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Abstract

We consider the problem of identifying the best arm in stochastic Multi-Armed
Bandits (MABs) using a fixed sampling budget. Characterizing the minimal
instance-specific error probability for this problem constitutes one of the important
remaining open problems in MABs. When arms are selected using a static sampling
strategy, the error probability decays exponentially with the number of samples
at a rate that can be explicitly derived via Large Deviation techniques. Analyzing
the performance of algorithms with adaptive sampling strategies is however much
more challenging. In this paper, we establish a connection between the Large
Deviation Principle (LDP) satisfied by the empirical proportions of arm draws and
that satisfied by the empirical arm rewards. This connection holds for any adaptive
algorithm, and is leveraged (i) to improve error probability upper bounds of some
existing algorithms, such as the celebrated SR (Successive Rejects) algorithm
(Audibert et al., | 2010), and (ii) to devise and analyze new algorithms. In particular,
we present CR (Continuous Rejects), a truly adaptive algorithm that can reject
arms in any round based on the observed empirical gaps between the rewards of
various arms. Applying our Large Deviation results, we prove that CR enjoys
better performance guarantees than existing algorithms, including SR. Extensive
numerical experiments confirm this observation.

1 Introduction

We study the problem of best-arm identification in stochastic bandits in the fixed budget setting. In this
problem, abbreviated by BAI-FB, a learner faces K distributions or arms v, . . ., Vi characterized
by their unknown means g = (u1, ..., x) (We restrict our attention to distributions taken from
a one-parameter exponential family). She sequentially pulls arms and observes samples of the
corresponding distributions. More precisely, in round ¢ > 1, she pulls an arm A, = k selected
depending on previous observations and observes X (t) a sample of a v -distributed random variable.
(Xk(t),t > 1,k € [K]) are assumed to be independent over rounds and arms. After 7" arm draws,
the learner returns 7, an estimate of the best arm 1(p) := arg maxy ug. We assume that the best
arm is unique, and denote by A the set of parameters g such that this assumption holds. The
objective is to devise an adaptive sampling algorithm minimizing the error probability P,,[i # 1(u)].
This learning task is one of the most important problems in stochastic bandits, and despite recent
research efforts, it remains largely open (Qin, [2022). In particular, researchers have so far failed
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at characterizing the minimal instance-specific error probability. This contrasts with other basic
learning tasks in stochastic bandits such as regret minimization (Lai and Robbins| |1985)) and BAI
with fixed confidence (Garivier and Kaufmann), 2016), for which indeed, asymptotic instance-specific
performance limits and matching algorithms have been derived. In BAI-FB, the error probability
typically decreases exponentially with the sample budget T, i.e., it scales as exp(—R(u)T) where
the instance-specific rate R(u) depends on the sampling algorithm. Maximizing this rate over the set
of adaptive algorithms is an open problem.

Instance-specific error probability lower bound. To guess the maximal rate at which the error
probability decays, one may apply the same strategy as that used in regret minimization or BAI in
the fixed confidence setting: (i) derive instance-specific lower bound for the error probability for
some notion of uniformly good algorithms; (ii) devise a sampling strategy mimicking the optimal
proportions of arm draws identified in the lower bound. Here the notion of uniformly good algorithms
is that of consistent algorithms. Under such an algorithm, for any g € A, P, [i = 1(n)] — 1 as
T — oo. (Garivier and Kaufmann, [2016) conjectures the following asymptotic lower bound satisfied
by any consistent algorithm (refer to Appendix [J] for details): as T" — oo,

1 1

T8 B T2 1(0)] = O acmin) P w), M
where ¥ is the (K — 1)-dimensional simplex, ¥(A,w) = Zszl wid(Ag, p), Alt(p) = {A e A:
1(p) # 1(X)} is the set of confusing parameters (those for which 1(u) is not the best arm), and
d(x,y) denotes the KL divergence between two distributions of parameters z and y. Interestingly, the
solution w* € ¥ of the optimization problem max,ex infxca(p) U (A, w) provides the best static
proportions of arm draws. More precisely, an algorithm selecting arms according to the allocation
w*, i.e., selecting arm k£ w; 1" times and returning the best empirical arm after 7' samples, has an
error rate matching the lower bound (I)). This is a direct consequence of the fact that, under a
static algorithm with allocation w, the empirical reward process {fi(t)};>1 satisfies a LDP with rate
function A — ¥ (A, w), see (Glynn and Junejal [2004) and refer to Sectionfor more details.

Adaptive sampling algorithms and their analysis. The optimal allocation w* depends on the
instance p and is initially unknown. We may devise an adaptive sampling algorithm that (i) estimates
w* and (ii) tracks this estimated optimal allocation. In the BAI with fixed confidence, such tracking
scheme exhibits asymptotically optimal performance (Garivier and Kaufmann, 2016). Here however,
the error made estimating w* would inevitably impact the overall error probability of the algorithm.
To quantify this impact or more generally to analyze the performance of adaptive algorithms, one
would need to understand the connection between the statistical properties of the arm selection
process and the asymptotic statistics of the estimated expected rewards.

To be more specific, any adaptive algorithm generates a stochastic process {Z(t)}1>1 =
{(w(®), p(t) }e>1. w(t) = (wi(t),...,wk(t)) represents the allocation realized by the algorithm
up to round ¢ (w(t) = Ni(t)/t and N (t) denotes the number of times arm & has been selected up
to round ¢). fu(t) = (fi1(¢), ..., fux (t)) denotes the empirical average rewards of the various arms up
to round ¢. Now assuming that at the end of round 7', the algorithm returns the arm with the highest
empirical reward, the error probability is P, [i # 1(p)] = P, [ (1) € Alt(p)]. Assessing the error
probability at least asymptotically requires understanding the asymptotic behavior of fi(t) as ¢ grows
large. Ideally, one would wish to establish the Large Deviation properties of the process { Z(t) }+>1.
This task is easy for algorithms using static allocations (Glynn and Juneja, 2004), but becomes
challenging and open for adaptive algorithms. Addressing this challenge is the main objective of this

paper.

Contributions. In this paper, we develop and leverage tools towards the analysis of adaptive sampling
algorithms for the BAI-FB problem. More precisely, our contributions are as follows.

(a) We establish a connection between the LDP satisfied by the empirical proportions of arm draws
{w(t)}+>1 and that satisfied by the empirical arm rewards. This connection holds for any adaptive
algorithm. Specifically, we show that if the rate function of {w(¢)};>1 is lower bounded by w >
I(w), then that of (fu(t))¢>1 is also lower bounded by A — min,ex max{¥ (X, w),I(w)}. This
result has interesting interpretations and implies the following asymptotic upper bound on the error
probability of the algorithm considered: as T — oo,

1 1 .
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The above formula, when compared to the lower bound (1), quantifies the price of not knowing w*
initially, and relates the error probability to the asymptotic statistics of the sampling process used by
the algorithm.

(b) We show that by simply applying our generic Large Deviation result, we may improve the error
probability upper bounds of some existing algorithms, such as the celebrated SR algorithm (Audibert
et al.| 2010). Our result further opens up opportunities to devise and analyze new algorithms with a
higher level of adaptiveness. In particular, we present CR (Continuous Rejects), an algorithm that,
unlike SR, can eliminate arms in each round. This sequential elimination process is performed by
comparing the empirical rewards of the various candidate arms using continuously updated thresholds.
Leveraging the LDP tools developed in (a), we establish that CR enjoys better performance guarantees
than SR. Hence CR becomes the algorithm with the lowest instance-specific and guaranteed error
probability. We illustrate our results via numerical experiments, and compare CR to other BAI
algorithms.

2 Related Work

We distinguish two main classes of algorithms to solve the best arm identification problem in the
fixed budget setting. Algorithms from the first class, e.g. Successive Rejects (SR) (Audibert et al.|
2010) and Sequential Halving (SH) (Karnin et al., [2013), split the sampling budget into phases of
fixed durations, and discard arms at the end of each phase. Algorithms from the second class, e.g.
UCB-E (Audibert et al.| 2010) and UGapE (Gabillon et al.,[2012)) sequentially sample arms based
on confidence bounds of their empirical rewards. It is worth mentioning that algorithms from the
second class usually reqluire some prior knowledge about the problem, for example, an upper bound
of H=73", A1() Tinom —)? Without this knowledge, the parameters can be chosen in a heuristic

way, but the performance gets worse.

Algorithms from the first class exhibit better performance numerically and are also those with the
best instance-specific error probability guarantees. SR had actually the best performance guarantees
so far: for example, when the reward distributions are supported on [0, 1], the error probability of
SR satisfies: lim inf7_, o % log 7, [a;elmm > B li)gK’ where Hy = maxy£1(,) m In this
paper, we strictly improve this guarantee (see Section [3.4). Recently, (Barrier et al., 2022) also
refined and extended the analysis of (Audibert et al., 2010) by replacing, in the analysis, Hoeffding’s
inequality by a large deviation result involving KL-divergences. Again here, we further improve
this new guarantee. We also devise CR, an algorithm with error probability provably lower than our
improved guarantees for SR.

Fundamental limits on the error probability have also been investigated. In the minimax set-
ting, (Carpentier and Locatelli, |2016) established that for any algorithm, there exists a problem
within the class of instances with given complexity H such that the error probability is greater than

exp(— g er) = XP(—Fijer)- Up to a universal constant (here 400), SR is hence minimax

optimal. This lower bound was also recently revisited in (Ariu et al.| 2021; [Degenne} |2023; [Wang
et al., 2023) to prove that the instance-specific lower bound (1)) cannot be achieved on all instances by
a single algorithm . Deriving tight instance-specific lower bounds remains open (Qinl [2022).

We conclude this section by mentioning two interesting algorithms. In (Komiyama et al.| [2022), the
authors propose DOT, an algorithm trying to match minimax error probability lower bounds. To this
aim, the algorithm requires to periodically call an oracle able to determine an optimal allocation,
solution of an optimization problem with high and unknown complexity. DOT has minimax guarantees
but is computationally challenging if not infeasible (numerically, the authors cannot go beyond simple
instances with 3 arms). Finally, researchers have also looked at the best arm identification problem
from a Bayesian perspective. For example, (Russo, |2016)) devise variants of the celebrated Thompson
Sampling algorithm, that could potentially work well in practice. Nevertheless, as discussed in
(Komiyama, 2022), Bayesian algorithms cannot be analyzed nor provably perform well in the
frequentist setting.



3 Large Deviation Analysis of Adaptive Sampling Algorithms

In this section, we first recall key concepts in Large Deviations (refer to the classical textbooks
(Budhiraja and Dupuis}, |2019; [Dembo and Zeitouni 2009; |Dupuis and Ellis|, [2011; [Varadhan, [2016)
for a more detailed exposition). We then apply these concepts to the performance analysis of adaptive
sampling algorithms. Finally, we exemplify the analysis and apply it to improve existing performance
guarantees for the SR algorithm (Audibert et al., 2010).

3.1 Large Deviation Principles

Consider the stochastic process {Y (¢) };>1 with values in a separable complete metric space (i.e.,
a Polish space) ). Large Deviations are concerned with the probabilities of rare events related to
{Y(¢)}+>1 that decay exponentially in the parameter ¢. The asymptotic decay rate is characterized
by the rate function I : Y — R, defined so that essentially — ¢ log P [Y(t) € B] converges to
min,¢p I(x) for any Borel set B. We provide a more rigorous definition below.

Definition 1. [Large Deviation Principle (LDP)] The stochastic process {Y (t) }1>1 satisfies a LDP
with rate function I if:

(i) I is lower semicontinuous, and V's € [0, 00], the set Ks = {y € ¥ : I(y) < s} is compact;

(i) for every closed (resp. open) set C C Y (resp. O C )),

1
lim ~log ——~ > inf I 3
tm 3 log pye e 2 L IW), 3

t—oo t log P [Y(t) S O] = ylgg I(y) @)

LDPs have been derived earlier in stochastic bandit literature. (Glynn and Juneja, [2004) have used
Girtner-Ellis Theorem (Ellis, |1984; |Gartner, |1977) to establish that under a static sampling algorithm
with allocation w € X (i.e., each arm  is selected wy, T times up to round T'), the process {it(T") } r>1

satisfies an LDP with rate function A — ¥(A,w) = Zle wid(Ak, pi: ). Our objective in the next
subsection is to investigate how to extend this result to the case of adaptive sampling algorithms.

3.2 Analysis of adaptive sampling algorithms

An adaptive sampling algorithm generates a stochastic process {Z(t)}i>1 = {(w(t), () }i>1-
When the sampling budget 7" is exhausted, should the algorithm returns the arm with the highest
empirical reward, the error probability is P, [t # 1(p)] = P [@(T) € Alt(p)]. To assess the rate at
which this probability decays with the budget, we may try to establish a LDP for the empirical reward
process {ft(t) }+>1. Due to the intricate dependence between the sampling and the empirical reward
processes, deriving such an LDP is very challenging. Instead, we establish a connection between
the LDPs satisfied by these processes. This connection will be enough for us to derive tight upper
bounds on the error probability. We present our main result in the following theorem.

Theorem 1. Assume that under some adaptive sampling algorithm, {w(t)};>1 satisfies the LDP
upper bound (3) with rate function I. Then {[1(t)},>1 satisfies the LDP upper bound (3) with rate
Sfunction X — ming,ex max{¥(\,w), I[(w)}. Moreover, we have: for any bounded Borel subset S
of R and any Borel subset W of ¥,

) > inf max{Fs(w),I(w)},

1
lim - 1
St B P, a(t) €S, w(t) € W]~ wee(w)

t—o00

where Fs(w) := infxca(s) ¥(A, w), and cl(S) denotes the closure of S.

Before proving the above theorem, we make the following remarks and provide a simple corollary
that will lead to improved upper bound on the error probability of the SR algorithm.

(a) Not a complete LDP. To upper bound the error probability of a given algorithm, we do not actually
need to establish that {fu(¢) };>1 satisfies a complete LDP. Instead, deriving a LDP upper bound is
enough. Theorem|[I]provides such an upper bound, but does not yield a complete LDP. We conjecture
if {w(t)}i>1 satisfies an LDP with rate function I, {f1(t) };>1 satisfies an LDP with rate function
A = inf,ew max{V¥ (A, w), I(w)}. The conjecture holds for static sampling algorithms as shown



below. If it holds for adaptive algorithms, we show, in Appendix[I] that when K > 3, no algorithm
can attain the instance-specific lower bound (I)) for all parameters.

(b) Theorem [l)is tight for static sampling algorithms. When the sampling rule is static, namely
w(t) = w € X, then {w(t)}+>1 satisfies a LDP with rate function I defined as I(w) = 0 and oo
elsewhere. Theorem [Ijwith W = X states that {/1(¢)},>1 satisfies the LDP upper bound (3) with
rate function Fs. In fact, as shown by (Glynn and Junejal 2004), {fx(¢) }+>1 satisfies a complete LDP
with this rate function.

(c) A useful corollary. From Theorem [T} we have:

1 1
lim -1 > inf F .
A log 5 e S w() € W] = waiy) T8 @)

From there, we will be able to improve the performance guarantee for SR.

3.3 Proof of Theorem[]

Proof. Observe that when S or W is empty, the result holds. Now recall that Fs(-) =
infxcqs) ¥(A,-) is the infimum of a family of linear functions on a compact set, 3, hence it
is upper bounded. Denote w > 0 such an upper bound. Fs(-) is also continuous (see Appendixfor
details). For each integer N € N, we define a collection of closed sets:

-1
W,{V:{wECI(W):u(@V)<FS(w)<1;\?}, Vn € [N]. 5)
‘We observe that:
Puli(t) € S,w(t) ZIP’ t) e S w(t) e W]
<N maXIF’ Lli(t) € S,w(t) e W

n€[N]

Taking the logarithm on both sides and dividing them by —t yields that

1 1
lim - lo — > lim min flo
(oo t & P lis(t) € S,w(t) e W] ~ Do ne[N] & Py i(t) € S,w(t) € W]
1
= min li 1
nelN] i T 8 P, [(t) € S, w(t) € W]
: u(n —1)
> iy { UL 1) ©

where the last inequality follows from Lemma[l] Since for all n € [N],
u(n—1) . . u(n —1)
_ f I = f — T
max{ ~ ’wé%VfLV (w)} wé%ij max{ N (w) ¢,
the r.h.s. of (6) is equal to
in inf un =) pl > f max {Fs(w), I(@)} — u/N
min 1mn max<§ ———, min in max — U
n€[N] weW N N n€[N]wewN s\

= iy, matEs (), 1)} —u/N,

where the first inequality is due to (3). As IV can be taken arbitrarily large, we conclude this theorem.
O

Lemma 1. Forany N € N, n € [N],

.1 1 uln—1) .
lim —1 > =~ inf I
oot P Pulf(t) € S, w(t) € W ‘max{ N wewy (w)}




Proof. Recall Fs(-) = infxca(s)y U(A, ). We deduce that
P, [u(t) € S,w(t) € W] <P, [X > tFs(w(t)),w(t) € W],
where X denotes tW(fu(t),w(t)) for short. Let o € (0, 1), Markov’s inequality implies that
P, [X > tFs(w),w(t) e WN] =P, []l{w(t) € WNYeaX—tFs(@®) > 1}

<E, [Il{w(t) € Wg}ea(x_tFS(“’(t)))}
_au(n-1)
<E, [H{w®) e WYe ¥ e~ (7
where the last inequality uses the definition of WY (see ). By applying Holder’s inequality with p, ¢,
wherep € [1,1/a) and ¢ = p/(p—1) onrh.s. of (7), we deduce that log P, [fi(t) € S, w(t) € W]
is at most ( 0
au(n —
(log By, [¢**])/p + (log Bu[H{w(t) € WY }]) /g = —F—

Asap € (0,1), Lemmal2]in Appendix[B|shows that the first term above is o(t). Using definition of the
rate function, (3) with C'= WY, on the second term yields that lim,_, . 1 log & [ L
"

A()ES w(t)eWT]
is lower bounded by

(1/a)_inf 1)+ 2D — 1) i () 4 2D

As p can be arbitrarily close to 1/«, we get the lower bound (1 — a)I(w) + w Further
choosing « close to either 1 or 0, the proof is completed.

O

3.4 Improved analysis of the Successive Rejects algorithm

In SR, the set of candidate arms is initialized as Cxx = [K]. The budget of samples is partitioned into
K — 1 phases, and at the end of each phase, SR discards the empirical worst arm from the candidate
set. In each phase, SR uniformly samples the arms in candidate set. The lengths of phases are set as
follows. Define logK := % + Zkl»(zz % The candidate set is denoted by C; when it has j > 2 arms.
In the corresponding phase, (i) each arm in C; is sampled until the round ¢ when mingec; Ny (t)

reaches T'/(jlogK) (recall that Ny () is the number of times arm & has been sampled up to round t);
(ii) the empirical worst arm, denoted by /;, is then discarded, i.e., C;_1 = C; \ {¢;}. During the last
phase, the algorithm equally samples the two remaining arms and finally recommends 2, the arm with
higher empirical mean in Cy. The pseudo code is presented in Algorithm

Algorithm 1: SR
initialization Cx + [K],j + K;
for(t=1,...,T)do
if (j > 2 and mingec, Ni(t) > % ) then
| ¢ < argmingcc fik(t) (tie broken arbitrarily), Cj_1 <= C; \ {{;},and j < j —1;
end
sample A; < argming o Nj(t) (tie broken arbitrarily), update { Ny (t) }rec; and fu(t);
end
Uy < argmingec, fix(T) and return  <— arg maxgec, fix(T) (tie broken arbitrarily).

We apply the corollary (c) in Section [3.2]to improve the existing performance guarantees of SR. To
simplify the presentation, we assume wlog that 17 > e > ... > ug. Forj = 2,... K, define

s : x o
I 5%121nf{};]d()\k,uk) AER ,Al_glelglAk}, ®)

where 7 ={J C [K]:|J|=j,1€ J}.



Theorem 2. Let o € A. Under SR, we have: for j = 2,..., K, limp_, % log m > =L

— jlogK
Hence, the error probability of SR is upper bounded by limp_, __ + 7 log & =] #] > min;, legK
Proof of Theorem[2] Fix j € {2,..., K}. Observe that
plly=1=Y P.lt; =1.C; = J] < [T max Py [t; =1,¢; = J],
Jeg
which implies that
lim — > min lim — ©)]

1 e 1
Toae T 8P, [0 =1] = Jed i T 8P, [6; = 1, C; = J]
as | J| < oc.
Since /; is selected at the 6T-th rouncﬂ where § = (1 + ZkK:jH £)/logK, theevent {¢; =1, C; =
J} implies that {1(0T) € S, w(0T) € W}, where

S:{)\GRK:/\lg/\k,VkeJ}andW:{weZ:wk: ,Vke.]}.

0jlogK

In other words, P, [(; = 1, C; = J] < P,[p(0T) € S, w(0T) € W]. Applying (c) in Section[3.2]
with the above S and W yields that lim;_, . 7= log T 1 is larger than

pOT)ES, w(0T)eW]

1 I
inf inf ¥(A w)>-—— " inf d( A, A1 < min A J 10
weW Aecl(S) A,w) 0jlogK {];] ko p) 2 A keJ k} 0jlogK’ (10)

where the first inequality uses the fact that KL-divergences and the components of w are nonnegative,
and the second one is due to the definition (§) of I';. Combining (9) and (T0) completes the proof.C]

The upper bound derived in Theorem [2]is tighter than those recently derived in (Barrier et al.| [2022).
Indeed, for any J € 7, since |J| = j, one can find at least one index in .J at least larger than j, say
k. Hence,

r;,> f d(A d(A > inf d(A d(Aj, p45)-
%lgxewuilﬂk, (A1, pa) + d( kkaJ)_)\eRglAlgM (A1s 1) + d(Aj, )

The r.h.s. in the previous inequality corresponds to the upper bounds derived by (Barrier et al., [2022).

To simplify the presentation and avoid rather intricate computations involving the KL-divergences, in
the remaining of the paper, we restrict our attention to specific classes of reward distributions.

Assumption 1. The rewards are bounded with values in (0, 1). The reward distributions vy, . .., Vi
are Bernoulli distributions such that v, is of mean a, and for any a # b, d(a,b) > 2(a — b)? (this is
a consequence of Pinsker’s inequality as rewards are in (0, 1)).

Under Assumption [T} we have I'; > 2¢; (a direct consequence of Proposition [3|in Appendix D.T)),
where for j = 2,..., K,

J
i = inf Ak — A < mln A
& N {E( k= k)7 A oin k}
We give an explicit expression of &; in Proposition [I} presented in Appendix More-
over, 2¢; is clearly larger than 2infy, <x, {(A1 — p1)* + (A\;j — 11;)*} = (11 — ;)?, and hence
minj I'j/(jlogK) > minjz1 (11 — p5)?/(jlogK). This implies that our error probability upper
bound is better than that derived in (Audibert et al.| 2010).

Example 1. To illustrate the improvement brought by Theorem [2]on the performance guarantees of
SR, consider the simple example with 3 Bernoulli arms and g = (0.9,0.1,0.1). Then min;q (p1 —

)%/ (jlog3) = 0.16 for the upper bound presented in (Audibert et al., 2010). From Proposition
instead we get min;1 2¢;/(jlog3) = 0.21.

'To simplify the presentation, we ignore cases where 07" is not an integer. Refer to Appendix@for details.



4 Continuous Rejects Algorithms

In this section, we present CR, a truly adaptive algorithm that can discard an arm in any round. We
propose two variants of the algorithm, CR-C using a conservative criterion to discard arms and CR-A
discarding arms more aggressively. Using the Large Deviation results of Theorem[I] we establish
error probability upper bounds for both CR-C and CR-A.

4.1 The CR-C and CR-A algorithms

As SR, CR initializes its candidate set as Cx = [K]. For j > 2, C; denotes the candidate set
when it is reduced to j arms. When j > 2, the algorithm samples arms in the candidate set C;
uniformly until a discarding condition is met. The algorithm then discards the empirically worst
arm ¢; € Cj, ie., Cj_1 < C; \ {{;}. More precisely, in round ¢, if there are j candidate arms
remaining and if ¢(¢) denotes the empirically worst candidate arm, the discarding condition is
Nygey (t) > maxgge, Ni(t), (Vk € Cj, Ny (t) = Ni(t)f} and

ZkeC- Nk(t)@j
for CR-C: i O (1) — [ > G J 7 11
or keC?}éI;Z(t) fur(t) — fuey(t) = (T — Zk¢cj AD) (11)
Dkec, ko) Fr(t) Sree. Ni(t)logi
for CR-A: L — ey (t) > G i ’ (12)
o1 e(t)(t) T Yo il

where G(3) = 1/4/B — 1 forall 8 > 0. The idea behind is to keep the probability of discarding
the best arm at most smaller than that of SR while using less budget. Note that (T2) is easier to
achieve than (I1). CR-A is hence more aggressive than CR-C, and reduces the set of arms to Co
faster, but at the expense of a higher risk. After discarding ¢35, CR will sample the arms in Cs evenly,
and recommend the empirical best arm in C, when the budget is exhausted. The pseudo-code of CR
is presented in Algorithm 2]

Algorithm 2: CR-C and CR-A

Input: 6, € (0, @) N Q independent of T" (can be chosen as small as one wishes)

initialization
| Ck + [K], j + K, sample each arm k € [K] once, update { Nk (¢) }rec,c and fu(t);
fort=K+1,...,[00T| do
| sample A - argmingcc Ny(t) (tie broken arbitrarily), update { Nk (¢) }rec, and fi(t);
end
for (t =607 +1,...,T)do
£(t)  argming e fu(t) (tie broken arbitrarily);
if j > 2, Ny (t) > maxgc; Ni(¢), (Vk € Cj, Nyt (t) = Ni(t)),
and (resp. (12)) holds for CR-C (resp. CR-A) then
| 4 l@), G = G\ {G} g1
sample A; ¢ argming o Nj(t) (tie broken arbitrarily), update { Ny (t) }rec; and fu(t);
end
3 < £(T); return i <— argmax, ., fix(1") (tie broken arbitrarily).

4.2 Analysis of CR-C and CR-A
As in Section[3.4] 11 > p2 > ... > pg is assumed wlog and we further define px1 = 0. We

introduce the following instance-specific quantities needed to state our error probability upper bounds.
Forj € {2,..., K}, define

. j 2 ) i—1
11<M12i_2uk> - 31<u12?€_2uk+uj+1
B ) _7

¥;

2
7 o1 ¥; i1 ) G = g s

2This condition is only imposed to simplify our analysis. It may be removed.



j K
2-11:1 M = . 2 K .

©; = f*ujﬂ, and ¢ = inf ;()\k —up) A€ 0,117, A < oo, D DY

Here we remark &; ;> & and wj > 1);. These inequalities are proven in Proposmonl and Proposition

[Blin Appendix D}

Theorem 3. Let pu € [0,1]%. Under CR-C, lim_, . + log 5 BT 751] is larger than

min {max { i wfj} ,Ej}

2 min ‘l)gj ,
i=2,...K JlogK
2¢; (1 0‘7) 1 2
where o; € R is the real number such that =L =[((1+¢)v/a; G log(]-l—l)) 1%
Theorem 4. Let p € [0,1]%. Under CR-3, hmT oo 7 log m is larger than
min{max{ wjlog(ﬁl)](l il R
2 min _logj ,
J=2,..,K jlogK
, i . Yillooy) _ 5 , - _ 1 AL
where a; € R is the real number such that e = (T4 ¢j)v/a; GTRsG D )42

Note that Theorem [3|implies that CR-C enjoys better performance guarantees than SR, and hence
has for now the best known error probability upper bounds.

Proof sketch. The complete proof of Theorems [3|and ] are given in Appendices|C.T]and [C.2] We
sketch that of Theorem 3} The proof consists in upper bounding P,,[¢; = 1] for j € {2,...,K}. We
focus here on the most challenging case where j € {3,..., K — 1} (the analysis is simpler when
7 = K, since the only possible allocation is uniform, and when j = 2, since the only possible round
deciding /5 is the last round).

To upper bound P, [¢; = 1] using Theorem [I} we will show that it is enough to study the large

deviations of the process {w(0T)} 71 for any fixed 6 € [0y, 1] and to define a set S C [0, 1]% under
which ¢; = ¢(0T) = 1. We first observe that £; = ¢(0T) restricts the possible values of w(67T):
w(GT) c & = {:13 €X:3Joe [K]2 SL To1) = .- = To(j) > To(j+1) > -+ > To(K) > O}.
We can hence just derive the LDP satisfied by {w(6T)}r>1 on X;. This is done in Appendix
and we identify by Iy a rate function leading to an LDP upper bound. By defining

K
X;.i(0) = {a: € X : Oo(pyilogi > 10 Y xg(k)} Vie{j,...,K},
k=i+1
As it is shown in Appendix [E.1]that Jy(x) = oo if « € X;;(0) for i > j, we may further restrict to
X\ UL X54(0).

Next, we explain how to apply Theorem|I]to upper bound P, [¢; = 1]. Let 7 = {J C [K] : |J| =
j,1 € J} as defined in Section[3.4] For all 3,6 € (0,1] and J € J, we introduce the sets

SJ(ﬁ):{)\E[O,l] : min )\k—/\1>G(6)}

keJk#
03 ey 2kl0g]
Z;(0,8) = X\ UL, X;5(0): (Vk € J, 2 = ), AL TN s
J( aﬂ) {Z € ]\ i=j .77'( ) ( €J, 2 kI’Ié?I}g]Zk )7 1_92k¢1]3k ﬂ
Assume thatinround ¢, £; = ((t) = 1,C; = Jand let 7 = 3, . ; Ny (t) < ¢ be the number of times

arms outside J are pulled. While w(t) ¢ X; ;(t/T), we have § = @}77_)1?@ € (0,1]. Using the
criteria (TT), we observe that

S YE,

t=K+1JeJ
Z S Y e ES((t_T)@j)w(t)EZ(i (t—T)@j)
T—-71 AT =1
t=K+1JeJ 7<t,7eN

0 =10(t) =1,C; = Jw(t) € X; \ UL, X,




To upper bound the r.h.s. in the above inequality, we combine the results of Theorem [I] and a
partitioning technique (presented in Appendix [G)). This gives:

1
lim

1
—lo - >0 inf
Toa T 2P, [(0T) € S;(B),w(0T) € 2,(0,8)] = =ccl(Zr(0.5))

The proof is completed by providing lower bounds of 0 F's , (5)(2) and 01y(z) for afixed z € Z;(0, )
with various J. Such bounds are derived in Appendix and [E.3.1] respectively. O

max{Fs, (s)(2), Lo(2)}-

Example 2. To conclude this section, we just illustrate through a simple example the gain in terms of
performance guarantees brought by CR compared to SR. Assume we have 50 Bernoulli arms with
w1 = 0.95, 4y = 0.85, u3 = 0.2, and pp, = 0 for £ = 4,...,50. For SR, Theorem [2] states that
with a budget of 5000 samples, the error probability of SR does not exceed 1.93 x 10™°. With the
same budget, Theorems [3|and []state that the error probabilities of CR-C and CR-A do not exceed
6.40 x 10~* and 6.36 x 10~4, respectively.

We note that in general, we cannot say that one of our two algorithms, CR—C or CR-A, has better
guarantees than the other. This is demonstrated in the problem instances presented in Appendix [K.]
and

S Numerical Experiments

We consider various problem instances to numerically evaluate the performance of CR. In these
instances, we vary the number of arms from 5 to 55; we use Bernoulli distributed rewards, and vary
the shape of the arm-to-reward mapping. For each instance, we compare CR to SR, SH, and UGapkE.

Most of our numerical experiments are presented in Appendix [Kl Due to space constraints, we
just provide an example of these results below. In this example, we have 55 arms with convex
arm-to-reward mapping. The mapping has 10 steps, and the m-th step consists of m arms with same
average reward, equal to % - 3715, Table|l|presents the error probabilities averaged over 40, 000
independent runs. Observe that CR-A performs better than CR—-C (being aggressive when discarding
arms has some benefits), and both versions of CR perform better than SR and all other algorithms.

Table 1: Error probability (in %).
T=3,000 T =4,000 7T =5,000

UGapE (Gabillon et al., 2012) 24.7 21.3 18.9
SH Karnin et al.| (2013 10.2 5.9 3.2
SR Audibert et al.[(2010) 5.5 2.8 1.3
CR-C  (this paper) 7.1 2.6 1.1
CR-A (this paper) 4.7 1.6 0.6

6 Conclusion

In this paper, we have established, in MAB problems, a connection between the LDP satisfied by the
sampling process (under any adaptive algorithm) and that satisfied by the empirical average rewards
of the various arms. This connection has allowed us to improve the performance analysis of existing
best arm identification algorithms, and to devise and analyze new algorithms with an increased level
of adaptiveness. We show that one of these algorithms CR—C has better performance guarantees than
existing algorithms and that it performs also better in practice in most cases.

Future research directions include: (i) developing algorithms with further improved performance
guarantees — can the discarding conditions of CR be further optimized? (ii) Enhancing the Large
Deviation analysis of adaptive algorithms — under which conditions, can we establish a complete
LDP of the process {Z(t)}1>1 = {(w(t), f1(t))}+>1? Answering this question would constitute
a strong step towards characterizing the minimal instance-specific error probability for best arm
identification with fixed budget. (iii) Extending our approach to other pure exploration tasks: top-m
arm identification problems (Bubeck et al.,[2013)), best arm identification in structured bandits (Yang
and Tan, 2022} |Azizi et al., [2022), or best policy identification in reinforcement learning.
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A Notation

Problem setting

K Number of arms
[m] for any m € N The set {1,2...,m}
Vk Reward distribution for arm k&
X (t) Random reward received from pulling arm k in round ¢
pERE Vector of the expected rewards of the various arms
A Set of all possible parameters g
1(w) Best arm under parameter g
T Given budget
Quantities related to the error rate lower bound
w Vector of the proportions of arm draws
b Simplex
E,and P, The expectation and probability measure corresponding to f¢
Alt(pe) Set of confusing parameters for p (whose best arm is not 1(t))
d(p, 1) KL divergence between the distributions parametrized by p and 1
kl(a, b) KL divergence between two Bernoulli distributions of means a and b
(A w) S wrd(k, k)
Notation used in large deviation theory
cl(S) The closure of S
Fs(w) il’lf)\ec](s) \IJ(A, w)
1 Rate function for {w(¢)}¢>1
B(y,0) The open ball with center y and radius &
Notation used in the algorithms
Ni(t) Number of pulls of arm & up to ¢
wi (1) Ni(t)/t
Ay The arm pulled in round ¢
i () S, Xi(s)L{A. = k}/Ni(t)
7 Recommended arm
Notation for SR, CR (assuming (1 > 2 > ... > uk)
Cj Candidates set with size j
12 The arm discarded from C;
£(t) Empirical worst arm at round ¢
logj %1"' Shes %
G(5) 35 =1 |
7 {JCIK]:|J]=4.1¢€ T}
Iy Rate function for {w(07)}r>1
F]‘ minJejinf{ZkeJd()\k,uk) ZAGRK,Al SminkeJ)\k}
& infyco,179 {21:10"6 —pe)? s A < mingoy, )\k}
gj inf)\e[()’l]K {Zf:l(Ak - Mk)Z s A1 <ming—y,..., j—1,j+1 )\k}
, 2
ji—1 ko Mk
Y; == <M1 — =k=2= )
- i—1 S a4 2
1/)] JT (l’l’l _ k:2j,1 J )
G By = Hj+1
@i Dkt PE/J = Myt
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B Technical lemmas towards the proof of Theorem ]|

Lemma 2. Let p € A, t > max{K, e} and § € (0,1). There is a constant ¢ > 0 (that depends on
K and B only) s.t.
E, [eﬁX] < ¢(log t)K,

where X = "1 Ni(8)d(fi (), px ).

Proof. Let M be the smallest positive integer s.t. (i) % > K + 1and (i) (log M)?X < M 5. We
have:

Eu [e"] <) Pu e’ > n]
n=0
<M+ P, [X>IO§"}

n>M
)K oK+l
ﬁQKKK ’

2
<M+ Z (2(logn)llogt (13)
E

n>M n

where the last inequality follows from repeatedly invoking Lemma (3| with § = oen (notice that

n > M satisfies the condition on ¢ of Lemma[3). Observe that the r.h.s. of is a Bertrand series
and it is convergent since 8 < 1. Unfamiliar reader can check the convergence analysis below. (ii)
implies that the sequence will decrease after n > M, hence the sum in is bounded as (up to a
constant multiplicative factor):

2K 0o 2K
T (log Tf) < / (log2)**
1

1 1
n>M NP z?

_ /Oo 2K ==y gy
0

1 —2K -1
< (6 —1) T(2K + 1). (14)
The constant ¢ can be deduced from and (T4). O

The following lemma is Theorem 2 in Magureanu et al. (2014). It was originally stated for Bernoulli
distributions, but as claimed in|Garivier and Kaufmann|(2016)); Kaufmann and Koolen| (2018)), it is
straightforward to generalize it to one-parameter exponential distributions.

Lemma 3 (Magureanu et al.[(2014)). Forall § > (K + 1) and t € N, we have:

K
P, [X > 5] < e 9 ([610;1%]6) L
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C Analysis of CR

In we give the proof for Theorem [3]and in [C.2]that of Theoremd] As mentioned in §3.4and
in the following analysis, we will assume that 1 > pq > pg > ... > ug > 0.

C.1 Performance analysis of CR-C

Theorem Let p € [0,1]%. Under CR-C, lim;_, ., 7 log 5 F.Tiz1] S larger than

751]
min {max { E'jlog(j+l)%_.aj)]l{j#l<} ) gj} ) EJ}
2 min __28J ,
J=2,...K jlogK

where o; € R is the real number such that

2% (1—ay) _ QHQ[VWHMIHJ].

jlogj
We upper bound P, [¢; = 1] for (i) j = K (ii) j = 2; (iii) j € {3, ..., K}. The upper bound for (i),
presented in[C.1.1] is the easiest to derive as the only possible allocation before one discards the first
arm is uniform among all arms. The bound for (ii), presented in[C.1.2] is the second easiest to derive
as /5 is decided only in the end, namely, in the T-th round. The upper bound for (iii), presented in
[C13] is more involved since we have to consider all possible allocations and rounds.

C.1.1 Upper bound of P,, [( = 1]

Lemmad. Let p € [0,1]%. Under CrR-C,

lim l10 %K
T T 8P, [l =1] = Klogk

Proof. Without loss of generality, let us assume 6y7" > K. Observe that

wlli =1] = ZIP’ [t =0(t) =1]. (15)

t>00T
Since CR-C discards £x = £(t) at the round ¢ only when Ny (t) = N () forall k € [K], it suffices
to consider w(t) € Xx = {(1/K,...,1/K)}. We further introduce
Sy = {)\ eRF A\ < Ikn?gl)\k - G(GlogK)} , V0 € [6p, 1] N Q.

With this notation, we can use the criteria of discarding the arm £ = £(t) = 1 (see (TI)) to get that:

T
3 Pullx = £(1) 71<Z { estw()eXK}. (16)

t>600T t>00T
Applying Theoremin Appendixwith 50 =0
E={lg =1}, So.y = Sp, Wy, = Xk, V7,

yields that
1
i —1 7> inf inf 0 F I,
A Tloe e =11 Z et nquedd, ) e {Fsn, (@) Lo(w)}
= inf 0{Fs,(1/K,...,1/K), Iy(1/K,...,1/K)}. (17)
0€[00,1]NQ

Theorem [10]can be indeed applied since, in view of Theorem[5] {w(67T)} 7> satisfies LDP upper
bound (3) with rate function Iy. In the above derivation, by convention, we let infycg f(A) =
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oo. Next, from Theorem [5] (a) in Appendix we know that Iy(1/K,...,1/K) = oo if
6 > 1/logK. Thus, the minimization problem on r.h.s. of can be further lower bounded
by infy. g 1 tegring 0Fs, (1/K, ..., 1/K). From the definition of Fis,, we have

0 = _
0Fs,(1/K,...,1/K) = Kinf{Zd()\k,uk) A < I;?;rf/\’“ . G(QlogK)}

=1
20 X — 2¢

> —1i — 2.\ < mi — p— LY

2 = inf {g_l()\k pr)” s A < min Ak G(elogK)} Z KiogkK'

(18)

where the first inequality is from Assumption [T} and the last inequality follows from Proposition[]in
Appendix with 8 = flogK . The proof is completed combining and .

O
C.1.2 Upper bound of P, [/; = 1]
Lemma 5. Let p € [0, 1]%. Under CR-C,
lim 1 log 1 > mln{max{4§2(L— as), 38}, 352}7
Toe T Pyl =1] 3logK
where ag € R is the real number such that
) 2
62 (1—0&2) = <(1—|—C2)\/O[ —2) ] . (19)
+

Proof. There are two arms remaining in the last phase. Hence, it suffices to consider the estimate and
allocation in the last round. The possible allocation w(7") belongs to the set

Xy = {CL' €Y :do: [K] — [K} S.L. Ty(1) = To(2) > To(3) > -+ - > To(K) > 0} .
As we defined 7 in Section[3.4] we introduce D = {D C [K] : [D| = 2,1 € D}, and

Xp=<qx € Xy :minx, > max Ty , .
keD k'¢D

The set UpcpX'p is a subset of X>, and is relevant when we consider events where the best arm 1 is
discarded in the last elimination phase. Since /5 is decided as the empirical worst arm in Co,

Pult =11 < Y Pu[i(T) € Sp,w(T) € Xp)]
DeD
< (K — ) maxP, [i(T) € Sp.w(T) € Xp), (20)
where
Sp = {)\ € [0,1)% : min A, > )\1}.
ke[D]
Rearranging (20) yields that

1 1 1

1
lim — log > lim min — log

Tooe T “Pulla=1] ~ 75 DeD T~ Pu[p(T) € Sp,w(T') € Xp]
> min lim l lo L
Z DD e T BulAlT) € Sp,w(T) € Xp)

S mi inf 7 s N
_glel%weg%x[,)max{ SD(W)’ 1("")}7 20

where I denotes the rate function for which {w(T") } 1> satisfies an LDP upper bound , and the
last inequality follows from Theorem[T|with S = Sp, W = Xp.

18



Further introduce for all i € {2,..., K},

K
XQ)Z'(].) = {:12 e Xy "Eg(i)i@’i >1- Z xa(k)} R
k=i+1
where in this definition, o refers to the permutation used in the definition of X5. In Theorem [5](a)
in Appendix we show that I1 (w) = oo for all w € UX , X5 ;(1). Hence any w € UK, 5 ;(1)

cannot be the minimizer on the r.h.s. of (ZI)). In the followilng, we define

Zp(1,1) = Xp \ UL, X (1)

Here the argument (1,1) in Zp(1,1) is to be consistent with our notation in Appendix [E} but we
abbreviate it as Z for short below. To get a lower bound of (21, we consider two cases: (a) D # [2];
(b) D = [2].

(a) The case where D # [2]. Using Corollarywith B=1,7=2in Appendixyields that:
inf max{Fs,(w),1(w)} > inf Fs,(2)

wecl(Xp) z€cl(Zp)
> 1— . . 2 . K . _
> ( sz> mf{Z(Ak ur) i A €0,1] 721&1)1)% )\1}
k¢D keD
(22)
> <1 oy ) 3
k¢D
> & , (23)
logK
where the last inequality directly comes from Proposition[7]with = 1, j = 2, ¢ = 3 in Appendix
IE.2]
(b) The case where D = [2]. Next, we will show that both % and %&?2) are lower bounds

for inf,ce(xp) max{ Fs, (w), 1 (w)}. The maximum of these hence becomes our lower bound.
Together with the conclusion obtained in the case (a), we complete the proof of Lemma 5]

Lower bounding by %ﬁ. Observe that holds also for D = [2], hence

inf maX{Fs[z] (W), [1(w)} > inf FS[z] (w)

wecl(X2)) wecl(Z[a)
< K
> 11— Z Zk) inf Z (A — Mk)Q
s AERE Ao >Ng ke(2)
K
> <1 - Zk) &2 (24)
k=3
> &2 , 25)
log K

where the second inequality is derived by Proposition[d]with @ = 1,5 = 1, j = 2 in Appendix [D.I}
and the last inequality follows from Proposition[7|with j = 2,7 = 3 in Appendix [E.3]

4€2(1—a3)
3logK

j =2,0 = = 1in Appendix[E.I] we show that I; is a valid lower semi-continuous rate function for
an LDP upper bound (3)) for the process {w(7") }>1. In Corollary [3|in Appendix [E.3.1] we further
show that I, (z) > I,(z) for z € Zy), where

Lower bounding by . One can derive another lower bound by using /;. In Theorem |5((b),

2

4 Z5(3) 1
1,(z) = — 1+ ¢ _— = , Vz € Zpg. (26)
= g |\ TR 2 :
+
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Instead of using (25), we lower bound Fi, (2) as:

K
FS[2] (z) Z (1 - Zzo’(k)> 62

k=3
() ()
k=4 L =3 s %o (k)
> 48 1— —Z‘;(?’) , 7
SlogK L= ki Za(h)

where the first inequality follows the derivation of (24)) and the last inequality stems from Proposition[7]
withd = 1,5 = 2,i = 4in Appendix Since Fls,, (2) and [1(2) are lower bounded by the

. Zo(: . .
functions of o = ——=2%—— given in (26)) and 1} we have:
1=3" k4 Za(k)

. 1 2
Lt maxlFy (@) L)} 2 g i max(& (1- ). (1 G)VA — 5)4]%)

> 452(1 — 012)
3logK

where the last inequality is due to Lemma[23in Appendix [H|and s is defined in (I9). Hence, the
maximum of the r.h.s. of (25) and (28) is a lower bound for inf,cci(x,,) max{Fs, (w), [, (w)}

, (28)

O
C.1.3 Upper bound for P, [¢; = 1]for j € {3,..., K — 1}
Lemma 6. Let i € [0,1]%, j € {3,..., K — 1}. Under CR-C,
) 9 min {maX { 5-”@“#),“’“-’) 7 gj} 7@}
lim  log > = :
Tooo T Pull; =1] jlogK
where o; € R is the real number such that
2
26 (1 —aj) =
jlogj 1+6) J+1) log j+1)
Proof. Without loss of generality, we assume 6y7" > K and GOTT eN.
Observe that P, [¢; = 1] = > ;. , PL[¢; = 1,C; = J], which directly implies
1 1 1 1
lim — log > min lim = log (30)

Tooo I’ P#[ﬁjzl} JET TS0 T “[szl,CjZJ}.

There are j arms remaining while discarding £;. The possible allocation w(t) belongs to the set
Xi={zeX:30: K]~ [K]st 2,0)=... = To(j) > To(j4+1) > --- > Tox) > 0} .
Suppose that in round ¢, C; = .J for some J € J and let 7 = >, ; Ni(t) > 00T, where
fo = (K — )8/ K, be the number of times arms outside .J are pulled. While £; = £(t) = 1, we

must have fi(t) € SJ(@%@), where

T

8](/8) = {)\ S [0, 1}K :omin A\ — A > G(ﬂ)} , VB >0,

kEJk#£1

_ogi > Ni,(t)logj .
because Tl)log] == kEXc: Ny (recall the discarding condition ). Now further introduce
kgC;

T

V0, € (0,1],

0> 1es Trlog)
X(0.8) = X (Vi = )), ke 7RSS gL
2(6,8) {me 51 (VK€ J, 2 = max ), 1—03gsTh ’
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‘We then have:

T ¢ - .
Pull;=1,C=J]< > > P, [ﬂ(t) € S,](w),w(t) € XJ(i m)

— T—-71 T8 T-71
12001 +>0,T
Applying Theoremin Appendixwith E={¢;,=1,C; =J},

(0—v)logj (60— v)logJ
G,W:{SA a0 < 1,

) @)
S;(G71(1)), 0therw1se, ’

;and Wy, = X;(0, T

(notice that 8 = {= T)logj (9_11)17079 and S;(8) = 0if G(B) > 1) yields that

—r

lim l10 1 >

T T 8P, [0 =1, =J] =
inf inf inf O max{F s (@), Ig(x)}. (Bl
96[9071]WQye[éo@]meeC,(XJ(@’w%@)) { Sy (L=loej 11);&)( ), lo(x)}. (31

Further introduce for all i € {j,..., K},

K
Xj,i(é’) = {-’L’ S Xj : ng(i)i@i >1-06 Z .Z‘U(k)} .
k=i+1

In Theorem |5|with (a) in Appendix we show that [y(w) = oo forall w € Ufij Xs ;(6), hence

any w € U;L ;X ;(0) will not be the minimizer on the r.h.s. of . In the following, we define
Z5(0,8) = X5(0,8) \ UL, X;.4(0).

Consider any z € Z;(0, 3), as z ¢ X; ;(6), we have

(0 —y)logj _ 920 log;
L—y =03 ks Zah)

Therefore, after excluding the points in UX j X;:(0) and setting 5 = m , the r.h.s of li can
be lower bounded by

<1

inf inf  Omax{F Ip(2)}. 32
o 5eiiing zcaciho, gy O e Fss 0 (2): To(2)} 52)

For lower bounding (32), we consider two cases: (a) J # [j]; (b) J = [2].
(a) The case where J # [j]. If z € Z;(0, 5),

OF =0 e ) YA
SJ(/@)(Z) Aecll(gl(ﬁ)) ( 7z)

> 2inf {Z 0z, (A — pp)?: min )\k — AL 2> G(ﬂ)}

ke J,k#
keJ
1—60) 2z, |Binf M —pe)?: min A\ — X\ >G(B)p (33)
o (10 {2
2
> gj I—Gsz
jlogj Y
> ?ﬁj , (34)
jlogK

where the first inequality is due to Assumption [T} the second equality uses the fact that Vk € J, 0z, =
A=62prgy 210)B (as z € Z;(0, 8)); the third follows from Corollary [1|in Appendix the last one

Jjlogj
is a consequence of Proposition [7]with ¢ = j + 1 in Appendix [E.3]
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(b) The case where J = [j]. We will show that both j%i’k and 24 %}%ﬁ%}{—% ) are lower bounds

for the r.h.s. of (32)). The maximum of these becomes our lower bound. Together with the conclusion
obtained in the case (a), we complete the proof of Lemmal6]

Lower bounding by % By Proposition 4{and Proposition we can further lower bound the r.h.s.

of (32) as

2

0Fg. . z)>— | 1-6 2z | Binf A — 2. min M\y—M\ >G
sm(ﬁ)( ) JTogj % k kezm( k — Hk) I k 1 (B)
> @ 1-0) 2 (35)
Jjlogj =
2 .
> 25 36)
jlogK

where the first inequality corresponds to (33)); the second inequality is due to Proposition [] in
Appendix [D.T} the last inequality uses Proposition[7]with ¢ = j + 1 in Appendix [E.3]

2¢;log(j+1)(1—a;)

jlogjlog K
rem [3] with (b) in Appendix [E.I] we show that Iy is a valid lower semi-continuous rate function
for an LDP upper bound (3)) for the process {w(0T)}r>1. And in Corollary [3|in Appendix
Iy(z) > Iy(2) for z € Z;1(0, B), where

2
log(j +1) 025(j+1) 1
Lo(2) OlogK <( - CJ)\/l -0 Zf:jﬂ 2o (k) (F+Dlog(j+1) N 7

Instead of using , we lower bound Fs, , (5)(2) as:

OF: (z) > 25 1—-6 E 2 1—6 EK (1 02(j+1) >
Sy (BI\F) = — - 2 e - Zo (k) - e
&) jlogj Pl jlogj kg2 L =03 kit Zo(k)

Too (i Oz .
> 218U £1) () Soli+l) RNGTS:
jlogjlogK 1-0 Ek:jJrQ 25 (k)

where the first inequality is from (33)) and the last inequality is due to Proposition [7] with ¢ =
j + 2 in Appendix Since 0Fs, (5)(%) and 0Ip(2) are lower bounded by the functions of

9Z;<j+1>
1-6 Zk:j+2 Zo(k)

inf 6 inf max{Fs ) (2), Lo(2)} =

0,6€0,1]nQ  zecl(Z;(6,5))
1 2
L+ GIWa— | = - (39
< ’ (7 +Dlog(j +1) ),

By Lemma/|23|in Appendix is lower bounded by %, where o is described in
@9.

Lower bounding by . One can derive another lower bound by using Iy. In Theo-

a= given in and , we have:

g+, [0
logK  acx jlogj

O

C.2 Performance analysis of CR-A

TheoremH Let p € [0,1]%. Under CR-, limy_,  + log m is larger than
I
. min{max{ wjlog(jﬂ)](oig;aj)l{#m R
2 min —— ,
i=2,...K jlogK
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where o; € Ris the real number such that

. 2
((1 + i)V — \/(j + 1)log(j + 1)>+] .

We upper bound P, [¢; = 1] for (i) j = K; (i) j = 2; (iii) j € {3, ..., K}. The upper bound for (i),
presented in[C.2.T] is the easiest to derive as the only possible allocation before one discards the first
arm is uniform among all arms. The bound for (ii), presented in[C.2.2] is the second easiest to derive
as /5 is decided only in the end, namely, in the T-th round. The upper bound for (iii), presented in
@ is more involved since we have to consider all possible allocations and rounds. Overall, the
analysis is very similar to that of CR-C, and we just sketch the arguments below.

vi(l—ay) _ _J
jlogj Jj+1

C.2.1 Upper bound of P, [{x = 1]

Lemma 7. Let pu € [0,1]%. Under CR-2,

lim l10 2
T T 8P, [l =1] = Klogk

Proof. The proof follows the steps similar to those in the proof in Appendix [C.1.1]
Applying Theorem (T0) to

S Pultk =) =1 < Y Py |ilt) € Sy w(t) € X, (40)
t>600T t>00T
with p
So= {A € 10,15 : A < % - G(mogK)} V€0 =,
we obtain
1

1
lim —log——m—— > i 0{Fs, (1/K,....1/K), I4(1/K,...,1/K)}. 41
TITH;OT 0og PuMK _ 1] _OE[IO}S}HOQ { Se( / ) ) / )a 9( / ) ’ / )} ( )

Next, from Theorem [6|(a) in Appendix [E.1} we know that Iy(1/K,...,1/K) = oo if § > 1/logK.
Finally, Assumption[[Jand Proposition [¢]in Appendix [D.2]yields that

2
min  0{Fs,(1/K, ..., 1/K), I,(1/K,... 1/K)} > —2K_.
0€[00,1/log(K)]NQ KlogK
O
C.2.2 Upper bound of P, [{; = 1]
Lemma 8. Let pu € [0, 1]%. Under CR-1,
lim 1 log 1 > min{max{4y (L— as), 3a}, ?ﬂZg}7
Tooo T P, [l = 1] 3logK
where as € R is the real number such that
. 2
3y (1 — ) =4 ((1‘1‘%02)\/04 —2) ] . (42)
+

Proof. The proof follows the same steps as those of the proof in Appendix [C.1.2]
Applying Theorem[T|with S = Sp, W = X, where

Sp = {)\ € [0,11% : min A, > )\1},
ke[D]
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we get

lim —log ———— > mi inf F, I 43
AT B Bl = 1] 7 B el e (O ) “

Then we exclude the points in UX L oX5 (1) using Theorem|§| (a) in Appendix [E.1|and we define
Zp(1,1) = Xp \ ULy Xai(1).
Consider two cases: (a) D # [2]; (b) D = [2].

(a) The case where D # [2]. Using Corollaryw1th B=1,7=2in Appendlxm and Proposition
[Mlwith @ = 1, j = 2, i = 3 in Appendix [E:2] yields that

inf ax{Fs, (w >
et m x{Fs, (w), [ (w )}_logK

(b) The case where D = [2]. We show that both %TQK and %g}?z’) are lower bounds for
i 1 1 .
limy , . 7 log P [A(T)e80 @ (T)eZa] The maximum of these hence becomes our lower bound.

Together with the conclusion obtained in the case (a), we complete the proof of Lemma ]

=1,7=2in Appendlx L and

V2
logh

Lower bounding by

Tog
Proposition[7|with j = 2, i = 3 in Appendix[E.3] we can obtain:

inf F. I >
wecllr(lX[Q])maX{ 3[2]((4)), 1((“))}—

Lower bounding by M . In Theorem|6((b), j = 2,6 = 8 = 1 in Appendix , we show that

I is a valid rate functlon for an LDP upper bound (3) for the process {w(T')}7>1. And Corollary [4]
in Appendix show I1(z) > I,(2) for z € Zj3), where
2

16 2o (3
Liz)= —— || 0+ ), | —2— -

1
- ,Vz € Zpo. (44)
910gK 1-— ZkK:4 Za(k) 2 2]

+

Also, we lower bound Fis, (2) by Propositionwith 0=1,j=2,i=4in Appendix

4 o
Fy,, (2) > L O 45)
Observe that Fs, (z) and I;(2) are lower bounded by the functions of a = ﬁ given in
k=4 %o
(@4) and @3). Applying Lemma[23in Appendix [H]yields that
. 41[)2(1 — Ck2)
inf max{Fs.  (w),[;(w)} > ——"———". 46
wecl(X2)) X{ 8[2]( ) 71( )} a 3logK (46)
O
C.2.3 Upper bound for P, [¢; = 1] for j € {3,..., K — 1}
Lemma9. Let pp € [0,1]%, j € {3,..., K — 1}. Under CR-A,
, , 9 min {max{%@“%“‘“"),wj} ’%}
lim —log > — ;
T—o00 ]PH [EJ = ]‘} ]IOgK

where o; € R is the real number such that

e e A
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Proof. We proceed as in Appendix [C.1.3] We have:

1 1
lim — log > min lim = log (48)

T:oT PM[Ej: } JEJTHOOT M[szl,cj'zj].

‘We then introduce

519 = {xe e Lrenip Mo Nz a0

j—1
X;0,8)=zecX;:(Vkeld a= ), —=EeS T g
(6, 8) {Z i ( T = Hg{%%) 1= 03 g, or B

Theorem [I0]yields that for each J € 7,

1
inf 0 inf
;i =1,C; 7J] 0[36(0 1]nQ zecl(}z%(e,n))

1
lim —logP 7 max{Fs,5) (2),lo(2)}, (49

T— 00
where Z;(6, 8) = X;(0, 8) \ U, X;.4(6).

(a) The case where .J # [j]. Corollary 2] in Appendix and Proposition [7]| with i = j + 1 in
Appendix [E.3]yields:

21,
jlogK'

(b) The case where J = [j]. We show both 21/); and 2% @ﬂﬂf)(k% ) are lower bounds of (49).
jlogjlogK

QFSJ(g) (z) >

The maximum of these becomes our lower bound

. By Proposition ﬁ and Proposition Proposition |§| in Appendix and
L

Lower bounding

ProposmonlWith 1 = j + 1 in Appendix [E.3] we have
245
OF J 50
Ss(B) ( ) legK (50)
Lower bounding by %. A similar argument as above implies
2
21 1 i (1— j
() > Minf max J 2 éi,o‘), _J (1+¢;)va —
logk  a€R jlogj j+1 (j+1) 1og Jj+1) N
(&Y
By Lemmain Appendix is lower bounded by W.
O

25



D Optimization Problems

This section provides results related to the various optimization problems we encounter in the paper.
In we compute the £;’s appearing in the performance guarantees of SR and CR-C, and prove
other useful results. In we focus on computing the v;’s, useful for the performance analysis of
CR-A.

D.1 Optimization problems for SR and CR-C

Letj € {2,..., K} and let u € RX such that iy > pz > ... > px. Denote by &; the optimal value
of the following optimization problem:

J
inf {Z()\k —u)?xe 0, 1)K N\ < r]grlmk} ) (52)

k=1

We first show Proposition m restated below for convenience, and deduce some related results.
Proposition 1. We have:

2
u1+u : Hitp;
D k=1, (Uk - ) ; fpj—12 =5+,
2
pitp—1tpy pitpg—1tpy
_ Dk=1-1 (Mk I T By g > BTRTR
§=9
J Sinu 2 pitp pitpst.tp
i=1Hi ; 1 j 1TH3T-.- j
=1(Mk*%) ) ifpj—1 < 2]7'-'7M2§TJ'

Proof. The objective function and the functions defining the constraints in (52)) are all convex. There
exists X € R® s.t. all the constraints are strict (Slater condition). Hence we can identify the solution
of (52) by just verifying the KKT conditions. The Lagrangian of the problem is

J J
Z N — ) an()\l—)\k),for (A,m) € RF x RLGL
k=1 k=2

M\H

EM(A7n27 s anj

Let (A", *) be a saddle point of L. It satisfies KKT conditions:

A< Ap, fork=2,...,7, (Primal Feasibility)
ng >0, fork=2,...,7, (Dual Feasibility)
J
AT — 1+ Zn,: =0 A\, —pp—np=0,fork=2,...,7, (Stationarity)
k=2
(AT = Ap) =0, fork=2,... 7. (Complementarity)
In case p1;_1 > “3% one can easily see the point (\*,n*) defined as A} = \; = 2104,

A= i, Yk ¢ {1,7}, and gy = 0,Vk = 2,...,j — 1,95 = B35 satisfies the KKT conditions
listed above. As for the other cases, one can also easily find the solutions in a similar manner. O

We are now interested in quantifying the impact of p on the value of ;. We investigate this impact in
the following two propositions.

Proposition 2. Assume that £ = Y, . (s — A)? for some B C [j] and for A = Zoenht o

|B]
S be such that S, = Zbe&b# Sy, where Sy, > 0 for all b # 1. Consider another parameter p'
defined as |y = p1 + S1 and py, = pp, — Sy for all b € B, b # 1. Then (i) Z*’&f‘ a3 = A, (ii)

inf{Z(Ak — ) N € [0,1]%, ) < géig%} = (up— A)*.

keB keB
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Proof. (i) is trivial. We now prove (ii). Using Proposmonland the fact that £; = Y=, 5 (s — A)?,
we get that
Pt D ks Mk

1,be B
Vb #1,b€ B, up < I

(53)
Also, as S, > 0,

M1+Zk>bﬂk
j—b+1

j_ﬁ <M1 S1+Zuk+25k>

k>b k>b

Hy = iy — Sp < iy <

_ H1+ Dk Pk
j—b+1
where the second inequality is due to (53)). By (i) and Proposition[T]again, we conclude the proof. [J

)

Proposition 3. Consider the optimization problem instantiated with another p' € [0, 1% which
satisfies that ji; > p1 and py, < iy, for all k = 2,..., j, and denote its value by &;. Then & > &;.

Proof. Consider the Lagrangians of the two optimization problems: £,, and £,,,. The corresponding
Lagrange dual functions are: g, (n) = minycgx £,(X, 1) and g,/ (n) = minycgx £,/ (A, 1) and
one can easily verify that

gu(n) = 1[2 +Zm Z R = e — Y mi),

k=2 i#£k
) = 1[2 +znk S = - S,
k=2 k=2 i£k

Recall p11 — pp, < pf — ), and m € R>0 ,hence g, (n) < g, (n) foralln € RL 1. For (52), Slater
condition holds clearly, hence strong duality follows (see e.g. (Boyd et al.| 2004) Chapter 5.5.3).
Thus, &; = Max, cpi-1 gu(n) < Max, cpi—1 Gu' (n) = ¢ O

The following result relates the function G to &; and is instrumental in the proof of Theorem
Proposition 4. V3 € (0,1], u € [0,1]%, and 2 < j < K, one has

J
Binf {Z(Ak —up)? XA e 0,15, < mln )\k - G(ﬂ)} >&;. (54)

k=1 Ty

Proof. Let B C [j]s.t. & = >, o (s — A)?, where A = Zl’leTB"“” Using the fact that 3=, o p (115, —
)\k) > 0 for all A € RX, one can deduce that

Lh.s. of (54) > Binf{Z(Ab—ub)z A <N —G(B),Ybe B,b# 1}

beB

> ﬂlnf{Z()\b —/1,1,)2 A< A — (/1,1 —,ub)G(ﬁ),Vb € B,b;"é 1}

beB
= Binf {Z()‘b —m)? s A+ (u — A)G(B) < A\ — (A— )G (B),Vb € B,b # 1} (55)
beB
where the second inequality comes from 1 > y; — py,. Now introduce A’ and g/ as
A=A+ (= A)G(B), Ny = o — (A — p)G(B),¥b # 1,b € B;
py = — (p = A)G(B), py =y + (A — )G (B), Vb # 1,b € B.
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These allow us to write the r.h.s. of (53) as the value of the following optimization problem:

B inf {Zug —p)* 1 Ap < min Ag} : (56)

beB

Applying Proposition P with S, = (4 — ) G(B) forall b € B, b # 1 yields that the value of is

BY (i = AP =B | (m+ (= AGB) = AP+ Y (A= +(A-w)G(B)’
beB be B b#1
(57)
Recall that G(8) = 1/4/B — 1. Hence, (57) is larger than ), _ (15 — A)* = &;. O

In Proposition ] the top-j arms only are considered. We can prove similar results for any J € 7, by
combining Proposition[3|to the arguments of the previous proof.

Corollary 1. V3 € (0,1], p € [0,1)%,2<j < K, and J € J, J # [j], one has

K
Binf {Z(Ak — ) A E[0,1)5, 0 < min A\ — G(ﬂ)} > ¢ (58)

kEJ k#1
k=1 7

Proof. Let J € J, J # [j] be fixed, we denote the indexes in J by {1,2,...,7} suchthat I < 2 <

... < j. One can repeat the argument in the proof of Proposition to obtain that the Lh.s. of (58) is
larger than

K
inf {;(Ak pe)? A e 0,115, ) < kelgllcn;élxk}. (59)

Since every J € J includes 1, 1 = 1. Also, since .J # [7], we have2 >2,...,7 > j+ 1. Because
we assume that pi; > o > ... > pg, Propositionyields that the value of (59) is larger than &;. [

D.2 Optimization problem for CR-A

The following proposition is the analogue of Proposition |§| for ;.
Proposition 5. Let p’ € [0, 15 such that i}, > p1 and @), < py for all k = 2,...,j. Define
Wy = 2 () — Zhr )2 Then, o > ;.

Proof. The result simply follows from the following inequality:

=1 i:2/‘;s2 J—1 {c:Q%Q J—1 Zi:zﬂkz
Yy = () — == > (i — = > ( — = = ;.
= S e Ty - Sy s T, gy,
O
We use the following result in the proof of Theorem ]
Proposition 6. V3 € (0,1], € [0, UK with iy > po > ... > px, and 2 < j < K, one has
J Z B Y
Binf{Z()\k—uk)Q:AE [0,1]%, A\ < W—G(ﬁ)} > 9, (60)
k=1

where 1; = %(,ul — %)2, Vi€ {2,...,K}, as introduced in Section
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Proof. The Lagrangian of the optimization problem (60) is:

DO = m)* + (= ==+ G(B)), for (M) € BRI x Rz,

L(A,n) = 1
k=1

o™

Denote the saddle point of £ by (A*,n*). The KKT conditions are satisfied:

J *

A
AT < k;21k — G(B) and n* >0, (Feasibility)
j—
BN — 1) + 1% =0, and BONE — ) — jn, 7= 0,Vk # 1, (Stationarity)
j A*
[ A= ;“%21’“ +G(B) | =0. (Complementarity)

One can simply verify that if n* = 0, stationarity and feasibility cannot hold simultaneously. Thus

n* > 0 and complementarity yield that A} — 7_9A5/(4 — 1) + G(B) = 0. In conjunction with
stationarity, we have

1 1
=YD () 2=t )

J J—1

and hence the value of (60) is
; 2
j—1 e
UZDB Y,  Zkmaith +GPB) | . 61)
J J—1

Recall that G(3) = 1/y/B—1and p € [0, 1]%. We deduce that G(3) > (1/v/B—1)(u1 — %)
which is equivalent to p; — % +G(B) > ﬁ(m - %) and hence is larger than

i—1 S o M2
I (g — ety .

As we obtained Corollary [T]in Appendix[D.T] combining Proposition [5|and the proof of Proposition [6]
yields the following corollary.

Corollary 2. V3 € (0,1], p € [0, 1]5 with py > ps > ... > ur, 2<j < K,and J € J, J # [j),
one has

ZkeJ,k;ﬁl Ak B —

Binf Z()\k—uk)Q:)\e[O,l]K,/\lg o1 G(B) p > ;. (62)

ke[K]

Proof. Let J € J,J # [j] be fixed. We denote the indexes in J by {1,2,...,7} such that
1 <2 < ... < j.One can repeat the arguments of the proof of Proposition |6|to obtain that the Lh.s.
of is larger than ‘

j—l( kel

j J—1

Note that every J € J containing 1 satisfies 1 = 1, and that since J # [7], we have 2>2...,5>
J + 1. As we assume that 111 > pp > ... > g, Proposition [5yields that the value of (63)) is larger
than &;. O

). (63)
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E LDP for the sampling process under CR

In this section, we are interested in deriving an LDP for the process {w(0T)}r>1 for a fixed
0 € (0,6 N Q under CR. More precisely, we look for a function Iy (-) which satisfies an LDP upper
)

bound (3) on X for some fixed j € {1,..., K}, where
XJ = {CL' €X:do: [K] — [K] S Ty(1) = v = To(j) > To(j+1) > -+ > To(K) > O}. (64)
For convenience, we define z,(x 1) = 0. For any j, we also define
o K
X;(0) = {m € X : Oo(pilogi > 10 ) a:(,(k)} Vi€ {j,..., K}, (65)
k=i+1

where the permutation o depends on z as in the definition of X (16_1])

It is important to remark that when 67 is not an integer, w(67) is not defined. Hence in the following,
when we write lim;_, . f(P,[w(0T) € F]), we actually mean lim;_, .gren f(Pplw(0T) € FJ).

Deriving an LDP upper bound (3)) is not easy in general, and to this aim, we first introduce a useful
sufficient condition in[ETl

E.1 A sufficient condition towards an LDP upper bound (3)

The following condition will be useful in our analysis, in particular in this section. This condition is
similar to those presented in Chapter 2 in|Varadhan| (2016). We say that {Y (¢) };>1 satisfies an LDP
local upper bound with rate function I at pointy € Y if:
1
lim lim —log > I(y), (66)
60t—o0 b PlY (t) € B(y,0)] w)
where B(y, d) is the open ball with center y and radius J.

Lemma 10. Suppose Y is compact and {Y (t) }1>1 satisfies an LDP local upper bound (@) with a
lower semi-continuous function I at all y € Y, then {Y (t)};>1 satisfies an LDP upper bound (3).

Proof. Let C' C Y be a closed (and hence compact) set, and s = infycc/ (y). We prove
lim, . % log m > sif (i) s = co and if (ii) s < oo separately.

@HIfs=oco.Let M >0andy € C. As I(y) = oo, and since I is lower semi-continuous, there
exists oy > 0 s.t.

1
Jim 7 log PV € By, ~ (7

Now observe that C C Uyec B (y, dy). The compactness of C' implies that we can find N € N, and
{y1,...,yn} such that C C UY, B(y;, ,,), which directly yields that

Jec) SZ ) € Blyd,)] < NmaxP[V(0) € By, )] (69)

Using a simple rearrangement in and , we then have lim, , % log B (1 >M. As M

Y (t)eC]
can be taken arbitrarily large, the proof is completed.

(i) If s < co. Lete € (0,s/2) and y € C. As I(y) > s and since I is lower semi-continuous, there
exists 0, > 0 such that
1
lim — lo >s—e. 69
TR € Blyoy)] - ©
Now observe that C' C UyeccB(y, d,). The compactness of C' implies that we can find N € N,

{y1,...,yn} such that C C UY, B(y;, 4, ), which directly yields that

yeC] < Z ) € B(y;,dy,)] < N{g%]}” [V(t) € By, dy,)] - (70)
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Using a simple rearrangement in (69) and (70), we then have lim, , ;108 prygzey = 5 — € Ase
can be taken arbitrarily small, the proof is completed. O

We apply Lemma(10]to the process {w(07T") }r>1. The latter has values in X, a compact set. To derive
an LDP upper bound for this process (such an LDP upper bound is required to apply Theorem I}, we
just need to establish at all points in X a local LDP upper bound.

The following two theorems state that {w(61")}r>1 under CR-C and CR-A satisfies a local LDP
upper bound.

Theorem 5. [Local LDP upper bound for CR-C ] For 6 € (0,1] N Q, we define Iy as follows.
(a)If & € X1 U (U, UL X;0(6)), then Iy(x) = oo;
(b)If3j €{2,..., K} such that & € X; \ U, UK ; X; i(0), then

p+1
2

Iy(x) = p:]{r.l.?,);(fl 23}0(1,+1) )\Ei‘%f(w) kil(Ag(Iq) - ,Uo(k)) )

where S, () is defined in (89);
(c)IfV = UK Xy, and x € cl(V) \ V, then

Ip(x) = inf{ lim Ty(z®): {x®},en V2 - zass — oo};

S5— 00

Then the process {w(0T') } 7>1 under CR-C satisfies an LDP upper bound (3)) with the rate function
1y, and 1y is lower semi-continuous.

Proof. In view of Lemma|[I0] the theorem holds if we are able to show that {w(0T)}r>1 satisfies a
local LDP upper bound with [y and if Iy is lower semi-continuous. The first part is established below
in Lemma[12] Lemma|[T3] Lemma[i4] and Theorem[7]

For the second part, we first verify the lower semi-continuity of Iy restricted to UJKZIXJ-, and
then apply Lemma [[1] with f = Iy to establish the lower semi-continuity of I, in X. Let
T € UleXj. If £ € A, lower semi-continuity directly follows from the fact &} is open

and Ip(x) = oo for © € X;. We then consider x € X for some j = 2,...,K. By defi-
nition, there is o : [K] + [K] such that z,;) = ... = Lo(j) > To(j+1) > -+ > To(K)-
By taking § < ming>;{2,() — Zo(i41)}/2, wWe have &’ € Uj_ X, if |2’ — |, < 4, and
Ip(x') > maxp—; . x_1 2x;(p+1 infacs, (o) ZZE()\J(@ - ug(k))2 as a consequence. Now as
verified in Lemma in Appendix [} the mapping & +— 27, (,11) infacs, (z) Zzg()\a(k.) — ,un(k))z
is continuous, we hence deduce that [y is lower semi-continuity at . O

Theorem 6. [Local LDP upper bound for CR-2 ] For 6 € (0,1] N Q, we define Iy as follows.
(a)Ifx € XU (Uf:2 Uf;j X;i(0)), then Ig(x) = oo,
(b)If3j €{2,..., K} such that & € X; \ U, UL ; X i(0), then
p+1
Ip(z) = 2 inf Ao (k) — 2
o(x) e 2o, nf k:l( o(k) — Ho(k))™
where S, () is defined in (96));
(c)IfV = UK X, and z € cl(V) \ V, then
Ip(x) = inf{ lim Iy(z®): {x®},en C V, 2 = zass — oo}

5— 00

Then the process {w(0T')}r>1 under CR-A satisfies an LDP upper bound (3) with the rate function
1y, and 1y is lower semi-continuous.

Proof. In view of Lemma the theorem is deduced if we are able to show that {w(67")}7r>1

satisfies a local LDP upper bound with I. This is established below in Lemma [T2] Lemma [T3]
Lemma|T4] and Theorem [§
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We then verify the lower semi-continuity of Iy restricted to UleXj, and then applying Lemma
with f = Iy yields the lower semi-continuity of Iy in 3. Let x € UleXj. If x € X, lower

semi-continuity directly follows from the fact X; is open and Iy(x) = oo for x € X;. We
then consider © € X for some j = 2,..., K. By definition, there is o : [K] — [K] such that
To(1) = o = To(j) > To(j41) > -+ > To(k)- By taking § < ming> ;{24 ;) — T (i41) }/2, We have

x' c Ug=1Xq if |’ — x| < dand Iy(x') > max,—; . k-1 Qx;(pﬂ) infxes, () ZZE(M@ —
Na(k))27 as a consequence. Now as verified in Lemma |18| in Appendix |[F| the mapping « +—>

224 (p41) infres, (@) Zzi()\g(k) — ua(k))Q is continuous, we hence deduce that I is lower semi-
continuity at .

O

Lemma 11. Suppose V C X is the set such that c1(V) = X, and [ : V — R is a lower semi-continous
Sfunction. If we extend f to 3 by defining

f(w) _ { f(w)a lfw € V,

inf{lim, ,  f(w®) : {w®}en C Vw0 = wass — oo}, otherwise,

then f is a lower semi-continous function in 3.

Proof. By the definition of f and the fact cl(V) = X,
Ve >0, V5 >0, Vw € £, 3z € V such that f(z) < f(w) +eand ||z — w|_ <. (71)

Next suppose on the contrary, f is not lower semi-continous at some w € X, that is, Eliw(s)} cX
such that w®) — was s — oo and lim,_ o, f(wW®)) < f(w). Letn = f(w)—lim, o f(w®) > 0.
For each s € N, (71) implies that there is 2*) € V such that [|z®) — w®)|| < 1/sand f(z()) <
f(w®) 4 1/2. Hence,

lim f(2) < lim fl@®)+ 7 < flw),

§—00 S§—00

which contradicts the lower semi-continuity of f if w € V and the definition of f if w ¢ V.

E.2  Local LDP upper bound on U/Z ; X; ;(6)

Letfd € (0,1]NQand j € {2,..., K}. Here, we first prove the result on X ;(6) in Lemma(13|and
that on & ;(0) for any ¢ > j in Lemma Note the results in this subsection are valid for both
CR-C and CR-A.

Lemma 12. Let 6 € (0,1] N Q, x € Xy, the process {w(0T')}r>1 satisfies an LDP local upper
bound (66) with Ip(x) = oo at x € X).

Proof. For x € A\, there exists o : [K]| — [K] such that z,1) > 2,2) > ... > Zy(k)-

Let 6 < ming=1,.. k- 1{Zok) = Toet1)} and T' > 02—5 such that 67 € N, we show that

Pulw(0T) € B(x, )] = 0, which directly completes the proof.

If w(0T) € B(x,d), then we have w,(1)(0T) > wy(2)(0T) > ... > we (k) (0T and

k:ﬁ?%{q{N‘T(k) (0T) = Np(o1y (0T)} = 6T k:1r,?.l,r}<71{w”(k)(9T) — Wo(k+1)(0T)} > 2. (72)

Because CR always pulls arms in the candidate set in a round-robin manner, (72) will never happen.
Hence, P, [w(0T') € B(x,d)] = 0.

Lemma 13. Let j € {2,..., K}. The process {w(0T)}r>1 satisfies an LDP local upper bound (66)
with Ig(x) = co at ¢ € X ;(0).
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Proof. Let x € X ;(0). We show that there exists g, > 0 and Tp , € Ns.t. if T > Ty  and
§ < bg,z, then w(0T) ¢ B(x, d) almost surely. As a consequence, P, [w(0T") € B(x,d)] = 0, and
Iy(x) = co. We decompose the proof into three steps.

1. Defining 69 o and Ty 5. We introduce the two functions, f1, f2 : [0,1] x ¥ — R:

J K
[0, x") = H’Zx;(k)logj A Z Ty — 1,
k=1 k=j+1
5N ey . /
fa(0,2") = min kgl?flz”(k)'
Since € & ;(#), we have ¢ = min{ f1(0, ), f2(#, )} > 0. Leveraging the fact that f;, f> are
continuous, we can find dg o € (0, 55) s.t.
if |60/ — 0| < 3jdge and ||@’ — x| < Tjdge, then min{fi (0", '), fo(0', 2')} > g (73)

1}

We also define Tp 5 = max{[;], [ 1m

)
2. We prove that for 6 < 8¢ o and T > Ty o, w(0T) ¢ B(x,0) a.s.. We proceed by contradiction.

Assume w(0T) € B(w,0). From (73), we have f5(6,w(6T)) > c¢/2. It then directly yields
that

min No) (07) — max No (01) = 0T 1m0 wo ) (01) — max wo ) (07)
=0T f2(0,w(0T))
HCl > 96T97w

>2 74
5 5 =22 (74

where the last inequality follows from Tpy , > %. Observe that CR always pulls the arms in
the candidate set in a round-robin manner (the maximal difference of pulling amounts among the
candidate set is at most 1), and CR stops pulling an arm £ after k is removed from the candidate
set. Thus, from (74), we deduce several facts: (i) C; = {o(1),...,0(j)}; (ii) before the round
7 = jming<j No(x)(0T) + >4~ ; No(x)(0T), the arm £; to be removed has not yet been decided;
(iii)
o minkgj Na(k)(GT) - 1, if k& < j,

Now (T =J) —{ Ny (7 = §) = Nogy (0T), it k> .

However, we will show in the next step that in the round 7 — 7, the condition for discarding an arm
in C; is triggered. In other words, ¢; = ¢(7 — j) is removed from C; in the round 7 — j, which
contradicts (ii).

3. The condition for discarding an arm in round T — j is triggered. First, from (iii) in Step 2,

Na(l)(T 7]) = Na(g)(’r 7]) = ... = o(j)(T 7]) (75)

Then, using (iii) in Step 2 again yields that

min Nory(T —37) — Jpax, Noy(T =) = min Nory(0T) — 1 — ax, Nowy(0T) > 1, (76)

where the last inequality comes from (74). Finally, observe that

T—j _ 2kei) Now (0T) — j mingeg;) No) (67) )

J
o T T T

< J | maxwe iy (0T) — 2oy + Toj) — Min We ) (0T) | + j0g.2
< J |maxwo (0T) = To() + To(j) — Min wok) (6T) | + 0,

< (204 6p,2) < 3jdp . (77)
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where the first inequality is due to T' > 1/0p 4; the second inequality follows from w(HT) B(x,9);

the last inequality is obtained using § < d¢ . Combining Lemmal'lz] (see below) with 6 = 33 59 z
and (77) yields that [|w(7 — j) — w(0T)]|, < 6,06,z hence
IIw T—j) -l < IIW(T —J) = w(OT)||l + [lw(0T) — 2|l <7jd6.a- (78)

From , we get fi (L, w(r — j)) > §. Thus,
Zk 1 Nogoy (T — j)logj 1\ _ T Y o (T — 5)ogj
G
= J— K .
T— Zk J+1No(k)(T*J) 1- 42k=1+1w0(k)(77‘7)

where the inequality is directly derived from f; (Z=2 T — ] > 0 and the fact that G(8) =

1/+/B —1is a strictly decreasing function. Note that (75} 79) trigger the condition of discarding
¢(T — j) in the round 7 — j. O

) <G(1)=0, (79

Lemma 14. Letj € {2,.. — 1} and i > j. The process {w(8T)}r>1 satisfies an LDP local
upper bound (66) with Io( ) oo atx € Xj,(0).

Proof. Let x € X ;(6) and let o be the permutation described in for . We show that there
exists dgp o > 0s.t. forall § < 0¢ .

1

i ! lo =
ST B, w(T) € Bla,s)]

T—oo T

(80)
We decompose the proof into three steps.

1. Defining 08¢ o, Te, and a random time T. We introduce two functions: for all &’ € X:

fil@') =0 Irlun xa(k)zlogz 0 Z T — 1
k=i+1

N . r ’
fa(x') = R To(r) = IAX | Tor):

Because fi(x) > 0, fa(x) > (T4(i) — To(i+1))/2, and both fi, fo are continuous, we can find a
positive dg , > 0s.t.
Lo(i) — Lo(i
Vo' € B(,0p0), fi(@) >0, fr(x) > % (81)
In the following, we fix § < ¢ . We define T}, as: T, = [ﬁ] Finally, we introduce the
random time 7 = i ming<; No () (0T) + >, <; No@)(0T) and two fixed rounds, Tiin = [ (izq ) +
D ki To(k) — KO)T] and Tmax = [(iZ5(i) + Dpsi To(k) + KO)T].

2. IfT > Ty o and w(0T) € B(x,0), then (i) T € {Tmin, - - -, Tmax } and (ii) w(7) € X ;(F). () is
trivial based on the definition of B(x, §). To show (ii), we observe that

2 Lo(i) — Lo(i+1)
To(i) — To(it1) 2
where the 1nequa11ty simply comes from (8I) and T" > T,. Since CR always pulls the arms in
the candidate set in a round-robin manner (the maximal difference of pulling amounts among the

candidate set is at most 1), implies CR discards one arm in {0 (¢ +1),...,0(K)} in the round 7,
and w(7) is:

mln N,,(k 01) — max Nc,(k 0T) =T fo(w(0T)) >

=1, (82)

o mink/gi No(k/)(gT)/T, if & < i,
Wo (k) (T) = { Noryor)/Ts otherwise. (83)
Note that (83)) yields that w(7) € X;. Moreover,
T o & K
ng(i)(f)ilogi ~ 7 Z Wo k) (T) = Gmmwg(k (0T )ilogi — 6 Z W (k) (0T)
k=i+1 k=i+1

= fi(w(0T)) +1>1,
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where the inequality directly follows from and the fact that w(67) € B(x,d0p ). Hence
QJ(T) c Xlﬂ,(%)

3. We show (80). Thanks to (i) and (ii) in Step 2, we have, for 7' > Ty,

Tmax

uw(0T) € B(z,8)] < Y P, [w@) c XM(%)} < OKOT max By [w(#'T) € Xii(6)].

Thus, a simple rearrangement of the above inequality yields that

li ! 1 ! f lim 1 !

1m — 10 lIl 1m O

P2 T8 1S(0T) € B(@,0)] — oriton n T 8 B [w(0'T) € 4,4(0)]
= OO,

> inf £ Iy
2 o B o T )

where the last inequality stems from Lemma([T3]

Lemma 15. Let 6 € (0,1]NQ, and § € (0,1). If we consider 0’ € [0 — 06,0] and T € N such that
0T,0'T € N, then

lw(OT) — w(0'T)||, < 26. (84)

Proof. Observe that for any k € [K],

o (6T) — wop (0T} = Ni(0T) Nk(G’T)’ - N(6T) Nk(Q’T)’ . ‘Nk(e’T)  N(0'T)

0T o'T 0T 0T 0T
0—¢ 1
< L1
<— +0(9, 9)
o 0’
— - 41-2<2
g Tl =2

where the first inequality uses the triangle inequality; the second inequality simply comes from
N(0T) — Nx(6'T) < (6 — 0/)T and N (0'T) < 0'T; the third inequality is a consequence of
6" > 6(1 — §). Hence (84) follows. O

Lemma 16. Let 6 € (0,11 N Q, and § € (0,1). If we consider 0’ € [0 — 06,0] and T € N such that
0T,0'T € N, then

1&(0T) — W', < 2. (85)
Proof. Observe that for any k € [K],

3 0T) — (') = | 2502 X0 Zt<e'TXk<t>’

0T a 0'T
2i<or Xi(t) B >i<orr Xu(t) n > i<orr X(t) B >i<orr Xi(t)
- 0T 0T oT 0'T
0—0 1
< [ —_—
S——+0 ¢ 70
0’ 0’
—1-241-2 <2
0 + 0 %,

where the first inequality uses the triangle inequality; the second inequality simply comes from
Yorer<or Xe(t) < (0 —0)Tand Y, o Xi(t) < 0'T (as Assumptionensures that X (1) €
[0, 1]); the third inequality is a consequence of 8’ > 0(1 — ¢). Hence (85) follows.
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E.3  Local LDP upper bound on X; \ U/, X; ;(6)

Fix 6 € (0,1] N Q. We will establish local LDP upper bounds on X; \ Ufij X () for the process

{w(0T)}r>1 under CR-C and CR-A. The upper bound for CR-C is presented in and that for
CR-A in[E.32] We first present a useful proposition repeatedly used in[E3.T} [E.3.2] and the main
proofs for Theorem 3]and Theorem f]in[C]

One important property for z € X; \ UK X; ;(6) is that the remaining budget for the empirical top-;
arms is lower bounded by a constant. This observation is summarized in Proposition [7]

Proposition 7. Ifx € X; \ UL, X;:(0), thenVi € {j +1,..., K},

K —.

log(i — 1)

1-6 To() > ————.
; (k) = logK

Proof. Notice that the statement of the proposition is equivalent to : Vie{j+1,...,K},

i 1 1
0D o) S =2 7 (86)
) logh {= F
The inequalities (86) will be proved by induction.
1. We show (86)) for i = K. Since x ¢ X; i (),
1> GK@K%(K). (87)

Dividing by KlogK on both sides of directly yields with ¢ = K. Now we assume is
valid for some i + 1 € {j +2,..., K}, and we show for i.
2. We show (86)) for i assuming that (86) holds for i + 1. As x ¢ X, ;(0), we get:

K

1-6 Z xa(k) > 91@@1:0(1)
k=i+1

Dividing the above inequality by ilogi and adding 6 ZkK:i 11 Zo(k) to the both sides, we obtain that

0 o < + (1= =)0 > @)
o

ilogi alogi’ S
K
1 1 1

I P -

tlogi ( ilogi)logK k;rl k

K K
1 1 1 1 1

== Tt = |1-== =1,

logK k;rl ko dlogi l logK k§r1 k]

where the second inequality stems from our inductive hypothesis fori + 1. As logK — logi =
Zf:i 41 %, the r.h.s on the above inequality is equal to

K K
1 1 1 1 — — 1 1
logK | &~ k  ilogi logK logK ¢k
hence (86) is proved. O

E.3.1 The allocation process under CR-C

We show that Iy presented in Theorem [7]below is a valid rate function for a local LDP upper bound
for the process {w(67")}r>1. This function is however too complicated to use, and we will
present a simpler rate function in Corollary [3}
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Theorem 7. Letj € {2,..., K — 1}, 0 € (0,1],x € &; \ UL, X; ;(0), define
p+1
T = 2%, inf Ao(k) — Ho (k)2 88
o(x) pzﬁ}f‘?}}g_l Lo (pt1) Ael‘%(w)kzl( (k) — Ho(k)) (88)

where o is the permutation described in (64) for z and

) 0z, p+ Dlog(p+ 1
Sp(ili) = {)\ S [07 ]_]K : )\(T(p+1) < rkn<12 )\a(k) -G ( (P+1)( ) ( )> } . (89)

K
1-0 Zk=p+2 Lo (k)
Then the process {w(0T)}r>1 under CR-C satisfies a local LDP upper bound (66) with Iy at .

Proof. For simplicity, o is assumed to be the identity map. Letp € {j,..., K —1}. Asx € &;, we
have z, — xp41 > 0. Let T' > K, and 6 < (z, — xp+1)/2 be some positive number. We will derive
an upper bound for P,, [w(0T) € B(x, )], and then compute its rate by driving 7" — oo and § — 0.

Observe that of course:

Py [w(0T) € B(w,0)] < Py, [Uyep(a,s{w@T) =y}] . (90)

1. Obtaining a necessary condition for w(6T) = y. For any y € B(x,d), we introduce 6(y) and
z(y) as:

p .
Oy /60(y), ifk>p+2,
0(w) =003~ prhand ) = { U DD
k=1 -

Following directly from the above definitions, we obtain that

p+1
sz O(p+ 1)yps1, and 8(y)zx(y) = Oyr, Ve =p+2,... K. 91)
From the choice of 6, y,,11 is the smallest real number in {y1, . . ., Yp41}, S0 €41 = p+ 1. Moreover,

O(y)T is the round CR-C decides ;41 = £(0(y)T) = p + 1, and w(0(y)T) = z(y). Due to the
condition for discarding p + 1 (see (L1))), we have f1(0(y)T') € S,(y). Consequently, we have:

{w(0T) =y} C{R(0W)T) € Sp(y), w(O(Y)T) = 2(y)} - (92)

2. Reducing Uyc (z,5){w(0T) = y} to a single set. To do this reduction, we use the results of Step
1 and Lemmas [15]and

Let y, € arg maxyep(z,s) 0(y). Using the continuity of the function 6(y), there exists 1(J) such
that () tends to O as § — 0, and for all y € B(x,0), 0(y) € [0(yy)(1 —n(9)),0(yy)]- By Lemmas
[[5]and [T6] we obtain that:

[12(6(y)) — (0(yo))lloe < 20(5),
lw(@(y)T) = w(0(yo)T)lleo < 21(0).

Now define the following sets:

Ssp = Uyep@n{5: 35 € Sp(y) « lIs — 5l < 20(d)},
Wi = Uyep@a{w € X: [0 = 2(y)]lo < 2n(0)}.

By construction, for all y € B(x, d), we have that if 1(0(y)T') € Sp(y), then (0(y,)T) € S5.ps
and similarly w(6(y)T) = z(y) implies that w(6(y,)T) € W.

3. Using Theorem[I] Putting the results of the first two steps together, we get:

Py [w(0T) € B(,0)] < Py [fu(0(y,)T) € Ssp,w(0(yo)T) € Ws]
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By applying (c) in Section[3.2] with S = S, and W = W, it follows that

1 1
. - > i g .
P T B 0T € B 0] — ), e )

When 0 tends to O, the rhs. simply converges to 6(x)Fs (»)(2(x)). The latter is
infaes, (z) 2 ZZE Tpr1( Ak — pi)? (see Lemma|17|in Appendix for continuity arguments).
As the above proof holds for any p € {j,..., K — 1}, we complete the proof. O

Next, as in Appendix|C| we define the subset of A; \ U< ;& ;(6):

0z, jlogj
2,1(0,8) = {z € X\ UK X, ,(0) s o(k) = k, ¥k < jand — 2228 5}

1-6 Ek>j 2k
forall 8 € (0, 1]. Note that the permutation o in the above definition corresponds to that used for point
z as in the definition of X; @): itissuch that z,(1) = ... = 25(j) > Zo(j4+1) > -+ > Zo(k) > 0.

Corollary 3. Letj € {2,...,K — 1}, 0,8 € (0,1], z € Z;)(0, B). Define

2

log(j +1) 025(j+1) 1
Ly(z) = —=—— || 1+ () = 7
0 Olog K N0 e (7 +Dlog(j +1) /|

where o is the permutation described in (64) for z, then 1,(z) < Ip(z).

Proof. Observe that I(z) is larger than the value of the following optimization problem:
: 2 2
Jnin 220(j+1) (A = 1)* + Aog1) = Hoi41)?) ©3)
subject to Ay (j11) < Aj — G(B),

where _ .
G- 025(j+1) (7 + Dlog(j + 1)
= K
L=03 k—ji2 Zolk)
One can simply verify that the optimal value of (93) is

~ 1
2o (40 (15 — HoG+1) — GB)+)* = 2oy (14 G — \/f)+]27 (94)
B

where the inequality follows from the fact that y1;41 > pg(j41) and G (B)=1/ \ﬁ — 1. Substituting
the value of /3 yields that the r.h.s. of is equal to

2
K
1 920(,'+1) 1
|10 Zo(k) <(1+C') : =
0 k—zj;rQ ’ 1- 92?:]‘4_2 Zo (k) (j+ Dlog(j +1) n

Asz € X\ UL, X;(0), Propositionwith i = j + 2 directly completes the proof. O

E.3.2 The allocation process under CR-2A

One can use similar arguments as those used in the proof of Theorem 7]to derive the analogous rate
function for the allocation process under CR-A.

Theorem 8. Letj € {2,...,K — 1}, 0 € (0,1],x € &; \ U, X; ,(0), define
p+1

_ : _ 2
Ip(z) = _mmax  2uep Aeﬁf(w)kﬂ@”(k) Ho(k))™s (95)
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where o is the permutation described in (64) for z and

Dkt Aoh) o <9Ia(p+1)(10 + Dlog(p + 1)) } . (96)
p L= 03y y2 otk

Then the process {w(0T) }>1 under CR—A satisfies a local LDP upper bound (@) with Iy at x.

Sp(w) = {A € [0, 1% : Ag(psn) <

The proof is omitted as it is almost the same as that of Theorem[7] We can also obtain the analogous
version of Corollary 3]as shown below:

Corollary 4. Letj € {2,..., K}, 0,5 € (0,1], z € Z[;,(0, B), we define

2

2jlog(j +1) 020 (j+1) 1
I(z) = 28V T (14, - = . (97
Ly(=) 0(5 + DlogK (L+ ) 1-— HZkK:j+2 2o (k) (4 Dlog(5+1) N Gn

where o is the permutation described in (64) for z, then 1,(z) < Ip(2).

Proof. We can simply solve the optimization problem similar to (60) as in the proof Proposition [6]in
Appendix and get that Iy (z) is greater than the Lh.s. of the following inequality.

) 2
QjZU +1 ZJ: 125 = 2j20 I+1 1
jfl ) ( S g =GO ) | 2 ﬁ (L) ——=] | . ©8
+ O
where

025(511)(J +1)log(j +1)
1-46 ZkK:j+2 Zo (k)
isdue to j41 > fip(j+1) (henced %, jin/7—tio(j41) > ¢;) and G(B) = \}5—1. Substituting

the value of /3 yields that the r.h.s. of equals to

G

2
, K
2] Hzg(j_,_l) 1
o |10 D e ((le) 7 Ve
0(j +1) P L =03 kiiaZo(k) (j+ Dlog(5 +1) .
Asz e X\ Ufij X;.:(6), Propositionwith i = j + 2 directly completes the proof.
O
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F Continuity arguments

We introduce some definitions and results taken from (Bergel [1997)), and also used recently in (Wang
et al.| 2021} Degenne and Koolen, [2019; (Combes et al.,[2017) in the bandit literature.

Suppose X and Y are Hausdorff topological spaces. Let v : X x Y — R be a function and
® : X =3 S(Y) be a set-valued function, where S(Y) is the set of non-empty subsets of Y. Besides,
we introduce K(X) = {F € S(X) : F' is compact}. We are interested in a minimization problem of
the form: for z € X,

v(z) = inf wu(z,y).
@)= inf ulz.y)

We define the set of solutions of this problem as ®*(z) = {y € ®(z) : u(z,y) = v(x)}.
Theorem 9 ((Berge, (1997)). Assume that

o & : X = K(X) is continuous (i.e., both lower and upper hemicontinous),

e u: X XY — Ris continuous.

Then the function v : X — R is continuous and the solution multifunction ®* : X — S(Y) is upper
hemicontinuous, with values that are nonempty and compact.

F.1 Verifying the continuity in Theorem 7]

We verify the continuity argument used in the proof of Theorem 7]
Lemma 17. The function

p+1
inf e — )?
Ae{%(w);xml( k= HE)S

0 1)log 1
where Sp(x) = { A € [0,1]% : N\pry <min);, — G Tp(p+ 12 og(p+1) ,
k<p D S

is continuous for all x € X.

Proof. We apply Theorem ] with:
«X=3, * O(z) = Sp(w),
* Y =1[0,1)%, s u(®A) = S wpi (A — )2

As the objective function is obviously continuous, it remains to show that S,(-) is a continuous
correspondence. By simply using Lemma (19| with f(A) = A,41 — ming<p Ax and g(x) =
-G (9%+1(P+1)10g(17+1)

K
1-6 Zk:p+2 Tl

, we can complete the proof. O

It is straightforward to get a similar guarantee for the function involved in CR-A: we hence omit the
proof of the following lemma.

Lemma 18. The function

p+1
inf Tp+1 /\k — Uk 2,
LD BESHEES

A Dlog(p + 1
where Sp(ﬂ'}) =€ [07 1]K . )\p+1 S M _q 9.1'p+1(p+ 12 Og(p+ ) ,
p 1 —sz:j+2 Tl

is continuous for all x € X.
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Lemma 19. Let g : ¥ +— R be a continuous mapping and f : [0, 1]% +— R be a lower semicontinuous
mapping which further satisfies that VA € R¥ | § > 0, there exists X' € R¥ s.t. H)\ — /\'Hoc <dand
fX) < f(X). ThenVz € %,

S(x) = {)\ € [0, 1}K S fN) < g(w)},

is a continuous correspondence.

Proof. (i) Upper hemicontinuity: Suppose {x,, }nen C X converges to * € ¥ and {\,, } ey C RE
converges to A* s.t. A, € S(z,,) for all n € N. We will show that \* € S(z*). Since g is upper
semicontinuous, and @,, — x* as n — oo, for any € > 0, AN, € Ns.t. g(x,) < g(x*) + € for all
n > N.. As A, € S(x,,), we deduce that

fAn) < g(@n) <g(®") +¢, Yn > Ne.

Now the lower semicontinuity of f implies f(A*) < lim,, ... f(An) < g(x*) + €. As € can be taken
arbitrarily, \* € S(x*).

(ii) Lower hemicontinuity: Suppose {&, }nen C X converges to £* € X, we aim to show that for
all \* € S(z*) (or equivalently f(A*) < g(x*)), there exist a subsequence {@, }ren C {@n }nen
and a sequence {\}ren s.it. Ax € S(xy,, ) and Ay, — A" as k — oo. By assumption on f, for
any integer k, there exists A s.t. [[Ay — X*|| < 1/kand f(Ar) < f(X¥). Also, g(x,) — g(z*)
as n — oo implies there exists a finite n s.t. g(x,) > f(Ax) due to the lower semicontinouity of
g. Hence we can always find a subsequence {ny} s.t. g(x,,) > f(Ax), which is equivalent to
A; € S(.’Enk) O

Lemma 20. When S is a bounded set in R®, Fs(-) is a continuous function.

Proof. This is a direct application of Berge’s maximum theorem. [
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G A partitioning technique for large deviations

In this section, we establish a theorem that is instrumental in the large deviation analysis of our
algorithms.

Theorem 10. Let 6,6y € (0,1). Let (S0.4)0€(60,11,7€180,1] 914 (Wo.7) g (00 17,7 [do,1] WO COllec-
tions of Borel sets in [0,1]% and 3, respectively. We assume that

Suppose (i) for any T € N,

T T
Bel< 30 3 Bl €5y - wl(t) e W, -],

t T
T°T
t>200T +>0,T

(i) for any 0 € (00, 1] N Q, {w(0T)}r>1 satisfies LDP upper bound (3)) with Iy, where Iy is lower
semi-continuous in .
(iii) V0, ~, Sp.~ # 0. Forall 6 > 0, there exists 1 > 0 such that if max{|0’ — 6|, |y —~|} <, then

dist(Sp,~, Sery/) = max{ sup inf |ls—s'||, sup inf ||s — 5l }

8659,7 5/659/7,,{/ S‘/GSQ/ ' SES
Under Assumption[I} we have

1 1
lim —log——= > inf inf inf  fmax{F; w), Ip(w)}. 99
P8 T B BLIE] Z ocimiinencpnguwedtve,) O T (O (W)} 09

Proof. Without loss of generality, we can assume 6y = 0. If 6y < By, we further define Soy =S, b
and Wy, = W, 5 for Oy <v< fo. And we handle the case 6, > 6, similarly.

The main idea behind the proof is to partition the set of instants ¢t € {07, ..., T} into a finite
collection of instant sets such that if ¢ lies within one of these sets then we may bound P, [f1(t) €
St z,w(t) € W -] uniformly. From this partition, we can rewrite the upper bound P, [£] as a
finite sum. This sum is further upper bounded by a maximum over each of its terms. We conclude by
taking the limit as T" grows large — since we deal with the maximum over a finite number of terms,
the limit and the maximum can be exchanged.

Step 1. Partition of [y, 1]. To build this partition, we leverage the results of Lemmasand Let
0 > 0. We construct N points 01, ..., 0y, as follows: 8, = 1 and
)

bn=(1-3)"0, Wn=1.. N;—1

N is chosen as min{p € N : §y(1 — £)~P > 1}. Now observe by construction that:

UnZy [Bn-1,62] = [60, 1], (100)
)
Vn, (0 € [0n-1,60,]) = (6 € [0,(1 — 5),9"]). (101)
Step 2. Uniform upper bounds of Py, [1(t) € S1 -, w(t) € Wy -]. We define the following sets:
foralln,m=1,..., Ny,
gg’m = U0€[0n_1,0n]ﬂ<@ U'yG[Om 1,0m]NQ {§ E O 1]K :ds e Sy - ||§ — SHOO < (5}
Wi m = Uo€(0,1,6,110 Urelbn—1,0,100 {0 € B 3w € Woq : [|@ — wl|oo < 8}
Let =t/T,~v = 7/T, and assume that ¢ € 0,1, 65}, € [0hn—1,0m]. Then ii(t) € S¢ - implies
that /i(60,,) € S‘S from Lemma. S1m11arly, w(t) € Wy - implies that w(6,) € V_V6 from

Lemmal[15] We conclude that: for all ¢, 7 such that t/T" € [0,,_1T,0,T) and 7/T € [0, 1T 9 T
PLlialt) € S,

o ow(t) €Wy o] < Puli(0.7) € 53, w(6,T) € W), .
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Step 3. Upper bound on P, [£]. We denote by p, the number of instants ¢ such that % €

[0,,-1T, 6, T]. From the above inequality, we conclude that:

Ns Ns
Pul€] < Z Z PrpmPu[p(0:T) € ngm,w(ﬂn) € Wg,m]’

n=1m=1

Ns Ns

< Dn Dm max  P,[(0,T) € S, w(,T)ecW’, ]
Copd( o), x| Bulf(0.T) € 51 w(0T) € W)

We note that ZnNil Dn, is roughly equal to 7', and always smaller than 7"+ 2 N. Taking the logarithm,
dividing by —7', and the liminf of the above inequality, we get:

1 1 1 1
1i —log —— > 1i — i 1 _ _
T T 8 BLIE] = o T nmelln gy o P [(0nT) € 83, w(0,T) € W2, |’
i lim —1 L
= min im —lo = = ,
ne TNy} Tme T 2 PL[(0nT) € 83, w(0,T) € W2, |

> min 0, inf  max{Fz (w),Ip, (W)},
~ n,me&{l,...,Ns} Lwecl(V_ngm) { S”’m( ) Qn,( )}

where the last inequality follows from Theoremwith S= S'zym and W = Wr‘im.

Step 4. Continuity arguments. The last step consists in proving that:

lim su min inf 0, max{Fg w), Iy (w
6—>0pn,m€{1w~,N5}wecl(V_Vgrm) " { Si’m( ) Hn( )}

> inf inf 6 F. 1, .
- 077€E£),1]ﬂQw€c%?W9,v) Hlax{ So,y (w)’ 9(&!)}
We first state two uniform continuity results, proved in Lemma For any € > 0, 0,v € [0, 1],
there exists 9 > 0 such that
Vw,Vn,m=1,...,Ns, Fg (w)>TFs, , (w)—c¢, (102)
Vw,w': |w— W'l <8, Fs, (W) >Fs, (w)—¢ Ip(w')>Ig(w)—e (103)

(T02) is the consequence of (iii) and Lemma[21] (T03) immediately follows from the compactness of
3., lower semi-continuity of Iy, and Fs,  (see Lemma@ and (ii)). We fix such a 6, and consider any

convergent sequence (7, My, W) With values in {1,. .. , Ns5}? x ¥ such that if ny, = n,my =m
then wy, € W,‘im. Denote by (n, m, wy) its limit. We let:

g" = lim O, max(Fgs (wk), Ienk (wk))-
k—o0 T

Then, we have:
g >0, max(Fg;sL (wo), Lo, (wo)) — €
> 0, max(Fs, , (wo),Ts,(wo)) — 2¢
> O, max(Fs, , (w), Iy, (w))— 3¢,

for some 0 € [0,,—1,0,], ¥ € [Om-1,0m], w € CI(WQW). The first inequality is due to (103)), the
second to 1) and the third to the fact that wy € Wgym and |D We conclude that:

*>  inf inf 0 F. 1 ~ 3.
A T A max{Fs,  (w), lop(w)} — 3¢

O

Lemma 21. Assume (8977)06[90” ~€l01] is a collection of nonempty sets in [0, 1% that satisfies
V8§ > 0, there exists n > 0 such that if max{|0’ — 0| ,|y — |} <, then

dist(Sp,~, Sery/) = max{ sup inf |ls—¢'||, sup inf |s' — 5”00} .

SGSQ,W SIGSQ’,w’ S/GSQ/Y’Y’ SESO,'Y
Then (@) holds.
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Proof. Recall that Fs, (w) = infxcq(s,) ¥(A, w) = infaca(s,) Do p Wed(Ax, px). ¥ is uniformly
continuous in [0, 1]% x ¥, and hence:

Ve > 0,36 : VAN A = XNloo €26 = |[T(A,w) — TN, w)| <e.

Based on the assumption in the lemma, there exists > 0 such that if max{|0’ — 0|, |y —v|} <,
then B

diSt(Sg),y,Sgrﬁ') < 9.
Select § < min(8,2n). Let n,m € {1,...,Ns}. For (0,7) € [0n_1,0n] X [0m_1,0m], we have
max(|0 — Opl, |y — Om|) < /2 < n. This implies that:

diSt(Sgﬁ,Sg 9.) < J.

nyYm

And hence since Sy, 4, C 53,0
dist(Sp,, S ) < 6.

n,m
We conclude that Vw, VA € Sy, IN' € Si,m’
V(A w) > TN, w)—e

This completes the proof.
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H A simple min-max problem

The two following results are used in Appendix[C|

Lemma 22. Let by, c1,ba,co > 0. Introduce f(x) = —bix + ¢1 and g(x) = bax + ¢o, VY € R.
Then

inf max{f(z), g(2)} = f(2o),

where xg is the real number s.t. xo > 0, f(xo) = g(xo)

Proof. As g is an increasing function and f is a decreasing function, we deduce that for all © > =z,

max{f(z), g(x)} > g(x) > g(xro) = f(xo). Similarly for all z < xg, max{f(x), g(z)} >
f(x) = f(zo).

O
Lemma 23. Let by, c1,ba, ca > 0. Introduce f(x) = —biz + ¢1 and g(z) = [(cav/T — b2) 4] for

x € Ry. Then
Jnf max{ f(x),g(z)} > f(zo),

where x is the unique real number s.t. xo > 0 and f(zo) = g(xo).

Proof. We first prove the uniqueness of zy. Observe that g is an increasing function, whereas f is a
strictly decreasing function. From the definition, we can have f(0) = ¢; > 0 = g(0), hence there
exists an unique point zo > 0 s.t. f(xg) = g(xo). Leveraging the convexity of g, there exists a linear
function g s.t. g(x) > g(x) and g(x¢) = g(xo). The proof then follows from the fact that

inf max{f(@).g(@)} = inf max{f(z),g(x)} = f(x0)

where the last inequality is the application of Lemma [22] O
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I The LDP conjecture and its consequence

In this section, we restate the conjecture mentioned in Section[3.2] and we discuss how it relates to
the conjectured lower bound (T).

Conjecture 1. Assume that under some adaptive sampling algorithm, {w(t)};>1 satisfies an LDP
with rate function L. Then we have: for any non-empty subset S of R and any subset W of 3,

1 .
B, () € (S, w() e W] — iy max{Fs(w), Liw)}-

.1
Jim 7 1o

For simplicity, we assume that A = {p € R¥ : py(,) > pp,Vk # 1(p)} and all the reward
distributions are Gaussian. Introduce the notation:

U = inf W
© glg%()\elzilh(u) A @),

and w*(p) = argmax inf Y, (A w
(ll’) 562 )\EAll(p,) H( I )7
where U, (A, w) = Z,If:l wid(Ag, k). Notice that the KL-divergence is symmetric in its arguments
if the distributions are Gaussian. Hence the conjectured lower bound (1) is exactly the same as that

in the fixed confidence setting. The solution w* () to the corresponding optimization problem is
unique (see Theorem 5 in|Garivier and Kaufmann| (2016)).

We consider the set of algorithms returning the best empirical arm ¢ = 1(f(7")) and with error
probability matching the conjectured lower bound (I). If such an algorithm exists, under the
assumption that Conjecture [1|is true, the rate function for the corresponding process {w(T) }r>1
must satisfy:

‘irelfz max {(Aei/gtf(p) U, w)), L“(w)} > vy, (104)
where L,, is the rate function of a complete LDP under p for the process {w(T) }r>1. Lemma
below shows that (104) implies the process {w(T") }>1 convergences to the optimal allocation.

Lemma 24. For p € A, if there is a strategy satisfying , then L, (w) > V5, Vw # w*(p) and

Ly (w* () = 0.

Proof. Assume that, on the contrary, there is w’ # w*(u) s.t. L,(w') < ¥j,. Together with
infxcan(u) V(A w') < Wy, this implies that:

. . < . 12 12 * )

ing max {( int 00 w) L) | < max{ | inf 0,00, L) | < 0
This contradicts the assumption, (104), so we have L, (w) > ¥}, Vw # w* (). As for the optimal
allocation, w* (), the fact P, [w(T') € X] = 1 implies that

1
> inf L,(w),

1
— lim ~log——
0=/ 71085 oy ey = ok

T—oo T

where the last inequality stems from (4) in Deﬁnition Since L (w) > ¥, Yw # w*(u), we
conclude that L, (w*(p)) = 0. O

So far, we have investigated the consequence of matching the lower bound (1)) on a single instance
(a single parameter ). Of course, we wish to get an algorithm matching (T)) for all instances. The
following theorem shows that this is impossible even for two parameters.

Theorem 11. Consider pu, m € A 5.t. w*(p) # w*(m) and maxye (x| d(mk, pix) < W}, then there
is no strategy satisfying (i) and (ii) simultaneously:

(i) ({{04) holds for w
(ii) holds for p
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Proof. Assume that, on the contrary, there is such a strategy. By the assumption on p and 7, there
will be an open set O C X s.t. w*(mw) € O butw*(u) ¢ O. On the one hand, L, (w*(7)) = 0 by
Lemma [24] and (i). Recalling the LDP lower bound () in Definition[l] L (w* (7)) = 0 directly
implies that:

lim Prlw(T) € O] =1. (105)

T—o0

On the other hand, (ii) and Lemmaimply that L, (w) > ¥y, if w # w*(u), hence

1
lim

1
S log—— >yt 106
e T 2P w(T)c0] = » (199

Now applying a change-of-measure argument (see Lemma 1 in Kaufmann et al.|(2016) or equation
(6) in |Garivier et al. (2019)), one can derive

K
D B o (1) dimi, ) TKI(Po[w(T) € O], B [w(T) € O)) (107)

Using the assumption that maxye(x] d(mx, pix) \I/* the left hand side of (107) is strictly smaller
W7, However, by letting ' — oo on the rh.s. of [105) and (T06) implies the limitinf is larger
than W7;,. This is a contradiction. O

The consequence of Theorem [IT]is that either our conjecture is true and in which case, for any
algorithm there are two instances for which it cannot match the error lower bound (TJ) or the conjecture
is not true (the bound provided in Theorem|[T]is not tight). We finally note that recent results presented
inDegenne] (2023); [Wang et al.|(2023) suggest that indeed the lower bound (I)) cannot be achieved.
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J Discussion on the conjectured lower bound (1)

In this section, we discuss two points: (i) (I) indeed corresponds to the conjectured lower bound
proposed by |Garivier and Kaufmann|(2016)), see their Section 7; (ii) however, as far as we know,
there is no proof for (IJ), but one can derive a lower bound by inverting max and inf in (T).

(1) Without loss of generality, assume that g is such that 1 is the best arm. We start from (1) and show
that this is equivalent to Garivier-Kaufmann’s formula. First, it can be easily checked that in (1), we
can replace ¥ by ¥5¢ = {w € ¥ : w, > 0,Vk € [K]}. Then, for any w € X, we have

f = mi inf m)-
sy 2o in) = iy Il nd(@.m) (@)

Indeed, we can decompose Alt(1) as Up,£1{A € A : X\, > A1}, and thus, we have:

f d(\ = f d(A
/\elg}t Zwk ks k) = m;}gl\lglzwk ks Mk )-

We conclude by observing that

inf wld()\la ,Ul) + wmd()\ma ,Um) = inf wld(x, ,Ul) + Wkd(x, ,u'rn)a
Am > P <zT<p

which holds for all families of distributions such that  — d(z, y) is monotonic (decreasing before y
and increasing after ) — this holds for Bernoulli, Gaussian, etc.

(ii) Consider a consistent algorithm, and denote by wy (A) the expected proportion of rounds where the

algorithm selects arm & under the probability Py. Using the classical change-of-measure arguments,
we get:

. 1
lim sup log m < Tzwk(k)d(kk, pe) < nggzwkd()‘kvﬂk)-
B k k

T—o00

We can only deduce that:

li I f d( M .
mpT B L] # 1] < adlf, 2 2O )

One cannot directly apply Sion’s minimax theorem to derive (1) (as Alt(u) is not a convex domain).
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K Numerical experiments

We consider various problem instances to numerically evaluate the performance of CR. In these
instances, we vary the number of arms from 5 to 55; we use Bernoulli distributed rewards, and vary
the shape of the arm-to-reward mapping. For each instance, we compare CR-C and CR-A to SR
(Audibert et al., 2010), SH (Karnin et al., 2013)), and UGapE (Gabillon et al.,2012). As discussed in
Section 2] UGapE requires prior knowledge about a parameter depending on the underlying problem.
We hence implement its heuristic version which estimates the parameter on the fly, such modification
was suggested in previous works e.g. (Audibert et al.| [2010; Karnin et al.,|2013). We implement all
algorithms in Julia 1.7.3 and run all experiments on a machine with Apple M1 with 16 GB
RAME] Tge error probabilities averaged over 40, 000 independent runs. In all experiments, we set
0y = 10~° for CR.

We vary the shape of the arm-to-reward function and consider one shape in each of the subsections
below. We present the error probability of all algorithms in tables and figures. In the latter, the error
probability is presented using the log scale, which sometimes makes the curves for some algorithms
close to each other. In the tables, we present the error probability for a few budgets only, and there,
we can see a clearer separation between the performance of the various algorithms.

Observe that our algorithms, CR, perform better than the other algorithms for most arm-to-reward
function shapes, except for linear arm-to-reward functions. In this specific scenario, SH performs
better but may perform very poorly in some other setups. In contrasts, CR is always among the two
best algorithms in all scenarios.

K.1 One group of suboptimal arms

This instance is considered by (Karnin et al.|[2013): ©; = 0.5 and pp, = 0.45 for all £ > 2. We can
see that the performances of SR, CR-C, and CR-A are significantly better than UGapE and SH.

0.50 -
0.49 -
0.48 |
0.47

0.46 -

0.45 | I N N 1
0 10 20 30 40

Figure 1: (One group of suboptimal arms) p with K = 40.

3Our Julia implementation can be found at https:/github.com/rctzeng/NeurIPS2023-CR|
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Table 2: (One group of suboptimal arms) error probabilities (in %).

K =10 T=6,400 T =7,200 T = 8,000
UGapE (Gabillon et al.,2012) 34.66 33.22 32.15
SH Karnin et al. (2013) 16.09 13.83 11.72
SR Audibert et al. (2010) 7.86 5.86 4.29
CR-C (this paper) 7.29 5.47 4.17
CR-A (this paper) 7.37 5.52 4.07
K =20 T =12,000 T =14,000 7T = 16,000
UGapE (Gabillon et gl., 2012) 42.77 39.93 38.62
SH Karnin et al. (2013) 24.48 20.30 17.02
SR Audibert et al.|(2010) 9.43 6.59 4.35
CR-C  (this paper) 8.39 5.92 4.08
CR-A (this paper) 8.80 6.16 4.42
K =140 T =30,000 T =35,000 1T = 40,000
UGapE (Gabillon et al.,2012) 42.84 40.46 38.11
SH Karnin et al.|(2013) 23.24 19.20 15.93
SR Audibert et al.£2010) 6.51 4.48 3.14
CR-C (this paper) 5.96 3.99 2.89
CR-A (this paper) 6.56 4.27 3.06

—UG —UG
16705 s - =
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CR-C 10 CR-C
——CR-A ——CR-A
—1.0
10 \ 10‘1.0
4000 5000 6000 7000 8000 7500 10000 12500 15000
budget budget
(@ K =10 (b) K =20
\ —UG
——SH
10702 —SR
CR-C
— CR-A
10710
10713

2.00x10* 2.50x10* 3.00x10* 3.50x10* 4.00x10*
budget

() K = 40

Figure 2: (One group of suboptimal arms) error probabilities averaged over 40, 000 independent runs.
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K.2 Two groups of suboptimal arms

In this instance, we set 43 = 0.5, pup = 0.45 for k = 2,--- | L%J and pr = 04 for k =
L%J +1,---, K. Compared to , where CR-C is always the best, CR-A becomes relatively

better here.
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Figure 3: (Two groups of suboptimal arms) p with K = 40.

Table 3: (Two groups of suboptimal arms) error probabilities (in %).

K=10 T=5,600 T=6,800 T =38,000
UGapE (Gabillon et gl., 2012) 25.50 23.02 20.97
SH Karnin et al. (2913) 7.41 5.05 3.33
SR Audibert et al. (2010) 4.05 2.30 1.20
CR-C (this paper) 3.68 2.05 1.13
CR-A (this paper) 3.44 1.88 0.99
K =20 T=4,000 T =7,000 T =10,000
UGapE (Gabillon et al.,[2012) 48.49 40.68 36.12
SH Karnin et al.| (2013) 38.64 23.13 14.64
SR Audibert et al.|(2010) 28.26 12.03 5.03
CR-C (this paper) 26.54 10.62 4.52
CR-A (this paper) 26.00 10.61 4.27
K =140 T =15,000 T =20,000 7T = 25,000
UGapE (Gabillon et al.l[2012) 46.04 41.80 38.30
SH Karnin et al. (2913) 27.29 19.69 14.24
SR Audibert et al.| (2010) 9.97 5.03 2.43
CR-C (this paper) 9.12 4.49 2.24
CR-A (this paper) 9.26 4.78 2.38
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Figure 4: (Two groups of suboptimal arms) error probabilities averaged over 40, 000 independent
runs.
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K.3 Linear arm-to-reward function

In this instance, we set ug = % — % fork =1,---, K. As commented at the beginning of this

section, SH is the best, but the performance of CR-A is rather close to it.
0.7t
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0.5t
0.4+
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Figure 5: (Linear arm-to-reward function) g with K = 40.

Table 4: (Linear arm-to-reward function) error probability (in %).

K=10 T=3,200 T=3,600 T =4,000
UGapE (Gabillon et al.,[2012) 4.96 4.22 3.24
SH Karnin et al. (2913) 0.80 0.48 0.30
SR Audibert et al.[(2010) 2.09 1.53 1.03
CR-C (this paper) 1.59 1.04 0.83
CR-A (this paper) 1.20 0.81 0.55
K =20 T =6,000 T =28,000 T = 10,000
UGapE (Gabillon et al., [2012) 15.49 11.20 8.78
SH Karnin et al](2013) 6.87 3.86 212
SR Audibert et al.|(2010) 10.76 7.57 5.24
CR-C (this paper) 10.03 6.96 4.68
CR-A (this paper) 8.78 5.72 3.73
K =40 T =15,000 T =20,000 7T = 25,000
UGapE (Gabillon et al.,[2012) 25.09 20.21 16.44
SH Karnin et al.|(2013) 16.01 11.14 7.80
SR Audibert et al.| (2010) 20.29 15.86 13.07
CR-C (this paper) 19.93 15.56 12.30
CR-A (this paper) 17.99 13.74 10.67
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Figure 6: (Linear arm-to-reward function) error probabilities averaged over 40, 000 independent runs.



K.4 Concave arm-to-reward function

In this instance, we set uq = sin(%) and py, = sin(%) fork=2,--- K. When K

is small, the arm-to-reward function is close to the linear shape, and hence SH does well. while K
becomes larger, CR—A becomes the best.
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Figure 7: (Concave arm-to-reward function) p with K = 40.

Table 5: (Concave arm-to-reward function) error probability (in %).

K=10 T=900 T =1,400 T =1,900
UGapE (Gabillon et 511., 2012) 2.23 1.36 0.94
SH Karnin et al.| (2013)) 1.10 0.17 0.04
SR Audibert et al.[(2010) 1.85 0.54 0.20
CR-C (this paper) 1.24 0.35 0.10
CR-A (this paper) 0.94 0.21 0.04
K =20 T=900 T =1,400 T =1,900
UGapE (Gabillon et al.,[2012) 2.44 1.85 1.59
SH Karnin et al.| (2013)) 2.66 0.51 0.13
SR Audibert et al.SZOIO) 2.81 0.86 0.31
CR-C (this paper) 1.87 0.47 0.14
CR-A (this paper) 1.36 0.36 0.09
K =40 T=2400 T =2,800 T =3,200
UGapE (Gabillon et gl., 2012) 1.03 0.98 0.94
SH Karnin et al. (2013) 0.75 0.34 0.15
SR Audibert et al.| (2010) 0.23 0.10 0.02
CR-C  (this paper) 0.18 0.08 0.04
CR-A (this paper) 0.08 0.03 0.02
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Figure 8: (Concave arm-to-reward function) error probabilities averaged over 40, 000 independent
runs.
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K.5 Convex arm-to-reward function
In this instance, we set py = m fork =1,---, K. Although SR sometimes does better than

CR-C, CR-C becomes better than SR when there is more budget given. This confirms our theoretical
analysis for CR-C (see Theorem [7).
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Figure 9: (Convex arm-to-reward function) & with K = 40.

Table 6: (Convex arm-to-reward function) error probability (in %).

K =10 T=1,500 T =2,000 7T=2,500
UGapE (Gabillon et al.,2012) 13.48 10.08 707
SH Karnin et al. (2013) 4.93 2.16 0.93
SR Audibert et al.| (2010) 3.15 1.45 0.83
CR-C (this paper) 3.12 1.47 0.65
CR-A (this paper) 2.99 1.27 0.62

K =20 T=3,000 T =3,500 T =4,000
UGapE (Gabillon et al.,|[2012) 10.67 8.95 7.76
SH Karnin et al.[(2013) 2.91 1.66 0.99
SR Audibert et al.[(2010) 0.96 0.55 0.29
CR-C (this paper) 0.93 0.56 0.28
CR-A (this paper) 0.79 0.39 0.21

K =140 T=4,400 T =5,200 T = 6,000
UGapE (Gabillon et al.,2012) 12.16 9.95 8.28
SH Karnin et al.|(2013) 3.68 2.11 1.44
SR Audibert et al. (2010) 1.21 0.58 0.30
CR-C (this paper) 1.28 0.49 0.25
CR-A (this paper) 1.34 0.60 0.29
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Figure 10: (Convex arm-to-reward function) error probabilities averaged over 40, 000 independent
runs.
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K.6 Stair arm-to-reward function
In this instance, we consider M € {5, 6,10} and a M (M + 1)/2-dimensional vector p. For each M,
we define p as: for all positive integers m smaller than M, there are m arms on the same level with
value, % - 377, For example, we plot the values for M = 10 (hence K = 55) in Figure One can
see in this instance, our algorithms are by far stronger than the others.
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Figure 11: (Stair arm-to-reward function) g with K = 55.

Table 7: (Stair arm-to-reward function) error probability (in %).

K=15 T=1,600 T =2,000 T =2,400
UGapE (Gabillon et al.,|2012) 12.00 9.89 8.47
SH Karnin et al. (2013) 1.47 0.72 0.38
SR Audibert et al.{(2010) 0.43 0.19 0.06
CR-C (this paper) 0.36 0.10 0.02
CR-A  (this paper) 0.20 0.07 0.04

K =21 T=1,500 T=2,000 1T=2,500
UGapE (Gabillon et al.l 2012) 17.44 13.97 12.08
SH Karnin et al.[(2013) 4.31 1.77 0.83
SR Audibert et al.[(2010) 2.27 0.92 0.32
CR-C (this paper) 1.68 0.55 0.24
CR-A (this paper) 1.14 0.35 0.09

K =55 T=3,000 T =4,000 T =5,000
UGapE (Gabillon et al.,|2012) 24.74 21.29 18.91
SH Karnin et al. (2013) 10.23 5.87 3.23
SR Audibert et al.{(2010) 5.55 2.80 1.26
CR-C (this paper) 7.10 2.58 1.05
CR-A (this paper) 4.70 1.62 0.57
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Figure 12: (Stair arm-to-reward function) error probabilities averaged over 40, 000 independent runs.
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