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Appendix for ""A Convergent Federated
Clustering Algorithm without Initial Condition"

A  COMPUTATION AND COMMUNICATION COMPLEXITY OF SR-FCA

Note that the complexity of the REF INE step is the same as that of IFCA in terms of both computation
time and communication since in each case, we need to find the loss of every cluster model on every
client’s data. The main blowup of O(m?) is incurred during ONE_SHOT, which is unavoidable if
an initial clustering is not known (eg. see KMeans|Lloyd|(1982) v/s DBSCAN [Ester et al.|(1996) or
Ward’s algorithm where without the initial clustering, we need to perform all pairwise comparisons
to check which clients can be clustered together).

B THE TRIMMED MEAN ALGORITHM

Algorithm 4: TrimmedMeanGD ()
Input: 0<3< 1, Clustering C,.
Output: Cluster models {we 7} cerg(c,)
for all clusters c€rg(C,) in parallel do
We,0 < Wo
for t=0toT'—1do
g(we,t) < TrMeang({V fi(we,.),Cr (i) =c})
We,t41 ¢ Projwiwe,: —ngs }
end for

Return {w. 1} cerg(c,)
end for

C PROOF OF PROPOSITIONMA.T]

According to the proposition, for two users ¢ and j, the data is generated by first sampling each
coordinate of z € R? from A/(0,1) iid and then computing y as —

yi = {zwi)+e

where ¢; "\ (0,02). Then, the distribution of y; |z is N'({z,w}),0?). Therefore, the K L divergence
between y; |z and y; |z is given by

* * 2
(wi —wjw)
K L(p(yi|2)||p(y;|z)) = 52
Therefore, if we take expectation wrt , we have
dfw; —wy |’
E.[K L(p(y:|2)||p(y;|z))] = T og2

D PROOF OF LEMMAM.6

In ONE_SHOT (), Co=C%, if all the edges formed in the graph are correct. This means that if 7,7 are
in the same cluster in C*, then ||w; 7 —w, 7| <X and if ¢,j are in different clusters, ||w; 7 —w; || > A.
Note that,

w; r—wjr=(w; —w};)+(w; r—w})—(wjr—wj)
Now, if we apply triangle inequality, we obtain
dist(win,wLT) > dISt(w:,U)j) —Zi, dist(wi,T,wij) < dISt(w:,’w;) +Ei

where Z; j =3, _, .dist(wy,r,wj). This decomposition forms the key motivation for our algorithm.
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Therefore, if ¢,j are in the same cluster, then a sufficient condition for edge (7,7) to be incorrect is
A< dlSt(w:,’w;) +Ei,j — Ei,j >A—€

Similarly, if 4, are in different clusters, then a sufficient condition for edge (,) to be incorrect is
A> dist(wi*,w;) —Eij = Eij>¢€ —-A

Therefore, we can set Ay = min{es — A\, A — €1 }, and then a sufficient condition for any edge to be

incorrect is max; ;=; ; > Ajy.
Thus,

Pr[C* #Cy] <Prlat least 1 edge is incorrect]
<Pr[maxZ; ; > A,]
2,

<P —wi||>A
<Prfmax Y upr—wi]| > Ay

2

k=1,j
A
<Pr[maxmax (||wy,r—wj| > 7)\]
ig k=ig 2
A
<Pr[max||w; r—w}|| > 7)\] 3)
i€mj 2

The second and third inequalities are obtained by expanding the terms. The fourth inequality is
obtained by Pr{a+b> c] <Pr[max{a,b} > ¢/2]. For the fifth inequality, we merge max; jmaxy—; ;
into max;c|,,). As we can see in Equation (3)), we need to bound ||w; 7 —w || for each node i. The
subsequent Lemma allow us to bound this quantities.

2/3 A4/3
Lemma D.1 (Convergence of w; r). Let ’52/37%2/3 < byd, for some constant by > 0. Then, after

running ONE_SHOT () withn < %, for some constant bs > 0, under assumption,assumption
and assumption[d.3] we have

by A
LVd

€2 — €1

|]<d exp(—n

),

Prflwi r— w2

where A= %(% —(1-)T/2D) and n=min;¢;,)n;.

This lemma follows from |Yin et al.| (2018)). The complete proof of this Lemma is present in

appendix[D.1]

Now, we can apply lemma[D.T]in Eq (3).

A
PrlCo#C*] <Prlmax i —wi ]| = ]
i€[m
A
<mmaxPr(||lw; 7 —w}| > =2]
i€[m] ’ 2

by A
<md exp(—n—=——=

< p( 7 \/g)

For the second inequality, we use Prmax;e[,,,ja; >¢c] <), em] Prla; > c] <mmax;e[, Prla; > c],
which follows from union bound.

Note that for p <1, we need the separation to be order of ©(4/ log% ).

D.1 PROOF OF LEMMA[D]

We utilize results from |Yin et al.|(2018]), which hold for Tr immedMeanGD to analyze convergence
for a single node as they yield stronger guarantees under the given assumptions.

Lemma D.2 (Convergence of w; 7). If assumption[#.3|assumption .4 and assumption hold,
andn < % then
2
wip—w} || <(1—k"")T2D+=ZA; Vie[m] ()
1

where k= % and A; is a positive random variable with
ror?
2

Pr[A; > V2dr+2v/261) SQd(l—F%)dexp(—nmin{ﬁ E}) 5)

Sfor some 1,0 >0.
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We provide the proof of this lemma in appendix[E.§]
Using the above Lemma, we can bound the probability Pr[||w; 7 —w}|| > %]

A 2 A
Pr||lwir—wi| = 7A] <Pr2(1—x")T2D+=A;+> TA]
1

<Pr[A; >A], where A= g(% _(1_5—1)T/2D)

<Pr[v2dr+2v26L> A

%)

Lvd

for some constants by ,bs,b3,b4 > 0, where we set r = bgﬁmax{%ﬂ,, / ﬁA\/E} and § = b4%, and for

brd< %, such that v/2dr +2+/25L > A and nmin{i7%} > Bd in lemma

<dexp(—nbs

E PROOF OF THEOREM [4.§]

E.1 PRELIMINARIES

First, we define certain random variables and their respective probabilities which we will use
throughout this proof. Since the edge based analysis and corresponding clique identification involves
a lot of dependent events, we try to decompose the absence/presence of edge into a combination of
independent events.

Define,

1 Iftheedge (i,7) in Cy is incorrect in C*
Xij:{ ge (i,7) in Co (6)

0 Otherwise

An edge (7,7) in Cy is incorrect in C* if either it is present in C* and absent in Cy or vice versa. We
analyze the probability of this event for the case when C* contains the edge (7,5). The case when C*
doesn’t contain edge (7,7) and it is present in Cy has exaclty same probability. When Hw;‘ —w} H <e1,
then edge is present is C*. If it is absent in Cy, then

PI‘[XZ‘J‘ = 1] SPI‘[E%] Z A)\}
The analysis is similar to the proof of ONE_SHOT () in appendix[D]

Note that the random variables {X;;} are not independent. We now define independent random
variables X; such that

>
Xi= {(1) gtjl:;r_wﬁe ™
Thus, we can see that X;; < X;+ X ;. Additionally,
Pr[X, =1 <Pr[A; > A] < % ®)
This follows from analysis of ONE__SHOT () in appendix
We can further generalize this notion to the random variables defined as Y ,.
i >
oy e
Then,
PrlY; = 1] <Pr(A; >~ A] <dexp(—nby 25 ) = (£ )
Lvd  m

Note that the set of random variables {Y; .}/ ; are mutually independent random variables.
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Further, we define the w for every cluster ¢ € rg(Cp). Let ¢’ € C* be the cluster label of node c. If
G.={i:i€[m],C*(i) =c'}, which is the set of nodes in ¢ which were from ¢’ in the original clustering,
then we can define w} and F,(w) as

wr =argminE| filw (10)
weWw |G | 7626‘:/
=argmin—— F;(w)=argminF,.(w (11
wew ‘Gc’ | 1§, weWw ( )

We use this definition of w} in the appendices|E.5|and[E.6|

E.2 ANALYSIS OF REFINE ()

Our goal is to compute total probability of error for REFINE () to fail. If we define this error as
Cy #C*, then we can define the main sources of error for this event.

1. Jc € rg(C*) such that no cluster in Cy has cluster label ¢ : If the a cluster ¢ € rg(C*) is
absent in Cy, then subsequent steps of REFINE () will never be able to recover it, as they
only involve node reclustering and merging existing clusters. The lemma presented below
gives an upper bound on the probability of this event.

Lemma E.1. Under the conditions of lemma and if t = O(Cmin ), then there exists
constant a1 > 0 such that

Pr[3cerg(C*) such that no cluster in Cy has cluster label c|

m
<

Cmin

eXp(_alcmin>

The proof of this Lemma is presented in appendix |[E.J3]

2. Each cluster ¢ € rg(C), should have < « fraction of impurities for some 1 > 3> a: If
some cluster has more than a-fraction of impure nodes, then we cannot expect convergence
guarantees for TrimmedMeanGDg.

The below lemma bounds the probability of this error as

Lemma E.2. . For some constants 0 < a <3< %,a2>0,71 € (1,2) and at =O(m), under
the conditions in lemma4.6] we have

Pr[dcerg(Co) which has > o fraction of impurities |
< %exp(—agm) +(1 —a)m(%)”’1

The proof of this Lemma is presented in appendix[E.4]

3. MERGE () error: We define this as the error for the MERGE () to fail. Even though MERGE ()
operates after RECLUSTER (), RECLUSTER () does not change the cluster iterates. The
goal of MERGE () is to ensure that all clusters in Cy with the same cluster labels are merged.
Therefore, we define MERGE () error as the event when either two clusters with same cluster
label are not merged or two clusters with different cluster labels are merged. The below
lemma bounds this probability.

. 2/3 A4/3 2 12
Lemma E.3. [fmin 22/3%2/3 , pﬁ)gﬁ - } > w1 d for some constants uy >0, then for some

2L61

constant ay >0, where A' = A — % >0, where B= , we have

/

Pr[MERGE () Error] < exp(fagni)

The proof of this Lemma is presented in appendix[E.5]

4. RECLUSTER () error: This event is defined as a node going to the wrong cluster after both
MERGE () and REFINE () operations. After MERGE (), each cluster in Cy corresponds to
a single cluster in C;. Therefore, we incur an error due to the RECLUSTER () operation if
any node ¢ does not go to the cluster ¢ € C; which has cluster label C*(4). The below lemma
provides an upper bound on the probability of this error.
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. 2/3 A\4/3 2 A /2
LemmaE.4. [fmin{ 22/3%2/3 , ﬁ?lZg(Acmi,,) } > uad for some constants ua >0, then for some

constants aly >0 and 2 € (1,2— 42, we have

m A/ P
Pr[RECLUSTER () error] §4d?exp(— iHm(*)w (12)
m

The proof of this Lemma is presented in appendix|[E.6]

The total probability of error after for a single step of REFINE () is the sum of probability of errors
for these 4 events by the union bound. Therefore,

Pr[Ci #£C*| <

m m
-~ exp(—a1cmin)+ Texp(fazm)

+(1=B)m( L) +8dF exp(~

/

P \vso
S yem(2)

where we set a3 =min{a},a } .
For some small constants p; > 0, p2 € (0,1), we can choose 7 € (1,2),8 € (0,3) and

13
72 € (1,2— 42 such that (1— 8)(L)7~1 4 (£)7="1 < 54 and for large enough m, A’ and n,

-ex xp(— alcmm) + Texp(—azm) + 8d 7 exp(— agnQA—L) S mp This happens because we
have terms of exp(—m),exp(—cmin) and exp(—nA’), which decrease much faster than 2 which has
terms of O(mexp(—nA)), where A and A’ are of the same order. Therefore, the total | probability

of error can be bounded by

P1
PriCi#C] =5 op (13)
E.3 PROOFOF LEMMA[ET]

Pr[3cerg(C*) such that no cluster in Cy has cluster label ¢]

< Z Pr[No cluster in Cy has cluster label c| (14)
ceC*
Here, we use union bound over the clusters for the second inequality. Now, we analyze the probability
that no cluster in rg(Cp) has cluster label ¢ for some ¢ € rg(C*). Consider a cluster in rg(Cy). This
cluster has cluster label ¢ if a majority of its nodes are from cluster ¢ € rg(C*). Since the size of each
cluster in rg(Cy) is atleast ¢ and there are C clusters in rg(C*), if all clusters in rg(Co) have < & nodes
from cluster ¢, then no cluster will have cluster label c.
Assume that the clique formed by nodes from cluster ¢ has r nodes. Then, every node i in cluster c,
must have S, —r edges absent, which correspond to the edges between a node of the clique and those
outside it. Thus, we obtain,

t
Pr[No cluster in Cy has cluster label c| SPr[C (rj) { Z Xij>8c.— ol }]
U0 it (=c

SNEDS) DEP EEAT )

C*(i)=C* (j)=c

<Pr{ YN (X4 X)> S5 L)

Cr(i)=C(j)=c

1
<Pr[< > Xi>1-

CC*(i =c

t
s,

Sexp(_alcmin)

In the first step, we require each node i to have S, — Wrong edges. For the second 1nequahty, we
remove the intersection and thus, the total number of i mcorrect edges has to be S¢(S.— &), since each
node has S, — % incorrect edges. For the third inequality, we use X;; < X; 4 X and collect the terms
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of X; for the fourth inequality. In the fifth inequality, we obtain a condition on the sum of independent
Bernoulli random variables each with mean 2. Therefore, we can apply Chernoff bound for their
sum to obtain the fifth inequality.

A necessary condition for usis 1 — C%% — £ > 0 which translates to t < C'S.(1 — £). If we select
2

t b >al,

CS. m

t < ¢min — 1, this inequality is always satisfied. Note that we want the term (1 —

for some positive constant a;. If we choose ¢t =©(m), which is possible if t = O (cymin ) as We assume
Cmin = ©(m), then this is satisfied. We use the lower bound a; and S; > ¢, to obtain the final
inequality. Plugging this in Eq (T4), we obtain our result.

E.4 PROOFOF LEMMA[EZ
Pr[3cerg(Cp) which has > « fraction of impurities)

< Z Pr[cluster ¢ has > « fraction of wrong nodes] (15)
cerg(Co)
We use a simple union bound on clusters in Cy for the above inequality. Let the set of nodes in the

cluster ¢ which are from same cluster of C* as the cluster label of ¢, i.e., which are not impurities, be R..
Then let Q. =|R.|. Let Q. denote the number of impurities in cluster c.

Pr[cluster ¢ has > « fraction of wrong nodes] <Pr[Q’, > ILQC]
—«

Pr[Q.. > at]

We use the fact that Q.+ Q’, > t, which is the minimum size of any cluster, for the second inequality.
Now, we analyze the probability of a single node to be incorrect. A node is an impurity in cluster ¢
if it has an edge to each of nodes in R..

Pr[Node 4 is an impurity in cluster c]| §Pr[mgl |ws, r—wj vl <A (16)
JER.

<Pr{min (uf 1| ~Z,) <A

<Pr[A;+maxA; >2A]
JER

Now, if max;jer, Aj <mA, for y; € (1,2), then we need A; > (2—~1)A for error.
Using the definition of random variables in appendix[E.T]|

Pr[Q. > at] <Pr[Q. > at|maxA; <y A]+Pr[maxA; >~ A
JER, JER.

m
SPr[X;E,2—71 > af] +PrlmaxA; 271 4]
1=
For the first inequality, we use union bound over the value of max ;e g, A; and for the second inequality,
we need atleast ot impurities, so atleast at of all Y; 5, should be 1.
We now bound the two terms in the final inequality separately.
For the second term, if max;cp, A; > 71 A.

p
PrimaxA; 2 1A S QcPrlY, =1] S Qe()™
Here, we use union bound over all elements in 7, for the first inequality and the second inequality is
plugging in the value of Pr[Y] ,, =1], which we have already computed.
Now, we need to provide a bound on (). Note that if (). denotes the correct number of nodes, which
corresponds to the majority of nodes, then Q. < (1—a)S., where S, is the size of the cluster c.
For the first term, we can use Chernoff bound as Y; »_,, are independent random variables with
expectation -
PHLS Wiam 20l ] Sexp(—(a-t ~B[Yiz—o,]m) <exp(—azm)
r|— o~ >a—]|<exp(—(a— —E[Y; o_ m) <exp(—asm
m v 22— m p m ,2—v1 p 2
We need o % >E[Y; 2—~, ], which implies ot > 1, since ¥; 5, is a bernoulli random variable. Further,

we require ot = ©(m), so that we can bound the probability using a constant as > 0. If we choose
71 as a constant independent of m, then we are done.
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Now, plugging all these inequalities into Eq (T3)), we get

Pr[3cerg(Cy) which has > « fraction of wrong nodes|
p
<rg(C — E 1—a)S.(—)"
<rg(Co)exp(—azm)+ (I-a) (m)

cerg(Co)

< ra(Co)lexp(—azm) + (1—aym(-)"

)71

< ?exp(—agm)—&—(l —a)m(%

For the second inequality, we use >, S.=m and for the third inequality, we use |rg(Co)|t <m.

c€Cy

E.5 PROOF OF LEMMAI[E.3|

First, let ¢,j € [m] be a node in cluster ¢, ¢’ € rg(Cy) respectively such that C*(j) and C*(¢) are
the cluster labels of clusters ¢ and ¢’ respectively. Then, if we repeat our thresholding analysis for
MERGE () operation, we obtain

dist(wz’f,w;) -V, o <dist(we,r,wer, ) < dist(wf,w;) +W,

where W, o =dist(w} w}) +dist(wy w})+ Y dist(wy z,w})

k=c,c’

We obtain the above equations by a simple application of triangle inequality. Here, w is as defined in

appendix [E1]
To analyze the above quantities, we need to bound ||w} —w.,7 || and ||w} —wj || for some j € G... The
following Lemmas provide these bounds.

Lemma E.5 (Convergence of w. 7). If assumptionassumptionand assumptionhold, and
1
n< +, then

2
lwe, 7 —wi || <(1=r"1)T2D+ LA Veerg(Co) (17)

where k= % and A is a positive random variable with

Pr(A, > vad 308 g 2LE30) 5

1-283 1-283
D, . ror2
SQd(l‘Fg) (exp(—(l—a)SCnmm{ﬁ,E}) (18)
+(1—a)Seexp(—nmin{ — i}))
P 2L 212

for some r,5,0 >0 where S, is the size of cluster c.
Proof is presented in appendix[E.7]

Lemma E.6 (Distance between cluster minima and node minima). If assumption#.3|and assump-
tionare satisfied then, for all j € [m], where j is a node in cluster c € Co where C*(j) is the cluster
label of node c, we have

2ﬁ€1
7]

[|ws —w}]| < =B (19)
Proof is presented in appendix[E-9]
Now, that we have our required quantities, we are ready to analyze the probability of error after the
merge and reclustering operations.
First, we analyze the probabilty of MERGE () operation. Note that if correct nodes of ¢ and ¢’ were
from the same cluster C* then, ||w} —wj*- | <e€1,Vie G,,j € Gy . If correct nodes of ¢ and ¢ were from

different clusters in C*, then, ||w} — w;‘ | >€9,Vi€G,,j € Gy . Therefore, the probability of MERGE ()
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error is upper bounded by
Pr[MERGE () Error] <Prlat least 1 edge is incorrect]
§Pr[maX\IIC,C/ > A,

<PrmaXZ—>A>\ 21—k HT/2D—-2B]

k=c,c’ K
AN —1\T/2
< Pr(A.> 1— D-B
< Dnax fAc25 (5~ (A=) )]
< max Pr[A.>A] (20)
cerg(Co)

!
< max 4dexp(—ahn—
p( 3 2L)

c€rg(Co)
! 4d !
< Z 4dexp(— Qi)g tmexp(—agni) (21)
c€rg(Co)
For the second inequality, we expand all the terms of Do We set A/ = ’5’(% - (1 -
k HT/2D — B). Then, we set r = O(L max{s fL’ svart) s = o(L max{sc%ﬁ +
2log(Se) A 2lo8l8e) 1y and = @(deL) Now, if

n '\ S.VdL

. 2/3 A\4/3 272
d=(min{ ;52/3%2/3 ; L2log(Ac,m,,) }), such that /2 drlt%%g : \f2(11+23§ 6L > A’, then there exist some

constant a’ > 0 such that the second inequality is satisfied by 1emma We then use the union bound,
followed by |rg(Co)| < %

E.6 PROOF OF LEMMAI[E. 4]

We can apply our thresholding analysis to
lwe, 7 —w; || for cerg(Co). First, let j be a node in cluster ¢ such that C* () is the cluster label of c.

dist(w},w;)+®.; <dist(we,r,wi 1) <dist(w},w;)+c ;
where @ ; =dist(w 7wy ) +dist(w; ,w} ) +dist(w; 7,w;)

From appendix [D]and appendix [E.5} we have bounds for all the terms involved. Note that after
merging, each cluster in C* should have only 1 cluster in C;. Therefore, after we recluster according
t0 ||we, 7 —w;, ||, we incur an error if ¢ goes to the wrong cluster. Suppose that the ¢ corresponds to
the correct cluster for ¢ and ¢’ is the cluster to which it is assigned , with ¢, €rg(Cy),c#¢’. Then,

Pr[Reclustering Error] gPr[m[ax]maXHwC/,T —w; || < Jwe,r —w; 7]
ie[m] ¢’

<Pr[maxmaxes — Do ; <e1+ P ;]

i€[m] c’#c
<Pr[rnaxmax<1>c > 62_61]
i€[m]c’ €C)) 2
gPr[m[ax] macX(Ac—f—Ai) >A+A) (22)
i€[m]c’ €C)
<Pr[maXA >A'— (72—1)A}+Pr[m[aX]Ai2’ygA]
ceCy, i€[m
< max Pr[A.>A"]+maxPr[A; >, A] (23)
T cerg(Co)’ icm

For the second inequality, we use the thresholding analysis on ||w. 7 —w; 7||. For the third inequality,
we rearrange the terms and combine max over ¢’ # ¢ with ¢, and use. For the fourth inequality, we
expand the terms of ®. 7 and substitute the values of A and A/, using the inequality Ay < 5. For

the fifth inequality, we use consider some s € (1,2 — ) and break the terms using union bound
such that A” = A’ — (y2—1)A > 0. Finally, we use the union bound on ¢ €rg(Cy)" and i € [m)].

Now, we bound the two terms in Eq (23) separately. The second term can be bounded in terms of Y; -,
Thus,

maxPr[A; >y, Al = maxPr[V; ,, =1] < m(ﬁ)“’2 (24)
i€[m] 1€[m] m
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We use expectation of Y; ., calculated in appendix[E.4]and then bound max by sum.
For the first term, our analysis is similar to that of MERGE () error. Assume that there is some

constant uy > 1 such that A” > up A/, We set § = ©(£4 /QL) r = O(Lmax{

A/

sovar\ sovar b
2log(S. ’ 2log(S. . . n2/3A4/3 2 A2

SZG(LmaX{S fﬁJr gfg ) S%ﬁL+ g )}) and if 4 = ((min {D2/3%2/37LQIOg(ACmm)})’

such that v/2d rl+32%9 +2 2(11+23 BB 5L > A, then there exist some constant a4 > 0 such that the second

inequality is satisfied by lemma We then use the union bound, followed by [rg(Co)| < 7.

A/
max Pr[A.>A"]< max 4dex . 25
cerg(Co)’ [ } cerg(Co)’ p( L) ( )
A’
< Z 4dexp(—asn L) (26)
cerg(Co)’
4dm !
<——exp(— _ 27
< ——oxp( 5 L) (27)

E.7 PROOF OF LEMMAI[E3

First, we use an intermediate Lemma from |Yin et al.| (2018)). This characterizes the behavior of
TrimmedM eang gradient estimator.

Lemma E.7 (TrimmedMean Estimator Variance). Let g.(w) be the output of TrMeang estimator
for cluster c € Cq with size of cluster S.. If assumption[d.5]holds, then

[ge(w) =V Fe(w)[| <A

r+3ﬂs 2(1430) .-
wherePr[A>\/>1 25 +v2 =T OL]

D, o7 (28)
§2d(1+§) (exp(—(l—a)SCnmm{Qi,Qp})

S 82
+(1— SC — i =,
(1= a)Siexp(-nmin 5. =) )

for some r,5,0 > 0.

Proof. The proof of this Lemma follows from coordinate-wise sub-exponential distribution of V F..
Since loss per sample f(w,z) is Lipschitz in each of its coordinates with Lipschitz constant Ly, for
k € [d]. Thus, F,(w) is also Lj-Lipschitz for each coordinate k € [d] from corollary|G.6] Now, every
subgaussian variable with variance o2 is o-sub exponential. Thus, each coordinate of V,, f (w,2) is

ﬁ-sub-exponential, since L > Ly, Vk € [d]. The remainder of proof can be found in Appendix E.1 in
Yin et al|(2018). O

Now, using the above Lemma, we can bound the iterate error for a cluster ¢ € Cy. Consider
2
*
llowe,t+1—wi |

|we,t+1—w | <[lprojw{we, —nVg(we,) } —wi||
we,t =nVg(we,t) —wz ||
lwe,t =nVF (we,t) —wi [ 40l g(we,t) = VE (we,t) ||
<lwe,t =nVF (we,t) —wi|[+nA

Now, we bound ||we ;1 —nVF (we,t) —wj ||* using pi-strong convexity and L-smoothness of F,. The
analysis is similar to the convergence analysis in appendix Thus, for n < %

lwe.e =0V F (we,e) =w? * < (L=np)l|we.e—er |
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Using this bound we can analyze the original term with ||w¢ ¢+1 —w}||.

lwe i1 —will </ 1=npllwes —wh|[+nA

T-1

lwe,r —wzl| S =np) T2 |lweo —wil+nA(Y_ (1-nu)*/?)

(]

t

UIRaY
1=y

M L

<=1 |lweo —wi ]| +nAl
t

Il
o

2
<(1-xHT2D4+ZA
J7

For the second inequality, we use k= % and unroll the recursion for 7" steps. For the third inequality,

we use /1 —x <1— 5 and upper bound the finite geometric sum by its infinite counterpart. Finally
we use the boundedness of V¥V and the sum of the geometric series to get our result.

E.8 PROOF OF LEMMA[D.2|

We present the proof for this lemma here as it is a corollary of lemmalE.5|

We utilize the intermediate lemmal[E.7] Now, if we set « = 8 = 0 and S. = 1, we obtain the
generalization guarantee for GD on a single node i € [m]. Further, we do not need the terms of s as
they appear with /3, and thus, we can choose s very large, so that we can ignore its contribution to
error probability. The remainder of the proof follows that of lemma[E.3]

E.9 PROOF OF LEMMAI[E.6I

Since F is ﬁ—Lipshchitz and p-strongly convex with minima w,

Fc(w*)_Fc(wZ):Fl(wf)_Fl(w:)+ Z Fj(w;)_Fj(wZ)

Qe j#i,Co(j)=c Qe
S =hw) | g B (wi) —F;(wy)
- Q. Q.
J#1,Co(g)=c
* 2 7 * *
<_M||w,;—w§||+ Z LH“’z‘*U’jH
- 2Q. e Q.
J#i,Co(g)=c
* 2 T
ﬁ||w>_*_w*||2<_ﬂ||wi_w:” +(Qc—1)L€1
2 K2 C —_ ZQ(/ Qc
* 2 7
H”wf_w*H? <_M||wi _WZH + (Qc_l)LEI
2 (3 C —_ QQC QC
* * 2IA/€1
Jwf —wi]? <=
W
s~ <y | 222
I

For the first equation, we expand F into its component terms, where ). denotes the number of
correct nodes in cluster c. For the second inequality, we use the fact that w} = argmin, ¢y Fj (w).

For the third inequality, we use strong-convexity of F; and ﬁ-Lipschitzness for F};,j # 1. For the fourth
inequality, we use a lower bound on F,(w}) — F.(w}) using p-strong convexity of F.. Finally, we
manipulate the remaining terms to obtain the final bound.

F PROOF OF THEOREM4 14

By theorem4.8, Cr #C*, with probability ( —£25p) ® For the (R+ 1) step, we bound probability

of error by 1. Therefore, with probability 1 —exp(— %R) p. For the (R+1)*" step, we optimize the
cluster iterates from TrimmedMeanGD () to improve convergence instead of clustering error. Since
Cr+1=Cg, each cluster in Cr11 maps to some cluster in C*. Without loss of generality, assume that
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cluster c€rg(Cr1) maps to the same cluster c €C. Now, if {¢1,cs,...,¢; } are the clusters in Cg which
merged to form cluster c€rg(Cry1). Then, we can write

lwer—will=

N‘H

l
E wC]T w
j:

A

1 l
—72‘0']%71 We ||

<13

AN

* * *
We;, T 7wc_j WCj —We )

For the first inequality, we used the definition of w. 7 from MERGE () . For the second inequality,
we used the triangle inequality for the [ elements. The third inequality is obtained by using triangle
inequality and adding and subtracting w} as defined in appendix|

Now, consider the set of nodes {i1,i2,...,4;} C [m], such that i; € ¢;Vj € [I] and C*(i;) = cVj € [I].

Therefore, we can split each term of ||w? —w? || as—

!
L <1 Lk ok
leoesr =l <337 (Jwes r =2, wel)

j=1
l

1 *

372 We;, T —We;
j=1

From lemma@ since 7; contributes to both clusters c; and ¢*, we can bound the difference from their
minima by B. Further, we can use lemma[E.5|and the lemmalE.7] which is adapted from Theorem 4

in|Yin et al.[(2018)),to bound the convergence of ‘ We;, T —ng H Ifwesetd=

1
nS’Cj LD and

r=Lmax{ log(1+nS.LD)}

d . 8d
log(1+nS.LD),
nS., og(1+n ) \/ nS.,

4d 4d .
s= Lmax{ (dlog(14+nS. LD) +logm), \/n (dlog(14nS., LD)+logm)}
where Sc]. is the size of cluster c;, we obtain

|we. 7 —w?]| <(1-xHT2D+N +2B

where

;A Ld (B 1 -
N=0 (1—25<\/ﬁ+m>\/ tos(nmaxSe, LD ))

We can further upper bound max ;¢ Se, by m. Now, the probability of error for each cluster c€rg(Cr)

4d
(14+nemin LD)4’

probability of error by rg(Cr) < . Since ¢t = ©(cmin), We can upper bound this by %‘: for some
positive constant ¢y, .

for given values of r and s is therefore, we can use union bound and multiply this

G ADDITIONAL DEFINITIONS AND LEMMAS

We start with reviewing the standard definitions of strongly convex and smooth functions f:R%— R.
Definition G.1. f is p-strongly convex if Vw,w', f(w') > f(w)+(V f(w),w'—w)+ 4 |[w’ —wl?.
Definition G.2. f is L-smooth if Vw,w/, ||V f(w) =V f(w')|| < L|jw—w'|.

Definition G.3. f is Lj Lipschitz for every coordinate k € [d] if, |0k f(w)| < Ly, where O f (w)
denotes the k-th coordinate of V f (w).
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Lemma G.4. If f,g:R?— R are two yi-strongly convex functions on a domain W. Then, % is also
p-strongly convex on the same domain.

Proof. 1f f and g are u-strongly convex on a domain W, then for any wq,wg € W
£ (w1) 2 £ (100)+ {9 (wo) awr = o)+ ur o

g(w1) > g(wo)+(Vg(wo),wi —wo>+g||w1 —wol?

Adding the above equations, we get

+ + v +V
f(wi)+g(w1) > f(wo)+g(wo) | /Vf(wo) g(wo)’wl_wo + 2 g — o |
2 2 2 2
Thus, % is also p-strongly convex. O

Lemma G.5. If f,g:R? — R are two L-smooth functions on a domain V. Then, Ita +g is also L-smooth
on the same domain.

Corollary G.6. If f,g: R% — R are two L-Lipschitz functions on a domain W. Then, Ite +g is also
L-Lipschitz on the same domain.

Proof. Consider the following term for any wq,wo € W

Vf(w1)+Vg(wi) Vf(wo)+Vg(wo)
2 2

< IV £ 1) = V.7 () + (T(s) ~ Vg (wo))|
< 31V Fwr) =V 7 (o) [+ Tgtwr) — Vg (wo) )
< 3 (Ll —woll+ Lljws —wol)

< Lfjwy —wo |

In the second inequality, we use the triangle inequality of norms. For the third inequality, we use the
L-smoothness of f and g. Thus, f% is also L-smooth The proof of the corollary is same as above,
by replacing terms of V f and Vg by f and g respectively. O

Lemma G.7. If each coordinate of a function f :R? — R is Ly-Lipschitz for k € [d] on the domain
W, then f is L= \/ ZizlLi-Lipschitz on the same domain V.

Proof. Consider w1,wq € VW.Define a sequence of variables
{wlk] = ((w1)1,(w1) 20, (W1) k5 (W0 ke 15+ (W0 ) T }¢ - Then, w1 =w[d] and wo =w]0]

)a
d
= ik~ f(uli-1))
k=

d
= Li|(w1)r— (wo)x]
k=1

[f (wn

The second inequality follows by using triangle rule. Then, f(w[k]) and f(w[k —1]) differ only in
the k*" coordinate, so we apply L;, coordinate-wise Lipschitzness. Now, consider a random variable

v €R? such that v, = Ly, {ere=(wo)ul ;¢ (w1)r—(wo)r #0, else 0. Then,

(wl)k (wo)x

ZLkle)k_ (wo) k| =(v,w1 —wo)

<Jlvllflw: —woll

d
> L3 Jwr —wol|
k=1

IN
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Here, we use the Cauchy-Schwartz inequality for the second step. Then, note that each coordinate
of v is bounded by Ly,. O
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