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Abstract

Large language model (LLM) inference is of-
ten bounded by memory footprint and memory
bandwidth in resource-constrained deployments,
making quantization a fundamental technique for
efficient serving. While post-training quantiza-
tion (PTQ) maintains high fidelity at 4-bit, it de-
teriorates at 2-3 bits. Fundamentally, existing
methods enforce a shape-invariant quantization
grid (e.g., the fixed uniform intervals of UINT2)
for each group, severely restricting the feasible
set for error minimization. To address this, we
propose Bit-Plane Decomposition Quantization
(BPDQ), which constructs a variable quantization
grid via bit-planes and scalar coefficients, and it-
eratively refines them using approximate second-
order information while progressively compensat-
ing quantization errors to minimize output discrep-
ancy. In the 2-bit regime, BPDQ enables serving
Qwen2.5-72B on a single RTX 3090 with 83.85%
GSMBS8K accuracy (vs. 90.83% at 16-bit). More-
over, we provide theoretical analysis showing that
the variable grid expands the feasible set, and
that the quantization process consistently aligns
with the optimal objective in Hessian-induced ge-
ometry. Code is available in the supplementary
materials and will be open-sourced.

1. Introduction

Large language models (LLMs) demand substantial memory
and compute resources, making efficiency a major research
focus in academia and industry (Miao et al., 2023; Zhu
et al., 2024). Among efficiency approaches, quantization is
a fundamental technique that reduces memory footprint and
alleviates memory bandwidth bottlenecks during inference
(Gong et al., 2024; Zhou et al., 2024). Accordingly, many
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recent open-source models release low-bit checkpoints. For
example, Qwen3 offers an official 4-bit quantized variant
(Qwen Team, 2025), suggesting that 4-bit weight-only quan-
tization preserves high fidelity. Specifically, quantization-
aware training (QAT) demonstrates promising performance
by learning directly in the low-bit space, yet incurs sub-
stantial training cost (Liu et al., 2023; Chen et al., 2024).
Furthermore, quantization-aware fine-tuning (QAF) can im-
prove low-bit performance by fine-tuning a quantized model,
but it requires a two-stage pipeline (Dettmers et al., 2023;
Xu et al., 2023; Chen et al., 2025a). For post-training quan-
tization (PTQ), distribution-aware methods utilize weight or
activation statistics to reduce distortion induced by outliers
(Lin et al., 2024; Ashkboos et al., 2024), which rely on han-
dling outliers during inference. In contrast, optimal-PTQ
methods such as GPTQ (Frantar et al., 2022) remain theo-
retically well grounded by minimizing output discrepancy
under an output-aligned objective (e.g., [WX — WX]|)
(Zhang et al., 2025a; Chen et al., 2025b), while preserving
hardware-friendly inference.

Nevertheless, pushing precision down to 2—3 bits remains
challenging because of limited cardinality (e.g., 2-bit offers
only four distinct values), which causes significant repre-
sentational loss and severe degradation in model quality.
In exploration of low-bit quantization, distribution-aware
methods (Huang et al., 2024a;b; Li et al., 2024) apply hybrid
formats or mixed precision to protect salient weights, lead-
ing to irregular memory access patterns. Vector Quantiza-
tion (VQ) methods (Liu et al., 2024; Egiazarian et al., 2024)
achieve high fidelity by mapping weights to codebooks, but
suffer from prohibitive computational costs during code-
book optimization. While bit-plane methods (Park et al.,
2025; Tran & Nguyen, 2025) enable accelerator-friendly
bit-parallel arithmetic, they lack a rigorous output-aligned
objective and rely on fine-tuning to preserve fidelity.

Despite these explorations, optimal-PTQ maintains a rigor-
ous theoretical formulation but fails in the low-bit regime.
We attribute this failure to a critical misalignment between
the optimal objective and the rigid quantization grid. Es-
sentially, the problem is not a failure of the optimal-PTQ
objective, but the rigidity of the quantizer’s feasible set
under that objective. As illustrated in Figure 1 (a), a
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Figure 1. (a) Fixed grids (Uniform/Non-Uniform) enforce shape invariance, where the relative spacing of quantization levels is shared
across groups (scaled by s). BPDQ breaks this limitation by constructing a variable grid per group using bit-plane coefficients (c1, c2),
expanding the feasible set. (b) Performance comparison of 2-bit quantized Qwen2.5-72B.

fixed uniform grid restricts the per-group feasible values
to scale - {0,1, 2,3}, while a fixed non-uniform grid em-
ploys scale - {ag, a1, as,as}. Although the scale varies
across groups, the relative spacing pattern of the four levels
is shared across all groups, making each group only a mag-
nified or shrunken copy of the same template. This shape
invariance can be overly restrictive, since the output-aligned
objective is the nearest-point projection in the Hessian-
induced geometry.

To address this limitation, we propose Bit-Plane Decompo-
sition Quantization (BPDQ), which constructs a variable
grid via bit-planes and scalar coefficients. The right side
of Figure 1 (a) shows that BPDQ allows the relative spac-
ing pattern to vary across groups using distinct coefficients.
This breaks the shape invariance constraint and enlarges the
feasible set under the output-aligned objective. Specifically,
BPDAQ initializes the variable grid through bit-plane decom-
position and a closed-form solution for scalar coefficients.
Within the Hessian-induced geometry, we iteratively refine
the discrete bit-planes and scalar coefficients. Moreover,
to maintain error-propagation consistency, we introduce a
delta correction, ensuring iterations align with the optimal
objective. Appendix A formalizes how this variable grid ex-
pands the feasible solution set, and Appendix B formalizes
the consistency of BPDQ with Hessian-induced optimality.

We validate BPDQ on the Qwen-3/2.5 family (0.6B—72B)
and Ministral-3 (3B, 8B) across five language modeling
and commonsense benchmarks. Furthermore, we demon-
strate BPDQ’s robustness on quantization-sensitive reason-
ing tasks and long-context benchmarks. Figure 1 (b) com-
pares 2-bit quantization on Qwen2.5-72B, where GPTQ and
AWQ suffer severe degradation (e.g., dropping below 41%
on GSMS8K) while BPDQ preserves the high fidelity of the
full-precision baseline (e.g., 86.13% on GSM8K). In terms
of deployment efficiency, BPDQ enables serving the quan-
tized 72B model (W2-G256) on a single RTX 3090 (22.69
GB VRAM) with 83.85% accuracy on GSMS8K. By imple-

menting a bit-plane look-up table (LUT) kernel (Park et al.,
2022), we achieve low-latency decoding for real-time inter-
active generation. Analysis of activation statistics confirms
that BPDQ inherently preserves essential outliers, which is
crucial for maintaining model quality. Our contributions are
summarized as follows:

* Insight: We identify the shape invariance of fixed quan-
tization grids as the fundamental constraint restricting
optimal-PTQ in low-bit regimes. To address this, we
propose BPDQ, which decomposes weights into bit-
planes to construct a variable quantization grid, theo-
retically expanding the feasible solution set for error
minimization.

* Methodology: We formulate a rigorous optimization
framework that extends optimal-PTQ to variable grids.
By iteratively refining bit-planes and scalar coefficients
within the Hessian-induced geometry, BPDQ ensures
that the optimization process consistently aligns with
the optimal objective, as supported by our theoretical
analysis.

* Performance: Extensive experiments across language
understanding, reasoning, and long-context tasks,
demonstrating BPDQ’s consistently high fidelity in
low-bit regimes. Furthermore, we provide a system
efficiency profile to validate the hardware efficiency of
bit-plane methods, and confirm that BPDQ inherently
preserves critical outliers through activation analysis.

2. Related Work

Low-bit Quantization for LLMs. To achieve extreme
compression rates, QAT methods optimize in the Boolean
domain or utilize factorized representations (Tran &
Nguyen, 2025; Lee et al., 2025), albeit at substantial training
costs. Among PTQ methods, vector quantization (VQ) maps
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Figure 2. Overview of the 2-bit BPDQ quantization procedure.

weights to codebooks (Egiazarian et al., 2024; Liu et al.,
2024), preserving high fidelity but suffering from prohibitive
quantization overheads. Alternatively, distribution-aware
methods employ hybrid formats or mixed precision to pro-
tect salient weights (Huang et al., 2024a;b; Li et al., 2024),
often causing irregular memory access patterns. Recently,
bit-plane and ternary decomposition methods have emerged
to enable accelerator-friendly arithmetic (Xiao et al., 2025;
Yan et al., 2025; Park et al., 2025). However, these ap-
proaches typically rely on progressive residual correction or
fine-tuning, lacking a rigorous output-aligned objective.

Optimal-PTQ for LLMs. Formally, optimal-PTQ algo-
rithms minimize output discrepancy under objectives such
as ||[WX — V/\\7X|| (Zhang et al., 2025a; Chen et al., 2025b).
This perspective traces back to second-order sensitivity anal-
yses (OBD/OBS) (LeCun et al., 1989; Hassibi et al., 1993)
and is further developed by Optimal Brain Compression
(OBC) (Frantar & Alistarh, 2022). GPTQ employs efficient
approximate second-order information for LLM quantiza-
tion (Frantar et al., 2022). Recent theoretical advances con-
nect GPTQ to Babai’s nearest-plane algorithm on a Hessian-
induced lattice, offering a geometric interpretation of its
error propagation (Chen et al., 2025b). Furthermore, prov-
able error bounds have been established for these proce-
dures, extending to enhanced sequential solvers like Qronos
(Zhang et al., 2025b), which integrate past-error correction
to further minimize reconstruction loss (Zhang et al., 2025a).
However, the rigidity of fixed quantization grids restricts
the feasible solution set for optimal-PTQ, leading to degra-
dation in the low-bit regime. To overcome this restriction,
BPDQ constructs a variable grid that expands the feasible
set, achieving high fidelity at extreme compression rates.

3. Methodology

BPDQ follows the optimal-PTQ objective while replacing
the fixed quantization grid with a variable grid. Within the
Hessian-induced geometry, BPDQ initializes via bit-plane
decomposition (BPD) and closed-form scalar coefficient
refitting. It then iteratively refines the grid through column-
wise discrete bit-plane selection and group-wise scalar up-
dates with Hessian-aware error compensation. Finally, it
applies a delta correction to maintain error-propagation con-
sistency. The formal consistency of this procedure with
Hessian-induced optimality is established in Appendix B.

Specifically, the variable grid quantized weight W is formed
by scalar coefficients and bit-planes:

k
W =REP(Co) + Y REP(C;)) ©B;, (1)
i=1

where C; € R&ux(@n/9) j5 a group-wise scalar coeffi-
cient matrix with group size g, and B; € {0, 1}%u*dn (for
i =1,...,k) is the i-th bit-plane. The operator REP(-) ex-
pands C; along the input dimension by repeating each group
coefficient across its g columns. The integer k is the number
of non-bias bit-planes, ® is element-wise multiplication,
and Cj is the group-wise bias coefficient.

3.1. Preliminaries

Optimal Objective. Consider a linear layer with weight
W € Ruxdn and input activations X € R% <N containing
N calibration samples. The quantized weight W e Qis
obtained by minimizing the output reconstruction error:
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W = argmin ||(W — W)XHQF
WeQ
= argmin tr{ (W — W)H (W — VNV)T)7
WeQ
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where H = XX T is an approximate second-order Hessian
metric induced by calibration data, and Q denotes the set of
admissible low-bit weight matrices.

Quantization Error Compensation. Due to the enor-
mous parameter space of LLMs, repeatedly updating the
inverse Hessian is prohibitively expensive. To address this,
GPTQ (Frantar et al., 2022) operates within the Hessian-
induced geometry by using the upper-triangular Cholesky
factorization U = chol(H™!) (i.e., H™! = U'TU), and
performs error propagation via triangular updates to com-
pensate the induced quantization error on the remaining free
coordinates. When quantizing the [-th column, let W,
and W ; denote the current working and quantized column
vectors, respectively. Then define the error coordinate:

W.;, — W,
E, = 3
| o 3)

The Hessian-aware compensation update is:
W:,l: — W:,l: - E:,l Ul,l:7 (4)

which maintains the optimal-PTQ error-propagation state
under the Hessian-induced metric.

3.2. Variable Grid Initialization

Bit-Plane Selection. Consider a contiguous column group
W. si(stg) € R%ux9 where s is the starting column index
and g is the group size. Applying a per-group affine quan-
tizer with round-to-nearest (RTN) to W’ ., 4) obtains an
unsigned 8-bit integer matrix Z € {0, ..., 255}%«*9. Then
Z admits the bit-plane decomposition:

Z=> 2P, 5

where P; € {0,1}%*9 is j-th bit-plane of Z. For bit-
plane initialization, select the k& most significant bit (MSB)
planes. The bit-planes (B;). s:(s+g) = P7_gyi fori €
{1,...,k}, since the MSB planes capture the dominant
magnitude information. The remaining least significant bit
(LSB) planes {P7_y,...,Po} are discarded. Removing
them introduces only a small truncation error, providing a
low-error initialization.

Scalar Coefficient Fitting. When the bit-planes
{(Bi). s:(s+g) 11y are fixed, W is affine in the scalar
coefficients, enabling a closed-form fit under the Hessian-
induced geometry to align with the optimal objective in
Eq. (2). Concretely, for a column group W ;.(544), and
let Ujoe = Ugi(s4g),5:(s+9) € RI*Y be the local triangular
factor restricted to this group. For r-th row, define B, =

[1, (B1), o) (Bk)zsmg)} e {0,1yox(k+1),
where 1 is the all-ones column vector. The group-wise
coefficient vector ¢, € RF*1 is obtained by the following
row-wise weighted least-squares fit:

2
Ul Bre- W), ©

cr = argmin
CcERkH1

This scalar coefficient fitting is an optimal projection under
the Hessian-induced metric for the fixed bit-planes, yield-
ing coefficients consistent with the output reconstruction
objective and inducing the variable grid by c¢,.. In implemen-
tation, a damping factor o = 10~* is applied for numerical
stability (omitted in Eq. 6 for brevity).

3.3. Iteration under the Optimal Objective

For each group, BPDQ alternates bit-plane selection and
coefficient refitting, with delta correction for propagation-
state consistency. In our experiments, we consistently set
the number of iterations to 10. The iterate minimizing the
group-wise propagation error ||E. ;.(s14) % is retained.

Bit-plane Update. Given the fixed group-wise scalar coef-
ficients (C;). 5/, the bit-planes (B;). ; are updated column
by column via greedy selection under the Hessian-induced
propagation geometry. Fora column{ € {s,...,s+g—1}

and a row 7, enumerating bit vectors b = (by,...,b;) €
{0, 1}* generates 2* candidate values:
k
U,.(b) = (CO)r,s/g + Z(Ci)r,s/g b;. N
i=1

The optimal bit vector b* is selected to minimize the local
reconstruction error:

b* = argmin (W), — 'Ur(b))2v @®)
be {01} ’

where W/ ; denotes the current working column after pre-
vious propagation updates. This minimization is executed
in parallel for all rows to determine the quantized column
vector V/\\7;,l. The selection is performed column-wise and
followed by an error propagation step at each column, con-
sistent with the formulation in Eq. (4).
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Coefficient Refitting. After completing the bit-plane se-
lection for the entire group {s,...,s + g — 1}, the group-
wise scalar coefficients (C;). s/, are refit to match the
original weights by solving the row-wise weighted least-
squares problem in Eq. (6) with the updated bit-planes
{(By). s:(s+9) }1—1 fixed. This closed-form refit updates
the variable grid while remaining aligned with the Hessian-
induced objective in Eq. (2).

Delta Correction. After refitting the coefficients, we ap-
ply a delta correction to keep the error-propagation state
consistent. Refitting the coefficients changes the quantized
weight block from \/7\V01d € RéouX9 to \/7\Vnew € Réux9 for
the current group. Here, Wold is obtained from the bit-plane
selection step, and Wnew is the updated block after refitting
the scalar coefficients. This discrepancy renders the accu-
mulated propagation state inconsistent. Thus, we compute a
correction AE using the local triangular factor Uy,,:

—

AE Uloc = Wold - Wnew> (9)

where AE € R%«*9 is the group-wise correction in the
propagation coordinates. The coordinates are updated as
EfyS:(SJrg) = E. ;.(s4¢) + AE, where E. ;. (., represents
the propagation error vectors computed during the bit-
plane update phase. This delta correction maintains error-
propagation consistency within the Hessian-induced geom-
etry, ensuring that all iterates adhere to the same output-
aligned optimal objective. A formal equivalence proof is
given in Appendix B.3.

4. Experiments
4.1. Experimental Setup

Models and Tasks. Experiments are conducted on sev-
eral large language models, including the Qwen-3 family
(0.6B, 4B, 8B, 14B, 32B) (Yang et al., 2025), Qwen-2.5
(7B, 72B) (Qwen Team, 2024), and Ministral-3 (3B, 8B)
(Mistral AL 2025). Quantization quality is assessed using
Ilm-evaluation-harness (Gao et al., 2024) across
the following benchmarks: WikiText-2 (Merity et al., 2016),
GSMB8K (5-shot) (Cobbe et al., 2021), MATHS00 (4-shot)
(Lightman et al., 2023), ARC-C (Clark et al., 2018), BoolQ
(Clark et al., 2019), HellaSwag (Zellers et al., 2019), MMLU
(Hendrycks et al., 2020), and LongBench (Bai et al., 2024).

Baselines and Hyperparameters. BPDQ is implemented
within the GPTQModel library (ModelCloud.ai, 2024),
which also supports the GPTQ (Frantar et al., 2022) and
AWQ (Lin et al., 2024). All methods employ asymmet-
ric quantization, calibrated on 1024 samples from the C4
dataset (Raffel et al., 2019). To ensure fair comparisons
at similar bits-per-weight (BPW), larger group sizes are

used in BPDQ to offset the storage overhead introduced by
per-bit-plane scalar coefficients. Specifically, GPTQ and
AWQ use a group size of g = 64 for 4-bit and g € {32, 64}
for 2/3-bit, whereas BPDQ uses g = 128 for 4-bit and
g € {64,128} for 2/3-bit. Regarding error propagation,
GPTQ utilizes desc_act to sort channels in descending or-
der of approximate Hessian values. Meanwhile, BPDQ em-
ploys Group-Aware Reordering (GAR) (Gafni et al., 2025)
to preserve group integrity for scalar derivation, with the
damping factor « set to 10~ and iterations set to 10 across
all models. Additionally, the recent bit-plane method Any-
BCQ (Park et al., 2025) and the vector-quantization method
VPTQ (Liu et al., 2024) are included. AnyBCQ follows its
paper-recommended settings with fixed-precision configura-
tions at 2—4 bits, while VPTQ is evaluated using officially
released checkpoints.

4.2. Main Results

Benefits of Variable Grid. Table 1 shows the results
across three model sizes (8B, 32B, 72B) and five quantiza-
tion settings on seven benchmarks. BPDQ yields the best
performance in most cases, exhibiting a substantial lead over
GPTQ and AWQ, particularly in the 2-bit regime. Specifi-
cally, on reasoning tasks such as GSM8K and MATH500,
2-bit AWQ suffers catastrophic collapse (e.g., 0.00% for
2-bit 72B model), and 2-bit GPTQ shows severe deteriora-
tion. Conversely, BPDQ preserves reasoning capabilities,
achieving 87.72% on GSM8K (Qwen2.5-72B W2-G64) and
far surpassing GPTQ’s 63.46%. Notably, although AWQ
performs competitively at 3-4 bits by focusing on outlier
preservation, its failure at 2-bit suggests that outlier pro-
tection alone is insufficient when the quantization grid is
extremely coarse. Meanwhile, GPTQ, which shares the
same Hessian-based optimal-PTQ framework as BPDQ,
outperforms AWQ at 2-bit but remains constrained by the
fixed uniform grid. By relaxing this restriction with a vari-
able grid, BPDQ attains superior performance by expanding
the feasible solution set, which allows the Hessian-based
solver to align more closely with the optimal objective. This
comparison validates our insight: the primary restriction
at ultra-low bitwidths is not a failure of the optimization
objective, but the rigidity of the fixed grid.

In the extreme compression scenario of W2-G256, BPDQ
compresses Qwen2.5-72B to 22.69 GB, unlocking deploy-
ment on a single RTX 3090. Concurrently, it achieves
83.85% on GSMSK, retaining 92.32% of the baseline ac-
curacy. Moreover, it maintains high fidelity across diverse
domains, preserving over 91.01% of the baseline perfor-
mance on general benchmarks (BoolQ, ARC-C, HellaSwag,
MMLU), with BoolQ peaking at 99.15%.

Comparison with Bit-plane and Vector Quantization
Methods. In addition to GPTQ and AWQ, the recent bit-
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Table 1. Evaluation results of Ministral3-8B, Qwen3-32B, and Qwen2.5-72B across seven benchmarks. Best and second-best results are
highlighted in bold and underlined, respectively. Additional results for other model sizes are provided in Appendix C.

Model BPW Wiki2| GSMSK{ MATHS5007 ARC-Ct BoolQ1 HellaSt MMLU
Ministral3-8B 16 9.72 85.90% 54.00% 64.08% 85.78%  78.80% 73.02%

" GPTQ-W4-G64 431~ 994 84.84%  5120% = 63.82%  8584%  7837%  1271%
AWQ-W4-G64 431 9.97 83.40% 52.40% 62.97% 85.50%  78.24% 72.50%
BPDQ-W4-G128  4.63 9.95 84.99% 51.80% 63.74%  85.90%  78.40% 72.91%

" GPTQ-W3-G32 359 1056  79.83%  43.60%  5947%  8486%  71.66%  70.48%
AWQ-W3-G32 3.59 10.75 81.50% 48.60% 61.35% 8547%  76.18% 69.89%
BPDQ-W3-G64 4.00 10.49 80.06% 45.40% 60.49%  86.88%  76.91% 70.23%

" GPTQ-W3-G64 330  10.85  76.80%  3880%  59.73%  84.80%  77.28%  70.07%
AWQ-W3-G64 3.30 11.03 77.41% 46.60% 60.32% 85.75%  75.88% 69.26%
BPDQ-W3-G128  3.50 10.68 79.15% 43.60% 60.84%  8584%  76.18% 69.28%

" GPTQ-W2-G32 256 1920  1236%  240%  4147%  6251% = 66.66% = 4539%
AWQ-W2-G32 256  53E+5 0.00% 0.00% 35.84% 52.14%  42.80% 26.16%
BPDQ-W2-G64 2.75 14.69 42.46% 17.40% 51.62%  84.04%  68.06% 60.13%

" GPTQ-W2-G64 228 2615  1.52%  2.80%  3558%  53.70%  60.20%  31.90%
AWQ-W2-G64 228  L5E+6 0.00% 0.00% 26.45% 38.07%  28.50% 26.61%
BPDQ-W2-G128 238 15.64 38.74% 12.40% 50.09%  83.52%  67.15% 58.59%
Owen3-32B 16 9.34 74.15% 54.00% 61.01% 86.39%  82.56% 80.69%

" GPTQ-W4-G64 431 953 7218%  5040% 60.84%  87.83%  8236% = 79.92%
AWQ-W4-G64 431 10.23 74.47% 53.00% 60.35%  88.35%  81.96% 78.46%
BPDQ-W4-G128  4.63 9.52 76.95% 53.60% 62.54% 87.55%  82.31% 80.07%

" GPTQ-W3-G32 359 995  56.86%  49.60% 5725%  87.77%  81.34% = 1826%
AWQ-W3-G32 3.59 10.11 80.14% 50.60% 59.90%  84.13%  80.93% 78.70%
BPDQ-W3-G64 4.00 9.86 86.13% 52.60% 61.18%  88.01%  81.56% 78.83%

" GPTQ-W3-G64 330  10.14  4640%  4740% 5657%  84.62%  81.14%  71.06%
AWQ-W3-G64 3.30 10.34 66.19% 51.60% 57.94% 86.24%  80.65% 76.95%
BPDQ-W3-G128  3.50 9.97 67.85% 53.20% 6041%  88.17%  81.16% 77.89%

" GPTQ-W2-G32 256  14.64 =~ 4420%  15.80% = 3993% = 74.16%  69.95%  50.08%
AWQ-W2-G32 256  8.2E+2 0.00% 0.00% 27.13%  80.64% 67.20% 58.14%
BPDQ-W2-G64 2.75 12.34 80.89% 42.40% 56.83%  86.85%  76.67% 73.24%

" GPTQ-W2-G64 228 1826  591%  3.80%  32.68%  60.46%  63.84%  36.77%
AWQ-W2-G64 228  33E+7 3.18% 7.20% 31.40% 60.09%  47.96% 50.14%
BPDQ-W2-G128  2.38 12.97 70.43% 33.60% 5256%  87.13%  75.10% 71.31%
Owen2.5-72B 16 4.72 90.83% 55.80% 63.05% 90.49%  87.35% 83.38%

" GPTQ-W4-G64 431 501  90.52%  56.00%  63.99%  90.76%  87.04% = 82.77%
AWQ-W4-G64 431 5.64 91.28% 59.20% 61.26% 90.52%  86.92% 82.14%
BPDQ-W4-G128  4.63 4.95 92.65% 55.40% 62.88% 90.70%  87.21% 83.09%

" GPTQ-W3-G32 359 576  91.74%  51.00%  63.05%  90.24%  86.40%  82.19%
AWQ-W3-G32 3.59 5.57 90.90% 58.60% 62.54%  90.52%  86.63% 82.01%
BPDQ-W3-G64 4.00 5.55 91.21% 56.40% 62.71% 90.52%  86.73% 81.59%

" GPTQ-W3-G64 330 604  90.07%  50.80%  5998%  90.12%  8622%  81.55%
AWQ-W3-G64 3.30 5.85 90.75% 58.60% 63.74%  90.58%  86.35% 81.58%
BPDQ-W3-G128  3.50 5.73 90.67% 56.60% 62.80% 90.52%  86.36% 81.65%

" GPTQ-W2-G32 256  10.01 6346% = 28.40%  5316%  86.21%  18.60%  69.59%
AWQ-W2-G32 256  4.0E+7 0.00% 0.00% 41.47% 68.75%  58.09% 56.94%
BPDQ-W2-G64 2.75 8.35 87.72% 51.20% 5947%  90.37%  82.71% 77.14%

" GPTQ-W2-G64 228 1247  4049%  1440% 41.89%  79.79%  74.69%  62.18%
AWQ-W2-G64 228  1.6E+7 0.00% 0.00% 46.50% 72.11%  67.86% 60.23%
BPDQ-W2-G128  2.38 8.66 86.13% 47.60% 60.75%  90.06%  82.20% 76.73%
BPDQ-W2-G256  2.19 8.94 83.85% 39.40% 60.24%  89.72% 81.69% 75.89%

plane method AnyBCQ (Park et al., 2025) and the vector-  achieves the highest accuracy, it incurs prohibitive quantiza-
quantization baseline VPTQ (Liu et al., 2024) are included. tion overhead (~ 40X quantization time relative to GPTQ).
In the 2-bit regime (Table 2), BPDQ, AnyBCQ, and VPTQ In contrast, BPDQ remains highly efficient (~ 3x) with
consistently outperform GPTQ and AWQ. While the VPTQ 10 iterations across all experiments. Furthermore, as a fel-
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Table 2. Evaluation of BPDQ, GPTQ, AWQ, AnyBCQ (bit-plane method), and VPTQ (vector quantization) on Qwen2.5-7B.

Model SIZE(GB) Wiki2| GSM8Kt MATH5007 ARC-Ct BoolQt HellaSt MMLU T
Qwen2.5-7B 14.19 9.42 75.97% 46.00% 55.29%  86.39%  80.44%  71.76%

- GPTQ-W4-Ge4 531 972 7832% = 4220%  5452%  86.82%  80.00%  71.16%
AWQ-W4-G64 5.31 10.35 78.29% 45.20% 55.12%  86.24%  79.93%  71.08%
AnyBCQ-W4-G128 6.30 11.18 29.26% 33.60% 50.68%  84.83%  79.17%  69.50%
VPTQ-W4 5.46 9.62 79.45% 47.00% 5421%  86.13%  19.87%  T1.33%
BPDQ-W4-G128 5.54 9.66 78.24% 41.60% 55.80%  86.42%  80.03%  71.19%

CGPTQ-W3-G32 477 1004 ~ 7248%  4440% ~ 5478%  8391% 71872%  6897%
AWQ-W3-G32 4.76 10.70 57.16% 44.60% 51.71%  86.36%  78.09%  68.58%
AnyBCQ-W3-G64 5.82 12.24 26.61% 25.60% 50.34%  82.39%  7721%  66.99%
VPTQ-W3 451 10.32 78.17% 46.60 % 51.28%  85.96%  78.17%  69.78%
BPDQ-W3-G64 5.07 1031 76.42% 44.00% 54.35%  85.90%  7843%  69.90%

- GPTQ-W3-Ge4 454 1027 63.53%  3940%  52.82%  84.68% 7845%  61.53%
AWQ-W3-G64 4.54 11.28 65.58% 38.00% 50.17%  84.95%  71.27%  671.23%
AnyBCQ-W3-G128 5.06 12.44 25.63% 27.40% 52.39%  8297%  16.77%  66.59%
BPDQ-W3-G128 4.69 10.55 71.27% 40.60 % 5427%  86.21%  11.92%  69.53%

- GPTQ-W2-G32 398 2166  038%  3.00%  3404% = 65.02%  66.12%  37.12%
AWQ-W2-G32 3.98 N/A 2.43% 0.00% 34.64%  4599%  48.98%  28.30%
AnyBCQ-W2-G64 4.30 19.20 9.63% 5.80% 4548%  69.97%  6824%  54.26%
VPTQ-W2 4.32 14.38 67.63% 33.40% 52.56%  86.79%  73.60%  65.81%
BPDQ-W2-G64 4.12 15.09 44.50% 13.60% 4829%  8550%  69.98%  57.51%

- GPTQ-W2-Ge4 377 4259  000%  140% 2927% = 59.14%  5851%  27.10%
AWQ-W2-G64 3.76 N/A 0.00% 0.00% 2517%  38.81%  32.14%  26.03%
AnyBCQ-W2-G128 3.92 22.57 4.47% 5.80% 44.54%  11.52%  6583%  48.54%
BPDQ-W2-G128 3.84 16.85 35.48% 10.40% 45.90%  84.62%  68.76%  57.46%

low bit-plane method, AnyBCQ also outperforms fixed-grid
baselines in the extreme W2-G128 scenario. This confirms
that the variable-grid structure offers stronger representation
capabilities than fixed-grid data types at ultra-low bits. At 3-
bit, BPDQ and VPTQ retain a clear lead on reasoning tasks
(GSM8K, MATH500), whereas performance gaps narrow
on general benchmarks. At 4-bit, most methods achieve
high fidelity, with the exception of AnyBCQ, which still
faces notable degradation on reasoning tasks.

4.3. Further Analysis of BPDQ

System Efficiency Profile. Experiments were conducted
on a single NVIDIA H20 GPU. As shown in Table 3, BPDQ
requires ~3x the quantization time of GPTQ due to itera-
tion (10 rounds), yet is far faster than VPTQ, which incurs an
estimated ~40x overhead. For inference, BPDQ utilizes the
Look-Up Table (LUT) kernel (Park et al., 2022) adapted to
support its bit-plane format, enabling efficient per-token de-
coding (Batch Size=1), targeting a real-time interactive gen-
eration scenario. In contrast, GPTQ utilizes optimized ker-
nels (ExllamaV?2 for W4, Torch/Triton for W3/W2). Overall,
BPDQ achieves superior decoding latency in 2/3-bit regimes
compared to GPTQ. While GPTQ-W4 also demonstrates
competitive latency, it consumes higher VRAM (6.63 GB)
due to ExllamaV2’s pre-allocated scratch buffers. VPTQ
maintains consistent latency across bit-widths but suffers
from prohibitive quantization costs.

Activation Outlier Statistics. We analyze activation out-
liers using 128 WikiText-2 sequences and report the results
in Table 3. For outlier intensity, DiagR is defined as the
max-to-median ratio per layer, and we report the 95th per-
centile (P95) across all layers. For outlier quantity, Cnt10
counts the number of channels exceeding 10x the median,
summed across all layers. Specifically, GPTQ-W2 exhibits
severe suppression of outlier features (ADiagR -32.89%,
ACnt10 -23.61%). In contrast, VPTQ and BPDQ effec-
tively retain these essential outliers under 2-bit quantization.
While VPTQ employs expensive outlier protection, BPDQ
inherently preserves outliers by extending the feasible set on
a variable grid. Comparing the 2-bit results in Table 3 and
Table 2, we observe a positive correlation between outlier
preservation and downstream performance, consistent with
(Lin et al., 2024; Gu et al., 2024).

Long-Context Capabilities. As illustrated in Figure 3,
we evaluated the quantized models on a subset of Long-
Bench covering retrieval (PassageRetrieval), summarization
(GovReport, SAMSum), code completion (RepoBench-P),
and classification (TREC). In the 3-4 bits regimes, all quanti-
zation methods show strong robustness on most tasks, main-
taining performance generally comparable to the baseline.
A significant challenge arises at 2-bit, particularly in the
retrieval task, which acts as a stress test for long-range de-
pendency. GPTQ suffers severe degradation (score drops to
4.98%), indicating the loss of retrieval capabilities. In con-
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Table 3. System efficiency profile and activation outlier statistics on Qwen2.5-7B.

Model Efficiency Profile Outlier Statistics
Cost (min) VRAM (GB) Latency (ms) DiagR (P95) ADiagR Cntl0 ACnt10
Qwen2.5-7B N/A 14.19 14.42 3.01E4 N/A 4.32E4 N/A

- GPTQ-W4-G64 6 6.63 1874 328E4  +897% 428E4 -0.93%
VPTQ-W4 4x160 T 5.46 20.07 2.83E4 -598% 4.30E4 -0.46%
BPDQ-W4-G128 47 5.55 18.20 2.95E4 -1.99%  4.28E4 -0.93%

- GPTQ-W3-G32 16 454 4767 2.82E4  -631% 4.12E4 -4.63%
VPTQ-W3 4x160 4.51 17.34 2.59E4 -13.95% 4.38E4 +1.39%
BPDQ-W3-G64 40 4.69 18.21 2.96E4 -1.66%  4.29E4  -0.69%

- GPTQ-W2-G32 7 377 3391 2.02E4  -32.80% 3.30E4 -23.61%
VPTQ-W2 4x170 1 4.32 18.24 2.68E4 -1096% 4.44E4 +2.78%
BPDQ-W2-G64 40 3.86 18.09 2.86E4 -498%  424E4 -1.85%

T VPTQ costs from the paper require 4 GPUs and ~10x time relative to the single-GPU GPTQ baseline.

[J1ebit M GPTQ [ VvPTQ [ BPDQ 100

95.005.2
100 e g 060 91.0]

80
80

Retr. TREC
4-bit Quantized Models and Baseline

Sam. Retr. Gov.

Gov.

Repo.

60 60
46.946 dad 40
40 B3.8,. .36.1 3205543335
A 9
20
» B

Repo.
3-bit Quantized Models

885
80

74,
70.5] 730

60

45.746.946.6 40

15.2

TREC

Retr.

Gov. Sam.

TREC

Sam. Repo.

2-bit Quantized Models

Figure 3. LongBench performance comparison on Qwen2.5-7B.

trast, BPDQ sustains the performance at 53.75%, whereas
VPTQ achieves higher resilience but at the cost of pro-
hibitive quantization overhead. Furthermore, in summariza-
tion and classification tasks, BPDQ performs competitively
with the baseline under such extreme compression.

5. Conclusion

In this paper, we present Bit-Plane Decomposition Quan-
tization (BPDQ) to relax the constraint of shape-invariant
grids that hampers optimal-PTQ in low-bit regimes. Specif-
ically, BPDQ constructs a variable quantization grid via
bit-plane decomposition, which theoretically expands the
feasible solution set and allows for a rigorous refinement pro-
cess within the Hessian-induced geometry. Consequently,
BPDQ unlocks high-fidelity 2-bit inference for 72B models
on consumer-grade GPUs. By relaxing the rigidity of the
quantization grid while maintaining a hardware-friendly for-
mat, BPDQ offers a promising direction for extreme model
compression and efficient deployment.

6. Limitations and Future Work

Fidelity Gap and Enhancements. While BPDQ achieves
strong performance, a fidelity gap remains compared to vec-
tor quantization, which often has high overhead and limited
hardware support. Future work could address this by incor-
porating rotation techniques (Ashkboos et al., 2024), or by
integrating enhanced sequential solvers like Qronos, thereby
maximizing the potential of the optimal-PTQ framework.

Hardware Efficiency on FPGA/ASIC. The binary nature
of bit-planes ({0, 1}) is inherently suitable for FPGA or
ASIC deployment (Zeng et al.; Hong et al., 2022). This suits
custom hardware, as it allows replacing expensive floating-
point multiplications with simple additions, significantly
improving energy and area efficiency.

Mixed- and Multi-Precision. BPDQ’s unified basis in-
herently surpasses conventional mixed-precision schemes.
Instead of requiring complex hardware to handle diverse
data types, BPDQ achieves mixed precision simply by allo-
cating more or fewer bit-planes. Furthermore, this structure
naturally supports multi-precision serving (Park et al., 2025),
enabling dynamic accuracy-latency trade-offs by serving
multiple precisions from a single on-device model.
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Impact Statement

This paper presents work whose goal is to advance the field
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A. Analysis of the Variable Grid
A.1. Optimal PTQ as an H-Metric Projection

Consider a weight vector w € RY within a quantization group of size g. Let H € R9*9 denote the corresponding Hessian
matrix. We define the Hessian-induced norm as ||e|[g = Ve He. Optimal PTQ determines a quantized vector w from a
feasible set @ C RY that minimizes the output discrepancy. This is equivalent to finding the projection of w onto Q under
the H-metric:

w = H(QH)(W) = arlgénginﬂw —-w|h = arlgéngin(w —w) H(w —w). (10)

Eq. (10) establishes that optimal PTQ is a nearest-point projection problem. Consequently, quantization quality is restricted
by the geometric richness of the feasible set Q. In the low-bit regime (e.g., 2-3 bits), fidelity degradation stems not from a
failure of the objective, but from the rigidity of the feasible set Q induced by a shape-invariant grid.

A.2. Feasible Set Comparison at 2-Bit Precision

The distinction between fixed and variable grids lies in the geometric degrees of freedom defining the quantization levels. A
fixed grid constrains the levels to a shape-invariant template governed by a scaling factor (and bias), restricting the solution
to a lower-dimensional manifold. In contrast, BPDQ constructs the grid using independent scalar coefficients, decoupling
the quantization intervals and expanding the feasible set to a higher-dimensional geometry.

Fixed Grid (Rigid Template). Given a normalized template t = [to,t1,%,13] " € R* (e.g., [0,1,2,3]T for UINT2), a
fixed grid restricts the quantization levels q € R* to a scaling factor of this template. For a group scale s € R:

Qsix(s) = s-{to,t1,t2,t3}. (1D

Notably, while s varies across groups, the relative ratios between levels (e.g., ¢2/q1 = (s - t2)/(s - t1) = to/t1) remain
frozen. This rigidity restricts the feasible level vectors to a one-dimensional ray in R*.

Variable Grid (BPDQ). BPDQ constructs the grid via two bit-planes weighted by coefficients c1, ca € R. The resulting
levels form the set:

Qvar(ch 02) = {07 C1, C2, C1 + CQ}' (12)
Here, ¢y and ¢, are independent variables determined per group. This structure allows the levels to lie on a two-dimensional
plane.
Proposition 1: Strict Inclusion of Uniform Grids. The feasible set of BPDQ strictly contains the feasible set of standard
Uniform INT2 grids.

Proof. Without loss of generality, we consider the canonical zero-based template t.,; = {0,1,2, 3}, as group-wise bias
(available to both schemes) accounts for arbitrary translational shifts. Consequently, any uniform grid is essentially a
scaled instance of this template, given by s - {0,1, 2,3} = {0, s, 2s, 3s}. To show inclusion (Qymiform C 9BpDQ), WE set the
coefficients ¢c; = s and ¢y = 2s:

Quar(5,25) = {0, s, 25, s+ 25} = {0, 5, 25,35} = Qii(s). (13)

This confirms that BPDQ can exactly reproduce any Uniform INT2 grid. Furthermore, the inclusion is strict because BPDQ
admits non-uniform spacings (whenever ¢ # 2¢;) that no linear scale s can represent. Consequently, for any weight group,
the quantization error of BPDQ is upper-bounded by that of Uniform INT2:

min [[w —qlf < min ||w—q/F. (14)
A€ Qvar qeQu

O

11
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Proposition 2: Strict Error Reduction via Variable-Grid Expressivity. Compared to shape-invariant fixed-template
quantization grids parameterized only by a per-group bias co and scale s, 2-bit BPDQ induces additional degrees of freedom
and can realize feasible points unattainable by rigid templates. Consequently, there exists a non-empty open set of weight
vectors U C RI where BPDQ achieves strictly lower quantization error.

Proof. Assume group size g > 3 and Hessian H > 0. We define the feasible vector sets for the fixed grid (Six) and BPDQ
(Svar) as:

Shix = {601+SZ | cop,s €ER,z € {to,...,tg}g}, (15)
Syar = {001 + ¢1b1 + cobs | cop,C1,c2 € R,by,by € {0, 1}5]}- (16)

For any specific pattern z (or bit-planes by, bs), the generated vectors form an affine subspace. Since the number of patterns
is finite (49), both Sgx and S, are finite unions of affine subspaces, and are thus closed sets.

Construction of v*: The fixed template t constrains the relative spacing of values. Define the finite set of difference ratios
for t as:

b —t,
t — tr

Ra(t)Z{ ti,tj,tkE{to,---,ts}yfi#tﬁtﬁétk,t;‘#fk}- (17)

Consider any q € Six. Whenever q attains three distinct values x, y, z across three coordinates (so t; # t;, t; # i and
t; # ti when s # 0), they must satisfy x = co + st;, y = co + st;j, 2 = ¢o + sti. The bias and scale cancel out in the
difference ratio: (z — y)/(z — 2) = (t; — t;)/(t; — tx) € Ra(t). In contrast, BPDQ can generate a vector v* containing
values {co, co + ¢1, co + c2} by selecting bit-planes such that three coordinates take patterns (0, 0), (1, 0), (0,1). Let these
three values be x = co,y = ¢o + ¢1, 2 = ¢g + c2. The difference ratio becomes:

x—y:Co—(Coﬁ-Cl):g (18)
x—z cg—(cog+eca) ca

Since R (t) is a finite set, we can choose ¢1,co € R such that the ratio ¢; /co ¢ Ra(t) and the resulting values z, y, 2
are distinct. Suppose for the sake of contradiction that v* € Sgix. As v* attains the distinct values z, y, z at the chosen
coordinates, the fixed-grid constraint would necessitate that their difference ratio falls within R A (t), which contradicts our
construction. Thus, v* € S, but v* ¢ Sgy.

Strict Inequality over an Open Set: Consider a weight vector w = v*, for which the BPDQ error is zero (i.e., Fyr(v*) = 0).
Since H > 0 induces a norm equivalent to the Euclidean norm on R?, and Sgy is a closed set with v* ¢ Sy, the distance is
strictly positive:

Fin(v") = inf [Iv" —dqllfy =3 >0. (19)

Define the error difference function f(w) = Fjix(w) — Fuar(W). Since Six and S, are closed sets, their respective squared-
distance functions Fg,(w) and Fy,(w) are continuous. Specifically, the distance-to-set function d(w, S) is 1-Lipschitz
under || - ||z1, and squaring preserves continuity. Therefore, f(w) is continuous, so there exists an open neighborhood U
around v* where f(w) > 0, i.e., Fiix(W) > Fyo(w). This confirms that BPDQ strictly reduces error on a region of positive
measure. ]

Remark: Geometric Degrees of Freedom. While Proposition 1 establishes strictly nested feasibility for uniform grids
(Suni € SeppQ), Proposition 2 addresses general fixed templates. Geometrically, a specific choice of bit-planes (b1, bs)
in BPDQ yields an affine subspace of dimension up to 3 (spanning 1, by, bs), whereas fixed templates yield subspaces
of dimension at most 2 (spanning 1, z). In the generic case where (1, by, by) are linearly independent, this provides an
additional coefficient degree of freedom (3 parameters (co, ¢1, c2) vs. 2 parameters (co, s)). From this geometric perspective,
the strict error reduction identified in Proposition 2 arises from the higher-dimensional expressivity of BPDQ, which can

realize feasible points unattainable by the lower-dimensional manifold of fixed templates.

12
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B. Consistency in Hessian-Induced Geometry
B.1. Consistency of Coefficient Fitting

Proposition. The coefficient fitting objective in Eq. (6) is theoretically equivalent to minimizing the local contribution to
the optimal-PTQ objective (Eq. (2)) corresponding to the current group, under the Hessian-induced geometry defined by the
Cholesky factor U.

Proof. The optimal-PTQ objective minimizes the output reconstruction error defined by the Hessian H:

L=tr(W-W)HW-W)T). (20)

By utilizing the Cholesky factorization of the inverse Hessian H™! = U U (i.e., H = U~'U~T) and the cyclic property
of the trace, the objective transforms into a Frobenius norm projection:

L=|(W-WU%=[[uT(W-W)T| Q1)

This reveals that the error measures the magnitude of the weight residual projected onto the geometry defined by the inverse
Cholesky factor. When optimizing the coefficients for a column group W. ;. (s ), we consider the corresponding local
block Uy, on the diagonal of U. The local contribution to the error is:

ACIOC = HUiT(W:,S:(s+g) - W:,s:(s+g))—r”i- (22)

loc
Since the Frobenius norm decomposes row-wise, we minimize the error for each row r independently. In BPDQ, the
quantized row segment (transposed) is parameterized as wT ) = B,c,, where ¢, € RFt! is the coefficient vector.

r,s:(s+g
T

Substituting this parameterization and the original weight segment W _ (s+9) into the row-wise objective yields:

argmin HU_T(BTCT‘ - W;r,s:(s+g))||;' (23)

loc
c,.€ERk+1

This matches exactly the weighted least-squares problem defined in Eq. (6). Thus, solving Eq. (6) directly minimizes the
optimal-PTQ objective within the Hessian-induced geometry. In implementation, a damping factor e = 10~% is applied to
the diagonal for numerical stability (omitted in the derivation for brevity). (|

B.2. Consistency of Bit-Plane Update

Proposition. During the iterative bit-plane update (with fixed coefficients), the discrete selection at column | exactly
minimizes the greedy column-wise contribution to the optimal-PTQ objective (Eq. (2)). Under the error propagation
mechanism, this is strictly equivalent to a Euclidean nearest-neighbor search for the updated working column.

Proof. As derived in Eq. (21), the objective is equivalent to minimizing the projected residual norm £ = ||(W — \/7\,\7)U_1 |%.

The error propagation mechanism (Eq. 4) is constructed based on the decomposition (W — W) = EU, where E is the
matrix collecting the error coordinates E. ; defined in Eq. (3). Substituting this decomposition into the objective £ minimizes
the error to the sum of squared error coordinates:

3- (24)

din
£ =||®OU [ = Bl = 3 1.
=1

Adopting a greedy strategy, at column /, we aim to minimize the error term | E. ;||3 conditioned on the current propagation
state. Based on the definition in Eq. (3), the error coordinate for the current working column W7, is:

B, =3t (25)
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Assuming H - 0, the diagonal element Uy; is a strictly positive scalar constant independent of the quantization choice W' ;.
Therefore, minimizing the column-wise error coordinate || E. ;||3 is strictly equivalent to minimizing the Euclidean distance
in the weight space:

—~ 2
W, - W,

: s
)

Uy

W.; = argmin
W,

= argmin ||W’l — VV;H% (26)
2 W

Since the group-wise coefficients are fixed, this optimization decouples into d,,; independent row-wise scalar nearest-
neighbor searches. For each row r, the candidate value W, ; must be selected from the set of values v,.(b) generated by the
bit vectors b € {0, 1}* (as defined in Eq. 7). Thus, the problem reduces to finding the optimal bit vector b* for each row:

b* = argmin (W’,, — v,(b)). 7
be{0,1}* ’

This matches Eq. (8), confirming that the row-wise Euclidean nearest-neighbor search on the updated working column is the
exact minimizer of the column-wise contribution to the optimal-PTQ objective within the Hessian-induced geometry. [

B.3. Consistency of Delta Correction

Proposition. The delta correction in Eq. (9) strictly preserves the error-propagation consistency when refitting group-wise
coefficients.

Proof. We partition the global index space into the current group columns {s : (s + g)} and the tail columns {(s + g) : din }.
Recall the propagation invariant (W — W) = EU from Appendix B.2 and let Ujoe = Uy (54¢),5:(s49)-

To preserve the local consistency within the group columns, we utilize the upper triangular structure to decompose the
residual:

o~

W:,s:(s+g) - W:,s:(s-{-g) = (EU):,S:(s+g) = E:,:SU:s,s:(s—i-g) + E:,s:(s+g)Uloc- (28)

By rearranging terms, we isolate the components that remain constant during coefficient refitting (i.e., original weights and
historical errors): -
W:,s:(s+g) - E:,:SU:s,s:(s+g) = W:,s:(s+g) + E:,s:(s+g)UIOC' (29)

Constant

Since the left side of Eq. (29) is constant, the right side must be equal for the bit-plane update state (old) and the refitted
state (new). Subtracting the expression for the new state from the old state:

(B erg) — B (1) Utee = Woid — Wey. (30)
This strictly derives the delta correction AE Uy, = \/K\fold — Wnew in Eq. (9).
To preserve the tail consistency for the tail columns, we examine the working weights based on the accumulated error history.

We decompose the accumulation into historical terms and the current group term:

W rg: = Wt = 2 BiUjrg: = Bua(erg Us(srg) (sto): (3D

j<s

Current Group (Varying)

History (Constant)

The first term accounts for the original weights and errors from preceding groups (j < s), which remain constant during the
current group’s coefficient refitting. The change in the working weights is derived by differencing Eq. (31) between the new
and old states:

Wi g = Wit = — (Bl ity — Bl(eig)) Usisra), (s+9): = ~AE Ug(ig) (s9):- (32)

©

Thus, the tail update utilizes the AE (i.e., Eq. (9)) to exactly synchronize the propagation state. ([

14
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C. Additional Evaluation Results

Table 4. Evaluation results of Qwen3-0.6B, Ministral-3-3B, and Qwen3-4B across seven benchmarks. Best and second-best results are
marked in bold and underline.

Model BPW  Wiki2| GSM8SK{ MATH5007 ARC-C? BoolQ1 HellaSt MMLU?
Qwen3-0.6B 16 26.09 41.02% 28.60% 33.70% 63.82%  47.30% 40.39%

- GPTQ-W4-G64 431 2861  30.10%  2240%  3080%  6471%  4633%  34.05%
AWQ-W4-G64 431 29.53 36.24% 22.40% 31.91%  6691%  45.57% 41.57%
BPDQ-W4-G128  4.63 28.58 31.54% 18.60% 32.08% 57.43%  45.88% 29.65%

- GPTQ-W3-G32 359 3515  1895% 640%  3123%  66.70%  42.86%  2535%
AWQ-W3-G32 3.59 37.43 9.63% 6.80% 29.10% 49.79%  42.67% 36.13%
BPDQ-W3-G64 4.00 34.38 14.03% 6.00% 27.90% 55.87%  43.06% 36.88%

- GPTQ-W3-G64 330 3814  569%  400%  2986%  56.73%  41.90% = 3049%
AWQ-W3-G64 3.30 44.48 3.64% 5.00% 26.71% 58.50%  40.81% 34.90%
BPDQ-W3-G128  3.50 38.40 7.43% 4.60% 29.52%  64.13%  42.07% 28.03%

- GPTQ-W2-G32 256 36661  000%  180%  2329%  4049%  2795%  24.61%
AWQ-W2-G32 2.56  5.6E+6 0.00% 0.00% 26.28%  47.19%  27.05% 24.79%
BPDQ-W2-G64 2.75 119.01 0.15% 2.40% 23.55% = 62.29%  34.09% 23.35%

- GPTQ-W2-G64 228 1.2E+3  000%  1.60%  2270%  39.11%  2604%  2473%
AWQ-W2-G64 228  5.8E+7 0.00% 0.20% 27.30% 51.25%  26.07% 25.92%
BPDQ-W2-G128 238  133.28 0.30% 1.60% 21.93%  60.95%  32.66% 25.36%
Ministral-3-3B 16 11.70 73.16% 40.00% 60.41% 84.10%  73.45% 67.41%

- GPTQ-W4-G64 431 1209  7043%  4140% ~ 5956%  8333%  72.88%  6525%
AWQ-W4-G64 431 12.22 70.05% 42.60% 59.56 % 83.06%  72.50% 65.79%
BPDQ-W4-G128  4.63 12.10 70.13% 37.40% 58.11%  84.13%  72.78% 66.09%

- GPTQ-W3-G32 359 1330  6505%  30.60% 54.86%  8251% 71.19% = 62.74%
AWQ-W3-G32 3.59 13.83 61.26% 30.00% 54.69% 79.60%  69.93% 63.35%
BPDQ-W3-G64 4.00 13.16 65.43% 34.80% 56.40%  83.33%  70.46% 63.39%

- GPTQ-W3-G64 330 1390  6L79%  28.00% 5555%  81.01%  70.55%  61.87%
AWQ-W3-G64 3.30 14.41 54.21% 29.60% 55.55% 80.83%  68.87% 62.41%
BPDQ-W3-G128  3.50 13.52 58.83% 32.80% 53.75% = 81.44%  70.14% 61.95%

- GPTQ-W2-G32 256 3776  1.06%  3.00% = 2671%  49.69%  4640% = 2523%
AWQ-W2-G32 256 9.3E+5 0.00% 0.00% 25.09% 51.35%  35.90% 24.18%
BPDQ-W2-G64 2.75 21.01 21.99% 5.60% 4147% = 712.08% = 59.31% 49.67%

- GPTQ-W2-G64 228 6948  061%  240%  2654%  56.18%  37.70% = 23.68%
AWQ-W2-G64 228  1.8E+6 0.00% 0.00% 24.57% 38.01%  27.43% 25.51%
BPDQ-W2-G128  2.38 23.46 17.36% 6.20% 40.27%  78.38%  57.23% 45.24%
Qwen3-4B 16 13.07 85.75% 52.60% 58.62% 84.74%  69.08% 70.57%

- GPTQ-W4-G64 431 1328 8544%  50.00% 57.76%  8428%  68.60%  69.29%
AWQ-W4-G64 431 13.60 85.44% 48.80% 57.51% 83.88%  68.58% 69.35%
BPDQ-W4-G128  4.63 13.57 81.50% 51.20% 59.22%  84.86%  68.87% 69.80%

- GPTQ-W3-G32 359 1405  70.13%  4480% 5623%  8422%  6719%  66.19%
AWQ-W3-G32 3.59 14.95 79.91% 47.80% 54.01% 82.14%  65.52% 66.71%
BPDQ-W3-G64 4.00 14.67 71.71% 46.40% 5742% = 84.56%  66.44% 67.06%

- GPTQ-W3-G64 330 1453 7339%  38.00%  5503%  83.15%  6624%  65.96%
AWQ-W3-G64 3.30 16.02 79.38% 43.80% 49.15% 81.87%  64.32% 64.46%
BPDQ-W3-G128  3.50 14.79 61.87% 40.60% 5512%  83.52%  65.81% 66.70%

- GPTQ-W2-G32 256 2337  061%  180%  33.96%  5281%  52.04%  2745%
AWQ-W2-G32 2.56  1.8E+8 0.30% 0.00% 33.45% 55.81%  45.85% 36.03%
BPDQ-W2-G64 2.75 21.40 34.19% 8.80% 4292%  718.78% = 56.81% 53.67%

- GPTQ-W2-G64 228 3480  000%  120%  2824%  50.15%  4436% = 2447%
AWQ-W2-G64 228  8.5E+8 0.00% 0.00% 26.62% 46.36%  28.97% 25.42%
BPDQ-W2-G128  2.38 23.93 24.87% 4.80% 40.19%  80.61%  55.09% 52.49%
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Table 5. Evaluation results of Qwen3-8B and Qwen3-14B across seven benchmarks.

Model BPW  Wiki2] GSMS8KT MATH5007 ARC-Ct BoolQ+ HellaSt MMLU ¢
Owen3-8B 16 12.22 87.11% 53.00% 56.74% 86.61%  74.90% 73.02%

" GPTQ-W4-G64 431 1252 87.04% 5240% = 5538% = 8624% = 7457% = 12.33%
AWQ-W4-G64 431 12.78 86.28% 50.60% 55.81% 86.38%  73.55% 72.18%
BPDQ-W4-G128  4.63 12.66 86.43% 48.80% 55.72% 86.85%  74.13% 72.39%

" GPTQ-W3-G32 359 1297  82.64% = 47.60%  5324%  8526% = 73.05%  70.06%
AWQ-W3-G32 3.59 13.49 84.84% 50.80% 54.10% 86.15%  71.69% 69.96%
BPDQ-W3-G64 4.00 13.29 85.67% 47.60% 54.78% 85.93%  72.23% 69.95%

" GPTQ-W3-G64 330 1350  7945%  46.20% = 48.12% = 85.66% = 72.58% = 68.54%
AWQ-W3-G64 3.30 13.75 83.40% 45.20% 52.56% 85.54%  71.65% 68.84%
BPDQ-W3-GI28  3.50 13.71 83.85% 47.80% 55.80% 86.09%  71.51% 70.01%

" GPTQ-W2-G32 256  22.05 = 038%  260%  3080%  6398%  57.18% = 3247%
AWQ-W2-G32 256 24E+7 1.44% 3.40% 34.47% 65.90%  44.90% 46.07%
BPDQ-W2-G64 2.75 18.83 52.99% 14.80% 44.37% 84.31%  62.15% 58.70%

" GPTQ-W2-G64 228 3030  0.00%  140%  27.05%  5251%  4991% = 25.35%
AWQ-W2-G64 228  8.9E+10 0.00% 0.00% 27.30% 61.68%  27.92% 23.05%
BPDQ-W2-G128 238 20.46 40.79% 10.20% 42.58% 80.83%  61.34% 55.13%
Owen3-14B 16 10.78 88.02% 53.00% 60.32% 89.30%  78.82% 77.14%

" GPTQ-W4-G64 431 1098  89.08%  52.80%  61.09%  8887%  78.52% = 76.51%
AWQ-W4-G64 431 11.29 88.02% 52.00% 61.26% 89.36%  78.32% 76.02%
BPDQ-W4-G128  4.63 11.05 88.17% 54.20% 60.24% 80.24%  78.33% 75.99%

" GPTQ-W3-G32 359  11.37  8446%  4840%  5956% = 87.52% = 71.69% = 14.48%
AWQ-W3-G32 3.59 11.86 87.64% 50.80% 59.04% 88.87%  76.95% 75.15%
BPDQ-W3-G64 4.00 1151 89.16% 52.80% 60.84% 88.78%  76.91% 74.22%

" GPTQ-W3-G64 330  11.64  87.26%  49.80%  5981%  87.89%  71.04%  74.16%
AWQ-W3-G64 3.30 12.32 88.78% 50.20% 56.66% 87.86%  76.09% 73.27%
BPDQ-W3-G128  3.50 11.84 88.86% 52.20% 58.62% 89.08%  76.61% 74.95%

" GPTQ-W2-G32 256 1631  2381%  820%  3549%  7220% = 66.23% = 50.84%
AWQ-W2-G32 256 3.1E+6 0.53% 0.00% 41.30% 64.92%  51.20% 30.14%
BPDQ-W2-G64 2.75 15.32 71.80% 34.80% 51.11% 87.40%  69.01% 66.08%

" GPTQ-W2-G64 228  20.09 = 4.09%  3.80%  29.718%  64.40% = 60.28%  29.90%
AWQ-W2-G64 228  4.8E+8 0.00% 0.00% 26.96% 59.94%  27.20% 26.21%
BPDQ-W2-G128 238 16.69 59.74% 25.40% 50.43% 87.58%  67.86% 64.02%
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