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ABSTRACT

The quality of many modern machine learning models improves as model com-
plexity increases, an effect that has been quantified—for predictive performance—
with the non-monotonic double descent learning curve. Here, we address the over-
arching question: is there an analogous theory of double descent for models which
estimate uncertainty? We provide a partially affirmative and partially negative an-
swer in the setting of Gaussian processes (GP). Under standard assumptions, we
prove that higher model quality for optimally-tuned GPs (including uncertainty
prediction) under marginal likelihood is realized for larger input dimensions, and
therefore exhibits a monotone error curve. After showing that marginal likelihood
does not naturally exhibit double descent in the input dimension, we highlight re-
lated forms of posterior predictive loss that do exhibit non-monotonicity. Finally,
we verify empirically that our results hold for real data, beyond our considered
assumptions, and we explore consequences involving synthetic covariates.

1 INTRODUCTION

With the recent success of overparameterized and nonparametric models for many predictive tasks
in machine learning (ML), the development of the corresponding uncertainty quantification (UQ)
has unsurprisingly become a topic of significant interest. Naive approaches for forward propagation
of error and other methods for inverse uncertainty problems typically apply Monte Carlo methods
under a Bayesian framework (Zhang,2021). However, the large-scale nature of many ML problems
of interest results in significant computational challenges. One of the most successful approaches for
solving inverse uncertainty problems is the use of Gaussian processes (GP) (Williams & Rasmussen,
20006). This is now frequently used for many predictive tasks, including time-series analysis (Roberts
et al.| [2013)) and classification (Williams & Barber, |1998; |Williams & Rasmussen, 2006). GPs are
also fundamental for Bayesian optimization (Hebbal et al., 2019} [Frazier,2018]), although extending
Bayesian optimization into high-dimensional settings remains challenging (Binois & Wycoff}[2021).

Although the theoretical understanding of the predictive capacity of high-dimensional ML mod-
els continues to advance rapidly, a parallel rigorous theory for UQ is comparatively lagging. The
prominent heuristic in modern ML that larger models will typically perform better has become al-
most axiomatic. However, it is only more recently that this heuristic has become represented in
the theory through the characterisation of benign overfitting (Bartlett et al.,|2020). In particular, the
double descent curve extends the bias-variance tradeoff curve to account for improving performance
with higher model complexity (Belkin et al., [2019; |Wang et al., 2021} |Derezinski et al., [2020b) (see
Figure [T[right)). Typically, these arguments involve applications of random matrix theory (Edelman
& Raol 2005} [Paul & Auel [2014)), notably the Marchenko-Pastur law, concerning limits of spectral
distributions under large data/large dimension regimes.

While the predictive performance of ML models can improve as model size increases, it is not clear
whether or not the same is true for predictions of model uncertainty. Several common measures of
model quality which incorporate inverse uncertainty quantification are Bayesian in nature, the most
prominent of which are the marginal likelihood and various forms of posterior predictive loss. It is
well-known that Bayesian methods can perform well in high dimensions (De Roos et al.,2021), even
outperforming their low-dimensional counterparts when properly tuned (Wilson & Izmailovl, [2020).
To close this theory-practice gap, an analogous formulation of double descent curves in the setting
of uncertainty quantification is desired. Marginal likelihood and posterior distributions are often
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Performance Metric Error Curve Optimal ~
Marginal Likelihood / Free Energy Monotone (Thm. eqn. (5)
Posterior Predictive L? Loss Double Descent (Prop. 1) 0
Posterior Predictive NLL Double Descent (Prop. [1) | E||f(x) — y||?

Table 1: Behavior of UQ performance metrics and optimal posterior temperature -y.

intractable for arbitrary models (e.g., Bayesian neural networks (Goan & Fookes|, |2020)). However,
their explicit forms are well known for GPs (Williams & Rasmussen, [2006)).

GPs are nonparametric, and most of the kernels used in practice induce infinite-dimensional feature
spaces, so model complexity can be difficult to quantify (although some notions of kernel dimen-
sion have been proposed (Zhang, 2005} |Alaou1 & Mahoney, |2015)). Nevertheless, it is generally
expected that accurately fitting a GP to data lying in higher-dimensional spaces requires training on
a larger dataset. This curse of dimensionality has been justified using error estimates (von Luxburg
& Bousquet, 2004), and verified empirically (Spigler et al.l 2020). However, under appropriate se-
tups, predictive performance has been demonstrated to improve with larger input dimension (Liu
et al., 2021). Here, we consider whether the same is true for the marginal likelihood and posterior
predictive metrics. Our main results (see Theorem [I] and Proposition [I)) are summarized as follows.

* Monotonicity: For two optimally regularized scalar GPs, both fit to a sufficiently large set of iid
normalized and whitened input-output pairs, the better performing model under marginal likeli-
hood is the one with larger input dimension.

* Double Descent: For sufficiently small temperatures, GP posterior predictive metrics exhibit dou-
ble descent if and only if the mean squared error for the corresponding kernel regression task
exhibits double descent (see|Liang & Rakhlin (2020); |Liu et al.|(2021) for sufficient conditions).

Figure [T] illustrates characteristics of monotone and double descent error curves. Along the way,
we identify optimal choices of temperature (which can be interpreted as noise in the data) under a
tempered posterior setup — see Table[I]for a summary. Our results highlight that the common curse
of dimensionality heuristic can be bypassed through an empirical Bayes procedure. Furthermore, the
performance of optimally regularized GPs (under several metrics), can be improved with additional
covariates (including synthetic ones). Our theory is supported by experiments performed on real
large datasets. Additional experiments, including the effect of ill-conditioned inputs, alternative
data distributions, and choice of underlying kernel, are conducted in Appendix A. Details of the
setup for each experiment are listed in Appendix G.

2 BACKGROUND

2.1 GAUSSIAN PROCESSES

A Gaussian process is a stochastic process f on R such that for any set of points x1, ...,z € R,
(f(z1),..., f(zk)) is distributed as a multivariate Gaussian random vector (Williams & Rasmussen,
20006, §2.2). Gaussian processes are completely determined by their mean and covariance functions:
if for any x,2' € R%, Ef(x) = m(x) and Cov(f(x), f(z')) = k(z,2’), then we say that f ~
GP(m, k). Inference for GPs is informed by Bayes’ rule: letting (X;, Y;)?_; denote a collection of
iid input-output pairs, we impose the assumption that Y; = f(X;) + ¢; where each ¢; ~ N(0,7),

error
error

input dimension input dimension

Figure 1: Illustrations of monotone (left) and double descent (right) error curves.
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yielding a Gaussian likelihood p(Y'|f, X) = (2my)~"/? exp(—55 Y — f(X)|*). The parameter
v is the temperature of the model, and dictates the perceived accuracy of the labels. For example,
taking v — O™ considers a model where the labels are noise-free.

For the prior, we assume that f ~ GP(0, \~1k) for a fixed covariance kernel k and regularization
parameter A > 0. While other mean functions m can be considered, in the sequel we will consider
the case where m = 0. Indeed, if m # 0, then one can instead consider )71 =Y; — m(X;), so that
Y, = f (X;) + €; and the corresponding prior for f is zero-mean. The Gram matrix Kx € R"*"
for X has elements K% = k(X;, X;). Let& = (21, ..., ,,) denote a collection of N points in

RY, f(z) = (f(x1),..., f(zm)) and denote by K, € R™*™ and k, € R" ™ the matrices with
elements K = k(x;,x;) and k% = k(X;, x;).

Given this setup, we are interested in several metrics which quantify the uncertainty of the model.
The posterior predictive distribution (PPD) of f(x) given X, Y is (Williams & Rasmussen, 2006,
pg. 16) _

f(:B)|X,Y NN(f(w)v)‘_lz(w))v

where f(x) = k] (Kx + MyI)"'Y and X(z) = K, — k. (Kx + M) 'kg. This defines a
posterior predictive distribution p” on the GP f given X,Y (so f | X, Y ~ p7). If welety =

(y1,-..,Ym) denote a collection of m associated fest labels corresponding to our test data x, the
posterior predictive L? loss (PPL2) is the quantity
U(z,y) =Epep (@) = yllI* = [ () —yl* + A 2 (3()). ey

Closely related is the posterior predictive negative log-likelihood (PPNLL), given by
L(@,y|X.Y) = ~Efpn logp(y|f.2) = £ f(@) - y|? + 7 tx(S(a)) + F log(277). ()

2.2 MARGINAL LIKELIHOOD

The fundamental measure of model performance in Bayesian statistics is the marginal likelihood
(also known as the partition function in statistical mechanics). Integrating the likelihood over the
prior distribution 7 provides a probability density of data under the prescribed model. Evaluating
this density at the training data gives an indication of model suitability before posterior inference.
Hence, the marginal likelihood is Z,, = E;..p(Y'|f, X). A larger marginal likelihood is typically
understood as an indication of superior model quality. The Bayes free energy F,, = —log Z,, is
interpreted as an analogue of the test error, where smaller F,, is desired.

The marginal likelihood for a Gaussian process is straightforward to compute: since Y; =
f(X:) + €; under the likelihood, and (f(X;))"; ~ N(0,A\"'Kx) under the GP prior 7 =
GP(0,\"1k), we have Y;|X ~ N(0,\"'Kx + ~I), and hence the Bayes free energy is given
by (Williams & Rasmussen, |2006, eqn. (2.30))

Fl =3I T (Kx + M) 7Y + S logdet(Kx + M) — 2log (5+). 3)

In practice, the hyperparameters )\, v are often tuned to minimize the Bayes free energy. This is an
empirical Bayes procedure, and typically achieves excellent results (Krivoruchko & Gribov, [2019).

The PPNLL can be linked to the marginal likelihood through cross-validation measures. Let [
be uniform on {1,...,k} and let 7 be a random choice of k indices from {1,...,n} (the rest
set). Let T = {1,...,n}\T denote the corresponding fraining set. The leave-k-out cross-
validation score under the PPNLL is defined by S;(X,Y) = EL(X7,, Y7, | X7, Y7). The Bayes
free energy is the sum of all leave-k-out cross-validation scores (Fong & Holmes)} 2020), that is
F) =>r_1 Sk(X,Y). Therefore, the mean Bayes free energy (or mean free energy for brevity)
n~'F7 can be interpreted as the average cross-validation score. Similar connections can also be
formulated in the PAC-Bayes framework (Germain et al.,[2016).

2.3 BAYESIAN LINEAR REGRESSION

One of the most important special cases of GP regression is Bayesian linear regression, obtained
by taking Ay, (7, 2') = =" 2’. As a special case of GPs, our results apply to Bayesian linear regres-
sion, directly extending double descent analysis into the Bayesian setting. By Mercer’s Theorem
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(Williams & Rasmussenl 2006l §4.3.1), a realization of a GP f has a series expansion in terms of
the eigenfunctions of the kernel k. As the eigenfunctions of ky, are linear, f ~ GP(0, A\~ Lkyy,) if
and only if
f@)=w'z, w~N(0,A71).

More generally, if ¢ : R? — RP is a finite-dimensional feature map, then f(z) = w'¢(z),
w ~ N(0,\71) is a GP with covariance kernel k4(,y) = ¢(z) " ¢(y). This is the weight-space in-
terpretation of Gaussian processes. In this setting, the gosterior distribution over the weights satisfies
P (w) = p(w]X,Y) o exp(—55 Y — #(X)w]* — 3]lw]|*) and the marginal likelihood becomes

)\d/2

1 2 A 2
Z) = YIX, wrn(wdw = ———F—— e~ 37 YV =o(X)wl” o= lwl dw, 4
1= [ pIX ) TR D | @
where ¢(X) = (¢(X;))7; € R™*P. Under this interpretation, the role of A as a regularization
parameter is clear. Note also that if A\ = p/~ for some p > 0, then the posterior p” (w) depends on
v as (p'(w))'/7 (excluding normalizing constants). This is called a tempered posterior; if v < 1,

the posterior is cold, and it is warm whenever v > 1.

3 RELATED WORK

Double Descent and Multiple Descent. Double descent is an observed phenomenon in the error
curves of kernel regression, where the classical (U-shaped) bias-variance tradeoff in underparame-
terized regimes is accompanied by a curious monotone improvement in test error as the ratio ¢ of
the number of datapoints to the ambient data dimension increases beyond ¢ = 1. The term was
popularized in [Belkin et al.| (2018bj 2019). However, it had been observed in earlier reports (Do-
briban & Wager, |2018}; |Loog et al., 2020), and the existence of such non-monotonic behavior as a
function of system control parameters should not be unexpected, given general considerations about
different phases of learning that are well-known from the statistical mechanics of learning (Engel
& den Broeckl 2001; [Martin & Mahoney,, |2017). An early precursor to double descent analysis
came in the form of the Stein effect, which establishes uniformly reduced risk when some degree of
regularisation is added (Strawderman, [2021). Stein effects have been established for kernel regres-
sion in|Muandet et al.|(2014); |Chang et al.|(2017). Subsequent theoretical developments proved the
existence of double descent error curves on various forms of linear regression (Bartlett et al.| 2020
Tsigler & Bartlett, 2020; Hastie et al., [2022; Muthukumar et al., 2020), random features models
(Liao et al., 2020; [Holzmiiller, 2020)), kernel regression (Liang & Rakhlinl [2020; Liu et al., |2021)),
two-layer neural networks (Mei & Montanari, 2022), and classification tasks (Frei et al., 2022 Wang
et al.,|2021). For non-asymptotic results, subgaussian data is commonly assumed, yet other data dis-
tributions have also been considered (Derezinski et al.l 2020b). Double descent error curves have
also been observed in nearest neighbor models (Belkin et al.| [2018a)), decision trees (Belkin et al.,
2019)), and state-of-the-art neural networks (Nakkiran et al.,[2021)). More recent developments have
identified a large number of possible curves in kernel regression (Liu et al., 2021), including triple
descent (Adlam & Pennington, 2020; d’ Ascoli et al.,|2020) and multiple descent for related volume-
based metrics (Derezinski et al.,|2020a). Similar to our results, an optimal choice of regularization
parameter can negate the double descent singularity and result in a monotone error curve (Liu et al.|
2021} Nakkiran et al.l [2020; [Wu & Xu, [2020). While there does not appear to be clear consensus
on a precise definition of “double descent,” for our purposes, we say that an error curve F(t) ex-
hibits double descent if it contains a single global maximum away from zero at ¢t*, and decreases
monotonically thereafter. This encompasses double descent as it appears in the works above, while
excluding some misspecification settings and forms of multiple descent.

Learning Curves for Gaussian Processes. The study of error curves for GPs under posterior
predictive losses has a long history (see Williams & Rasmussen| (2006} §7.3) and [Viering & Loog
(2021))). However, most results focus on rates of convergence of posterior predictive loss in the
large data regime n — oo. The resulting error curve is called a learning curve, as it tracks how
fast the model learns with more data (Sollich, [1998; |Sollich & Halees| [2002; |Le Gratiet & Garnier,
20135])). Of particular note are classical upper and lower bounds on posterior predictive loss (Opper &
Vivarellil 1998} [Sollich & Halees| 2002} (Williams & Vivarellil, [2000), which are similar in form to
counterparts in the double descent literature (Holzmiiller, 2020). For example, some upper bounds
have been obtained with respect to forms of effective dimension, defined in terms of the Gram matrix
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Figure 2: Error curves for mean Bayes free energy n~'F,) for synthetic data under linear (top)
and Gaussian (bottom) kernels, with A = A* (left; monotone decreasing) and A = 0.01 (right;
increases at higher input dimensions).

(Zhang| 2005} |Alaoui & Mahoney},[2015)). Contraction rates in the posterior have also been examined
Lederer et al.,[2019). In our work, we consider error curves over dimension rather than data, but
we note that our techniques could also be used to study learning curves.

Cold Posteriors. Among the most surprising phenomena encountered in Bayesian deep learning
is the cold posterior effect (CPE): the performance of Bayesian neural networks (BNNs) appears to
improve for tempered posteriors when v — 0. This presents a challenge for uncertainty prediction:
taking v — 0T concentrates the posterior around the maximum a posteriori (MAP) point estimator,
and so the CPE implies that optimal performance is achieved when there is little or no predicted
uncertainty. First observed in [Wenzel et al| (2020), several authors have since sought to explain
the phenomenon through data curation (Aitchison}, 2020), data augmentation (Izmailov et al, 2021}
Fortuin et al.| 2021), and misspecified priors (Wenzel et al., 2020), although the CPE can still arise
in isolation of each of these factors 2021). While our setup is too simple to examine the
CPE at large, we find some common forms of posterior predictive loss are optimized as v — 0.

4 MONOTONICITY IN BAYES FREE ENERGY

In this section, we investigate the behavior of the Bayes free energy using the explicit expression in
(3). First, to facilitate our analysis, we require the following assumption on the kernel &.

Assumption. The kernel k is formed by a function k. : R — R that is continuously differentiable on
(0, 00) and is one of the following two types:

(I) Inner product kernel: k(z,r') = r(x'2'/d) for x,2' € R? where k is three-times
continuously differentiable in a neighbourhood of zero, with k'(0) > 0. Let

a = r'(0), B = k(1) — r(0) — &'(0).
(II) Radial basis kernel: k(x,2') = r(|z — 2'||?/d) for x,2' € R%, where k is three-times
continuously differentiable on (0, 00), with £'(2) < 0. Let

a=—2r'(2), B = k(0) + 2k"(2) — K(2).

W
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Figure 3: Error curves for mean Bayes free energy under the CIFAR10 dataset; linear (left) and
Gaussian (right) kernels; A = \*; curves for real data match Figure |z| (left).

This assumption allows for many common covariance kernels used for GPs, including polynomial
kernels k(x,2') = (c + 2 "2’ /d)P, the exponential kernel k(z, ') = exp(x"z’/d), the Gaussian
kernel k(z,2') = exp(—||lz — 2'||?/d), the multiquadric kernel k(x,z’) = (¢ + ||z — 2'||?/d)P, the
inverse multiquadric k(z, ") = (¢ + ||x — 2'||?/d) P kernels, and the Matérn kernels

k(z,2’) = (27T @)) Hlz — &/|I"Ky (v — 27[])

(where K, is the Bessel-K function). Different bandwidths can also be incorporated through the
choice of k. However, it does exclude some of the more recent and sophisticated kernel families,
e.g., neural tangent kernels. Due to a result of |[El Karoui| (2010), the Gram matrices of kernels
satisfying this assumption exhibit limiting spectral behavior reminiscent of that for the linear kernel,
k(z,2") = ¢+ x T2’ /d. Roughly speaking, from the perspective of the marginal likelihood, we can
treat GPs as Bayesian linear regression.

In line with previous work on double descent curves (Belkin et al.| 2019), our objective is to in-
vestigate the behavior of the marginal likelihood with respect to model complexity, which is often
given by the number of parameters in parametric settings (d’Ascoli et al., 2020; Derezinski et al.,
2020b; |Hastie et al., [2022)). GPs are non-parametric, and while notions of effective dimension do
exist (Zhang, [2005} |/Alaoui & Mahoney, |[2013)), it is common to instead consider the input dimension
in place of the number of parameters in this context (Liang & Rakhlin, [2020; |L1iu et al., [2021])).

For our theory, we first consider the “best-case scenario,” where the prior is perfectly specified and
its mean function m is used to generate Y: Y; = m(X;) + ¢;, where each ¢; is iid with zero mean
and unit variance. By a change of variables, we can assume (without loss of generality) that m = 0,
so that Y; = ¢;, and is therefore independent of X. To apply the Marchenko-Pastur law from
random matrix theory, we consider the large dataset — large input dimension limit, where n and d
scale linearly so that d/n — ¢ € (0,00). The inputs are assumed to have been whitened and to
be independent zero-mean random vectors with unit covariance. Under this limit, the sequence of
mean Bayes entropies n~1F), foreachn = 1,2, ..., converges in expectation over the training set
to a quantity 72, which is more convenient to study. Our main result is presented in Theorem|[T} the
proof is delayed to Supplementary Material.

Theorem 1 (Limiting Bayes Free Energy). Let X1, Xo,... be independent and identically dis-
tributed zero-mean random vectors in R? with unit covariance, satisfying E| X;|>*° < +oo for
some 6 > 0. Foreachn = 1,2,..., let F,! denote (3)) applied to X = (X;)Iq andY = (Y;)!,,
with each Y; ~ N(0,1). If n,d — oo such that d/n — ¢ € (0,00), then

FL = lim n 'EF),

n—oQ

is well-defined. In this case,

(a) If \ = p/~y for some pu > 0, there exists an optimal temperature v* which minimizes FJ.,
which is given by

v*=c—1—§(ﬁ+u)+\/(1+§(ﬁ+u+a))2—46- (5)

If the kernel k depends on X such that o is constant in X and 8 = By for 5y € [0,1), then
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Figure 4: Error curves for mean Bayes free energy under real data with Gaussian (left); repeated
data (center); and zeroed data (right), under the linear kernel and A = A\*. Only adding synthetic
non-zero iid covariates improves model performance.

(b) Ifv € (0,1 — fy), there exists a unique optimal \* > 0 minimizing FJ. satisfying

e elle+ DO+ B0) + V(e = 1) +de(y + 5o)?]
(1= (v+50)?) '

If v > 1 — Bo, then no such optimal \* exists.

(6)

(c) For any temperature 0 < v < 1 — By, at A = \*, F is monotone decreasing in c €
(0, 00).

The expression for the asymptotic Bayes free energy F . is provided in the Supplementary Material.
To summarize, first, in the spirit of empirical Bayes, there exists an optimal \* for the Gaussian
prior which minimizes the asymptotic mean free energy. Under this setup, the choice of A which
maximizes the marginal likelihood for a particular realization of X,Y will converge almost surely
to A* as n,d — oo. Similar to [Nakkiran et al.| (2020); Wu & Xu| (2020), we find that model
performance under marginal likelihood improves monotonically with input dimension when A = \*
for a fixed amount of data. Indeed, for large n,d, EF) ~ nFJ, and ¢ =~ d/n, so Theorem
implies that the expected Bayes free energy decreases (approximately) monotonically with the input
dimension, provided n is fixed and the optimal regularizer A* is chosen.

Discussion of assumptions. The assumption that the kernel scales with ) is necessary using our
techniques, as \* cannot be computed explicitly otherwise. This holds for the linear kernel, but most
other choices of x can be made to satisfy the conditions of Theoremby taking s (z) — n~tk(nx),
for appropriately chosen bandwidth = 7n(\). For example, for the quadratic kernel, this gives
E(xz,x') = (A"1/2 4 X/22T2")2. Effectively, this causes the regularization parameter to scale
non-linearly in the prior kernel. Even though this is required for our theory, we can empirically
demonstrate this monotonicity also holds under the typical setup where k does not change with A.
In Figure |2} we plot the mean free energy for synthetic Gaussian datasets of increasing dimension
at both optimal and fixed values of X for the linear and Gaussian kernels. Since n is fixed, in line
with Theorem|[T[} the curves with optimally chosen A decrease monotonically with input dimension,
while the curves for fixed A appear to increase when the dimension is large. Note, however, that the
larger 3 for the Gaussian kernel induces a significant regularizing effect. A light CPE appears for
the Gaussian kernel when A is fixed, but does not seem to occur under \*.

While the assumption that m = 0 may appear too restrictive, in Appendix B, we show that m
is necessarily small when the data is normalized and whitened. Consequently, under a zero-mean
prior, the marginal likelihood behaves similarly to our assumed scenario. This translates well in
practice: under a similar setup to Figure 2] the error curves corresponding to the linear and Gaussian
kernels under the whitened CIFAR10 benchmark dataset (Krizhevsky & Hinton, 2009)) exhibiting
the predicted monotone behavior (Figure [3).

Synthetic covariates. Since Theorem [l| implies that performance under the marginal likelihood
can improve as covariates are added, it is natural to ask whether an improvement will be seen if
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Figure 5: Posterior predictive L? loss error curves for synthetic data exhibiting perturbed /
tempered double descent under the linear kernel with A\ = 0.01/~ (left), and A = A* (right).

the data is augmented with synthetic covariates. To test this, we considered the first 30 covariates of
the whitened CT S1ices dataset obtained from the UCI Machine Learning Repository (Graf et al.}
2011), and we augmented them with synthetic (iid standard normal) covariates; the first 30 covariates
repeated; and zeros (for more details, see Appendix A). While the first of these scenarios satisfies
the conditions of Theorem[I] the second two do not, since the new data cannot be whitened such that
its rows have unit covariance. Consequently, the behavior of the mean free energy reflects whether
the assumptions of Theorem|T|are satisfied: only the data with Gaussian covariates exhibits the same
monotone decay. From a practical point of view, a surprising conclusion is reached: after optimal
regularization, performance under marginal likelihood can be further improved by concatenating
Gaussian noise to the input.

5 DOUBLE DESCENT IN POSTERIOR PREDICTIVE LOSS

In this section, we will demonstrate that, despite the connections between them, the marginal like-
lihood and posterior predictive loss can exhibit different qualitative behavior, with the posterior
predictive losses potentially exhibiting a double descent phenomenon. Observe that the two forms
of posterior predictive loss defined in (I)) and (2)) can both be expressed in the form

L= c1(ME|f(x) = yl? + c2(X, 1)Etr(3(=)) + es(7).
MSE volume

The first term is the mean-squared error (MSE) of the predictor f, and is a well-studied object
in the literature. In particular, the MSE can exhibit double descent, or other types of multiple
descent error curves depending on k, in both ridgeless (Holzmiiller, 2020; [Liang & Rakhlin, [2020)
and general (Liu et al., 2021)) settings. On the other hand, the volume term has the uniform bound
Etr(X(x)) < mEE(x,x), so provided ¢ is sufficiently small, the volume term should have little
qualitative effect. The following is immediate.

Proposition 1. Assume that the MSE E|| f(z) — y||? for Gaussian inputs = and labels y converges
to an error curve E(c) that exhibits double descent as n — oo with d = d(n) satisfying d(n)/n —
¢ € (0,00). If there exists a function \(v) such that ca(\(7y),7)/c1(y) = 0as v — 0T, then for
any € > 0, there exists an error curve E(c) exhibiting double descent, a positive integer N, and
~o > 0 such that forany 0 < v < ygandn > N, |L/c1 — E| < eat d = d(n) and A = \(7).

For posterior predictive L? loss, in the tempered posterior scenario where A\ = /7, the MSE
remains constant in 7, while ¢2/c¢; = v/u. Since the predictor f depends only on i, the optimal
~ in the tempered posterior scenario is realised as v — 0. In other words, under the posterior
predictive L? loss, the best prediction of uncertainty is none at all. This highlights a trivial form of
CPE for PPL2 losses, suggesting it may not be suitable as a UQ metric. Here we shall empirically
examine the linear kernel case; similar experiments for more general kernels are conducted in the
Supplementary Material. In Figure left), we plot posterior predictive L? loss under the linear
kernel on synthetic Gaussian data by varying v while keeping p fixed. We find that the error curve
exhibits double descent when v < 2u. The corresponding plot for the CIFAR10 dataset is shown
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Figure 6: PPL2 loss under the linear kernel with A = 0.01 /-y (left) and A = \* (right) on the
CIFAR10 dataset; curves for real data match Figure @

in Figure [6{left), demonstrating that this behavior carries over to real data. Choosing A = \* (the
optimal A according to marginal likelihood) reveals a more typical set of regularized double descent
curves; this is shown in Figure [Bfright) for synthetic data and Figure [6{right) for the CIFAR10
dataset. This is due to the monotone relationship between the volume term and A, hence the error
curve inherits its shape from the behaviour of A* (see Appendix A in the Supplementary Material).

In contrast, this phenomenon is not the case for posterior predictive negative log-likelihood. In-
deed, letting A = 1/~ and optimizing the expectation of (2) in -, the optimal v* = m~'E|| f(z) —
y/||%. The expected optimal PPNLL is therefore

—EayEr e logp(ylf, o) = gm[l +log(2rE| f(=) — y|*)] + (2u) " tr(S(x)). (D)

Otherwise, the PPNLL displays similar behavior to PPL2, as the two are related linearly.

6 CONCLUSION

Motivated by understanding the uncertainty properties of prediction from GP models, we have ap-
plied random matrix theory arguments and conducted several experiments to study the error curves
of three UQ metrics for GPs. Contrary to classical heuristics, model performance under marginal
likelihood/Bayes free energy improves monotonically with input dimension under appropriate reg-
ularization (Theorem [I). However, Bayes free energy does not exhibit double descent. Instead,
posterior predictive loss inherits a double descent curve from non-UQ settings when the variance
in the posterior distribution is sufficiently small (Proposition[T). While our analysis was conducted
under the assumption of a perfectly chosen prior mean, similar error curves appear to hold under
small perturbations, which always holds for large whitened datasets. Although our contributions are
predominantly theoretical, our results also have some noteworthy practical consequences:

* Tuning hyperparameters according to marginal likelihood is essential to ensuring good perfor-
mance in higher dimensions, and completely negates the curse of dimensionality.

* When using L? losses as UQ metrics, care should be taken in view of the CPE. As such, we do
not recommend the use of this metric in lieu of other alternatives.

* Our experiments suggest that further improvements beyond the optimisation of hyperparameters
may be possible with the addition of synthetic covariates, although further investigation is needed
before such a procedure can be universally recommended.

In light of the surprisingly complex behavior on display, the fine-scale behavior our results demon-
strate, and a surprising absence of UQ metrics in the double descent literature, we encourage in-
creasing adoption of random matrix techniques for studying UQ / Bayesian metrics in double de-
scent contexts and beyond. There are numerous avenues available for future work, including the
incorporation of more general kernels (e.g., using results from |[Fan & Wang| (2020) to treat neural
tangent kernels, which are commonly used as approximations for large-width neural networks).
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Monotonicity and Double Descent in Uncertainty Quantification
with Gaussian Processes

SUPPLEMENTARY DOCUMENT

A  ADDITIONAL EMPIRICAL RESULTS

In this section, we consider other factors not covered by our analysis in the main body of the paper.
Full experimental details are given in Appendix G.

CT Slices dataset. To demonstrate our procedure for working with real data, we first consider
the CT Slices dataset obtained from the UCI Machine Learning Repository (Graf et al., |2011),
comprised of n = 53500 images X1,..., X, € R? with d = 385 features, and corresponding
scalar-valued labels Y7, ...,Y,, € R. This dataset is also used in Figure 4} The data was prepro-
cessed in the following way: first, 17 features were observed to be linearly dependent on the others,
and were removed to reveal d = 368 features. The sample mean ;1 x and sample covariance matrix

Yx of Xi,...,X,, were computed, and the input normalized by X; — E}I/Q(X,» — px). The
labels were similarly normalized as Y; — (Y; — py)/oy, where py and oy are the sample mean
and standard deviation of the labels, respectively. Under this preprocessing, X and Y are assumed
to satisfy the conditions of Theorem I

Figure[7lexamines the mean Bayes free energy for the linear and Gaussian kernels, under the optimal
choice of \* from Theorem|[I] This figure should be compared to the synthetic data examples shown
in Figure 2| (upper left and bottom left). Similarly, Figure [§|is the corresponding version of Figure
[l Notably, the characteristic behavior of all four plots is still prominent in the real data example.

Image classification datasets We conducted parallel experiments on two larger benchmark
datasets that are ubiquitous in the literature — MNIST [LeCun et al.| (1998) and CIFARI1O
Krizhevsky & Hinton|(2009). To this end, the MNIST and CIFAR10 datasets were preprocessed in
the same manner as the CT Slices dataset. Both datasets correspond to classification problems
with 10 class labels, however, for our purposes we consider the analogous regression problems over
the class labels.

The MNIST training set is comprised of 60, 000 different 28 x 28 grayscale images of handwritten
digits from 0-9. After preprocessing, d = 706 of the 768 features were retained, and n = 175 images
were randomly sampled for use as the dataset. The mean free energy curves under the linear and
Gaussian kernel under the optimal A = A\*, as well as the PPL2 curves for the optimal A and fixed
p are shown in Figures 0] and [I0} respectively. Similarly, the CIFAR1O training dataset contains
50, 000 different 32 x 32 color images, each with 3 channels. This corresponds to 3072 features, of
which d = 3003 were retained after preprocessing, and n = 900 images were randomly sampled as
the for use as the dataset. Analogous images are presented in Figures[3]and [§]
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Figure 7: Error curves for mean Bayes free energy under the CT Slices dataset; linear (left) and
Gaussian (right) kernels; A = \*
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Slices dataset.

It may seem surprising that the behavior of these models is so close to those of well-specified models,
since there is no a priori reason to assume the mean of the data-generating process is zero. However,
in Appendix B we demonstrate that this is merely a consequence of normalization of the response
variables, and that such normalization forces tight control over the gradients of the mean function
under expectation.
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Figure 9: Error curves for mean Bayes free energy under the MNIST dataset; linear (left) and
Gaussian (right) kernels; A = \*

Y
0.99
10—1 .
0.1
10*2 .
/
0.01

T T
102 102
Dimension Dimension

10—1 .

10—2 .

Posterior Predictive L2
Posterior Predictive L2

0.01

Figure 10: PPL2 loss under the linear kernel with A = 0.01/~ (left) and A = \* (right) on the
MNIST dataset.

Synthetic covariates. From Theorem [I] one can conclude that performance under the marginal
likelihood can increase as covariates are added. This begs the question: if the data is augmented
with synthetic covariates, will this still result in a higher marginal likelihood? We have considered
adding three different forms of synthetic covariates to the first 30 covariates of the whitened CT
Slices dataset:
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(1) Gaussian white noise: each X;; for j > 30 is drawn as an iid standard normal random
variable;

(ii) Copied data: the first 30 covariates are repeated, that is, for j > 30, each X;; =
X5,(j—1) mod 3041, Where mod denotes the modulus operator; and

(iii) Padded data: each X;; = 0 for j > 30.

While case (i) satisfies the conditions of Theorem [I} cases (ii) and (iii) do not, as neither case can
be whitened such that the rows of X have unit covariance. In Figure ] we repeat the experiment
in the top left of Figure [2] using these augmented datasets. The behavior of the mean Bayes free
energy reflects whether the assumptions of Theorem [I]are satisfied: while case (i) exhibits the same
monotone decay, cases (ii) and (iii) do not.

Monotonicity in posterior predictive metrics. In these experiments, we consider posterior pre-
dictive metrics for synthetic data under optimal parameter choices. First, in Figure[TT] the posterior
predictive L? loss is optimized in ), revealing a monotone decay in the dimension, analogous to
Nakkiran et al.| (2020); Wu & Xul (2020). In Figure[I2} we plot error curves for the optimally tem-
pered PPNLL metric under the linear kernel, revealing a monotonically increasing curve with
input dimension when g is fixed, and highlighting the need for appropriate regularization. If PPNLL
is optimized in both « and p simultaneously, the error curve becomes flat.

Prior misspecification. In our analysis, we have considered a practically optimal scenario where
the prior is centered on the mean function of the labels (in other words, our prior concentrates on
the correct solution). For more complex setups, where the prior is implicit and data-dependent, this
may be possible, but is unlikely in general. For example, if the prior dictates a priori knowledge,
then a perfectly specified prior implies the underlying generative model for the labels is known
in advance. Here, we assume that the mean function of the labels is nonzero, emulating a more
realistic scenario. We restrict ourselves to the linear setting here, and we consider Y; = 0y X; + ¢;,
ensuring that the correct mean function lies in the RKHS of the kernel. Figure [T3]illustrates the
effect on Bayes free energy (with optimal \*). From left to right, small §y = d~'/%1, large 6y =
nd~1/21, and growing 6§, = 1 perturbations are considered. For small values of the perturbation, the
monotonicity of the error curve is not affected in a meaningful way. While the zero-mean assumption
may seem restrictive, we demonstrate that this scenario will always hold asymptotically, provided
the data is normalized and whitened (see Appendix B). For larger perturbations, however, we see
a horizontal “double-ascent” (or reverse double descent) error curve. A growing perturbation also
results in a double-ascent curve, but with increasing Bayes free energy once the input dimension is
sufficiently large.

Regularity of the kernel. The regularity of the kernel plays a key role in the regularity, and con-
sequently, the quality of the predictor. In particular, less regular predictors tend to revert to the prior
more quickly away from the training data. The Matérn kernel family is noteworthy for its capacity
to adjust the regularity of predictors through the parameter v, whereby realizations of a Gaussian
process with Matérn covariance are at most [v]-times differentiable (Williams & Rasmussen, 2006,
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Figure 12: PPNLL optimized in v with

Figure 11: PPL2 optimized in \; varying ~. N = j/7: varying 1
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Figure 14: Effect of varying the regularity Figure 15: Effect of irregular spectra in X
parameter v in the Matérn kernel under the linear kernel

pg. 85). In Figure [T4] we plot the Bayes free energy for fixed n = 300 and v = 0.01 with optimal
A* over input dimensions d € [100,1000] and v € [0.5,100]. As v decreases, the curves become
flatter, suggesting the effect of dimension is reduced.

Ill-conditioned data. Our theoretical analysis considers only the case where the data has been
whitened, that is, where each row of X has unit covariance. It is known that more interesting behav-
ior can occur depending on the spectrum of eigenvalues of the covariance matrix, including multiple
descent (Nakkiran et al.| 2020; [Hastie et al.} [2022), and this appears to be robust to other volume-
based objectives (Derezinski et al., 2020a). In Figure [I5] we consider an isotropic ill-conditioned

covariance matrix Cov(X;) = ¥ where ¥ = diag((l())?fl, (1/ 10);121). Under the linear kernel, for

fixed A, the error curve is similar to the isotropic setting. However, at A = \*, we find that the mean
Bayes free energy can exhibit non-monotonic behavior at low temperatures.

Scaling dimension nonlinearly with data. An interesting consequence of the monotonic error
curve in the Bayes free energy is that the inclusion of additional data may be harmful if the input
dimension is increased at a slower rate d = O(n¢) for £ < 1 (or beneficial if ¢ > 1). This effect is
illustrated in Figure where the normalized Bayes free energy n =1 F)) is plotted for the linear and
Gaussian kernels at the optimal A\* over n € [300, 3000] with d = 2190 =8)p¢,

Effect of noise distribution Each experiment has also assumed that the labels are standard normal.
If this is not the case, but the labels are still assumed to be iid, have zero mean and are uncorrelated
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kernels and A = \*, for dimension scaling with data as O(n*)

with the inputs (correctly specified prior), then the expected mean Bayes free energy satisfies

P 1 1 A
gy = 2 E ( V...l 4 4 A
noEF 2n ij:lE[YlYJQ”] + QnEIOg det(Kx +MT) 2 log <27r) 7
A, 1 1 A
=50 Etr(Q) + %Elog det(Kx + MyI) — 3 log (277) ,

where Q = (Kx + MyI)~! and 02 = E[Y;?]. Therefore, only the variance in the labels contributes
to n~EF,) (other features of the distribution of the noise contribute to the higher order moments of
F;)). In Figure[I7} we examine the effect that different variances in the label noise have on the mean
Bayes free energy. Normally distributed Y; were considered, with variances ranging from 0.1 to 10.
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Figure 17: Error curves for mean Bayes free energy under linear kernel with A = \*, v = 0.1 (left)
/v = 0.01 (right) and different variances in the label data.

Posterior predictive loss with Gaussian kernel Figures[I8]and[T9)examine the effect of varying
~ on the posterior predictive L? loss varying over d, under the Gaussian kernel. These figures should
be contrasted with the linear kernel case presented as Figure [5] (left and right, respectively). Note
that the significant regularizing effect when 8 > 0 prohibits the double descent behavior found in
the linear kernel case.

Visualizing \* Figures [20|and 21| plot the values of A* versus c over different values of -, for the
linear and Gaussian kernels, respectively. Once again, the sharp trough formed at d = n in Figure
[21]is significantly dampened by the regularizing effect of 5 > 0.

Real data without whitening. To examine the effect that whitening has on the error curves, we
reconsider the experiments producing Figures 3 (left; MNIST) and 9 (left; CIFAR10) where X and
Y are only normalised, that is, we subtract the sample means and divide by the sample deviation.
The results are reported in Figure @ As expected from (Couillet & Debbah| (2011) and the results
of Figure[I3] the curves resemble their whitened counterparts with some spurious “bumps”.
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B NORMALIZED DATA IMPLIES SMALL PRIOR MISPECIFICATION

In Figure [13] we explored the effect of changing the mean of the data-generating process from
that of the prior. It was found that provided the mean of the data-generating process did not differ
too significantly from that of the prior, the monotonicity of the error curves in Bayes free energy
appeared unaffected. Here we show that when the data is normalized and whitened, and a zero-
mean prior is chosen, the mean of the data-generating process will never differ too significantly
from the prior.

As above, assume that the labels satisfy Y; = f(X;) + ¢; for some f : R¢ — R and zero-mean iid
€;. Now, we also assume that Y has been normalized so that Var(Y') = 1. Similarly, we assume that
X has been normalized and whitened, so that it has zero mean and unit covariance. For simplicity of
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Figure 22: Error curves for mean Bayes free energy for the MNIST (left) and CIFAR10 (right)
datasets, with linear kernels; A = \*.
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argument, assume further that X; are normal, that is, X; S Z ~N (0, I). In the linear case where
f(x) =0 - x,since
1= Var(Y) > Varf(Z) = ||0|?,

this implies that the magnitude of the components of # are bounded on average by d—'/2. This is
the scenario seen in Figure [[3[left). Indeed, the scenarios in Figure [I3]center) and [[3|right), which
exhibit different error curves, satisfy Var(Y) = n and Var(Y) = d respectively, both of which are
considerably larger than 1.

The same principle holds for more general f. By a reverse Gaussian Poincaré inequality (Cacoullos,
1982| Proposition 3.5),

2
1= Var(Y) > Varf(Z ><ZE5f ) )

where 0; denotes the i-th partial derivative. Therefore, the average coordinate-wise gradient of f,
EJ; f(X) (where I is uniform over {1, ..., d}), is bounded above and below by

\/;<]E8[f ZE&f \f

C DiGAMMA FUNCTION

Before treating the random matrix theory, we will need some auxiliary results concermng the
digamma function. Let T'(z) be the Gamma function, defined for z > 0 by ['(z) = [~ t*~te~"dt.
The digamma function ¥(z) is the derivative of the logarithm of the Gamma function, that is
U(z) = % logT'(z). The digamma function satisfies the following properties:

e Y(z+1) =1(2) + 2! forany z > 0;
s asz— 00, Y(z)/logz — 1;
¢ letting yem = ¥(1) denote the Euler-Mascheroni constant,

1 4z
Y(iz+1) = —’VEM+/() (11 _tt > dt.

The digamma function behaves well under summation. In particular, we have the following lemma.

Lemma 1. For any positive integer n and any real number z > —1,

sz—i-z (n+2)v(n+2) —2¢(z) —

Proof. From the integral representation for the digamma function:

1 _4z—1
Y(2) = —YEm +/0 (11tt) dt,

. - _1
since Y, 7T =47 3T Mgt = 7 A

Z¢(z+i) :_n,yEM+/O n(l—t)_tz(l_tn)dt.

(1-1)?

Focusing on the integral term, note that by letting f(t) = n(1—t)—t*(1—t")and g(t) = (1—¢t)~!
since ¢/(t) = (1 —t)~2

O R et DU LY
/0 (1—1)2 dt = /O ft)g'(t)de

=umﬂmw—NW®—Afmth

t—1—
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Since lim; ;- (1 —¢™)/(1 —t) = n, limy ;- f(t)g(t) =0, and so
1 1— —$75(1 — ™ N | ntz—1
/ n(l —t) —t*( t)dtz—n—/ n—zt*71+ (n+2)t
0 0

dt
(1—1)2 1—t¢
1 n+z—1 _ _ z—1 _
:—n—/ (n+2)(t 1) —2(t 1)dt
o 1—¢
1 - 1 _
1_tn+2’ 1 1 —¢7 1
=— —dt - —dt
n—|—(n—|—z)/0 - z/o T3

=-n+(n+2)[Yn+2)+vem] — 2 [¥(2) + Yem]
= —n+nyem+ (n+ 2)Y(n + 2) — 2¢(2).
The result immediately follows O

Using this lemma, we can obtain an explicit expression for the sum of digamma functions with
increment % This will be particularly useful for computing determinants of Wishart matrices.

Lemma 2. For any positive integers n and d with n > d,
() =i (3 (5o (1)
+(n2l>w(n21)
3 (n—;l—l)w<n—;l—1).

d n—1it+1 d n—d+1
;w(z )—;w(Q >

We consider the cases where d is even and odd separately. When d is even,

Proof. First, note that

d nd, 1 S n—d . n—d . 1
;¢< 2 +2):;¢<2+Z)+¢< 5 +z—2)

n n n—d n—d
:2¢<2)_( 2 >¢( 2 >_d
n—d—1 n—d—1
(=) ()
Now assume that d is odd. Then

éw<n;d+;> :¢<Z)+C§¢((”—1);(d—1)+i>
(G

5 (n;d>—d+1
PG00 - () e ()

The result now follows.
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D MARCHENKO-PASTUR THEORY

In this section, we prove several lemmas concerning limiting traces and log-determinants of Wishart
matrices that will prove foundational for proving our main results. The fundamental theorem in
this section is the Marchenko-Pastur Theorem, which describes the limiting spectral distribution of
Wishart matrices. The following can be obtained from pg. 51 of |Couillet & Debbah| (2011)).

Theorem 2 (Marchenko-Pastur Theorem). For eachn = 1,2, ..., let X,, € R"*? be a matrix of
iid random variables with zero mean and unit variance. If n,d — oo with d/n — ¢ € (0, 00), then

for every z € C\{0},

l—c—z—+/(z—c—1)2—4c
2cz

)

d'Btr((n X, X,, — 2I)71) — m(z) =
noting that m(z) satisfiesm = 1/(1 — ¢ — z — czm).

For the remainder of this section, we assume the conditions of Theorem [2} that is, for each n =
1,2,...,welet X, € R"*% be a matrix of iid random variables with zero mean and unit variance.

Lemma 3 (Trace of Inverse Matrix). Let n,d — oo with d/n — ¢ € (0, 1] and assume that i, is a
sequence of real numbers such that p,, — p € (0,00) as n — oo. Then

c—1—cp++/(cu+c+1)2—4c
2u ’
and T (u, c) satisfies T = c¢* /(1 — ¢ + cu + pT). Similarly, if d/n — ¢ € (1,00), then

nT Btr((dP X, Xy A pn D)7 = T, ¢) =

- 1—c— 21
B ] 1)) ) = LT TR

and T(p, ¢) satisfies T = ¢/(c — 1 4 cp + pT) and T, ¢) = AT (cp, ¢ ).
Proof. By the Neumann series, (A +€I)~t = A~1 + O(e) as e — 0. Therefore,
Bt (A7 X X+ D)) =0 Bt (41X X+ pd) ) +o(1)

-1
=n"1Etr ((ZHIXJX,L + ,u]) > +o(1)

n

d d \'
= —n 'Etr ((an,IXn + uI) ) + o(1).
n

By the Marchenko-Pastur Theorem, letting z = —cp,
d d?
—n " 1Etr ((nilX;Xn +oepl) ) = —QdflEtr ((nle;—Xn +epd)™t)
n n

d2
= ﬁdflEtr ((nle;Lan —zI)7)

l—c—z—/(z—c—1)2—4
L2 c—z—+/(z—c—1) c

2cz
Cc—l—cpu+/(ep+c+1)?—4c
= o0 .
On the other hand, when ¢ > 1, letting X,, = X,| € R%<", the Marchenko-Pastur Theorem
immediately implies

n'Etr (47" X, X, + pnD)™Y) = n ' Ete((d'X,) X, + pI) 1) + o(1)
cl—1—p+/(p+tect+1)2—4c !
2¢=

—

= T(H’v c).
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Now we turn our attention to the log-determinant, which also depends exclusively on the spectrum.
Our method of proof relies on Jacobi’s formula, which relates the log-determinant to the trace of the
matrix inverse.

Lemma 4 (Log-Determinant). Let n,d — oo such that d/n — ¢ € (0,1] and assume that i, is a
sequence of real numbers such that p,, — p € (0,00) as n — oo. Then

1
—Elog det(d™'X,} X,, + pnI) = D(p,c),
where
o
D(p,¢) = (c—1)log(l —c) —cloge —c+ / T(t,c)dt
0

— log <1 + T(‘é’ C)> - cf(;(’:’)c) —clog (T(‘c‘c)> .

Similarly, if d/n — ¢ € (1,00), then
1 .
—Elogdet(d ™' X, X, + punI) = D(u,c),
n

where

D(p,¢) == (1—¢)log(c—1)+ (c—1)loge — 1+ /OH T(t,c)dt,

—clo T(M,C) . C~(,LL,C) —1lo T c
_clg<1+ p > (o) log T'(, ¢).

Proof. By Jacobi’s formula and Taylor’s theorem, log det(A + eI) = logdet A + O(e) as e — 0T,
and so

n~'Elogdet(d ' X,] X,, + 1) = n 'Elogdet(d~' X, X,, + uI) + o(1).

Furthermore,

1 1 1 o[-
—Elogdet(d ' X, X,, + ul) = —Elogdet(d ™' X,] X,,) + — / Etr ((d7'X, X, +tI)~") dt,
n n n Jo

1 p
= —Elogdet(d ' X, X,,) + / T(t,c)dt + o(1),
n 0

and so it suffices to consider the case 1+ = 0. Since the log-determinant depends only on the spectrum
of X,,, and the spectrum of n~1 X, X,, is asymptotically equivalent to that of n= W, W,,, where
W, is a Wishart-distributed matrix, it will suffice to consider the limit of n ' log det(d~W,] W,,).
First, recall that (Bishop & Nasrabadil,[2006}, B.81)

d .
— 1
Elog det(W,] W,,) = dlog2 + Z¢ <n;+)
i=1

— dlog2 + ny (g) —(n—dy (”2d>
+0(m ) +0@d™).

Since ¥ (x) = logz + O(z~1), letting d = [en], there is

Elog det (W, W,,) ~ dlog2 + nlog (%) — (n—d)log (n;d> 4

~mnlogn — (n—cn)log(n—cn) —cn
~nlogn — (1 —c¢)nlogn — (1 —c)nlog(l —c) —cn
~cnlogn — (1 —¢)nlog(l —¢) — cn.
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Therefore,

0~ log det(d~ W W,,) ~ enlogn — (1 —c)nlog(l —c¢) —en — enlogen

n
— (c—1)log(l —¢) —c—cloge,

and so
1 H
E]Elogdet(dlenTXn + punl) = D(p,c) = (c—1)log(1 —¢) — cloge — ¢+ / T(t, c)dt.
0

To obtain the second equality, we will need to compute the integral term. First, observe that by a

change of variables, [;" T(t,c)dt = [} 7(t,c)dt, where

c—1—t++/(t+c+1)%2—4c
2t ’

7(t,c) =
and T'(t, c) = c7(cp, ¢). Observe that we can rewrite 7 as
1+t)2—dc—(t+1—c)?
(te) = (c+1+1) c—(t+1-c¢)
Qt[ (c+1+t)2—4c+(t—|—1—c)}
2c
(cH1+t)2—de+(t+1—c)

ct+1l4+t++/(c+1+1)2—4c
v=o(t) = 3 )

so that 7(¢, ¢) = 2¢/(2v — 2¢) = ¢/(v — ¢). Note that v2 — (¢ + t + 1)v + ¢ = 0. Differentiating
this relation in ¢, we find

Now, let

200" —v—(c+t+ 1) =0,

where v’ = dv/dt, and hence

;o v
v 20— (c+t+1)
But since v? + ¢ = (¢ +t + 1)v,

2
, v v

v = = .
2% — v24c V2 —¢
v

/T(t,c)dt: /mdv.

c(v*-¢) A B C
v

Altogether,

From a partial fraction expansion,

(v—cp? o2
we find that ¢(v? — ¢) = A(v — ¢) + Bv? — cBv + Cv?, implying that B+ C = ¢, A— ¢B = 0
and —Ac = —c?. Therefore, A=c, B=1,and C = ¢ — 1, so

c(v?’—=¢) ¢ 1 c—1

(v —c)v? R

)
v—cC

v v—c

Hence, an antiderivative of 7 is given by
Sy logv + (¢ — 1) log(v — ¢).
v

Sincev — last — 0,

ch
/ T(t, c)dt = —g +logv+ (¢ —1)log(v —¢) + ¢ — (¢ —1)log(l — ¢).
0
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Finally, since v = ¢(1 + 7(cp, ¢))/7(cp, ¢) = c(c+ T'(u, ¢)) /T (u, ¢), the result for n > d follows.
Now we consider the d > n case. Then we have
n~!Elogdet (d_anXJ + unI) =n"'Elogdet (d_anXJ + ,uI) +0(1)
d
= Ed_l]Elogdet (%n_anXnT + u[) +0(1)
n

d d
= —d 'Elogdet (n_anX,—'; + uI) + log ( ) +o0(1)
n n d

=cd 'Elogdet (n"' X, X,] + cul) —loge+ o(1)
— cD(cp, et —loge.

From the first expression for D(u, ¢), there is
cn
cD(cp, ¢ =cle™t —1)log(l — ¢ 1) —loge™ — 1 —|—/ cT(t,c™H)dt
0
w
=(1-c)log(c—1)+clogc—1+ / AT (ct, e hdt
0

K
=(1—-c¢)log(c—1)+clogec—1 +/ T(t,c)dt.
0

Finally, from the second expression for D(u, c¢),

_ T(cp,c™t) cT(cp,ct) T(cp,c™t)
1\ ) ) 5
c¢D(cp,¢™) = clog <1 + T T T ) log Q)

—clo T(p,c) B T(p,c) o T(p, c)
1g<1+ ; ) R 1g< . )

from which the result follows.

E KERNELS AND GRAM MATRICES

To extend the results of the previous section to Gram matrices, we rely on the approximation the-
ory developed in |[El Karoui| (2010). For a continuous function « : R — R that is continuously
differentiable on (0, 00), two types of kernels are considered:

(I) Inner product kernels: k(z,y) = x(x"y/d) for x,y € R, and & is three-times continu-
ously differentiable in a neighbourhood of zero with x'(0) > 0.
() Radial basis kernels: k(z,y) = r(|lz — y||*/d) for z,y € R and & is three-times
continuously differentiable on (0, co) with " < 0.
Let || Al|2 denote the spectral norm of a matrix A. The following theorem combines Theorems 2.1
and 2.2 in [El Karoui| (2010})).

Theorem 3. For eachn = 1,2,..., let X},..., X" be independent and identically distributed
zero-mean random vectors in RY with Cov(X}) = o2 and E||X}||°*° < oo for some § > 0.
For a kernel k of type (I) or (1l), consider the Gram matrices K% € R™*™ with entries (K% );; =
k(X:, X7). Ifn,d — oo such that d/n — ¢ € (0,00), then there exists an integer k and a bounded
sequence of rank k matrices C1,Cy, ... such that

K% — (ad ' XX T + BT+ Cp)|2 — 0,
where the constants o, 3 for cases (I) and (II) are, respectively,
(1) Inner product kernels: o = k/(0), 3 = k(c?) — k(0) — k' (0)o?;
(1I) Radial basis kernels: o = —2k'(202), B = k(0) + 202K’ (20%) — k(202).
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For the remainder of this section, we assume the hypotheses of Theorem [3| l so that [|[K% —
(ad1XXT + BI)|2 — 0 for some appropriate > 0 and § € R. To apply Theorem 3} Iw1th
the results of the previous section, we require the following basic lemma.

Lemma 5. For any symmetric positive-definite matrices A, B € R™*"™ and v > 0,
|A— Bl
2

1 A-B
L log det(4 + of) — log det (B + v1)| < JA=Bllz
n

%|tr((A +ol)™h —tr((B + UI)_l)\ <

v

Proof. Let A (A) > --- > A\ (A4) and A\ (B) > -+ > A\, (B) denote the eigenvalues of A and B,
respectively, in decreasing order. Recall from Weyl’s perturbation theorem (see Corollary I11.2.6 of
Bhatia (2013)) that max;—1, _n [A:(A) — Xi(B)| < ||A — B||2. By the Mean Value Theorem, for
(@ +v)"t = (y +v)7t < v~2|x — y|. Therefore,

1 1 -1 _1 - 1 — 1
Slrl(A D)) (B oD ™) = 05 s~ ST
1
Sv—z =1{172.3,‘).(77L|/\1'(A)—/\i(3)|
1

< 514 =Bl

Similarly, the Mean Value Theorem implies that for any x,y > 0, |log(z 4+ v) — log(y + v)| <
vtz — yl, and so

v) — log(Ai(B) + )

1 1
—|log det(A + vI) — logdet(B + vI)| = —
n n |«

1

S o Mhax [Xi(A) = Xi(B)
1

< A= B2
v

Combining Theorem [3|and Lemma [5| with Lemmas [3] and ] yields the following corollary.

Corollary 1. Under the assumptions of Theorem |3} if u., is a sequence of positive real numbers
such that p, — p € (0,00) as n — oo, then

,_.

éT (L,c) ife<1

1
“Etr(K% 4 p, 1)1 —
CEtr((K + pal) ) .

Q\HE

,C 1—c)10g(5+“)+logoz ife<1
£ c) +loga ifc>1.

=
\+Q

T
fIElogdet(K?( + pnd) E

Proof. First consider the ¢ > 1 case. Combining Theorem [3]and Lemma [5] and noting that finite
rank perturbations do not affect the limiting spectrum (EI Karoui, 2010, Lemma 2.1), we find that

1 L1 _
“Etr (K% + pin D) ™" = ~Etr (ad ' XX T + BT+ D)~ + 0(1)
n n

—1
1
—Etr (d—lxxT + MI) + o(1)
(0%

an
1 -

—>T<B+M,c>.
@ «
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Similarly, since X X T € R"*™,

1 1
—Elogdet (K% + pnI) = —~Elogdet (ad ' XX " + BI + puI) + o(1)
n n
1
= —Elogdet (leX—r + MI) +loga+o(1)
n (0%

—>D(6 K >+loga.

For the ¢ < 1 case, from the Woodbury matrix identity (Pozrikidis, 2014} B.1.2),

o (XX 4l == —tr (le (ol +mX T X)) XT)
2

12
1 _
LI . ((n21+ mXTx)"" mXTX)
12 12
n 1 -1
:—f—tr(Ian (772[+’I71XTX) )
12 12
n—d
= +tr (mXTX +nD)7t).
Therefore,
-1
1 _ 1
—Etr (K% + pol)" " = —Etr (d‘lXXT + MI) +o(1)
n an «
1-4 1 !
- B+ M an

1-— 1
— C+T<5+'u7c).
Ftu o \ a
Finally, from Sylvester’s determinant theorem (Pozrikidis} 2014, B.1.15),
logdet(m XX T + noI) = log det (mXXT + I) + nlogng
12
= log det <mXTX + I) + nlogns
12

= logdet (mX "X +n2I) + (n — d) log 7.
Therefore,

1 1
ﬁElog det (K% + pn1) = EIElog det (leXT + 5;”]) +loga+ o(1)
1
~Elog det ( dIXTX + 5+“1)
n
d
+ (1 - ) log (M> +loga + o(1)
n o
— D (Mm) +(1—=c)log <B+N) + log .
« a

F PROOFS OF MAIN RESULTS

With the underlying random matrix theory in place, we can begin to prove our main result in Theo-
rem|[I} Throughout this section, we assume the conditions of Theoremm that is, we let X1, X2, .
be independent and identically distributed zero-mean random vectors in R¢ with unit covariance,
satisfying E|| X;||°*° < +oo for some § > 0. Foreachn = 1,2,..., let

Fl =3\ T (Kx +MI)7'Y + §logdet(Kx + MI) — Zlog ().
where Kx € R™*" satisfies K% = k(X;, X;) and Y = (V;)_,, with each ¥; ~ N(0,1).
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Proposition 2 (El Karoui-Marchenko-Pastur Limit of the Bayes Free Energy). Assuming that
n,d — oo such that d/n — ¢ € (0,00), there is n™'EF,) — FL where for c < 1,

Al 1—c 1 B+ A 1 A
v 2 ity ol bl _ 2 AN
=3 G ar (57) -2 (5

and for c > 1,

. 1 1 -
]-'go:iT 6+7/\,c — —log A +-D B+7)\7c .
2a « 2 2ma 2 «

Proof. Recalling that E[Y T AY] = tr(A) for any A € R"*", since K x is independent of Y,

1 A 1 1 A
EFY = 2 1 — _Z AN
n]E ” 2n]Etr((KX + M)+ 2nIElog det(Kx + M) 5 log <2 > .

The result follows by a direct application of Corollary [T] O

Proposition 3 (Optimal Temperature in the Bayes Free Energy). Assume that A\ = p/~ for some
fixed p1 > 0. The limiting Bayes free energy F2 is minimized in vy at

y*=§@%qﬁu—c—d%#y+¢@@§Q+c+n2—%y

Proof. First consider the case ¢ < 1. If A = /7, then

1-— 1 1
Fr=t (e Lo (0te ) L (L2
2y \B+p  « @ 2 2mya
1L _ (B+p 1 B+
§D (a,C> +§(1_C)10g <a .
Note that as v — 07 or v — oo, F, so if there exists only one point v* where that 0F7 /0y =

0, then by Fermat’s Theorem, v* is the unique global minimizer of F7,. For y fixed, we may
differentiate in v to find that

OF w [(1—c 1 B+ u 1
© —_ L T —.
v 2W<B+u+a ( o )Ty

Solving OF2, /0y = 0 for ~, the optimal
1—c¢c 1 B+pu
f=pu| ——+-T ) -
! M(6+u o ( a ))

l—¢ 1C—1—c(Z2)+ (c(ﬁ+“)+c+1)2—4c
+
Brp a 2(£s)

Simplifying,

2(8 + p ’
which implies the result for ¢ < 1. On the other hand, for ¢ > 1,

- 1 1~
Fr= (P ) g () L (B
2y« « 2 2mary 2 «

and once again, as 7 — 0 or v — 0o, FZ — o0, so a unique critical point is the unique global
minimizer of 7. For y fixed, we differentiate in «y to find

Y ~
OFL, _ p T(ﬁ+uﬂ> 1

oy 272 a o

2y’
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Solving 0F2, /0~ = 0 for ~, the optimal

o
Simplifying,

1T B+pu 1—c— (2t +\/ EY+c+1)2—4c

— —,Cc | = ’

a < a ) 2(8+ N)
which implies the result for ¢ > 1. O

In the sequel, we assume that the kernel itself depends on A in such a way that 8 = [y for some
0<Bo<1l Letyy=~v+0pand u= Ay / a. For ¢ < 1, the limiting Bayes free energy satisfies

1 [ 1 1
Y — _ _ _ — —
F 270(1 ¢+ puT(p,c)) log (2777 ) + 5Dk, ¢) + 51— c)logp,

1 1 1 1 c
(1 T ] D — Zlog .
2%( c+uT(p,c)) — 3 0g<27T )+2 () 5 log 1

and forc > 1,

v - H* 5 _11 H 1[)
Fl = o (1, €) 318 (5 +3 (1, c).

Proposition 4 (Optimal Regularization in the Bayes Free Energy). The limiting Bayes free energy
F is minimized in \ at
Vv al(e+ 1)y + /(¢ — 1) + 4erd)

c(1— ’Yo)

Proof. Since F, is smooth for A € (0, 00) (and therefore ;1 € (0, 00)), Fermat’s theorem implies
that any optimal temperature A\* must be a critical point of 2 in (0, oo) First, consider the case
where ¢ < 1. Differentiating F__ with respect to (,

OFy, 1 0 c 1
Letting U(u, ¢) = uT(u,c) and U’ = E)u
0F, 1 ([
" ( U +U - c) ®)

Noting that

c—1—cu++/(cu+ec+1)2—4c

U =
(k) 5 ;
and
v ¢ clep+c+1) _c.cu+c+1—\/(cu+c+1)2—4c
2 2\/(ep+e+1)2—4e 2y/(cu+c+1)2 —4c ’

and so U'\/(cpp + ¢+ 1)2 — 4de = ¢ - (¢ — U). Therefore, substituting into (8) reveals

.
073 *i <ijyﬂ\/(cu+c+1)24c) U'.
0

Since U’ > 0, 0F2, /Ou = 0 if and only if

o 2

%:\/(cu+c+1)2—4c. )
Yo
This occurs when
(1= g)u? = 2cp(c+ 175 — (¢ = 1)%y5 = 0. (10)
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If 79 > 1, then no positive solutions exist for p. On the other hand, if v < 1, then only one positive
solution exists, and is given by

. 2c(ct+ DR 4+ VAR (e + 1275 + 4 (1 — 13)(c — 1)%42

2¢2(1 - 75)
_ 2c(e+ 178 + 2070/ [(c +1)2 = (e = 1)?yg + (¢ — 1)
- 2¢2(1 - 75)
_ (e )98 +70/(c = 1)? +4eyg
c(1=13) '
Next, consider the case ¢ > 1. Differentiating F__ with respect to y, we seek
OF) 1 0, - 1.
= — —(uT =T ——=0
o~ 2y op T )+ 5T e) =52 =0,
or, equivalently,
p o, = -~
———(uT'(p,c)) +pT'(p,c) —1=0. (11)
5 8u( )

Letting U = T and U’ = ?TZ’ we require %U’ + U — 1 =0. But since

l—c—cpu+/(cp+c+1)2—4c

U= 5 ,

and

i = @ _ cle+ep+1—+/(cp+c+1)2 —4c)
o 2¢/(cu+c+1)2 —4c
we find that U /(cpu + ¢ + 1)2 — 4c = ¢(1 — U). Substituting this relation into @), we obtain
OF] 1 [(cu ~
I 12 _4¢)0' =0
o M(W Viep+e+1) c) :

and since U’ > 0, an optimal x* occurs if and only if (9) holds. The rest of the proof proceeds as in
the ¢ < 1 case. O

Proposition 5 (Monotonicity in the Bayes Free Energy). The limiting Bayes free energy F1. at
A = N\* decreases monotonically in ¢ € (0,00).

Proof. First, we treat the ¢ < 1 case. Using the closed form expression for D(u, ¢) in Lemma

1 1
Foo = 5— (1=t uT) + 5 log(2m0) — glogu

270
+1 lo 1+Z 77T —clo Z
2 |8 c c+T crog c)|’

: d 9 ) ot _ 9
Note that, at the optimal p*, - F3, = 5.F3 + @J-'gc - e = 5o F L. Therefore,

* de oo

2dfgo_ T +,u c 8T+1 1 T2 41 c
de  \T+o02 5% T)oc v T +ez " \ur)
Differentiating 7" in ¢, we find that
O 1—p 1 ((ept+e+1)(p+1)—2
dc 2p 20\ lep+e+1)2—4e
C(epFe+ ) (p41) = (p—1)\/(cp+c+1)2—4c—2
2uy/(cp+c+ 1) —4e
2c— (p—1)T
View+e+1)2 —4c
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Since cp* /v0 = \/(cu* + ¢ + 1)2 — 4c, at the optimal p*,

oT 2e—pT'+T
=y — =
Oc cp
Note that for any ¢ > 0,

c—l—cp++/(cu+c+1)2—4c c—1—cutcutc+l1
= 2 < 2 -

: dFL
Ri:lcalhng that logz < 2 — 1 forany 2 > 1, log(c/(uT)) < ¢/(uT) — 1. Therefore, 2=3= < M,
where

T+c? v T

cl v (T+c)?2 uT
Since T' = (¢ — 1 — cu™ + cp™* /) /(2u*) at the optimal p*, after several calculations, we find that

M:( T 13 c>70(2c—uT—|—T) 1 T? c

M = Ot ) C L= 28)()? = 2640”(e 4+ 1o — (e = )45
T 2eyop (eqont — €0 + e+ 0) (Yopt + e0 — et =)’

where

Qu, ¢;7) = (2(c = )y + ep)(ep® + 2cp + e+ p — 1)7

+eplep+ et p =10 = (4 1) (e + (e = 1)7)°
In particular, by , at = p*, M = 0, and hence, %]—'go < 0.

Next, we treat the ¢ > 1 case. Using the closed form expression in Lemma 4]

w1 L 1 | 1 T 1. -
Fl=—T-=1 — —cl T)— —clogc— = ~ — —logT.
%= 900 2og<27wo)+2cog(c—|— ) 5cloge ST 5 log
Differentiating in c at the optimal p*,

QdngQé)FgO(u 1 T )af

= + _ il
de Jdc Yo T (c+T)2 Jdc

- T 2 T2
+log(c+T)—loge—1+ ¢ T

(c+T)2  (c+T)2 (c+T)?

Differentiating T in ¢, we find that

of  l-nt e

e 2
=D (eptet+1)?2—de+ (ep+ e+ 1)(u+1) —2
B 2uy/(cu+c+1)2 — 4c

1
Vep+c+1)2 —4e

cpte+1l—+/(cut+c+1)2—4c 1
(n+1) v

2p 1%

\/(c,u+01+1)2—4c. {(qul) (llLT> lﬂ
_ l—uT—T
\/(cu+c+1)274c.

Since cp* /v0 = v/(cu* + ¢+ 1)2 — 4c, it follows that

or 1—puT —T
9 T
c cl
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Note that for any ¢ > 0, T < ¢, and so log(1 4 T'/¢) < T'/c. Therefore, 2% < M where

1 T T T 2 T2
mM=2(L )y
o c (c+T)?  (c+T)2 (c+T)?

= + .
Y T (c+T)?

Since T = (1 — ¢ — cp* + ™ /o) /(21*) at the optimal *, after several calculations, we find that

(1= 8) (") = 2ep* (e + 115 — (¢ = 1)°75

M = _Q *7 C, Vi 3
(s 0) 2cyop* (eyop™ — eyo + cp* +0) (cyop* + eyo — cpu* — 7o)

where
Qs e;7) = plep +7)* + 2e(p+ 1)*(e = 1)y° + 2(c = 1) (n = 1)7°
— 2292 + 1) — p®y? (e + 1) = 2e9%pup — 1).
In particular, since the numerator for M is always zero, it follows that % < 0. O
Theorem [T| follows immediately from Propositions 2} [3| @} and[5}
Proof of Proposition[l] Under the stated hypotheses, let §(\,v) = ca(),7)/c1(7) and E(c) =
E(c) + cs(v)/e1(v). Then
[L/er — E| < [E||f(2) = yl* = E| + 6(A(), 7)Etr((z))
< [E||f(z) - yl* = B| + 6(\(v), y)mEk(z, z).

For an arbitrary € > 0, let N be sufficiently large so that for any n > N and d = d(n), |E| f(z)
y||? — E| < €/2. Similarly, let o be sufficiently small so that for any 0 < v < 7o, §(A(Y),7)
¢/(2mEk(z,z)). Then |L/c; — E| < €, and the result follows.

OA

G DETAILS OF EXPERIMENTS

In each figure shown throughout this work, a performance metric has been calculated for varying
dataset size n, input dimension d, and hyperparameters v, A. For experiments involving synthetic
data, X € R"*< has iid rows drawn from A'(0,¥), and Y = (Y;)?_, is comprised of iid samples
from N (0,02) (where ¥ = I and o = 1 unless specified otherwise). For PPL2 and PPNLL, the
expectation is computed over iid scalar test points z, y ~ N'(0, 1). Runs are averaged over a number
of iterations, and 95% confidence intervals (under the central limit theorem) are highlighted. In
Table 2] we present the parameters used for each figure.
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n d ¥ A Kernel | Iterations Notes

300 [100,1000] | [0.01,0.99 A* linear 5

300 [100,1000] | [0.01,0.99 0.01 linear 5

300 [100, 1000] 0.01,0.99 A* Gaussian 5

300 [100,1000] | [0.01,0.99 0.01 Gaussian 5

900 [180,3003] | [0.01,0.99 A* linear 100 CIFAR1O0 dataset

900 [180,3003] | [0.01,0.99 A* Gaussian 100 CIFAR1O dataset

50 [10, 368] 0.01,0.99 A* linear 100 CT Slices dataset (augmented)

100 [10,1000] | [0.001,0.99] 0.01/~ linear 100

100 [10,1000] | [0.001,0.99] A* linear 100

900 [180,3003] | [0.01,0.99 A linear 100 CIFAR1O dataset

900 [180,3003] | [0.01,0.99 A linear 100 CIFAR1O dataset

50 10, 368 0.01,0.99 A* linear 100 CT Slices dataset

50 10, 368 0.01,0.99 A¥ Gaussian 100 CT Slices dataset

50 10, 368 0.01,0.99 0.01/~ linear 100 CT Slices dataset

50 10, 368 0.01,0.99 A* linear 100 CT Slices dataset

175 35,706 0.01,0.99 A* linear 100 MNIST dataset

175 35,706 0.01,0.99 A* Gaussian 100 MNTIST dataset

175 35,706 0.01,0.99 0.01/~ linear 100 MNIST dataset

175 35,706 0.01,0.99 A* linear 100 MNIST dataset

100 30,300 0.001,0.1 Aopt linear 10000 1000 iterations for d > n

100 [10, 1000] Yopt [0.1/vopt; 10/Yopt] linear 100

300 [100,1000] | [0.01,0.99] A* linear 5 |6o]] =

300 [100,1000] | [0.01,0.99] A linear 5 160l = Vd

300 [100,1000] | [0.01,0.99] A* linear 5 160l = /1

300 [100, 1000] 0.01 A* Matérn 5 v € [0.5,100]

300 (100, 1000] | [0.01,0.99] A* linear 5 S = diag((10)%2, (1/10)%%)
[300,3000] | 2100=&)ps 0.01 A linear 5 ¢€€[0.1,1.9]
[300,3000] | 2100 =&ps 0.01 A Gaussian 5 ¢€€[0.1,1.9]

300 [100, 1000] 0.1 A* linear 5 0?2 €10.1,10]

300 [100, 1000] 0.01 A* linear 5 o €10.1,10

100 [10,1000] | [0.001,0.99] 0.01/ Gaussian 100

100 [10,1000] | [0.001,0.99] A* Gaussian | 100

300 [100,1000] | [0.001,0.99] A* linear —

300 [100,1000] | [0.001,0.99] A* Gaussian —

Table 2: Parameters used for each experiment, organized by Figure. L=left, C=center, R=right, U=upper, B=bottom
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