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In this supplementary material, we provide a detailed proof of Theorem 2-4. Before we begin, let us
recall some background in real analysis and high-dimensional probability.

A PRELIMINARIES

The function spaces we need to deal with are the LP spaces.
Definition A.1 (L? space). The LP spaces and corresponding norms are defined as follows

1/p
r@i={r0-r| [ pa<sl il =| [ rew] " pen)
Q Q
LoQ):={f: Q=>R|3IC >0s.t. |f]<Cace}, |[floc:=nf{C>0]]|fl <Ca.e.}.

Lemma A.1 (Hélder inequality). Assume p,q € Rsgand 1/p+1/q = 1. Let f € LP(Q)) and
[ € LYQ). Then fg € L'(Q) and

1fglle < £ 1lpllgllq-

We then introduce some concepts in high-dimension probability theory.

Definition A.2 (sub-gaussian random variables). A random variable X is called sub-gaussian if
there exists constant C' such that

EeX wich < 2.
The sub-gaussian norm of X, denoted as || X ||,, is defined to be the smallest C':

X4, := inf {c >0:EeX/C" < 2}.

Definition A.3 (sub-gaussian random variables in higher dimensions). A random vector X in R?
is called sub-gaussian if the one-dimensional marginals (X, x) are sub-gaussian random variables
for all x € R%. The sub-gaussian norm of X is defined as || X ||, := supyega—1 |[(X, )| y,, where

S9=1 is Euclidean unit sphere in R? with center at the origin.

Lemma A.2 (McDiarmid’s inequality). Let g be a function from Q™ to R. Suppose that func-
tion g satisfies the bounded differences property: there exists constants {c;}?"_, such that for any
L1y 3 Tn GQ;

sup ‘g(l‘la a';fia"' ,.’I}n) _g(mh'" s Lyttt 7xn)| S Ci, 1€ ['I’L]
z;,€Q

Let {X;}" | be independent variables, then for any T > 0,
‘g(Xla e 7Xn) - ]Eg(Xla e 7Xn)| < T
__2r2
with probability at least 1 — 2 Zi=1° .
The following theorem is useful for estimating the eigenvalues of a matrix.

Lemma A.3 (Weyl’s inequality). Let M = N + R with M, N, R being R™"**™ Hermitian matrices.
Denote {\;(M)}:1 AN (N) }i2 1, {\i (R) }, as the eigenvalues of M, N, R with a decreasing order,
respectively. Then the following inequalities hold:
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Next, we introduce some concepts in function complexity theory.

Definition A.4 (Rademacher complexity). The Rademacher complexity of a set A C R"™ is defined as

1 n
Ru(A) =E;can  |sup — sia; |,
(4) =By, Leg N2 ]

where, {;}I_, are n i.id Rademacher variables with P(; = 1) = P(g; = —1) = 1. The
Rademacher complexity of function class G associate with random sample {X;}?_, is defined
as

1 n
D‘in(g) = E{Xiﬁi};]'zl sup — E giu(Xi) .
ueg 1 i—1

Definition A.5 (covering number). An e-cover of a set T in a metric space (S, T) is a subset T, C S
such that for each t € T, there exists a t. € T, such that T(t,t.) < e. The e-covering number of T,
denoted as N (¢, T, T) is defined to be the minimum cardinality among all e-cover of T with respect
to the metric T.

Definition A.6 (uniform covering number). Let G be a function class. Given n sample {X;}I_,,
define Glixn = {(9(X1),9(X2), -+ ,9(X»n)) : g € G}. The uniform covering number
N(&,G, |- lloo, 1) is then defined by

N(€G, |l lloo,n) = (dnax Ne:Glixiyr, Il ll)-

17.1

Definition A.7 (pseudo-dimension). Let G be a class of functions from Q) to R. Suppose that
S ={x1, 29, - ,xn} C Q. We say that S is pseudo-shattered by G if there exists y1,y2, " , Yn
such that for any b € {0,1}", there exists a g € G satisfying

Slgn(g(xl)_yz):b“ 1=1,2,...,n
and we say that {y; }_, witnesses the shattering. The pseudo-dimension of G, denoted as Pdim(G),
is defined to be the maximum cardinality among all sets pseudo-shattered by G.
B PROOF OF PROPOSITION 1: ERROR DECOMPOSITION

Proof of Proposition 1. Let f be any function in F ](\?X?ndw) .

L(fs) =[L(f¢) = La(f:)] + [L (t) Lo ()] + [Ln(f) — L(f)] + L(f)
<[L(fe) = Lu(f0)] + Lu(fe) + [La(f) = L(f)] + L(f)
<L(f)+  sup (L) = La(Hl+  sup  [La(f) = L(H] + Lu(fo).
fe]_—](\}izovunded) fe}.(bounded)
Note that
L(f) =Exy(f(X) = Y)? = Ex¢(f(X) — f*(X) =€)
=Ex(f(X)— f*(X))* = 2Ex ¢ (f(X) — f*(X))§ + Ee&?
=Ex(f(X) - f*(X))* + V>
Hence

1fe = 112

<WfF=F e+ sup (L) = La(Hl+  sup  [La(f) = L(F)] + Ln(fo)-
feFgy et feFgRmIeD

We complete the proof by taking the infimum of the first term on the right-hand side over F ](\?X;Mded).
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C PROOF OF THEOREM 2: APPROXIMATION POWER OF NEURAL NETWORK
CLASSES

In this section, we study the approximation power of neural networks with the activation being
logistic function:

_ 1
Cltee

o(x)

Remark 1. The approximation results of neural networks activated by other sigmoidal type activa-
tions(such as tanh(x), arc tan(x)) can be established in similar ways.

We first establish an approximation result on [0, 1]¢ and then derive the result on [~ B, B.]%.

Define
(1) _ 2Inln« 2kInln o
g (z) —0( 5T T —Inlna
. 2Inlna N 2(k+1)Inln o
7 5" N§

—lnlna) -1, k=0,1,---,N—1 (C.1)

where parameters N, §, a will be defined later.
Lemma C.1. Letk=0,1,--- ,N — 1.

(1)()6 2Inlna Il 1 1 <l§ >E+1
N —Inln -1, — — or —_
I W EAT\ T NS YT " Tima)’ TSNTTTTN
) 7 2 21nlnoci - E l_s—l—li
9r (x)e(l 1+lnn’20< No 3lnln o 1], N+5<x<7N 1)
Proof. Let
2Inl 2kInl 2Inl 2(k +1)Inl
h10< n(snozxi Jr\lfénalnln(JL),hQU( nénozx+ ( JrN)annalnlnoz>.
Then g") = hy + hy — 1. Whenz < £,
1 2Inln«
0<h <o(—Ilnlha) = T o’ < No lnlna> < hy < 1.
When z > %,itisasymmetric case. When%+5<x< %— R
1 2Inln«
lea—a(lnlna)<h1,h2<o< 3lnlna).

Letk = (k1, -+ ,kq) withk; =0,1,--- , N — 1(i € [d]). Define

k N7 N Na N N, N 5

in __ ﬁ kl'i_1 @ k2+1 @ kd+1
k—[N—i-(S, N 6]X[N+6’ ~ 6]>< ><|:N+57 N 5]

For z € Qi", we immediately obtain a lower bound of 2?21 g,(i) (x;) from Lemma
Corollary C.1. When x = (z1,--- ,14) € Qi

d
2d
S oo (@) > d
i=1

“14+1Ina’
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For z € Q0 \ Q¢“!, we can derive an upper bound of Z —1 9%, )( ;) from Lemma

Lemma C.2. Assume o > 21 When x = (21, ,24) € Q\ Q¢¥,

d
W, . <d_ 2d + 1
ngi (i) < d 1+Ina’

Proof. We prove the lemma by contradiction. Assume that there exists z €  \ Q7" such that

Zj 1 g,(cl)( i) >d— 124(51?12 Since z € Q \ Q“4, by Lemma there exists 1 < j < d such that
(1)

I, (T (x;) < 1+1m,whlch implies

Zd: o 2d + 1 1 2d + 2
My g l+lna 1+Ilnn 14+na’
But when o > 2?1, we have d — lzfli 2 > d — 1, which is contradict with the fact from the fact
that g,(cl(xi) < 1forany 1 <i <d.
O
Define
g (z) =0 [(2 In? o+ 2Ina)z — 2dIn® o+ (2d + 1) In af . (C2)
Define grid points:
ki+3 ko+3 ka+ 3
(k) = (T2 ™73  MMT2 kelol.--- . N—1]¢
X ( N ) N ) ) N ) ) S [ y Ly ) } .

The following lemma shows that if we set the value of NV, 6, a properly, we can construct an
d
approximator of f based on {g,(cl)} and ¢(?). Here we establish the approximation result in L*
i Ji=1
space.

Lemma C.3. Forany f :[0,1]¢ — R and any ¢ > 0, set

d
4
N 2VdL; = max 4By (| 2VdL; el 15¢ 1
€ € € 2d(e +4)* [74‘/&""—‘

in ([C1) and (C2). Then the function
d
g(@) = > f (a:(k)) g® <Z e z))

ke{0,1,-- ,N—1}d i=1
satisfies
If —glla<e
If = glloo <2+ 5.

Proof. Rewrite f as(Except for the boundary point)
fz) = > f (@)L (2),
ke{0,1,--- ,N—1}4

where
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We estimate the difference of f and g:

9@~ f@l=] 3 [ (+®) o (ng wz>—f( )W)]
ke{0,1,--- ,N—1}d
g (Zgé?(x») ~ Li(2)

IN

Y () - s )

ke{0,1,--- ,N—1}d

X )

ke{0,1,---,N—1}d

<B; Y (ng z>—nk<x> +Lp Y [e® gy L)
k:e{O}l,---,Nfl}d ke{0,1,--- ,N—1}¢
1 \fL
<B; ) (Zg” ) 1i(a)| + Yot
ke{O,l,---,N—l}”

Now we study ‘g(Q) (Zf L g,il)( 1)) — 1y(z)|, that is, the difference of ¢(® and the indicator

function. When z € Qi", by Corollary we have

1

d
2d
= o(l =@ (d= < ¢ E (1) i 1
1+« olna) =g ( l+a) =7 izlgki(x) <

Hence

g? (Zg(l (z; ) -1 <

p 1+«

d
g? (ZQ;&?(%)) — 1y(z

When z € Q\ Q“, by Lemmawe have

d
() Wy ) <o® (g 241N - ) = 1
0<g <;gki ($Z)>_g ( l+lha o(=Ina) 1+a

d
g? (Zmﬁ?(%)) — Li(z
i=1

When z € Q9% \ Qi", we just need a finite upper bound.

Hence

d
g® (Zgg)(ﬂfi)> — Li(z g <ng (@) ) + [ 1i(z)| < 2.
i—1
Therefore, for x € Uke{()’l,m N} Q};",
ByN¢ fo
<
o(w) — f)] < T+ 2
forz € Q\ (Uke{OJ,m N} QZ"}
By(N?—1) VdLy
_ < YT
Hence
[ o) = sayitae = | o) = s@)do+ [ lgle) — fl@)|de
Ukegon,...npd " NUkeqo,1,,npd "

4 4
BfN?® V/dL Bs(N% -1 VdL
§(12N5)d<1’;a+2]vf> 1= (1-2N&4 (f(Ha)+2+2Nf>
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4 4
ByN¢  dL; By(N —1)¢ VdLy
< —L 2dNG | —L—t 24 L
- <1+a + 2N +2dN9 1+« et 2N ’

where the third step is due to Bernoulli’s inequality(provided N§ < %). By our choice of N, d, o, we
have

ByN® e VdL;
1+a — 4" 2N

IA

4
€ Bf(N4—1) VdL; 1 t 15et
<>, 2dN 2 <2ING (Ze+2) <
=y d5< 1o T2ty | S2NO(ge+2) =6

which completing the proof. O

Letv = (1,---,1) € R%
Lemma C.4. Forany f : [~ B, B;|* — R and any € > 0, set

N ’72d/4+1\/33g/4[/.f—‘ 15¢4 1

0= |
QdG+QWHQBWﬂ4[WM“«ﬂWH4W

€

d
N 2d/4+2]3§/4Bf (Fd/z;ﬂ\/ng/‘lLf—D 1. p2d+1

€

€ €

in ([C1) and (C2). Then the function
d 1 1
o@i= 3 7 (2B - ) g® (Z o) <2B i 2))
ke{0,1,--- ,N—1}d i=1 x
satisfies
Hf - g||4 S €,

€
If =9l <2+ ———7
2d/4+1Bg/4

Proof. Define f(z) := f (2B,x — B,v) and

d
g(x) : = g(2Byx — Byv) = Z f <2Bx:1c(k) - Bmv) g? <Z g,(i) (acz)>

ke{0,1,--- ,N—1}d i=1

- Z f(x(k)) g (i gl(é) (%))

ke{0,1,-- ,N—1}¢

then the domains of fand g are both [0, 1]¢. From Lemma

we have Hf — §H4 < W and
Hf - ﬁHoo < 2_,_7%/4;135/4_ Using the relations f(z) = f ﬁx + %v) ,9(x) = ’g“(ﬁx + %v),

we have | f(z) — ¢(z)| = ’f(ﬁx—i—%v) —g(ﬁwév)\ <24 ot and

4 ~
fz) — dr = f o) =g — z
/xe[—Bz,Bm]d| (#) — (@)l dw /xE[—Bm,Bx]d <2B3:x 21)) g <2Ba:x 27))

4
=fﬂ/ F(t) — g0 dt <29BS - - =€t
telo,1]4 2ng
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The width of the approximator g in Lemma is dN?. However, when we perform an optimization
algorithm(e.g., GD), the width of the neural network in the function class we choose may exceed
dN?. Recall that our Fy y is defined by

1 < 3 2 d 1 1 2
Fan(B 8511 ma) = < 2w | w,gzaﬂ(,(Zw,glz%xmb,gg e

2 _ _
ka=1 merl? ko=1

(2)

(1)
Wik

3) 2) (1)
2| < B, b2 w |, |of!

S BQ7

§Bl}~

The width of neural network functions in this class is mod with moy being an extremely large
number(hence my > N¢). An important issue is to make sure that there is still an approximator lying
in F . Fortunately, g still belongs to F . To see this, we only need to widen g by just setting
0-value weights in the added neuron units. Specifically, we can express ¢ in the form of functions in
Fnn by letting w,(c?;) =0, w,(fz)kl = 0 for ks > N?. Hence based on Lemma we obtain Theorem
2.

) ?

D PROOF OF THEOREM 3: GENERALIZATION ERROR AND RADEMACHER
COMPLEXITY

In this section, we study the generalization error by the covering number. To derive an upper bound
for the covering number of the neural network function class, we follow the path in |[Li & Ding
(2021)Drews & Kohler| (2022). But compared with Drews & Kohler| (2022)), we give an induction
proof of the formula of the higher-order derivative(with respect to the weights) of the neural network
function and derive an upper bound with explicit independence on all the parameters (Lemma [D.4).

Define F; := {[f(X) _ Y]2 . f c f](\lrijci}inded)}'
Lemma D.1. We have

1 n
Ez)  sup D (X)) =Y —E[f(X) = Y] | <2R,(F),
feFiounded | Ty
1 n
fe]:j(\}l');)\;u"dE(i) n i1

Proof. We only prove the first inequality and the second one can be proved similarly. Let {Z;}; be
an i.i.d. copy of {Z;}7 ;. We have

E(zy 3 [1F(X) =Y - /(%) - 7).

S|

SO L) - Yil? ~ ELF(X) - VI =

then
n

E¢z;y  sup ll Z[f(Xz) ~Yi? —E[f(X) - Y]?

ounded n
feFgumnded i=1

=pBey e By 31K -l - (%) - R
NN =

1 - ~
< Bz 2y  sw > |f(X) =Y - [f(X) - Vi)
Z'L)Z’L

nAzez) G & | }

1 n ~ ~
=-E 5 sup o |[f(X3) = Yi)* = [f(X;) = Vi)

WEia 2, 32 VX0 VI~ 1K)~

1 n 1 n . _
< E{z.y sup > oalf(X) =i+ Bz ;‘égZ(—Ci)[f(Xi) - Yi]?

=1

fe]_-j(\iz;;\junded) i—1
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n

2
= gE{Zi,,q} sup Z§i[f(Xi) —Y;]? = 2R (F),

fe}.yx;mded) =
where the third step is due to the fact that the insertion of Rademacher variables {¢; } doesn’t change
the distribution.

We can bound the Rademacher complexity by the covering number. The following lemma appears in
Jiao et al.[(2021).

Lemma D.2. For any function class G with |g| < Bg forall g € G,

12 [Ba/2
R, (G)< inf [46+—= VILN (e, G, || - [loo, n)de | -

T 0<6<Bg/2 vn o Js

Since F; generates from Fﬁﬁndcd), the following lemma shows we only need to study the coveirng
(bounded)
number of F .

Lemma D.3. Assume ¢ < By,. We have

N (8B + 2By )e, Fi, |- oo m) SN (& FRR" Y, - lloosn) -

Proof. Assume C (6, ]:J(\l;?vundw) ‘{Xi}?_l A ||oo) is an e-covering of fj(\z,)zovunded) |(x;}r_, with the
least caradinality. For any f € FU2""%? choose f € C(e, fﬁﬁ‘”ded)“ x5 || - [loo) (and hence

f is a n-dimensional vector and we denote its ith component as f;) such that | f l(xiym, — flloo < e
Then for i € [n],

[F(X0) = Yal* = [fi = Vi = |fi + F(X0) = 2Yi[| fi — f(Xi)| < (3B + 2By )e.

Hence {(]?, Y)?:fecC (e,fﬁﬁnded)|{x,i}?:1, Il - HOO>} is an (3B + 2By )e-covering of

Filgz,yn  (where (f —Y)? refers to the vector ((fi — Y1)?,---, (fu — ¥»)?) and we denote it
as C((3Byr + 2By )€, Fil(zyn_ ., || - lloo)- Therefore

N(BBir + 2By )e, Filizr | - lloo) < |C((3Bir + 2By )e, Filizyn 5 || - lloo)]
bounded bounded
= |e (& PR Dy Il )| = A (& FRR™ D g, I - o)

and hence

N((3Btr + QBY)eafla H ’ ||o<>an) = {én]z}z( N((3Btr + 2BY)€7]:1|{Z1'}?:17 || : ”00)

tSi=1

bounded bounded
< max N (e FOR g, - oo ) = N (6 FRR" D0 - oo, )
O

To calculate the covering number of .F](\%)\;mded)
derivatives of functions in Fn .

Lemma D.4. Let fyy € Fyn({Bs, B2, B1},ms). Forany ji,- -+, ja € N>o,
O fw

, we need an estimate of the upper bound of high-order

< Vmpm}B3BjBl max B’ B

o313

890{1896%2 ~-~8(E§d J1€{1,2,-- 5}
where j = j1 + -+ + ja.
Proof. By definition,
8j 1 mo aj (2)
fw L3R Tk D.1)

J1 9,02 Jd k2 J1 9,02 Ja*
Oxy' 0y’ - - - Ox)) Ve = O0xy' 0y’ - - - Ox)
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. (2)
59 o f .
axilaxgév-vnaxid S By dxpj (p1,--- ,pj € [d]) and prove the following formula of the

derivative of f,S) by induction:

We rewrite

ajflg2) J org i (2) ala(i)lf(l)
oz ...an T Z Dt k) Z H Z Wioky o Nol K
P1 Pj q=1 a(1)+~"+a(q>:(1,m,1) i=1 k1€l7(73; axpl 83319]

a1 >a(12) 50, 1<i; <ia<gq

(D.2)

where a(*2) > 0 means that |a(2)| > 0 and a(**) > «(*2) means there exists 1 < i’ < ¢ such that for

1 <" <, a(,z,l) = a(”) and a(“) =1, a(”) = 0. Assume the formula holds for j and we prove
the case for j + 1:

ajJrlfIS) P aJf(z)
8'7;101 e 63:1’]‘ 8xpj+1 8xillj+1 axlh T 8.73pj
J org q 0 p(1)
-y 90" (f3) 3 1l s w2 oY
8$p.+1 . kaky ( ) ay)
=l ’ oVt ta@=(1,1) =1 \kierf?) Oyl - Oy

i >a(12) 50, 1<i; <ia<q

J q | £(1)
B LT A ND SRR § ) S Rl
0Ty, kak1 (i) NG
q=1 o) (@) Pi+1 j=1 (2) oxr ...
oM (D =(1,.. 1) =1 \ke1?) Tp; xp]
) >a2) 50, 1<i;<iy<q

J (1) q a®] p(1)
(g+1)( porg @ 9l @ 0
= o AT (N9 w — w _—t
2.ko kak1 g, kaky al )
=1 (2) Pj+1 (1) (@) i=1 (2) 0 -0
q klel'mz o +etaltd =(17"‘ 71) v klelle xpl ',I:pj
ali)>a12) 50, 1<i; <is<q

J q ) 3|a“>\f(1)
+ Z U(q)(f;;gz) Z Z H Z w’(ﬂz)kl ol o)

q=1 oM@ =(1, 1) ol 4otal® =1 =1 \ K er®) Oxp; 8zp] axp

) ( Jj+1—
(1<L1 >o 12)>0 1<11<12<q a() >0, 1<i<q

J q 3|a<“|f(1)
_ § (g+1)( porg (2) k1
= o (f ) W,k o0 (4)
=1 q(l)+"_’+o‘(q):(1)""1) i=1 klEI'r(r%; axpl ax}n axp +1
a1 >a12) 50, 1<i) <iz<q
(1)
Z w(2) 8fk
kok1 80 0 9yl
) .. x 8:1:
(2) p1 Pj+1
k1€lm,
J q 6\a<i>|f(1)
§ : (@) ( porg } : H } : (2)
+ g (f27k2) Wik (7,) NG (421
g=1 aW o ta®=(1,,1,1) =1\ g er) wpi oo Oxy! Dyl
alD#(0,--,0,1)
ali>a(12) 50, 1<i; <ia<q
J q+1 la®] ¢(1)
=N ) e 3 Il > «® Iy,
2,ko kaky (l) ( ) (4)»1
— ;— J
g=1 a<”+---+d<“:(1,~~,170) =1 \kiell) Oxp, - 5’%] 8:1:,,]“

7(q+1)_(0 1)
a1 >a2) >0, 1<11<12 <g+1
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a‘a(i)|f151)

j q
+§:10(q)(f§fki) Z H Z wl(ci)/ﬂ o) PNONNO)
q=

) - = v o3

a4t ad@=(1,,1,1) =\ kyer) Ozp; - Oxp] Oxp]l,
alD#(0,+-,0,1)

al)>al2) 50, 1<i; <iza<q

a‘a(i)‘flgl)

q
=3 o) > I X wi——% o

— _ _ — j j+1
a=1 G et @@ =(1,,1,1) =1\ kyer?) Oup) -+ Oxp] Oyl

al)>a12) >0, 1<i; <iz<q

For the derivative of fﬁ)»

la®| £(1) _ J ()
M _ Ula“)l(fOTH) H Y
(1) NOR 1,k1 wklpj/ ’

! i G
Oxp, ---0xp) J'=1

hence
@) A1
ol |f,§1) @)
— | < B o
RO o | = TolletD
1
Oxp, -+ 0xp]

Bl

Plugging the above upper bound into (D.2)),

i £(2) J q a®] p(1)
O i, (a) ( poro S fu® o i,
< o\l (f ) H w _
) -0 - 2,k2 kaky (4) (4)
In Tps =1 ® (a) =1 ) o1 S
q9= o +--:+a D=(1,--,1) = kel Tp, - O0Tp;
o) >a(2) 50, 1<i; <iy<q
' _ q j _ i
} : ~qpani ~
= M2 By B1 Bow Z HBc;(la(“\) < E :mngB{Bg(q) {q} ax BZ(qn
qg=1 a(1)+~~+o¢(Q):(17--- 71) i=1 q=1 q1€{ 32yttt ,Q}

a1 >a02) >0, 1<i; <ip
q
J .
P - o -
<miBJB] max B[ {‘Zl} <mBjB] max BB

J1€{1,2,+ 5} ”(j”qzl jefn2, gy T

Here {‘; } is the Stirling number and B; = g:o {‘Z] } is the Bell number. Plugging the upper bound
for derivative of f,ij) into li we obtain
i £(2)
Pl
oxt' oxl? - - - O

< \/mgﬁl%BngB{ max B! B;.

& fw

J1 9,..J2 Jd
Oxy' 0y’ - - - O0x))

1 &
< ‘w(B)
— J/ma ,;1 k2

hef{r2 5y o
O
Remark 2. In|Berend & Tassa (2010) an upper bound of Bell number is given:
0.7925 \’
B < (m(j +j1)> '
Lemma D.5. Let e > 0. Let s € N5 . For
(s£1)d d 4

wz (30?) [t pani pmt (| e Bn) o8 (5N (2) |

10
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we have

)

Pdim( f¢,-07;
N (6 J—_-(bounded) H ) || n) < 2en By, (f F)
NN P ) =\ ePdim( fi 0 TF)

where the definition of Tr is given in the proof and
Pdim(fir o T) <

(s+1)d

s+d—2 d 4 d s a(s+d—1
e e L D I ey

ol

oo

(<)

f](\l,’%ndw) by the Taylor polynomial. Let N be a

Proof. We estimate the covering number of

parameter defined later. Define grid points {z(*)}, _ (01, N—1}d"

2k +1—-N 2k +1—-N 2kqg+1—-N
(k) — ! 2 B B
€ ( N T N Bzv Y N B’E)

Define a series of local Taylor polynomial of fy with respect to the grid points z(*):
DB (k) B
Ti(z) = Z % (xfx(k)) , ke{0,1,--- N -1}
1Bl<s '
By multivariate Taylor theorem,

fr(e) = Tile) = Y Raw) (o —2®)",
|Bl=s

where the remainder
1
[Ry@)] < gy mae D fu ()]
Define the global Taylor polynomial:

Ty (x) = > Tiy(x)1k(2),

ke{0,1,-- ,N—1}¢

where
1, xeQout
Tp(z) =14 kit -
k(@) {0, x ¢ Qg
Here
2k — N 2k1 +2— N 2kqg — N 2kg+2— N
Qout .— B B B B, ).
k ( N xT N w) X X ( N x> N xT

For any x € 2, without loss of generality we assume z € Q9"*, then by Lemma

(@)~ Ty (@] = [ () ~ @) < 3 [Ra@)] 2~ 2]

|8l=s
1 8 w|”
< Z EmﬁﬂD f(:r)|’:177:c ‘
|B]=s
~ 5 s s s S+d*1 Bm s
<vmmmee s 2ie (00 (5)
Set
s+1 1 9 1
1 1 s L fs+d—1\°
N = smoByBs BoB B _, A - , (D3
(m2) 2 mo 5 Bo 1(3165{%3,}3,5} o >> B < d-1 > (6> (D.3)

11
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then
[For @ fur (@) = for © Ty (@)] < | v (&) = Ty ()] < 3. (D4)

We now compute the covering number of fi, o Tr with Tr := {1}, : fw € Fnn}, the set of
truncated global Taylor polynomials over F . By Theorem 12.2 in|Anthony et al.|(1999) we have
for n > Pdim(fy- o T7),

2en By, ) Pdim(firo7Tx) ©3)

€
N (500 Tl o) < (s

To estimate the pseudo-dimension of 7, enlarge it to a linear space:

= > Y L) af eR 5 < s ke {01, N -1}
ke{0,1,-- ,N—1}4 |B|<s

It is easy to check that 7 C 7 and T is a <s —5 f; 2

11.4 in|Anthony et al.|(1999) we have

) N¢4-dimension linear space. By Theorem

Pdim(T) = dim(7) = (s P 2) Ne.

By Theorem 11.3 and Corollary 11.5 in|Anthony et al.|(1999),

d—1
Combining (D.3)-(D.6) yields the result. O

Combining Lemma[D:T} [D-2} [D-3]and[D-3] we obtain the following upper bound for the generalization
error.

Theorem D.1. Let

Pdim(f;, o T#) < Pdim(7F) < Pdim(T) = (8 td- 2) N (D.6)

(4d+1)

1
1 % l~d d % d pd 4 1 5d — 1 4 5d — 2
C1 =21 (3By + 2By)” m$msB; B3 BSBj sle{?,lzé,lf ) B 1) Byl g1 d—1 )
- 2€nBtr(3BtT + QBY)

2 .

Cq

Assume n > max {nglow), ngmv)} with

(low) _ Cq
' 2B,/* (3B, + 2By )4’
2/7 i
(low) 14 < 2 >
n = (] max , 1 —_ .
2 ln(&ﬁ% + % (Bt’r+BY>2
Assume 5Bt2r + 2B By > B%/. We have
B2, SUP ¢ pooundenr [ 33 [F(Xi) = Vi]? = E[f(X) = Y]?]
E {2,y SUP ;¢ pvoundcn [E[f(X)=Y]2 =130 [f(X;) — Yi]?]

192 (Cy\"? ((Bur + By)?\ "/ 23/4(, 6
<2 (= L In—o 2 7).
=7 \(n 2 (B + By )32 ' 7

Proof. Applying Lemmal[D.3|and Lemma D.5|with s = 4d, we have for € < By, (3By + 2By ),

€ b ded
| Fltounded) . ||oo,n)

1 Noosm) <1 —_—
n N (e, F1, || |oos ) HN<3Btr+QBY

12



Under review as a conference paper at ICLR 2024

ePdim(7x) cl/a /A

prov1ded n>C(+ ) . We apply Lemma L
(Btr + By)? < By,.(3By, + 2By ), hence the above upper bound of covering number is applicable)
to calculate an upper bound of R, (F1). By the assumption on n, we have In g—/i > 1. Therefore

provided n > C4 (% )1/4,

B}-l/2

< .
9%n<]:1) 0<5ggfl /2 \/lnN(ev]:lv H ||007n)d€>

. ( 12\/* Br /2 2 Co )

12
40 +
\/>

€
0<6<B;1/2 61/8 3/4

40 +

€
0<6<B;1/2 61/8 N

12f Pa 1 Gy )

Br, /2
12/ F1
= inf 46 + —— ¢ 8 €8 (In G + = 0
0<§<Br, /2 Vn 7 e/t T) s
7/8 3/4
|1 (N (B m2 ¢ 6
0<6<Br, /2 7T\ n 2 BJ3E/4 7
1

. . 1/2 2\ 7/8
e s N S S

have
C\"? [ (Bi, + By)2\""* 23/1C, 6
R, (F) <142 At TV n— 2 __ 42
(F1) < ( n ) 2 . (Bir +By)3/2 * 7

which together with Lemma implies the result. Note that our choice of § and n satisfies the
/4
condition n > C} ( ) O

Now we can derive Theorem 3 from McDiarmid’s inequality.

Proof of Theorem 3. Define

WZy,-- ,Zy):=  sup li [f(X;) = Y;)> —E[f(X) - Y]?

feFegumnded i=1

We examine the difference of h.
h(Z17"' 72i7"' 7Z’n)_h(Z17 7Z’i7"' 7Z’n)

2(Bt'r + BY)2

< sw (AR - TR - () - Y] < 2

n fefj(\;]](\)]'u,ndad)
We can bound h(Zy, -+, Z;,- -+ , Zn) — h(Z71, -+, Z—, -++, Zp) similarly and hence obtain

2(Btr + BY)2

h(Zy,- - ’Z’... Zn) = (21, Ly Z)| <
n

By McDiarmid’s inequality we have

h—Eh<T

—nr2

with probability at least 1 — e2(B:»+Bv)? | which combining with Theorem yields the first
inequality. The second inequality can be proved in the same way. [

13
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E PROOF OF THEOREM 4: CONVERGENCE OF GRADIENT DESCENT UNDER
NORM CONSTRAIN

E.1 SOME EXTRA NOTATIONS

In order to analyse optimization error more convenient, we rewrite functions in
Fnn({Bs, B2, B}, m2) in the following form:

1O = ah,, ko=1,-- mo;
mo

fzg)ZU(fff}fJ:U(Z klk;gf >7 ki =1, ,my;
ko=1

12 = (f”g) ST owd B 6D | k=1, my;
k161<2)

fw = f® = Z

kg 1

To make derivations and results concise, we introduce some new notations. Let W1 W) 15 (3) pe
the weight vectors in the first, second and third layer, respectively. Let

Bi1(W) : = max max w'V) , max piY) ,1},
1( ) {koe[mo],k1€[m1] kiko ki€[m1] k1
By (W) : = max max w? , max b2 , 15,
( ) {k161£2)7k26["l2] kak ko €[ma2)] ko
B3(W): = max{ max wl(;’) ,1}.
ko €[ma2)] 2
Define
~ 1 ~
|’LU - ’LU| ‘= max {koe[mlﬁ?é)fe[ml {‘wklko - wl(Cl)kO ) ’bl(cl) - b( } )
~(2) (2) 7(2) } ~(3) (3)
max w —w S0 — , max |w;,. —w
kleléz),kze[mz]{‘ hak kaka k k2 ka€[ma2] k2 k2 }
and
‘ L, (W) ‘ OL,(W
————| : = max max
ow ko€[mo],k1€[m1] 8w](€1k abg
1r0 1
Ly,
max 9 ((2 (W) ,
klel,iz),kge[mz] 3wk2k1 kze[mz} 8wk

‘8fW max 8fW 8fW
B B]d ko€[mol,k1€[m1] aw;(fl)ko ’ abéll) ;
s Ofw | jofw | Ofw
k€142 k2 €[ms) 8w](€22)kl ’ 5‘b,(€22) " ko €[mo] 8w,(§32)

E.2 ANALYSIS OF GLOBAL CONVERGENCE OF GRADIENT DESCENT

The following three lemmas calculate Lipschitz constant of fy, upper bound of |V fi |2 and
’ AL, (
ow

n (W), respectively.

14
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Lemma E.1. Forany v € [—B,, B,]%,

[ @) = fw (@)] < VBLEB, Bo By(W)Bo(W) (aiamo) /2 [ W = w| .

Proof. We calculate the difference of neural network functions recursively:

‘fw—fW|=‘f(3)—f(3) Z ‘~(3) ko _wk2 fk
L 20, 6] ][5 @) [7@ _ (@)
< _ _
S \/m—QkFl Wy, — Wy, ‘fkg + \/m—Q z_: ‘ka ‘fkg s
B, <3 |~3) (3) (2) 2
< =D W g
my b ’ k=1
For the diffrence of the second layer,
‘jTZ) ka)‘ <L, ng forg
< Ly By(W ’ Ao @2, — 0k, |+ Lo [0 — b2
kleﬂ?) klelk2

For the difference of the first layer,

“(1) or for ~(1) (1) 7(1)

‘ f1kg1 | < LoBy Z‘ Wiy — Wiy ko | T Lo [by,
Combining all these relations yields
|fw - fW! <

~(3 3 L B B3 Z Z ‘ w® LUB?,(W ‘ ~(2) (2
- + — by, — by
Wioky — Whak
Ve = k2=l pyer(® o o vz
L B B3( m2 (1) (1) L B3( m2 (1)
+ \/7 Z Z ’wklko ~ Wiiko + Z ‘b
k=1 ko=1 k=1

Using Holder inquality we obtain

~ 2
iy = ol < SLB2 BB W) B o |7~ ][

O
Lemma E.2.
IVw fwll2 < (201 4 mymg +2)/2B, B2, B, Bs(W)By (W), Vz € [—B,, By]%,
0L, (W) 2m2 1
B, B2, B, Bs(W)By(W)LY?(W).
’811) ’W 3(W)Bo(W)L,/ = (W)

Proof. We first estimate gradient of fy. We calculate derivatives of fy with respect to weights in
diffrent layers by definition. For the third layer,

ofw 1

2y - — ’ k? - ]-7 . , M2
awl(ci) /15 ko
For the second layer, for ko = 1,--- ,mo and k; € 1(2)

afW _ 1 w](j) aka _ 1 3) /(forg)f
8w,(€22)kl Vma aw,(é)kl \/77T

15
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= w =
8[)/(32) /M ko 85222) 1/m2

8fW 1 (3)6fl£z) _ 1 3) /(forg) )

For the first layer, for ky = 1,--- ;mjand kg = 1,--- , mg,
m mo (1)
ofw - (3) 8fk2 B Z (3) (fora @2 Ofk,
FRON 2 5 wkzkla &)
Wi ko k2 1 Wi, ko = W ko
O (7Y 2 oy O (079) 2 org) £(0)
Z W ks wkala . Z Wy, fokey ) Wkh, @ f1,1g1 Jio -
kgel(l) wklko kQEI(l)
Similarly,

s = Fz o (73 witke' (#72) = 7

Combining all these upper bounds for partial derivatives we obtain an upper bound for the gradient of

Jw:

(3) OT (2) or
> ol (£558) wi,o (£

szI(l)

IVw fwll3
mi1  mo 8f mo 6f mo (9f 2 mi (9f 2 mo af 2
w W w w w
=X > [k LSy | o S o s o
ki=1ko=1| OWk &, ko=1p, e wk2k1 ko=1|9Wg, k=190, ko=1190%,
< (2 + myamo + 2)B2B2, B2B2(W)B2 (W)
and
OLn(W)|* Ofw 3 52 3 12 21y 132
2 <AL (W B2B%, B2B2(W)B2(W)L,,(W).
P < ) |20 < 478 g g 3 o )
O

Lemma E.3.

Hv L, ( ) Vi Ln (W)H2§2 [\/:Timzmlm@;m(ww\/5m2m1m0(2m1+m1m0+2)]

L2 Lo B2B2 B2Bs(W) By(W) max { B3 (W), B3(W) } HW - WH2 .

Proof. We calculate difference of partial derivatives layer by layer. For the third layer,

8fw _ afW o "‘(2) forg f207;€g )
oy ow’ F F "
For the second layer,
Ofw dfw 3) rg) 71 (3) )
et | = v P (B Y i (152) 5
1 (3) (3) 1 ( or or
S B ) =o' (4578) |+ s BorBa) |2
— \/TTQ wkg +m 3( ) f f 3
(3) (3) zor or 1 or or
S = BoBor |0y, —wy, |+ —==Lo BeBs(W) | 3, = fole,| + ﬁmzLaBaszo,( VI~ 1
For the first layer,
Ofw dfw

—(1) 1
8w](€1)k}0 a }(Cl)k?(]

16
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1 3) or ~(2) or or (2) or
= NG Z /<f2k92> Wik O /( 1kgl)xko Z ka (2152) Wik O (fl,kgl)xko

be[}g) k261£1>
1 —~ 1 gt or
< =BLBB(W) Y |0 — |+ =B BB W)B() Y | (B) o (53
2 szI(l) szI(l)
. k1
1 2 ~(2 or ’
e B <l>\wk2k1—wk2k1 + g e B Ba W) Ba0) o (772 — o
2€1,
1 ~(3) (3) 1 I17 ror or
< ——BLBB(W) Y o) - uf o' Bor BoBs(W)Ba(W) > |f550 — 15758
/m 2 2 ,/m
? kgel(l) ? ko€l
b BABBW) Y |0k, —wl, |+ —miaLo By B By(W)Ba(W) | T — 11
\/WZ o koky koky \/m72 1,k

ko EI](C?
Similarly we can derive upper bounds with respect to the bias.

1

ofw  Ofw ~(3) _ (3) 1

SW < By |w,Y —w | + Ly B3(W )forg fol !
bz ap> | T Vma S N 2k
Ofw  Ofw

o o)

1 —~ (3 3

(W)Bo(W)

Torg org
Soky = Jok

ko€l ko€l
~(2) w? L - forg org
+ 7,—B ‘wkzlﬂ - kzk’l A/ o U,BU,BS(W) ( ) fl k1 f17k1 :
kQEI(l)
07"9 org OTg org . .
Next we derive upper bounds for - fi k| and — fa k, | Which arise from above upper
bounds.
forg org ~(1 (0) (1) 0 b(l)
1,k1 1 N kr1k0 ko klko ko

~(1) (1)
S Z ’ Wiy ko — Whiko

)| 2. 3 [l il |+ -

zor or (1) (2) (2)
f k‘qg f kq2 = ’wkzklf _kaklfkl ‘b — by,
k1€I(>
~(2) (2) (2) (1) (1) 7(2)
= Z ’wkzh — Wiyky Z ’ Wk f fkl ‘+ ’bkz T Yk
kel kel
2 2 1
<B, Y o, —uwi |+ B0 Y[R -
klEIIE:Z) klEI;CZZ)
~(2 2 For 07
< B, 3 |@l, —wil| + LeBv) 30 | - |+ Y -
kner? kel
~(2) (2) ~(1) (1)
< B, Wioky — Whaky +L‘7B‘TB2 Z Z ’ Wiiko — Whiko
kel kel ko=1

17
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7(1 1 7(2
+LoBa(W) 3 [ - o]+ [B2 — f
kleI,(fz)

Here in the final step we use the upper bound for

Torg org
fl N fl,kl °

Combining all these inequalities we obtain

Vit — Vw3

2 2
] afW afW Ofw < |0f  Ofw
_ZZ oo™ _6 +Z Z _8(2 +Za~(3)_a(3)
ki=1ko=1| OWg wkzlko ko=1k1€l2 1y kgkzl Wy ks ko=1|9Wg, Wi,
o ofy ofw| | wa|ofy ofwl|
+ Z M o oD + Z el o e
ki1=1 k1 k1 ko=1 ko ko
86 — 9 —~
< — Lo L3 BI B By By (W) max{B; (W), By (W) }mzmimg||W — WIJ3. (E.1)
ma

Combining Lemma[E-T] Lemma|E.2]and the above upper bound we derive that

oot (7) -0,

s;Zlfw( = Vil ||V fp (Xa) = Vw fuv ( nllw%Zlmei)—fw(Xi)!vaf;;(Xi)H?
i=1 i=1

/86 _ —— ~ —
~ 2 |: mimgmlmoqu,/Q(W) -+ \/5m2m1m0(2m1 -+ mimo -+ 2):|
2

L2 L, B2B2, B2B;(W)Bs(W) max {B%(W), BS(W)} HW - WH2 .

The following matrix Chernoff bound can be found in|Tropp| (2012).

Proposition E.1 (matrix Chernoff bound). Assume that A, € R"*"(k € [m]) are positive semi-
definite matrices and Amax(Ar) < B(k € [m]). For 6 € [0,1),

o6 Amin (E ket Ak)/B
( min (ZAk> (1 = &) Amin (EZAk>> <n[16)15] :

PL condition is a sufficient condition for global convergence of optimization algorithm. The next
lemma, which is based on the analysis of Theorem 2 in Liu et al.| (2022), says that as long as the
width of a neural network(reflected by 1 in this paper) is sufficiently large, L,, (W) satisfies the PL
condition.

Lemma E.4. Initialize Wy by (5). Let to,t3,t4 > 0. Let

B{"?) = C'/%g51n"/? %7 B — 012G, 1n!/? miml_
2 3

Assume |w — wp| < min {Béts)7 Bém)}. I

ma = max {m{",m{g" |

)

onB2 B2 (B log, ,» 2
nbsDs 3 Oge/2 ta
’ Cgﬁllff%)\min(Ko) ’

18



Under review as a conference paper at ICLR 2024

12
140902402 (21 + mamo + 2)mimim2BSLAL2, BABS, (maX {Bgm, Bt })

m( ow) oo’
2,2 2>2 412 ’
C mla AInln( )
where

Cs = 2/ {1 - 2e—t2/<0("7“33+1)"3)} o (t)o” (t)dt,
0

then with probability 1 — to — t3 — t4 over W,
IV Ln (W) > pLn (W)
with
0= Cgﬁzlag)\min(Ko).
Proof. We can first give a lower bound of the gradient of empirical loss in terms of the minimum
eigenvalue of NTK matrix. To make derivation clear, we introduce some notations. Denote
Dy F =[Vyoe fw(X1), . Vige fw(Xn)]
and
Fyw(X) =Y = [fw(X1) = Y1, fw(Xn) = Y],
then

2 & 2
Vi@ Ln( ﬁ; Y| Ve fw(X;) = 5DW<2>F[FW(X)—Y]~

With these notations, we have

IV Ln(W)I3 = (Ve Lo (W) Vipe L(W)
4 4

= E[FW(X) —Y]"(Dy e F) Dy oo F[Fw (X) = Y] = E[FW(X) =Y Ky (W)[Fw (X) —
> %Amin(KW@)(W))”FW(X) = Y3 = 4min (Kyy e (W) L (W), (E.2)

where Ky ) (W) := (Dyy2 F)T Dy o) F and

(Ko (W —mjz S () o (55 ) 1 (550) £,

ko=1 g e 1M

It can be checked that we can rewrite Ky (2) in the following form:

KW<2>——Z > (wh ) K™ Ay, (E.3)

% ka=1y, erV
where
(AW_{ (f;”;z,)’ SRR
and
(Kmn)i_ kl, fklj’ ij=1,--,n.
If we denote F,Ell) = (f;ii)l, ;S)g, ) ,S?n>,then Ky = k(z'll)TFk(Ill).

We next give a lower bound for Apin (K@) (W)). Decompose Ky (Wp) into two parts:
Ky (Wo) = [Kwe (Wo) — Koy (W)] + Ky (W). Applying Weyl’s inequality(Kyy ) is
symmetric) yields

Amin(Kw e (Wo)) < [[Kwe (Wo) — Ky e (W) l2 + Amin(Ky e (W)).

19
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In other words,
Amin (K@ (W) 2 Amin (Ko (Wo)) = [Kwe (W) = Ky e (Wo)ll, - (E4)
For the difference of NTK matrix, using Lemma[E.2)and (EI)), we have
[ Ky (W) = Kz (Wo)ll2 = || Dyyr2 F(W) " D2y F(W) — Dygriay F(Wo) " Dyyriay F(Wo) [l
< |[Dwe F(W) = Dy o) F(Wo) 2| Dwe F(W)|l2 + | Dy e F(Wo)ll2[| Dy @ F(W) — Dy F(Wo)ll2
S 2 ﬁn(%ﬁl + ﬁ’leo + 2)1/2ﬁ12ﬁ11m0B2L3L0/B§B§/
V mao

max{B3 (W), B5(Wo)} max{B3(W), B (Wo) |W — Wl

By Proposition 2.5.2 in|Vershynin|(2018)) and union bound we have with probability at least 1 —to —t3
over W,

Bs(Wy) = B, By(W,) = BY. (E.5)

Then by assumption |w — wp| < min {Bét?’), B:,()tz) } we have with probability at least 1 — t5 — ¢3

)

and similarly Bo(W) < 2B§t3). Hence we conclude that with probability at least 1 — ¢ — t3 over
Wo,

[EKw e (W) = Ky (Wo)2
2 3
< 64, /:1—671(27%1 + fymo + 2) 2y mo B3 L2 Ly B2 B3, (Bgtz)) (Bgt3>) min {ng, Bg3>} .
2
(E.6)

over Wy,

2

B3(W) = max {H’lcaX ’w,(cz)
2

,1} < max {n}fax ’w,(i) — (wo)ch)
2

3
+ ‘(w0)§cg)

< max {2B§t2), 1} —2B{")

We next study Amin(Kyy2) (Wo)). Applying Proposition [E.1f with = % and noting that with
probability at least 1 — ¢ over Wy,

(3) 2 2 inn
) 1Ak (Wo) BB (Wo)l2

2

e (o ((0)2) M (o) (W), (70) ) < (i

ma
BQ(W )BQ F(l) 2 B(t2) 2B2 B2
< 3 0)Po’ ki ||y < nt(Wo)Bngg _ n 3 o' Po
- mo - meo mo ’
m2Amin Ewy K1 (2) (Wo))
. . 9 Qn(B(tZ))zBQ B2
we have with probability at least 1 — 5 —n (E) 3 o/77  over Wy,
1
Amin (Kw @ (Wo)) > 5)\min (Ew, Ky (Wo)) - (E.7)

Using @) and Weyl’s inequality(all Ay, (W) and K" (W;) are symmetric), we have
1 <« 3 2 inn
Amin (Ewy Ky (Wo)) = Amin . Z Z Ew, ((wo)éz)) By A, (Wo) K7™ (Wo) Ak, (Wo)

ka=1 e

1 & 3\ 2 .
>3 3 B ((0)f) Amin (B Ar (W) (W0) A, ()
kz:lk‘lell(cll)

v

2 M2 .
LN S D (Ew A (W) K" (o)A (W) . (E8)

k2=1 k1 EI)(Cll)

20
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For the minimal eigenvalue of Eyy, Ag, (Wo) K" (Wo) A, (Wo),
Amin (Ewo Ak (Wo) Ki™ (Wo) Ay (Wo)) = Amin (Ewo ks (Wo) (Bwy K3, (Wo)) Ak, (Wo))]
)

B v A, (Wo) (B, K™ (Wo)) Ak, (Wo v By (A, (Wo)v) T (B, K" (Wo)) A, (Wo)v
= min T = min T
veER™ vtv vER™ vtU

Ew, (A TA
> )\mln (EWO Kznn (WO)) Un,elﬁg}t Wo ( ko (ng};) k2 (WO)U .

(E.9)

To evaluate the minimum, we need to estimate f2 i Z(Wo) Applying Proposition 2.6.1 in|Vershynin
(2018), we have for i € [n],

< Y oo (s o) +efe] ) <c@mszeo

kel

2

g o) = | X ) (£7,070) + G0l

k1 EI,EZZ)

2

Hence by Proposition 2.5.2 in |Vershynin| (2018), | f57 1(W0)‘ < t with probability at least 1 —

2 ~ 2 2
9e~t*/(C(MBI+1)93) oyer Wy. Let 7 = o (t)2, by substitution rule and the monotonicity of o’ we
derive that
1

(f"’;i z(Wo)) = /OT6 ( (forkgz o 0))2 . T) .
) /Ooo ( (f;’;g (W ))2 2 "/(t)2> 20" (t)o" (t)dt = 2/000 (

> 2 / [1 = 267 /CMEA)D] o/(1)0" (1)dt = Cs.
0

1558 (Wo)| < t) o' (D" (1)t

Therefore

n

B A (Wa)ol = B, Yo (£23,(W0) o2
=1
B Z [EWO ( ;ZZ’(WO))T v; = Cy[lf3. (E.10)

Combining (E.8)-(E.I0) we obtain
C303

Amin (Bw, Ky (Wo)) Z D Auin (Bw, K" (Wo)) = Csi1.05 Amin (Ko).-

ko=1 k1 EI(2)

CgmlnL2u$(a)U3

n r( g(t2) 2 B2
Using li we obtain that with probability at least 1 — ¢, —n (2) """ (a2 52,22 over W,

1 1
Amin (K@ (W) > 5/\min (Ew, Ky (W) > §C3m1l7§>\min(Ko)- (E.11)

Combining (E-4), (E.6) and (E.TT) we conclude that with probability at least 1 — ¢, — t3 — t4 over
Wo,

1
)\min (KW(2)(W)) Z ZC3mIJ§)\min(KO) (Elz)

provided my > max {mg(iw), mé{;w) } E.12) together with 1! implies the PL inequality constant.
[
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We have the following upper bound for the value of the loss function at the initial point.
Lemma E.5. Initialize Wy by (5). Let t5 > 0. We have
2 2B2
La(Wy) < 2282e 1y = + 282
C
with probability at least 1 — t5 over Wy

Proof.

n

L,(Wo) = %Z [fwo (Xi Z | fwo (X0)[? + 2B

i=1

By Proposition 2.6.1 in|[Vershynin| (2018},

(3) (2)

2
(3) 2 2
I wall3, = H v Z <— \f o], < catez.
2
Hence by Proposition 2.5.2 in [Vershynin| (2018), we have |fw,| < 7 with probability at least
—01'2
1 — 2e°355 over Wy, which implies the lemma. O

The following lemma is a useful result for proving global convergence in optimization theory.

Lemma E.6. Let n € N,. Given x,y € R". For a differentiable function f : R™ — R, if there
exists some constant L such that for any t € [0, 1],

[Vfltz + (1 =t)y] = Vf(@)ll2 < Llly — z|l2,
then

L
F @) < f@) + V@) @ —2)+ 5 ly -2l
With the above preparations, we can now prove Theorem 4.

Proof of Theorem 4. From Lemma [E.5| we know

o2B2 2
0 2870y —+QBY (E.13)

with probability at least 1 — ¢5 over ;. By the update rule of gradient decent, Lemma|[E.2] (E.3)),
(E-13), we have with probability at least 1 — to — t3 — t5 over Wy,

[ Ln(Wo)| <

01— wo| < OLn(Wo) | _ 202 B, B2, B, Bs(Wo) By (Wo) Ly > (W)
of = ow N
1/2
iy By B2, B, B{ B (% In 2 + 2B§)
< ts < min {B(tG) B(fs) B(tz)}
< T = 1 »~2 =3
provided

2 1/2
20iia By B2, B, BY? BY'” (22 2 + 2B )

min {BYG‘), B, B{t) }

Hence with probability at least 1 — t5 — t3 — t5 — tg over W,

vVme 2

B3(W;) = max {n}gax ‘(wl),(f;)‘ ,1} < max {H}Cax ‘(wl)é‘? - (wo)g)‘ + ’(wo)gi)
2 2

)

< max {2B{*),1} = 2B{"* (E.14)
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and similarly Bo(W7) < 2B, B, (W,) < 2B{"®). Setting y = W1,z = W, in Lemma E.6|and
applying Lemma|E.3] we have

L
Ln(Wh) < Ln(Wo) + VLo (Wo)" (W1 = Wo) + 2 [W1 = Woll3
L
< La(Wo) + VLo (Wo)" (Wr = Wo) + 5[ W1 = Woll3
2
n°L
L (W) — (n— ) IV L. (W),

with probability at least 1 — to — t3 — t5 — tg over Wy, where in the second step we use the fact that

/186 _ —— = ~
LO = 04 |: mingmlmOLi/Q(WO) —+ \/5m2m1m0(2m1 + mimo + 2):| Bg(Wo)Bs(Wl) max {B%(VVO), B%(Wl)}

(B§t2>)2 (Bé””)2 =L

and the third step is due to the update rule of gradient descent. Note that our choice of m satisfies the
condition in Lemma So applying Lemma to the term |V L,,(Wp)||3 and using union bound,
we obtain with probability at least 1 — t5 — t3 — t4 — t5 — tg over W that

20§B§

1/2
< 16Cy In — —|— 2By) + \/5771277117710(27711 + mimg + 2)

— MaMmiMmg
ma

1
Ln,(Wh) < (1 —np+ 2772ML) Ln,(Wo). (E.15)
Now let’s consider next iteration. With probability at least 1 — to — t3 — t4 — t5 — tg over Wy,
AL, (W) OL,,(Wy)
— <
w2 = wol <7 ow ow
. ganBc,Bg,Bng(Wl)Ble)Lk/Q(Wl) 20yifia By B2, Ba Bs (Wo) Ba(Wo) L/ (Wo)
- Vmz Vma
8ia By B2, By Bs(Wo) Ba(Wo) 1, \? )
< c 1- —n*ul 1| LY2(W,
< Vs i+ SR +1| L,/*(Wo)

1/2
16158, B2, B, B B'*) (2"3 =In 2 + 2BY)
Vma(p — 3nul)
where we use Lemma [E.2] (E.14)-(E.I5), (E.I3) and the relation

1/2
16128, B2, B, BY™ BY™) (27472 n 2 + 2B} )

<

< min { B, B{", B{*'},

Vma 2>

(n— %nuL) min {B?G)7 B£t3), Bém}

in the second, third, fourth and last step, respectively.

Assume that with probability at least 1 — t5 — t3 — t4 — t5 — tg over Wy,

lw, — wo| < min {BYG),Bgts),Bgtz)} o =12t (E.16)
1
L,(W,) < <1 —nu+ 2U2ﬂL> L,(W._1), 7=1,2,--- t—1 (E.17)

and we prove the case for |w;41 — wo| and L, (W;). From (E.16) we immediately obtain with
probability at least 1 — t5 — t3 — t4 — t5 — tg over Wy,

< max{2B{" 1} = 2B{"* (E.18)

B3(W,) = max {niax ‘(wT)( )
2

,1} < max {H}Cax ‘(wT)(?’) o)i)‘ + ’(wo)i(gz
2
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and similarly Bo(W,) < 2B{"* By(W,) < 2B{") for 7 = 0,1, - ,¢. Setting y = Wy, x = W;_;

in Lemma E.6]and applying Lemma[E.3] we have with probability at least 1 — to — t3 —t4 — 5 — 6

over Wy,

Ly
2

L
< Ly(Wye1) + VL, (W) (W, — Wiq) + §||Wt — W13

L,(Wy) < L,(Wy—1) + VLn(Wtfl)T(Wt - W) + Wy — Wtleg

772L 2
=L,(Wi—1) = (n— —— ) VLo (Wi—1) |12,
2

where in the second step we use the fact that

Liy=

86 _ _ —— — —
Cy {\ / m—m2m1moL2/2(Wt—1) + /B mo (2 + mymo + 2)} Bs(Wy—1) B3(Wy) max { B3 (Wy—1), B3 (W;) }
2
2 2
(BS) (BS™) = L.

The assumption that |w;_; — wg| < min B(tﬁ), B(t‘g)7 B! | enables us to apply Lemma [E.4to
p 1 2 3 pply
the term ||V L, (W;_1)||3. Thus we obtain

86 . 20282 2 1/2 — S
<16Cy [ Mgt g ( 030 % In . + 23321) + V/5imgmimo(2my + mymg + 2)
2 5

1
L.(Wy) < (1 . 2772uL> Ln(Wi_1) (E.19)

with probability at least 1 — to — t3 — t4 — t5 — tg over Wy. For the distance between W1 and Wy,
with the same probability,

_ 0L, (W.)| _ 2niaB, B2 B, "
|wer1 —wol < 7}; ow < NG ;Bg(WT)BQ(WT)Ln (W)
- SanBaBglBmBSE/VZTO)BQ(WO)L}/Q(WO) Zt: <1 — e+ ;772#/') h
? =0
< 812 By B, By B3(Wo) B2 (W) (% In2 + 23}2,)1/2 )
7 Ve L= (1=t gn2ur)'
_ 1675 B, B2, B, BY'*) B{!* (% In 2+ 2312/)1/2

V(i — gnul)
< min {B{"*), B{*), B{"¥ 1,

where we use Lemmal[E-2} (EI7)-(E19), (E13) and the relation

1/2
161 B, B2, B, B> B{"*) (% 2+ 2B§)

Vmg >

(= L) min { BY"), BY), B |

in the second, third, fourth and last step, respectively. Hence we complete the proof.
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