A SPARSITY IN SPIKING NEURAL NETWORKS (SNNS) AND THE
DERIVATION OF [ (W)

Here is the derivation of the sparsity measure I(W) = 1 — d'/9=1/p . % (which denotes as

I,, (W) in the manuscript) for spiking neural networks (SNNs), incorporating the formula update
and focusing on scaling invariance, sensitivity to sparsity reduction, and cloning invariance, com-
bined with spatiotemporal dynamics and sparsity in SNNs.

SNNs communicate through discrete spikes, exhibiting the following key features: (1) Discrete
activation: Postsynaptic neurons emit spikes only at specific time points. They are either active
(firing spikes) or inactive (not spiking), resulting in sparse data flow. (2) Structure sparsity: Sparsity
refers to the proportion of nonzero elements in a weight matrix.

The sparsity measure I(W) = 1 — dt/a=1/» . % is rigorously constructed to reflect these
q
properties. The sparsity measure I(W) = 1 — d'/¢-1/» . Wl satisfies these properties, where:

Wilq

d 1/p d 1/aq

W, = (Zi:l |wi|p) is the £,-norm of W, |W ||, = (Zi:l |wi|q) is the £,-norm of W, d
is the dimensionality of W, p < ¢ ensures that sparsity is more effectively captured. The additional
term 1— allows I(TV) to range between O (no sparsity) and 1 (maximum sparsity). Because when
the sparsity is 100%, which means all the elements in SNNs are 0, then (W) is 1. While when there
are no zero elements, that is, the orginal fully connected SNN, then (W) is 0. The term di/a=1/p
ensures that I (17) is independent of the vector length, satisfying the cloning property. Without this
term, it would vary with the size of W, even for identical sparsity patterns. Below, we derive this
formula and explain how it aligns with SNN characteristics.

In detail, the measure I(W) is designed to satisfy the following key properties:

A.1 SCALING INVARIANCE

In SNNG, the scaling invariance corresponds to: (1) Independence of weight scaling: If the weight
matrix W is scaled (e.g., multiplied by a constant), its sparsity structure remains unchanged, and so
should 7(W). (2) Independence of temporal scaling: Changes in spike magnitudes (the activation
value) should not affect the sparsity measure, ensuring the measure accurately reflects temporal
dynamics.

Under the constraints of sparsity measurement, the sparsity measure should remain unchanged if the
weight matrix W is scaled by a positive constant o > 0. Specifically:
laW i,

I(aW)=1—d"a=/p.
(&) Ja ],

Since:
[aW ], = al|W|, and [[aW|q = a|W|,

substituting into I (W) yields:

Oé”VV”ZJ —-1— dl/q—l/p . HWHP I(W)

aWily Wiy

I(aW) =1-d'Ya-t/r.

Therefore, in SNNGs, it ensures that (/) remains unaffected when all weights are scaled propor-
tionally (e.g., multiplying W by a constant &« > 0). Meanwhile, a natural advantage lies in the
fact that SNNs rely solely on discrete spike timing and firing rates to transmit information, ensuring
consistency across all magnitudes of discrete spike trains. Therefore, the scaling weight magnitudes
or activation value intensity do not change the network sparsity.

A.2 SENSITIVITY TO SPARSITY REDUCTION

In SNNGs, sparsity reduction can occur in two distinct forms: (1) Weight sparsity: Decreased sparsity
corresponds to more nonzero weights, leading to a reduction in I(W). (2) Temporal sparsity: If
more neurons fire simultaneously, temporal sparsity decreases, and I(W) reflects this reduction.



Consider two weight matrices: (1) W7 = [10, 0, 0, 0]. The sparse one with few neurons fire, resulting
in a smaller |W||,, a lower |||, and a high I(W). (2) W5 = [5,5,0,0]. Less sparse one with
more neurons fire simultaneously, increasing ||W||, more then ||V ||,, causing I(W) to decrease
compared to the case with 7.

1. Compute norms: - |[Wy||, = 10, ||[Wa||, =2Y7 -5, ||[W|, =10, ||Wa|,=2Y2-5
2. Sparsity measure:

I(W)=1- di/a=1/v, I(Wy)=1— dt/a-1/p . 91/p=1/q

3. Sincep < ¢, 1/p —1/q > 0,0 2'/P=1/4 < 1. Thus:

I(WQ) < I(Wl)
Thus, it keeps sensitivity to spatial and temporal sparsity, that is, the distribution of weights or spike
activations (firing rates). When it changes weight distribution with more nonzero weights, leading
to a reduction in /(W) corresponds to sparsity decreasing. When temporal sparsity decreases (more

neurons firing at the same time), the distribution becomes denser, which directly affects the ratio
IW1|,/|W |4 leading to a decrease in I (V).

A.3 CLONING INVARIANCE

It should satisfy the property of Cloning Invariance in SNNs from these two aspects: (1) Spatial
network expansion: Cloning weights for larger networks does not change sparsity. (2) Temporal
expansion: Repeating activities over time does not affect sparsity, ensuring temporal consistency.

For the case of incorporating spatial vectors, the sparsity measure I(W) should remain invariant
when the weight matrix is cloned:

(W) = I([W, W])
This ensures that cloning or repeating the matrix does not affect the sparsity measure.

1. For a cloned matrix [W, W1:
W Wl = 22|, 1W, W]l = 29 Wl

2. Substituting into I ([W, W1):

- W, Wl
I([W,W]) =1— (2d)"/4 e W W[l
S 0 1w, W]l

2P W
I(W. W =1 — (2d)Y/a—1/p . 217" 1Ip

(W, W) (2d) ST

3. Simplify:
I((W,W]) =1 —d/a=1/r. Wi, _ )
Wl

For the case of incorporating time steps in SNN, if W is repeated across 1 time steps:

Wy = [W,W,...,W] e R&*"T)

1. Norms for Wr:
Wrlly =TY?[Wll,,  ([Wrlly =TY9W]l,

2. Sparsity measure:

~1ip Wl
I(Wrp) =1— (nT)Ya=1/p .
Wrllq
3. Substituting:
TP w|
(W) =1— (nT)Y/e-1/p. 17" Ip
(Wr) (nT) TVa|W]|,



4. Simplify:

”WHP _ I(W)

I(Wyp) =1—nt/at/r. =
IWllq

In addition, considering temporal sparsity changes, if neuron activity differs across time steps, spar-
sity decreases. For dynamic weights W/, = (WO W@ W), norms reflect this change:

T 1/p T 1/q
IWrlly = (Z IW(”|£> Wzl = (Z IW“)IZ>
t=1 t=1

Sparsity measure decreases with reduced temporal sparsity:
Wl

I(WTI’) =1- (nT)l/q_l/p ’ HW/ ”
Tlq

Therefore, it satisfies the property of cloning invariance in SNNs from the spatial and temporal
dimensions.

A.4 SPARSITY DECREASES AS MORE NEURONS FIRE

When the values of weights in SNNs are adjusted such that more neurons are active (e.g., more
neurons spike simultaneously), the sparsity should decrease.

The proof is here, in SNNs, the activation pattern of neurons is sparse. When more neurons fire
simultaneously, the weight matrix becomes denser (i.e., fewer zero entries in the matrix). This
means that temporal sparsity is reduced, and more activations lead to a lower value for the sparsity

measure I(W). As the number of neurons firing simultaneously increases, ||W||,, grows faster than
W I,

[IW]|4, which causes P

to increase, and thus I (W) decreases.

A.5 NEURAL NETWORK-SPECIFIC PROPERTIES

Neural Network-Specific properties describe how the sparsity measure should behave when SNNs’
parameters are adjusted or when the network is expanded.

1.Sparsity Changes with Weight Adjustment

Definition: For each spiking neuron 4, there exists a 5; > 0 such that for any positive «, adjusting
the weight matrix W by adding « to w; results in an increase in the sparsity measure.

Proof for I(W): The sparsity measure I(TV) is sensitive to the concentration of nonzero weights.
When a small weight adjustment is made that concentrates weights more in certain neurons, the
sparsity decreases (because nonzero weights become more focused). This leads to an increase in
[IW]|p, and thus I (W) will increase, as expected.

2. Adding Zero Weights Increases Sparsity

Definition: Adding zero weights to the network increases the sparsity measure, as the nonzero
weights are now less concentrated.

Proof for I(W): Adding zero weights results in more zero entries in the weight matrix for SNNs,
decreasing the concentration of nonzero elements. This leads to a lower |W||,,, which, based on
the formula, increases I(W'). Therefore, I(W) correctly reflects the increase in sparsity when zero
weights are added.
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