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Abstract

Graph neural networks (GNNs) have pioneered advancements in graph representa-
tion learning, exhibiting superior feature learning and performance over multilayer
perceptrons (MLPs) when handling graph inputs. However, understanding the
feature learning aspect of GNNss is still in its initial stage. This study aims to
bridge this gap by investigating the role of graph convolution within the context
of feature learning theory in neural networks using gradient descent training. We
provide a distinct characterization of signal learning and noise memorization in
two-layer graph convolutional networks (GCNs), contrasting them with two-layer
convolutional neural networks (CNNs). Our findings reveal that graph convo-
lution significantly augments the benign overfitting regime over the counterpart
CNNs, where signal learning surpasses noise memorization, by approximately

factor @q_z’ with D denoting a node’s expected degree and ¢ being the power of
the ReLU activation function where ¢ > 2. These findings highlight a substantial
discrepancy between GNNs and MLPs in terms of feature learning and generaliza-
tion capacity after gradient descent training, a conclusion further substantiated by
our empirical simulations.

1 Introduction

Graph neural networks (GNNSs) have recently demonstrated remarkable capability in learning node
or graph representations, yielding superior results across various downstream tasks, such as node
classifications [} 2} [3]], graph classifications [4} 5,16, [7] and link predictions [8} 9} [10], etc. However,
the theoretical understanding of why GNNs can achieve such success is still in its infancy. Compared
to multilayer perceptron (MLPs), GNNs enhance representation learning with an added message
passing operation [11]. Take graph convoluational network (GCN) [IL] as an example, it aggregates a
node’s attributes with those of its neighbors through a graph convolution operation. This operation,
which leverages the structural information (adjacency matrix) of graph data, forms the core distinction
between GNNs and MLPs. Empirical evidence from three node classification tasks, as shown in
Figure[I] suggests GCNs outperform MLPs. Motivated by the superior performance of GNNs, we
pose a critical question about graph convolution:

» What role does graph convolution play during gradient descent training, and what mecha-
nism enables a GCN to exhibit better generalization after training?

Several recent studies have embarked on a theoretical exploration of graph convolution’s role in
GNNs. For instance, Baranwal et al. (2021) [12] considered a setting of linear classification of
data generated from a contextual stochastic block model [[13]. Their findings indicate that graph
convolution extends the regime where data is linearly separable by a factor of approximately 1/v/D
compared to MLPs, with D denoting a node’s expected degree. Baranwal et al. (2023) [14] further
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investigated the impact of graph convolutions in multi-layer networks, showcasing improved linear
separability. However, these examples, while insightful, operate within a linear neural network setting
and do not account for non-linear activation, which significantly constrains the network’s capabilities.
Additionally, these studies assume the maximum margin solution of GNNs, thereby losing a nuanced
characterization of the GNNs’ optimization process. Consequently, there exists a notable gap between
existing theoretical explorations and the detailed examination of GNNs incorporating non-linear
activation, comprehensive characterization of optimization, and generalization ability.

To respond to the growing demand for a comprehensive the- ™ =
oretical understanding of graph convolution, we delve into the
feature learning process [15 116, [1'7] of graph neural networks.
In our study, we introduce a data generation model—termed & 0
Cora

SNM-SBM—that combines a signal-noise model [15, 18] for = s
feature creation and a stochastic block model [19] for graph @2
construction. Our analysis is centered on the convergence and
generalization attributes of two-layer graph convolution net-
works (GCNs) when trained via gradient descent, compared
with the established outcomes for two-layer convolutional neu- racy) comparison between GCN and
ral networks (CNNss) as presented by Cao et al. (2022) [135]. M]EIP P de classificati K
While both GCNs and CNNs demonstrate the potential to on node classtfication tasks.
achieve near-zero training error, our study effectively sheds light on the discrepancies in their gen-
eralization abilities. We emphasize the crucial contribution of graph convolution to the enhanced
performance of GNNs. Our study’s key contributions are as follows:

Citeseer Pubmed

Figure 1: Performance (test accu-

* We establish global convergence guarantees for graph neural networks training on data
drawn from SNM-SBM model. We demonstrate that, despite the nonconvex optimization
landscape, GCNSs can achieve zero training error after a polynomial number of iterations.

» We further establish population loss bounds of overfitted GNN models trained by gradient
descent. We show that under certain conditions on the signal-to-noise ratio, GNNs trained
by gradient descent will prioritize learning the signal over memorizing the noise, and thus
achieves small test losses.

* We delineate a marked contrast in the generalization capabilities of GCNs and CNNs
following gradient descent training. We identify a specific regime where GCNs can attain
nearly zero test error, whereas the performance of the model discovered by CNNs does not
exceed random guessing. This conclusion is further substantiated by empirical verification.

2 Related Work

Role of Graph Convolution in GNNs. Enormous empirical studies of various GNNs models
with graph convolution [20, 21} [22] 23] 24] have been demonstrating that graph convolutions can
enhance the performance of traditional classification methods, such as a multi-layer perceptron (MLP).
Towards theoretically understanding the role of graph convolution, Xu et al. (2020) [25]] identify
conditions under which MLPs and GNNs extrapolate, thereby highlighting the superiority of GNNs
for extrapolation problems. Their theoretical analysis leveraged the concept of the over-parameterized
networks and the neural tangent kernel [26]]. Huang et al. (2021) [27] employed a similar approach
to examine the role of graph convolution in deep GNNs within a node classification setting. They
discovered that excessive graph convolution layers can hamper the optimization and generalization of
GNNs, corroborating the well-known over-smoothing issue in deep GNNs [28]]. Another pertinent
work by Hou et al. (2022) [29] proposed two smoothness metrics to measure the quantity and
quality of information derived from graph data, along with a novel attention-based framework. Some
rent works [[12} [14] 21] have demonstrated that graph convolution broadens the regime in which a
multi-layer network can classify nodes, compared to methods that do not utilize the graph structure,
especially when the graph is dense and exhibits homophily. Yang et al. (2022) [30] attributed the
major performance gains of GNNs to their inherent generalization capability through graph neural
tangent kernel (GNTK) and extrapolation analysis . As for neural network theory, these works either
gleaned insights from GNTK [31} 127} 132] or studied the role of graph convolution within a linear
neural network setting. Unlike them, our work extends beyond NTK and investigates a more realistic
setting concerning the convergence and generalization of neural networks in terms of feature learning.
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Feature learning in neural networks. This work builds upon a growing body of research on
how neural networks learn features. Allen-Zhu et al. (2020) [18] formulated a theory illustrating
that when data possess a “multi-view” feature, ensembles of independently trained neural networks
can demonstrably improve test accuracy. Further, Allen-Zhu et al. (2022) [16] demonstrated that
adversarial training can purge certain small dense mixtures from the hidden weights during the training
process of a neural network, thus refining the hidden weights. Ba et al. (2022) [33] established
that the initial gradient update contains a rank-1 ‘spike’, which leads to an alignment between the
first-layer weights and the linear component feature of the teacher model. Cao et al. (2022) [[15]
investigated the benign overfitting phenomenon in training a two-layer convolutional neural network
(CNN), illustrating that under certain conditions related to the signal-to-noise ratio, a two-layer CNN
trained by gradient descent can achieve exceedingly low test loss through feature learning. Alongside
related works [34, 135) 117, 136}, 137, 138, 139, 140]], all these studies have underscored the existence of
feature learning in neural networks during gradient descent training, forming a critical line of inquiry
that this work continues to explore. However, the neural tangent kernel (NTK) theory [41] 142} 143} 44],
also known as “lazy training” [45]], where the neural network function is approximately linear in its
parameters, cannot demonstrate feature learning. Thus, the optimization and generalization analysis
in our study extends beyond the NTK regime.

3 Problem Setup and Preliminary

3.1 Notations

We use lower bold-faced letters for vectors, upper bold-faced letters for matrices, and non-bold-faced
letters for scalars. For a vector v = (v, va,- -+ ,v4) ', its fo-norm is denoted as ||v||z = 1/ Zil v

For a matrix A = (a;;) € R™*", we use ||A||, to denote its spectral norm and ||A|| ¢ for its
Frobenius norm. When comparing two sequences {a,, } and {b,, }, we employ standard asymptotic
notations such as O(-), o(-), (-), and O(-) to describe their limiting behavior. Specifically, we
write a,, = O(b,) if there exists a positive real number C and a positive integer N such that
lan| < Cylby| for all n > N. Similarly, we write a,, = (b,,) if there exists C; > 0 and N > 0
such that |a,| > Cs|b,| for all n > N. We say a,, = ©(b,) if a,, = O(b,) and a,, = Q(by,).
Besides, if lim,, ;o0 |an/bn| = 0, we express this as a,, = o(b,). We use O(+), ©(-), and O(-) to
hide logarithmic factors in these notations respectively. Moreover, we denote a,, = poly(b,,) if
an = O((by,)P) for some positive constant p and a,, = polylog(by,) if a,, = poly(log(by,)). Lastly,
sequences of integers are denoted as [n] = {1,2,...,n} and [m] = {1,2,...,m}.

3.2 Data model

In our approach, we utilize a signal-noise model for feature generation, combined with a stochastic
block model for graph structure generation. Specifically, we define the feature matrix as X € R"™*24,
with n representing the number of samples and 2d being the feature dimensionality. Each feature
associated with a data point is generated from a signal-noise model, conditional on the Rademacher
random variable y € —1, 1, and a latent vector p € R%:

X = [X(1)7X(2)] = [y : ""75]7 (1)

where x(1), x(?) € R?, and & ~ N(0, or - (I—pp' - | ]l5%)) consists of independent standard
normal entries with o2 as the variance. The term I — pp” - || pe]|5? is employed to guarantee that the
noise vector is orthogonal to the signal vector p. It’s worth mentioning that a series of recent works
[18L [15} 135, 46] have explored similar signal-noise models to illustrate the feature learning process
and benign overfitting of neural networks.

Following this, we implement a stochastic block model with inter-class edge probability p and intra-
class edge probability s, devoid of self-loops. Specifically, the adjacency matrix A = (a;;)n X n
is Bernoulli distributed, with a;; ~ Ber(p) when y; = y;, and a;; ~ Ber(s) when y; = —y;.
The combination of a stochastic block model with the signal-noise model (IJ) is represented as
SNM — SBM(n, p, s, 4, 0p, d). Consequently, the raw feature and graph structure are generated
as (A, X,y) ~ SNM — SBM(n, p, s, p, 0p, d), allowing the data model used in MLP to be
considered as a special case where p = s = 0.
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3.3 Neural network model and training method

In this section, we present two distinct types of neural network models: a two-layer convolutional
neural network (CNN), which falls under the category of a multilayer perceptron (MLP), and a Graph
Convolutional Neural Network (GCN) [1].

CNN. We introduce a two-layer CNN model, denoted as f, which utilizes a non-linear activation
function, o(+). Specifically, we employ a polynomial ReL.U activation function defined as o(z) =
max{0, z}9, where ¢ > 2 is a hyperparameter. Note that the use of a polynomial ReLU activation
function aligns with related studies [18| [16 [15} 135} 47] that investigate neural network feature
learning. Mathematically, given the input data x, the CNN’s output is represented as f(W,x) =
Fi1(Wi1,x) — F_1(W_q,x), where F;1(W41,x) and F_1 (W1, x) are defined as follows:

m
F;(Wj,x) = %Z {U(WJTTX( )+ O'(WITX(Q)) ) 2)
r=1

where the second layer parameters are fixed as either +1 or —1, We assume a poly-logarithmic
network width in relation to the training sample size, i.e., m = polylog(n), where m signifies the
network’s width, and w; . € R? refers to the weight of the first layer’s r-th neuron connected to
the second layer’s j class. The symbol W collectively represents the model’s weights. Moreover,
each weight in the first layer is initialized from a random draw of a Gaussian random variable,
Wi, ~ N(0,02 - Iyxq) for all 7 € [m] and j € {—1,1}, with o regulating the initialization
magnitude for the first layer’s weight.

Upon receiving training data S £ {x;,y; }"; drawn from SNM — SBM(n,p = 0, s = 0, u, 0, d),
we aim to learn the network’s parameter W by by minimizing the empirical cross-entropy loss

function:
n

1
LENW) = =Y Uy - f(W,x; 3
S ( ) n ; (y f( y X ))7 ( )
where £(y - f(W,x)) = log(1 + exp(—f(W,x) - y)). The update rule for the gradient descent used
in the CNN is then given as:
Wt — (t — Ve, LCNN (W(t))

J"‘
=wil) - r:n 24(”-0’ wi €)  juik ——Zf (W yi)) g (@)
=1

where we define the loss derivative as £, 2 ¢/ (y; - f;) = —%. It’s important to clarify that

the model we use for the MLP part is a two-layer CNN network. We categorize it as an MLP for
comparison purposes with the graph neural network.

GCN. Graph neural network (GNNs) fuse graph structure information and node features to learn
representation of nodes. Consider a two-layer GCN f with graph convolution operation on the
first layer. The output of the GCN is given by f(W,X) = F 1 (W, y,%X) — F_1(W_1,X), where
Fy1(W41,%) and F_1(W41,X) are defined as follows:

L -
Fy(W;.%) = — 3 { o(w]xW) + o(w] x?)]. )
r=1
Here, X £ [X1,%g, - ,%,]" = D"'AX € R"*2? with A = A + I, representing the adjacency

matrix with self-loop, and Disa diagonal matrix that records the degree of each node, namely,
Dy => j A;;. For simplicity we denote D; £ D,.. Therefore, in contrast to the CNN model ,
the GCNss (5) incorporate the normalized adjacency matrix DA, also termed as graph convolution,
which serves as a pivotal component.

With the training data S £ {x;, y;}"_, and A € R"*" drawn from SNM — SBM(n, p, s, u, 0, d),
we consider to learn the network’s parameter W by optimizing the empirical cross-entropy loss
function:

LEN(W Z Uy; - f(W,%)). (6)
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The gradient descent update for the first layer weight W in GCN can be expressed as:

1
witth — 52 - vwng;CN(W(t))

,r
w® " Zn 10 (D) o E Ui En: o (wl) mn
Wi nmi:1€i o ( J7’€>)"7y15iinmi:1£i a J7’y1u>)'jy2“’ @

where we define “aggregated label” y; = D, ! D ke (i) Yk and “aggregated noise vector ” §; =

D'y ken(i) Sx> With N (i) being a set that contains all the neighbor of node i. In this study, our

primary objective is to demonstrate the enhanced feature learning capabilities of GNN’s in comparison
to CNNs. This is achieved by examining the generalization ability of the GNN model through the
lens of population loss, which can be formulated as follows:

L3N (W) = Ex y~p-snu-spml(y - f(W, ). (8)

4 Thereotical Results

In this section, we introduce our key theoretical findings that elucidate the optimization and general-
ization processes of feature learning in GCNs. Through the application of the gradient descent rule

outlined in Equation (7)), we observe that the gradient descent iterate w(t) is a linear combination of

its random initialization w,.(0), the signal vector p and the noise Vectors in the training data & E]for
i € [n]. Consequently, for r € [m], the decomposition of weight vector iteration can be expressed:

Wi = wO e S0 e € )

(® ®

;,ri serve as coefficients. We refer to Equation (@) as the signal-noise decomposition

() ~ (w (t) ),

where ~; © and p;

of WE()) The normahzatlon factors || ;4||( 2 and ||€,]|5 % are introduced to ensure that Vi AW s

and p; 7, ~ ( j.,w €;). We employ v; .. to characterize the process of signal learmng and p;iz
®

characterize the noisy represent. From an intuitive standpoint, if, for some iteration certain -,  values

are sufficiently large while all |p7 " ;| are relatively small, this indicates that the neural network is
primarily learning the label through feature learning. This scenario can lead to benign overfitting,

characterized by both minimal training and test errors. Conversely, if some | pj " i| values are relatively

large while all 7( ) are small, the neural network will achieve a low tralmng loss but a high test loss.
This occurs as the neural network attempts to generalize by memorizing noise, resulting in a harmful
overfitting regime.

To facilitate a fine-grained analysis for the evolution of coefficients, we introduce the notations

pﬁtiz 2 pyzlll(pgtzz >0), §t21 £ p;fl’i]l(pyzl 0). Consequently, we further express the vector

weight decomposition (9) as:

() (0) (®)

t — _
wil =wO + 5y )y u+2p§,31~||a—||2 e+2p;t” lelz2 €. 0)

Our analysis will be made under the following set of assumptions:
Assumption 4.1. Suppose that
1. The dimension d is sufficiently large: d = Q(m?2V14/(a=2]p4VI2e4-2)/(4=2)])
2. The size of training sample n and width of GCNs m adhere to n, m = Q(polylog(d)).

3. The learning rate 7 satisfies 7 < O(min{||p|5?, 0, 2d71}).

"By referring to Equation , we assert that the gradient descent update moves in the direction of £ ; for each
i € [n]. Then we can apply the definition of &, = D;* 2 keni) Sk
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4. The edge probability p, s = Q(/log(nd)/n) and = £ 22 is a positive constant.

p+s

5. The standard deviation of Gaussian initialization o is chosen such that oy <
O(m=2/ (=2~ W@V min{(0y/d/(n(p + 5)) " Z7 |ullz '} -

Remark 4.2. (1) The requirement for the dimension d ensures that the learning process operates in
a suitably over-parameterized environment [48| [15] when the second layer remains fixed. (2) It’s
necessary for the sample size and neural network width to be at least polylogarithmic in the dimension
d. This condition ensures certain statistical properties of the training data and weight initialization
hold with a probability of at least 1 — d~'. (3) The condition on 7 is to ensure that gradient descent
can effectively minimize the training loss. (4) The assumption regarding edge probability guarantees
a sufficient level of concentration in the degree and an adequate display of homophily of graph data.
(5) Lastly, the conditions imposed on initialization strength o are intended to guarantee that the
training loss can effectively converge to a sufficiently small value and to discern the differential
learning speed between signal and noise.

Given the above assumptions, we present our main result on feature learning of GCNss in the following
theorem.
Theorem 4.3. Suppose ¢ > 0, and let T = O(n~'moy V29 ul|l77 + n~ e m3| p)7 )

UnderAssumption ifn-SNR? - \/n(p+ s)q_2 = (1), where SNR £ ||u||2/(0pV/d) is the
signal-to-noise ratio, then with probability at least 1 — d=1, there exists a 0 < t < T such that:

") — Q1) for j € {+1}.

Js

The GCN learns the signal: max; .

The GCN does not memorize the noises in the training data: max;,; | pgj;)7| =
O(og0 P \/W)

s The training loss converges to ¢, i.e., LS“N(W®)) < ¢,

* The trained GCN achieves a small test loss: LECN (W ®)) < ¢1e + exp(—can?).
where c1 and co are positive constants.

Theorem [4.3] outlines the scenario of benign overfitting for GCNs. It reveals that, provided n -
SNR? - y/n(p+ s)q_2 = (1), the GCN can learn the signal by achieving max, 7](? = Q1)
for j € {£1}, and on the other hand, the noise memorization during gradient descent training
is suppressed by max; ,; |p§2;)l\ = O(0gop\/d/n(p+ s)), given that oga,\/d/n(p +s) < 1
according to assumption 4.1} Because the signal learned by the network is large enough and much
stronger than the noise memory, it can perfectly predict the label in the test sample according to the

learned signal when it generalizes. Consequently, the learned neural network can attain small training
and test losses.

To illustrate the pronounced divergence between GNN and CNN in terms of generalization capa-
bility post-gradient descent training, we show that, under identical conditions, a GCN engages in
signal learning while a CNN emphasizes noise memorization, and thus diverges in the ability of
generalization:

Corollary 4.4 (Informal). Under assumption ifn-SNR?- \/n(p + s)q72 = Q1) andn=' -
SNR™? = Q(1), then with probability at least 1 — d~', then there exists a t such that:

* The trained GNN achieves a small test loss: LN (W®)) < ¢ie + exp(—can?).
s The trained CNN has a constant order test loss: LENN(W®)) = ©(1).

Corollary {4 clearly provides a condition that GNNs learn the signal and achieves a small test loss
while the CNNs can only memorize noises and will have a ©(1) test loss. The CNN results are derived
from the work of Cao et al. (2022) [15]. The improvement in benign overfitting regime is facilitated
by graph convolution, a process that will be elaborated on in the subsequent section. Through the
precise characterization of neural network feature learning from optimization to generalization, we
have successfully demonstrated that the graph neural network can gain superiority with the help of
graph convolution.
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5 Proof Sketches

In this section, we discuss the primary challenges encountered during the study of GNN training, and
illustrate the key techniques we employed in our proofs to overcome these challenges:

* Graph convolution aggregates information from neighboring nodes to the central node, which often
leads to the loss of statistical stability for the aggregated noise vectors and labels. To overcome
this challenge, we utilize a dense graph input, achieved by setting the edge probability as per
Assumption 4.1}

* Graph convolution can potentially cause erratic iterative dynamics of coefficients during the feature
learning process. To mitigate this issue, we introduce the concept of homophily into the graph
input, which helps in stabilizing the coefficient iterations.

* Lastly, for the generalization analysis, depicting the generalization ability of graph neural networks
poses a significant challenge. To address this issue, we introduce an expectation over the distribution
for a single data point and develop an algorithm-dependent test error analysis.

These main techniques are further elaborated upon in the following sections, and detailed proofs for
all the results can be found in the appendix.

5.1 [Iterative analysis of the signal-noise decomposition under graph convolution

To analyze the feature learning process of graph neural networks during gradient descent training, we
introduce an iterative methodology, based on the signal-noise decomposition in decomposition (T0)
and gradient descent update (7). The following lemma offers us a means to monitor the iteration of
the signal learning and noise memorization under graph convolution:

Lemma 5.1. The coefficients ’y( T), pgtz 0 Bg»tli in decomposition adhere to the following equa-
tions: .
Y p o) =0, (11)
1 RS ~
i = = S0 (i, a3, (12)
_(t+1 —(t n - t t) .
A = =L D (L ED I L =), ()
keN (i)
P =00 Y D o (w 6) IR L = =) (14
kEN (1)

Lemma 5.1]simplifies the analysis of the feature learning in GCNs by reducing it to the examination

of the discrete dynamical system expressed by equations (IT)-(T4). Our proof strategy emphasizes an

in-depth evaluation of the coefficient values yj( T), p§ Z i p(t) throughout the training. We present the

following bounds of the coefficients and loss derivative, Wthh persist throughout the training period:

Proposition 5.2. UnderAssumpnonfor any T* = n~ poly (e, |ullz ', d o, 2, 00" n,m, d),

the following bounds hold for t € [0,T*]:

. Ogyj(-?,ﬁgzl < 4log(T*) forall j € {£1}, r € [m] and i € [n].

c 0> Bgt) > —4log(T*) forall j € {£1}, r € [m] and i € [n].

« [VIEEN(WO)[2 < O (max {=2[|ul)3, 02d/(n(p + ) }) LEEN (W),

The proof of Proposition[5.2]is provided in Appendix [B.2] As suggested by Proposition[5.2] both the
coefficients related to signal learning and noise memorization can reach a logarithmic order relative
to training time 7. Furthermore, the training objective function LE“N(W) maintains dominance
over the gradient norm | VLECN(W®) || along the gradient descent trajectory. This observation
sets the preliminary for our convergence analysis. We then propose a two-stage dynamics analysis to
elucidate the behavior of these coefficients. Subsequently, we can depict the generalization ability of
GCN with the learned weight.
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5.2 A two-phase dynamics analysis

Stage 1. Intuitively, the initial neural network weights are small enough so that the neural network
at initialization has constant level cross-entropy loss derivatives on all the training data: 6;(0) =
Oly; - fW© )] = ©(1) for all i € [n]. This is guaranteed under Condition 4.1{on o. Motivated
by this, the dynamics of the coefficients in (I2) - (I4) can be greatly simplified by replacing the
@:m factors by their constant upper and lower bounds. The following lemma summarizes our main
conclusion at stage 1 for signal learning:

Lemma 5.3. Under the same conditions as Theorem there exists Ty = O(n~"mog 29| |5 %)
such that

* max, fyj(-’Trl) = Q1) forj € {£1}.

. |p§t21| =0 (Uoo'p\/a/\/n(p—&— s)) forallj e {£1}, r € [m], i € [n]and 0 <t < T7.

The proof can be found in Appendix Lemmas leverages the period of training when the
derivatives of the loss function are of a constant order. It’s important to note that graph convolution
plays a significant role in diverging the learning speed between signal learning and noise memoriza-
tion in this first stage. Originally, the learning speeds are roughly determined by ||u||2 and ||€]|2
respectively. However, after applying graph convolution, the learning speeds are approximately
determined by |§| - ||pt]|2 and ||&]|2 respectively. Here, |§]| - ||tt]|2 is close to || g||2, but ||€]]2 is much
smaller than ||&||2. This means that graph convolution can slow down the learning speed of noise
memorization, thus enabling GNNSs to focus more on signal learning in the initial training stage.

Stage 2. Building on the results from the first stage, we then move to the second stage of the training
process. In this stage, the loss derivatives are no longer constant, and we demonstrate that the training
loss can be minimized to an arbitrarily small amount. Importantly, the scale differences established
during the first stage of learning continue to be maintained throughout the training process:

Lemma 5.4. Let T, T, be defined in Theorem and Lemma respectively and W* be the
collection of GCN parameters w7 , = wﬁ? + 2gmlog(2q/e) - j - || ll3? - p. Then under the same

conditions as Theorem[d.3| for any t € [Ty, T), it holds that:

* max, 'yj(?;l) >2,Vj € {£1} and |p§t27\ < ogop\/d/(n(p+s)) forall j € {£1}, r € [m]
and i € [n].

. 1 t GON (v (s W) —w |3 c
t—T1+1 ZS:Tl LS (W( )) < (2q71)77(t7T1+1;) + (2¢—1)"

Here we denote |W||p £ \/||W+1H% + W13

Lemmal[5.4]presents two primary outcomes related to feature learning. Firstly, throughout this training

phase, it ensures that the coefficients of noise vectors, denoted as pg-tz_i, retain a significantly small
®)

value while coefficients of feature vector, denoted as ;. can achieve large value. Furthermore, it

offers an optimization-oriented outcome, indicating that the optimal iterate within the interval [Ty, T'.
In this process, graph convolution and gradient descent will continue to maintain the speed gap
between signal learning and noise memory, and when the time is large enough, the training loss will
tend to receive an arbitrarily small value.

5.3 Test error analysis

Finally, we consider a new data point (x, y) drawn from the distribution SNM-SBM. The lemma
below further gives an upper bound on the test loss of GNNs post-training:

Lemma 5.5. Let T' be defined in Theorem Under the same conditions as Theorem[d.3} for any
t < T with LEEN(W®) <1, it holds that LN (W) < ¢; - LEON(W®)) 4 exp(—can?).

The proof is presented in the appendix. Lemma[5.5|demonstrates that GNNs achieve benign overfitting
and completes the last step of feature learning theory.
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6 Experiments

In this section, we validate our theoretical findings through numerical simulations using synthetic
data, specifically generated according to the SNM-SBM model. We set the signal vector, u, to
drawn from a standard normal distribution A/ (0, I). The noise vector, £, is drawn from a Gaussian
distribution NV (0, O’ZI). We train a two-layer CNN defined as per equation (2) and a two-layer GNN
as per equation (3 with polynomial ReLU ¢ = 3.

Feature learning dynamics. Firstly, we display the training loss, test loss, training accuracy, and
test accuracy for both the CNN and GNN in Figure[2} In this case, we further set the training data size
to n = 250, input dimension to d = 500, noise strength to o, = 20, and edge probability to p = 0.5,
s = 0.08. We observe that both the GNN and CNN can achieve zero training error. However, while
the GNN obtains nearly zero test error, the CNN fails to generalize effectively to the test set. This
simulation result serves to validate our theoretical results in Theorem {.3]and Corollary #.4]

Train Loss Test Loss Train Accuracy Test Accuracy
3 —— GNN Train Loss 3 ;
—— CNN Train Loss
2 2 fey
@ @ — GNN Test Loss © —— GNN Test Accuracy
S | —— CNN Test Loss g . —— CNN Test Accuracy
1 1 < 0. <
06 —— GNN Train Accuracy 0.6
0 o . : —— CNN Train Accuracy 0.5 o
0 25 50 75 100 [ 25 50 75 100 0 25 50 75 100 0 25 50 75 100
Epochs Epochs Epochs Epochs

Figure 2: Training loss, testing loss, training accuracy, and testing accuracy for both CNN and GNN
over a span of 100 training epochs.

Phase diagram. We then explore a range of Signal-to-Noise Ratios (SNRs) from 0.045 to 0.98,
and a variety of sample sizes, n, ranging from 200 to 7200. Based on our results, we train the neural
network for 200 steps for each combination of SNR and sample size n. After training, we calculate
the test accuracy for each run. The results are presented as a heatmap in Figure 3] Compared to
CNNs, GCNs demonstrate a perfect accuracy score of 1 across a more extensive range in the SNR
and n plane, indicating that GNNs have a broader benign overfitting regime. This further validates
our theoretical findings.

0.90

sample size
200 1200 2200 3200 4200 5200 6200 7200
h h h ‘ h \

Sample Size
200 1200 2200 3200 4200 5200 6200 7200

1 1 1 1 1 1 1 1 0.85
1 1 1 1 1 1 1 1

0.80
- 0.98 1 1 1 1 1 1 1

0.82 | 0.91 | 0.89 | 0.88 [ FANNA]:} 1 0.75

0.045 0.052 0.061 0.076 0.098 0.14 D.‘ZS O.IQH 0.045 0.052 0.061 0.076 0.098 0.‘14 O.‘ZS 0.;8
Figure 3: Test accuracy heatmap for CNNs and GCNss after training.

7 Conclusion and Limitations

This paper utilizes a signal-noise decomposition to study the signal learning and noise memorization
process in training a two-layer GCN. We provide specific conditions under which a GNN will
primarily concentrate on signal learning, thereby achieving low training and testing errors. Our
results theoretically demonstrate that GCNs, by leveraging structural information, outperform CNNs
in terms of generalization ability across a broader benign overfitting regime. As a pioneering work
that studies feature learning of GNNS, our theoretical framework is constrained to examining the role
of graph convolution within a specific two-layer GCN and a certain data generalization model. In
fact, the feature learning of a neural network can be influenced by a myriad of other factors, such as
activation function, optimization algorithm, and data model [47} 35 37]. Future work can extend our
framework to consider the influence of a wider array of factors on feature learning within GCNs.
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A Preliminary Lemmas

In this section, we present preliminary lemmas which form the foundation for the proofs to be detailed
in the subsequent sections. The proof will be developed after the lemmas presented.

A.1 Preliminary Lemmas on Sample Properties
Lemma A.1. Suppose that 6 > 0 and n > 8log(4/8). Then with probability at least 1 — 6,
{ien]:y; =1}, |{i € [n]:y; = -1} > n/4.

Proof of Lemma[A.1] By Hoeffding’s inequality, with probability at least 1 — §/2, we have

log(4/9)
=1
Z{y } - o
Therefore, as long as n > 8log(4/J), we have
log(4/6 n
G € ) =1} = Z{yz-1}> Log4/0) . .

This proves the result for |[{i € [n] : y; = 1}|. The proof for |{i € [n] : y; = —1}| is exactly the
same, and we can conclude the proof by applying a union bound. O

A.2 Preliminary Lemmas on Noise Vector Properties

Lemma A.2. Suppose that 6 > 0 and d = Q(log(4n/6)). Then with probability at least 1 — 6,
opd/2 < I3 < 3oyd/2,
(€1, &) < 207 - /dlog(4n?/5),

foralli,i € [n].

Proof of Lemma[A.2] By Bernstein’s inequality, with probability at least 1 — §/(2n) we have
€113 - 02| = O(0? - v/dlog(4n/3)).
Therefore, as long as d = Q(log(4n/d)), we have
opd/2 < [|&;]3 < 307d/2.

Moreover, clearly (£,, €,,) has mean zero. For any 4,4’ with ¢ # 4, by Bernstein’s inequality, with
probability at least 1 — §/(2n2) we have

|(€:,€ir)| < 207 - /dlog(4n?/9).

Applying a union bound completes the proof. O
Lemma A.3. Suppose that § > 0 and d = Q(n?(p + s)? log(4n?/3)). Then with probability at least
1-39,

apd/(4n(p + 5)) < &3 < 307d/(4n(p + s)),
foralli € [n].

Proof of LemmalA.3] 1t is known that:

2

1 d D; 1 d
I€:1I3 = —5 Z(Zm) ==
k=1 g

P =1
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By Bernstein’s inequality, with probability at least 1 — §/(2n) we have

Di

> — 02dD;| = O(c2 - \/dD;log(4n/6)).

j=1 k=1

Therefore, as long as d = Q(log(4n/d)/(n(p + s))), we have

d D
307dD; /4 <> Y & < 5opdD; /4.
j=1k=1
By Lemma[A.4] we have,
| A D
205d/(n(p+5) < 53 > Y &5y < 6opd/(4n(p + 5)).
‘ j=1k=1

Moreover, clearly (€., €,,) has mean zero. For any k, k' with k& # &/, by Bernstein’s inequality, with
probability at least 1 — §/(2n?) we have

[(€r, &xr)| < 207 - \/dlog(4n? /).
Applying a union bound we have that with probability at least 1 — 4,
(€5 €x)] < 207 - /dlog(4n?/5).
Therefore, as long as d = Q(n?(p + s)?log(4n?/§)), we have
opd/(n(p+ ) < |13 < 307/ (4n(p + 5)).

A.3 Preliminary Lemmas on Graph Properties

Lemma A.4 (Degree concentration). Let p,s = () ( mg(:/(s)) and 6 > 0, then with probability at
least 1 — 9§, we have

n(p+s)/4<D; <3n(p+s)/4

Proof. 1t is known that the degrees are sums of Bernoulli random variables.
n
Dy =1+ Z @ig,
J#i
where a;; = [A];;. Hence, by the Hoeffding’s inequality, with probability at least 1 — 6/n
|D; — E[D;]| < /log(n/d)(n —1).

Note that a;; = 1 is a fixed value, which means that it is not a random variable, thus the denominator
in the exponential part is n — 1 instead of n. Now we calculate the expectation of degree:

E[Dy] =1+ s+ (2 —

5 5 Dp=n(p+s)/2+1-p,

then we have

|Di —n(p+5)/2+1—p| < /nlog(n/d).
Because that p, s = Q ( W) , we further have,

n(p+s)/4<D; <3n(p+s)/4
Applying a union bound over ¢ € [n] conclude the proof. O
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Lemma A.5. Suppose that 6 > 0 and n > 8@{% log(4/8). Then with probability at least 1 — 6,

1p—s
2p+s

.

‘_‘yl

|_2 + s

Proof of LemmalA.5] By Hoeffding’s inequality, with probability at least 1 — 6/2, we have

Z Y — log(4/9)
vt D + 2n(p+s)
Therefore, as long as n > 8= Lt 3)2 10g(4/5), we have:
S <1l < 32l
2p+ =P =0ps
This proves the result for the stability of sign of graph convoluted label. O

A.4 Preliminary Lemmas on Initialization Properties

Lemma A.6. Suppose that d = Q(n(p + s)log(nm/0)), m = Q(log(1/0)). Then with probability
at least 1 — 9,

(wi, )| < 2log(8m/5).ao||uu2,
(W', )] < 2\/log(8mn/3) - 000, V/d
|(w jr,é | < 4+/log(8mn/d) - aoap\/T

forallr € [m), j € {£1} and i € [n]. Moreover,
oollulla/2 < max j - (wii), ) < \/2log(8m/8) - oo |l

ooopVd/4 < m[ax]j (W, O ¢y < 2¢/log(8mn/3) - coo,Vd,
rem

ooop/d/(n(p +5))/4 < maxg ]r,é < 24/log(8mn/d) - ooopr/d/(n(p + 3))

€[m]
forall j € {£1} andi € [n].

Proof of LemmalA.6] 1t is clear that for each r € [m], j - <w§?2, p) is a Gaussian random variable
with mean zero and variance oZ||p|3. Therefore, by Gaussian tail bound and union bound, with

probability at least 1 — §/4,

o (Wi py < (W, )| < /21og(8m/3) - oo |pll.

Moreover, P(oo||p2/2 > j - (wﬁ-,g, ()) is an absolute constant, and therefore by the condition on

m, we have

Poollilla/2 < max j - (wii), 1)) = 1 = Ploollpll2/2 > max j - (wii), )

. 2m
=1 P(oollulla/2 > j - (w7 )
>1-4/4.
By Lemma with probability at least 1 — 6 /4, o,v/d/v/2 < ||&;]l2 < \/3/2-0pV/d foralli € [n].
(0)

Jr?
By Lemma with probability at least 1 — 6/4, g,\/d/(n(p +))/V2 < ||&ll2 < +/3/2 -

op\/d/(n(p+ s)) for all ¢ € [n]. Therefore, the result for <W§OT) ,&;) follows the same proof as

. 0
E <(Lu>

Therefore, the result for (w ', &,) follows the same proof as j - <wj(-?7)., ).

O
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B General Lemmas for Iterative Coefficient Analysis

In this section, we deliver lemmas that delineate the iterative behavior of coefficients under gradient
descent. We commence with proving the coefficient update rules as stated in Lemma([5.1]in Section
[B1] Subsequently, we establish the scale of training dynamics as declared in Proposition [5.2] in

Section
B.1 Coefficient update rule

Lemma B.1 (Restatement of Lemma . The coefficients 'y( 27 pgti i p(.tz ; defined in Eq. (@ satisfy

the following iterative equations:

Y p s o) =0,

t+1 t Ui . t t -
g Uvﬁ? anfé“a' (w3 i) il a3,

Piad =P = > Dt o (wil) €)1 - 1wk = ),
keN (i)

P = p S DY (€)L& L = i),
kEN (1)

forallr € [m], j € {£1} and i € [n].

Proof of Lemma(B-1] Considering our data model and the Gaussian initialization of the GCN weights,
it becomes clear that the vectors are linearly independent with a probability of 1. Consequently, the

decomposition expressed in (T0) is guaranteed to be unique. Now, let’s consider 7](02 , ﬁgov) ;= 0and
A (t+1 ~(t n - t t) -~ -
A = A = e SO (Wi o) il
nm -
A(t n - t t) g
Piri = szz T Dy ' 'K;c( ) 'UI(<W§',7)~v£k>) : ||£z||§ " Yk,
It is then easy to check by (7)) that
¢ 0 t - A(t -
Wil = Wil A ella® e 3005 € 2 €

) = o)

Hence by the uniqueness of the decomposition we have 7( ) — 4 i i

and p, 7.
g g
that

;- Then we have
t -1 s s) .
== 5 Dt L6 o (W) ) - 1€l - e
s=0 keN(3)
Moreover, note that é;(t) < 0 by the definition of the cross-entropy loss. Therefore,

_ n pe .
P = an > D0 (WL E) € E L =) ()

keN (1)

P?”»:*anl > D0 o (WL &) NIl - L = —5). (16)

=J.ryi
keN (i)

Writing out the iterative versions of (I3)) and (T6) completes the proof. O

17
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B.2 Scale of training dynamics

(t) (1) (t)

Our proof hinges on a meticulous evaluation of the coefficient values v; ., p; . ;, P; throughout the

entire training process. In order to facilitate a more thorough analysis, we first estabhsh the following
bounds for these coefficients, which are maintained consistently throughout the training period.

We will now show that the parameter of the signal-noise decomposition will stay a reasonable
scale during a long time of training. Let us consider the learning period 0 < ¢t < T, where
T* =n~'poly(e™, ||plls",d " 0,2, 05", n,m, d) is the maximum admissible iterations. Note that
we can consider any polynomial training time 7.

Denote o = 41og(T™*). Here we list the exact conditions for 7, o, d required by the proofs in this
section, which are part of Condition .1}

n= O(min{nm/ (qopd),nm/ (2720 %07 d), nm/ (q2q+2aq’2llu||§)}>, (17
oo < [16+/log(8mn/8)]~ mm{ Hallz s (o d/(n(p+8)))‘1}, (18)
d > 10241og(4n?/8)a’n?. (19)

Denote § = 2max; j, 7a{|< w T,yZ whl, {w () £.)|}. By Lemma and Lemma with probabil-

Wi

ity at least 1 — &, we can upper bound f3 by 4+/log(8mn/d) - 0¢ - max{Z||p||2, 0p\/d/(n(p + s))}.

Then, by (I8) and (19), it is straightforward to verify the following inequality:

4max{6,8n 10g(452/5)a} <1 (20)

Assuming that the conditions detailed in (T7), (I8), and (T9) are satisfied, we assert that the following
property is maintained for 0 < ¢ < T™*.

PropOSItlon B.2. Under Condition for 0 < ¢t < T* where T* =
-1 Ld o op!
n~tpoly(e L, ||pll5 ", d™ , 0y s, m, d), we have that

0< 5, <a, 2y
0> Bﬁtil > —q, (22)

forallr € [m], j € {£1} and i € [n], where o = 4log(T™).

To establish Proposition we will employ an inductive approach. Before proceeding with the
proof, we need to introduce several technical lemmas that are fundamental to our argument.

Lemma B.3. Foranyt > 0, it holds that { 52 - W§Og, w)=j- *y] Tfor allr € [m], j € {£1}.
Proof of Lemma[B.3| For any time ¢t > 0, we have that

0
w0 = w ) = 54 S e 5 (€ +pr,|\£ I5% - (&)

i'=1 i'=1
t
=j-7

where the equation is by our orthogonal assumption between feature vector and noise vector. O
Lemma B.4. Under Condition[d.1] suppose and hold at iteration t. Then

2
+8n log(4n?/0)

log(4n2/8
M _8n log(4n®/0) )a < <W§t2 w'? £) < §t21 7 o,

Pjri d Wi
where fj i = DokeN () Dt D itk p;fz_’i,,for allr € [m], j € {£1} andi € [n].
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603 Proof of Lemma It is known that,

t 0) & —(t — pe — pt
(wi) —wii) &) = Zpﬂz/nsi/nf &)+ D A0 e s (60 )
= =1

=3 N D NEn2 - (€6

i'=1keN (i)
+30 > D) l€nlly? - (€ )
=1 keN (i)
log(4n2/9)
<o 5 s,
kEN (2) i £k
log( 4n log(4n?/4) = )
Z Z ‘pj rz/
keN (i ik
1 1 (t)
+ Z Dy Zﬂwﬂ > D> el
kEN (i ik keN () i £k
. log(4n2/0
pgt31+8 %a,

s04  where we define f;,; = >, Ny Pio S 2k p;?q’i/ the second inequality is by Lemmaand the
605 last inequality is by |ﬁ§t21,|, |B§t22,| < ain ZI).

606 Similarly, we can show that:

t
<WJ(’3 3 T’ Zp]ﬂ“l ||€L/||2 él ’ + ijrz Hsz || <£z ) z>
/=1 =1
- Z Z D psz/”&?,/” <€i/7£k>
i'=1keN (i
+Z Z Do € llz? - (6. &)
i'=1keN (i)
log(4n?/4) 1
= 2 Dty I
keN (i) i'#k
log( 4n log(4n?/6) 1 ®
Z D Z ‘pj 7"1/
keEN (i) i £k
+ Z DY piet Do DY pl
kEN (i i'#k KEN (4) i £k
. log(4n2/0
2 0, = [T,

607 where the first inequality is by Lemma and the second inequality is by |ﬁ§t21 l, |4 il | < ain
608 (2T), which completes the proof. O

s0s Lemma B.5. Under Condition[d_I| suppose 1) and 22) hold at iteration t. Then
~ 0) ~
1 2
og(4n?/9) o
d
610 forallr € [m] and j # y;. Ifmax{vj r,pj ”} O(1), we further have that F; (W 2 ,X;) = O0(1).

<W(t) )< (w (0) 5 )+

75T .77’
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st1  Proof of Lemma[B.3] For j # y;, we have that
(W Gin) = (W' Gapt) + 705N < (Wl o), (23)

612 where the inequality is by 'y( ) > 0and Lemma stating that sign(y;) = sign(g;) with a high
613 probability. In addition, we Have

(wi &) =(wi &)+ Y D 1me (€ ) l€nllz?

keN (i) i’ =1
< _ log(4n?/6
< (w80 + 0 | 320+ 3 | oy
Yk F#J Yr=j
~ log(4n2/6
< j’l‘7€> %O{, (24)

614 where the first inequality is by Lemmaand the second inequality is due to p( ) . < 0 based on
615 Lemma[AZ5] Then we can get that

FW %) =~ 3 lo((wl, 5i - ) + o(wll), &)

r=1
1 m
= = oW, g w) + oWl D7 ST g

r=1 keN (i)
1 _ p _
= > lo(wi i ) +o(win) &) + (wyl) = witl. DIt Y7 £,)]
r=1 keN (i)
1 & < log(4n?/9) .
< Y lolwyl g ) +o((wi) &) + 8ny [ a4 )]
r=1
log(4n?/4 1
< 2 e {0 ) w2, €0 sy 25

<1

9

16 where the first inequality is by (23)), (24) and the second inequality is by (20) and max{*yj i ot i l} =
s17 O(1).

618 Lemma B.6. Under Conditiond-1| suppose 21) and 22) hold at iteration t. Then

<W§fﬂ7ﬂiu> = <Wj('?27yz ) +%(t)
~ R log(4n2/6
W) < (W) 440, sy EEL
s19 forall v € [m], j = y; and i € [n]. Ifmax{’y](tr),pL”} = O(1), we further have that
620 Fj(Wgt),ii) =0(1).

6!

N

Proof of Lemma(B.6] For j = y;, we have that
(Wi Gapy = (w0 Gapr) + 1), (25)
622 where the equation is by Lemma B3] We also have that

log(4n?/6) N

=, 26)

(t) ¢ (0) A(t)
<Wj,r7£z> < < J T7£’> + pj,’r’,i + 8n
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631
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640

where the inequality is by Lemma If max{fyj(-’?, pgtil} = O(1), we have following bound

N . z
Fy (Wi %) = — 3 lo (W) g ) + o (w1, &))]
r=1
. _ ; log(4n2/6) *
<231 (o0 0 ) w2 & sy 28 o
=0(1),

where ﬁ;til = D%. DokeN (i) ﬁ;?k]l(yk =j)+ ﬁ;?n’k]l(yk # j), the first inequality is by (23], (26).
Then the second inequality is by (20) where § = 2max; ; -{| <wj(-?2, Ui - |, |<wj(-?2, £)} <1land

condition that max{vj(-?, pyi i =0(). O

Now we are ready to prove Proposition[B.2]

Proof of Proposition[B.2} The proof of Proposition[B.2] relies on induction. At ¢ = 0, the results are
straightforward, given that all coefficients are zero. We assume that there is a time T" < T™ for which
the Proposition is valid for all moments 0 <t <T — 1. Our goal is to demonstrate that the
proposition also stands true for ¢t = T'.

We first prove that (22)) holds for ¢ = T,ie., Bﬁf) > -3 —16n W@ fort=T,r € [m],

i

j € {£1} and ¢ € [n]. Notice that Bﬁi = 0,Vj = y;. Therefore, we only need to consider the case
that j # y;. When Bﬁ}” < —-0.58—8n W@, by Lemmawe have that

F_1) % P ~ log(4n?/6
WD &) < T 4wl &)+ snyEE D <
and thus

r r— n - T—-1 T-1) .
B = 8 g 22D BT 8) e = =)

A log(4n?/4d)
_ ,(T-1) _AB_ O\ 7T
=P > —p—16n 4 «

where the last inequality is by induction hypothesis. When Bf;_il) > —0.58 — 8n4/ WO@ we
have that

i P n 1 (T-1 T-1) % .
pth) = pI=1) 4 e Z D, 16;5 ) -O'/(<W§»,T ),£k>) Ayr = —5)&13

bl

=gt =gmt
keN(4)
log(4n? 24 log(4n2
> —0.55 —8n MQ—O 1% 5 0.53 + 8n Ma
d nm d
2 2d 2
> —0.58 —8n MQ—O naop® 0.568 + 8n Ma
d nm d
2
> —B—16n WQ’

where we use E;(T_l) < land ||§]l2 = O(0}d) in the first inequality, the second inequality is by
0.58 + 8n Wu < 1, and the last inequality is by n = O (nm/(go2d)) in (T7).
Next we prove (Z1)) holds for t = T'. We have

(), _ 1
16| =

1+ exp{y; - [Fri(W), %) — F (WY, %))}
< exp{—y; - [Fr1 (W), %) — F.i (W, %))}
< exp{—F,, (W) %;) + 1}. @27)

21



641 where the last inequality is due to Lemma. Moreover, recall the update rule of fy( ) and p(t)

T 7,70

t+1 t n o0 .
T = T nm'Dé”v' w5 il

o =5~ N D o (Wl €))L = )IIES 13
kEN (7)

ez Lett; ., to be the last time ¢ < T™ that pg 3 ; < 0.5a. Then we have that

P =p) ok 3 Dt o (]
keN (2)

L) L)) - L(ye = 5)II€113

7,7

Iy

- Y LN Dt g0 o (WL E)) L = d)llEN3. @8)

nm
tj i <t<T kEN (7)

Iy

643 We first bound I; as follows,

log(4n2/6) """
|| < 2qn_1m_1n(maxﬁ§;’k‘) +0.58 4+ 8n Og(zz/)a> Ugd

< q2qn_1m_177aq_1012,d < 0.25a,

e44 where the first inequality is by Lemmas and the second inequality is by 8 < 0.1« and
645 SN/ %a < 0.1a, the last inequality is by n < nm/(q29"?a? ?02d).

46 Second, we bound I>. Fort;,; <t < T and y;, = j, we can lower bound <w§t2, Ek> as follows,

. N . log(4n2/6
w80 > (Wl &) + L0, — sny B
1p—s log(4n?/6)
> It PV AN
—0.58 + 1p+ e 8n pi «@
> 0.25a,

647 where the first inequality is by Lemma . the second inequality is by szz > ig +i04 and

o1 (W j’r,£1> > —0.53 due to the definition of ¢;,; and 3, the last inequality is by 5 < 0.1 and

649  8ny/ %a < 0.1c. Similarly, for ¢;,; < t < T and Yr = J, we can also upper bound
650 <w§t3, £,) as follows,

~ log(4n2/6
(Wi &) < (i) + o0+ sy [ B

3p—s log(4n?/9)

<0. — —_—
_05,8—|—4p+80z+8n 7 «

< 2a,

651 where the first inequality is by Lemma @ the second inequality is by induction hypothesis ﬁ;tl ; L a,
es2 the last inequality is by 5 < 0.1a and 8n/ Wu < 0.1a. Thus, plugging the upper and lower
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53 bounds of (w;tz, €,.) into I, gives

Ui - t
Bl < 37 = 0 Ditexp(—o((w &) + 1) o’ ((wy'). &) - Lk = DII&3
t),ri <t<T keN (i)
29nT™*
<4 exp(—af?/49)a? o2d

< 0.25T™" exp(—a?/47)

< 0.25T* exp(—log(T*)?)

< 0.25q,
esa where the first inequality is by d7_7[) the second inequality is by Lemma[A.2] the third inequality is by
55 1= O0(nm/(q272a?202d)) in (7)), the fourth inequality is by our choice of a = 4log(T™*) and

es6 the last inequality is due to the fact that log(7™)? > log(T™*). Plugging the bound of I, I, into (28)
657 completes the proof for p.

658 Similarly, we can prove that 7( " < o using n = O(nm/(q2972a?72||ul|3)) in (I7). Therefore
es0  Proposition [B.2/holds for ¢ = T', which completes the induction. O

ss0 Building upon Proposition [B.2] we introduce a key property of the training loss function within the
661 range of 0 < ¢ < T™. This property will be instrumental in the forthcoming proof of convergence.

662 Lemma B.7. Under Conditiond.1| for 0 <t < T*, the following result holds.
IVLs(W®)|% < O (max {2 d/(n(p+5))}) Ls(W).

663 Proof of Lemma[B.7] We first prove that
(g f(WO.5)) - IV (W, %) [ = O(max(Z?|| |3, 05/ (n(p + ))}).  (29)
es¢  Without loss of generality, we suppose that y; = 1 and X; = [§; - ", El] Then we have that

*Z
—Za O G illslls + — — 3o (W &Gz

J.r

IV F (W, %,)| W G ) gip + o' (W), E0)E,]

I A

\ N

(a=1)/q

<2q[F+1(Wgaf<i)] mas (|l 20,/d/n(p + 9))
max{Z|| /|2, 20p\/d/(n(p +5))}

<2 [F+1<w$1, %) max{Z| ]2, 20, /4] (n(p + 5))}
+ 2gmax{Z| ll2. 205 /A (np + 9))},

665 where the first and second inequalities are by triangle inequality, the third inequality is by Jensen’s
666 inequality and Lemma and the last inequality is due to Lemma Denote A = Fy4 (WS:%, X;).
667 Then we have that A > 0, and besides, F'_; (W(_t)l, x;) <1by Lemma Then we have that

— (g f WD %)) - VWD %)%

< rA-1) <<2q AGTD/9 4 1) max(Z]| al. 20, /A 0P T s))})

420 (A= D)(A@D/5 £ 1) max{Z2| 3, 4024/ (n(p + 5)))

(m>aé< —4¢% (z — 1)(zl9 D9 4 1)?) max{Z?||p||3, 402d/(n(p + s))}

O(max{=?||p[|3, opd/(n(p + 5))}),

(¢—1)/q
+2¢ [F1(VV(_”17 iz)}

](q—l)/q

IN

—~
.
=
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688

where (i) is by max,>o —4¢%¢'(z —1)(2(971/941)2 < oo because ¢ has an exponentially decaying
tail. Now we can upper bound the gradient norm ||V Ls(W®)||  as follows,

IVLs(W®)]3,

IN

n 2
E Z”(yif(vv(“,fq))Vf(W(“,ii)HF]
i=1

2

IA

5 /Ol o (nlp + ) (i F WO %)
i=1

< O(max{Z?||ulf3, opd/(n(p + 9))}) - % D (i f (W %)

i=1
< O(max{Z?||p[3, 05/ (n(p + ))HLs(W),
where the first inequality is by triangle inequality, the second inequality is by (29), the third inequality

is by Cauchy-Schwartz inequality and the last inequality is due to the property of the cross entropy
loss —¢' < /. O

C Two Stage Dynamics Analysis

In this section, we employ a two-stage dynamics analysis to investigate the behavior of coefficient
iterations. During the first stage, the derivative of the loss function remains almost constant due to
the small weight initialization. In the second stage, the derivative of the loss function ceases to be
constant, necessitating an analysis that meticulously takes this into account. Upon completion of the
convergence analysis, we employ its results to facilitate the evaluation of the population loss.

C.1 First stage: feature learning versus noise memorization

Lemma C.1 (Restatement of Lemmal[5.3). Under the same conditions as Theorem[.3] in particular
if we choose

n-SNRY - (n(p + )92~ > Clog(6/00||pll2)2° C [4log(8mn/6)] V2, (30)

where C' = O(1) is a positive constant, there exists time

o Clo(6/o0 )2 m
- —2 -
nog "~ |lll3=
such that

* max, ’yj(?) > 2forj € {1}

o 1p) | < o00p/d/(nlp+ 5))/2 forall j € {£1},r € [m], i € [n] and 0 < t < T1.

Proof of Lemma Let

nmn_lag_qaqud_qm(n(p + 5))(@=2)/2

T+ = 30

' 90+ 4g[d log(8mn/0)] (1=2)/2 (31)

We first prove the result of noise memorization. Define ¥#) = max;,, | pgtil‘ _
man,T,i{ﬁgfi’i’ —Bﬁ Z.}. We use induction to show that

U0 < oyop/d](n(p + 9)) o)
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eso forall 0 <t < T, . By definition, clearly we have ¥(0) = 0. Now suppose that there exists some
soo T < T such that (32) holds for 0 < ¢ < 7' — 1. Then by (I3) and (T4) we have

691
692

693
694

695

697

698

699

700

701

702

\If(t“)<\11t)+ Z Dt g
keN()
EZ/ E S’L 75
(i + Y w0 LBl 57 g0 8L e g
PR P~ R TH
) i (€0,
v Z D;, 1 /( j”"sk Y+ 2- Z\II I ||§>| ||£z||§
keN (i v=1
- E:Dl
keN (i)
— €i/7€ /
a<< ) &) +200 +2. E:‘“t Dt Y |<“3”2H>.”5m§
ik K EN (k) vz
t)+ Z D, l -/log(8mn/é) - ooopr/d/(n(p + 5))
keN ()
-1
4no? - \/dlog(4n? /3 !
n <2+ nop 2Og( n / )) .\I/(t) ,Qsz
opd
S\I/(t)-i-%'(? log(8mn/6) - oo, d/(n(p+s))+4\11(t))q—1.zaid
gw@+£%(4 log(8mn/6) - ooo,\/d/(n(p+ )" - 202d,

where the second inequality is by |£ )| < 1, the third inequality is due to Lemmas |A.2|and -
the fourth inequality follows by the condition that d > 16Dn? log(4n?/§), and the Jast inequality

follows by the induction hypothesis (32). Taking a telescoping sum over ¢ = 0, 1,...,T — 1 then
gives

v < 7. M (4. flog(8mn/d) - 500, Wm@+mf”aﬁd
nm
<71t LS (4 log(8mn/é) - ooop/d/(n(p+s)) ) 20§d

- o TEGF )
— 2 )

where the second inequality follows by T' < Tyt in our induction hypothesis. Therefore, by induction,
we have U < ggo,\/d/n(p + s)/2 forall t < T;F.

Now, without loss of generality, let us consider j = 1 first. Denote by 77 ; the last time for ¢
in the period [0, 7;] satisfying that max, 'yi ) <2, given that o9 < /n(p + s)/d/op. Then for
= O(ogopy/d/(n(p+ s))) = O(1) and max, ’y( ) < 2. Therefore, by
Lemmasand m we know that F_l(W( )1, Xi), F+1(W(+)1, X;) = O(1) for all ¢ with y; = 1.
Thus there exists a positive constant C'; such that fﬁi(t) > (' for all ¢ with y; = 1.

By (12), for ¢ < Ty ; we have

t < Typ,maxyi{|pl) |} =

1
A 0= LSO g (e + 52 - Bl
nm
() 0177 t)y P—Ss
Z W1 ra/'l’>+yl‘—' M, ")
yi=1 p+
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725

Denote ’y?) = 'yﬁ + (wﬁor), p) and let A®) = max, ’yﬁ Then we have

; o
AGHD > 4@ L/ "EA®Y . 2| w2
> AW+ = yg:la( ) - Ellull

-1
>A(t)+017ICI||H||§ =0 ! =
- 4m

2
> (1 L Cunallplz [Am)]q—?Eq) A4

4m

q—2 q

> (1 I Cingog "l Eq) A(t),
- 29m,

where the second inequality is by the lower bound on the number of positive data in Lemmal[A.T] the

third inequality is due to the fact that A®*) is an increasing sei uence, and the last inequality follows

by A©) = Inaxr<w§ T), 1) > ool pl|2/2 proved in Lemma|A.6, Therefore, the sequence A®*) will
exponentially grow and we have that

t
A >( C'177610'0 M|gEq) 4(0)
> 507

C
> eXp( 177333_1 ||I’I’2f—qt)A(O

Cingod |l plld =\ oollell
>exp< SYrs - =a¢ 5

where the second inequality is due to the fact that 1 + z > exp(z/2) for z < 2 and our condition
of 1 and o listed in Condition and the last inequality follows by Lemma and A©) =

: s )29 :
maxr<w§?,2, ). Therefore, A®) will reach 3 within T} = 10?;1677/;:3'@\'2313"1 iterations. Since
(0)

max, 'yﬁ > AW — max, [(wy, u)| > A® — 1, max, o 2 will reach 2 within 7} iterations. We
can next verify that
_ log(6/00]|pel|2)29 m < nmn Loy Yo 9d= 2 (n(p + 5))(472)/2
Cingod?|pll§Ze 20+5q[41og(8mn/§)] (1= 1)/2
where the inequality holds due to our SNR condition in (30). Therefore, by the definition of T3 1, we
have 17 <1 < TJr /2, where we use the non-decreasing property of -y. The proof for j = —1is

=T /2,

similar, and we can prove that max, 7(T1 —1) >2whileT) 1 <T; < Tfr /2, which completes the
proof.

O

C.2 Second stage: convergence analysis

After the first stage and at time step 77 we know that:

W™ _ O Ty B N~ (1) @ 3
r =W, r+J Yj,r + Pj rz. + P :
i = War HI G gt 2 e ; i TR

And at the beginning of the second stage, we have following property holds:

* max, ’y]( 71) >2,Vj e {£1}.

« max;,; |p\")] < B where § = 090,\/d/(n(p + 5))/2.
Lemma ﬂ implies that the learned feature 7@

3
%(t:- D > (tr), and therefore max, fy(t) > 2. Now we choose W* as follows:

will not get worse, i.e., for ¢ > T3, we have that

Wi, = (0) + 2gmlog(2q/e) - j

I
||u||§

Based on the above definition of W*, we have the following lemma.
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Lemma C.2. Under the same conditions as Theorem we have that |[W(T) — W*|r <
O(m*2||pll3 ).

Proof of Lemma|[C.2] We have
W — W < [WT - WO e 4 [WO — W7

v el gl
< LT LT 7]” (m>?1og(1/€))]| e
LWL e T Ted a/eNiuls”

< O(m||p]| ™) + O(nmay) + 0(m‘°’/2 log(1/€))l|pll2"
< O(m®|p]l3"),
where the first inequality is by triangle inequality, the second inequalitﬁ by our decomposition of
b

W (T1) and the definition of W*, the third inequality is by Proposition|B.2|and Lemma|C.1} and the
last inequality is by our condition of o in Condition O

Lemma C.3. Under the same conditions as Theorem we have that y; (V f(W®)  %;), W*) >
qlog(2q/e) foralli € [n]and Ty <t <T*.

Proof of Lemma[C3) Recall that f(W®), %) = (1/m)Y, j - [o((wys s - 1)) + o (s E0))].
so we have

m(Vf( w® fci) W) (33)
~ .k 1 P
za S b)) iy, 35 0) + — >0 (W) E)) (i w5 )
jr
—ZU jT,yZ w))2gmy;y; log(2q/€) + ZO ]T,yzﬂ NJiyi ke, JW§2>

+ = ZU (Wi E)) (i W)
>— Za ) Gim)2gmE log(2q/€) Zo wi'), i) O (002 ] 2)

T Z (W), €))0(000,/d/ (n(p + 5))), (34)

where the inequality is by Lemma[A.6 Next we will bound the inner-product terms in (34) respec-
tively. By Lemma|B.6] we have that for j = y;

max{ (wi), G} = max{y}") + (wi?), gin)} = 2= O(00Z | p2) = 1. (35)

We can also get the upper bound of the inner products between the parameter and the signal (noise)
as follows,

(7) (i) .
(Wi, 3 - >| < (w5 - )] + ] < O()

) . log(4n?/6) (iv) -
(&1 S 1wl &) 1]+ sy 2B
where (i) is by Lemma[B.3] (iii) is by Lemma[B-4] (ii) and (iv) are due to Proposition[B.2] Plugging
(33) and (36) into (34) gives,

yi(VF(WD, %), W) > 2¢log(2q/e) — O(00Z| p]l2) — O(o00,/d/(n(p + 5)))
> qlog(2q/e),

where the last inequality is by oo < O(m~2/@=2n=1) . min{(c,\/d/(n(p + 5))) "L, Z |pllz '}
in Condition[#.1] This completes the proof. O

< 0(1), (36)
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742 Lemma C.4. Under the same conditions as Theorem[d.3] we have that
W — W[5 — [WED — W3 > (2¢ — 1)Ls(W) — e
forallTy <t <T*.

746 Proof of Lemma[C4] It is known that:
W — W5 — WD — W3
= 29(VLs(W), W — W*) — [ VLs (W) |7

2 - - *
= =13 0y f W %) = (VFW O, %), W] = o VLs (W)

Y

v

S (i (W ,%0) = ¢/ 20)] = |V Ls (W) 2

> (2¢ — )nLs(W") — ne,
747 where the first inequality is by Lemma|C.3] the second inequality is due to the convexity of the cross
748 entropy function, and the last inequality is due to Lemma[B.7] O
749 Lemma C.5 (Restatement of Lemma [5.4). Under the same conditions as Theorem let T =

(T1) _ w2 . .
750 17 + LWJ =T, + O(m3n~Ye | pl|3?). Then we have max; . ; |P§t31\ <26 =

751 0gopy/d/(n(p + s)) for all Ty <t <T. Besides,

W T1) W* 2
Z Ls I I + €
t—T1+1 S@e—Dni-Ti+1) " 2-1
752 forall Ty <t < T, and we can ﬁnd an iterate with training loss smaller than € within T iterations.
753 Proof of Lemma[C.3] By Lemma[C.4] for any ¢ € [T3,T], we have that

W — W3 — [[WEFD — W3 > (2 - D)nLs(W®)) —
754 holds for s < t. Taking a summation, we obtain that

W) W t—Ty +1
S Lerwio <! 4t =T 41 .
= (2¢—1)n
755 forall 71 <t <T. Dividing (¢t — T1 + 1) on both side of (37) gives that
t (Ty) _ ® (|2
1 Z Le(WE) < W W% €
t—T1+1 2q—-1)nt-Ti+1) 2¢-1

S:Tl
756 Then we can take ¢t = T and have that
1 W) — W2 3
Z L W( )) || ||F 4 € < € < €

T-Ti+1 = 2¢—1n(T—-T1+1) 2g—17~ 2¢g—1

W™D w3

757 where we use the fact that ¢ > 2 and our choice that T' = T + L e

J . Because the mean

758 is smaller than €, we can conclude that there exist Ty < ¢ < T such that Ls(W®)) < e.

759 Finally, we will prove that max;,; |p§til| < 2B forall t € [T},T)]. Plugging T = T +

(T w2 | . .
760 LWJ into (37) gives that

Z AW — W 3
Ls < =0 m (38)
S T (),

S= T1
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761 where the inequality is due to [W(T) — W*||p < O(m 3/2||y,||2* ) in Lemma Define U'(*) =
762 IAXj |pJ ;|. We will use induction to prove U(*) < 24 for all t € [T}, T]. Att = T1, by the

763 definition of 6 clearly we have ¥(T) < ﬁ < 26 Now suppose that there exists T' € [Ty, T] such
764 that U < 23 forallt € [T17 T — 1]. Then for t € [T}, T — 1], by the following expression:

(t+1) _ § 1,/(t)
Pjri ]rz_ D Z
kEN (7)
(0) ) fzu £k (t) £z ) Ek 2
i &+ 3l *Z gl ) I8l G
/=1 4 V=

765 we have

) <y ® 4+ max{

oy D;w;f”w'( WO 812y . gg”ﬁ’”') ez}
JmeLnm kEN (i) i'=1 2
— ® 4 max o Z Dkfl|g;€(t)|.
7yt nm kEN()
|<£i’7£ ’>|
a’<<w§ ) E.)+20) 42 Z v . prt Ny ST ”f; €2
i k! k' eN (k) Zli2
v+ Hmax S DAY |2 logBmn/) - a0, /df(nlp + 5)
T NG
-1
dno? - \/dlog(4n?/9) !
9 p p®) .9202d
+< + o2d/2 p
"9 ~11 /).
i+ max Z Dy 16|
T NG

(2 1/log(8mn/d) - ooop\/d/(n(p+s)) +4 - \Il(t))q_l -207d,
766 where the second inequality is due to Lemmas[A2]and[A.6] and the last inequality follows by the

767 assumption that d > 16n? log(4n?/§). Taking a telescoping sum over t = 0, 1,...,T — 1, we have
7es that

(@)
() <\II(T1 19 Zmax Z D, |€ \O 2q)pat

s=T keN ()
(i4) g - . T—1
< p(m) JrLO(Ugd)qul Z max Z DL
nm s=T1 ' keN()
(i4%)
< pT) +O(77m 02d Bq 1 Z Ls( W( )
S= T1

(iv) .
< M) 4 O(m?SNR~2)397!

(7<)) ﬁ—l—O(mQ?’LQ/q( (p_i_s))l—Q/qu—Z)B

(vi) .
< 25,

76s where (i) is by out induction hypothesis that U < 283, (ii) is by |e’| < ¢, (i) is
7o by maxi Ypen Dit € A7 = nLs(WW), (iv) is due to Y277 Ls(W() <
7 Yy Ls(W®)) = O(n~'m?||u|3) in B8, (v) is by nSNR? - (n(p + ))/>~" > (1), and
772 (vi) is by the definition that 5 = ao,+/d/(n(p + 5))/2 and O(m>n?/9(n(p + s))'~2/159-2) =
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O(m2n2/4(n(p+35))1=2/9(o90,\/d/(n(p + 5)))?~2) < 1 by Condition Therefore, ¥(T) < 23,
which completes the induction. O

C.3 Population loss

Consider a new data point (x,y) drawn from the SNM-SBM distribution. Without loss of generality,
we suppose that the first patch is the signal patch and the second patch is the noise patch, i.e.,
x = [yu, €]. Moreover, by the signal-noise decomposition, the learned neural network has parameter

® _ (0) . _H (t) (t) &
W, +.7 /y + 7“7,. + p .
i A P G (E Z i €3

forj € {£1} and r € [m].
Lemma C.6. Under the same conditions as Theorem we have that max; , |<w§t7)n, £)] <1/2
SJorall0 <t <T, andi € [n].

Proof. We can get the upper bound of the inner products between the parameter and the noise as
follows:

log(4n2/6
Wl EN L 1w, 80+ 15 |+ 80 st /0),
log(4n?
' o Tog D) - 00y A p + ) + o0y T (p £ 5] + 8n OgT"/@a

(ddd)
<'1/2

IN

forall j € {£1}, r € [m] and ¢ € [n], where (i) is by Lemma (11) is due to [(w ), €,

24/1og(8mn/d) - ogop/d/(n(p + s)) 1nLemmaandmax]7” |<aoa d/(n(p+

(0)
Wi
( s
in Lemma and (iii) is due to our condition of o < O(m~2/(4~ 2)n_l) (op\/d/(n(p+s)))~

%

and d > Q(m*n*) in Condition 4.1} O
Lemma C.7. Under the same conditions as Theorem with probability at least 1 — AmT -

exp(—C{loo_QU;Qd_ln(p + s)), we have that max; , |<ij3, £)| <1/2forall0 <t < T, where
Cy = O(1).
Proof of Lemma(C.7} Let w(t) (t). J- yj(f) K, then we have that (W ) £) = (w () £) and

[13° Wi Wi

1w")ll2 < O(a0Vd +nog) = OopVd), (40)

where the equality is due to d > Q(m2n?*) by Condition
By (@0), max; , ||W§t2||2 < C100V/d, where C1 = O(1). Clearly (w'") &) is a Gaussian distribu-

3’
tion with mean zero and standard deviation smaller than Cy0¢0,+/d/(n(p + s)). Therefore, the

probability is bounded by

P(|(w}), &) > 1/2) < 2exp ( M)

Applying a union bound over j, r, t completes the proof. O

Lemma C.8 (Restatement of Lemma B3). Let T be defined in Lemma @ respectively. Under
the same conditions as Theorem W.3| for any 0 < t < T with Lg(WW") < 1, it holds that
Lp(W®) < ¢ - Lg(W®) + exp( can?).

Proof of Lemma|[C.8] Let event £ to be the event that Lemma [C.7] holds. Then we can divide
Lp(W®) into two parts:
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E[f(yf(WP %))] = E[L(E)(yf (WD, %))+ E[L(E) (yf (WD, %))]. (41)

11 12

go2 In the following, we bound I; and I, respectively.

ss  Bounding I;: Since Ls(W®) < 1, there must exist one (X;,y;) such that £(y; f(W®) %)) <
ss  Ls(W®) < 1, which implies that y; f (W (), %;) > 0. Therefore, we have that

exp(—y; f(W, %)) < 2log (1 + exp(—y f(WD, %,))) = 20(yi f(W, %)) < 2Ls(W®D),

(42)

sos where (i) is by z < 2log(1 + 2),Vz < 1. If event £ holds, we have that

- - 1 - 1 <
[ f (WO, %) =y f (W) < =3 0w &)+ — D ol(w;. €)
Jir Jir
< = Z (1/2) + Z o(1/2)

‘]77‘
<1 (43)
gos By writing f(W(®) %)), we mean that the input is [0 %(?)]. The second inequality is by
807 max; , |{ §t2,£>| < 1/2in Lemmaand max; , \( é ) <1/2in Lemma Thus we

sos have that

L < E[1(E) exp(—yf (W, %))
= E[1(€) exp(—y: (W, xD)) exp(—yi f (W, x))]
< 2e-C-E[1(E)exp(—y; f(W(t) ~(1 ))) eXp(—yif(W(t)jl(.Q)))]
< 2e-E[1(§)Ls(W®)],
sos  where the first inequality is by the property of cross-entropy loss that ¢(z) < exp(—=z) for all z, the

sto second inequality is by (3)) and Lemma[A.3] and the third inequality is by (42). Dropping the event
g1 in the expectation gives I; < ¢; Lg(W®).

s12 Bounding I5: Next we bound the second term I. We choose an arbitrary training data (x;/, y;/)
813 such that y;; = y. Then we have

U(yf (W, %)) <log(1 + exp(F_, (W, %))
<1+ F ,(W® %)
—1h Y Wt Y olwiE)

j=—y,m€[m] j=—y,m€[m]

i 1
ST Py (Woy %) + — Z a((wi'), &)

1 -
<2+ 3 o((w).8)
j=—y,re(m]
< 24 O((o0Vad)") €], (44)

s14 where the first inequality is due to Fy(W(t), X) > 0, the second inequality is by the property
815 of cross-entropy loss, i.e., log(1 4+ exp(z)) < 1+ z for all z > 0, the third inequality is by

816 L > jm—yrem] 0(<wj(-f3,,gju>) <F_,(W_y,x¢) =F_,,(W_,,,Xy), the fourth inequality is by
g7 F_, (W_,, ,X#) < 1lin Lemma | and the last inequality is due to (W (t) £) = <W§t2, £) <
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Figure 4: Test accuracy heatmap for GCNs after training.

1%l ]|l < O(o0V/d)|€]|2 in @D). Then we further have that

=TT RG]

< VBE) - /4 + O(o0Va) )E[ ]2
< exp[—Q(ao_za;2d_1n(p + s)) + polylog(d)]
< exp(—can),

where c; is a constant, the first inequality is by Cauchy-Schwartz inequality, the second inequality is
by ([@4), the third inequality is by Lemma and the fact that \/ 44+ O((ogv/d)2)E[||€]|29] =
O(poly(d)), and the last inequality is by our condition oy < O(m~2/(4=2)p-1) .

(0py/d/(n(p+s)))~! in Condition Plugging the bounds of Iy, I5 into @I)) completes the
proof. O

D Additional Experimental Procedures and Results

D.1 Dataset in Node Classification

In Figure[T] we execute node classification experiments on three frequently used citation networks:
Cora, Citeseer, and Pubmed [[1]]. Detailed information about these datasets is provided below and
summarized in Table[Tl

Table 1: Details of Datasets

Dataset Nodes Edges Classes Features  Train/Val/Test

Cora 2,708 5,429 7 1,433 0.05/0.18/0.37
Citeseer 3,327 4,732 6 3,703 0.04/0.15/0.30
Pubmed 19,717 44,338 3 500 0.003/0.03/0.05

» The Cora dataset includes 2,708 scientific publications, each categorized into one of seven
classes, connected by 5,429 links. Each publication is represented by a binary word vector,
which denotes the presence or absence of a corresponding word from a dictionary of 1,433
unique words.
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» The Citeseer dataset comprises 3,312 scientific publications, each classified into one of six
classes, connected by 4,732 links. Each publication is represented by a binary word vector,
indicating the presence or absence of a corresponding word from a dictionary that includes
3,703 unique words.

* The Pubmed Diabetes dataset includes 19,717 scientific publications related to diabetes,
drawn from the PubMed database and classified into one of three classes. The citation
network is made up of 44,338 links. Each publication is represented by a TF-IDF weighted
word vector from a dictionary consisting of 500 unique words.

D.2 Phase transition in GCN

In Figure[3] we illustrated the variance in test accuracy between CNN and GCN within a chosen range
of SNR and sample numbers, where GCN was shown to achieve near-perfect test accuracy. Here,
we broaden the SNR range towards the smaller end and display the corresponding phase diagram
of GCN in Figure ] When the SNR is exceedingly small, we observe that GCNs return lower test
accuracy, suggesting the possibility of a phase transition in the test accuracy of GCNs.
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