D

j_lsm<D+1>bm<D+1 5Ok, VK €[D],

where 0 = 1 when k = k" and dg» = 0 when k # k’. Applying the form sin(z) = {exp(iz) —
exp(—iz)}/(24), we can rewrite the left side above by

Sin (25 Y i (ZEL) - LS fg (ML) o (R,
= \D+1 D+1) 4« P\ —pr1 J) P Y

j=0

o (- T g (- A

When k + sk’ # 0, the geometric partial sum shows that

im(k 4 sk') \ exp{xim(k + sk')} —
Zex ( D+1 ) = exp{tin(k+ sk /(D+ 1)} — 1’

where s € {—|—1, —1}. In this case, it is required that k + sk’ # 0. We have that when k + sk’ # 0,
if k + sk’ is even, the terms will vanish and then the equation equals 0. When k + sk’ is odd, it must
hold that one of k and %’ is odd and the other is even, under this case exp(+im(k + sk’)) = —1, the
term compensates as

1 1
exp{iz} —1 + exp{—izr} —1
This indicates that the equation above equals 0. We conclude that when k + sk’ # 0,

isin 77rkj sin 'y =
= D+1)"\D¥1) "~

We consider the case k + sk’ = 0. By the definition, it only holds when s = —1 and k = k'. In such
case, simple algebra shows that

XD:, wkj . wk'j D—|—1
S1N S1N
P\ D+1) M\ D1 2

which completes the proof of Lemma|E.18 O
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E.5 SEQUENCE ITERATION BOUND

The following lemma is inspired by |Cao et al.|(2023); Meng et al.|(2024); Zhang et al.|

Lemma E.19. Suppose that a positive sequence z, ¢ > 0 follows the iterative formula
Typ1 = T +cxy @

for some positive constant a, ¢ > 0. Then it holds that

1
1

1
((a+ et +af™) =" <z <exg® + ((a+ Vet +agth) =

forallt > 0.

Proof of Lemma[E-T9) We first show the lower bound of x;. Consider a continuous-time sequence
z,, t > 0 defined by the integral equation with the same initialization.

t
gtzgo—l-a/g;“dr, Ty = To. (E.31)
0

Note that z, is obviously an increasing function of ¢. Therefore we have

t+1
Lytq :Qt‘*'c'/ z%dr
t

t+1
Sgt—l—c-/ z; “dr
¢

_ —a
=zt

for all ¢ € N. Comparing the above inequality with the iterative formula of {x;}, we conclude by
the comparison theorem that x; > z, for all t € N. Note that (E.31)) has an exact solution

1
= ((a+ Vet +ag™t) =
Therefore we have
1
x> ((a+1)et + 2ith) e

for all ¢ € N, which completes the first part of the proof. Now for the upper bound of z;, we have

t—1
xe=xo+cC- g x ¢
7=0
t

<zo+c- Z ((a + ler + xg"'l)i’#l
7=0

¢
C __a
=z0+ o +c- E ((a+ et 4 zfth) =

T7=1

t a
<@+ % +c-/ ((a+ Der +zgtt) "= dr,
0 0

where the second inequality follows by the lower bound of z; as the first part of the result of this
lemma. Therefore we have

1
zy < a0+ cxg® + ((a+ 1)t + IS—H) T _ 1o
1
=cxg "+ ((a + 1)t + x8+1) T

which completes the proof of Lemma|E. 19 O
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Training Loss in Gradient Descent Cos Angle of V‘x“ and v* Attention matrix
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Figure 4: Figures on training loss, cosine similarity and attention matrix. The first line presents the
training results with j* = 30. The second line shows the training results for j* = 70.

F ADDITIONAL SIMULATION RESULTS.

In this section, we present additional simulation results with larger numbers of variable groups D
and higher variable dimensions d. Specifically, we generate data according to Definition setting
o, = 0.25 and (n,d, D) = (10000, 100, 100). We consider two scenarios with j* = 30 and
j* = 70, respectively, and investigate whether the attention matrix effectively concentrates on the
specified j*, even under high-dimensional settings designed to mimic the scale of image data. The
vector v* is randomly generated and kept fixed throughout the simulations.

Due to the large amount of sample size n, we consider the SGD training with batch size 64. We
set the learning rate n = 0.01 and train the model for 100 epochs. During the training process,
(vi v
IS v 11
final epoch, we calculate the attention score matrix for each sample and display the heatmap of the

average attention score matrix across all samples.

we plot training loss and the cosine similarity After the training loss converges at the

As shown in Figure ] the training loss steadily decreases, eventually approaching zero after suffi-
cient training iterations, and vgt) rapidly aligns with the direction of v* even when d and D have a
higher dimension. More interestingly, when the value of j* varies, the attention mechanism consis-
tently adapts to the target index. For instance, when j* = 30, the attention matrix sharply focuses
on the 30th row and effectively isolates the label-relevant group. The focus shifts with the same
precision to j7* = 70. This behavior highlights the model’s ability to redirect its attention to the

specified index, even in high-dimensional settings designed to mimic the complexity of image data.

G REAL DATA EXPERIMENTS

In this section, we conduct experiments using the CIFAR-10 dataset, where each image has a shape
of 3 x 32 x 32, representing three color channels (RGB). For this experiment, we select two labels,
“Frog” and “Airplane,” and use 500 images from each label. To prepare the input for our framework,
each CIFAR-10 image is embedded as either the first patch (positioned at (1,1)) or the 25th patch
(positioned at (4,4)) in a grid, while the remaining 48 patches are filled with noise. These noise
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(a) “Frog” Images at position (1,1) (b) “Airplane” Images at position (1,1)

(c) “Frog” Images at position (4,4) (d) “Airplane” Images at position (4,4)

Figure 5: Examples of embedded images. Figure [5(a)] and Figure 5(b)] show images labeled as
“Frog” and “Airplane,” respectively, embedded at position (1,1) with a token index of 1. Figure[5(c)
and Figure show images labeled as “Frog” and “Airplane,” respectively, embedded at position
(4,4) with a token index of 25.

patches, each of size 3 x 32 x 32, are generated using random values sampled from a Gaussian
distribution with a mean of 0 and a standard deviation of 1/3. This arrangement forms a 7 x 7 grid
(49 patches in total), resulting in a final input with dimensions of 3 x 224 x 224. Examples of the
processed images are shown in Figure 5]

We apply a one-layer transformer to learn from the processed images. Each patch, including the
original CIFAR-10 image and the 48 noise patches, is flattened into a vector of size 3 x 32 x 32 =
3072, resulting in a total of 49 vectors corresponding to the 7 x 7 grid of patches. These vectors,
each with a dimension of 3072, form the input sequence for the transformer model. As shown in
Figure[5(a) and Figure[5(b)] images positioned at (1,1) correspond to j* = 1, while Figure[5(c)| and
Figure show images positioned at (4,4), corresponding to j* = 25. In this setup, d = 3072
represents the dimensionality of the data, and D = 49 denotes the number of variable groups. The
transformer model is initialized to 0, and we train it using a batch size of 64 and a learning rate of
10~3. For comparison, we also present results from directly applying logistic regression to the clean
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Figure 6: Experiment results on training loss, attention matrix and testing accuracy. The first column
shows the results when images have position at (1,1). The second column shows the results when
images have position at (4,4).

data points, where each CIFAR-10 image is flattened into a single vector of size 3072, and logistic
regression is performed on these single vectors.

The results of our experiment are presented in Figures[6] Figures[6(a)]and[6(b)|show the training loss
over 100 epochs using gradient descent. The plot demonstrates a steady decrease in the loss during
training, which closely aligns with the decreasing trend observed in the clean logistic regression
model. This indicates the effectiveness of the optimization process and the transformer model’s
ability to focus on the true images. Figures and [6(d)] display the attention matrices for the
trained images, further confirming the model’s ability to focus on relevant features. For images
positioned at (1,1) with j* = 1, the attention matrix shows that the model focuses predominantly
on the first row, corresponding to the original CIFAR-10 image. Similarly, for images positioned at
(4,4) with j* = 25, the attention matrix highlights that the model concentrates on the 25th row, again
corresponding to the true image. Figures [6(e)| and [6(f)] demonstrate the generalization performance
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of the transformer on an unseen test dataset. The results show that the transformer maintains strong
performance, further verifying its ability to effectively generalize to new data.
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