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A Multi-dot product kernels

In this section we prove results presented in Section
Lemma A.1. CGPK-EgNet and CNTK-EqNet are multi-dot product kernels.

Proof. The proof follows directly from the derivation of the kernels in Section [2.2] Note that
CGPK-EqNet is given by 2%) and CNTK-EqNet by (:)(1? , and their recursive definition only involve
elements of £ and ©" in which i = j. Moreover, by definition the diagonal elements of ¥(°) and
0O are (x(), z(") for i € [d], implying the lemma. O

A.1 Multivariate Gegenbauer Polynomials

We next extend basic results derived for functions on the sphere to the multisphere MS((, d). These
results will assist us later to prove Mercer’s decomposition for multi-dot product kernels in the
subsequent section.

We consider the set of Gegenbauer polynomials {Q,(f) (t) }k>o that are orthogonal in Lo[—1, 1] w.r.t.
the weight function (1 — ¢2)(¢=3)/2 and omit the superscript. Inspired by [4], we define multivariate
Gegenbauer polynomials, using facts from harmonic analysis on the sphere. (See references [6, 7] for
background on spherical harmonics and Gegenbauer polynomials). We denote by |S¢~!| the area of
the sphere S¢— 1.

Definition A.2. For k > 0, let Q(¢) : [-1, 1] — R be the (univariate) Gegenbauer polynomial of

degree k. Then, the multivariate Gegenbauer polynomial of order k is Q. (t) : [~1,1]¢ — R, defined
by

Qu(t) = Qr, (t1) - Qry(t2) - .. - Qry(ta).

These multivariate Gegenbauer polynomials enjoy several properties that they inherit from their
univariate counterpart.

Lemma A.3. Let Py (t) denote the space of polynomials of degree < k with variables t € [—1,1]%

Then, the set {Ql(t)}lizk is an orthogonal basis of Py (t) w.r.t. the weight function (1 — t2)(¢=3)/2
(withi= (i1,...,1q) and |i| = 11 + ... + iq).

Proof. Let p(t) = Zlizk a;t! € Pi(t). Since the univariate Gegenbauer polynomials form an
orthogonal basis, for every 0 < n; < k and ¢ € [d] we can write ¢;* = Z?:o a§"i)Qj (t;), where
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5”1) € R, and the superscript is used to emphasize that the expansion depends on n;. Therefore,
p(t) can be written as

In|=Fk [n|=Fk ny

Nd
= Z antn = Z Qan Zagnl)Qj(tl) L Za;nd)Qj(td)
n=0 n=0 7=0 7=0
|n|=k In|=k

=N anQn, (1) Qiy(t2) - . - Qny (ta) Z inOn(t
n=0
where () is obtained by applying the distributive law with the fact that n1, .., ng < k. finally, @; can
be computed explicitly from a; and {ag-"i)},

We have shown that Py (t) is spanned by the set {Q; ( )}1=| . Next, we show that this set is
orthogonal with respect to the measure Hle ((1 — t%) . Let i and j be two vectors of indices.
Then, we have that

d
/7 Qi(t)Qj(t)H(l—tz)c%sdtl <o dty H </[ . Q. (t )er(tr)(l—tz)%adtr>
B r=1
S
<|SC 2:) (HN Gy ) Oiryjr * Oigyjz * -+ - iajus

where the last equality is due to the orthogonality property of the univariate Gegenbauer polynomials.
This concludes the proof. O

The relation of the multivariate Gegenbauer polynomials to the SH-products is formulated in the
following lemma.

Lemma A4. Let x,z € MS((, d). It holds that

J -1

Qk(<x(1)a Z(1)>, ) <X(i)’ Z(j)>v ) <X(d)7 z(d)>) = ‘SCil‘d (H N(q, kr)) Z kaj(X)Yk-,j (2),
r=1 J:3r€[N(C k)]

where Yy ;(x) is homogeneous polynomial of degree ki + .. + kq. Yi j(x) is further given by

SH-products, i.e., Yy j(x) = Hle Y, j: (x9)), where Y, ;. are spherical harmonics in SS~*, and

N (¢, k;) are the number of harmonics of frequency k; in S¢~*.

Proof. By the definition of the multivariate Gegenbauer polynomials and the univariate addition
theorem [9]] we get

<x X(Z) (‘)>’ . <x(d),z(d)>) = le(<x(1),z(1)>) C de(<x(d)7z(d)>)
ckl) N(¢:ka)
|SC 1| ) 1 s~ d d

= Yk‘lyvl(x )Ykl,d(z( )) R BV Y Yy \J (X( ))Yk 2J (Z( ))

( < kl = J J N(Ca kd) de:l d>Jd d>Jd

IS¢ N(¢k1)s-sN(Cka)) d
:( NCk) Z HYkl,JL () H(())
j=(@1,...,1)

. |§C*1| | |
B (i_l W) Z Vi (%) Vi 5(2)-

33 €[N (¢ ki)

Note that the homogeneity of the SH-products Y j(x) is a direct result of the homogeneity of the
spherical harmonics Yy, ;..

Lemma A.5. The set {Yy ;} are orthonormal w.r.t uniform measure in MS((, d).



Proof. We have that

/MS( ca Yie j (%) Vi jr (x)dx = / (H i s (X ) (HYM >dx

A.2 Mercer’s decomposition

In this section we prove that the eigenfunctions of multi dot-product kernels consist of products
of spherical harmonics. We further provide a way to calculate the eigenvalues using products of
Gegenbauer polynomials.

Lemma A.6. Let k be a multi-dot product kernel. Then, the eigenfunctions of k(x, -) w.r.t uniform
measure on MS((, d) are the SH-products. Namely, the eigenfunctions are

- —

k>0, ji €[N(q,ki)]

where Yy, ;, are the Spherical Harmonics in S, and N((,k;) are the number of harmonics
of frequency k; in S*~1. The eigenvalues, \y, can be calculated using products of (univariate)
Gegenbauer polynomials as follows,

Ak—C(Cd/[ HQk )1 —12)°2 dt

where {Qy(t)} is the set of orthogonal Gegenbauer polynomials w.r.t the weights (1 — t?)%, and
C(¢, d) is a constant that depends on both ¢ and d.

Proof. Let k be a multi-dot product kernel. By definition for such kernel, there exists a multivariate
analytic function # such that &%) (x, z) = k((x(,zM), .. (x@ z(D)). Using lemma {Qx}
form an orthogonal basis in [—1, 1]d. Therefore, it can be readily shown (similar to [9]]) that, x can be
written as

d |S<_2| d
Kt o ta) = k(t) = Y (HN ¢ ki) |S<1|> Qk(t)/[ ) 1]d ®JJa- B)7 db = D AQu(t).
-1, k>0

k>0 \i=1 i=1

Lemmal[A4]implies

s

Qu((xM 2y (x® 20y (x@ (DY) = > Yiej(x)Yis(2),

74 At/ 1
Hi:l N(Cv ki) J:gi €[N (¢ kq)]
yielding

k>0 jiji€[N(¢,ka)]

Since {Yj j(x)} are orthonormal w.r.t. the uniform measure in MS((, d) (Lemma [A.5) we ob-
tain that {Yy ;(x)} are the eigenfunctions of kD) with the corresponding eigenvalues {\, =

[S21 [y yyo B() TTimy Qe (82) (1 — £3) =" dt ). O
A.3 Proof of Lemma[3.1]

Lemma A.7. Let k be a multi-dot product kernel with the power series given in [2), where x(), 70 ¢
S¢—1 respectively are pixels in x,z. Then, the eigenvalues )\ (k) of k are given by )\k( ) =



|S<_2‘d Y >0 Dkt2s ngl Ak, (tFi1250), where |SS~2| is the surface area of S*~2, and M\ (t") is the
k’th eigenvalue of t*, given by

n! r (<2;1> F(%M)

e (t") = (n — k)12~+1 T (n_THC)

if n — k is even and non-negative, while A, (t") = 0 otherwise, and T is the Gamma function.

Proof. The proof follows the linearity of the integral operator. Let
Zb (1) (1) . <X(d)7z(d)>nd’ 1)

n>0

and denote by C((,d) = |SC’2 |d. Following Lemmathe eigenvalues of kK are given by

Xe =C(¢, d) / HQk )(1— 13)°7 dty..dty
[ 11]d

— /[ D bat® HQk )1 —2)°2 dty..dtg

11]dn>0
5 d
e Y m] < / B Qu: (t:)(1 —t?)‘?dn—) = C(Cd) > ba [ Mn (™).
n>0 i=1 \Y[=L1] S0 ol

Also note from [1] that A\, (¢") = 0 whenever n — k is either odd or negative, implying the statement
of the lemma. O

A consequence of the lemma above is that the eigenvalues of a kernel & can be bounded by the
eigenvalues of other kernels if the power series coefficients of & are bounded by the respective
coefficients of the other kernels. We summarize this in the following corollary:

Corollary A.8. Let k, K'PP" k'Y : MS(C, d) — R be multi-dot product kernels. Assuming that

fort € [—1,1]4,
t) =) bat"

fupper (t) _ Z blulppertn

n

Elower (t) _ Z bilowertn

n

and suppose there exists kg such that for alln > kg, 0 < clbﬁ’“’” < bn < cobEPPET with ¢, co > 0.
Then, for all k > kq,

Ak (R17T) < Ai(R) < eoic(RUPPT) )

This corollary is an immediate result from Lemma 3.1]

B Factorizable kernels

In this section we prove results presented in Section[3.2] We prove Theorem[3.2] which determines
the eigenvalues of factorizable kernels whose power series coefficients decay at a polynomial rate.
The following supporting lemma proves the theorem for d = 1.

Lemma B.1. Let i(t) = Y " ant" where a,, = O(n~") with v > 1 and not integer. Then, the
eigenvalues of & w.r.t. the uniform measure in S~ are

A\ =0 (kf(C+2V73)> )
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Proof. By applying Corollary with d = 1 we have that if f(t) = Y .7 a,t" and g(t) =
Yoo o but™ with cray, < by, < coa,, then it holds that Ax(g) = ©(Ax(f)). It is therefore enough to
find f(t) = >°,° Gnt"™ where @, = O(n™") and then calculate its eigenvalues. By [3] (Thm. VLI,
page 381), the function f(t) = (1 —t)¥~', where v > 1 is non-integer, satisfies f(t) = > - @,t"

with @, = O (n™"). Moreover, according to [2]] (Thm. 7, page 17), the eigenvalues onL:f(t) =
(1—t)*"tinS ! are
Me(f) = ek~ (CH2v=3)

which concludes the proof. O

Relying on the lemma, we can now prove Theorem 3.2}

Theorem B.2. Let k be a factorizable multi-dot product kernel, and let R C [d] denote its receptive
field. Suppose that k can be written as a multivariate power series, E(t) = > . bot™ with

by ~ ¢ H n; "
1€ER,n; >0

with constants ¢ > O,non-integer v > 1, and by, = 0 ifn; > 0 for any i ¢ R. Then the eigenfunctions
of k w.rt. the uniform measure are the SH-products, and its eigenvalues A (k) satisfy

Me~e [ kST,
i€ER, k;>0

where k € N? be a vector of frequencies. Finally, \x = 0 if k; > 0 for any i ¢ R.

Proof. Since k(t) is factorizable and can be written by a power series it can be written as
E(t) = ci(t1) - ... - R(ta),
where 7(t) ~ Y02 n~¥t", and it can be readily shown that
Mk (B) = e, (R) - oo Mgy (R).

Using Lemma B.T| we have that

C)\kl (I%) cat Akd(/?;) ~ C H ki—(C-&-Qu—S)’
i€R,k; >0
which concludes our proof. .

C Positional bias of eigenvalues

We next prove results presented in Section[3.3] We next prove Theorem [3.4]
Theorem C.1. Let k'Y be hierarchical and factorizable of depth L > 1 with filter size q, so that
D (1) = Y onso nt® =3 s an, - an t" withag > 0 and a,, = n; " forv > 1. Then there
exist a scalar A =1+ i such that:
1. The power series coefficients ofk(L) satisfy
CA,nn7V S bn7

where

d
(D)
cam = g [ AP0 20,
i=1



2. The eigenvalues )\k(k(L)) satisfy

d
CAK H ki_(<+2u_3) < Ak,

=1
n; >0

where

d
~ in(p®) k.
Cax =L | I Amln(pi ,k,).
=1

(

cr, and ¢y, are constants that depends on L, and piL) denotes the number of paths from pixel i to the

output ofk(L).
To prove the theorem we provide several supporting lemmas and the following definition:

~(L
Definition C.2. A kernel k( )[71, l]qL — R is called stride-q hierarchical of depth L > 1 if

. -(1)  ~(L) - (1) - (1-1) - (1-1)
there exists a sequence of kernels & ,...,k " suchthatk "(t) = f |k (t1),.... k (tq)
with f : RY — R, t = (t5,..,6,) € [-1,1]¢ " and V() = t € [-1,1]. A ker-
nel &) [—1,1]9E-D+1 5 R is stride-1 hierarchical if for all 1 < [ < L, kY
f (k‘;(l_l)(tl),k‘:(l_l)(sltl), ...,k(l_l)(sq_1t1)> and t, € [1,1]/a—D+1,

We next formulate the relation between the power series coefficient of the two kernels:

~(L) -
Lemma C.3. Let &7 (t) : [-1,1]¢ — R be stride-1 kernel and k‘:( )(t) : [—l,l]qL — R be

stride-q kernel. Then, there exists a variables substitution S : [q"] — [d] such that iffs(j) =t; for
all j € [q*] then

~(L)
k (tS(O)wth(qul)) EE(L)(to,..,tdfl).

~(L) - .
Moreover, if B (t) = > >0 bnt™ and k‘:( )(t) = 2 az0 bat” then
bn =Y _ba
s
where S = {fg, .., _1|Vi =0,..,d — 1, Zi:S(j) nj =mn;}.

Proof. We assume here that d < (¢ — 1)L, in any other case can take mod(d). We construct the
mapping S and prove its correctness by induction. For any index j = 0,..,¢~ — 1 we write j =
ar_1q¥ ' +ar_oq" %+ .. +aiq+ag where a; = 0,1,..,q — 1. Then, we define S(j) := S..(j) =

~(L
ar_1+ap_o+..+ag. We next prove by induction thatk( )(tS(o)» ..,ts(q<L>_1)) = k(L)(to, ey td—1).
For L = 2 we have:

5 t )= f (Dt t )y B (2 t )
S(0)y--» US(g2—1) S(0)y s US(g—1) )5+ S((g—1)q)» +->» LS(q2—-1)

= (B0, oty 1), Bty 1, tg2) ) = £ (B ), B (s518), . B (5,11))

Where t = 1, ..,t,—1 and s is the shift operator. This concludes the case of L = 2. For L > 2 we
assume that S7,_1(j) = ar—2 + .. + ag is the correct assignment for g"~1 — 1 variables and get that

- (L) - (L-1)

(L1
k (tS(O)v"atS(qu )) = f (k

(ts): - ts(a-1at—2+.4a-1)) s K (ts(a—1)gt-1)s - fswn))

~(L-1) ~(L-1)
=f (75 (to: s tz-1)@-1) - B (tg-1), ~-atL(q—1>>)>

() f (E(L_l) (t) s ...7E(L_1) (Sqflt)> ’



where (1) holds from the induction hypothesis and t = o, .., {(r—1)(q—1)- Therefore

= (L)
E  (tso);-tsgr-1)) = B (to, . ta1).

Finally since f is an analytic function it holds that:
~ (L) - Jal -
BB () =& (tsoys-stsqr_1) = Zbﬁtgzo) Ctgl =) Y bs
>0 n>0 S

where S = {ng, .., gz _1|Vi = 0,..,d — 1, Zi:S(j) n; = n;}. Therefore, from the uniqueness of
the power series we get that
bn =Y bn.
S

O
Lemma C4. Let k € N™ and consider the series S,,(n) = Zk1+-~+km=nH kY o=

i=1"%

Z|k\:n k™" with v > 1 and the convention 07" = ag > 0. Then, for n > m, Sy, (n) is bounded
from above and below as follows

A" In < S (n) < B™InTY, 3)
with B > A = (ap + 1) > 1 constants.
Proof. We show this by induction over m, i.e., the length of the vector k. We begin by showing this

for S = Sy(n) forany n > 2,ie, An™" < S =3 _ k™ “(n—k)~¥ < Bn~" for constants A
and B.

Lower bound. For n > 2 it holds that

n n—2
S=>kn—k)"=2-a-n"+2-(n=1)""+ > k¥(n—k)"
k=0 k=2
>2-aq 7”+2-(n71)*”
> 2(a0 + 1)n™" > (2a0 + )n~
>(ag+1)n™"

For n = 2, we have that S = 2apn™" + (n —1)7" > (2a0 + 1)n™" > (ap + 1)n~
Therefore, it holds for n > 2 that Sa(n) > A ¥, where A = ag + 1.

Upper bound. We show that for n > 2 it holds that n”Sa(n) = n¥ >} _ k™" (n — k)™
(2a0 +2) + 2

IN

. This follows from:

n—2

n n—2 v
n > R T < (2a0 + 271 + Z (” (_nk::)k> = (2a0+2""H) + ) (k&_kk) + k(nk k))

k=0 k=2
= (2a +2"1) +ni: L "< (2ap +2"11) +T§ max{ &, 1 "< (2a +2”+1)+2”2§k—”
0 k' (n—ky) = kKn—kf) —7° ‘
k=2 k=2 k=2

Note that f(k) = k~" is monotonically decreasing and therefore can be bounded by the integral

n/2 n/2 v—1

1 1 2 1 1
k< / —dr = - () <
P 1 av v—1 n v—1—"v-1

So overall we have that n”Sa(n) < 2ag + 2V + 2( i )

B _ 2(10 + 2l/+1 + 2(1/+1)

implying that Sa(n) < Bn~" with



Induction step. We next use induction to prove the lemma for S,,, (n) for m > 2 and n > m. Assume
the lemma holds for S,,, i.e., Am " In=" < S, (n) < B™" 'n="forn >mand A =ap+ 1> 1,
we aim to prove this for Sy, +1(n) forn > m + 1.

Smt1(n Z k¥ > SRR

k1=0 kotocdkmi1=n—ki
Using the induction assumption we obtain

Smy1(n Zk” Yo kR

k1=0 kot...+kmi1=n—k1
17
> ag E ky¥ kg + E ky "ok
ko4...+kmy1=n ko4...+kmp1=n—1

> ag A" TV 4 A = 1)V > (ag + 1) = AV,
Note that in the two sums above the induction assumption holds since n > n—1 > m. This concludes
the proof for the lower bound. The proof for the upper bound proceeds in a similar way. O
Lemma C.5. Let k € N™ and consider the series Sy, (n) = Z\k|:n k™" with v > 1 and the

convention 07% = ag > 0. Then, for 2 < n < m, S,,(n) is bounded from above and below as
follows.

. n
mannflnfu S Sm(n) S angn (m e) anlnfl/’ (4)
n
where A, B are given in Lemma Note that for m = n the lower bound boils down to the lower
bound in Lemma

Proof. We next prove the lemma for 2 < n < m.

Smn) = > kU ecky el > kY ek, > ag A I,
ki+...+km=n ki+...4+kn=n
where the last inequality holds from Lemma[C.4]with n = m.

For the upper bound we have

Smn) = > k;"-...-ka§<1>ag“—”<’;‘> DI R

_/m L o /m-e\" L
S(Q) a'ron n<n>Bn 1n v < a'ron n ( - ) B" 17?, 1/7

where (1) considers subsets of size n and sets the remaining orders k; to zero. Note that since n < m

this covers all the options of satisfying the sum k; + .. + k,,, = n (with some repetitions). (2 uses
the bound of Lemmal[C.4l O

Lemma C.6. Let k'Y be an hierarchical factorizable kernel of depth L and filter size q, where
D) (t) = Yonsobntt =¢d 0 n, - ap tP with ag > 0 and ay,, = n; " for v > 1. Then, the
Taylor coefficients of k") satisfy

can” " <by <cpan”

where

d
n=CL H Ami“(PS;L)’ni)
i=1

p e\ (L)

B e

withB> A =1+ % and cy,, ¢y, are constants. p(-L)

,  denotes the number of paths from pixel j to the
output of the corresponding equivariant network.



~(L) -
Proof. Since kL) is factorizable we can use the hierarchical stride q kernel k‘:( )(t) and write:

’%(L)(E) = Z Eﬁtﬁ = Z Agpy e -aﬁqLiltﬁ

>0 >0

with a5, = f; ”. Moreover using the mapping S from lemma we have that k") (t) =

ano b t™ with
bn = ZBﬁ = CZfl_y
S S

where § = {1, ... figr1|¥i = 1,..,d,Y;_g(; 7; = ni}. Note that |{i|S(i) = j}| = p*’ where
p(L) denotes the number of paths from the input pixel to the output, therefore by combining Lemma

for the case of pg-L) > n; and Lemmafor the case of p§-L) < n; we have that

éA,nniy < bn

where cq4 n = H?:l C(piL ,n;) and

) _ .
agi m(l + &o)n"’_l, n; < ng)
(L)

(L+ag)P 71, ni > p"

So all in all we get
[CS N
e(p") ni) = (1 ap) "l A im0

with A =1+ % This leads to

d
s (L)
CAn=CL H Amin(p; 7 ms)

i=1

d (L)
where A =1+ (1170 and ¢, = (14 ag)™¢- %Ei:l P The same set of steps using lemmasand
E]leads to the results of ¢ O

Lemma C.7. Let 'Y be a stride-1 hierarchical and factorizable of fixed depth L and filter size q,
where kB (t) = Doz bnt® =30 sgan, o an A" withag > 0, and an, = n; " forv > L
Then, the eigenvalues \x of kL satisfy

d
A > CAx H ki—(C+2V—3)

=1
n; >0

d
(L) g
CAk = CL H Amin(; ’k”)’

i=1

. o 1 (L) . . .
with A =1+ o and p; ’ denotes the number of paths from pixel i to the output of the corresponding
equivariant network.

Proof. Using Lemma[C.6|we have

d
bn ch Ami“(p“”i)n;”.
i=1
Using Lemma|[3.1| we have
Ak :‘SC72|d Z b 25 \ic (tk+2s) 7

s>0



where we denote by Ak (t%72%) = T, A, (tf"”s"). This implies that

d
M elS2 130 T A 0ke250 (k4 25) ¥, (10420

$>0 =1
Applying the distributive law
d d
M >SS D Aokt (k4 25,) 7V Ay, (tfi“si) = [ (%),
i=15,>0 i=1
where we define the kernel &;(¢) by the power series
. _ 1/d pmin(p;,n;), —vn;
El(t)—Zc ARSI I g
nj:0
Therefore,
d [es) d 00
Ak > CH (Z Amm(pi,ni)ni—v)\m (ﬁi)) =c (Z Amln(pi,ki+2s1-)(ki +25:) 7V Ak, (tki+2si)>
i=1 \n;=0 i=1 \s;=0
d oo
ZCH Amin(piski) (Z (ki +2s;) 7" Mg (tkﬁ%i)) .
i=1 ;=0

Therefore, using Theorem [3.2] we get that

d
)\k Z CAX H k;(C*‘rQV*S)

i=1
n;>0

d
; (L) 4.
ca = e [T A"k,
=1

D Kernels associated with the equivariant network

In this section we prove Theorem [3.3] presented in Section

Theorem D.1. Let k') denote either CGPK-EqNet or CNTK-EgNet of depth L whose input includes
¢ channels, with receptive field R and with ReLU activation. Then,

1. &Y can be written as a power series, E(L)(t) = ano bnt™ with

a JI w<ba<e [ w™,

1€ER,n; >0 1€ER,n; >0

2. The eigenvalues ofk(L) are bounded by
s H k;((+21&;*3) S )\k S Ca H k;(c+21/;,73)’

i€ER i€ER
ki>0 ki>0

where for CGPK-EqNet v, = 2.5 and v, = 1 + 3/(2d), while for CNTK-EgNet v, = 2.5 and
vy, =14 1/(2d) and c1, ca, c3 and ¢4 depend on L.

We begin by proving the lower bound for b,, of CGPK-EqNet.

10



Lemma D.2. Let Y be a CGPK-EgNet of depth L, filter size q with ReLU activation Then, k)
can be written as a power series, k'Y (t) = Y >0 bnt™ with

1n7V S bn»

where c1 > 0 is constant if the receptive field of kD) includes n and zero otherwise and v = 2.5.

Proof. We prove the lemma by induction on L. For L = 1
k(l)( = r1(t1) Z ant?,

where the equality on the right provides the power series of k1. Consequently, for n = (n,0, .., 0),
bn = a, ~ n~Y, and the receptive field contains only one pixel. Therefore, c; is constant if
n = (n,0,..,0) and zero otherwise. For L > 1 we denote x1(u) = Y o a,u" and g(t) =
Bl (t) = > >0 bnt™ with the induction assumption that by, > en~". Then we have that

n

qg—1 oo q—1
AT =32 t
= g(sit) | = = g(s;t)
135>0 n=0 4" \j=0
ki
. > a n al t _( |k| B ts—im o b.t™
=33 () [T = > o H > beim = bat™,
n=0 1 |k|=n i=0 k>0 i=0 \m>0 n>0

where (1) is due to the fact that g(s;t) = Y >0 bm(sit)m =3 >0 Esfimts**m. Next, using a
multivariate version of the Faa di Bruno formula (see, e.g., [8]) we have that:

e () S T b 5

gl
k>0 {ni,...ng| 3¢ | kin;=n} i=0
where Bn, % () denote ordinary multivariate Bell polynomials defined as

. k! i s
_ ' iy Jia
By i (21,, Ty, -..) = g —— T, g,
— JiyJig:ee-
In,k

and jn,k = {ji, +ji, +... = k € R; ji,i1 + ji,iz + ... = n € R4}, Since all terms in @)
are non-negative, it suffices to choose one term to get a lower bound. Specifically, we choose
k=(1,1..,1) € R? and ny, ng such that n; +n, = n, n’n, = 0,andn; = 0 fori ¢ {1,q}.

Noting that |k| = g, Bn, 1 = bnl and Bn 1= bn ,and Bg 1 = bg, we obtain

bn > 2158 b, b, = Cyby b, > Cyc?n™,
q?

where C; = ‘fl—jaqgg_Q and (V) is due to the induction hypothesis. 0

Corollary D.3. The bound in Lemma[D.2] holds also for CNTK-EgNet.

Proof. Let &) be a CNTK-EqNet. Denote by bn(k(L)) as the power series coefficients of kL),
Then, by definition,

l 1 1
2 (x,2) = & (q YD (x, z))
r=0
-1

1% - (- ~ (-
l -1 -1 l
95,3‘(X,Z) ~y E [“0 (Zz('+r,g)'+r(x’ Z)) ®z(‘+r,g)‘+r<x z) + Eg‘zrj+7“(x’z):| ’

r=0
Since k¢ and ; have only positive power series coefficients it holds that by, (k%)) = bn(GEﬁ)) >
C“ bn (E( )) Note that E( ) is the CGPK-EqgNet of L layers and therefore we can apply the lower
bound of Lemmato get bn(k(L)) > C7’cln*”. O
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Next we give a general upper bound. We will use the following lemma: To prove the above lemma
we will use the following supporting lemma

Lemma D4. Let &5 (t) be either CGPK-EqNet or CNTK-EqNet of depth L with filter size q.
Let KF S(u) be a fully connected kernel (NTK or GPK receptively) of one variable u. Then,
plugging t1 = t.. = t; = w10 B (t) gives that BV (t) = KT (u), where KFC (u) denotes the
corresponding CGPK or CNTK kernel of depth L for a fully connected network.

Proof. We prove the lemma for CGPK. The proof for CNTK is similar. We perform induction on L .
For L = 1 the claim is trivial. For L > 1 plugging ¢} = ... =t; = u to k") (t) together with the
induction hypothesis gives us

qg—1
KO () = m1 | 23T BED(s58)
7 =
¢y 2
= (LKL W) | = e (KEC ) = KEC
7=0
O
Lemma D.5. Let k') be either CNTK-EgNet or CGPK-EgNet of depth L with filter size q and
ReLU activation. Then, 'Y can be written as a power series, BV (t) = > >0 bnt™, with,

> inj=k bn = O(ax) where ay, = k™" with v = 2.5 for CPGK and v = 1.5 for CNTK.

Proof. Let k(t) = Yo’ ant™. Using results by [3] (Theorem 8) we have that KF'9(t) =

Y2 o ant™ where KFC(t) is the NTK or GPK model for a FC network and a,, = ©(n~") for
v = 2.5,v = 1.5 for GPK and NTK respectively. Moreover, we have that

() = bat™

n>0
This, together with Lemma[D.4]and plugging t; =ty = .. = t; = u, yields
B () = bat™ = bau™ =Y " uF Y by,
n n k=0 In|=k

The uniqueness of power series further implies
D ba=idr=0O(k"),
In|=k

which concludes the proof. O

Next we upper bound b, (Lemma|[D.7). We begin with a simple supporting lemma
Lemma D.6. For any d > 1 positive (even) numbers c1, ..,cq > 1, denote the two set of indices
I ={(i1, ., iq) € Ny x .. x Ny|eg/2 <ip < ek}
In={(i1,.,iq) € Ng X . X Ny|(i1 + .. +iq) € [c1/2+ .. + ¢ca/2,¢1 + .. + ca]}-
Then I, C I.

Proof. Let (i1, ..,4q) € I. Then,

/24 .. +ci/2<i1+.F+ig<c1+ .. +cq
implying that (i1, ..,44) € Is. O
Lemma D.7. Let k(t) = 3, bnt™ such that 3, _, bn = a, ~ n~" with v > 1. Then, there

exists ¢ > 0 such that b, < en~ (T ) The implication for CNTK-EgNet (v = 1.5) and for
CGPK-EgNet (v = 2.5) can appear in a separate lemma.

12



Proof. Letni,..,ng > 1 be large enough and denote by i = Z?Zl n;. Denote by a, = c-k™". By
Lemmawe have that Z|n|= i bn < Cay, . Therefore,

zn: an = Z b gczn:ak.
k=n/2 \|n|=k In|=n/2 k=n/2

Here we can estimate the RHS using an integral and get

n n

on the other hand, by denoting

I = {I_l S N+ X .. X N+|nj/2 < n; < nj}

L ={neNyx.xNy|n|€[n/2+ .. +nqs/2,n1 +..+n4]},
by LemmaD.6|and because b, > 0 we have that

[n|=

D ba< Y bn= Z b <cz ar

nel nels In|=n/2 k=n/2

Moreover |I1]| = 2%711 - ... - ng- and the smallest element in the sum is minper, {bn} = bpn, . n,-
Therefore,

1 _ (o

a1 o dbnyng < Y b < (w—1)R¥Y —1p~,

nel;
implying that
(v—1)2¥ D —1)(ny + .. + ng)~ @V
bnl,..,nd é 1 .
27(77/1 L -nd)

Now applying the inequality of means we obtain (ny + .. + ng)/d > (nq - ... - n4) 4, and we finally
get that

by omy < d29(v — 1)20D — 1) (ng - .. - ng)~ (T ).

E Trace and GAP kernels

In this section we prove results presented in Section [3.5] We prove Theorem [3.7]

Theorem E.1. Let k be a multi-dot-product kernel with Mercer’s decomposition as in (1)), and let
k™ and KSAT respectively be its trace and GAP versions. Then,

1. k}Tr(X, Z) = Zk,j )\ErYkJ (X)YkJ (Z) with

A = 1d71>\ 6
== ek 6)
1=0

Where \x denote the eigenvalues of K.

5 kGAP(Xyz) _ Zk,j ,\E’fffkd (X))}k,_j(z) with

T
L

Viej(x) = Yik,8:5(%).-

gM

7
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Proof. (1) Let kTr(x7 z) be a trace kernel. By definition

d—1

E™(x,2) = % Z k(six, s;2),

=0

where & is a multi-dot-product kernel, with Mercer’s decomposition

ZAkYkJ x)Yic5(2).

Note that k(s;x, s;z) has the same eigenfunctions as k(x, z) with eigenvalues Ag,x. So we get

. 1
kZT(X,Z)ZE k(six, s;2) = ZZ)\SkYkJ x) Yy 3(2)
=0 =0 k,j
1 d—1
:Zg AslkYk‘] Yk_] ZYI{J YkJ Z)\sk
k,j  i=0

Therefore, we have

1 d—1
A = - D> Ak
1=0

(2) Let KCAT (x,z) be GAP kernel. By definition we have that

d—1d-1

1
kCAP (x,z) = o Z Z k(six,s;jz)

i=0 j=0

Where & is a multi-dot-product kernel. Using Mercer’s decomposition (T)), we have

R(six,s52) = ) AYiej(s:%)Yicj(5;2) ZAst s (X)Ya_ ks i(2).

k.j
Therefore,
1 d—1d—1 d—1d—1
GAP
EACTEES 3) SIS 3) 35 DE AN AT
=0 j=0 =0 j=0 k,j
d—1d—1
Z )\kZZYQ ik,s_— 1_] :, Jké,]_]( )
=0 j=0

1 d—1 d—1
:Z ﬁ)‘k (Zyikasij(x)> Zyvsfjkﬁfjj(z)
K.j =0 =0

We can denote Vi j(x) = f Zd  Yiks, 5(x). Note that Y j(x) is invariant to all circular shifts

of indices. So we further denote by k/S the set of indices k modulu the set of circular shifts
S0, S1, -, Sq—1 and write the last expression as

kGAP<X,Z) :ZZ é)‘k?kd Yk_] ZZ < Z)\s k> Yk_] Yk_]( )
k/S /S i=0
_ZZ)‘TrYkJ x)Yic j(2).

k/S j/S

We conclude that the eigenfunctions are Yy j(x), and the eigenvalues are the same as A™*. Moreover,
note that for any k,k’ such that Vi, k # s;k’ it holds that Vi Yy j(x) LY, j(x). Therefore,

Vi j(x) L Yi (x), implying that {Yj ;(x)} form an orthonormal basis. O

14



References

[1] Douglas Azevedo and Valdir A Menegatto. Eigenvalues of dot-product kernels on the sphere.
Proceeding Series of the Brazilian Society of Computational and Applied Mathematics, 3(1),
2015.

[2] Alberto Bietti and Francis Bach. Deep equals shallow for relu networks in kernel regimes. arXiv
preprint arXiv:2009.14397, 2020.

[3] Lin Chen and Sheng Xu. Deep neural tangent kernel and laplace kernel have the same rkhs.
arXiv preprint arXiv:2009.10683, 2020.

[4] Abdallah Dhahri. Multi-variable orthogonal polynomials. arXiv preprint arXiv:1401.5434, 2014.

[5] Philippe Flajolet and Robert Sedgewick. Analytic combinatorics. cambridge University press,

[6] Helmut Groemer. Geometric applications of Fourier series and spherical harmonics, volume 61.
Cambridge University Press, 1996.

[7]1 Claus Miiller. Analysis of spherical symmetries in Euclidean spaces, volume 129. Springer
Science & Business Media, 2012.

[8] Aidan Schumann. Multivariate bell polynomials and derivatives of composed functions. arXiv
preprint arXiv:1903.03899, 2019.

[9] Alex J Smola, Zoltan L Ovari, Robert C Williamson, et al. Regularization with dot-product
kernels. Advances in neural information processing systems, pages 308-314, 2001.

15



	Multi-dot product kernels
	Multivariate Gegenbauer Polynomials
	Mercer's decomposition
	Proof of Lemma 3.1

	Factorizable kernels
	Positional bias of eigenvalues
	Kernels associated with the equivariant network
	Trace and GAP kernels

