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A Additional related works

A.1 IL via reduction to offline learning

An algorithm is said to reduce IL to offline learning, if it interacts with the MDP and the expert
to create a series of offline learning tasks, and outputs a policy whose suboptimality depends
on the quality of solving the offline learning tasks. One representative example is the Behavior
Cloning algorithm, where the learner learns a policy by performing offline supervised learning on a
dataset drawn from the expert’s state-action occupancy distribution. By [54] Theorem 2.1] (see also
earlier work of [65]]), Behavior Cloning’s output policy’s suboptimality is bounded by H? times the
classification loss with respect to the expert’s state-action occupancy distribution. Another example
is the Forward Training algorithm of [54], where a non-stationary policy is trained incrementally. For
every step of the MDP, it trains a policy by performing offline supervised learning on a dataset drawn
from the state occupancy distribution at this step induced by the nonstationary policy trained for all
previous steps. The output policy’s suboptimality of Forward Training is bounded in terms of the
averaged 0-1 loss of intermediate offline classification problems at all steps. The same paper [54] also
proposed the SMILe algorithm, where the learned stationary policy is defined as a mixture of policies
trained in the past, as well as the expert policy whose weight diminishes in the number of learning
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rounds. At each round, the learner trains a new policy component under the state distribution induced
by the learned policy and uses it to update the learned policy. In the worst case, the output policy’s
suboptimality guarantee is bounded in terms of the weighted average of 0-1 losses of intermediate
offline classification problems. As made explicit by [54], the SEARN [23] algorithm can be applied
to imitation learning and its suboptimality guarantee can be bounded in terms of the averaged 0-1
loss of intermediate offline classification problems. Later, [37] extends SEARN to continuous-action
regime under the setting of exogenous input, following the similar reduction as in [23]].

IL via reduction to offline surrogate loss minimization. A few works study IL via offline learning
that performs minimization over surrogate losses of 0-1 loss. [71], [6, Theorem 15.3] show that if
the average KL divergence between a policy’s action distribution and the expert’s action distribution
is bounded, the policy’s suboptimality can in turn be bounded. In addition, under a realizable setting,
maximum likelihood estimation (log loss minimization) ensures that the above KL divergence goes
to zero as the training sample size grows to infinity. [71] also shows policy suboptimality bounds
of generative adversarial imitation learning [30] that depends on the approximation power of the
policy class, and an estimation error term that depends on the sample size and the expressivity of the
discriminator class.

A.2 1L via reduction to online learning

A major line of research [54, 156 155 63\ [15, [18| [17] reduces interactive IL to an online learning
problem, where a sequence of online losses are carefully constructed so that the cumulative online
loss of a sequence of policies corresponds to the policy sequence’s cumulative imitation losses. In the
discrete action setting, where policies can be viewed as classifiers, early works such as DAGGER [54]]
do not directly provide an explicit algorithm for online cost-sensitive classification loss regret
minimization, and instead perform regret minimization over convex surrogates of the classification
losses. The convex surrogate minimization approach is well-known to be statistically inconsistent
even in supervised learning, a special case of imitation learning [7]. Subsequent works [55]] reduces
online cost-sensitive classification in imitation learning to online least squares regression.

In contrast to these works, we study the original regret minimization problem (induced by CSC
losses) in online IL. without relaxations, in the nonrealizable setting. Although Sun et al. [63,
Theorem 5.2] implicitly designs COIL algorithms for general policy classes by performing online
linear optimization over the convex hull of benchmark policies, we identify a subtle technical issue in
their approach; we discuss it in detail in Section[D.2]

Online IL as predictable online learning: In the above reduction from interactive IL to online
learning, a key observation from prior works [e.g. 15,116} |38] is that, online IL is a predictable online
learning problem [[19, 51]]. This observation has enabled the design of more sample efficient [[16]
38,118} 117] and convergent [15] imitation learning algorithms. However, these works either assume
access to an external predictive model [18} [17] or assume strong convexity of the losses [[16, |38}
151, neither of which is satisfied in the COIL setting. Our MFTPL-EG algorithm achieves O(1)
static regret without the strong convexity assumption on the losses, and is largely inspired by the
predictor-corrector framework of [17], the Mirror-Prox algorithm and extragradient methods in
smooth optimization [42} 33].

IL with dynamic regret guarantees: Prior works in imitation learning [38| [16] have designed
algorithms that achieve sublinear dynamic regret, under the assumption that the imitation losses are
strongly convex in the policy parameters. While strong convexity of the losses naturally occurs in
settings such as continuous control (e.g. square losses), in our COIL setting with mixed policies, the
learner’s loss functions do not have strong convexity.

Cheng et al. [16] show that, under an abstract continuous online learning setup, dynamic regret
minimization is PPAD-hard, by a reduction from Brouwer’s fixed point problem. Our computational
hardness result Theorem [I2]can be viewed as a strengthening of theirs, in that we show a concrete
dynamic regret minimization problem induced by imitation learning in MDPs is PPAD-hard. Our
reduction is also significantly different from [[16]’s, in that it reduces from the 2-player mixed Nash
equilibrium problem: specifically, the reduction constructs a 3-layer MDP based on the payoff
matrices of the two players.

In the general online learning setting, [10} [31]] design efficient gradient-based algorithms with
sublinear dynamic regret guarantees, under the assumption that the sequence of online loss functions
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have bounded variations. While these results appear to be promising for designing efficient sublinear
dynamic regret algorithms in COIL settings, our computational hardness result strongly suggests that
additional structural assumptions on the COIL problem are necessary for such guarantees.

A.3 Other important related works

Fundamental sample complexity limits of IL: Recent works of [50, 49] study minimax sample
complexities of realizable imitation learning in the tabular or linear policy class settings, and shows
that in general, allowing the learning agent to interact with the environment does not improve the
minimax sample complexity. In contrast, in settings where the (MDP, expert policy) pair has a low
recoverability constant, interactivity helps reduce the minimax sample complexity. They also show
that knowing the transition probability of the MDP helps reduce the minimax sample complexity.
Different from their work, our work focuses on the general function approximation setting without
realizability assumptions.

Oracle-efficient online and imitation learning: A line of works [25] 5, 166, 24} 52| |67]] design
oracle-efficient online learning algorithms for online classification and online contextual bandit
learning. Most of these works either assume that the context distributions are iid, or the contexts are
observed ahead of time (i.e. the transductive setting), which are inapplicable in the COIL setting.
The only exceptions we are aware of are [66} 24], which utilize a small separator set assumption
of the benchmark policy class. However, as we have seen, a direct application of [66] [24]] to the
online IL setting results in a linear regret (Theorem [)), which motivates our design of MFTPL and
MFTPL-EG algorithms. [62] designs oracle-efficient imitation learning algorithms from experts’
state observations alone (without seeing experts’ actions). Different from ours, their work makes a
(strong) realizability assumption: the learner is given access to a policy class and a value function
class, that contain the expert’s policy and value function, respectively. Also, their algorithm requires
regularized CSC oracle, for running FTRL.

Connections between FTRL and FTPL: In online linear optimization, [2]] first observe that an in-
expectation version of FTPL is equivalent to FTRL, where the regularizer depends on the distribution
of the noise perturbation. This viewpoint yields a productive line of work that designs new bandit
and online learning algorithms [4, 3]. Our work utilizes this connection to design oracle-efficient
online imitation learning algorithms with static regret guarantees.

B Recap of notations and additional notations used in the proofs

We provide a brief recap of the notations introduced outside Section[2]

In Section we introduce mixed policy class Iz := {ﬂu(|s) = pegulh] - h(-|s)rue A(B)},
and cost vector 0(v) := <Eswdw [Ce(s, h(s))] ) b which is induced by the distribution occupancy
of 7, € Ilg, expert feedback (g, and B. Also, we define cost vector induced by CSC dataset D and
Basgi= (Eqap [h(s))])

In Section[d] we introduce algorithm MFTPL and separator set X'. Given a deterministic stationary
benchmark policy class B, its separator X satisfies Vh, h' € B, 3z € X, s.t. h(z) # I/ (x). Define
sample based perturbation loss variables ¢, ~ N(0,14) for each z € X'. Denote £ = ({3),cr ~
N(0, Ix 4), and the induced perturbation vector ¢(¢) := (3, c x lo(h()))nes, where £, (a) denotes
the a-th term of ¢,. When it is clear from context, we abbreviate ¢(¢) as ¢q. Define perturbation

heB’

samples set Z = {(ac, % . Em)} e where K is the sample budget per round and 7 is the learning

rate. Additionally, we use Z; = {(m, % -Ew-)} ,j =1,...,7T to index T perturbation sets
reX

induced by T draws of {; = ({, ;) N(0, Ix 4). Similarly, we abbreviate g(¢;) as g;.

zex
We denote by Pr(FE) the probability of event E happening. For function f, we say

1. f(n) = O(poly(n)) if 3C > 0s.t. f(n) = O(n%);

2. f(ny,...,ng) = O(poly(ny,...,ng)) if f(n1,...,nk) = O(poly(ny X ... x ng));

3. f(ny,...,ng) = O(polylog(ni,...,ng))if f(n1,...,ni) = O(poly(Innq,...,Inng)).
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We summarize frequently-used definitions in the main paper and the appendix in Table [2]

Table 2: A review of notations in this paper.

Name Description Name Description

M Markov decision process (z,C) CSC example

H Episode length DE (, ¢) distribution induced by 7, M and =%
t Time step in M @) CSC oracle

S State space I Mixed policy class

S State space size U Mixed policy probability weight

s State Ty Mixed policy induced by u

Step(s) Time step of state s O(u) Linear loss vector induced by 7,

A Action space K Sample budget per round

A Action space size k Sample iteration index

a Action D, Set of CSC examples at iteration n
p Initial distribution Ep Empirical average over set D

P Transition dynamics In Estimator for 6(u,,) by D,,

c Cost function fn(m) Estimator for F,, (7) by D,,

7 Policy X Separator set for 5

E. Expectation wrt 7 X Separator set size

P Probability wrt 7 T Sparsification parameter

dt State occupancy distribution  j Sparsification iteration number

dr State occupancy distribution  Z; Perturbation example set

T Trajectory N Gaussian distribution

J(m) Expected cumulative cost T4 Identity matrix of dimension A

Qr Action value function Ixa Identity matrix of dimension X - A
Vi State value function . Perturbation vector drawn from A(0, [4)
A, Advantage function ¢ {le}rexr ~N(0,Ixa)

U Recoverability for 72 in M ¢(¢) Perturbation vector in RZ induced by ¢
et Expert policy n Learning rate

AP Expert advantage function R Closed and strongly convex function
(e Expert feedback function dom(R) Effective domain of R

L(m) Imitation loss of 7 R* Fenchel conjugate of R

N Number of learning rounds ~ Dg- Bregman divergence of R*

n Learning round number Dy Expected CFTPL objective function
) Learning round index Vo Gradient of ®/

F,(m) Online loss function Ry @7, (Fenchel conjugate of ® 1)

B Benchmark policy class uy, Expectation of output from MFTPL
B Benchmark policy class size  u., Output from MFTPL

h Policy in B Jn Optimistic estimation for 6(u,,)
SReg (B) Online static regret [N] Set{1,2,--- N}

DRegy (B) Online dynamic regret I(9) Indicator function

LRegy Linear optimization regret A(WV) All probability distributions over W

Bias(B, By, N)

4
Pr(E)

Approximation error
Failure probability
Probability of event Ef

Onehot(w, W)

Delta mass (one-hot vector) on w € W
w-th term of u € RV
R? or RE vector

C Deferred materials from Section 2

Proposition 13 (Restatement of Proposition . For any N € NV and online learner that out-

puts {wn}ﬁ[:l € BY, define Bias(B, By, N) :=

where dy =

max

minE, 7. Eor(ls) [L(a # 75(s))],

{vn} L, €8y mE€B

+ 25:1 dy,,. Then, choosing Tt uniformly at random from {m,, }71:[:1 has guarantee:

E
E|J(7) — J(TFE)} < H-min {,u - Bias(B, By, N) + w, w - Bias(B, By, 1) +

E[DRegy (B)] }
N :

19



Proof of Proposition[I3] By the performance difference lemma (Lemma [53)), the definitions of L
and F,,, and the assumption that AZ (s, a) < (g(s,a), we have

N

1 1 & H HE
= DI (TF) = Hoo 3 Bt Bar, (1) [AE(S, a)} < T 2o Lim) = 0 Y Fulm):

n=1 n=1 n=1
Following the definition of SReg y (B) and DReg  (8) in Equation (T)),

N

N
1 1 SRegy (B DRegN(B)
anjn(”n>—ﬁ¥££ W)*i ZEEHF t—w - @

Since Bias(B, By, N) = {UnfnaIXEBN min By gy Bar(js) [I(a # 7P (s))], {ma}2_, € BY, and

our assumption that (g (s, a) < ul(a # 7 (s)), the static regret benchmark is bounded by:

N
1
Nglelgn 1F 5}1612* ZESNd Eomn()s) [CE(S,a)]
- %HESNJNEGNﬂ('IS) [CE(Sv CL)]
< minB gy Banr(ls) [M I(a # WE(S))}

=m {on maXeBN glelg EsvinEann(ls) {I(a # WE(S))]

= 4 - Bias(B, By, N).
Similarly, Vn,

in £, = EGN ]EaNTr s )
min (m) = minEsa, (1s) [Cr(s,0)]

. E
< glellrglESNd ]Ea~7r(-\s) |:/’L I(a’ 7é ™ (8))i|

< Eamdy Eamn(ls [I 2 }
pmaxminEs.q, ) [ L(a# 77 (s))

= 1 - Bias(B, By, 1).

By bringing our observations back to Equation (3), we obtain

N

1 H

Nn:1<](77n)— SN E: n(mn) < pH - Bias(B, By, N) + NSRegN(B)v
N N

1 H H

N gz J(mn) — ) < N E: n(mn) < uH - Bias(B, By, 1 )—|—NDRegN(B).

Notice that J(7¥), Bias(B, By, N), and Bias(B, By, 1) are constants, we apply the fact that given
fixed sequence {m, }N_, , E [J(#)[{m, }2_;] = L 20| J(m,) and the law of total expectation,

B[40 - 5] Bgepy, [E[701mN] | - 6%)
1 N
=By, | % Z J(mn) | — J(7F)

<H -min {u - Bias(B, By, N) + w, 1 - Bias(B, Bo, 1) + ]E[DR‘;VM} :

which concludes the proof. O
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D Deferred materials from Section 3|

D.1 Deferred materials from Section 3.1]

Theorem 14 (Restatement of Theorem M). Suppose the expert’s feedback is either of the form
Ce(s,a) = p-I(a#7E(s)) or (p(s,a) = AF(s, g Then, for any H > 3, there exists an MDP M
of episode length H, a deterministic expert policy m", a benchmark policy class B, such that for any
learner that sequentially and possibly at random generates a sequence of policies {m,}N_, € BY,
its static regret satisfies SReg (B) = Q(N).

L
\, \,
L/R L/R

Figure 1: The MDP construction used in the proof of Theorem [T4]

Proof. Define MDP M with:

e State space S = {5y, S, Sr} and action space A = {L, R}.

e Initial state distribution p(Sp) = 1

e Transition dynamics: P;(SL|So, L) = 1, P1(Sg|So, R) = 1, i.e. playing L at Sy transitions
to Sy, deterministically, while playing R at S transitions to Sg. Also, Vt € [H — 1], Va € A,
P,(SL|SL,a) = 1, Pi(Sr|Sg,a) = 1, i.e. Si and Sk have transition dynamics that are
self-absorbing before termination. See Figure T]for an illustration.

e Cost function ¢(Sp, L) = ¢(Sp, R) = ¢(St, R) = ¢(Sgr,L) =0, ¢(St, L) = ¢(Sg, R) = 1.
Meanwhile, let:

e Benchmark policy class B = {hr, hr}, where Vs, hy(s) = L and hr(s) = R.

e Deterministic expert 72 such that 7% (Sp) = L, 7¥(S,) = Rand 7¥(Sg) =
Notice that Vs € S, c(s,7¥(s)) = 0, and therefore V,=(s) = 0 for all s. Also, by observ-
ing AF(s,a) = Q,r(s,a) — Vyu(s) = c(s,a), it can be seen that A¥(Sy,L) = AF(Sy, R) =
AP(Sp,R) = A®(Sgr,L) =0, AB(Sy,L) = AP(Sg,R) = 1.
By the transition dynamics, rolling out Ay, in M i 1ncurs trajectory 7y, I =(So,L,S,L,---,SL, L
with probability 1, where A®(Sy, L) = I(L # n¥(Sp)) = 0and AF (S, L) = I(L £ ( ))

1. Similarly, the trajectory induced by hg is 7, = (So, R, Sg, R, -+ , Sg, R), where AF(Sy, R)
0. (R # 7 (So)) — 1 and AE (S, R) = I(]t # 7E(Sp)) = 1.

For the direct expert annotation feedback (z(s,a) = i - I(a # 7F(s)).

\_/

To begin with, it can be seen from the advantage function values that (M, ) is I-recoverable (i.e.
(s,a)| < 1). Therefore, the feedback is of the form (g(s,a) = I(a # 7P (s)).
Recall that F, (1) = Esvd,, Eaon(|s) [CE(S, a)} , we follow the trajectories of hr,, hr and obtain:

e when Ty = hL, Fn(hL) = %, Fn(hR) = 7
e whenm, = hg, F,(hg) =1, F,,(hy) = 0.

With this, we conclude that, V{m,}N_; € {hp, hp}¥, 25:1 F,(m) > N(}Igfl).
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On the other hand, ¥{m, }\_; € {h,hg}", define Py := S0 B4 I(L = 7%(s)), and

n=1

Pp = 22;1 Es~a,, I(R = ¥ (s)). For the benchmark term, we have

N

N

N

min F, () = min ZF (rr), ZFn(wR) zmin(PL,PR)SE,
n=1 n=1

eB
i n=1

where the inequality uses the observation that Py, + Pr = N and therefore min(Pr,, Pg) < %

Together we obtain SRegy(B) = S0 F,(r,) — mingep ij:l F,(m) > w -5 =

n=1
NHZ2)  which is linear in N' when H > 3.

For the feedback of the form (z(s,a) = A¥(s,a).

By bringing in (g(s,a) = A¥(s,a), we obtain F,,(7) = Eswa, Eqr(.|s) [AZ(s,a)], following
the trajectories of hy,, h g, it can be seen that:

e whenm, = hy, F,(hy) = Z72,F, (hg) = 0.

e whenm, = hg, F,(hg) = 72, F,(hy) = 0.

This implies V{7, }_; € {hr, hr}", Zn 1 Fo(my) = w

On the other hand, V{7, })_; € {hp,hg}", define Cp := 25:1 I(m, = h), and Cg :=

ZN I(m,, = hg), where C1, + Cr = N. For the benchmark term, we have

n=1

N

H-1 H-1 N H-1
frnel}j’ln 1F = min ZF L), zzl w(TR) —min(C'L Fi ,Cr fi >§2~H,
where the inequality uses the observation that C;, + Cr = N and therefore min(Cy, Cr) < §.

In conclusion, any online proper learning algorithm satisfies SRegy (B) = 25:1 Fo(mn) —
minges 25:1 Fo(m) > N(I;I_l) - N(fH_l) = N(QHH_D, i.e., it suffers regret SRegy (B) = Q(N)
which is linear in N when H > 2. O

D.2 Deferred materials from Section

An alternative mixed policy class and its issues. Prior work [63| Theorem 5.3] propose to use an
alternative definition of mixed policy class

ﬁB:{au:ueA(B)},

where policy o, is executed in an an episode of an MDP by: draw h ~ u at the beginning of the
episode, and execute policy h throughout the episode. Importantly, o, is not a stationary policy; as a
result, {a; }/L, are dependent conditioned on {s; }/L,; {a;}L, are only conditionally independent
given {s; };L, and h.

By the definition of o, J(0,) is a weighted combination of J(h) over h € B, which can be
written as J(oy) = >, g ulh] - J(h). [63, Theorem 5.3] propose to perform online optimization

over the following losses, F}, (o) := Esnd,, [Zheg u[h] - AE (s, h(s))}, where o, denotes o, ;

specifically, they output a sequence of {un} _1 CA(B),

N
Z Fn(an) — min F (0w) < uy/Nlog(B
ot uEA(B)

where sup |[AZ(s,a)| < p.

s,a

We show by our MDP example in Figureabove, in general, J(0,,) — J(7¥) # H - F,(0,,), which
implies that, an online optimization guarantee for {F,(c,,)}2_; cannot be converted to a policy
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suboptimality guarantee. In contrast, in our LOGGER framework, with the setting of (5 = A”, we
always have that J (7, ) — J(7¥) = H - F,,(m,,), which guarantees the conversion

Consider the MDP in the proof of Theorem [I4]and u,, = (0.5,0.5). Here, policy o, is executed

by picking h € {hy, hr} uniformly at random and executing h through the whole episode. Since

J(hy) = J(hg) = H — 1 and J(7") = 0, we obtain J(0y,) — J(77) = 3, g Unlh] -

(J(h) — J(7%)) = H — 1. On the other side, it can be shown that d,,, distributes on {So, Sz, Sr}
1 H—1 H-1

with probability weight (57, 57, %57 ), Where

> un[h]- AP(So, h(s)) =0,
he{hr,hr}
and 1
Yo ulh]-AP(Sph(s) = Y unlh]- AP(Sg,h(s)) = 3
he{hr,hr} he{hr,hr}
Thus it can be verified that £, (c,,) = Esd,, {Zhe{hhh}%} unlh] - AP (s, h(s))} =221
H=1_ By this we conclude J(0,) — J(7F) # H - F(0,).

Proof of Proposition|[6| We begin by stating a more precise version of Proposition [6]

1
2

Proposition 15 (Restatement of Proposition @ Forany ¢ € (0,1], ifAlgorithmuses online linear
optimization algorithm OLOA that outputs {un}ff:l C A(B)N s.t. with probability at least 1 — /3,
N N

LRegy = > _(gn,un) — (i > (gasu) < Reg(N).
n=1

n=1

Then, with probability at least 1 — 6, its output policies {ﬁn}gzl satisfy

SRegy (B) < Reg(zv)+2u\/2]v;<“(§)+2u\/mw _ Reg(N)40 (u Nlnj(f/ﬁ)) |

Proof. Recall that in online IL, the loss at round n is F,, (1) = Eswq, Eomn(s) [CE(s,a)]; For
7, € g,
Fn(ﬂ-u) = Z u[h] . ]ESNd-,\-,UEaNh(-‘S) [CE(S7G)] = <9(un)7u> P
heB

where 9(1)) = (ESNd,,n]Ea~h(-\s) [CE(&G)])}LEB'

In LOGGER, ¢, = (]E(S’g)ananh(.m ["(a)])hEB is our unbiased estimator for f(u,). By

c
defining f,,(7) = E(sz~p,Eaun(|s) [€(a)], it can be seen that fo(m,) = > ,cpulh] -
E(s, )~ D, Eann(1s) [€(@)] = {gn,w)
Since the static regret is defined as SRegN(B) = Zf:le F,(m,) — minpep ZnN:1 F, (h), where
N N N
i F = 0 n = i Fn w) — i Fn .
np it 2 - () = iy 2 Fulm) = i D Bl

n=1

We write the static regret as

N N
SRegN(B) = ;Fn<7rn) - 75161%15 ~ Fn(ﬂ-)
N N N N
- ;(Fn(ﬂ'n) — fn(mn)) +n¥1fn(ﬂ'n) - ﬂrrelhrg;fn +7rnghrz Z fu(m) — ﬂnelhrg nZIFn(ﬂ').

(1) (2) (3)

“Note that the performance difference lemma (Lemma requires the two policies in comparison to be
stationary.
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We will bound each term respectively. First, for (2), we recognize that it equals to LRegy =
25:1 (In, Un) —ming,e () 22;1 (gn,u), which is at most Reg(N') with probability at least 1 —4/3
by the assumptions on OLOA.

We now bound the remaining two terms. Before going into details, we index each cost-sensitive
examples as (Sy, g, Cn i) for the k-th sample that drawn from the k-th rollout trajectory at the n-

th round, where k € [K], n € [N] and &, = (CE(S”vk’a))aeA‘ With this notation, we can

write cost-sensitive examples generated at round n as D,, = ((sn,k, 6’n7k))
E(s Do Eann(1s) [E6@)] = % it Eamn( o) [CE (80, a)].

Also, denote E,, , [Y] as the conditional expectation of random variable Y on all history before the
k-th rollout of the n-th round. More precisely, denote by Uy, ; = {sn/ & : (0, k") < (n,k)}, where
= denotes precedence in dictionary order, i.e., (n1, k1) =< (ng, ko) if and only if ny < ng, orng = ne
and k1 < ko; and E,, 1 [[] :=E [ | Z/{n,k,l]. As a convention, denote by U, o := U,_1 k. By the
assumption of Vs € S,Va € A, AP(s,a) < (g(s,a) < p-I(a # 7F(s)) and |AZ(s,a)| < p
(recall Section[2), we have that (g (s, a)| < p for all s, a.

Term (1): Z:Ll(Fn(Wn)—fn(Wn))- We define Yy, 1, = Fo (7)) —Eqrr,, (s, ) [CE(Snks a)] where
Sn,k ~ dy, . It can be seen from the representation of f,, () = & Zszl Eamrn(lsn ) [CE(Snk>a)]
that

K .
p— and write f,,(m) =

K
Fn(ﬂ'n) fn 7Tn = K Z( 7Tn - a~7rn(-\sn,k) [CE(Sn,kaa)}) = %Zyn,k
k=1

Since m,, only depends on history until n — 1 round, and s,, ;, are iid drawn from d,, , we have
Enk [Yok] =E |:Fn(7rn) — B (fsnr) [CE(Snk,a)] | un,k—l}

=K |:Fn(7rn) - ]ESNdW7LEa~7Tn('|Sn,)«) [CE(S, a)} | un_le:|
=E [F(mn) — Fo(mn) | Un—1,x] = 0.

By applying |[(&(sn,k; *)loo < p1, We have

Yokl = [Fn () = Bany (1s,0) [ (500, )] |
= [Esnd,, B, (1s) [CE(8,@)] = (CB(Snp, ), mn (- | 80)) |
< Esmdy, (Co(s,)s (| 8)) |+ ICE(Snpes ) [loo
< 2[[Ce(snky oo < 2p.

This implies the sequence of random variables {Y1 1, Y12, -+ ,Y1.k,Y21, -+, YN i} form a mar-
tingale difference sequence. Applying Azuma-Hoeffding’s inequality, we get with probability at least
1-4/3,

N 2N1n(8)

N K
Z 7rn fn(ﬂn ? g; nk| <20 K

Term (3): mingem, S0, fu(7) — mingem, S0, F,(r). Similar to term (1), for any h € B,
we define V), 1. (h) := F,,(h) — cn ik (h(Sn k), Snk) Where s, i ~ d, . Also, we have that f, (7) =
% Ykt Bann(is, ) [Co(8nk, )], which implies F, (h) = fu(h) = 4 34, Yo x(h). Following
the same analysis shown in term (1), it can be shown that E,, ;, [Ynk(h)} = 0and |Ynk(h)| < 2u.

By applying Azuma-Hoeffding’s inequality, we get for any given h € B, with probability at least
1 — 2% (recall that B = |B]),

SLTCAI RN 3} S R NVHLELIC)

n=1 n=1 k=1
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By applying union bound over all i € B, we get with probability at least 1 — 2, S>V__(F, (k) —

n=1

fu(h) < 2/“/2NM, Vh € B. Also, by the fact that f,,(7) = (gn, u), it can be shown that

N

min E fo(m) = min (g mlng Il
‘ﬂ'EHB n ueA(B)n ot "

Since min e, 25:1 F,(7) = minpep 25:1 F,(h), by denoting h* € argmin, ny:l F,(h),
we conclude with probability at least 1 — 6/3,

N N

min g — min F, (7)) =min g — min F,,(h
n€llp fn(m melly £~ heB Fu(h hes n(h)
n= = n=

N N
:%; fo(h) — ; fa(h) + ;(fnmﬂ — Fu(h"))

In(B) +1n(&
<0+2N¢2Nn<>+n<a>,

K

Finally, by combining our high probability bounds on terms (1),(2), and (3), applying union bound,
we conclude that with probability at least 1 —

2N In(9) In(& NIn(B
SReg y (B) <Reg(N +2uF+2u\/2N )*n 5)_Reg(N)+O<u % .
O

E Deferred materials from Section 4

E.1 Deferred materials from Section d.1]

A more precise version of Lemma Denote by £ = (£;)zex and q(€) = (3, c x la(P(7)))nes-
Define &, : RE — R as:

PA(©) = Epn(0,1x4) Lglf(’é) (© +q(), U>] : “4)
Also, define Ry : R® — R U {+00} as ®’s Fenchel conjugate:
R () = ®3(u) = sup (6,u) — x(0). )
O€cRE

We will need the following two lemmas that establish properties of ® - and R useful in the proof of
Lemmal(7} for their proofs, please refer to Section [G.3]

Lemma 16. @ (0) is differentiable and NV ®zr(©) = Epunr(0,1x 1) largmax <@ +q(£), u>]
ueA(B)
Lemma 17. Rys(u) is \f s -Strongly convex with respect to || - ||1.

Lemma 18. argmin ((®7u> + Ry (u )) = Vo (—0).
ueA(B)

We are now ready to present a more precise version of Lemma 7]

Lemma 19 (A more precise version of Lemma' Suppose Mixed CFTPL receives datasets { D; }7 1
separator set X, learning rate 1, sparsification parameter T. Then, ¥ € (0, 1], with probability at
least 1 — 0, Mixed CFTPL makes T calls to the cost-sensitive oracle O, and outputs u,, € A(B) s.t.

1 (1) — s (L)l < \/ 24 “”“”T* M) yes, ©
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with
n—1 n—1
uy, 1= argmin <77 > giu > +Ry(u) | =Vox [0 i, (7)
ueA(B) i=1
for ®,r and R defined in Equations (E[) and (3).

Proof. In the proof, we refer to results from online linear optimization, which can be checked
in Sectior(lg By Lemma [I8]and Lemma [T for R defined in Equation (3) and ® s defined in
Equation

n—1

v =g (50 +

ueA(B)

8)
n—1
Van (05 0| = Erniore argmax< nzgqu >

=1

We now turn to proving Equation (). Recall the definition of u,, = % Z?Zl Up,j in Algorithm
where u,, ; = Onehot(O((U]' D;) UUZ;), B) and Z; is induced by Gaussian random variables
Uy j ~N(0,14) foreachz € X. Denote by £; = (s j)zecx-

Our proof consists of two steps: first, showing that By, nr(0,7x 4) [un]] = u},; second, applying the
concentration inequality for Multinoulli random variables on ||, (+|s) — 7y (-]s)||1 forall s € S.

To begin with, we first prove E;, (0,7, 4) [Un, J} = wu}. Since each D; contains K cost-
sensitive examples, and X has size X, we have (U}_}' D;) U Z; contains in total (n — 1)K + X

examples. Since g;[h] = E(sz~pn, [c(h(s))] and Zj = {(ac7 [;&]) x < X}, by denoting
q;lh] == > cx Le,j(h(x)), it can be seen that

E(r A~ (U Dy)UZ, [5(h($))]

(nfl)KJrX Z >, @ + 2, dh@)

=1 (z,6)eD; (z,0)eZ;
K 1 K
= E |e(h(z —_— — Ay i(h(z
Z (@.a~p; [C(h(@)] | + Y ta(h(@)
n-1DK+X | = m—-1)K+X =
K

By the definition of oracle O Deﬁnition!and Uy, ; = Onehot(O((U'Z'D;) U Z;), B),
Up,; = Onehot (O((U?:?Di) UZj), B)

= Onehot <ar§£1nE(x B~ (U1 D)UZ, [&(h(z))] ,B)

= Onehot | argmin gilh] + ¢;[h]), B
wes n((n— K+X Z ’

= Onehot [ argmin(n Zgl +q;[h]), B

heB
n—1
= Onehot [ argmax( nZgl ] —q;lh]), B
heB pat
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By this we obtain

n—1
B, A (0,1x4) [tn,;] = Eq, J~N(0,1x4) | Onehot argénsax nz:gZ —q;[h), B
=1

On the other hand, we have by  Equation (@) that  w =

n

EeA(0,1x 4) [argmax< Ny, g +q(0), >] By lemma [44| in Section under the
ueA(B)
distribution of £ ~ N(0,Ix4), argmin { —n Z?;ll gi + q(é),u> is unique with probability 1,
ueA(B)
which is a one-hot vector. With this observation, we can write

U =Eon(o,1x4) |argmax < n Z gi +q(l >

uEA (B)

n—1
:EEN./\/'(O,IXA) argmax <_77 Z gi — q(€)7 U>

u€A(B)

=1 ]
I n—1
=Ern(0,7x4) Onehot(argé%ax —n Z gilh] +q[h]),B) |,
i=1

where the first equality uses the following observation: Since £ is iid from N (0, Ix 4), £ and —£ are
equal in distribution. By observing —¢q(¢) = — (Zmex Ez(h(x)))) i q(—¥), we have that g(¢)
and —¢(¢) are equal in distribution. This concludes By, [u, ;] = us,.

Next, we bound |7, (-[s) — 7y (-[s)||1. To this end, we show that for any s € S, 7y, ,(-[s) is a

Multinoulli random variable with expectation 7,: (+s), 7, (:|s) = F Z].Tzl Tu, ; (-|5), and applying
concentration inequality.

Since u,, ; = Onehot(O((U'-]'D;) U Z;), B), which is a one-hot vector, by denoting h,, ; =
O((UlZ'D;) U Z;), it can be seen that T, (-18) = Dpen Un,jl|h(|s) = hy, j(-[s) is also a
one-hot vector. Also, Vs € S,

EEJ‘NN(O,IXA) [ﬂ—un,j( | )] EZ ~N(0,Ix ) Zun,g Z u = ﬂ—u;('|5)'
heB heB

Thus, 7y, ;(+|s) can also be seen as Multinoulli random variable on A(A) with expectation 7y (-|s),
and u,,, the empirical average of u,_; satisfies

1 T T
7Tun Z un Z T Z Un,j [h] Z T, J

heB heB i=1

Thus, we apply concentration inequality for Multinoulli random variables [48] (originally [70,
Theorem 2.1]) on 7, (+|s) and obtain given any s € S, with probability at least 1 — §/.5,

\/ 24 (In(S) +1n(3))

7w, (-[8) = 7uz, (|s) [l <

By applying union bound over all states in S, we conclude that, with probability at least 1 — 6,

17w, (-18) = muz (+8) |1 < \/2A (ln(S;—i— In(3)) ,Vs e S. O
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Lemma 20 (Restatement of Lemma(8). For any § € (0,1], MFTPL, if being called for N rounds,

L . _ 1 /(B N1n(2NS/5)
with input learning rate 1 = um( >e )4 and sparsification parameter T' = Woariok outputs
a sequence of {un}nN:l, such that with probability 1 — §:
N N
LRegy — ) — min ol <0( VNA(X®In(B %)
gN ;<gn n) WCA(B) £ (Gnsw) K A( (B))
Proof. Denote u) = V& (—n Z?;ll g;) the same as Equation (7), where ¢, =
(]E<S’E§~Dn [&(h(s))] )} o ve rewrite the regret as
1€
N N N N
LRegy = Y (gn:tn) — Y _{gn uf) + D _{gn,uj) — i > (ga,u).
n=1 n=1 n=1 n=1

) (2)

Term (1): ij:l (Gn,un) — Zg 1{gn, u’). For the first term, instead of bounding it nalvely by
([t — w3 ||1, We expand its definition and use Lemma([19[to give a tighter bound. Denote 7}, = 7,: ,
by Lemma we guarantee that for any round n, with probability at least 1 — §/N,

<gn7 Up — ’LL;;> :E(CE,E)ND"EGNTK‘"(-‘S) [E(a)} - E(m,é’)ananﬂ';(-\s) [E(a)}
=E(e. gD, [(& mall2) = Ti(12))]
<E(ze)~p, [I7n(12) =75 (12) 1] o]

2
- \/QAln(NS)T +in(})

where the last line is form applying ||¢]|cc = ||((2, )||co < p. and with probability at least 1 — /N,

(Cls) = mux (c[8) |l </ 2Aw. Then, by applying union bound for N
rounds, and sum over n € [N] we obtain that with probability at least 1 — ¢,

al al 2A (In(NS) + In(2
n:l n=1

T

Term (2): Zi:[:ﬂgm uy) — mingea(B) Zﬁ;ﬁgn, u). By the definition of u) =
Vo (—n Z?z_ll gi), u follows exactly the same update rule of Algorithm |§I with @, defined
in Equation (), on online loss g,, and optimistic estimation §,, set to be 0 for all n. By Theorem 53]

the regret of {un} _, is bounded by
N N

N
1
n, W) — min ) <—4/2X In(B) + X An| gy go
(g eA(B)n:l<g )< (B) n; 1llgn |

1
<—/2X In(B) + nu*NX A,
n

where we use the fact that g, = (]E(S@NDH [E(h(s))})hEB has || gn ||oo at most 1 as ||Ca (S, ) |loe < 1

n=1

for all s.

Finally, by combining the bounds on the first and second terms together, we obtain Vd € (0, 1], with
probability at least 1 — 6,

N In(N'S) + In(2)

N
1

> (gn,un) — min <gn,U>Sv2X1n(B)+nu2NXA+uN\/2A T
7

n=1

ueA(B) ot
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ENE

By setting n = p\/1]V7 (1n§(3)) and T = %, we conclude with probability at least 1 — 6,

I

LRegy < (1 + g + 1) (2N A (X3 1n(B)) =0 <um (X3 ln(B))i> . O

Theorem 21 (Restatement of Theorem[9). For any 6 € (0, 1], LOGGER-M, with MFTPL setting its
parameters as in Lemma[Sland K = 1, satisfies that: (1) with probability at least 1 — §, its output

{71'”}7]:[:1 satisfies: SReg(N) < O (u\/NA In(1/6)(X3 ln(B))i); (2) it queries N annotations

from expert w2 (3) it calls the CSC oracle O for N? In(6N5/9) times.

\/X?n(B)
Specifically, LOGGER-M achieves %.SRegy (B) < € with probability at least 1 — § in N =
2772 / 2772 /
O (” il A“‘“/e‘? X hl(B)) interaction rounds, with O (” a Al““/e‘? X 1n(B)> expert anno-

(M4H4A2(ln(1/6))2 In(S/8)/X3 1n(B)>
64

oracle calls.

tations and O

Proof. Following the results in Lemma[8] MFTPL, if being called for N rounds with the prescribed

. . e _ NIn(6NS/8) N
input learning rate n and sparsification parameter ' = ——==—==L= generates a sequence of {u s
p g rate 7 and sp P ) 8 q {tn

such that with probability at least 1 — g,
LRegy < O (WNA(X?’ 1n(B))%) .

By Proposition@ LOGGER-M output policies {r. n}nN:1 such that with probability at least 1 — J,
NIn(B/§
SRegy (B) < O (i NACX I(B))) +0 (,L n;(/>> |

By setting K = 1, we obtain

SRegN(B)go(HM(Xﬂn(B))i)Jro (M N(ln(B/(S))):O(u NAln(1/5)(X31n(B))%),

where O (p N1In(B/ 5)) is of lower order, by X > log 4(B) proven in Lemma

Since at each round, Algorithm [2| queries /' = 1 annotation from the expert and calls MFTPL
once, where MFTPL calls oracle O T = NIn(6N5/9) times, then for a total of N rounds, it calls NV

/X3 1n(B)
2
annotations and calls oracle O for Y1ONS/9) imeg.
X3 1n(B)
For the second part of the theorem, to guarantee %SReg N(B) < e it suffices to let N =

0 w?H?Aln(1/8)4/X3 In(B)
€2

value of N into their settings in the first part of the theorem. O

) . The number of annotations and oracle calls follow from plugging this

E.2 Deferred materials from Section

E.2.1 The MFTPL-EG algorithm and its guarantees

We present MFTPL-EG (Algorithm ), an alternative to MFTPL (Algorithm [3) for online linear
optimization in COIL. Recall that in the LOGGER framework, for every n, the linear loss g,, at round
n is induced by D, in that g,,[h] = E(s ¢)~p, [¢(h(s))] forall h € B.

Specifically, at round n, MFTPL-EG first computes ,,, the output of MFTPL on {g;}"~/" (line ;
different from MFTPL, instead of using this as u,,, it rather uses this as a estimator for u,,, which
is still to be determined at this point. 4,, induces policy 7,, = 3, . After rolling out 7,, in M and

requesting expert annotations (line , we obtain a dataset D,,, whose induced linear loss (denoted by
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Algorithm 4 Mixed CFTPL with Extra Gradient (abbrev. MFTPL-EG)
Require: MDP M, expert feedback (g, Linear losses {g;}/'_} represented by datasets {Di}?;ll

—

each of size K (s.t. g;[h] = E(s #p, [¢(h(s))] for all h € B), separator set X, learning rate 7,
sparsification parameter 7.

I: fi, « MFTPL ({Di};l;f ,X,n,T), and let 7, < 7q..

2: Draw K examples D,, = {(s, @)} iid from D, via interaction with M and expert (p.
3: return u, < MFTPL ({Di}?;ll UD,, X,mT).

Jn), is an unbiased estimate of (., ), which by the distributional continuity property (Lemma ,
turns out to be a good estimator of 0(u,,). Finally, MFTPL-EG calls MFTPL on the linear losses

{9:1i5" U {an} (line[3)
To analyze MFTPL-EG, We first restate and prove a distributional continuity property in COIL
problems.

Lemma 22 (Restatement of Lemma[L0). For any u,v € A(B),

16(u) — 6(v)llc 2 pH max||my(-|s) = o ([5)ls 2 uHu — ol

Proof. We show (x1) and (x2) respectively.

For (x1), recall the definition of trajectory as 7 = {s1,a1,- -+ ,Sm,any}, we abuse d(-) to denote
the distribution of trajectory induced by policy 7. By denoting 8,[h] = Es~a,, [Cz(s,h(s))] and
Ou[h] = Eswa,, [Ce(s, h(s))], we have for any h € B:

0u1] = 0,11 =[Eoma, [Co (5, ()] ~ Eoma,, [Gils,(5))]|

1 1
=Ernd,, () EZQ;(M(S)) —Errd,, () EZCE(S,h(S))

SET SET

Sl Y (@ e S ol b))

TE(SXA)H sET

<| Y e, (7) ~ de (7))

TE(SXA)H
= |ldx, (-) = dx, ()llr = 20~ Drv (dx,, (), dx, () -

where the last inequality is by Vs € S, Va € A, |(g(s,a)| < p. Here, Dry (u,v) := $|lu— |
denotes the Total Variance (TV) distance between two distributions.

Now, by [36, Theorem 4]:

Drv (dey (1), dr, () < H -Bgma,., [DTV (mu(- ] 8),mo(- | 8))} : ®)
we utilize Equation (9) and conclude that for any h € B,
|0u[h] = 0,[h]] <24 Dry (da, (), dr, ()
<2uH -Egug,, [DTV (mu(- ] 8),mo(- | 3))}
<2uH T£€a§(DTV (mu(- [8),mu(- | 5))

:uHr?eagc |7 (-[8) — 70 (+|8)]]1-
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For (*2), by the definition of 7y, (-|s) = >, .z u[h]h(:|s), we have that Vs € S,

I (-ls) =m0 Cls)lle = I Y ulhlh(|s) = D olhlh(-ls)lh

heB heB

= > 1> (lh] — vl I(h(s) = a)
acA |heB

<3S Julh] — olb]| 1(h(s) = a)
acAheB

=> > |ulh] = v[h]| I(h(s) = a)
heBacA

=" Julh] = v[A]] = llu—v].
heB

This lets us conclude

16(a) = 0(0)lloe = max 0[] — 0u[1)] < b wax I, (13) = mCl9)]l < e = vlly. O

Lemma 23. Let N > yHA\/X31In(B). Forany ¢ € (0, 1], if MFTPL-EG is called for N rounds,
w y

2
with input learning rate n = sparsification parameter I’ = % and sample budget
K = N In(8NB/§)

H2A\/X31n(B)

1
SLHAX’

, outputs a sequence {un} such that with probability at least 1 — §:

n=1"
LRegy < O (uHA\/XS 1n(B)> .

Proof. We will follow a proof outline similar to that of Lemma [20} intuitively, we can view
MFTPL-EG as approximating the execution of Algorithm [6]

At the n-th round in the execution of MFTPL-EG, the algorithm calls MFTPL with dataset { D; }/","
to get 4, and gather extra data set D,, by rolling out 7,, = 7, in M. Then it outputs u,, by running
MFTPL on {D;}'"' U D,,.

In parallel to the definition that g,, = (E(svg),\, p, [e(h(s))] ) e Ve denote the loss vector induced
€
by D,, as §, = (E(s o)) [5(h(s))]) 5 Following a similar definition as Equation (7)), we denote
' " he
= Vou(—n Z?;ll gi) and u} = V@N(—H(Z?;ll gi + gn)). We first rewrite the online linear
optimization regret in the same way as the proof of Lemma[20|using .,
N N N N

LRegN = Z<gna un> - Z<gn7 u;> + Z<gna u:;> - uénAl?B) <gn7 u>7
n=1 n=1 n=1 n=1

1) (2)
and bound terms (1) and (2) respectively.

Term (1): Zn 1{gns un) — Zg 1{gn, uy). Since u,, is the output from MFTPL with 1nput dataset
(D' U D,, separator set X', and learning rate 1 , while u;; := V(- (X0 gi + Ga)) is
induced by {D;}!"_; ! and § Jn, 1s induced by D,. We apply Lemma and guarantee for any given

round n, with probability at least 1 — W’ (-[8) =7z (-[s)[l1 <o/ ZAW.
By applying union bound over N rounds, we obtain that event I2; happens with probability at least

1 — 4, where F is defined as

8
By i |, (of8) = mus (<8)[11 < \/2Ah1(NS);m(5),\m € [N],Vs e S. (10)

Thus, when E; happens, Vn € [N],
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(gns un = ) =E(z,)mD, Banmn (19) [€@)] = Ego,0nD, Barr (1) [E(a)]
Bz, (& mal2) = mi(10))]
<E(a~p, [|Ta(12) = 75 (12) 1[Il ]

8
- \/2Aln(NS)T +in(3)

which implies,

N N 8

In(NS) + In(%)

- 5y < uNy 2422 TG
ggn’un Z<g"’u”>_”\/ T

n=1

Term (2): 25:1 (gn,wy,) — mingeas) 27]:[:1 (gn,u). By the definition of u) :=
Vo N(—U(Z?;ll gi + Gn)), u, follows the update rule of Algorithm|§| with @ defined in Equa-
tion (@), online loss g,, and optimistic estimation §,. By Theorem[53] the regret is bounded by

N

N
Z In, U — min <gn7 U>
n=1 =1

uEA(B)

<L axTm) +Z(77AX|gn dnlle = gl - 2 12).

where we applied the fact that VO (—n(312,' gi + Gn)) — VN (—0(X 12, 0:)) = iy — .

We now turn to bound ||g,, — g% Intultlvely, gn and § Jn are approximators of f(u?) and 0(4}),
while by the inequality (*2) ofLemman 22} 16(u () loo < pH||ul — 4|1 By [18l Lemma
H.3], we bound ||g,, — gn /% by

190 = nll3e <5+ (lgn = 0(un)l5 + [10(un) — O(uy) |15 + [0(u) — 0(a)[1%
(a) (b) (c)
+[10(a5,) — 0(in) 15 + 10(@n) — gall2)-

(b) (a)

We group the terms in three groups: (a)(a), (b)(b), and (¢), and apply different techniques to
bound them. For the easiest (c) term, we apply Lemma 22| and bound it by ||0(u}) — 0(a%)||?
P2 H|uy, — a7 13-

For (b) and (b), we apply inequality (1) in Lemma and get
16(un) = 0(u3) 1% <p” H? max ||, (-|s) = mus, (-13)II2,
16(7,) = O@n)|5 <p* H? max||ma,, ([s) = ma; (-|s)I7-
For term (b), on event E, which happens with probability 1 — £, we have that maxses ||my, (+|$) —

In(NS)+In
ma ()l < 24N

goes through for i, the output from MFTPL with input dataset {Di}ﬁz_ll, and 4X =
Eron(0,1x4) {argmax <ZZL:—11 —g; + Tl]q(ﬁ), u>} . Again, applying Lemma |19 and union bound
over n € [N], we guarantee that the following event E5 happens with probability at least 1 — 9

where
In(NS) +In(%)
T

for all n € [N]. For term (D), the same analysis

E;: max [7a, (-|s) — mas (8)[|F < 24 ,¥n € [N],Vs € S.

In summary, for (b) and (b), we conclude:
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1. With probability at least 1 — &, ¥n € S, [|0(un) — 0(uf)|2 < 2u2H? AN HG)

2. With probability at least 1 — £, Vn € S, [|0(i1%) — 0(ity )||2, < 2u2 H2 ARSI,
For (a) and (@), we first introduce notation 6,[h] = Eswa, [(e(s,h(s))], 0.[n] =
Esna,, [Ce(s,h(s))], where we recall that 7, = 7, #n = ma,. Also, since g,[h] =
E(s,5~D, [E(h(s))] . gn[h] = E.omp, [é(h(s))]. Notice Vn € [N] and Vh € B, Eg,[h] = 6,,[h]

and Eg,, [h] = 0,[h]. Since 0,,[h], 0,[h], gn[h], §n|h] are all in [—pu, u]. We have by Hoeffding’s
Inequality, given any n € [N] and h € B,

1. With probability at least 1 — ;2. [g,,[1] — 0, [h]| < 2u %.

2. With probability at least 1 — 2= [ [h] — 0, [h]] < 21/ 2EEIHE)

With union bound applied over [N] and all h € B, we obtain

1. Event E5 happens with probability at least 1 — 2, where E3 : |[lg, — 0(u,)[|% <
QMQW,VTL e [N].
2. Event E; happens with probability at least 1 — &, where Ey : [|0(d,) — gnl% <

2N2 ln(NBI)(+ln(%) Vn e [N]

Finally, by the union bound, event £ = F;, N E5 N E3 N E4 happens with probability at least 1 — §.
By combining the bounds on all terms we have, we obtain that when event F happens,

In(NS) + In(®
LReg y <uN\/2Aw + 1 /axm(B)
0

N
. 1 . -
30 (1400~ Gl — b - 1)

n=1

</1N\/2Aln(NS);—1n® + %\/QX In(B)

N
* ~ 1 * ~
# 3 (1 s a1 el —

In(NS) + In(3)

In(NB) + In(8
+nAX (20NAM2H2 +20M2N11(>[(11((S)> .
By setting = 575 . T = 5}?%(83]\1?(/3 and K = %, we cancel the terms related to

||luf — 4 ||? and conclude with probability at least 1 — 4,

LRegy <pAv/2uHX3In(B) + (5+4 +4) - uHA/2X3In(B) = O (MHA\/X?* ln(B)) ,
where pA+/2uH X3 In(B) is of lower order since p < H, and nAX - QONAMQHZM =
BEHPAXTING) < 4y HAL/2X3 In(B) is from N > uHA/X3 In(B). O

Theorem 24 (Restatement of Theorem . Let N > uHA\/X3In(B). For any § € (0,1],
LOGGER-ME, with MFTPL-EG setting its parameters as in Lemma([23) satisfies that: (1) with prob-

ability 1 — 9, its output {Wn}nNzl satisfies that: SRegn(B) < O (,uHA\/X3 ln(B)); (2) it queries

O (m> annotations from expert 7 (3) it calls the CSC oracle O for O (%)
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times.
Specifically, LOGGER-ME achieves %SRegN B) < e with probability 1 — § in 2N =

H?A\/X3In(B . . A 2H2AIn(B/6§)\/X3In(B .
0] (“En()> interaction rounds, with O (M a é 2) o )> expert annotations

~ 2 542 E
and O (“ AA ln(se/f) Xsln(B)) oracle calls.

Proof. Following the results in Lemma forany ¢ € (0, 1], MFTPL-EG, with the prescribed input

learning rate 7, sparsification parameter 7', and sample budget K, outputs a sequence of {un}nNzl,
such that with probability at least 1 — %,
LRegy < O (uHA\/XS 1n(B)> .
By PropositionHLOGGER—ME with the prescribed sample budget K = O (W) outputs
H2A\/X3In(B)

policies {77,1}2;1 that satisfy with probability at least 1 — 4,

SRegy (B) < O (uH Ay/X(B) ) + 0 (u "“I((B/‘”) = 0 (ntAVXTI0(B))

where O (m/ W) =0 (,LLH\/Z(X3 ln(B))i> is of lower order.

Since at each round LOGGER-ME queries K = O N In(NB/9)

H2A,/X31n(B)
and calls MFTPL-EG once, where MFTPL-EG also queries K annotations, together for N rounds

LOGGER-ME calls O <]WJVB/5)) annotations from the expert. Also, since MFTPL-EG calls
H2A\/X31n(B)

) annotations from the expert

N?1In(NS/3)

MFTPL twice, where METPL calls oracle T = O (m

) times, then N rounds together

N3 1In(NS/3)

LOGGER-ME calls oracle O (m

) times.

For the second part of the theorem, to guarantee %SReg N(B) < e it suffices to let N =

2 /
0] (W . The number of annotations and oracle calls follow from plugging this value
of IV into their settings in the first part of the theorem. O

E.3 Detailed comparisons between LOGGER-M, LOGGER-ME and behavior cloning

We first present a finite-sample analysis of behavior cloning by ERM on the benchmark policy class
in the following proposition.

Proposition 25 (Application of standard agnostic ERM [58])). For B that contains finite (e.g. B)
deterministic policies h : S — A and deterministic expert policy %, recall Bias(B, {rF},1) =
mingep Bsna_ [I(h(s) # 75 (s))]. Consider dataset D = {(sj, ™" (si)) ey, where si ~ de.
The output % from running ERM onD satisfy with probability 1 — 6,

2(In(B) + ln(%)) .

J(7) — J(r¥) < H? - Bias(B, {7¥},1) + H2\/ i

roof. standard analysis O or agnostic learning (e.g. , we have wit robabilit — 0,
Proof. By standard analysis of ERM for agnostic learning (e.g. [58])), we have with probability 1 — §

By p [10h(s) £ 75(s))] <minBoma_, [I((s) # 7%()] + ¢ AnlB)+ lnl))

—Bias(B, {x"},1) + \/ —Q(IH(B); In($)
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Table 3: A comparison between our algorithms and the behavior cloning. Here O(N ) denotes
O(N In(N)).

Algorithm Bias Term # Interaction Rounds I (¢)
MFTPL uH - Bias(B, I, N) O (HHEARA/S) X In(E)
MFTPL-EG juH - Bias(B, Tig, N) ) (“HQA VX”“(B)>
Behavior Cloning H? . Bias(B, {nF},1) 1
Algorithm # Expert Annotations A(e) # Oracle Calls C(e)
MFTPL o u2H2A1n(1/€g)\/m O wiH*A? 1n(5/5)(121£1/5))2\/m
MFTPL-EG o p2H2A1n(B£§)\/m o (,RHMQ 1n(se/35) @ ln(B))
Behavior Cloning (0] (%) 1

By the performance difference lemma[55] we have
J(x) = J(7) = H - Bona [ As(s5,75(5))]

where Az (s, 75 (s)) = Qx(s,7F(s)) — Va(s). By the fact that A; is bounded in [ H, H] and
Az (s, 7(s)) =0, we have

J(#) = J(7") =H - Esna_, [—Aﬁ(s,ﬂE(S))}

<H Boua_, [H I(h(s) # wE(s))}

2(In(B) + ln(%))
K b

which concludes the proof. O

<H? . Bias(B, {r¥},1) + HQ\/

We now summarize the policy suboptimality guarantees of LOGGER-M, LOGGER-ME and behavior
cloning in Table[3] based on Theorems 21} [24] and Proposition[25} this extends Table[I]in the main
text. In addition to the main observations made in Section[d] we see that LOGGER-ME has a factor of
O(In(B)) higher sample complexity A(e) than LOGGER-M. In addition, in terms of the dependence
on X and In(B), the sample complexity of behavior cloning A(e) has a In(B) dependence, which is
better than LOGGER-M’s 1/ X3 In(B) and LOGGER-ME’s 1/ X3(In(B))3. It would be interesting
to design interactive imitation learning algorithms with sample complexity that only has a O(In(B))
dependence, by relaxing the small separator set assumption on B.

F Deferred materials from Section 3

In this section, we present the proof of Theorem [I2} To this end, we will show that obtaining a
sublinear dynamic regret guarantee in the LOGGER framework is as hard as computing an approximate
mixed Nash equilibrium of a two-player general-sum game. This is achieved by using polynomial
time reduction, where we use Y <, X to denote that problem Y is polynomial-time reducible to
problem X. To facilitate our discussions, we start with some problem definitions.

F.1 Preliminaries for two-player general-sum games

A two-player general-sum game [39]], also known as bimatrix game, is a non-cooperative game
between two players where they can choose actions (or strategies) from set A;, A, that contain
Az, Ay choices and gain reward from payoff matrices V, W ¢ RA= x4y respectively. We say a
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bimatrix game (V, W) is positivly normalized if V, W € [0, 1]4=*4v. Note that we use V;;, W;;
(1 € [Ag],7 € [4,]) to index each element in matrix V' and V. In the bimatrix game, if the first
player plays the i-th action and the second player plays the j-th action, they receive payoffs V; ; and
W, ; respectively. Define mixed strategies probability distribution on action sets. The two players
are allowed to play = € A(A,) and y € A(A,) that corresponds to the mixed strategies on set A,
and Ay, and their payoffs are 2T Vy and x T Wy respectively. A Nash equilibrium of a bimatrix
game (V, W) is a pair (z,y), where x € A(A;), y € A(A,), and no player can gain more payoff by
changing x or y alone. A relaxed notion, e-approximate 2-player Nash equilibrium is defined below.

Definition 26 (e-approximate 2-player Nash equilibrium). For e > 0, an e-approximate 2-player Nash
equilibrium (&, 7) for a bimatrix game (V, W) satisfies that for any x € A(A;) andy € A(A,),
PV >a Vi —e,
FTWG >3 Wy —e,
where & € A(Ay), § € A(Ay), and V,W € RA«* Ay,
In other words, at (&, §), by changing a players’ mixed strategies unilaterally, the increase of her

payoff is smaller than e. We consider a search problem of finding an approximate 2-player Nash
equilibrium:

POLY!2-BIMATRIX:
Input: A positively normalized bimatrix game (V, W), where V, W € [0, 1]™*™, m € N.
Output: An m~'2-approximate 2-player Nash equilibrium of (V, W).

It is well-known that POLY!2-BIMATRIX is a total search problem (i.e. any POLY'2-BIMATRIX
instance has a solution). Furthermore, it is PPAD-complete [[13} [22]], which means that for any
problem Y in PPAD, Y <, POLY!2-BIMATRIX. PPAD-complete is a computational complexity
class believed to be computationally intractable.

F.2 A related variational inequality problem

The Variational Inequality (VI) formulation serves as a tool to address equilibrium problems. In this
subsection, we intoduce a VI problem, which is shown to bridge POLY'2-BIMATRIX and achieving
sublinear dynamic regret in the LOGGER framework in the following subsections.

Definition 27 (Variational inequality). Given Q C R? and a vector field F : Q — R?, define
VI(Q, F), the variational inequality problem induced by (2, F) as finding u* € ), such that
Vu € Q, (F(u*),u—u*) > 0.

Definition 28 (e-approximate solution of variational inequality). u* € € is said to be an -
approximate solution of VI(Q, F) if

Vu € Q, (F(u*),u—u*) > —e.

Given a discrete state-action episodic MDP M, expert feedback (r and deterministic policy
class B, where |[B| = B, Section [3| defines a vector field § : A(B) — RE, where §(u) :=

(Berar, Eamnrs) [Co(s )] ), and mu(ls) == Sy ulh] - h(|s). Setting @ = A(B) € R

and F = 0, we obtain a variational inequality problem, which, as we see next, is tightly connected
with the dynamic regret minimization problem in the LOGGER framework.

Note that in the LOGGER framework, if an algorithm at some round n outputs a 7, := m,, € Iz

that achieves a low instant dynamic regret guarantee: F,, (7,) — mingep F,,(7) < ¢, by the fact

that F, (m,) = (6(uy), u), we obtain (6(uy,), u, ) — Hii{ls) (0(uy), u) < €, which is equivalent to
uec

Vu € A(B), ((un),u — uy, ) > —e. This implies u,, is a e-approximate solution of VI(A(B), ).

This motivates the following search problem of finding an e-approximate solution of VI(A(B), 0):
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PoLY®-VI-MDP:

Input: Discrete state-action episodic MDP M = (S, A, H, ¢, p, P), expert feedback
(g : S x A — R, deterministic policy class B.

Output: A (S + A + B)~%-approximate solution of VI(A(B), ), where S = |S|, A =
AL B = |B.

For the remainder of this section, we first establish a reduction from POLY!2-BIMATRIX to
POLYS-VI-MDP. Then, we show that an efficient algorithm that achieves sublinear dynamic regret
in the LOGGER framework yields an efficient procedure for solving PoLY®-VI-MDP, and thus, all
PPAD problems are solvable in randomized polynomial time.

Before diving into the reduction, we first prove that any POLY®-VI-MDP instance has a solution.

Lemma 29. PoLY®-VI-MDP is a total search problem, i.e., any POLYS-VI-MDP problem instance
has a solution.

Proof. Theorem 3.1 in [26] says that, for any nonempty, convex and compact subset {2 C R™ and
continuous mapping F : {2 — R™, there exists an exact solution to the VI(§2, F). Then, it suffices to
show that = A(B) and F = 0 satisfy these requirements.

First of all, by lemmal[I0] for any u,v € A(B), ||(u) — 0(v)|| < pH|lu — v||1, which implies 6(-)
is a continuous mapping. Secondly, since it is easy to verify that A(B) is a convex set, it remains to
show the compactness of A(B). By the Heine—Borel theorem, a subset in R? is compact if and only
if it is closed and bounded. Then, it suffices to show A(B) is closed and bounded. It can be seen

that, A(B) := {u ERP|u=0,%,5ulh] = 1} is closed, being the intersection of closed sets,

namely the orthant RZ and the hyperplane {u eRP| Y, cpulh] = 1}. Also, A(B) is a subset of

the hypercube [0, 1]Z, and is therefore bounded. Combining the above, we conclude the proof. [J

F.3 PoLY®-VI-MDP is PPAD-hard

Theorem 30. PoLY®-VI-MDP is PPAD-hard.

Proof. Since POLY!?-BIMATRIX is PPAD-complete by [14], we show POLY®-VI-MDP is PPAD-
hard by proving POLY'2-BIMATRIX <, POLY®-VI-MDP. Our proof is organized as follows: First,
we describe map f that maps an instance of POLY'2-BIMATRIX to an instance of POLY®-VI-MDP,
and map g that maps a solution of POLY®-VI-MDP to a solution of POLY!2-BIMATRIX. Then, we
prove that f and g run in polynomial time and satisfy:

1. If (V, W) is an input of POLY'2-BIMATRIX, then f(V, W) is an input of POLY®-VI-MDP.

2. If u* is a solution of POLYS-VI-MDP instance f(V, W), then g(u*) is also a solution of
POLY!2-BIMATRIX instance (V, W).

3. If no u is a solution of POLY®-VI-MDP instance f(V, W), then no (z,y) a solution of
PoLY!2-BIMATRIX instance (V, W).

Map f. Given any POLY'2-BIMATRIX instance (V, W) where V, W € [0, 1]™*™ we construct a
POLYS-VI-MDP instance where the MDP M can be viewed as a three-layer tree (whose details will
be given shortly), and every non-leaf node in the M has A = 2m + 1 children. See Figure[2]

So

A A Wi Wim 0 A A -WmsWmmO VisVmiA A O -Vim~Vmm A A O O O
S1,1 Sim Sym+1 Si2m Si12m+1

Figure 2: The MDP M constructed in our reduction.
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Formally, layered MDP M has episode length H = 3 with initial state S; = {Sp}, A states at the
second time step denoted as Sy = {51, 52, -S4}, and A? states at the third time step denoted as
S3={51,1,5,2,--51,4,521, -, 54,4} We define state space S = S; U S2 U Ss. Define action
space A = {a1, a9, - ,a4}, initial distribution p(Sy) = 1 and deterministic transition dynamics
Pi(8;|S0,a;) = 1, P»(S; j|Si,a;) = 1 forall i,j € [A]. Define cost function ¢(s,a) := ¢(s),
wher

0, s € S1USy
0, s =28, ,wherei=Aorj=A
é(s) =< =Vji, s=5;;,wherei € [m]+m,j € [m]
W, j, s=5;,,wherei € [m],j € [m]+m
A, otherwise
where we denote [m] +m := {m+1,--- ,2m} and set A = 54.

On the policy side, we define benchmark policy class B that contains A — 1 = 2m deterministic
policies h; (j € [A — 1]), such that Vs € S, h;(s) = a;. Define deterministic expert policy 7% as:
78(s) = aa, Vs € S. Note that action a 4 is never a choice for policies in B but always chosen by
the expert. Recall the mixed policy set 115 is defined as

Mg := ¢ mu(|s) == Zu[h] “h(:|s) :u e A(B)
heB

For the expert feedback function (z, we use advantage function AZ(s,a) = Q= (s,a) — Vye(s).
The values of A (s, a) are calculated as follows:

e For s in S3: since for every a, Q. =(s,a) = c(s,a) = &(s) = 0, we have A¥(s,a) = 0.
e For sin Sy:

— First, suppose s = S; fori € {1,...,A —1}. Following 7% directs the agent to S; A,
which encounters zero subsequent cost. This implies that V, & (S;) = 0. On the other
hand, taking action a; transitions to S; ; which encounters cost ¢(S; ;) subsequently. This
means that A¥(S;,a;) = ¢(S; ;). Recall that Vi € [A] ¢(S; 4) = 0, by this we have that
AP(S;,a4) =0forall S € S,.

— Next, suppose s = S 4. Taking any action a and following policy 7% afterwards encounters
zero subsequent cost, which implies that Q& (S, a) = 0. This implies that V= (S4) = 0
and AF(S4,a) = 0.

e For sin S;: at the initial state Sy, taking any action a and following 7% afterwards takes
the agents to state .S; 4 for some 4, which has zero cost. This implies that Q£ (S4,a) = 0,
V,rE (SA) = 0, and AE(SA, a) =0.

In summary, we have

0, seS1USsors=S40ra=ay
. E ) Vi, s=Si,a=aj,wherei € [m|+m,j € [m]
Ce(s,a) = A%(s,0) = Wi, s=58;,a=ajwherei€ [m],jec[m]+m
A, otherwise

In summary, given any POLY!2-BIMATRIX instance (U, V), f returns a POLY®-VI-MDP instance
(M7 CE7 B)
Map g. The map g is defined as: given u* = (u}, u;) € A(B), return

uy R U
T =1 Y=
l[uzll2

*
Y

[

.’i‘:

Polynomial-time computability of the reduction. For map f, given any POLY'2-BIMATRIX
instance (V,W) with V,\IWW ¢ [0,1]™*™, map f(V,W) returns (M, (g, B), where M =

>Strictly speaking, the cost should be within [0, 1]; this can be achieved by shifting the cost function by 1
and dividing by A + 1. Without affecting the correctness of the proof, we set the cost this way for the simplicity
of presentation.
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(S,A,H,c,p,P)has |S| = (2m + 1) + (2m + 1) + 1 = O(m?) states, |A] = 2m + 1 = O(m)
actions, H = 3, |S| - |A| = O(m?) cost function values, (2m + 2)(2m + 1) = O(m?) values for
the deterministic transition probability and one fixed initial distribution. Meanwhile, map f returns
2m deterministic benchmark policies and (g function with |S| - | A| = O(m?) values. Combining
the above, we conclude that f runs in O(m?) time.

For map g, by its definition, it can be computed in O(m) time. In all, f and g are computable in
polynomial-time with respect to m.

Correctness of the reduction.

1. If (V, W) is a valid input of POLY'2-BIMATRIX, then V, W € [0,1]™*™. Given any V, W €
[0, 1]™*™ by the definition of f, it is straightforward to see f constructs an discrete state-action
episodic MDP with expert feedback (r : S x A — R and deterministic policy class B. Thus,
f(V, W) is a valid input of POLY®-VI-MDP.

2. By Lemma (given below), if u* is a solution of POLY®-VI-MDP instance f(V, W), then
g(u*) is also a solution of POLY*2-BIMATRIX instance (V, W).

3. By Lemma any POLY®-VI-MDP instance has a solution.
In conclusion, POLY!2-BIMATRIX <, POLY®-VI-MDP, thus POLY®-VI-MDP is PPAD-hard. [

Lemma 31. g(u*) is a solution of POLY'2-BIMATRIX instance (V,W) if u* is a solution of
PoLY®-VI-MDP instance f(V, W).

Proof. Recall that u* the solution of a POLY®-VI-MDP instance (M, (g, B) satisfies Vu € A(B),
(O(u*),u—u*) > —(S+ A+ B)™5 where S = |S|, A = |A|, B = |B|. The proof follows by
first calculating vector field §(u) induced by (M, (g, B), and then showing that g(u*) is a solution
of the original POLY!2-BIMATRIX instance (V, W) if u* is a solution of POLY®-VI-MDP instance
f(V, W).

To begin with, given V, W < [QE"”X’” we calculate ¢ in the POLY®-VI-MDP instance f(V, ).
We have by definition in Section 3| Yu € A(B),

00) = (Eovtr Eany 1o Ko(0)]) = 5 (Eomez, [Co5,5(5))])

h;eB 3 h;eB ’

where in the second equality we recall that diu denotes the state occupancy distribution at the second
step and d, = 5(d% +dZ +d3 ). The second equality is by the fact that (g (s, a) is always 0
when s € §; U Ss.

Recall that ;(s) = a; and B = 2m as defined in the proof of Theorem [30} it can be verified that
Tu(+[8) = 22 eomy uli] - B (-s) = (u[l],uf2], -+, u2m], 0) ", where the last entry is 0 since the
last action is never chosen by any h; € B. We can calculate its state occupancy distribution at step 2
as: Pry g2 (s =15;) = ufi] fori € 2m] and Pry g2 (s = Sa) = 0. Therefore, Vj € [2m],

2m

Egwaz, [Co(s,a5)] =D ulil(r(Si,a;).

i=1

For any u € A(B), we use u,, u, to denote the vector that consists of the first m elements and the
last m elements of u respectively. Given V, W € [0, 1]™*"™, define matrix

. >\1m><m 7V 2mXx2m
C= ( W Almxm> € R,

where 1,,«,, denotes the matrix whose entries are all 1’s. Notice that by the value of (g calculated
in the proof of Theorem [30] it can be verified that Vi € [2m],Vj € [2m], (&(S;, a;) = C; ;. With
this, 6(u) can be written in matrix form:

1 (& 1 (Al —V N1
0(u) = 3 > ulil¢e(S;, a)) :3<—WT mem>.(zy> =3Cu. (1)

i=1



Therefore, the constructed discrete state-action episodic MDP M, expert feedback (r and benchmark
policy class B induces the following instance of POLY®-VI-MDP: find v* € A(B) such that
Yu € A(B),

(O(u*),u—u*) = <;C'u*,u - u*> > (S+A+B) " =—4m?>+10m+4)7°% (12

where we recall that S = (2m + 1) + (2m + 1) +1, A =2m + 1, and B = 2m.

Next, we show that g(u*) is a solution of POLY'2-BIMATRIX instance (V,W). Recall that in
Section given V,W € [0,1]™*™, the mixed strategies on set A, and sets A, and |A,| =
|Ay| = m are represented by z € A(A;) and y € A(A,), respectively. If (£,7) € A(Az) x A(Ay)
is a solution of POLY!2-BIMATRIX instance (V, W), then (%, §) satisfies for any = € A(A,) and
y € A(Ay),
FTVy>a ' Vi—m12
FTWg >3 Wy —m™12
Now, consider u* = (u}, u}) € A(B), a solution for POLY®-VI-MDP instance f(V, W), such that

Yu € A(B),
(O(u*),u—u*) > —(4m> + 10m + 4)° = —¢,

where we use € to denote (4m? + 10m + 4)~6

We will show that (2,7) = g(u*) = (%, —2_) is a solution of POLY'2-BIMATRIX instance

Tuilli Hu*H

(V, W). To see this, we first prove that Vz € A(A )
GV >V —m 2 (13)

To this end, Vr € A(A), by setting u = ([|u} |1 - 2, u;) € A(B) and plugging this choice of u into
Equation (12)), we have

1
—e < <3Cu*,u — u*>
_ ”u;”1 ANT AT Alyxm -V u;
- 3 ((Z‘ — x) 50 ) 7WT )\]-m,xm : U;;

Sl (o= )Tt — (2 - )TV )

3
/\ *
||’l;a:H1 OT * ||U§H1 (.’1? _ .’ZAT)TV’U/Z
wr |1 ]|w

where we use 0 to denote the all 0 vector in R™. Combining ||} |1 - [|u}[l1 > 3 as shown later by
Lemma [32] we obtain

_ 3 2 27 i
3 % .
T lleglhllugl T 20 2(4m? + 10m 4 4)S

This establishes Equation (I3). Using a symmetrical argument, for any y € A(A,), by taking
u = (u, ||uyll1 - y), we can also show that Vy € A(A,),

FTWy >3 Wy —m™12 (14)

Combining Equations and (T4), we conclude that (Z,) is a solution of POLY'?-BIMATRIX
instance (V, W). O

Lemma 32. VV,W € [0,1]™"™, if u* = (u},u}) is a solution of POLY®-VI-MDP instance
f(V, W), then

\o}

luzlly - llugll = 5-
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Proof. The lemma is proved by showing V V., W € [0, 1]™*", Yu = (ug,u,) € A(B) such that
[uelly & (3, 2), forany v = (vg,vy) € A(B) that satisfies [|vz||1 = [Jvy[1 = 3.

(O(u),v—u) < —% < —(4m* + 10m +4)~°,

where we recall the definition of §(-) from Equation (TT). This implies u* = (u}, u; ) the solution of
PoLYS-VI-MDP instance f(V, W) satisfies [u}||1, [uills € [3, 2],V V,W € [0,1]™*™. Finally, it
can be easily verified that V a, b € [%, %], ab > %.

By the alternative expression of 6(-) shown in Equation (TT)), we can write (6(u), u) and (6(u),v)
with v = (ug, uy) and v = (vg, vy) as:

1
(O(w),u) =5 (=ug Vi = ug Wy + A(Juaf + uylI2),

1
(0(u), v) Zg(—vIVuy = g Wy + Ml vzl + luyll1[lyll1))-

By algebra, V = € A(A;), V y € A(Ay) for [A;| = |Ay| = m, ¥V VW € [0,1]™*™, 0 <
2" Vy, 2T Wy < 1, then

1
(0(u),v—u) =3 (u;—Vuy + ug Wuy — v, Vg, — u;,ery>
1
+ 3 (lual(llvelly = lluzlln) + Myl (Qlog = [y 1)
2
<3 + 18 (lluall ozl = e ll2) + lug [l (logll =l 1))

where we recall that A = 54. Therefore, consider ||u || & (3, 2) and any v such that [[v,|| = [[v, || =
1, we have:

2
[z [l ([0l = ([ lln) + lluglls(loglls = lTuylly)

1 1
=llualli(5 = lualle) + lluyll1(5 = lluyllr)

2
1 1
=—2luglly — =) < ——.
(luall = 5)° < 75

Plugging this back, we conclude that Vu = (ug,u,) € A(B) such that |[ug| ¢ (3, %), for any
v = (vg,vy) € A(B) such that ||v, || = [Jv,|| = 3,
1

—1=—-. O

(O(u),v—u) < 3

Wil N

F.4 Computational hardness of achieving sublinear dynamic regret in LOGGER

Theorem 33 (Restatement of Theorem[I2). Fix~ > 0, if there exist a COIL algorithm such that for
any M and expert ¥, it interacts with M, CSC oracle O, expert feedback (g (s,a) = A¥(s,a),

and outputs a sequence of {m,,, }2;1 € Ilg such that with probability at least %

DRegy (B) < O(poly(S, A, B) - N*=7),
in poly(N, S, A, B) time, then all problems in PPAD are solvable in randomized polynomial time.
Proof. We start the proof by showing if there exists a COIL algorithm Alg1 that achieves
p(S, A, B)N'~7 dynamic regret with probability % in time ¢(N, S, A, B), where p and q are poly-

nomial functions, then, Alg1 yields an algorithm Alg1’ (Algorithm that solves POLY®-VI-MDP
with expected polynomial time poly (S, A, B).

Correctness. As Alg1’ return only if u,, is an (S + A + B)~5-approximate solution of VI(A(B), §),
it solves the POLY®-VI-MDP problem.
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Algorithm 5 Alg1’
1: while true do .
2: Run Alg1 on M, B, (g, O for N = (p(S,A,B) - (S + A + B)®)~ rounds, obtaining a
. N . N
sequence of policies {7, },,_, parameterized by {u,},_;.
3:  Ifany of u, is a (S + A + B)~%-approximate solution of VI(A(B), ), return u,,.
4: end while

Time complexity. We now bound the time complexity of Alg1’. Note that Alg1’ sets Alg1 with
N = (p(S,A,B) - (S + A+ B)G)% = poly(S + A + B), and Alg1 has a running time of
poly(N, S, A, B) = poly(S, A, B), together, each iteration of Alg1’ takes poly(S, A, B) time.

We now show that Alg1’ runs for an expected number of iterations at most a constant. Specifically,
the guarantees of Alg1 implies that for each iteration, with probability at least %,

DRegy (B)({mu, Y1) ZF Tu,) — min F, ()

_Z — min_(0(uy), u)

wEA(B)

—Z max <6‘ (un) un—u>

uEA(B)
Sf(S, Av B) : Nl—’y’

where the first equality is from the definition of dynamic regret in Section [2} and the second is
1
by Fy,(my) = (0(uy),u). In this event, since N = (p(S, A, B) - (S + A+ B)®)7, we have that
In € [N]s.t.
max (0(uy), u, —u) <p(S,A,B)- N7 =(S+A+B)"°
u€A(B)

which means w,, is a solution of POLY®-VI-MDP instance (M, (z, B). Hence, the expected number
of iterations of running Alg1 before a valid solution being returned is smaller or equal to Y, (%) b=
2. Thus, the expected running time of Alg1” is O(poly(S + A + B)).

By Theoremm 30} all problems in PPAD are polynomial-time reducible to POLY®-VI-MDP. If there
exist a COIL algorithm Alg1 that achieves sublinear dynamic regret in LOGGER, then Alg1’ can be

constructed to solve POLY®-VI-MDP in randomized polynomial time, which means all problems in
PPAD are solvable in randomized polynomial time. O

G Online linear optimization results

In this section, we first provide a recap on online linear optimization, the well-known Optimistic
Follow the Regularized Leader (FTRL) algorithm (Algorithm [6) [51]], and its regret guarantees
(Theorem 2)). Section [G.3]instantiates this general result with the regularizer R (Equation (3))
defined in Section [EJl

G.1 Basic facts on convex analysis

Before we delve into the optimistic FTRL algorithm, we state some useful definitions and facts from
convex analysis.

Definition 34. For a differentiable convex function f : R? — R, define Dy (v,w) = f(v) — f(w) —
(v—w,V f(w)) to be the Bregman divergence induced by f.

Definition 35. Given a convex function f : RY 5 RU {+o0}, where Q C RY, define f* : RY —
R U {+o00} as f*(0) := sup,ega ((6, w) — f(w)) to be its Fechel conjugate.

Definition 36. A convex function f : RY — R U {+oco} is proper if it is not identically equal to +oc.
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Definition 37. A function f : R? — RU {400} is a-strongly convex w.r.t. a norm || - || if for all v, w
in the relative interior of the effective domain of f and \ € (0, 1) we have

fOw+ (1 =Mw) <Af(v) + (1 =2 f(w) - %a)\(l =N —wl?.

Definition 38. A function f : R? — R is 3-strongly smooth w.r.t. a norm || - || if f is everywhere
differentiable and if for all v, w € R? we have

Fo 4 w) < ) + (V) w) + 5wl

Definition 39. For a convex function f : R? — R U {+o0}, define its effective domain dom(f) :=
{weR?: f(w) < +o0}.

Note that the effective domain of a strongly smooth function f satisfies dom(f) = R%.
Fact 40. Let f : R? — R U {+00} be a proper; closed and convex function, then:

1. f* is closed and convex ([153| Theorem 12.2]);

2. f** = f([53 Corollary 12.2.1]);

3.0 €0f(w) < f(w)+f*(0) = (0, w) & w € If*(8), where Og(w) denotes g’s subdifferential
set at w ([[Z3, Theorem 2.4.2]);

4. f is a-strongly convex with respect to a norm || - || if and only if f* is f—strongly smooth with
respect to the dual norm || - ||« ({33 Theorem 3]).

Proposition 41. Let f : R? — R U {+00} be proper, closed and a-strongly convex with respect to
|1, is differentiable, and ¥ f*(0) = argmax,,c gom(sy ({6, w) — f(w)).

Proof sketch. Given a function f that is proper, closed and strongly convex, define f; : dom(f) — R,
where f1(w) := f(w) on dom(f). It can be seen that f; : Q@ — R is closed and strongly convex. It

can be checked that f*(8) = sup,,cpa ((9,11)} — f(w)) = SUPycdom(f) ((9,w> — f(w)) = f1(0)
where f; is defined using the notations in [57]. The proposition follows from [57, Lemma 15]. [

G.2 General results on FTRL and Optimistic FTRL

Online linear optimization refers to the following /N-round protocol: the learner is given a convex
decision set Q C R4, At every round n € [N], the learner chooses some decision u,, € (2, and then
receives a linear loss (g,,, -), where g,, € R%. The goal of the learner is to minimize its regret on this
sequence of linear losses:

N

N
LRegy = Z (Gnsun) — Z Ins U

n=1

Optimistic FTRL (Algorithm [6)), works for online linear optimization with a general decision set €.
It takes into input a strongly convex regularizer R with effective domain {2 and a learning rate n > 0.
It maintains the cumulative linear loss ©,, = Z?=1 g; over time (line E]); at round n, it first uses a
predicted instantaneous loss §,, to construct a guess on the cumulative loss ©,, (line[3), then chooses
the decision w,, that minimizes the regularized guessed cumulative linear loss 77(6) u) + R(u)
(line 4)), which by Proposition . has an equlvalent form of VR*(— 77@n) We have the following
guarantee on the regret of Optimistic FTRL; it is largely inspired by and slightly generalizes the
results of [59} 2, I51]].

Theorem 42. Let R : R? — R U {+00} be a closed and a-strongly convex function with respect to
-1, (R). The linear regret of Optimistic FTRL with R and learning rate n > 0,

43



Algorithm 6 Optimistic FTRL

Require: Convex decision set 2 C R, regularizer R that is closed and a-strongly convex with
bounded dom(R) = (), learning rate n > 0.

1: Initialize ©g = 0.

2: forn=1,2,...,N do

3:  The learner makes prediction §,,, ©, = ©,_1 + gy, -

4:  The learner plays u,, = argmin, cq (n(én, u) + R(u)) = VR*(-10,,) .
5. The learner receives real 1oss g,,.
6
7

Update ©,, = ©,_1 + gp, -
: end for

satisfies the following:

N
R fuweq R(w 1 A A
LReg SSupwesz ( )77 infen + 5 Z ( —779n) — Dp= (—77@71717 _77971)
n=1
divergence penalty prediction gain
(15)
SUp,ecq R infeq R(w : ” * A
<*Puco ) ~Infueo Z e~ o0l — 29 R (0,-1) - VR (00
(16)
Specifically, if g, = 0 for all n,
LRegy < SUPyeq R(w) — infyeq R(w ZHH H2

n

Proof. By the definition of Bregman divergence, we have
D (=10, ~1100) = R*(~10,) = R*(~10,) = (=110 + 10y, VR (~163))
Dr (=11, ~116,) = R*(=1-1) = B*(=104) = (=11 + 10, VR*(=10,) ).
By rearranging the terms, the two equations can be rewritten as
(100 =16, VR (=116,) ) = —R*(=10,) + R*(=10.,) + D- (<1, =1On),

~ (101 = 160, VR (=110,) ) = R* (=10, 1) = R*(~10,) ~ D (=101, ~10).
By adding the two equations and recall that ©,, = ©,,_1 + g,, and u,, = VR*(—@n), we can write

n <gn7 un> = <77®n —NOn_1, VR*(fnén)>
=R*(—m©,_1) — R*(—©,,) + Dg+(—nO,, 777@”) — Dp+«(—mO,,_1, —7)@n).

Summing overn = 1,..., N, we have
N N
n Z <gn7 un> = R* (O) 17@]\[ Z (DR* - _77@n) - DR* (—n@n_l, —nen)) .
n=1 n=1
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Therefore, we can bound nLReg; as:

N
nLRegy = Z 0 (Gn, Un) — Znelg Z:l (Ngn,w)

n=1

Mz

— 7mi£ nOnN,u) + R*(0) — R*(—mOn) +

ue

(DR* 7O, —10,) fDR*(fnGn_l,fnén))

ue

N
= max (—nOn,u) — R*(—mOnN) + R*(0 Z (DR* 1Oy, —1nO,) — Dp+(—mOp_1, fn@n)>

N
< sup R(u) — inf R(u) Z Dg-(—110n, —1On) = Dg+(—1Op_1,-1O,)),
u€ u ne1

where the last inequality is by applying the definition of Fenchel conjugate and item 2] of Fac{40}

l. maxyeq (—mOn,u) — R*(—1On) < sup,eq <supé€Rd <—(:),u> - R*(é)) =

SUp,co R (u) = sup,cq R(u).
2. R*(0) = supyepa (0, u) — R(u) = sup,cq (0,u) — R(u) = —inf,cq R(u).

This concludes the proof of Equation (I3]). We next prove Equation (I6).

Upper bounding the divergence penalty terms D g (—n©,,, —nén). Since R is closed and a-
strongly convex, by itemof Fact R* is L-strongly smooth and VO, ©' € R, D+ (0,0’) <
~||© — ©’||?, which implies Vn € [N],

o 1 ~ 7]2
D**@n*@7,<7 @n* @772:7 n*An2
R (—1On, = ,)_2a||77 nOn|[% 2allg, gnll

where the last equality is from the definition of ©,, = g, + ©,,_1 and 6, = Jn + On_1.

Lower bounding the prediction gain terms Dy« (—10,_1, —n@n). Since R is closed and a-
strongly convex, by Lemma 54} we have

~ « * * A
Di (101, -16,)) = SIVR* (<10, 1) ~ VE (=16,

Finally, combining Equation with the bounds on divergence penalty and prediction gain terms,
Equation (L6} is proved.

Remark 43. An alternative proof of this theorem can be done using the Stronger Follow the Leader
Lemma [18 141)].

G.3 Regularizer induced by example-based perturbations

In this section, we instantiate the Optimistic FTRL algorithm and regret guarantee in the previous
section with a specific R that appears in our MFTPL, MFTPL-EG algorithms. Recall that in
these algorithms, we use samples in the separator set X and assign cost vector £, ~ N(0,14)
independently on each of them. As a result, we define R in Equation (§) as the Fenchel conjugate

of ®pr(0) = Erun(0.1x4) l max (& + q(ﬁ),u>] ; recall that ¢(£) = (3, cx lo(h(2))nep and
t= ()

First, we prove several useful properties of ® .
Lemma 44 (Restatement of Lemma|[16). ®5/(0) is differentiable for any © € RP and V& ,(0) =

TEX"

argmax (© + q(€),u) |.

Een(0,1x4) g

Proof. To prove the lemma, by [9] Propositions 2.2, 2.3], it suffices to prove that for any O,
argmax,c A (g (© + ¢,u) is unique with probability 1, over the draw of £ ~ N'(0, Ix 4).
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By the definition of argmax, it can be seen that the solution of argmax (O + ¢, u) is not unique if and
ueA(B)
only if there exist h, b’ € B and h # k', such that ©[h] + g[h] = O[h'] + q[W'] = m,ax(@[h] +g[h]).

Define event £ = {argmaxueA(B) (© + ¢, u)is not unique} and event Ey,p.: ©[h]+q[h] = O[W]+

q['], for all h,h’ € B and h # h'. For E to happen, it is necessary that one of Ej, 5, happens.
Formally, & C h;LéJh’ Epp . By applying the union bound, we obtain

Pr(E) < Pr(théJh, Enw) <Y Pr(Enw).
h#h’

We will now show that for any h, h’ € Band h # h/, Pr(E}p;,) = 0. By its definition , Fyp/ happens
if and only if ©[h] + ¢[h] = O[h'] + ¢q[h']. We can rearrange the terms and get

q[h] — q[n] = n - (©[h] — O[1]) .

The following proof shows given any constant C' € R, g[h] — g[h’] = C happens with probability 0.
Here we first recall the definition of separator set X': 3z € X s.t. h(x) # h'(x) for any h # h' and
define X, := {z € X|h(z) # h'(z)}. It can be seen that X}, ;s is nonempty for h # h' by the
definition of X. Now we can rewrite g[h] — g[h'] with the help of X}, p/,

glh] = q[W] = La(h(@)) — LW (2)) = Y La(h(z)) = La(W (x)).

zEX TEX), pr

Since £ = (€3),cx ~ N(0,Ix4), q[h] — q[I'] can be viewed as a sum of 2|}, ;| independent
Gaussian variables following distribution A/(0, 1). By this observation, we have that q[h] — g[h'] ~
N(0,4|X), p/|?), which implies VC' € R, Pr(q[h] — q[h'] = C) = 0. This in turn shows that
Pr(E) < 32,4 Pr(Epp) = 0, which concludes the proof of the lemma. O

Lemma 45. ® is closed and convex on RE.

Proof. To begin with, we show &, is convex. Recall that P (O) =

max (O + q(¢),u)

e where ¢(¢{) = (> ,cxle(M(x)))nen. To check the

Eron(0,1x4)

convexity of @, given any ©, 0’ € RP and any v € [0, 1], we have

Dpr (70 + (1 —7)0) =Epn(0,1x,) Max <7@ +(1—-v)0" + q(€)7u>

ueA(B)
“Erno.rxa) (Y(© +q(0) + (1L = 7)(O' + q(£)),u)
< _ !
<Een(0.10) (M (v(© + q(0)),u) + Jax (1 =)0 +q(0)), u)
=VEen0.1x) 1 (O +4(0),w) + (1= NEeno.rn) max (O +4(0)r)

=72x(0) + (1 = 7)2u(O).

The inequality is by the fact that Vu € A(B),Va,b € RE , (a + b,u) < max (a,u)+ max (b, u).
ueA(B) ueA(B)

Secondly, to show ® s is closed, by [12, Section A.3.3], since RE is closed, it suffice to show DA
continuous on R%. Since ®  is differentiable on RZ by Lemrna we have that @, is continuous,
which concludes that ® A is closed. O

The following two properties of ® s are largely inspired by [66].
Lemma 46. ®,(0) < /2X In(B).
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ueA(B)
(>_zex la(M(x)))nep. For the remainder of the proof, we use E as an abbreviation for By a0, 15 4)-

Proof. By the definition of @, we have ®(0) = Eppr(0,75 4) [ max < u>] where g(¢
Recall that g[h] = > £z(h(x)), we can write ®xr(0) = E {r}xllaé(q[h]} . Forany b > 0,
€

exp (b E[maxq[h]D <]E[exp(b-r}?ggq[h])] E[ri?eaé(exp (b-qlh ] ZE{exp (b-q ])]

heB

where the first inequality is from the convexity of exponential function, while the last inequality is
form max exp(bg[h]) <3¢ exp(bylh]).
€

By the property of the sum of independent Gaussian variables, since £ ~ N (0, I x 1), we have that

forany h € B, q[h] = (3_,cx le(h(2)))nep follows Gaussian distribution AV'(0, X). Then, Vh € B,
by a standard fact on the moment generating function of Gaussian random variables, we have that

Vh € B,
2
Eexp(b- glh) = exp (E’QX> ,

2X
) < )
exp (b E r}{lggq[h]) Bexp < 5 )

Hence, by taking the natural logarithm and dividing by b > 0 on both sides, we get

which implies

In(B) n bX
b 2

E [maxq[m] < (17)

heB

Since Equation (T7) holds for any b > 0, by choosing b = 1/ 25%) we obtain E [I}{lagq[h]} <
€
2X In(B), which concludes ®(0) < 1/2X In(B).

Lemma 47. O is 3-strongly smooth with respect to || - ||oo with 8 = \/gAX .

Proof. To prove that @z is S-strongly smooth with respect to || - ||oo, by Definition 4.18 in [43]], it
suffices to show that VO, ©’ € RP,

VN (O) = VO (O)]1 < B[O — 6o

By Lemma , VON(O) = Ern(,1xa) [argmax (©+q(0), >], where q(¢) =
A(B)
(> scx te(M(x)))nep. Given £, we introduce shorthands
ug = argmax (u, © + q(0)) , u, = argmax (u, ©" + q(¢)) .
u€A(B) u€A(B)

We also introduce the short hand h, and h; to represent the policy in class B selected by u, and u;.
More explicitly,
hq = argmax ©[h] + g[h], h;, = argmax ©’[h] + q[h].
heB heB

By Lemma Ug, u;, hg, h; are well-defined with probability 1 over the randomness of £. With
this notation, we have |[u, — u |l = 0 when hy = h, , and [Juy — uy ||y = 2 when hy # hy, which
means |u, — uyll1 = 2I(hy # hj). From now on, we use P(¢) to denote the probability density
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function of ¢. By this, we have

IV (©) = VO (Ol =IErun(0,1x4) g — ]EeNN(o,IXA)Uglh

_}; / —I(h = h)P(0) dﬁ‘
<hezg/‘ (h = hy) (h:h;))’P(ﬁ)dﬁ

/Z‘ (h = hy) (h:h;))’P(é)dE

heB
:/2I(hq # h)P(6) e
14
—2Pr(hy # hl),

where Pr(h, # hy,) denotes the probability of h, # h;, under the distribution of £. By the definition

of separator set X', h # A’ if and only if 3z € X' s.t. h(x) # h’(z). Then, by bringing in hy, h and
apply the union bound, we have

Pr(hg # 1) < > Pr(hg(z) # hy(x)) = > > Pr(a = hg(x) # hj(x)).

zeEX rEX a€A
Then, given any x and a, we denote ¢_,, as all other Gaussian variables in set {¢;(a)}zex,aca

except £, (a) and Pr(a = hy(z) # hy(r)) as the probability of a = h,(z) # hy(z) under the
distribution of /__,. Then, Vo € X,a € A,

Pr(a = hy(z) # h(z)) = / Pr(a = hy(z) # he (@)l —2a) P({—za)d(l—za)-
Conditioned on ¢_,,, we denote / = {fm (a)}rex,ac as the corresponding perturbation vector that
share the same value with ¢ on all other entries and set ¢,.(a) = 0. Define

Ora = O+ [ D L:(h(x)) , =0+ | > I

zEX heB zEX heB

By algebra, ©,, — O, = © — ©’. By the definition of u, and u;, with the new notation, we can
rewrite

ug = argmax (u, O4q + (I(h(z) = a)ly(a))ner), u'(q) = argmax (u, O, + (I(h(z) = a)ly(a))reB) -
ueA(B) weEA(B)

By using (O[h])nep := O, we can write

hg = argmax ©,4[h] + I(h(x) = a)l,(a), h, = argmax ©),,[h] + I(h(x) = a)l(a).
heB heB
Then, by dividing the set B into disjoint subsets By, = {h|h(z) = a,h € B} and B\ By If
Byo = @ or B\ By, = @, we have that Pr(a = hy(z) # hy(z)) = 0. Otherwise, we can view
hq as the h that corresponds to max{}rggx Oualh] + 2 (a), e Ogalh]}, and Ay as the h that
3 wa €

Ta

corresponds to max{hmgx O] + £e(a), . rgz\a%( ©’..[h]}. With this insight, it can be seen that
€Bua €

xa

0:= max Og.[h] — max Oy4lh] > l:(a) = a # hy(x),

hEB\BLa h€Bsa
0= Oralh] = max OLo[h] < fofa) = a = hy(a).

Therefore, both § < £,(a) and £, (a) < ¢" are necessary for a = hy(x) # h;(z) to happen, which
implies
Pr(a = he(x) # hi(2)|l—2a) < Pr(6 < Ly(a) < 4).
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If §' < 0, then Pr(a = he(x) # hy(2)|l—za) = 0. Otherwise (0 < &'), conditioned on £_,,, by
ly(a) ~ N(0,1), we have

5/
1 0 ( )2 1
Pr(a=nh h! 0 3a,8 >0 </ £ ( — (8 =),
Ha = hylo) £ 10w’ 2 0) < [ om0 qnw) < = - 9)
in which case,
§ — 6 <| max Oglh] — max ©O),[h]| + | max O,.[h] — max O [h ]‘
heB\Byq heB\By, h€B,., heBaa
< |max O44[h] — max O, [h]’ + |max ©,,[h] — max O, [h]
heB heB heB heB
< =Y
<2 (@201 — 0L, [1)

<2max [©,4[h] — O, [1]]
heB '
:2H@a:a - G;CLHOO = 2“@ - GIHOC

By this we conclude Vx € X, Va € A, Pr(a = hy(x) # hy(z)[0—za) < \/>||6) 0’| 00, and

IV (0) = VO (0|1 <2 Pr(a = hy(z) # hiy(z)) < \/EAXH@ — 0. O

zeEX a€A

Secondly, we prove useful properties of Ry : RP — R U {+o0}, where Ry = ®%..

Lemma 48 (Restatement of Lemma . Ryr(u) = @i (u) is closed and /) = -strongly convex
with respect to || - ||1.

Proof. Since @ is closed and convex by Lemma[43] by item 1] of Fact[d0] Rr(u) = @} (u) is
closed and convex. Also, by Lemma47| @, is 1/ 2 AX-strongly smooth with respect to || - |
Then, we apply 1teml of Fact and conclude Ry(u) is \f ~x -strongly convex with respect to
I [l O

Lemma 49. Vu € A(B), Rar(u) <O0.

Proof. Recall that Rp(u) = supgers (©,u) — Op(©), where P (O) =
, it suffices to show Yu € A(B), ¥v© € R5,
eA(B)

(0,u) — Ppr(©) < 0. For the remainder of the proof, we use E as an abbreviation for
E@NN(O,IXA)- Then, Vu € A(B), VO e RB,

Eron(0,1x4) [ max (O + ¢((),v)

PN (O) =E
v (6) vEA(B) vEA(B) vEA(B)

max (O + q(¢) v>1 > max E[<@+q 0), >] = max (©,v) > (O,u),

where the first inequality is from Jensen’s inequality, while the second equality is by the fact that

E [¢ Z Le(h(x)))hes Z E [0z (h(z))nes] = 0. O

zeX zeX

Lemma 50. dom(Ry) = A(B).

Proof. We show the lemma in two steps. First, by Lemma[9] Vu € A(B), Ry-(u) < 0, which is
finite. Secondly we show Vu € RP \ A(B), Ry (u) = +oc.
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For the second step, Vu € RB \ A(B), by using E as an abbreviation for E,.., N(0,Ix 4)» WE have

Rpr(u) = Sup, (©,u) — p(O)

= sup (Q,u) —E | max (© +¢q(¢),v

@6]15“3 (©-u) vEA(B) < a0 >]

> — — d
@s;é)B <<@,u> Uéna(%) (@,v)) E L/rélaz%) {q(0),v >] ,

where the first inequality is by the convexity of max and inner product functions.

By LemmaEl Dy (0) = E

max <q(€),v’>] < /2X In(B), which is a constant. Now, it
v'€e

suffices to show that Vu € RP \ A(B), supgegs <<@, u) — mAa()é) (0, v>> = +o0.
veE

We divide RZ \ A(B) into two disjoint sets:
U~ :={u € RP |u[i] < 0forsomei € {1,2,---, B}},
{U+ ={u € R® | ||lull; > 1,u > 0},
where it can be verified that R\ A(B) = U~ UUT.
For any v € U™, where u[i] < 0 for some ¢ € {1,2,---, B}, we have that VC' € R, by setting
0(u,i,C) = IS Onehot(i, B) € R,

uf

max (0(u,i,C),u—v) = < €] + ! Onehot (i, B), u> — max <C| + ! Onehot(i,B),v>
veA(B) uli] veA(B) \  uli]
Z|C|—.~_1 ~ufi) =|Cl+1>C,
uli]

where the first inequality is by <|C‘+1 Onehot (i, B), v> <0, Vuli] < 0, Vv € A(B). This implies

Vu € U™, supgeprs ( mf(}é) (©,u — U>> = +o00. Thus, Vu € U™, Ry (u) = +o0.
ve

Similarly, for any v € U™, we have that VC € R, by setting 0(u, C') = HIUCHI1+_11 ~u € REB,

1
max <9(u,0),u—v>= max <||C’|+ u,u—v>

vEA(B) vea®) \ |lulli —1 '
< IC|+1 u >
=( =T o u—
fulll —1 flwlly
_Cl+1

=g el Gl = 1) > €

which is by basic algebra. This implies Vu € U™, Ry (u) = +oo.

In conclusion, we have that Vu € RB\ A(B) = U~ UU™*, Ry (u) = +oo, which concludes the the
proof. O

Lemma 51 (Restatement of Lemma . For any © € R4,
argmin ((8,u) + Ry (u)) = VO, (—0).
ueA(B)

Proof. As shown by Lemmafd8|and Lemma[50] R is closed and strongly convex with dom(Ryr) =
A(B). By applying Propositiond1]on Ry, we have

VR (—0) = argmax (—0,u) — Rar(u) = argmin (O, u) + R (u),
u€RB ueA(B)

50



where the second equality is by dom(Ryr) = A(B) shown in Lemma[50]

As shown by Lemma[d5] @ is closed and convex. By item[2)of Factf0] R}, = ®}7 = @, which
concludes the proof. O

Lemma 52. sup,ca gy B (u) — infuea(s) By (u) < /2X In(B).

Proof. First, by Lemma | since Vu € A(B), Ry (u) < 0. we have that sup, a5y B (u) < 0.

Next, we show —inf,eag) Bar(u) < /2X In(B). Since —inf,ca 5y Ry (u) = sup,cq (0, u) —
Rpr(u) = ®pr(0), it suffices to show <I>N(0) < 2X In(B), which we already shown in Lemma@

Together, we conclude sup,,ca () B (1) — infueas) B (v) < /2X In(B). O

Now, combining the above lemmas with the general optimistic FTRL lemma, we get the following
central regret theorem for optimistic FTRL with separator perturbation-based regularizers for our
results:

Theorem 53. Suppose X is a separator set for I3, Optimistic FTRL (Algorithm[6) with R = Ry
achieves regret

2

«/2X In(B R 1 . A .
LRegy < Z UXAHQn - gn”io - MHVRN(_@H) - VRN(_@n—l)H%)

Furthermore, if §,, = 0 for all n,

29X In(B N
V2XWB) LAY g2

n=1

LRegy <

Proof. 'Since Ryis /5 ﬁ—strongly convex by Lemma by the regret guarantee of Optimistic
FTRL in Theorem

sup,eq R(w) — inf,co R(w)

n
N
2 R T 1 N A "
+ Z(\/;WXA% = GnllZe =4/ @mHVRN(—@n) — VR (=6n-1)[D)
n=1

By bringing in sup,eag) Bn(v) — infueas) Ba(u) < 1/2X In(B) proved by Lemma 52| and
using the simple facts that \/g <land /55 > %, we conclude the proof of the first inequality.

LRegy <

Specifically, when g,, = 0 for all n, by Algorithm@we have that ©,, = ©,,_; and

2X In(B)

N
LRegy < + XA gl O

Lemma 54. Let R : RY — R U {+oc} be a closed and a-strongly convex function with respect to
|| - |l, then, for ©,0" € RY,

Dp(0,0") > %HVR*(@) — VR*(9)|>

Proof. Since R is closed and a-strongly convex, by item [IJ4] of Fact[d0]and Proposition #1] R* is
closed, convex, differentiable, and dom(R*) — R, By item [3|of Fact 40, vO, 0’ € R5,

R*(©) =(©,VR*(0)) — R(VR*(0)),

R*(©) =(0, VR*(@’)> — R(VR*(©")).
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As a consequence, both VR*(0) and VR*(©') are in dom(R). Furthermore, by item [3]of Fact[40}
O € OR(VR*(©)) and the definition of Bregman divergence, we have

Dp-(0',0) =R*(©’) — R*(©) — (6/ — ©,VR*(0"))
=(0,VR*(©)) — R(VR*(©)) — (0, VR*(©')) + R(VR*(©"))
— (0 - ©,VR*(©))
=R(VR*(®)) — R(VR*(©)) — (6,VR*(8') — VR*(9))
>3 IVR(©) - VR (©).

where the last inequality uses the a-strong convexity of R, as well as © € OR(VR*(0)). O

H Auxiliary Lemmas

Lemma 55. For two stationary policies 7 and 7% : S — A(A), we have

J(m) = J(x") = H - Esnd, Eonn(s) [AE(S, a)} ,

where A(s,a) 1= Que(s,0) = Var(s), Vas(s) i= E[Lilgup el ar) | 5,75), and
Qre(s,a) :=c(s,a) + E {Zf{:Step(s)H c(se,at) | s, a,wE}.

The proof can be found at e.g. [S5, Lemma 4.3] .

Lemma 56. For benchmark policy class B that contains B deterministic policies h : S — A,
consider separator set X [Ilwith X = |X|, A = |Al. Then,

X > log4(B).

Proof. Define By = {(h(z1),...,h(zx))}, g Where (h(z1),...,h(zx)) € A¥. First, note that
Bx C A%, which implies that |[By| < |AY]| = AX.

Secondly, by the definition of separator set X, Vh,h' € B, 3z € X = {z1,--- ,xx},s.t. h(z) #
B/ (x). This implies Vh,h' € B, (h(z1),...,h(zx)) # (' (z1),...,h (zx)), and every h in B
induces unique (h(x1),...,h(xzx)); this implies that |Bx| = |B| = B.

Combining the above two observations, we conclude B = |By| < AX, thus X > log 4(B). O
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