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Abstract

We introduce a novel anytime batched Thompson sampling policy for multi-armed
bandits where the agent observes the rewards of her actions and adjusts her policy
only at the end of a small number of batches. We show that this policy simulta-
neously achieves a problem dependent regret of order O(log(7')) and a minimax

regret of order O(1/T log(T)) while the number of batches can be bounded by
O(log(T')) independent of the problem instance over a time horizon 7". We also
prove that in expectation the instance dependent batch complexity of our policy is
of order O(loglog(T")). These results indicate that Thompson sampling performs
competitively with recently proposed algorithms for the batched setting, which
optimize the batch structure for a given time horizon 7" and prioritize exploration
in the beginning of the experiment to eliminate suboptimal actions. Unlike these
algorithms, the batched Thompson sampling algorithm we propose is an anytime
policy, i.e. it operates without the knowledge of the time horizon 7', and as such
it is the only anytime algorithm that achieves optimal regret with O(loglog(T'))
expected batch complexity. This is achieved through a dynamic batching strategy,
which uses the agents estimates to adaptively increase the batch duration.

1 Introduction

The multi-armed bandit problem models the scenario where an agent plays repeated actions and
observes rewards associated with her actions. The agent aims to accumulate as much reward as
possible, and consequently, she has to balance between playing arms that generated high rewards
in the past, i.e. exploitation, and selecting under-explored arms that could potentially return better
rewards, i.e. exploration. In the ideal scenario, the agent can adjust her policy once she receives
feedback, e.g a reward, before the next action instance. However, many real-world applications limit
the number of times the agent can interact with the system. For example, in medical applications
[26], many patients are treated simultaneously in each trial, and the experimenter has to wait for the
outcome of one trial before planing the next. In online marketing [25]], there may be millions of
responses per second, and as a result, it is not feasible for the advertiser to update her algorithm every
time she receives feedback.

Recently, Perchet et al. [[19] proposed to model this problem as the batched multi-armed bandits. Here,
the experiment of duration 7" is split into a small number of batches and the agent does not receive any
feedback regarding the rewards of its actions until the end of each batch. For the two-armed bandit
problem, they proposed a general class of batched algorithms called explore-then-commit (ETC)
policies, where the agent plays both arms the same number of times until the terminal batch and
commits to the better performing arm in the last round unless the sample mean of one arm sufficiently
dominates the other in earlier batches. They show that this algorithm achieves the optimal problem-
dependent regret O(log(T')) and the optimal minimax regret O(+/T)), matching the performance
in the classical case where the agent receives instantaneous feedback about her actions, by using
only O(log(T/log(T'))) and O(loglog(T)) batches respectively. Their algorithm takes the time
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horizon T" and divides it into a fixed number of batches before the experiment where the specific batch
structure is tuned to the target performance criteria, i.e. problem-dependent or minimax regret. Gao
et al. [10] later generalized this result to the setting where the agent had more than two arms to choose
from and she could adaptively adjust the batch sizes based on the past data. Their algorithm, called
BaSE, is similar to the ETC algorithm in that in each batch the agent plays each of the remaining
actions in a round robin fashion, and eliminates the underperforming arms at the end of each batch.
They showed that this algorithm required O(log(T")) and O(log log(T')) number of batches to achieve
the optimal problem-dependent and the optimal minimax regret respectively, with batching strategies
that were again tailored to the specific objective. More recently several other batched algorithms
appeared in the context of asymptotic optimality [[13], stochastic and adversarial bandits [9], and
linear contextual bandits [[11} 22 20, [21]], where the authors provided optimal algorithms in their
respective settings. We note that there are also some earlier algorithms developed in the context of
the classical bandit setting or bandits with switching cost that even-though not specially developed
for the batched setting can be applied in a batched fashion [4} |6].

In this paper, we aim to study whether Thompson sampling, an algorithm that has been developed in
1933 [26] and since then successfully applied to a broad range of online optimization problems [[7},25]],
can achieve a similar performance in the batched setting. In the Thompson sampling algorithm, the
agent chooses an action randomly according to its likelihood of being optimal, and after receiving
feedback, i.e. observing rewards, updates its beliefs about the optimal action. The performance of
Thompson sampling has been thoroughly analyzed in the literature [16, 17,1} 2| [23| [24] and is known
to achieve the optimal problem-dependent and minimax regret in the classical case. Our goal is to
understand whether Thompson sampling can be combined with an adaptive batching strategy and
maintain its regret performance when allowed to update its beliefs only at the end of a small number
of batches. Note that the earlier algorithms developed specifically for the batched setting [[19, [10]
heavily prioritize exploration in the initial batches to eliminate the possibility that a suboptimal arm
is played in the final exponentially larger batches, while Thompson sampling inherently balances
between exploration and exploitation by randomly sampling actions according to their probability
of being optimal. A first result in this direction has appeared in [14], which presents a batched
Thompson sampling strategy called iPASE. However, [14] provides almost sure guarantees on the
asymptotic regret which do not imply the guarantees on expected finite-time regret of interest in this
paper and the previously mentioned literature.

Our main contribution in this paper is to show that Thompson sampling, combined with a novel
adaptive batching scheme, achieves the optimal problem-dependent performance O(log(7’)) and at

the same time a minimax regret of order O(+/T log(T)) by using O(log(T)) batches independent
of the problem instance. This performance is achieved simultaneously by a single strategy without
the need to tune the batching structure according to the target criteria, i.e. problem-dependent or
minimax regret. Moreover, unlike most of the previously mentioned batched algorithms where 71" is
used both in action selection and the optimization of the batch structure, our strategy is an anytime
strategy, i.e. it operates without the knowledge of the time horizon 7. We note that policies designed
for minimizing the problem-dependent regret can indeed be turned into anytime algorithms while
retaining their O(log(T")) regret and O(log(7T')) batch complexities with the help of the so called
doubling trick in [5]], but the same extension does not hold for minimax policies. This is because
even with the best known doubling schemes (exponential or geometric), the minimax policies either
suffer a regret significantly larger than v/T or have their batch complexity increase to Q(log(T"))
(exponential doubling leads to the first conclusion and geometric doubling leads to the second).
This implies that our anytime Thompson sampling strategy matches the batch size of O(log(7T'))
needed for these anytime extensions. In addition, we develop a problem-dependent bound on the
expected number of batches used by our strategy which is O(loglog(T")). This shows that while
our strategy uses O(log(T')) batches in the worst case, similar to previous algorithms, in a given
instance of the problem with fixed reward distributions we only need O(loglog(T)) batches on
average. To the best of our knowledge, our scheme is the only strategy that can reduce the number of
batches to O(log log(T)) without the knowledge of the time horizon T'. This corresponds to a doubly
exponential reduction in the interaction needed with the environment as compared to the classical
case. We achieve this with a two-fold adaptive batching scheme that allows the batch sizes to increase
doubly exponentially as the agent becomes more confident in its decisions. The scheme consists of
two layers comprising of batches and multiple cycles inside each batch: the number of cycles per
batch is increased exponentially, while at the same time each cycle becomes longer as the agent learns
the environment and a suboptimal action is played less and less frequently. This notion of cycles is



key to allowing the batching scheme to dynamically adopt to each instance of the problem, which
enables the O(loglog(T")) guarantee on its expected problem-dependent batch complexity.

Finally, we would like to mention a concurrent and independent work by Karbasi et al. [[15]], also
accepted to NeurIPS 2021. They consider the same problem and also develop a batch Thompson
sampling strategy for the multi-armed bandits setting. While their results have some overlap with
ours, there are also some differences. For example, they establish a O(log(7T')) worst-case guarantee
on the batch complexity of their algorithm as we do in our paper, however their algorithm lacks a
O(loglog(T)) guarantee on its expected batch complexity. In contrast, they generalize their batch
Thompson sampling strategy to the linear contextual setting, while we restrict our attention to
multi-armed bandits.

2 Problem Formulation

2.1 Notations

We denote the natural logarithm as log(-) while a logarithmic function of base ¢ > 1 is log,(+). For
the non-negative sequences of {a, } and {b,}, a, = O(by,) if and only if lim sup,,_,,, 3* < oo and
an = Q(by,) if and only if b,, = O(a,,). We also denote by Q)(+) the probability of a standard normal
random variable X being bigger than a certain threshold z, i.e. Q(z) = P(X > x) for any z € R.
Finally 1(-) is defined as the indicator function.

2.2 Batched Multi-Armed Bandit

We consider the batched multi-armed bandit setting. Here there are K arms, where each consecutive
pull of the i*" arm produces bounded i.i.d. rewards {Y;;}°; such that

}/i,l S [07 1]7
E[Yﬂ] =pu; € R

These mean rewards {u; }X | are assumed to be deterministic parameters unknown to the agent,
whose goal is to accumulate as much reward as possible by repeatedly pulling these arms. Therefore,
at each time instance ¢, the agent plays an arm A, € {1,2, ..., K'} and receives the reward Yy, ;.
Since she can only act causally and does not know {z;} |, she can only use the past observations,
He ={A1,Ya,1,...., A, Ya, +} where Hy = 0, to select the next action A .

In this paper, we study the batched version of this multi-armed bandit problem, where the agent has
to play these arms in batches and can only incorporate the feedback from the system, i.e. her rewards,
into her algorithm at the end of a batch. In other words, there are batch end points 0 = T < T3 < ...,
and the actions the agent plays in the 5 batch [T;_1 + 1,T;] as well as the size of the batch itself,
i.e. T; — T)j_1, can depend only on the information present in Hr,_, for any j € 7+ and some
external randomness that is independent of the system. Note that in this setting, the agent is allowed
to adaptively choose the batch sizes depending on the past observations.

Finally, we let 13 > p; for any ¢ > 2. Given that the agent aims to maximize her cumulative reward,
she would only play the first arm if she knew the hidden system parameters {; } X ;. This observation
naturally leads to the cumulative regret term, R(7'):

E[R(T)] = Z A;E[N;(T)] (1)

where p1 — p; = A; and

fori € {1,2,...,K}.



3 Batched Thompson Sampling

In this section, we describe our Batched Thompson sampling strategy for the batched multi-armed
bandit setting described in the previous section. This policy uses Gaussian priors in the spirit of [2]
and each arm is sampled randomly according to its likelihood of being optimal under this prior and
the observations from previous batches. We combine this strategy with an batching mechanism which
relies on the notion of cycles. A cycle is defined as follows. The first cycle starts in the beginning
of the experiment and ends when the agent selects an action different from the previous actions,
i.e. it corresponds to the shortest time interval starting from the beginning of the experiment where
two different actions are selected. Then the j** cycle for j > 1 is defined recursively as the time
interval from the end of the j — 1 cycle to the first time step where the agent selects an action
different from the first action in the cycle. In other words, in each cycle the agent plays exactly two
different actions. Consider the following example. Assume that the first seven actions played by
the agent are as follows: A; =1, A =1, A3 =2, Ay =1, A5 = 3, Ag = 2, A; = 2. Then the
first cycle is [1, 3] because only at the third time step the agent selected an arm different from the
earlier actions. Similarly, the second cycle is [4, 5] where the agent played the first and the third
actions. The third cycle that started on ¢ = 6 has not ended yet because only a single action has been
played so far. We use the concept of a cycle to adaptively decide on the batch size. At the beginning
of the j*" batch, the Thompson sampling agent checks the number of cycles in which each action
i has been played since the beginning of the experiment, denoted M;(7;_1), and sets upper limits
U ; = max{1, [a x M;(Tj_1)]} for the cycle count of each action. Here @ > 1 is a batch growth
factor to be chosen. Throughout the j** batch, the agent employs Thompson sampling, and at the end
of each cycle checks whether or not the number of cycles in which a certain arm has been selected
since the beginning of the experiment has reached its upper limit U; ; set for the current batch. The
batch ends if there is one such action hitting its upper limit. After the j** batch, the agent observes
the rewards of its actions and repeats the same process in the next batch. Note that as the algorithm
proceeds the batch size increases due to two different reasons. First, the cycle count of each action
is increased at the end of each batch. This alone leads to an exponential increase in the number of
cycles per batch with base . However, in addition to this, the length of each cycle becomes longer
as the agent becomes more confident about its decisions and the probability of playing an optimal
arm decreases. Note that the exponential increase in the number of cycles per batch is there even
if the algorithm does not make progress in learning its environment, e.g. always plays arms with
equal or near-equal probability due to a very noisy environment. However, the increase in the cycle
duration is tightly coupled with the confidence of the agent and the cycle duration increases only if
the agent becomes more confident. Therefore, this notion of cycles allows us to adopt the batch size
much more dynamically to the current progress of the agent in a given instance of the problem.

We now introduce the following notation to denote the beginning and end of the k'* cycle, C}, ;. and
C., i, respectively:
Coe =

)

1 ifk=1
Cop1+1 ifk>1

and

Ce = min{t € Z+|At # A;_1andt > Cb,k}
for any positive integer k. As can be seen from these definitions, the interval [Cy, i, Ce | describes
the k" cycle. We also define M;(T) and S;(T) as follows

T
M(T) = Z 1(A; =i,t = Cyy, or Ce i, for some k)
t=1

and

T

Si(T) = Z 1(A¢ =4,t = Cpp, or Ce i, for some k)Y ;.

t=1
Here M;(T)) denotes the number of cycles in which the " action has been selected, while S;(T')
is the sum of rewards the agent received from playing the i*" action at either the beginning or
the end of a cycle over the duration T of the experiment. Note that whether the condition {t =

Ch,1 or Cy i, for some k} is satisfied or not can be verified by checking the actions taken until the
time step ¢, i.e. {A;}5_;. We also define b(t) = max{j € Z>o[t — 1 > T}} as the index of the



last batch, and B(t) = min{j € Z*|t < T}} as the batch index of the ' time step. We provide a
pseudo-code for our Batched Thompson Sampling policy in Algorithm

Algorithm 1: Batched Thompson Sampling

Input: Batch growth factor o > 1, Gaussian variance o2
Initialization: ¢ = 1, M;(0) =0, S;(0) =0,U;1 =1, =1,T5 = 0.
while Experiment Run do

Sample for Each Arm: 0,(t) ~ N( 1fﬁ?i131), 1+Mf(2Tj,1))

Play an Arm: A; = arg max; 0;(t)

Update the Pull Count: M;(t) < M;(t — 1) + 1(A¢ =4,t = Cp i, or C, i, for some k)
if t = C. i, for some k & M;(t) = U, ; for some i then

End the Current Batch: T; = ¢

. T;
Receive the Rewards: {Ya, +}, 7
ot =T

Update the Cumulative Rewards for Each Arm:

SZ(E) = Si(Tj71) + lesz,l-ﬁ-l ]].(Al = i,l = Cb,k or Ce,k for some k)Yvi’l
Update the Upper Limites for the Cycle Counts: U, ;1 = max{l, [a x M;(T})]}
Update the Batch Index: j < 7+ 1

end
Update the Time Index: ¢ <t + 1

end

Note that in Algorlthmgl the posterior distribution from which each arm is selected depends only on
{M;(Tyt)), Si(Ty(t)) iy that is we only use the rewards from the first and last action selected in
each cycle and ignore the rest of the observed rewards. This is to simplify the analysis in the following
sections. However, we can also apply the algorithm by incorporating all the observed rewards, which
in general can yield better performance while still maintaining the same batch structure. In that case,
0;(t) for any t in the j* batch is drawn instead as

T, .
D 1(Ay = i)Y, o2
92‘ t) ~ t=1 —, .
®) N( 1+ N,(T;—,) 1 +Ni(Tj_1))

4 Main Results

In this section, we state the main results of our paper. We start with the regret performance of Batched
Thompson sampling.

Theorem 1. Consider the batched multi-armed bandit setup described in Section[2] If T > 2 and the

batch growth factor «a satisfies 1 < a < %, then Batched Thompson sampling obeys the following
inequalities

log(T
E[N:(T)] < Clafr?% @
for any i > 2, which lead to
 log(7)
E[R(T)] < Cra0” ) A 3)

and
E[R(T)] < Cao/aKT log(T) 4)

where Cy,Cy > 1 are absolute constants independent of the system parameters.

We provide the proof of this theorem for the special case of K = 2, a« = 2, 02 = 1in Section
and defer the proof of the general version to the supplementary materials.

Theorem |1| states that Batched Thompson sampling achieves O(log(T) Zfiz A; ') problem-
dependent regret and O (/KT log(T')) minimax regret, which match the asymptotic lower bound of
Q(log(T)) [18] and the minimax lower bound of (v KT') [3]] up to a y/log(T") term respectively.



We next compare our bounds with the results on classical Thompson sampling [2]. As described in the
previous section, we use Gaussian priors for Thompson sampling following the work of Agrawal and
Goyal [2]. This is one of the two priors considered in that work for Thompson sampling: beta priors
and Gaussian priors. For Thompson sampling with Beta priors, Agrawal and Goyal [2] provides two
different bounds on the expected regret:

K
og(T) . , K
E[R(T)] < (1 +e>; T A+ 0, 5)
for any € € (0, 1), and
E[R(T)] < O(vVKT1log(T)), (6)

where d(pi, p1) = pilog(£r) + (1 — i) log(i 1—+). In addition, they show that with Gaussian

priors the expected regret of the classical Thompson sampling is bounded by O(y/ KT log(K))
if T > K. Considering that d(u;, u1) > 2A? by Pinsker’s inequality, (3) provides a tighter
performance guarantee than (3) in terms of the dependence on the reward distributions, but we note
that the minimax performance of Batched Thompson sampling, (@), matches the performance of
classical Thompson sampling when the agent receives instantaneous feedback about rewards and
can update its policy after each action. These results show that Batched Thompson sampling, apart
from the dependence on the reward distributions in the problem dependent bound, matches the regret
performance in the classical case.

We note that the regret bounds in the theorem depend on the batch growth factor . The regret
increases linearly as o grows bigger; this is not surprising since bigger batch sizes mean fewer updates
for Batched Thompson sampling.

We now present the batch complexity results for our algorithm.

Theorem 2 Consider the batched multi-armed bandit setup described in Section2] If T > 2 and
1 < a < 3%, then the batch complexity B(T) of Batched Thompson sampling satisfies the following:

B(T) < 1+K+K10ga(1+%)7 )
X Jog(T) K log(T)
E[B(T) <1 +K+loga(l+0ao2z gAQ ))—i—Zloga(l—i—CozU2 gAQ ), and  (8)
i= i i=2 i
E[B(T)] < 1+2Ca 22 Loe( >, ©)

=2
where C'is an absolute constant independent of the system parameters.

Theorem [2]states three different batch complexity guarantees; the first is a deterministic guarantee on
the number of batches while the last two bound the number of batches in expectation. If we consider
([7), we see that Batched Thompson sampling uses at most O(log(7’)) many batches regardless of
the reward distributions. This result and Theorem [I] indicate that Batched Thompson sampling
matches the regret performance and the batch complexities of optimal problem-dependent batched
algorithms developed in [4} 10} [9] [15], which also achieve O(K log(T)) problem-dependent regret
with O(log(7T')) batch complexity. However, compared with the other optimal algorithms we show
that we can further reduce the expected batch complexity down to O(K loglog(T')) in (8). This is
because our batching strategy uses the information it gathers about the system (through the notlon of
cycles) to adaptively decide on the sizes of the batches while most prior batched algorithms use a
static batch structure. We note that Algorithm 1 of Esfandiari et al. [9] does use an adaptive batching
strategy however that strategy appears to be geared towards obtaining a tighter regret bound rather
than reducing the batch complexity.

We note that the bounds on the number of batches in (7) and (8] diverge to infinity as « | 1. The
bound in (9) on the other hand decreases with o and can be relevant when « is chosen very small. We
also note thatif o < 1+ % L for a fixed T', then Batched Thompson sampling will only allow one cycle
per batch throughout the experiment of duration 7" and the notion of a batch will coincide with the



notion of a cycle. In this extremal case with one cycle per batch, (@) shows that Batched Thompson
sampling will have O(log(T")) batch complexity, while still satisfying the regret bounds stated in
Theorem (I} The O(K loglog(T)) bound on the expected batch complexity in (8] is enabled by the
fact that for larger o we allow for exponentially more cycles in each batch. As the algorithm proceeds
and becomes more confident about the system, choosing a suboptimal arm becomes less likely and
as a result the cycle durations become inherently larger. At the same time, the algorithm allows
for exponentially more cycles in each batch. This double batching strategy in our algorithm, via
cycles and batches is key to obtain O (K loglog(T')) guarantee in (8) with an anytime strategy. Note
that the best previously available guarantee on batch complexity for an anytime batching strategy is
O(log(T)).

The proof of these theorems are provided in Section [§] The main technical novelty in the proof
comes from the fact that the notion of cycles leads to a random duration for each batch without any
deterministic upper bound on the number of times each arm is played in the batch. This makes it
more difficult to control the regret accumulated during a given batch. We note that without the notion
of cycles (e.g. when a cycle corresponds to a pull of an arm) the exponential increase in the number
of arms per batch is relatively easy to deal with, as in this case we have a deterministic upper bound
on the number of times each arm can be played in a given batch.

S Experiments

In this section, we provide some experimental results on the performance of Batched Thompson
sampling where we do not skip samples, i.e. the variant mentioned at the end of Section[3] for different
values of «, {1.00001, 1.25, 1.5, 2}, and how they perform against normal Thompson sampling under
different reward distributions and action counts when time horizon 7' = 5 x 10* and the sampling
variance 02 = 1. We mainly consider four setups: Bernoulli rewards when K = 2, Figure 1] (a);
Bernoulli rewards when K = 5, Figureﬂ] (b); Gaussian rewards when K = 2, Figureﬂ](c); Gaussian
rewards when K = 5, Figure|[I|(d). Finally each figure is the result of an experiment averaged over
10* repeats and the average number of batches used throughout the experiment is rounded up to the
nearest integer and reported in the parenthesis to the right of the algorithm names on the figures. The
figures show that our batching strategy matches the performance of classical Thompson sampling by
using roughly 100 batches over a time horizon of T = 5 x 10%.

As can be seen from Figure [T} Batched Thompson sampling achieves almost the same empirical
performance as the normal Thompson sampling when we set o small enough so that there is only one
cycle per batch, i.e. a = 1.00001. We also observe that this Batched Thompson sampling version
o = 1.00001, can have a batch count as small as 15. However when « is very small, the problem
independent guarantees in (7)) and (8)) become very loose and the number of batches can vary more
with the reward distributions. This can be partly observed in the figures: for o = 1.00001, there is
larger variation in the average batch complexity across different reward distributions though in all
cases the average numbe of batches remain very small. Increasing « leads to a more stable batch
complexity behavior, at the cost of a small multiplicative regret factor; we observe that the batch count
almost remains constant for & = 2 across different reward distributions. The source codes of the
experiment can be found in https://github.com/incsmi/BatchedThompsonSampling.gitl

6 Technical Analysis

In this section we provide technical proofs for our results. We start with the proof of Theorem [I|for a
special case and at the end prove Theorem 2]

6.1 Proof of Theoremwhen K=2a=2ando?=1

We first introduce N5 ;(t) as the number of times the second arm is pulled if Batched Thompson
sampling is employed for t many round with the past knowledge of Hr,_,. In this case, No ; (T} —
Tj—1) = No(T;) — N2(Tj—1). We know that in the first 7" rounds, there can be no more than 7" many
batches, and each batch can not last longer than 7" rounds. As a result, we have the following bound
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Figure 1: Empirical Regret Performance of Batched and normal Thompson sampling

on No(T):
T
No(T) <> min(Ny,;(Tj = Tj-1), Na i (T)).
j=1

Now we first analyze the expected number of times the second is pulled in the first cycle of the jt*
batch. It is easy to see the time the first arm is selected in this cycle is an upper bound on the number
of times the second arm is picked. This observation follows from the fact that if the first action is
selected in the first round, then the second is selected only once in the current cycle, if not the time
the first arm is selected becomes one more than the number of times the second arm is picked. As a
result, conditioned on the past Hr,_,, the expected number of times the second arm is picked in a

. . 1 . .
single cycle is upper bounded by ®(Ar, =1, ) Also note that since there are only two actions,

each cycle will contain both of them, and in the first j batches, there will be 2/~! many cycles by
the construction of Algorithm |1l This observation means that there are no more than 2/~! many
identically distributed such cycles in the j*" batch, and we have the following bound for any j:

1
(AT_j—1+1 = 1‘HT_7'—1)
where C' > 2 is a constant independent of j. The last inequality in (T0) follows from the following
Lemmand the fact that in the first batch P(Ap,_, 41 = 1|Hr,_,) = P(A; = 1) = 3.
Lemma3. If K =2, a =2, and 0® = 1, then any j > 2:
1

P o =1 ) "

E[Ny (T — Tj_1)] < 27 E[]P’ | <Cc27! (10)

j—4

3

2
P(Ar, 41 = 2) < exp(———A3), (12)



where C > 2 is a constant independent of j.

In addition, we also have:

274

E[N2,;(T)) = TP(Ar; 41 = 2) < Texp(——3—A3) (13)

for j > 2 by the same lemma. The overall analysis shows that for any positive integer k, we have:
T k T
E[N(T)] < E[Y  min(Na (T — Tj-1), Naj (T)] < > E[Noj(Tj = Ty-1)] + Y, E[No;(T)]
j=1 J=1 Jj=k+1

T 2]'74

<@ -1)+T > exp(_TAg) (14)
j=k+1

where the last step follows from (I0) and (T3). Let k be the smallest positive integer such that
2 > SIOg( ). Then we have

J— k—
T Z exp(— A2 <TZeXp <TZeXp —2'log(T))
j=k+1 i=0 =0
| — 1
:ZTzi—l SZFSQ
i=0 i=0

where the last inequality follows from the assumption that 7' > 2. This analysis bounds the last
summation term in (T4). To bound C(2* — 1), note that & is the smallest positive integer bigger

than log, (24 log(T)) Since A3 < 1and T > 2, we know 24M > 1. This analysis shows that
k < log, (241°g(T))—|—1 = log, (4873 log(T )) Asaresult, C(2F—1) < 486’10g . The overall analysis
shows that E[R( )] = AL E[No(T)] < 480M + 2A, by (T4). This ﬁmshes the proof of (3).

Finally (@) is proven by (3) if Ay > log(T) . If not, then E[R(T)] < TAy < /T log(T), and this
proves (@).

6.2 Proof of Theorem2]

Let us consider the case where the agent has already employed the Batched Thompson sampling,
Algorithm [1} for 7' many steps and denote i; € {1,2,...,B(T) — 1} for j € {1,2,...,k;} as
the indices where M;(T;;) = Uj;,. Since each batch end point T); has to satisfy the condition
M (T;) = Uy, ; for somel we have

K
<Y ki (15)
=1

By the deﬁnition of U; j, we know that M, (T}, ) = 1. In addition, note that there may be batches in
between i’ z ; and z”‘ ones and the agent may have picked the i*"* arm while the condition AZ; (T;) =
Ui is not satlsﬁed These observations lead to max{aM;(T;,_, ), M;(T;;_,) + 1} < M;(T;,) for
j > 2. The overall analysis shows that if k; > 1, then o*~1 < M;(T;, ) < Mi(Tp(r)-1) due to
the fact that 7;, < Tp(7)_1, which leads to k; < 1 + log,, (1 + M; (TB( 1y—1)) forany k; > 0. In
addition, we also have the following trivial bound k; < M;(T;, ) < M;i(Tg(ry—1)- As aresult of
these inequalities and @I), we have

K
B(T) <1+ K+ log, (14 Mi(Tpr)-1)) (16)
=1
and

K
B(T) <1+ Mi(Tp(r)-1)- (17)
=1



First of all, since log(-) is a concave function, Jensen’s inequality and (I6) lead to

K
B(T) <1+ K 4 Klog, (1 + ;;Mi(TB(T)l)). (18)
Considering that each cycle has to contain at least two action steps, there can be no more than %
many cycles in the first B(T') — 1 batches. In addition, each cycle can only be recorded once by
two different actions. This observation leads to Zfil M;(Tp(ry—1) < T, which proves (7) by (I8).
To prove (8), we first note that M, (Tp(r)—1) < Zfiz M;(Tg(ry—1) because each cycle of the
first arm has to be accompanied by another arm. Since M;(Ts(r)—1) < N;(T) for any i, we have

B(T) <1+ K +1log,(1+ S5, N(T)) + XK, log,, (1 + Ny(T)) by (I8), which shows that

K K
E[B(T)] <E[l + K +1log,(1+ Y _ Ni(T))+ Y _log,(1+ N;(T))]

K K
<1+ K +log,(1+ Y E[N;(D)]) + Y _log, (1 + E[N;(T)]).
i=2 i=2
The last inequality follows from Jensen’s inequality. This leads to (8) by the fact that E[N;(T)] <
Cac? % from (2). Finally, the previous analysis also implies that B(T) < 1+ 2 Zf{:z N;(T) by
(T7). This inequality and () prove ().

7 Conclusion

We proposed an anytime Batched Thompson sampling algorithm and proved that it achieves the
optimal problem-dependent and minimax regret with only O(log(7")) instance-independent batch
complexity, matching the state-of-the-art anytime batched algorithms. More interestingly, we showed
that in a given instance of the problem our algorithm requires only O(log log(7T')) batches on average,
which corresponds to a doubly exponential decrease in the interaction needed with the environment
as compared to the classical case. To the best of our knowledge, previous anytime algorithms only
satisfy a worst-case O(log(T")) guarantee on the batch complexity. Finally, simulations show that
Batched Thompson sampling performs empirically close to classical Thompson sampling by using
drastically fewer batches.
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A Outline

The appendix is organized as follows.

1. Section [B]states technical tools necessary for our proofs.
2. Section [C|provides the proof of Lemma 3] which is stated in Section[6.1]

3. In Section D] we present couple propositions and lemmas in preparation for the proof of
Theorem |1|in the general case of K, o, and o2

4. The full proof of Theorem|T]is finally given in Section[E]

5. In Section[F] we provide additional experiments in which we compare different variants
of Batched Thompson sampling: the one using all the observations and the one skipping
samples of multiple instances from the same arm.

B Technical Tools

B.1 Bounded Random Variable Moment-generating Function Bound

Let X be a bounded zero mean random variable such that ¢ < X < b and |al, |b| < co. Hoeffding

[12] showed that

Elexp(AX)] < exp(22 L=

19
3 ) (19)
for any real number .
B.2 Gaussian Tail Bounds
Proposition 2.1.2 of [27] shows that
2 2
1 1yexp(—%) 1exp(—%)
S o) T2l < Q8) « s /—=21, 20
G-%) e SO 5= = (20)

if 6 > 0. Since exponential functions decay faster than power functions, there exists dg such that if

6 > 4y, then
exp(—36%/4) < Q(5)

which leads to
4
Q7 (1/z) 2/ 5 log(x) 1)
if x > x( for some 2o > 2, where Q1 (-) is the inverse function of Q(-). Note that the last inequality

follows from setting § = /3 log(«) and the fact that Q(-) is decreasing.

B.3 Expectation of Non-negative Random Variables
Let X be a non-negative random variable, i.e. X > 0, then
E[X] :/ P(X > z)dz (22)
0

by Lemma 2.2.13 of [8].

C Proof of Lemma[3

First of all,

T

1 e 1
. [P(ATj,lﬂ = 1|HTJ-,1)} :/o v (P(ATj,lﬂ =1[Hr,_,) g >d

T

e 1
S 2+/ P(P(ATj71+1 = 1|HT].71) S ;)dﬂ? (23)
2

12



by (22). Conditioned on Hr, ., 0;(T;j_1+1) is distributed as N(=2 1+M (J 1)1), T, (T 7)- However
T Jj—1

when K = 2 and o = 2, we know that M;(Tj_1) = 27=2. This overall analysis leads to

== (45 )2 N B b))

( ( 1+2a 2(TJ : 1+22H) 20|HTJ*1)
_ ]P( ( 1+23 2)251( 112j522(J 1)|H )
7 Si(T, Sa(Tj-1)
B ( 2+2J V2§ 2i-T )

where the last equality follows from the definition of the function Q(-). Combining the last analysis
with (23)) shows that

E [P(Arj_ﬁll 1|HT_7~—1)] < 2+/2 P(1—Q(SI(Tj\‘/12)+_—2?2(1Tj‘1)) < é)dw
2+/:°P(Q(Sl(Tj%)HfQETH)) 1——)dx

2+/;0P(52(Tj\/12);7§1_?“> > Q1 (1—7))(1:5 (24)

2+/200P<52(T\/2)+7;1(1] Do ( ))dx (25)

where (24) follows from the fact that Q(-) is a decreasing function, and (23) is the result of the
symmetric nature of the normal distribution.

Let A be any real number. Here we are going to use induction hypothesis. We know that
Elexp(A(S2(Th) — S1(T1) + Az))] < exp(A?/4) by (I9) and the fact that S;(73) and S2(7})
are independent bounded random variables. Now assume that E[exp(A(S2(T;) — S1(Tj) +
2071 Ay))] < exp(2/73\?) for some j > 1. However we know that Hr,, Si( J+1) S1(T5),
and Sy (Tj1+1) — S2(T;) are mutually independent. This is because regardless of what the agent
observes in the first j batches, i.e. Hr;, she is going to record rewards from both arms only 271

numbers times in the j 4 1** batch and it does not matter at which time indices these are recorded
since all the future rewards from any arm are i.i.d. as well. This leads to

Elexp(A(S2(Tj41) — S1(Tj+1) + 27 Az))]
= Elexp(A(S2(T}) — S1(Ty) + 2 A))
Elexp(A(S2(Tj41) — S2(Ty) — S1(Ty) + S1(Tj41) + 277 Az)) | Hay]] (26)

However from the earlier analysis and the fact that the j + 1! batch contains 27! recorded rewards
from each arm, we have

Elexp(A(S2(Tj41) — S2(Ty) — S1(Ty) + S1(Tj41) + 277 Ag)) | Hay]

= Elexp(A(S2(Tj+1) — S2(T) — 27 i2) )| Elexp(=A(S1(Tj1) — S1(Tj) — 27~ )]
<exp(277°N?) 27)

where the last inequality follows from (T9) and the fact that the first [ rewards and [ + 1*" reward
from the same arm are independent since the rewards are i.i.d. Note that each arm will be picked
infinitely often since probability selecting any arm in any batch will be almost surely positive due
to using Gaussian distribution to select arms. Finally, (26) and (27), along with the induction step,
shows that _ _

Elexp(A(S2(Tj-1) = S1(Tj-1) + 2772 Ag))] < exp(2771A?) (28)

for any 7 > 2. This result leads to the following bound for any A > 0 and = > 2:
(SIS (1)) (ST ST 30 o)
NoE NeEian z

< exp(A\?/8 = AQ (1 /x))
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where the last inequality follows from the Chernoff bound. Since Q‘l (1/x) > 0 when z > 2, setting
A = 4Q~1(1/x) shows that

p (2L D) > go1(1)) < em(-2Q /0

V24201 x
for any « > 2. Finally, by 1)
S2(Tj—1) = S1(Tj-1) _ -1 1
> 2)) < —
P( V24201 = (x)) — g8/3 29

if z > x¢. Putting (29) back into (23)) leads to:

1 * 1
IE[ } < / —dr < 1,
]P)(ATi—l“Fl = 1‘HT_;’—1) =Tt z x8/3 rETot

]

which proves (TT)) since z is independent of any system parameter.

We now prove (12). Similar to the earlier analysis, we can describe the probability of selecting the
second arm as the sample from the second arm being bigger than the first arm’s:

So(Tj—1) — S1(Tj-1) 2 ) > O)

P(Ar, 41 =2) =P (V(

14272 T1429-2
So(Tj—1) — S1(Tj-1) 22 2 22
:P(M( J 21 A, . )> _ A)
1122 Tt T 2) STy

In view of (28)), we know that S2(T;_1) — S1(Tj—1) + 2772, is sub Gaussian with variance proxy
2773, As a result, N( Sely=) 51 Ti1) 12J_2 Ao, 1+22j_2) has the following variance proxy:

14+27-2 +27-2
273 N 2 2734 2(1+2072)
(1429-2)2 1422 (14 29-2)2

This observation and Chernoff bound, which states that P(X > z) < exp(—2?/(20?)) if z > 0 and
X is sub Gaussian with variance proxy o2, lead to:

(1+27%)? (2722

Pz =2) < el g g omny (T o222

92j—4 )
: —__A
2i=2 4 4(1 + 29-2) 2)
92j—4
A2
3 x 27 2)
2i—4

= o=~

= exp(—

< exp(—
A3)
which finishes the proof of (I2).

D Results Related to Theorem [1]

D.1 Martingale Lemma
In this part, we present a key martingale lemma.
Lemma 4. Let .Ft = {YAl’l, YAl’l, ceey YATb(t)aTb(t) y Al, AQ, ceny At}, then Xt = exp()\(Sl(Tb(t)) —

piM;(Tyy)) — ’\;(1 + M;(Ty+)))) is a non-negative supermartingale adapted to F for any real A
andi € {1,2, .., K}. Finally for any t we have

E[X:] <1, (30)
and in particular any stopping time T < oo for {F} satisfies the following inequality
E[X,] <1, (31)

where lim;_, oo Xy = Xoo.
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Proof. First of all, it is clear that X;’s are integrable, since the rewards {Y4, ;} are bounded. That
means the only thing we need to prove is that { X, } is a supermartingale sequence, i.e. the following
inequality

E[Xia| Fo] < Xu (32)
almost surely for any positive integer ¢. By the definition b(¢) we know that b(t) and b(¢t 4 1) are
functions of { Ay, As, ..., A;} C F;. Note that the batch end points are decided by the actions taken.
In addition, on {b(¢) = b(t + 1)} X is equal to X, 1. These observations lead to

/\2
E[Xi11]| Fi] = Elexp(A(Si (To(e41)) — i Mi(Toi11))) — g(l + M;(Ty(141))))| Fi

= 1(b(t) = b(t + 1)) X;

Top(t+1) 2
A
+ E[1(b(t) # b(t + 1)) exp( Z 1(A; = 14,5 = Cp, or Cg i, for some k)(AY; j — Api — g))| Fi) X
J=Tp(t)+1
(33)

where the last equality follows from the definitions of S;(T3(;)) and M;(Ty (). Note that b(t) #
b(t 4 1) if and only if ¢ is a batch end point, which leads to

t

L(b(t) #b(t+1)) = ) UTo+1) =t Tor) =1). (34)
l

|
—

Il
=

We first prove that 1(Tyy41) = t, Ty) = 1) and {Y;; }§:l+1 are independent. To that end, it is
enough to show that

P(Typ41) = t, Tory = 1, Yiag1, - Yie) € S) = P(Tyeqr) =, Tory = 1) P((Yiyig1, -0, Yirt) € S)

for any Borel set S of R‘~!. Note that Tyy = | and Ty(y41) = t if and only if [ is a batch end
point, call this event F;, and the smallest batch end point strictly bigger than [ is ¢, call this event
Es. This means {Ty;) = [, Ty(441) = t} = £y N Ea. Then we know P((Yi 141, ..., Yi) € S, Ep) =
P((Yi,i41;---, Yit) € S)P(E1) due to the fact that whether or not [ is a batch end point depends on
the past actions {A;}}_,, which are independent of the future rewards from the i*" arm {Y ; Fociia
In addition, conditioned on the fact that there is a batch end point at [, i.e. the event E1, different
values for {Y ; }§:z 1 won’t change the probability of E happening. This is because the agent can
not use the information present in {Y; ; };Z 141 unless the current that started at [ + 1 ends. As a result,
we have P(Es|Eq, (Y41, ..., Yit) € S) = P(E2|Ey). The overall analysis leads to

(Toe41) = 6, Toy = 1, Yiggr, - Yig) €S) = P(Ey, B, (Yigga, .., Yie) €S)

~

=P((Yiit1,-, Yit) € S)P(E1|(Yiit1, .-, Yir) € S)P(Es|Ev, (Yi41, ..., Yis) €S)

=P((Yit1,-., Yie) € S)P(E1) P(E2|EY)

=P((Yiit1,-,Yit) € S)P(Ey, E?)

= ]P((}/i,l—i-la --~7Y%,t) S S) P(Tb(t+1) = taTb(t) = l), 35)
which finishes the proof of the fact that 1(Ty41y = t,Tpyy = [) and {K,J’};‘:l—s—l are
independent. Similar to the earlier analysis, conditioned on {Tb(tﬂ) = 4, Ty = 1},

{A1,Y4,1,42, Y4, 2,..., ATb(t) , YATh(t)va(t)} and {Y] ; }§:l+1 are independent, because the future
rewards from the *" arm can not affect the past observations, i.e. actions and rewards. In addition,
conditioned on {Ty41) = ¢, Ty = I}, we know that the actions {4; }E‘:Tb(t) 41 are sampled
according to the information present in {A41,Ya, 1,42, Ya,.2, ..., ATb(t) , YATb(t) Thyo) }. As aresult,
conditioned on {Ty;11) = t, Ty = 1}, Fr and {Y; }é‘:l 1 are independent. This overall analysis
shows that for any Borel set S of R*~! and any element G of the sigma algebra generated by F; we
have

P(Ty441) = t, Tory = 1, (Yiug1, .., Yie) €S,G)

= IED(Tb(t+1) = thb(t) =1, (Yz‘,l+1, ~-~>Y;,t) € 8) P(Q‘Tb(t—&-l) = t»Tb(t) =1, (Yz‘,l+1a ceey Yz‘,t) € 5)
= P((Yi,lJrla () Yi,t) S S) P(Tb(t+1) = taTb(t) = l) P(g|Tb(t+1) = thb(t) = l) (36)
- ]P)((K,l-‘rla ) Y;,t) € S) P(Tb(t-i-l) = ta Tb(t) = lv g)a (37)
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where (36) follows from (33)) and the fact that conditioned on {T}(;11) = t, Ty = 1}, F; and
{Yi; }§:l+1 are independent. Since S is arbitrary, {Y; ; }E:H—l and 1(Ty(41) = t, Tp) = 1, G) are
independent.
Now we go back to (34), and note that ll(Tb(tH) =1, Ty = 1) can be written as a sum of the terms
of the following form
t
1(Tye41) = t, o) = 1) H (I(ap, = —1) + a, x L(A4,, = i,n = Cy, or Ce y for some k)),
n=Il+1

(38)

where a,, € {—1,1}. Note that the terms of this form are indicator functions with disjoint domains.

Then we have for any element G of the sigma algebra generated by J
t

E[1(Ty41) =t Ty = D( [ (Lan = =1) + an x 1(A, = i,n = Cy, or C, , for some k))) 1(G)

n=Il+1
Top(ev1) e
exp( Z 1(A; =14,j = Cp or Ce i, for some k) (A ”_,\M_g))]
J=Tpr)+1

¢
= E[1(Typ41) = t, Tory = 1)( H (I(a, = —1) + a, x 1(A4,, = i,n = Cy or Ce i, for some k))) H(G)

n=I[+1
t )\2
exp( Y (a; = D(AYiy — A — <)) (39)
J=l+1

Note that a,’s are deterministic variables and by the earlier analysis, i.e. @) we
know that 1(Tyeq1y = t,The = l)(HfL:lH(IL(an = —-1)+a, x 1(4, = i{,n =
Chi or Ce kfor some k))) 1(G) and {Yi;}i—,, are independent. ~Then by the fact that
Elexp(AY; ; — Api — %)] < 1 due to (19), we have

¢
E[L(Tyt41) = t, Ty = 1)( H (1(an = —1) + a, x 1(A, = i,n = Cy or Ce, for some k))) 1(G)

n=Il+1
To(e+1) \2
exp( Z 1(A; =4,j = Cy or C i, for some k)(AY; ; — Ay — g))]
J=Tpt)+1

t
S E[L(Ty41) = t, Tpey = 1)( H (L(an = —1) + ap x 1(A, = i,n = Cy, or C, , for some k))) 1(G)].
n=Il+1
Since G is arbitrary, the previous inequality shows that
t

E[1(Tyes1) =t Tyey = D( [] (1an = =1) + an x 1(An = i,n = Cyx or Ce . for some k)))

n=I[+1
Ty(ev1) \2
exp( Z 1(A; =14,5 = Cy or Ce i, for some k)(NY; ; — A — ))|]:t]
J=Tpt)+1

t

< U(Tyieq1) = Ty = D( [ (1(an = =1) + an x 1(Ay = i,n = Cy or Ce . for some k)))

n=l+1
almost surely, which leads to
To(t+1) )2
E[1(Tyeq1) =, Tyey = Dexp( Y L(A; =1i,j = Ch or Ce j for some k)(AY; ; — Apti — TIIF
I=Tyyt1
< U(Tyeq1) = t, Ty = 1) (40)
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almost surely by the observation in (38). Finally combining (34) and @0) proves that
Tp(t41) A2
E[1(b(t) # b(t + 1)) exp( Z 1(A; =1i,j = Cp, or Ce . for some k)(NY; j — Ay — g))| Fi]
J=Tys)+1
< 1(b(t) #b(t+ 1)) (4D
almost surely. This inequality and (33)) lead to (32). We have showed that X} is a supermartingale
sequence.

Finally, we prove (30) and (3T). Firstly, note that T}y = Ty = 0, S;(0) = 0, and M;(0) = 0,
which lead to E[X;] < E[X;] = exp(—\?/8) < 1 for any t by the properties of supermartingales.
Coupling this fact with the following theorem finishes the proof:

Theorem 4.8.4 of [8]. If X; is a non-negative supermartingale and T < oo is a stopping time, then
E[X,] < E[X1] where lim;_, o X exists and X oo = lim;_y o0 X5

O

D.2 Estimation Error Bound

In this section, we provide a proposition stating that if a certain arms is selected in sufficiently many
cycles, then sample 6; corresponding to that arm has to be close to the true mean with high probability.

Proposition 5. Let T' > 2, then for any positive integer t and i € {1,2, ..., K}, we have

p1+ 5 log(T) 2
P (491(??) < 9 aMl(Tb(t)) > 320 Tf) < T (42)
and log(T) 5
1+ 0g
P(0:0) > B M) 2 3202257 ) < 7 43)
Proof. We first prove (#2)). Here we have
—+ i 10 T
P (6:(t) < B 2 (Ty) > 3207 gA(2 ))
p 4 S1(Tw) 3pa + i 5 1log(T)
<P (9 f < , > My (Ty) > 32 )
- 1) < 2 1 ""‘Ml(Tb(t)) - 4 i b(t)) = 320 A?
S1(Toer)) 31 + log(T')
P ( < My (Ty) > 32 27) 44
1+ My (Tyr)) 4 1) 7 Az @
- o S1(Th(s o2 .
We know that conditioned on H;_1, 61 (¢) is distributed as N'( 1+le[(1 (b%b)(i)) TERTG) ). This fact
leads to
H1 + 1+ Mi(Ty)) S1(Tyy) 1+
00 < U ) = g ( ity
1) < P ) = (YR (e

Then we have

4 S1(Tyy) 3u1 + o log(T)
P < > M (T, > 32
(el(t) -2 1+ M(Tyw) - 47 1(Tin) 2 820 A? )
w1+ S1(Toy) 3pr + g »log(T)
= E[P < 1)1 > M (T, > 320 ———
PO < B P M) U (i 2 g M) 2 32025 )
:E[Q( 1+M1(Tb(t))< S1(Th)) 7M1+/~Li))
o 1+ Ml(Tb(t)) 2
S1(To(ry) 3p1 + i 5 1og(T)
> >
1 (1 AT 2 My (Th) > 320 A7 )] (45)
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where the first equality follows from the fact that Sy (7)) and M (T} ) are measurable with
respect to H;_1. Since

1+M1(Tb(t))( S1(Tis)) 7/“’1+/Li)>

2log(T
o 1+M1(Tb(t)) 2 g( )

S1(Ty 3 ; log(T
on {1+;41 IT‘F;)(” > ”II“ My (Tyy) > 3202%?)}, (@3) leads to

2 14+ M(Tyyy) — 4 A2
However, we know that Q(x) < exp(—x2/2) for z > 1 by (20), which results in
pr+ i S1(Tewy) 31 + o log(T') 1
P<9t< 7 > My (Typ) > 32 )<f. 46
1()7 2 1+M1(Tb(t)) - 4 1( b(t))ig o A? - T (46)
We now bound the second term on the right-hand side of (@4)). Note that
S1(Toery) 3pr + pg 5log(T)
M (T > 32
(1 JFMl(Tb(t)) < 4 M b(t)) = 00 A? )
S1(T, — w1 My (T, ; My (T, log(T
:IP( 1( bl(t)) My (Tory)  3p + o 1(Thr)) ML (Ty) > 3207 Og(2 ))
+ M, (Tb(t)) 4 1+ M, (Tb(t)) A
S1(Ty(sy) — pr My (Ty(ry) A 1 log(7)
:IP( <=l M (Thp) > 320° ) 47)
14+ M, (Tb(t)) 4 1 14+ M, (Tb(t)) i b(t)) A12
We know that ¢4 < 1 and
2 .
H1 < A < Ai
1+ M, (Tb(t)) — 3202 10g<T) - 8

if Mi(Tyy) > 3202870 Note that the last inequality follows from the fact that 0 < A; < 1 and
3202 log(T) > 8 for T > 2 and 0® > 1. This analysis and (#7) indicate that

S1(T; 3 i log(T
( 1{Tign) el My (Ty)) > 320° OgA(Q ))

L+ My (Ty)) 4 ;
S1(Toety) — pa M (To(ry) A »log(T)
< _2i > .
< IP( o) < =S M(Ty) 2 320 A ) (48)
Then by Lemmawith A= —%
A 2
1> ]E[exp(_T(s (Do) — 1 M (Tory)) — = L1+ M(Tyw)))
S1(Tyry) — pa My (Tyey) A o log(T)
1 —— . M (T, > 320
( 1+ My (Ty) ST 1(Toy) 2 3 A? )
A? S1(Ty(y) — pr M (To(ry) A; »log(T)
>E M (T, 1 —— M (T, > 32
[exp (55 (14 M1 (Tir) ) 1( L+ 3 (Ty)) <5 Mi(Ty) 2 320 AZ )]
(49)
S1(Tyry) — pa My (Ty(ry) A 210g(T)
>TP ——, My (T, > 32 50

S1(Ty(z)) =11 M1 (Ty(e)) < A
1+ M1 (Ty(e)) 8

Similarly, the condition M; (Ty)) > 3202 bi# and 02 > 1 lead to (50). Then combining (@8] and

(30) results in

where (@9) from the condition set inside the indicator function, i.e.

S1(Th 3 i
]P’( 1(Tor)) < U1+ b

olo (1 )
, My (1 > 39202 <
L+ Mi(Tyw) 4 1{Tow) ) N

1
AT T
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which, along with (@4) and (@6), proves @2). We now prove [@3)). However its proof is almost the
same as the proof of (42). Similarly we have

; log(T
P (0(t) > M E M(Ty) 2 3202 Oi(z ))

pr+pi o Si(Tywy) p1 + 3 o log(T)
<P(6;(t s < , M (T, > 320" ——5—+
= ( B> 17 M;(Ty(ry) 4 (Tow) 2 320 A2 )
Si(Tywy) p1 + 3 2 log(T)
P M;(Typ) > 32 51
+ (1 FMi(Ty) ~ 4 (Thw) 2 3207 =13 ) D

Si(Ty(1)) a2
14+M;(Ty(ey)? 1+M; (Ty(r))

Here conditioned on H;_1, 0;(t) is distributed as N/ (
that

). Then it is easy to see

_ 1+ B L+ M (Tywy) (pa + pa Si(Ty(y)
PO:() > =5 —IHe-) Q< o ( 2 1+Mi(Tb(t)))>’
which will lead to

p1 + Si(Tb(t)) p1 + 3 2 log(T) 1
P (0,(t , < CM;(Typ) > 32 ) <= 52
( > L+ Mi(Tow) = 4 Tow) 2 320 A o
by an analysis that is almost the same as the one prior to (@6). On the other hand, the last summand
in (37) satisfies
Si(To)) p1 + 3 2 log(T)
M(Typ) > 32 7)
(1 FMi(Ty) ~ 4 i(Tow) 2 320" =55
Si(Toy) — My (Tory) _ pa + 3p M;(Tyr)) log(7)
:IP’( > — i M (Ty) > 32 27)
L+ M;(Ty)) 4 T M;(Ty(ry) Toe) 2 320 A?
Si(Tyy) — iMi(Tory) A log(T)
<IP’( > 20 M(Typ) > 3202 )
= 1+ M;(Ty)) g+ Milhy) 2 320 A2
Similar to the analysis in (30), setting A = 5t in LemmaEleads to
Si(Ty(ry) p1 + 3 »log(T) 1
M (T, > 320" —— ) < =. 53
(1+Mi(Tb(t)) > Milli) 2 320 A? )— T (53)
In view of (31), combining (32) and (33) finishes the proof of (@3). O

D.3 Bounds on Functions of )

This section provides bounds on various functions of @) function. Before we state our results, we
introduce for any ¢

s min{t € Z*|A; = i,t = Cp, or C, . for some k} ifj=1
v min{t € Z*|A; = i,t = Cp, or C, i, for some k,t > 7; ;_1} ifj > 1.
Note that if a set is empty, then 7; ; is set to be infinity. Here 7; ; denotes the time index where we

choose the ¥ arm for j*" time at the beginning or at the end of a cycle. It is clear that 7;, jisa
stopping time for {F;} specified in Lemmalé-_ll, so (1) in Lemmaremains true if we set 7 to be 7; ;:

/\2
EXSi(Tor, ) = miMi(Toz, ) = 5 (1 + Mi(Ty, )] < 1 (54)
forany i € {1,2,..., K} and real \.
Lemma 6. Foranyj > landi € {1,2,..,K}, ifx > 0:

SlT;- _iMin"'
P (ﬁ‘,j < 00, D) = 1M (Toir,,)) > :c) < exp(—2a7/a), (55)
1+ M;(Ty, ;)
and if x < 0:
P (ﬁ‘,j < 00, o) — 1iMilTiz) < I) < exp(—2z°/a). (56)

L+ M;(Tys, ;)
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Proof. We start with the proof of (53). Assume = > 0. By setting A = % in (54), we have

Vvaj
4x 222
L= E[exp(ﬁ(si(Tb(ﬁ,j)) — wiMi(Ty3, ;))) — aij(l + Mi(Ty(s, ;))))]
4x 222
> E[exp(ﬁ(si(Tb(ﬂ,j)) = 1M (Ty(z, ))) — a—j(l + Mi(Tys, ;)
S(Tys ) — i Mi(Tyis.
L (ﬁ,j <o i(Toz, ) — M Mi(Ty, ;) - x>]
1+ M;(Tys, ;)
4z 22 Si(Tyes, ) — 1 Mi(Tyz, ;)
> E[exp(ﬁ(si(Tb(ﬂ,j)) — 1M (Ty(z, ))) — 7) 1(7;,5 < oo, ) il > )

1+ M’i(Tb(‘?i,j))
(57)

Note that the last inequality follows from M;(Tyz, ,)) < j — 1 since Ty, ;) is the last
batch end point, which is strictly smaller than 7; ;. Also by the construction of Algorithm
max{1l, [aM;(Ty+, )1} > j. Given that j > 1, M;(Ty,,)) > 1, which results in
Si(Toz; 1)) —1iMi(Toez, ;)

a(l + M;(Ty, ;y)) = j by @ > 1. Then on {7; ; < oo, S ) > 1z}, we
have
4z 422
ﬁ(si(Tb(ﬂ,j)) — wiMi(Tyz, ) = o
Using this inequality inside (37) proves (53)). Finally, the proof of (56)) will follow the same steps
with a single exception: here we set A = — \;% in (34). This finishes the proof.
O
Proposition 7. Assume 502 /4 > «. Then for any positive integer j and i > 2, we have
. 1
E ]1(7'1,]‘ < OO) <C (58)
02 VITM(Tory ) (pntps  S1Toey )
o 2 1+M1(Tb(i—1’j))
and
. 1
E ]]-(Ti,j < OO) <C 59)

Q?2 WMi(Tory, ) (SilTozi ) ot
o I+ Mi(Tyc, ) 2

where C'is an absolute constant independent of the system parameters.

Proof. We start with the proof of (38) and the proof of (59) will follow similarly. First note that if
j =1, then M7 and S; terms will be zeros, and as a result, the denominator inside the expectation is
lower bounded as follows:

QM E) > g(o.5)

since p;, 41 < 1and o2 > 1. So for j = 1, we can choose C to be 1/Q%(0.5).
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For j > 1 by (22)
9 My (To2y ) ( g4, S1(To(#, ;)
@ (- )

o I4+My (Ty(#, ;)

E ]]-(721,j < OO)

o 1
/ P (1(%1,3- < 0) > :E) dx
e=0 Q2 <V1+N[1(Tb(*1,j>) (uﬁ-m __S1Toay ) ))
2

o 1+]Ml(Tb(,?17j))

00 L+ My (Tys, ) 4 Sy (Tys
X )+ 1(Ty(3,,)) 1
<4 P (4. < oo £ — )4
- +/m:z; (T”< ’Q< o ( 2 1+ M, (Ty )) RV

- 71,5)
oo 1 +M1(Tb(.;.1 )) . S (T~
) D)+ 1(Tyz, ) 1
<4 P, - iy 1 a
< +/I (7’1,3 < 00, ( 5 1 +M1(Tb(+1,j))) > Q7 (1/Va) | da,

=4 o
(60)
where the last inequality follows from the fact that Q(-) is a decreasing function. Now note that
1+ i S1(Tor )+ My (Toz, ) S1(Tyez, ) — i Mi(Tyes, )
2 14+ My (Ty(z,. ;) - 2 Tt 14+ My (Ty(z, ;) - 14+ My (Ty(z, ;)
- 1 51Ty ) = My Ty, )
= 1+ My(Tos, ) 1+ Mi(Ty#, ;) '

The last inequality follows from p; < 1. This analysis shows that if /1 + M; (Tb(ﬁ,j))(m;mi -
S1(To (2 ;) 1 S1(Ty(2y )= Mi(Toczy ) 1
Wﬂ’(flﬂ)) > oQ7(1/V). then — VIHML (T2, ) > 0QT(1/Vr) —

1 . 2 . .
m Since Ml(Tb(ﬁ_’j)) > 0and 0 > 1, the last inequality leads to

1

Q2< 1+1Vf1(Tb(f—1,j))(m+M _ Sl(Th(-i-l,j)) ))1
2

E

]].(721’]‘ < OO)

o +Mi(To(#y ;)

o0 S1(Tyie ) — pa My (Tyis
< 4+/ P(%l)j < 00, — 1( t 1'1)) H 1( i 1"7))
w=4 L+ My (Ty, )

>o(Q7N(1/VE) ~1))de (61)

by (60). However, (Z1) indicates that there exists zo such that if 2 > x¢, then Q’l(ﬁ) -1>
32 log(z), which leads to
S1(Ty, ) — My (Ty(z, )

L+ My (Tys, )

P<7A'1,j < 00, —

> 0(@ (1/VE) - 1)) < exp(~ e log(x)

by Lemma|§|for T > xg. Since o < %, the last inequality can be refined to
S1(Ty(z, ) — mMi(Tyz, ) e
14+ M, (Tb(?l,j))

for any « > . Finally, (61) and (62)) shows that

P(%Lj < 00, —

@OV -1) S g @)

> To —ax
Q2< e (”H’” A CLIC)) )) =z, TH2/125
2

E l]].(f'ld < OO)

o 1+My (Ty(# ;)
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This result proves (58) since g is an absolute constant independent of the system parameters and
the final integral is finite. Note that we already upper bounded the j = 1 term earlier by an absolute
constant so we can just take the maximum of the two.

The proof of (59) will similarly follow. First of all, for j = 1 we can bound the @ terms inside the
expectation as follows

Q-1 > Q) =0

where these follow from the fact that expected means are non-negative. So for j = 1, we can choose
Ctobed. If j > 1, we have

1

Q2 M Tz, ) Si(To(z 5)) _ Mt ]
a M (T, ) 2

- L+ Mi(Tos: ;) , Si(Tys ;
< 4+/ P (%m- < 0, ( Do) +“’) > QY (1/v7) | dz.

E

]].(ﬁﬁj < OO)

—4 ag ]. -|— Mi(Tb(i’,‘j)) 2
(63)
As for the terms inside:

Si(Ty) a4 _ Si(Toes, ;) — wiMi(Tyez, ;) N piMi(Tor, ) i — 1 + p
1+ Ml(Tb(f.”)) 2 1+ Mi<Tb(7"—,i,j)) 1+ Mi(Tb(ﬁyj)) ‘ ‘ 2
< 8iToiy)) = wiMi(Toz,, )

- 1+ Mz(Tb(ﬁ?)) ’
where the last step follows from p; > 0. This analysis and (63)) lead to
. 1
E ll(Ti7j < OO)
\/m Si(To(#; ;) S+
Q2< FE— (1+Mi(Tb(:i’j>) -t )
<4+ / P (ﬁ»,j < oo, 2btep) — 1iMiTizi) aQ—1(1/ﬁ)> da.
vt 1+ Mi(Toz, ;)

The rest of the proof follows exactly the same way it did after (6I)) in the proof of (53). O

Proposition 8. Assume 502/4 > o, T > 2, and j > 1024008 then

i

2

1
E ]].(7217j<00)< —1)
[ M (To2y ) (gt S1(Tozy )
N

<

SHIQ

I+Mi(To(2y ;)

where C'is an absolute constant independent of the system parameters.

Proof. Since j > 1, we know that j < [a x M;(Tys, ;))] by the construction of Algorithm and
as a result,

log(T .
102400 A(2 ) < J < Tax My(Tyz, )1 < 20Mi(Tyz, ),

K2
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which leads to M; (Ty(, ) > 51202%. Note that M (Ty(s, ,)) > 1if j > 1. Then by @2) we
have

E

2
1
]].(7211j<00)< —1) ‘|
VIEMIU(To2y ) (g4 S1(To(2 ;)
Q o ( 2 - ' )

I4+M1 (Ty(# ;)

2
o 1
:/ P(l(%17j<oo)< —1) >x>dm
z=0 Q<\/1+Ml(Tb(+w))(MJFM _ S1(Tesy ) ))
2

o 1+My(To(2, ;))

B /oo B (7 <000 1+M1(Tb(‘?1,j)) (Ml + _ Sl(Tb(ﬁ,j)) ) < 1 e
o M ’ o 2 1+ M;(Ty, ) 1+z

oo L+ My(Tys, ) } S1(Tyis 1
:/ P(%Lj < 00, : (u1+uz — 1Toz,p) )>Q‘1( ) | da.

=0 g 2 1 +M1(Tb(+1,j)) 1+

B

(64)
These steps follow from simple algebra and the decreasing nature of Q(-).

Now the goal here is to divide the integral in (64)) into three regions, where the the contribution from
each is in the order of 1/7". As we will show next, the first region [0, 1/77] will be upper bounded by
1/T. In the second region [1/T’, o] for some big x, the probability term will be of O(1/T'). Finally,
the integrand in the third region [z, c0) will decay faster than ﬁ for some § > 1, and this will
result in a contribution of order O(1/T"). The fact that 2 is an absolute constant will finish the proof.

We will start the analysis with the second region. First of all, the symmetry of the normal distribution
leads to

1 N3
-1 -1
=— 65
TR = R ©)
for z > 0. Given that Q(y) < exp(—y?/2) for y > 0 by the Chernoff bound, we also know

Q' (exp(—y?/2)) < yfory > 0. Clearly y/2log(1 + +/T) > 0 and letting y = \/2log(1 + VT)

shows that
Q7'( fﬁ) < \/2log(1+VT)

if v = 1/T. Since Q~*( 1+1\/5) is an increasing function of z, for > 1/T', we have

QM5 7) = ~V/2loe1 + V).

by (63). This analysis proves that

1
1+¢ﬁ+2¢i@@ﬁzo (66)

forx > 1/T since T' > 2. In addition, by simple algebra

Q™

L+ My(Toeer ) g+ g S1(Tos, )

pn 2 L+ My (Tys, ;)
Yt Mi(Tyz, ;) (M + i pa + M (To,)) — S1Toy) — ulMl(Tb(ﬁ’j)))
= - 1 - a

o 2 ! L+ Mi(Ty, ) L+ M (T )

_ pi My (Tiz, ) = S1(Toir, ) + 1+ Mi(To ) - A, P

5t ) (67)
0—1/1+M1(Tb(7:1,j)) g 2 1+M1(Tb(‘7'1,j))
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2
B
Note here that 730 (s, ) < 352 Tog (T

02 > 1. Then (67) leads to

< & since My(Ty(s, ,)) > 51202800 7 > 2 and

1+ Ml(Tb(ﬁ’j)) 1+ S (Tb(ﬁ,j))

g 2 1 + Ml(Tb(f—lyj))

o M (T ) = 51(Tys, ) Dy M b))

- 0,/1+M1(Tb(+1’j)) 40

Mi(Tyez, ) — S1(1 71,
My (Tyz, ) = S1(Toz,)) — 4/21og(T). (68)

<
04/ 1+ Ml(Tb('f'Lj))

where the last inequality is the result of M (Tyz, ;)) > 51202%. The overall analysis shows
thatif x > 1/T

s o 1+ Mi(Tys, ) (m tui S$1(The) ) PSR
1,j ) o 2 L+ My (Tys, ) 1+ z
My (Ty S1(Ty(#,
= (m T )> (69)
1+M1(Tb(‘f'1j)) \/E
20 (4+/21og( -|-Q ))
< exp \/7 1+f ) (70)
1602 log(T 202 2 210g(T) +Q*1 1 x))2
(T I
@ o
1
< =
T (72)

({©9) follows from (68). Lemma [6]and (66) lead to (70). Similarly (7T) is due to (66) and the fact that
(a +b)? > a? + b? for any non-negative a and b. Finally, (72) follows from the fact that a < 5”

However, for big - values, we can provide a tighter upper bound. Firstly, Q' (5 - f) 2 log( )
if x > x for some z¢ > 4 by ZI). So for z > x

< 202 QW-I-Q H_\f)) )<exp<_40210g(x) 1

3a ) < £16/15

exp

where we used the fact that o < 5%. This inequality shows that

L+ My(Tyz, )

g

(ulﬂu 51(To#,)) )>Q71( L))o !

a 1+z Tx16/15

P(7, <oo,
( L.j 2 1 +M1(Tb(,;1)j))
(73)

if x > 2o by (7I). Overall, if we plug (72) and (73)) back into (64), we have

1 1 e 1
E|1(7,; < oo)( —1) ] < 4%3604-/ To16/15"
0 VIFMU(Tyz, ) (mﬂu STy ) ) e=wo LT
o 2 1+ M, (Tb(+1,j))
which finishes the proof since z is an absolute constant. O

E Proof of Theorem /]

First of all, (3) is the immediate result of (I) and (). To prove (@), note that the regret contribution
from the arms with A; < o %g(ﬂ in the first T rounds can not exceed o+/aKT log(T).
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As for any arm with A; > o4/ %g@), by @) A E[N;(T)] < Cw+;logm, which leads to

a maximum regret contribution of Cyo+/aK T log(T) from these arms. As a result, E[R(T)] <
(14 C1)o+/aKT log(T) and this proves (@).

We will now prove (2). Lets pick any ¢ > 2. We start the proof by first dividing IV;(7T') into smaller
terms as follows:

T T
+ 3 + 1
Z]lAt—ZH t) > pr Z]lAt_zH t) < u12,u)]
t=1 t=1
- fi1 + 2 log(T)
. 1 i
g]E[t; L(Ar =1, 05(t) > == Mi(Tiw)) > 3202 AT )] (74)
a + log(T))
+E[> 1(A, = i,t = C.y, for some k, 0;(t) > . Bi Mi(Tyy) < 320 iz (5
t=1
= + log(T)
+E[Y L(A =iyt # Ceyp forall k, 0,(t) > 2 . Bi Mi(Tyy) < 320 gAz )] (76)
t=1
< 1+ i 5 log(T)
1 0 >
+1+E;1 i(t) = —5— Mi(Tir)) 320° AT ) (77
- f1 A i 2 log(T)
1 i
+ [t; LA =i, Aoy = 1,0;(t) < == Mi(Tyr)) < 3202 AT )] (78)
- p1 A i 2 log(T)
+ED 1(Ar =i, Ay #£1,0:(t) < 12 L, My (Tyy) < 320° A? )] (79)

Before we proceed to bound each of these terms, we provide our understanding as to how we
decomposed this N;(7T') term.

How to Decompose N, (7") and Handle Each Term: Since Thompson sampling relies on samples
{0:(t)}£ , to decide on the next action, it is natural that the term N, (7)) is split whether 0;(¢) is

above a certain threshold or not. In our analysis, we set this threshold to be “1;”“ and the resulting
terms are Zthl L1(Ay = i,0;(t) > ) and Zthl 1(A, = i,0;(t) < “F84). We should
note that as the agent observes more rewards from the i** arm, its samples 6;(¢) will concentrate
around its true mean 4; and the contribution from 1(A4; = 4,6;(t) > £3) terms will diminish.
On the other hand, if the samples are already near their true mean, then as the agent receives
more rewards from the optimal arm, her likelihood of playing the i*" arm will decrease, i.e. the
contributions from the terms 1(A; = 4,6;(t) < £1) will diminish. Given this discussion, it is
natural to center the decomposition of the terms 23:1 1(A, =i,0;(t) > 113 je. ([74)-(76), and
Z;T:l 1(A: =14,60,(t) < ”1;‘“ ), i.e. (7T7)-(79), around M; and M, respectlvely. Earlier discussion
also indicates that if there are enough observations from it and the optimal arm, i.e. M; and M are
above reasonable thresholds, the agent’s estimates should be close to the true values, which means
that the terms in and should be small, i.e. of order O(1). The main technical difficulty
of analyzing the rest of the decomposition terms is that our algorithm uses random stopping times
to decide on batch end points. So we need to show that these cycles are relatively short and their
lengths do not diverge before the agent receives enough feedback. One way to show that these
cycles are short is that we introduce conditions that naturally end the cycles, {¢t = C¢ x} in
and {A; = i, A;—1 = 1} in (73). Since we assume that M; and M; are bounded in these terms,
the contributions from and (78) will be of order O(log(T")). As for the terms in and (79),
even though it is not immediately clear that cycles containing these elements will be short, we can
see that the conditions inside these indicator functions should naturally lead to short cycles. This is
because in (76)), even if the terms are not cycle end points and there not enough observations from the
it arm, {6;(t) > £23} condition can not persist for long. As for the term in (79), the conditions

{Ai_1 # 1} and {0;(t) < 222} work against each other from the earlier dlscussmn As such,
most of the proof is dedicated 0 showing that the terms in (76) and (79) indeed lead to short cycles
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on average and they are of order O(log(T")). We achieve this result by using a modified version of
Lemma 2.8 [2] and the tails bounds specialized for our algorithm, which are the results from Section
[Dl We now present the technical proof.

First of all, the terms with M;(Ty4)) or My (Ty()) being bigger than a certaln level account for the
estimation error and will be bounded by constants. We know that by (43) of Proposition [5]that

a + ,log
B> 1(A =i, 0i(t) > B M (Ty) > 320250 ) < 2. (80)
t=1

2

Now note that if A; =4 and 6;(t) < ‘“;‘“ ,then 04 (t) < % That means

T

+ log(T
E[) " 1(4 (1) < BT M (T > 3202‘§g§l)
2 A2
t=2 i
d 0+ ,log(T)
Z]l <h : MMy (Thyry) > 320 gAQ ) <2 81)

t=

where the last inequality follows from @2)) of Proposition 5

Now we bound the remaining terms. We first note that the condition {A; = 4,t = C, j, for some k}
signifies a cycle where the i*” arm has been played at the end. Considering that the cycle count from
the last batch can not increase more than its o multiple plus one by Algorithm|I] we know

T
i log(T log(T
E[E 1(A; =i,t = Ce , for some k, 0;(t) > = ;u’,Mi(Tb(t)) < 3207 ogA(2 ))} < 32a0? Oig )+1
t=1 K2 K2

(82)
due to the {M;(Ty4)) < 32022552 log L)} condition restricting the number of times we can count a unique
cycle. Similarly the condition {At =14, A;_1 = 1} means that ¢ — 1 is either a cycle beginning or
end point, and again by M (Ty4)) < 3202 logA(?T ) limiting the number of times we can count a unique
cycle with the first action we have

log(T
a02% + 1.

T
; 5o
EY 1(Ar =i, Ay =1,0,(t) < M ;“ My (Tyw) < 3202 —5—=
t=2
(83)

Finally the only summands we did not bound are in (76) and (79). We will start with the harder
one and use the analysis there to bound (79) at the end Let H; = {Hy,04,(1),04,(2),...,04,(t)}
and define the following stopping times for {Ht}

o min{t € Z¥[A, =i,t # Ce forall k, 0;(t) > ptpiy ifk=1
PR min{t € ZH| Ay = it # Cey forall k, 0;(t) > M08 ¢t > 7,0} ifk > 1

and

Te = min{t € ZT| Ay # i or 6;(t) < MTW such that ¢ > 7 1. }.

Note that if any of these min operators are over an empty set, then the random variable is set to
infinity. By the definitions of 73, ;, and 7. j, it is easy to see that 1(A; = i,t # C. i, for all k,0;(t) >

“1;”” M;(Ty)) < 3202 10g(T)) = lonlyif 7 <t < 7 for some k. This observations suggests
that it is enough to only consider the intervals of [, 1, Te r, — 1] while summing over the elements
of 1(Ay = i, t # C., forall k, 0;(t) > 21 M, (Tyypy) < 3202 log(T) ) in (76). However, we can

only consider an interval of [7y , Te & — 1] 1f T,k < 00. That means We have the following bound
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M=

i o log(T
]l(At =1,t 7é Ce,k for all k,ai(t) > M ;r,u M; (Tb(t)) < 3942 gA(2 ))

-
Il

1

T
; log(T
S L(A, =it # Coy forall k, 6;() > ;“ , M(Tyy) < 3202 og( ),Ml(t) <7

A? -
t=1 7
(84)
< Z ]l(Tch < OO)
k=1
+ log(T)
3 L(A =it # Cop forall k,0,(t) > 22 . Bi Mi(Tyy) < 320 OgAz M) < T)
t=Tp k i
(85)
- 2 1log(T)
< Z L7k < 00, Mi(T(ry 1)) < 320" —5=, Mi(To,6) < T)(Te,k — To,k)s (86)

A2

>
I
—

where @) follows from the fact that M, (¢t) < T is satisfied for any ¢ < T'. Earlier discussion leads
to @ Finally, note that the time interval [7, j, Te 1, — 1], where only the it" action is played, is inside
a single cycle, so M;(Ty;)) and M (t) stay the same for any ¢ € |7y, , o1, — 1]. This observation

and ignoring the condition {A4; = i, ¢ # C, j, for all k,6;(t) > £} inside the indicator functions
lead to (86). As the for expectation of the summands in @)

log(T
E[]l(Tb’k < OO,Mi(Tb(Tbﬁk)) < 3202 g( )>M1(Tb,k) < T)(Te’k; — Tb,k)]

A2
log(T N
= E[]E[]I(Tb)k < 00, Mi(Tb(T[,)k)) < 3202 gA<2 )7M1(Tb7k) < T)(Te7k — Tb7k)|/HTb,k]]
2 log(T) >
= IE[]I(T[LIC < OO,Mi(Tb(.,-byk)) < 3202 A2 Ml(Tb k) < T)E[Tak — Tb,kI,HTb,kHa 87)

7

The last 1nequahty is the result of the indicator function inside the expectation being measurable with
respect to Hrb .- If Ty 1 < 00, then conditioned on HTb . we know that 7. ;, — 7, ;, — 1 is a geometric
random variable for failures, where the the success probablllty is1 —P(Ar, 41 =1,0i(To0 +1) >

% 7:17,77,“). The reason is that since 73, ;, < 0o, we know that 7 3, — 7, > 1 and by the definitions

of 7, and T i, [Tp.k, Te, ] defines a time interval in a single cycle like we mentioned earlier. These
observations show that the sampling process remains the same throughout [7, ., 7. 1], and conditioned

on 7:17177,6 [To,6 + 1,7e,,, — 1] is a period of failures if we were to define success as A;(t) # i or
0;(t) < {21t The overall analysis proves the following set of inequalities

1
1= P(Ay, 1 = 0,0;(7pp + 1) > g

(7o < 00) E[7ere — 7o,/ Hry ] = L(To0 < 00)

7:[7'b,k)
1

P(oi(Tb,k + 1) < MTw‘f}:lﬂ)k)

< ]l(Tb,k < OO)
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almost surely. Putting this inequality inside (87) and summing the elements like in (86) shows that

T
4 log(T
E[> " 1(A¢ =it # Cep forall k, 6;(t) > ;’“ M, (Thyry) < 3202%)]
t=1 %
> log(T") 1
<ED 1o < 00, Mi(Ty(r, ) < 320> My (1p) <T) — ]
; o) A7 TR P(0;(rpp + 1) < BEE |7, )
> log(T) 1
ZE[ ]l(Tb7k<OO,M'(TbT )<32027,]\41(7'b,k)ST,ATe : Zi) — ]
; T A T B+ 1) < B, )
(88)
> log(T) ) 1
+ED  L(rpk < 00, Mi(Th(r, ) < 3207 Mi(rop) < T, Ar, #1) — ]
k; A CT PO +1) < B H,, )
(89)

Note by the earlier analysis we know that on {7, ;, < 00} 7 i, is almost surely finite. Then the last
equality follows from dividing the terms according to A, , = i or not. We will first bound the
summand in (88). To that end, we now analyze 1(7, x < 00) P(A,, , = 1|H., ). Note that by the
earlier analysis we know the sampling distributions remains the same throughout 7 ., T 1], which
leads to

P(ATb,k+1 = 1|7:L7'b,k)

P(A, , =1, ) = — (90)
" ok 1—P(Ar, o1 =1,0;(mp 0 + 1) > L
- P61 (1 + 1) > ”1;“"',93‘(7'5716 +1) < % for all j # 1|7:£TM) ©1)
B 1- P(ATb,kJrl = iﬂei(Tbyk + 1) > “Bﬁmn,k)
P(01(1y5 + 1) > LxFe i3 YP(0;(yp + 1) < EH forall j # 1[H., ) )

1- P(ATb,k+1 = ia ai(Tb,k + 1) > MTW‘,}:[TIJIC)

on {7, < oo}. Note that since 7, ;, < 00, all the conditional probabilities stated here are almost
surely positive. Here (90) trivially follows from the definition of success and failure of the geometric
random variable we have defined earlier, i.e. 7. — 71 — 1. (]Z[) is the result of the action selection
process where we know that for the first action to be chosen the sample 6, has to be at least as big as
the other samples. Finally, conditioned on #, , , {6;(7s + 1)}, are independent, which results
in (92). On the other hand

> P(An,,k+1 = i79i(7-b,k + 1) < MTJ’% HTb,k)

P(A,, , =ilH,,)= - > (93)
w bk 1-— ]P)(A‘Fb,k+1 =1, 07;(7'[;1]@ + ].) > %W{ﬂ),k)
- P(0; (1 + 1) < £33 for all j|Hfb’kA) o)
1- ]P)(A'f'b,k"rl = iv ei(Tbe + 1) > MT—W‘IHTM@)
_ POi(rop +1) < A, ) PO (o + 1) < P forall j # 1(Hy, ) )

1—P(Ar, 41 =i, 0i (1o + 1) > B25H

HTb,k)

on {7, < oo}. Note that (93) follows from the fact that A, , = i only if 0;(7c ) < *“T'”“ by
the definition of 7, ;. Considering that {A, , 11 = 7,0;(Tpx + 1) < %} means 6, (7, + 1) <

it for all j, we have (©94). (©3) is the result of the conditional independence. Combining (92) and
leads to

7?7“) P(A,, , = 1|H., ). (96)
HTb,k)

R P(O +1) < patp
P, =il < Do T e
' ' P(01(7’b7k +1) > %
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on {7, < co}. As aresult

log(T)
A2

1
P(0;(7pp + 1) < ot
1

E[L(7o1 < 00, Mi(Ty(r, ) < 3207 My (o) < T, Ar,, =) _ ]

HTb,k)

log(T
= E[E[H(Tb’k < OO,Mi(Tb(.,-bﬁk)) < 3202 Og( )7M1(Tb,k) < T)

7:[Tb,k>

log(T') 1
=RE[1(1p1 < 00, Mi(Th(r, ) < 3202 My (ro1) <T —
[ ( ( N bk)> Az2 1( ) )P(ei(Tb,k + 1) S /J«1J2rlh HTb,k:)

]P(ATe,k = ,1:|H7'b,k-)] (97)

log(T) 1
< E[L(p 1 < 00, Mi(Ty(r, .)) < 3202 My (o) <T .
< E[1(7k (To(r1)) AZ 1(7o.k) )P(ei(Tb,k 1) < BIE

]P’(@l(Tch + 1) < MT—H“ 7:[7'};,)«) ~

o I[D(A‘re [ 1‘7'[713 k)] (98)
P(@l(Tb,k +1) > Ml;r/“ HTb,k) ' '

log(T") 1
2 , M (7 <T
A ) < )P(ei(Tbk +1) < i

P(el(Tb,k + 1) < %r}lﬂzk)
]P)(el (Tb,k + 1) > #1—2H“ |H7'b,lc)

Tb,k)

= E[]].(Tb’k < 00, Mi(Tb(n,.k)) < 320

H'rb,k)

1(Ar, , = 1)]

[

log(T
<E[L(mp < 00, Ar, , = 1, Mi(Ty(s, ) < 320 08( ),Ml(rhk) <)

]

Al? ]P)2(9i(7—b7k + 1) < HI—QHM ‘7:[7'1),1@)

IOg(T) P2(91<Tb K+ 1) < Bt /}:{Tb k)
+E[1 (1 < 00, Ay, =1, Mi(Tp(r, ) < 3202 Mi(to) <T ’ L
[1n o Tir) az M) )P2(01(Tb,k +1) >t HM)}

99)

follows from the measurability of the indicator function and the inverse probability term with

respect to -, ,.. (06) leads to (O8). Finally, the last inequality follows from the fact that 2v/a x b <
a + b for any non-negative a and b. Here (99) shows that

Nt log(T) , 1
EDY  1(mpp < 00, Mi(Ty(r, 1)) < 3207 Mi(rog) < T, Ar,, =) — ]
; b,k Ag k P(Gi(Tb,k + 1) S MI‘QHH Hﬂ),k)
= log(T") 1
<E] 1(mpp <00, Ar =1, M;(Tpir, .)) < 3202 -
< [; ( b,k ok ( b( b.k)) Azz )P2(9i<7'b,k n 1) < Hlerlti Hrb,k)]

’HT}) k)
— 100
T, (1o

]P’2(91(7'b,k +1) < %
P?(0y (7o, + 1) > 1t

+

hE

I(7pe <00, Ar, , =1, Mi(mp1) <T)

=~
Il
—

Here we eliminated one condition from each indicator function in the last inequality. However, we
know by the action selection process of Thompson sampling and b(7, , + 1) = b(7, ;) equality due
to 7, and 7, ;, + 1 being in the same cycle that

14+ M, (Tb(Tb,lc))

Ak ] S1(To(r, s
P(6y (7o +1) > le‘rb,k):Q< (Ml + i 1(To(r, 1)) ))

2 o 2 1+ Ml(Tb(Tb’k))

(101)
and
_ L+ Mi(Tyr,,) , S, _
pa (7o,1) i(To(r, 1)) pa +
. < — _
]P(ez(Tb,k + ]-) = 9 |H‘rb,k) Q( P (1 + Mz(Tb(-rbk)) 9 )

(102)
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on {7, < co}. Considering (T0T) and (T02)), we see can view (I00) as

2 1og(T') 1
S Mi(mp) <T, A, , = y
A2 1( b, k) ek )]P)(Qi(Tb,k + 1) < MTW|HTI>,1€)

]E[Z L(7p < 00, My(Tir, 1)) < 3207 ]
k=1

<E|

log(T)
A2

WE

7y < 00, Ar, =1, M;(Ty(r, ) < 3207 V1 (Mi(Toiry ) Si(To(ry 1))

>
Il

1

+E[ ]l(Tb,k < OO7ATc,k = LMI(Tb,k) < T)fQ(Ml(Tb (7o, k)) Sl(Tb(Tb k)))]

hE

=~
Il
—

where f; and f5 are some functions with domain R>( x R. If we let

. _ J min{t € Z*|A; = i,t = Cy, or C¢;, for some k} ifj=1
Tig = min{t € Z*|A; = i,t = Cp, or C, i, for some k,t > 7; ;_1} ifj > 1,

which denotes the time indices where we choose the i arm at the beginning or at the end of
a cycle, we notice that M;(Ty(,, ,)) = Mi(Ty, ,)) and Si(Ty(r, .y) = Si(Ty(#,,)) for some j

on {, < oo} since T, < oo means that the agent has played the ' action at the beginning
of the cycle containing 7, ;. However, when we look 1(7, % < o0, A, , = 1, Mi(Ty(,,)) <

3202 log T) ) F1(Mi(To(ry 1))5 Si(To(r, ) terms, we realize that each time interval [7, 5, 7e, & — 1]
= 1, and the condition {M;(Ty(-, ,)) < 320 2log T)}
implies that the indicator functlon can be non-zero only if [7, k, 7e ;] is inside the one of the ﬁrst

will belong to a different cycle due to A

Te,k

[32a02 bi#} cycles of the i*" arm. The overall discussion leads to the following bound:

log( )

o0
> Urpk < 00, Ar, =1, Mi(Ty(r, ) < 3207 V1 (M (To(r, 1)) Si (Lo 1))
k=1

f32ao‘2 Li(;)-\
< ) 1Ry < 00) AM(Ty, ), Si(Ths)- (103)
j=1
On the other hand, on {7, < o0, A, = 1}, Mi(Ty(r, ) = Mi(Ty(#,,)) and S1(Ty(r, ) =
S1(Ty(#, ;) for some j since 7. 1 here is the cycle end point. Similar to the earlier analysis, for each

k that satisfies the {7, < 00, A, , =1, M1(7x) < T} condition, [7y x, Te,x] Will be in a distinct
cycle from the first 7'+ 1 ones containing the first arm. This observation shows that

> U(mpk <00, Ar, =1, My(r k) < T) fo(My(Toir, ) S1(Tor, )
k=1
T+1
<> (71 < 00)fo(Mi(Tyez, ) S1(Ty(z,,))) (104)
j=1
In view of (T00), (TO3) and (T04) result in the following bound
- log(T) 1
E[Y  1(mp s < 00, Mi(Tyir, ) < 3202 —2L My(1y3) <T,A, , = .
[’; ( b,k ( b( b,k)) A2 1( bk) ek )]P)(Gi(Tb,k n 1) < #1;#1. H‘rb,k)]

[320402 Li(g) 1

‘ 1
<E Z ]].(722'7]' < OO) ]
=1 02 <\/1+Nji(Tb(+i,j)) ( Si(Tor; jy) Mﬁ_ui))

o I+ Mi(Ty(+, ) 2
T+1 1 2
+E | > 1(7, <oo)< —1) 1 (105)
= VIHM(To2y ) (g4 S1(To(#, ;)
Q o 2 - 1+M1(Tb(+1,j))
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where we replaced f; and f, with their exact forms. Note that although we did not define f; and
f2 explicitly, it is easy understand their exact formulation from the earlier discussion, i.e. from the
conditional probability functions in (T00) and the equalities stated in (I0T)) and (T02)). Here we know
that the first expectation to the right-side of the inequality is upper bounded by C(1 + 320 loi#)

by Proposition[7, where C' is an absolute constant. On the other hand, we have

1+M1(Tb(+1,j))

2
1
Ell(%17j<m)< —1) ‘|
M (To2y ) (g tps S1(To(#y )
(I e )

Cifj < 102400255
~ | O/T ifj > 10240028

where C'is an absolute constant independent of the system variables. Note that the constant bound
follows from Proposition while O(1/T") bound is the result of Proposition This overall analysis

and (I03) lead to

B[ " L(nk < 00, Mi(Tyr, ) < 320
k=

log(T) , 1
2 SMy(rog) <T, A, =i
A? 1( b,k) — e,k )P(ei(Tb,k + 1) S Hl‘gﬂi ]

H'rb,k)

—

log(T")
A7)
for an absolute constant C'. This proof bounds the term in (88). However, with the analysis we have
done so far, bounding the term in (89) is almost immediate. First note that, similar to the earlier
analysis, M;(Ty(r, ,)) = Mi(Ty, ,)) and Si(Ty(r, ,)) = Si(Ty(, ;) for some j on {7, < oo}

since 7, ;, < oo means that the agent has played the i*" action at the beginning of the cycle containing
7p,%- Then by (102)

< C(2 + 1056a0> (106)

M1+

P(8;(mp e +1) < 5

|7:£7'b,k) =

o 1+ Mi(Tb(ﬁ,j)) ( SZ-(Tb(ﬂ.Tj)) ot ui)

on {m < oo} for some j. However, for each k that satisfies the condition {7; <

00, My(Tyr, 1)) < 3202 BTV Ny (1) < T, Ar, # i}, [Tk, Te,s] has to be in a distinct cy-

cle from the first [32c0? k’i#] cycles of the i*" arm. Note that the distinctiveness follows from the
fact that A,_, # i condition ends the cycle, while the upper bound on the number of cycles is the
result of {M;(Ty(r, ,)) < 3202 bi#} and the way Algorithmis implemented. These arguments

naturally lead to

= log(T) . 1
EDY L7 < 00, Mi(Ty(r, ) < 320° My(mog) < T, Ay, #1) ]
kz::l b,k A? k P(@i(Tb,k + 1) S MTJF#I H‘rb,k)
[320402 Li(g)]
‘ 1
<E Z ]].(727;7]' < OO) ‘|
=1 0 1+I\/[i(Tb(7"7;’j))( Si(Tyz; ;) B NH‘M)
- T+M(Ty(+, ) 2
log(T
< C(1 + 32002 OgA(z )) (107)

where the last inequality follows from Proposition[7]and the range of ) being from zero to one. In

view of (88)) and (89), combining (T06) and (T07) shows that
T

5 log(T)

M1+
—ar )

2

]E[Z 1(As =i,t # C,  forall k, 0;(t) >

t=

7Mi(Tb(t)) < 320

=

log(T")

< C(3 +1088ac? A

) (108)
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where C' is an absolute constant. This finishes the analysis of the summand in (76).

Finally, we will bound the summand in (|7_§|) However, most of the proof ideas will follow from
earlier analysis. First note that if 6, () > %, while 6, (t) < % for j > 2, then A; = 1:
i B+ g .
P(Ar = 1| Hi—1) Z P(01(t) > ———[He—1) P(0;(t) < — forallj # 1 H—1) (109)

where we also used the conditional independence of 6, (¢)s given 7{,_1. On the other hand, if A, = ¢
and 0;(t) < 2128 then 6;(t) < 1 forall j > 2:

P(Ay = 0,0:(0) < P ) < PO (1) < P poral £ 1 Hey). (110)

The combination of (I09) and (T10) lead to

P(A: = 1| Hi—1)
P(61(t) > #I;Hi Hi1)

/111 +,uz

P(Ay =14,0,(t) < | Hi-1) < (111

Note that considering the action selection process of Algorithm [T] where conditioned on the past

observations 0; has a Gaussian distribution, P(6; (t) > “-x14| 74, ) will almost surely be non-zero.
Then we have

()
A

1 1o
E[1(A; = i, Ay # 1,6,() < ;“ My (Th) < 320°

. -+ |
— EE[L(A, =i, A1 # 1,0,(t) < . B My (Th) < 3202 Og( ))mt ]

i log(T
= BP(Ay = i,0:() < P M) LAy £ 1, M (Ty) < 3207 gA(Q b an
P(A; = 1| Hy_1) 2 log(T)
= Plp, (1) > mgm g,y e # 1 M) < 3207757 (113)
= E| ! 1(A; =1, Ay # 1, My (Typ)) < 3202 2108 (T))] (114)
B P(0,(t) > #1;/»1'72 Hi 1) t-1 1\Eb(t) Az )

where (IT2) follows from moving terms measurable with respect to #;_; out of the conditional
expectation. The bound in (TT1) leads to (T13). Finally, using (T14) in (79) shows that

T
; + i log(T
E[E 1(A; =i, A1 # 1,0:(t) < adl 5 K , Mi (Tyy) < 320° gA(Z ))}
t=2 2

d 1 log(T)
1(Ay =1, A1 # 1, M (Typ) < 3202 =2~ 115
SED 5o s B, ) W = LA # LM (T) <3207 750 19)

Note here that if A; = 1 and A;_; # 1, then ¢ is either a cycle beginning or a cycle end point, which
means that t = 7y ; for some j:

116
2 1 +M1(Tb(t)) ( )

P(Gl(t) Hi +N1‘Ht 1) Q( 1+M1(Tb(t)) (M1+uz Sl(Tb(t)) ))

g

g

iy L+ M Toer, ) (m tui S1Toy) ) (117)
o 2 1+ Ml(Tb(flhj))

where the fact that conditioned on H;_1, 01 (t) ~ N( 15]1\4(?(*’%; ’(1)), = M(:(sz(t))) leads to (IT6). In

addition, each ¢ that satisfies {A4; = 1, A,y # 1, M1 (Ty)) < 3202257 log } condition has to belong
to a different cycle and the index j can not be bigger than [32a0? logA(gT ) ] So, in view of (TT3)), (TT7)

32



leads to

E[ET: (A = i, Ay # 1,6,(8) < P 0 1y) < 32022080,
s t y L1t—1 s Vg >~ 9 5 1\Lb(t) Af
f32o¢o‘2 Loi(?T) 1 1

<E ]1(7217j < OO) — ) o )

=1 VM Totey ) (o4 1(Tocry )

’ Q o = (#12# - 1+Ml(Tbi:Lj)))

log(T

< O(1 + 32a0? OgA(2 )) (118)

Here the last inequality is the application of Proposition|/| However, this result finishes the proof of

(2) since the collection of bounds, [0), (8T), (82), (€3). , (T18), prove that

E[N:(T)] < 6 + 64002220 4 (4 1 1120002280,

2 2
AZ A
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Figure 2: Empirical Regret Performance of Batched and normal Thompson sampling

In addition to the figures in Section[5] here we provide experiments that showcase how Algorithm T]
that does not make use of all reward observations (shown as All Samples=N) performs compared
to the version that uses all the samples (shown as All Samples=Y). Additionally, instead of the
average batch count, we report the 95% percentile batch complexity required for each algorithm. As
can be seen from these figures, the version of Batched Thompson sampling using all the samples
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significantly outperforms the version that does not make use of all the observations. On the other
hand, we note that the algorithm that does skip samples (All Samples=N) may require exponentially
fewer observations on average than the other version (All Samples=Y). For example, in Figure 2] (a),
Algorithm[T] (All Samples=N) uses around 400 samples on average for each of the two arms, while
the batched TS algorithm that uses all the samples (All Samples=Y) uses 5 x 10% samples in total.
Overall, this indicates a trade-off between fewer samples and possibly lower computation time versus
better empirical regret performance.
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