Supplementary Material

A When Does Exact Equivalence Between (16 and (5]) Hold?

It is interesting to discuss when using the formulation in (16)) can exactly approximate (5). To answer
this question, it is worth noting that if @ is a random matrix drawn from any jointly continuous
distribution, with Q'Q = I, then, ||Q||o = M D holds with probability one—as the probability of
any continuous random variable being zero is zero.

Note that according to (16), the optimal solution of Q is given by
. 2
Q < argminE [HQTf(:B)HQ}
Q=1

— Q<+ argminTr (Q'E[f(x)f(x)'] Q).
QQ=I

The solution @ of the above consists of the eigenvectors of the covariance matrix of f(x) corre-
sponding to the D smallest eigenvalues. Assume that p() is a continuous joint PDF, and that f(-)
is continuous and invertible. Then, @ is a continuous function of E [ f () f(x) "] (whichis also a
continuous function of @ by composition). It is known that, when E [ f(z) f(x) " ]’s eigenvalues are
all distinct, then @ is a continuous function of E [ f(z) f () ] [46], thereby a continuous function
of x—which means @ is a continuous random matrix. A special case is that when f(x) is a normal
random vector, the columns of ) are uniformly distributed on a unit ball [47]]. We should remark that
some conditions mentioned above (e.g., distinct eigenvalues) for the exact equivalence of and
are not easy to check or meet. Nonetheless, these are only sufficient conditions—violating them does
not mean a dense ) cannot be attained. As we mentioned, our approximation in for (5) works
quite well—and dense @’s were always observed in our experiments.

B Full Kruskal Rank of The Left Matrix in (L1) of Theorem

In this section, we show that the matrix B as defined in has full Kruskal rank with probability
one in different cases.

First, consider the case that B is a tall matrix, i.e., w > M. We only need to show that the
B matrix is full column rank. This can be obtained by showing that there exists a particular case
such that an M x M submatrix of B has full column rank. The reason is that the determinant of any
M x M submatrix of B is a polynomial of A, and a polynomial is nonzero almost everywhere if it
is nonzero somewhere [48, Lemma 2].

Consider a special case where A is a Vandermonde matrix, i.e., a = [1, 2, z,%, e z,iw_l]T, and
z; # z;. Hence, the corresponding B has the following form
1 22 e zf(Mfl)
2 2('1\}1.—1)
1 2122 (2129)M1
1 zg_1zx ... (ZK,lzK)M_l
Note that one can always construct such a sequence—e.g., z; = 1,22 = 1.1, 23 = 1.11,... such

that any M rows of the matrix in (18) is full rank. This means that the linear combination of this
second order homogeneous polynomials is not identically zero, which implies that it is non-zero
almost everywhere; see a similar argument in [[19,20]]. Thus, it further implies that the matrix B has

a Kruskal rank of M almost surely when @ > M.
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On the other hand, when ~(1~;+1) < M, for any @ columns we have the following form

- 2 2 -
aia e al K(K+1)
’ 2
2 2
a’- “ee a -
~ R(E+1)
K1 K, =5
a1,1a2;1 cee al R(}?-H)QQ R(K+1)

4 2 ’ 2
9R-11%%1 7 Ry K&y O KR+ |
K(K+1)

2

where the columns are reordered from 1 to w Then, the same proof technique may apply here.
Thus, by combining the two cases, it is clear that B has the following Kruskal rank with probability

one:

C Proof of Lemmal/ll

By the definition of F in Assumption [3] we have

(@) = fn(0)] = [wil(wiz) — w5¢(0)]
< [Jwzll2[[¢(wiz) = C(0) ]2
S Ble"IJ — 0”2

< B*C,,
e |fm(x)‘ < B2Cﬂc7

where the last inequality is because f,,(0) = 0. Besides, the Rademacher complexity of the function
class F is bounded by [49]

R
< 2B? =
R (F) < 28°Co

The invertible function class subset is also upper bounded by this complexity. Note that the function
class that we are interested in is

1Q" f(@o)|seT: RM —R,
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which has the following Rademacher complexity

L)

R(T) = NEa sup ZW HQT Ze Hz]

= NEU sup ZZ@ qj

fl(')#"WfI\/I e]:e 1j=1

N D
1
< —E sup oolla; 3 11 £ (o)
N a fl(')»"WfM()G]:;; J 2
D [ Zw | F @I (since ;] = 1)
o 2 J -
N RAORENVIQIS

:NEU ZZU€|fm (Eém 1

[ f1() wa()E}—g 1 m=1
< 2DMB?*C,R(F)

|R
=2DMB'C2\/ —
C\

where the last inequality is because of the Lipschitz composition property of the Rademacher
complexity [50]. Besides, we also have HQT Ty H2 < DB*C2.

D Proof of Theorem 2]

Our proof uses the proof technique from [[19,28,29] that considered the simplex-structured and
multiview nonlinear models, with nontrivial modifications to accommodate our generative model.

To perform finite-sample analysis, consider the finite-sample version formulation

mln —ZHQT xy H2 (19a)

IIQIIOZMD, Q'Q=1I, f,() <€ F, (19b)

where Q € RM*P_ f, °s are the nonlinear functions that we aim to learn.

The overall idea of proof is to use the empirical error on (19a) to bound the true error. Then use the
numerical differentiation to estimate the second-order derivatives of h!’ . The framework is similar to
that of [[19}]28]).
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The problem can be regarded as a regression problem with data tuples {x¢,0p}7,. According
to [50L51], we have

=2

2 2 2log(4/0)
E[||QTf(mg)||2} <= Z:;||QTf(wg)||2+29‘i+4DMB4C’§ ==
1 & 21og(4/9)
"N QT (f(e) — ul@e) +u(xe))|; + 2% + ADMB*C? —

N
1
< 32 (IQT(F @) — u(@o), + @ u()],)” + 2%+ 4DMBCE

N
1 21og(4/6
:NZHQT(f(W)—u x;) ||2+2m+4DMB4C§ #
=1
(b)
< DMV + 2R + 4ADMB*C? 21%(4/5)
2log(4/9)

< DMv? +4DMB*C?y /% +4DMB*C? a—

since HQ—r T, H2 = 0 holds for all ¢, where (a) is by triangle inequality and (b) is by both triangle
inequality and Assumption [T}

Next, we estimate the second order derivative given the solution of (12)). Suppose for any sample x;
we have

QT F(o)|; = e

where €, > 0 such that E [g] < e.

Consider each column of @ separately. For each column q; with k = 1,--- | D, we have

Sr(s0) == qf h(Asy) = + /e 20)
where ¢y = Z w1 €0,k With each gy, > 0. In the following part, we will estimate the second-order
derivative 2 g’gz( %) and the cross second-order derivative 2 ‘b’”s(s) respectively.

D.1 Estimating the Second-Order Derivatives

Define As; = [0,...,As;,...,0]" fori = 1,...,K, and s; = 8¢+ As; and 57 = s — As;.

Therefore, we have

o(sp) = @i h(A(s + Asy)) =+ /57, o
or(s7) = q,jﬁ(A(se —As;y)) =+, /5;

where E[e;,] = E[Ee W< 5

For any continuous function w(z) that admits non-vanishing 4th order derivatives, the second order
derivative at z can be estimated as follows [52]]

W(2) _w(ztAz) - QZiz) Tw(z—Az) A1;2w(4)(§),

where £ € (z — Az, z + Az).

Following this definition, one can see that

6‘2¢k(s) T /For T2V/Eek £\ fE ik As @
0s? As? ¢ (&),

%
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where &; € (SE> s;). Consequently, we have the following inequalities

T (s = . Frr F2VEek £ i - Aiszz(b(ﬁl)(e)
m,tm Asz 12 ¢
/sé +2,/E0k + em (4)(5») .
As !

By taking expectation, we have the following holds with probability at least 1 — §

E [ /szk} + 2E [./Egvk] +E [ /Egk,} As?
[ Z qm ka’nL i''m AS() ] S 7 A 2 7 + —_— (4)(57)‘
8
dv/e 69 (&)| As?
< + ; (22)
VDASs? 12
where the second inequality is by the Jensen’s inequality
€
E[vEor] < \/Elees] < VD
which holds by the concavity of \/x when z > 0.
We are interested in finding the best upper bound, i.e.,
(4
e ¢ As?. (23)

Asl \/7AS 12 '

This is an convex problem with As; € (0, 00) which can be solved to global optimal. By taking
derivative w.r.t. As;, we have the minimizer

As, — (48\@ )1/4
' vD o (&) 7

2,/3 oW (&)|e/*

3D1/4

which gives the optimal

Thus we have

3D1/4

[ o gcan]| <
m,J%m,i m —= .

Given that N is fixed, one may pick ¢ = DMv? + 4ADMB*C2\ /£ 4 4DM B*C2,/2108U/0)
which gives us

1/4
R 2log(4/3)
2/3Cy (DMZ/2 + 4DMB4C§\/Z +4DM B4C'3\/T)

1/4
2v3C4 (My2 + 4MB4C§\/§ L anpicey | Hos/d) 5)>
3 N N
(24)
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D.2 Estimating the Cross Derivatives

To show the bound for cross-derivatives, we define

Asft=10,...,+As;,...,0,... . +As;, ..., 0],
ASZ_ =[0,...,+As;,...,0,...,—As;,.. 0T,
As;t=10,...,—As;,...,0,...,+As;,...,0]",
As;;” =[0,...,=As;,...,0,...,—As;,...,0]T,
with As; > 0 and As; > 0 forany i, j € [K] withi < j.
Define s; = s; + AsU , 87 = 8¢+ Aslj , 87 = 8¢+ Asu ,and s = sy + As;j*. Then,
similarly we have
or(sp) = af h(A(s¢ + AsfiT) = | ey,
ok(s7) = ap h(A(se + Asfi7)) = | 57, 05)
ok(sy) = qf h(A(sy + As;; M) = /57
or(se) = al B(A(s; + As7) = eu
where E[eg ] < 5 for any £.

By Lemma 6 in [19], the cross derivative of a continuous function ¢(z, y) is estimated as

PY(x,y) b+ Az, y + Ay) =z + Az,y — Ay) bz — Az, y + Ay) — Pz — Az, y — Ay)

0xdy 4AxAy 4AzAy
A2 (G, o) AYP 0NW(Gi2,&2)  Ad? (54¢(§13;§23) B 341/1(514a§24)>
6 0x30y 6 Oxdy3 48Ay Ox? Ox?
_ AzAy (841/)(515’525) _ 84w(§16>£26)> Ay <841/)(517’§27) _ 0"p(&uss Eos)
8 0x20y>? 0x20y? 48Ax oyt oyt

where &1; € (v — Az, x + Ax) and &; € (y — Ay, y + Ay) fori € {1,--- ,8}. Then, we have
Pon(s) VIR T VIR TR EVER AL O'(E])  As2a'oel)

0s;0s; 4As;As,; 6 0s30s; 6 0s;08% 33
L As? [(0E])  9'0E)  AsAs 34¢(£§f))_34¢(€§?))
48As; ds} ds} 8 ds70s? 057057
LA (2g])) ')
48As; 35? 85? ’

where 55;) satisfies
€0 =005 4 (1-0D)sp,t € {1, .8},

with #®) € (0,1), is a vector such that [5@)]z € (sip — As;, si0 + As;) and [55;)]j € (sj¢ —
Asj, sj ¢ + Asj). Consequently, we have the following

Pouls)| okt VTR VTR VR | As? o) As?|040E?)
Dsi 8sJ - 4As;As; 6 | 9s30s, 6 | 0s;0s
L A a4¢<sij> a4¢> &As; o) |0e(e?)
48As; Dst 85?85? 35?35?
ast (ool 6% £<8>
+48Asi 85?
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Taking expectation and by Jensen’s inequality, we have

M 4 4 e(1) 2 | 94 4(e(2)
~ As? [0%0(&;57) | AsT|0%0(&7)
YA o VE a8y i 255 i
: n;lquam,zam,ghm( SZ)] o \/EAsiAsj 6 Ds30s; 6 85185;’?
L As ([ooE?)] | [ooE)]\ | asas, (|09ED)] |00
48As; Dst Dst 8 85?853 65?85?
(7) (8)
I AS? 84¢(€ij ) 84¢(£ij ) .
48As; 853¥ 35?

Note that we aim to find the smallest upper bound, i.e.,

o VR As[otE)| A o) ast (|0t | o'l
AsiAs;/DAs; Asj 6 | 0s30s; 6 | 0s;0s3 48As; Dst ds?
L s (|0'0ED)| 0N\ | Asy (otee)] 0o
8 057053 0s70s7 48As; s} s} '

Without loss of generality, we assume that As = As; = As;. Then, we have

e VA A || as || as ([0E])] | [0oE))
As \/DAs? 6 Ds30s; 6 8sias§? 48 Js} ds?
(26)
LA (JotsEel)] (ot [\ | as (otoe)| |0t o
8 057053 0s70s7 48 s} s} '
By defining
([P |2 | (|2'eE)] , [0t
Ds30s; 05053 dst ds?
Lo f2eEN] o | (ot | | |0t
ds70s7 Ds70s7 s} s} ’
we have the following form of
. Veéo TAS?
B A T a8 28)

By taking derivative w.r.t. As, we have the minimizer

- (56)"
Dr

which gives the optimal
2v/37el/4
3 D1 /4
Therefore, we have

M
E [Z qm,kam,iam,j/ﬁfrln (AS()]

m=1

231/t 9./960C /4

< 3D1/4 - 3D1/4 ’

(29)

since 7 < 32C4.

By setting ¢ = DMv® + ADMB*C2\/ & + ADMB*C2 /2198410 e have

<

M
E [Z G @, i G, 177, (ASe)
m=1

(30)
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N/ log(4
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D.3 Combining the Results

Now we put together the estimation in and (30). Since the ¢2 norm is upper bounded by ¢; norm,
we have the following

1/2
h ’ 21o0g(4
E MQT @Bh//(AS)HJ =0 | CyVM <u2 +B4C§\/§+B4C§ Ogjff/é)> |
E 21088\’

C,B2C, (\/T% +/2 10g(4/5)) i

<O | CyvMv+ N/ , (31
due to the fact that vVa + b < v/a + Vb for a,b > 0. The above can be further written as
1/2
e (Il a 2 o C¢>\/MV C¢B20$ (\/R + /2 log(4/5)> 2
sl =0 =55 2. QT 0 BN/ o

which completes the proof.

22



