A Proof: Connection with quasi-Newton

Proof.

m m
Q(k+1) =(1-B) Zal(k)Q(k—n’H—l) + B Zal(k)TQ(k—m+l)
1=0

=0

Q(k) _ mz_l T (Q(k*i) _ Q(kil)):|

i=

=(1-Bk)

+ Bk

1=0

T Q™ — QW 4 QW) _ mz_l . (TQ(IH) _ Tme“ﬂ'l’)]
= QW — (1 Br) Ak -7 — Br - (Ak + Hy) T+ Brex
= QW™ + Brer — (Ay + BuHy) T
= Q™ — (Ax + BrHy) (Hng)‘l Hy — Bil)ex
= Q(k) — Grex
This formula indicates the term G, = (A + S Hi) (HkTHk)il HT — BT can be seen as the inverse Jacobian

of e, = TQW — Q™). O

B Proof in Convergence results

Proof about Assumption 1 This proof is to show that MellowMax operator satisfies Assumption|[T}

Proof. We first show T, is twice continuously differentiable. For any vector = (z1,...,2,)”, we have
omme(x)  exp(wz;)
ox; > exp(wx)
and

omm.,(z) w exp(wx;) [Zl exp(wxl)} — (exp(wzi))’ w

Ox? o (Zz eXp(o.mz))2
Omme(x) _ Omme(z) _ —wexp(w(zi +2;))
0x;0x; O0xax; (32, exp(wzi))?

which implies that T}, is twice continuously differentiable due to smoothness exp(-) and for any bounded
domain in R", the first and second order derivative exist.

We next show the first and second derivative of 7o, are bounded which follows from || Trmm (Q + A) —
TmeHOO < ClHAHOO + 02HA2”00 + O(HAQHOO) for any A —0.

lae]

1T (Q + &) = T Qe = || 2 - P log {lexpluo(@ + A)1} = L - P log {Texp(w@Q)}|

|2 tespan)]
[ s -0t )
<[|2 P pexp(wa) 41\100 +0([|A%]|0)
(e 1 .2 2 2
iH,.p. {M#m y } ’ + o(]|A%]|oc)
w 2 oo
< 1| Allos + 2| A%[|oo + 0([| Ao, (AD

where P = [p(szr |Si7 aj]lgi,i’g\s\,lgjgww

Proof about Theorem [I] This proof is to show that we have the results in Theorem|[T]under Assumption|[T]
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Proof. Let

Qg(s7 a) _ Z Oél(k>Q(k7"rH) (S, O,)

=0

m
Q%(s,a) = Z al(k)Tme(k_m+l) (s,a)

=0
Then

Q"D (s,0) = (1 - Br)QR (5, a) + BrQ (s, ).

Define T"(+;-), T"(+; -, -) as linear form with respect to the arguments to the right of semicolon. Let 6, =
Q(k) — Q(kil), Zk(t) = Q(kil) + tdk, Zkﬂg(u) = Zkfl(t) + u(zk(t) — Zkfl(t)). Then

T (Q™) = T (Q* 1) = / T (o (0 60))
0
1 1
:/ {T'r/nm(zk‘i’l(t);dk)_'_/ T7’7’Lm(zk+1»t(5);zk(t)_Zk+1(t),6k)ds}dt
0 0
=/ / { T (211 (8); 01) + Trnn (21,6 (8); 20 () — 21(2), 0) } dsdt.
0 0
‘We note that

ek = Tnm(Q™) = Q™ = T (Q™) — [(1 — Br1) Qi1 + qu@%\:]
= (1= Be-)[Trum (Q™) = Q1] + Br-1 [T Q™) — Q7] (A2)

For each term on the right hand of formula (A2)), we have

Tme<k) - Qi1 = Za§k_l)Tme(k) - Zaﬁk_UQ(k*mﬂ;l)

i=0 =0
m

Z agk—l)(Tme(k) _ Q(k—m+i—1))

=0
_ Zaikfl)(Tme(mmel) _ QUkeminy 4 Zagkfl)(Tme(k) T QM)
i=0 i=0
m m—1 ] )
S (z a;k-D) QO = Ty @)
=0 =0
= 6?_1 + Zﬁ&c\jﬁ
1=0
where e = Z:’;O agk)(Tme(k_eri) _ Q(k—m-ﬁ'))’ o= lm:?)z al(k—l)’ 5’];:1 _ Tme(k—i) _

Trnm Q=Y. Moreover,

Tme(k) Q= Tme(k) _ Zagk—l)Tme(k—i—l)

=0

al(kfl) (Tme(k) _ Tme(k—i—l))
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Therefore, formula (A2) can be rewritten as

ex = (1= Be1)(efor + Y Tibk—i) + Pro1 Y Tibk i

1=0 =0

=(1—Br—1)er_1+ Zngl_c\jz

=(1—Br-1)ex—1 + in /1 T (2k—i(t); Ok )dt
(1_ﬁk 1 ek 1+ZTZ {/O mm(zk( )75k—z)dt
+ Z / mom (21 (8); 0 —i) = T (2141 (¢ );5kz‘)dt} +/1 T (25 (£); O )t

l=k—i

1
= (1 - ﬂk—1)6g71 +/ mm Zk: é TiOk— 1
0

+Zn Z / / 1 (erene(); 21(t) — 2 (£), S dsdt
I=k—1i
= (1 - 6k*1)6k71 +/ T'Imm Zk ZTzdk i
0
m 1 1 k-1
=+ Z/ / Z T,,/,/lm(ZlJﬁLt(S);Zl(t) — Zl+1(t),7'i(5k7¢)d8dt.
i=170 YO j—p_;

For the term Z?;o T;0k_;, it can be rewritten as

Z TiOk—i = O + Z TiOk—i
1=0 =1
m—1

— Q(k) . Q(kfl) + T1Q<k71) o Z aiQ(kfm+i71)

1=0

m—1
— Q(k) . agrlffl)Q(kfl) Z agkfl)Q(kfn%Hfl)

=1

= Q<k) - Qg—l
= Br1(QF , —Q5_y) = Br_refy,

where the second and third equality hold using the formula 73 — 7541 = oszf:il )7 =1—af™". Then, we
obtain

1
e = / (1= B )eSr + B T (2 (0); €1 )t
0

m 1 1 k-1
£y / / S T (e (8); 2(t) — 2141 (), Tide—i)dsdt.  (A3)
i=170 YO y—p 4
Formula (AT) and (A3) together imply that
m k-1
lerllog < (1= Be-1) llef1llog + Bro1-er-llefallon + D D 2 (10ille + 811ll0) 173l 10k—ill o
i=1 1=k—i
m i—1
= 0 {((1 = Br—1) + c1Bu—1) llex—1ll o} +e2- ) <|5k||oo +6k-ill +2) ||5k—i|oo> |73l 110kl oo
i=2 =1
+c2 - ([16klloo + 10k—1llo0) |71 [[6k—1 | oo- (A4)

O
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Proof about Assumption 2 This proof is to show that MellowMax operator satisfies Assumption |Z| (non-
expansive operator). Similar result is also given in [3} [14]].
Proof. Let|S| = n1, A = ns. Note that
Trm@Q =R+~ -P-mmu(Q)
where mm,(Q) = = log{ni2 T-exp(w@)} I = Tnyxn, ® 17,51
1 Trmm @ = Tonm Q' lloo < YIIPlloo[Imme (Q) — mme (Q") oo
< llmme(Q) — mmew(Q')llee

<R — Qe (AS)
O

Proof about Theorem [2] We analyze a bound for §; in terms of e; in the following part. Based on formula

(A3), we have
(L =Nk llco = lI0klloc = YlIdk I
< N6elloo = 1Tmm @™ = TrumQ* ™ oo

< HQ(k> — QWY _ 1, 0® 4 Tme(k—nH

= ||€k — ek_1||oo. (A6)
Let Ex = (ék—m,- - -, €k ). The optimization problem
m
b = argming, cpm+1 |Exel3  s.t. Zai =1
i=0
is equivalent to the unconstrained form
m m
nrélni%gl llex—m + Zni(ek—m+i - 6k—h+i—1)\|2, ni = Z Oél(k) (AT)
i=1 =i
m—1 2 m—i—1
%}@% e — ; Ti(er—i — €k—iz1)|| , T = ; al”c) (A8)

Seeking the critical point for 7, in (A7) yields that

m

(€h—m, ek — ex—1) + Z"]i<€kfm+i — €h—mti—1,€k — €x—1) = 0.
i=1
This implies that
m—1

— (€k—m, €k — €h—1) — Z Ni (€ — €k—1, Ch—m+i — Ch—mti—1)
=1

m—2
= —Nm—1{ex — €r—1,€x—1) — { €x — ex—1, E Qi€k—mti ) -

=0

2
Nm ||ex — ex—1]|

Applying Cauchy-Schwarz inequality and triangle inequalities yields

m—2
|| ek = et < el lew-ll + 3~ ol flen-mall
i=0

Based on the inequality || - ||oo < || - ||2 over R™ and formula (A6), it follows

1 m—2
[ 161 < 7= {mm_unemn +> ol |ekm+z-|} ‘ (A9)
=0

Seeking the critical point with respect to 7p, (p = 1,...,m — 1) in (A8} yields

m—1
er — E Ti(eh—i — €k—i—1), €r—p —€kh—p—1 ) =20

=0
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which implies
- 2 - -
Tp llek—p — ex—p—1ll” = (€k—p — €k—p—1, Tp—1€k—p) — (€k—p — Ck—p—1, Tp+1€k—p—1)

m—p—2 m
+ ( ek—p — €k—p—1, g Qjek—m+j )+ { €k—p — €k—p—1, E QjCk—m+j ) -

3=0 j=m—p+1
Then

m—p—2 m

- 1 - -
ITp||5k—p|m§M{Tp—1Iek—pll+|7p+1llek—p—lll+ Y lagllles—meill+ > Iajllek—m+j||}

j=0 j=m—p+1

(A10)
Combing (A4), (A9) and (AT0), we establish

llewllo < 0k {((1 = Br—1) + c1Br—1) [len_, ||  } + Constant - {Z 18—ill2, + ||5k—1|io}
=2

i=1

=0k {(1 = Br—1) + c1Bk-1) [lex_, || L} + O <Z |ekz|io> .

C Proof: Stable regularization

We firstly prove the stability of the derived regularization in Theorem[3]

Proof. Itis easy to prove that |G, G * |2 < 1 as long as we directly remove the regularization term to induce
the inequality. Then, we have

~ Ay + BrH, H
G2 < _5k+|| k 51; kllo | l;||2
n (1A% + 1 Hellz)
< |- + | Akl2 | Hrll2+]| Hell3
B n ([1AkI[5 + [ Hell%)
<|-g + ||Ak||F||h;k|\F+HH§|I%
n (1A% + [ Hell7)
2
<= = Br|-
n

O

This indicates that the ¢> norm of updating matrix Gy is upper bounded, which can guarantee the stability. Then
we provide the proof of Proposition@

Proof. Firstly, we denote the structure matrix A as follows:

0 O 0 o --- 0 0 1

0 O 0 o --- 0 1 -1
A= . .

0 O 1 -1 0 0 O

0 1 -1 0 0 0 O

1 -1 0 0 0 0 O

(m+1)x (m+1)

Note that ar(fg) = A - Treg, Where

We first bound afekg),
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ol 113 < NAIB - Feelld < 4+ (1 + [[7eell3)

< Ut | (At (1l + 1) 1)

L2
N H ex)?

- |HE exl?

<4(1+
( 12 ([1AkN1F + ||Hk||§:)>
2
<4 (1 + —”2@” > :

k) o
— oz,g(,,f . Since

We next analyze ar(e?
H]?eg — HngTnon = 07

H ex = [HT Hic+n (I8l + | Hil[}) 1] 7 = 0

Then Tieg — Toon = [Hj Hi +n (| AxllF + || Hk||7) 1]’1 [0 (1A + [|He %) 1] Toon which implies

(n (1AkN17 + [ Hll7)) 11112

||7—reY - Tnon||2 S ||Tn0n||2 = HTnon||2~ (All)
¢ n (1A% + 1 Hell%)
Let Tree = (1,TreTg)T, Faon = (1,75,)7. Then Foon = A_la,(,fg, and || Taon|3 = ||A_1ax(1§:2||§ — 1. Based on
, we can establish
oy — efenll3 < [ANZ1Free — Foon 12 = | Al13 ]I 7ree — Toonll?
2
<4l (4o} - 1)
2
2 —11(|2 (k) 2 2
< JAI- A5 - [|odi ] - a3
2 2m+1
< (condz(A))? - ‘ al®" - L
O
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Figure 3: Learning curves of DuelingDQN, DuelingDQN-RAA, DuelingDQN-Stable AA (ours) on
Aline, BattleZone, Berzerk and Bowling games over 3 seeds.
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D Results on Other games

We provide results of our algorithms on other 12 Atari games. Our results in Figure BJH]5] and[6] show that our
Stable AA DuelingDQN consistently outperforms both DuelingDQN and DuelingDQN-RAA significantly.
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Figure 4: Learning curves of DuelingDQN, DuelingDQN-RAA, DuelingDQN-Stable AA (ours) on
ChopperCommand, DemonAttack, Frostbite and IceHockey games over 3 seeds.
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Figure 5: Learning curves of DuelingDQN, DuelingDQN-RAA, DuelingDQN-Stable AA (ours) on
KungFu, MsPacman, Pitfall and Pong games over 3 seeds.
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Figure 6: Learning curves of DuelingDQN, DuelingDQN-RAA, DuelingDQN-Stable AA (ours) on
PrivateEye, Robotank, UpNDown and YarsRevenge games over 3 seeds.
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