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A THE PROOF OF THE UPPER BOUND ON THE ERROR OF RLMC

This section is devoted to the proof of the upper bound on the error of sampling, measured in
W2-distance, of the randomized mid-point method for the vanilla Langevin Langevin diffusion. Since
no other sampling method is considered in this section, without any risk of confusion, we will use the
notation #k instead of #RLMC

k to refer to the k-th iterate of the RLMC. We will also use the shorthand
notation

fk = f(#k), rfk := rf(#k), and rfk+U := rf(#k+U ).

A.1 PROOF OF THEOREM 1

Let #0 ⇠ ⌫0 and L0 ⇠ ⇡ be two random vectors in Rp defined on the same probability space. At
this stage, the joint distribution of these vectors is arbitrary; we will take an infimum over all possible
joint distributions with given marginals at the end of the proof. Note right away that the condition
Mh+

p
(Mh)3/2 6 1/4 implies that Mh+ (Mh)3/2 6 1/4, which also yields Mh 6 0.18.

Assume that on the same probability space, we can define a Brownian motion W , independent of
(#0,L0), and an infinite sequence of iid random variables, uniformly distributed in [0, 1], U0, U1, . . .,
independent of (#0,L0,W ). We define the Langevin diffusion

Lt = L0 �
Z t

0
rf(Ls)ds+

p
2Wt. (17)

We also set
#k+U = #k � hUkrfk +

p
2
�
W(k+Uk)h �Wkh

�

#k+1 = #k � hrfk+U +
p
2 (W(k+1)h �Wkh).

One can check that this sequence {#k} has exactly the same distribution as the sequence defined in
equation 6 and equation 7. Therefore,

W2
2(⌫k+1,⇡) 6 E[k#k+1 �L(k+1)hk22] := k#k+1 �L(k+1)hk2L2

:= x2
k+1.

We will also consider the Langevin process on the time interval [0, h] given by

L0
t = L0

0 �
Z t

0
rf(L0

s) ds+
p
2 (Wkh+t �Wkh), L0

0 = #k.

Note that the Brownian motion is the same as in equation 17.

Let us introduce one additional notation, the average of #k+1 with respect to Uk,
#̄k+1 = E[#k+1|#k,W ,L0].

Since L(k+1)h is independent of Uk, it is clear that

x2
k+1 = k#k+1 � #̄k+1k2L2

+ k#̄k+1 �L(k+1)hk2L2
.

Furthermore, the triangle inequality yields
k#̄k+1 �L(k+1)hkL2 6 k#̄k+1 �L0

hkL2 + kL0
h �L(k+1)hkL2 .

From the exponential ergodicity of the Langevin diffusion (Bhattacharya, 1978), we get
kL0

h �L(k+1)hkL2 6 e�mhkL0
0 �LkhkL2 = e�mhk#k �LkhkL2 = e�mhxk.

Therefore, we get

x2
k+1 6 k#k+1 � #̄k+1k2L2

+
�
k#̄k+1 �L0

hkL2 + e�2mhxk

�2

=
�
e�mhxk + k#̄k+1 �L0

hkL2

�2
+ k#k+1 � #̄k+1k2L2

. (18)
The last term of the right-hand side can be bounded as follows

k#k+1 � #̄k+1kL2 = hkrfk+U � EU [rfk+U ]kL2

6 hkrfk+U �rf(#k)kL2 .

Using the definition of #k+U , we get

k#k+1 � #̄k+1k2L2
6 (Mh)2

⇣
(1/3)h2krfkk2L2

+ hp
⌘
. (19)

We will also need the following lemma, the proof of which is postponed.
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Lemma 1. If Mh 6 0.18, then k#̄k+1 �L0
hkL2 6 (Mh)2

�
0.7hkrfkkL2 + 1.2

p
hp
 

.

One can check by induction that if for some A 2 [0, 1] and for two positive sequences {Bk} and
{Ck} the inequality x2

k+1 6
�
(1�A)xk + Ck

 2
+B2

k holds for every integer k > 0, then5

xn 6 (1�A)nx0 +
nX

k=0

(1�A)n�kCk +

⇢ nX

k=0

(1�A)2(n�k)B2
k

�1/2

(20)

In view of equation 20, equation 18, equation 19 and Lemma 1, for ⇢ = e�mh, we get

xn 6 ⇢nx0 + (Mh)2
nX

k=0

⇢n�k
�
0.7hkrfkkL2 + 1.2

p
hp
�

+Mh

⇢ nX

k=0

⇢2(n�k)
�
(1/3)h2krfkk2L2

+ hp
��1/2

6 ⇢nx0 + 0.7(Mh)2h
nX

k=0

⇢n�kkrfkkL2 + 1.32
M2h

p
hp

m

+
Mh2

p
3

⇢ nX

k=0

⇢2(n�k)krf(#k)k2L2

�1/2

+ 0.92Mh
p
p/m. (21)

We need a last lemma for finding a suitable upper bound on the right-hand side of the last display.

Lemma 2. If Mh 6 0.18 and k > 1, then the following inequalities hold

h2
nX

k=0

⇢n�kkrf(#k)k2L2
6 1.7Mh⇢nk#0k2L2

+ 4.4Mh(p/m) 6 0.31⇢nk#0k2L2
+ 0.8(p/m).

The claim of this lemma and together with equation 21 entail that

xn 6 ⇢nx0 + 0.7(Mh)2h
nX

k=0

⇢n�kkrfkkL2 +
Mh2

p
3

⇢ nX

k=0

⇢2(n�k)krf(#k)k2L2

�1/2

+ (1.32
p
Mh+ 0.92)Mh

p
p/m

6 ⇢nx0 +
�
0.74

p
Mh+ 0.58

�
Mh

⇢
h2

nX

k=0

⇢n�kkrf(#k)k2L2

�1/2

+
�
1.32

p
Mh+ 0.92

�
Mh

p
p/m

6 ⇢nx0 + (0.42
p
Mh+ 0.33)Mh⇢n/2k#0kL2 +

�
1.98

p
Mh+ 1.44

�
Mh

p
p/m.

Assuming that h is such that (
p
Mh+1)Mh 6 1/4 and noting that k#0kL2 6 W2(⌫0,⇡)+

p
p/m,

we arrive at the desired inequality.

A.2 PROOF OF TECHNICAL LEMMAS

In this section, we present the proofs of two technical lemmas that have been used in the proof of the
main theorem. The first lemma provides an upper bound on the error of the averaged iterate #̄k+1

and the continuous time diffusion L0 that starts from #k and runs until the time h. This upper bound
involves the norm of the gradient of the potential f evaluated at #k. The second lemma aims at
bounding the discounted sums of the squared norms of these gradients.

5This is an extension of (Dalalyan & Karagulyan, 2019, Lemma 7). It essentially relies on the elementaryp
(a+ b)2 + c2 6 a+

p
b2 + c2, which should be used to prove the induction step.
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A.2.1 PROOF OF LEMMA 1 (ONE-STEP MEAN DISCRETISATION ERROR)

We have

k#̄k+1 �L0
hkL2 =

����#k � hEU [rfk+U ]�L0
0 +

Z h

0
rf(L0

s) ds

����
L2

=
���hEU [rfk+U �rf(L0

Uh)]
���
L2

6 Mh
��#k+U �L0

Uh

��
L2

= Mh
��#k � Ukhrfk �L0

0 +

Z Ukh

0
rf(L0

s)ds
��
L2

= Mh

�����

Z Ukh

0
(rf(L0

s)�rfk) ds

�����
L2

6 Mh

Z h

0
krf(L0

s)�rfkkL2
ds

= Mh

Z h

0

��rf(L0
s)�rf(L0

0)
��
L2

ds. (22)

Let us define '(t) = krf(L0
t)�rf(L0

0)kL2 . Using the Lipschitz continuity of rf and the definition
of L0, we arrive at

'(t)2 6 M2

⇢����
Z t

0
rf(L0

s) ds

����
2

L2

+ 2tp

�

6 M2

⇢✓
tkrfkkL2 +

Z t

0

��rf(L0
s)�rf(L0

0)
��
L2

ds

◆2

+ 2tp

�

6 M2

⇢Z t

0

��rf(L0
s)�rf(L0

0)
��
L2

ds+
q

t2krfkk2L2
+ 2tp

�2

or, equivalently,

'(t) 6 M

Z t

0
'(s) ds+M

q
t2krfkk2L2

+ 2tp.

Using the Grönwall inequality, we get

'(t) 6 MeMt
q
t2krfkk2L2

+ 2tp.

Combining this inequality with the bound obtained in equation 22, and using the inequality eMh 6
1.2, we arrive at

k#̄k+1 �L0
hkL2 6 1.2M2h

Z h

0

q
s2krfkk2L2

+ 2sp ds

6 1.2M2h
p
h

⇢Z h

0

�
s2krfkk2L2

+ 2sp
�
ds

�1/2

6 1.2M2h
p
h
�
(h3/3)krfkk2L2

+ h2p
 1/2

.

This completes the proof.

A.2.2 PROOF OF LEMMA 2 (DISCOUNTED SUM OF SQUARED GRADIENTS)

We have

fk+1 6 fk +rf>
k (#k+1 � #k) +

M

2
k#k+1 � #kk22

6 fk � hrf>
k rfk+U +

p
2rf>

k ⇠h +
M

2
khrfk+U �

p
2 ⇠kk22

6 fk � hkrfkk22 +Mhkrfkk2k#k+U � #kk2 +
p
2rf>

k ⇠h +
M

2
khrfk+U �

p
2 ⇠kk22.

(23)
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One checks that

k#k+U � #kk2L2
= h2kUrfkk2L2

+ 2hpE[U ] = (h2/3)krfkk2L2
+ hp 6 0.011

krfkk2L2

M2
+ hp

and, therefore,

Mkrfkk2k#k+U � #kk2 6
�
0.011krfkk4L2

+M2hpkrfkk22
�1/2

6 0.105krfkk2L2
+ 4.55M2hp

6 0.105krfkk2L2
+ 0.82Mp.

Furthermore,
khrfk+U �

p
2 ⇠kkL2 6 khrfk �

p
2 ⇠kkL2 + hkrfk+U �rfkkL2

6
q

h2krfkk2L2
+ hp+Mhk#k+U � #kkL2

6
q

h2krfkk2L2
+ hp+ h

q
0.011krfkk2L2

+M2hp

6
q
h2krfkk2L2

+ hp+
q

0.011h2krfkk2L2
+ 0.182hp

implying that
M

2
khrfk+U �

p
2 ⇠kk2L2

6 M

2

�
1.37h2krfkk2L2

+ 1.4hp
�

6 0.124h2krfkk2L2
+ 0.7Mhp.

Combining these inequalities with equation 23, we get
E[fk+1] 6 E[fk]� 0.771hkrfkk2L2

+ 1.52Mhp. (24)

Set Sn(f) =
Pn

k=0 ⇢
n�kfk and Sn(rf2) =

Pn
k=0 ⇢

n�kkrfkk2L2
. Using Lemma 3, we get

E[fn+1]� ⇢nE[f0] + ⇢Sn(f) 6 Sn(f)� 0.771hSn(rf2) +
1.52Mhp

1� ⇢
Since mh > 1� ⇢ > 0.915mh, we get

0.771hSn(rf2) 6 ⇢nE[f0] + (1� ⇢)Sn(f) + 1.67p

6 ⇢nE[f0] +mhSn(f) + 1.67p

6 ⇢nE[f0] + 0.5hSn(rf2) + 1.67p

where the last line follows from the Polyak-Lojasiewicz inequality. Rearranging the terms, we get
hSn(rf2) 6 3.7⇢nE[f0] + 6.2p (25)

Note that equation 25 is obtained under the Polyak-Lojasiewicz condition, without explicitly using
the strong convexity of f . However, using the latter property, we can obtain a similar inequality with
slightly better constants.

Indeed, equation 24 yields
hE[krfkk22] 6 1.3

�
E[fk]� E[fk+1]

�
+ 1.98Mhp. (26)

In what follows, without loss of generality, we assume that f(✓⇤) = min✓ f(✓) = 0. In view of
equation 26, we have

h
kX

j=0

⇢k�jkrf(#j)k2L2
6 1.3

kX

j=0

⇢k�j(E[f(#j)� f(#j+1)]) +
1.98Mhp

1� e�mh

6 1.3
�
⇢kE[f(#0)]� E[fk+1]

�
+ 1.3

kX

j=1

⇢k�j(1� ⇢)E[f(#j)] + 2.1p

6 1.3⇢k+1E[f(#0)] + 1.3(1� ⇢)
kX

j=0

⇢k�jE[f(#j)] + 2.1p

6 1.3M

2
⇢k+1k#0k2L2

+
1.3

2
M(1� ⇢)

kX

j=0

⇢k�jk#jk2L2
+ 2.1p.
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We have, in addition

k#k+1k2L2
= k#k � hrfkk2L2

+ 2hp 6 (1�mh)2k#kk2L2
+ 2hp.

Therefore,

k#kk2L2
6 (1�mh)2kk#0k2L2

+
2hp

2mh� (mh)2
6 (1�mh)2kk#0k2L2

+
1.1p

m
.

Using this inequality in conjunction with the fact that 1�mh 6 ⇢, we arrive at

h
kX

j=0

⇢k�jkrf(#j)k2L2
6 1.3M

2
⇢k+1k#0k2L2

+
1.3

2
M⇢2kk#0k2L2

+ 2.9p.

This completes the proof of the lemma.
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B THE PROOF OF THE UPPER BOUND ON THE ERROR OF KLMC

The goal of this section is to present the proof of the bound on the error of sampling of the “standard”
discretization of the kinetic Langevin diffusion. With a slight abuse of language, we will call it
Euler-Maruyama discretized kinetic Langevin diffusion, or kinetic Langevin Monte Carlo (KLMC).
To avoid complicated notation, and since there is no risk of confusion, throughout this section #k and
vk will refer to #KLMC

k and vKLMC
k , respectively. We will also use the following shorthand notation:

fn = f(#n), gn = rfn = rf(#n), ⌘ = �h, M� = M/�.

The advantage of dealing with ⌘ instead of h is that the former is scale-free.

Note that the iterates of KLMC satisfy

vn+1 = (1� ↵⌘)vn � ↵⌘ gn +
p
2�⌘ �⇠n (27)

#n+1 = #n + ��1⌘
�
↵vn � �⌘gn +

p
2�⌘ �̃⇠̄n

�
, (28)

where

↵ =
1� e�⌘

⌘
2 (0, 1), � =

e�⌘ � 1 + ⌘

⌘2
2 (0, 1/2),

�2 =
1� e�2⌘

2⌘
2 (0, 1), �̃2 =

2(1� 2⌘ + 2⌘2 � e�2⌘)

(2⌘)3
2 (0, 1/3)

and ⇠n, ⇠̄n are two Np(0, Ip)-distributed random vectors independent of (#n,vn).

Since we assume throughout this section that 2Mh 6 0.1, � > 2M and  > 10, we have

↵ =
1� exp(�⌘)

⌘
� 0.95, and mh =

Mh


6 Mh

10
6 1

200
.

The latter, in particular, implies the following bound for %:

1�mh 6 % = e�mh 6 1� 0.99mh = 1� 0.99m⌘/�. (29)

For any sequence ! = (!n)n2N of real numbers, we denote by Sn(!) the ⇢-discounted sumPn
k=0 ⇢

n�k!k. Below we present a simple lemma for the function Sn(·) that we will use repeatedly
in this proof.
Lemma 3 (Summation by parts). Suppose ! = (!n)n2N is a sequence of real numbers and define
S+1
n (!) :=

Pn
k=0 %

n�k!k+1. Then, the following identity is true

S+1
n (!) = !n+1 � %n+1!0 + %Sn(!).

Proof. The proof is based on simple algebra:

S+1
n (!) = !n+1 +

nX

j=1

%n�j+1!j = !n+1 + % (Sn(!)� %n!0) .

B.1 EXPONENTIAL MIXING OF CONTINUOUS-TIME KINETIC LANGEVIN DIFFUSION

Consider the kinetic Langevin diffusions

dLt = Vt dt dVt = ��Vt dt� �rf(Lt)dt+
p
2� dWt (30)

Proposition 1. Let V0,L0 and L0
0 be random vectors in Rp. Let (Vt,Lt) and (V 0

t ,L
0
t) be kinetic

Langevin diffusions defined in equation 30 driven by the same Brownian motion and starting from
(V0,L0) and (V 0

0 ,L
0
0) respectively. It holds for any t > 0 that

����C

Vt � V 0

t
Lt �L0

t

� ���� 6 e�{m^(��M)}t
����C


V0 � V 0

0
L0 �L0

0

� ����, with C =


Ip 0p

Ip �Ip

�
.
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Proof of Proposition 1. Set Yt := Vt � V 0
t + �(Lt �L0

t), Zt := Vt � V 0
t , that is


Zt

Yt

�
= C


Vt � V 0

t
Lt �L0

t

�
.

We note that by the Taylor expansion, we have

rf(Lt)�rf(L0
t) = Ht(Lt �L0

t) ,

where Ht :=
R 1
0 r2f(Lt � x(Lt �L0

t)) dx. By the definition of (Vt,Lt) and (V 0
t ,L

0
t), we find

d

dt
(Vt � V 0

t + �(Lt �L0
t)) = ��Ht(Lt �L0

t)

= �Ht(Yt �Zt) .

Similarly, we obtain

d

dt
(Vt � V 0

t ) = ��(Vt � V 0
t )� �Ht(Lt �L0

t)

= ��Zt �Ht(Yt �Zt) .

This implies

d

dt

⇥
kYtk2 + kZtk2

⇤
= 2Y >

t (�HtYt +HtZt) + 2Z>
t (��Zt �HtYt +HtZt)

6 2
�
�m kYtk2 � �

��Z2
t

��+M kZtk2
�

6 �2(m ^ (� �M))

����


Zt

Yt

� ����
2

.

Invoking Gronwall’s inequality, we get
����


Zt

Yt

� ���� 6 exp
�
� {m ^ (� �M)}t

�����


Z0

Y0

� ����

as desired.

B.2 PROOF OF THEOREM 3

Let #n, vn be the iterates of the KLMC algorithm. Let (Lt,Vt) be the kinetic Langevin diffusion,
coupled with (#n,vn) through the same Brownian motion (Wt; t > 0) and starting from a random
point (L0,V0) / exp(�f(y) + 1

2� kvk
2
2) such that V0 = v0. This means that

vn+1 = vne
�⌘ � �

Z h

0
e��(h�s) dsrf(#n) +

p
2 �

Z h

0
e��(h�s) dWs

#n+1 = #n +

Z h

0

✓
vne

��u � �

Z u

0
e��(u�s) dsrf(#n) +

p
2 �

Z u

0
e��(u�s) dWs

◆
du .

We also consider the kinetic Langevin diffusion, (L0,V 0), defined on [0, h] with the starting point
(#n,vn) and driven by the Brownian motion (Wnh+t �Wnh; t 2 [0, h]). It satisfies

V 0
t = vne

��t � �

Z t

0
e��(t�s)rf(L0

s) ds+
p
2 �

Z t

0
e��(t�s) dWs

L0
t = #n +

Z t

0
V 0
s ds .

Our goal will be to bound the term xn defined by

xn =

����C

vn � Vnh

#n �Lnh

� ����
L2

with C =


Ip 0p

Ip �Ip

�
. (31)
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The triangle inequality yields

xn+1 6
����C


vn � V 0

h
#n �L0

h

� ����
L2

+

����C

V 0
h � Vnh

L0
h �Lnh

� ����
L2

6
����C


vn � V 0

h
#n �L0

h

� ����
L2

+ %xn

6 %xn +
p
2 kvn+1 � V 0

hkL2 + �k#n+1 �L0
hkL2 , (32)

where the second inequality follows from Proposition 1 (see also the proof of (Dalalyan &
Riou-Durand, 2020, Prop. 1)), while the third inequality is a consequence of the elementary inequalityp
a2 + (a+ b)2 6

p
2 a+ b for a, b > 0.

The next lemma gives an upper bound on the terms appearing in the right-hand side of equation 32.
Lemma 4. If rf is M -Lipschitz continuous, then for every step-size ⌘ = �h > 0 and every � > 0,
the following holds

kvn+1 � V 0
hkL2 6 1

6

�
2
p
�p⌘ + 3kvnkL2 + ⌘kgnkL2

 
M�⌘

2eM�⌘
2/2

�k#n+1 �L0
hkL2 6 1

6

�
0.6

p
�p⌘ + kvnkL2 + 0.25⌘kgnkL2 +

�
M�⌘

3eM�⌘
2/2,

where M� = M/�.

For ⌘ 6 0.2 and � > 2M , Lemma 4 implies

kvn+1 � V 0
hkL2 6 M�⌘

2(0.15
p
�p+ 0.51kvnkL2 + 0.17⌘kgnkL2)

�k#n+1 �L0
hkL2 6 M�⌘

3(0.046
p
�p+ 0.17kvnkL2 + 0.043⌘kgnkL2).

Therefore,
p
2 kvn+1 � V 0

hkL2 + �k#n+1 �L0
hkL2 6 M�⌘

2
�
0.23

p
�p+ 0.74kvnkL2 + 0.25⌘kgnkL2).

(33)

Combining equation 32 and equation 33, we get

xn+1 6 %xn +M�⌘
2
�
0.23

p
�p+ 0.74kvnkL2 + 0.25⌘kgnkL2).

From the last display, we infer that

xn 6 %nx0 +M�⌘
2
n�1X

k=0

%n�1�k
�
0.23

p
�p+ 0.74kvkkL2 + 0.25⌘kgkkL2).

This implies that

xn 6 %nx0 +
0.23M�⌘2

p
�p

1� %
+ 0.74M�⌘

2
nX

k=1

%n�k
�
kvk�1kL2 + 0.33⌘kgk�1kL2

�

6 %nx0 +
0.23M�⌘2

p
�p

1� %
+

0.74M�⌘2p
1� %

⇢ nX

k=1

%n�k
�
kvk�1k2L2

+ 0.33⌘2kgk�1k2L2

��1/2

.

In view of equation 29, % 6 1� 0.99m⌘/� and

xn 6 %nx0 + 0.233⌘
p
�p+ 0.74M�⌘

⇢
�⌘

m%

nX

k=0

%n�k
�
kvkk2L2

+ 0.33⌘2kgkk2L2

��1/2

.

Proposition 2. Assume that v0 ⇠ N (0, �Ip) is independent of #0. If � > 5M ,  > 10 and ⌘ 6 1/10
then

⌘
nX

k=0

%n�kkgkk2L2
6 4.42%n� E[f0] +

1.11�2p

m
+ 4.98

�
xn + 0.96

p
�p
�2

⌘
nX

k=0

%n�kkvkk2L2
6 3.93%n�E[f0] +

1.87�2p

m
+ 3.2

�
xn + 0.96

p
�p
�2
.
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We can apply Proposition 2 and % > 0.998 to infer that

xn 6 %nx0 + 0.233⌘
p
�p+ 0.74M�⌘

⇢
�

m%

⇣
3.98%n� E[f0] +

1.87�2p

m
+ 3.25

�
xn + 0.96

p
�p
�2⌘

�1/2

6 %nx0 + 0.233⌘
p
�p+ 0.74M�⌘

⇢
�

m

⇣
3.99%n� E[f0] +

1.88�2p

m
+ 3.26

�
xn + 0.96

p
�p
�2⌘

�1/2

6 %nx0 ++0.233⌘
p
�p+

1.54M⌘p
m

p
%nE[f0] + 0.62

p
 ⌘xn + 0.74M�⌘

⇣1.88�3p
m2

+
3�2p

m

⌘1/2

6 %nx0 + 0.62
p
 ⌘xn +

1.54M⌘p
m

p
%nE[f0] +

M⌘
p
�p

m

�
0.233 + 0.74

p
1.94

⌘
.

Therefore, under the condition
p
 ⌘ 6 0.1,

xn 6 1.07%nx0 +
1.65M⌘p

m

p
%nE[f0] +

1.35M⌘
p
�p

m
.

Finally, one can check that 2x2
n > �2k#n � #̄nk2L2

> �2W2
2(⌫

KLMC
n ,⇡) and x0 = �k#0 �L0kL2 =

�W2(⌫0,⇡). This completes the proof of the theorem.

B.3 PROOF OF PROPOSITION 2 (DISCOUNTED SUMS OF SQUARED GRADIENTS AND
VELOCITIES)

To ease the notation, we set zn := E[v>
n gn] and define

Sn(z) :=
nX

k=0

%n�kzk, Sn(g
2) :=

nX

k=0

%n�k kgkk2L2
,

Sn(f) :=
nX

k=0

%n�kE[fk], Sn(v
2) :=

nX

k=0

%n�kkvkk2L2
.

Throughout the proof, we will need some technical results that will be stated as lemmas and their
proof will be postponed to Appendix B.5.
Lemma 5. If for some M > 0, the gradient rf is M -Lipschitz continuous, then for every step-size
h > 0 and every � > 0 it holds for the KLMC iterates defined in equation 28 that

��zn+1 � (1� ↵⌘)zn + ↵⌘kgnk2L2

�� 6 ⌘M�

�
kvnk2L2

+ 5
8⌘

2kgnk2L2
+ 4

3⌘�p� ↵̃⌘zn
�

for some positive number ↵̃⌘ 6 0.14.

Since M� 6 1/5 and ⌘ 6 0.1, we have

↵� 5
8M�⌘

2 > 1
⌘ (1� e�⌘)� 1

8⌘
2 > 10(1� e�0.1)� 1

80.1
2 > 0.94.

Therefore, we can rewrite the claim of Lemma 5 with the notation �̃ = ⌘M�↵̃ as follows:

zn+1 6 (1� ↵⌘ � �̃⌘)zn + 0.2⌘kvnk2L2
+ 0.67�p⌘2 � 0.94⌘kgnk2L2

.

Lemma 6. Let �̃ 6 0.014 and ⌘ 2 [0, 0.1]. If z0 = 0 and the sequences {zn} ⇢ R, {vn} ⇢ Rp and
{gn} ⇢ Rp satisfy the inequality

zn+1 6 (e�⌘ � �̃⌘)zn + 0.2⌘kvnk2L2
+ 0.67�p⌘2 � 0.94⌘kgnk2L2

(34)

then for every % 2 [0, 1] such that % > e�⌘ , it holds that

Sn(g
2) 6 1.09↵(Sn(z))� + 0.213Sn(v

2) +
0.73⌘�p

1� %
� 1.07zn+1

⌘
, (35)

where (Sn(z))� = max(0, Sn(z)) is the negative part of Sn(z) and ↵ = (1� e�⌘)/⌘.
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In order to get rid of the last term in equation 35, we need a bound on (Sn(z))�. To this end, we use
the smoothness of the function f , in conjunction with equation 28, to infer that

2�E[fn+1 � fn] 6 2�E[g>
n (#n+1 � #n)] +M�k�(#n+1 � #n)k2L2

6 2↵⌘(1� �M�⌘
2)zn � �⌘2(2� �M�⌘

2)kgnk2L2
+M�↵

2⌘2kvnk2L2
+ 2

3M�⌘
3�p

6 2↵0⌘zn � 0.96⌘2kgnk2L2
+ 0.0182⌘kvnk2L2

+ 2
15⌘

3�p

with ↵0 = ↵(1� �M�⌘2) > ↵(1� 0.1⇥ 0.12) > 0.999↵.
Lemma 7. Let ↵0, �, ⌘ > 0. If the sequences {Fn} ⇢ R, {gn} ⇢ Rp and {vn} ⇢ Rp satisfy
Fn > 0 and

2(Fn+1 � Fn) 6 2↵0⌘zn + 0.0182⌘kvnk2L2
+ 2

15⌘
3�p (36)

then, for every % 2 (0, 1), it holds that

↵0(⌘Sn(z))� 6 %nF0 + (1� %)�Sn(F ) + 0.0182⌘Sn(v
2) +

2⌘3�p

15(1� %)
.

In view of the strong convexity of the potential function and the assumption that f(✓⇤) = 0, the
Polyak-Lojasiewicz inequality

fn 6 1
2m kgnk2

holds true. This implies that (1 � %)Sn(f) 6 (⌘/�)mSn(f) 6 1
2 (⌘/�)Sn(g2). Combining this

inequality with the claim of Lemma 7, applied to Fn = �E[fn], we get

0.999↵(Sn(z))� 6 %n�

⌘
E[f0] + 0.5Sn(g

2) + 0.0182Sn(v
2) +

0.14⌘�2p

m
. (37)

Let us now combine equation 35 and equation 37:

Sn(g
2) 6 1.1%n�

⌘
E[f0] + 0.55Sn(g

2) + 0.02Sn(v
2) +

0.16⌘�2p

m

+ 0.213Sn(v
2) +

0.73�2p

m
+

1.07|zn+1|
⌘

6 1.1%n�

⌘
E[f0] + 0.55Sn(g

2) + 0.223Sn(v
2) +

0.75�2p

m
+

1.07|zn+1|
⌘

.

Subtracting 0.55Sn(g2) from both sides and dividing by 0.45, we obtain

Sn(g
2) 6 2.45%n�E[f0]

⌘
+ 0.5Sn(v

2) +
1.7�2p

m
+

2.38|zn+1|
⌘

. (38)

Let us now derive a bound for Sn(v2). We start with the following property, which is a direct
consequence of the definition of vn+1:

kvn+1k2L2
� kvnk2L2

6 �↵⌘(2� ↵⌘)kvnk2L2
� 2↵⌘(1� ↵⌘)zn + ↵2⌘2kgnk2L2

+ 2⌘�p.

Using the same technique as before and applying Lemma 3, we deduce the following:

(%� 1)Sn(v
2)� %n kv0k2L2

= (%� 1)Sn(v
2)� %n�p

6 �↵⌘(2� ↵⌘)Sn(v
2)� 2↵⌘(1� ↵⌘)Sn(z) + ↵2⌘2Sn(g

2) +
2⌘�p

1� %
.

Therefore, since % > 1� m
� ⌘,

(2↵� ↵2⌘ � m
� )⌘Sn(v

2) 6 �2↵⌘(1� ↵⌘)Sn(z) + (↵⌘)2Sn(g
2) +

2.021�2p

m
.

Since ↵ = (1� e�⌘)/⌘ with ⌘ 6 0.1, from the last display, we infer that

Sn(v
2) 6 1.02↵

�
Sn(z)

�
� + 0.51⌘Sn(g

2) +
1.13�2p

m⌘
.
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Combining this inequality with equation 37, implies

Sn(v
2) 6 1.03%n�

⌘
[f0] + 0.562Sn(g

2) + 0.019Sn(v
2) +

0.2⌘�2p

m
+ 0.51⌘Sn(g

2) +
1.13�2p

m⌘

6 1.03%n�

⌘
f0 + 0.62Sn(g

2) + 0.019Sn(v
2) +

1.13�2p

m⌘

Therefore, subtracting 0.019Sn(v2) and dividing by (1� 0.019), we get

Sn(v
2) 6 1.1%n�

⌘
f0 + 0.64Sn(g

2) +
1.16�2p

m⌘
(39)

Combining equation 38 and equation 39, we arrive at

Sn(v
2) 6 1.1%n�

⌘
E[f0] +

1.16�2p

m⌘
+ 0.64

⇣2.45%n�
⌘

E[f0] + 0.5Sn(v
2) +

1.7�2p

m
+

2.38|zn+1|
⌘

⌘

6 2.67%n�

⌘
f0 +

1.27�2p

m⌘
+

1.53|zn+1|
⌘

+ 0.32Sn(v
2).

Therefore, subtracting 0.32Sn(v2) and dividing by (1� 0.32), we get

Sn(v
2) 6 3.93%n�

⌘
f0 +

1.87�2p

m⌘
+

2.25|zn+1|
⌘

.

Once again, combining with equation 38, we get

Sn(g
2) 6 2.45%n�

⌘
E[f0] + 0.5

⇣3.93%n�
⌘

f0 +
1.87�2p

m⌘
+

2.25|zn+1|
⌘

⌘
+

1.7�2p

m
+

2.38|zn+1|
⌘

that leads to

Sn(g
2) 6 4.42%n�

⌘
E[f0] +

1.11�2p

m⌘
+

3.51|zn+1|
⌘

. (40)

The last lemma we need is the one providing an upper bound on |zn+1|.
Lemma 8. For every ⌘ 6 0.1 and � > 5M , we have

|zn+1| 6
�
1.19xn + 1.14

p
�p
�2
,

where xn is given by equation 31.

Using Lemma 8 in conjunction with equation 39 and equation 40, we arrive at the inequalities stated
in Proposition 2.

B.4 PROOF OF LEMMA 4 (ONE-STEP DISCRETIZATION ERROR)

We use the notation

 0(t) = e��t,  1(t) =
1� e��t

�
,  2(t) =

e��t � 1 + �t

�

and note that

 1(t) 6 t,  2(t) 6 0.5�t2.

Furthermore,

kvn+1 � V 0
hkL2 = �

����
Z h

0
e��(h�s)

�
rf(L0

s)�rf(#n)
�
ds

����
L2

6 �

Z h

0
e��(h�s)

��rf(L0
s)�rf(#n)

��
L2

ds

6 M�

Z h

0

��L0
s � #n

��
L2

ds, (41)
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where the last implication is due to the M -smoothness of the potential function f . On the one hand,
for every s 2 [0, h], we have

L0
s � #n =

Z s

0
V 0
u du

=  1(s)vn � �

Z s

0

Z u

0
e��(u�t)

�
rf(L0

t)�rf(#n)
�
dtdu�  2(s) gn

+
p
2 �

Z s

0

Z u

0
e��(u�t) dWt du

=  1(s)vn �  2(s) gn +
p
2 �

Z s

0
 1(t) dWt

� �

Z s

0
 1(s� t)

�
rf(L0

t)�rf(#n)
�
dt.

Therefore,
��L0

s � #n

��
L2

6 s kvnkL2 + 0.5�s2 kgnkL2 +
p

2ps/3 �s+M�

Z s

0
(s� t)

��L0
t � #n

��
L2

dt.

The last inequality combined with s� t 6 h� t allows us to use the Grönwall lemma, which implies
that

��L0
s � #n

��
L2

6
�
s kvnkL2 + 0.5�s2 kgnkL2 +

p
(2/3)ps �s

�
eM�s(h�0.5s)

6
�
skvnkL2 + 0.5�s2 kgnkL2 +

p
(2/3)ps �s

�
e0.5M�h2

. (42)

Combining the last display with equation 41, we get
��vn+1 � V 0

h

��
L2

6
�

1
2kvnkL2 +

1
6⌘kgnkL2 + 0.33

p
�p⌘

 
Mh2�eM�h2/2

6
�

1
2kvnkL2 +

1
6⌘kgnkL2 + 0.33

p
�p⌘

 
M�⌘

2eM�⌘
2/2.

This completes the proof of the first inequality. To prove the second one, we again use the update
rules of ✓n+1 and L0:

��#n+1 �L0
h

��
L2

= �

����
Z h

0

Z t

0
e��2(t�s)

�
rf(L0

s)�rf(#n)
�
ds dt

����
L2

6 �

Z h

0

Z t

0

��rf(L0
s)�rf(#n)

��
L2

ds dt

6 M�

Z h

0

Z t

0

��L0
s � #n

��
L2

ds dt.

The last term can be bounded using equation 42. This yields

�
��#n+1 �L0

h

��
L2

6 M��
3eM�⌘

2/2

Z h

0

Z t

0

�
skvnkL2 + 0.5�s2kgnkL2 +

p
(2/3)ps3 �

�
ds dt

6 M�⌘
3eM�⌘

2/2
�
1
6kvnkL2 +

1
24⌘kgnkL2 + 0.1

p
p⌘�

�

6 (1/6)M�⌘
3eM�⌘

2/2
�
kvnkL2 + 0.25⌘kgnkL2 + 0.6

p
p⌘�

�

as desired.

B.5 PROOFS OF THE TECHNICAL LEMMAS USED IN PROPOSITION 2

B.5.1 PROOF OF LEMMA 5

Since zn = E[g>
n vn], we have
��zn+1 � zn � E[g>

n (vn+1 � vn)]
�� =

��E
⇥
(gn+1 � gn)

>vn+1]
��. (43)
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On the one hand, definition equation 27 of vn+1 yields

E[g>
n (vn+1 � vn)] = �↵⌘E[g>

n vn]� ↵⌘kgnk2L2
. (44)

On the other hand, the Cauchy-Schwartz inequality implies
��E
⇥
(gn+1 � gn)

>vn+1]
�� 6

��gn+1 � gn
��
L2
kvn+1kL2

6 Mk#n+1 � #nkL2kvn+1kL2 .

Similarly, using update rules equation 27 and equation 28 of the KLMC, and the triangle inequality
we get

�2k#n+1 � #nk2L2
6 ⌘2kvnk2L2

+ 1
4⌘

4kgnk2L2
� 2↵�⌘2zn + 2

3⌘
3�p

kvn+1k2L2
6 kvnk2L2

+ ⌘2kgnk2L2
� 2↵⌘(1� ↵⌘)zn + 2⌘�p.

Hence,

�
⌘ k#n+1 � #nkL2kvn+1kL2 6

(�/⌘)2k#n+1 � #nk2L2
+ kvn+1k2L2

2
6 kvnk2L2

+ 5
8⌘

2kgnk2L2
� ↵⌘(� + 1� ↵⌘)zn + 4

3⌘�p. (45)

Therefore, combining equation 43, equation 44 and equation 45, we get
��zn+1 � (1� ↵⌘)zn + ↵⌘kgnk2L2

�� 6 ⌘M�

�
kvnk2L2

+ 5
8⌘

2kgnk2L2
+ 4

3⌘�p
�

� ⌘2M� ↵(� + 1� ↵⌘)| {z }
:=↵̃

zn

with ↵̃⌘ 6 ↵⌘(1.5� ↵⌘) 6 0.14, as desired.

B.5.2 PROOF OF LEMMA 6

We apply inequality equation 34 for every index k 6 n multiply each side by %n�k:

%n�kzk+1 6 (e�⌘ � �̃⌘)%n�kzk + 0.2%n�k⌘kvkk2L2
+ 0.67⌘2�p%n�k � 0.94⌘%n�kkgkk2L2

.

Summing over k, applying Lemma 3 and taking into account that z0 = 0, we get

zn+1 + %Sn(z) 6 (e�⌘ � �̃⌘)Sn(z) + 0.2⌘Sn(v
2) +

0.67⌘2�p

1� %
� 0.94⌘Sn(g

2)

6 (e�⌘ � �̃⌘)Sn(z) + 0.2⌘Sn(v
2) +

0.68⌘2�p

1� %
� 0.94⌘Sn(g

2).

This implies that

0.94⌘Sn(g
2) 6 (%� e�⌘ + �̃⌘)(�Sn(z)) + 0.2⌘Sn(v

2) +
0.68⌘2�p

1� %
� zn+1.

Note that ⇢�e�⌘ > 0 and %�e�⌘+ �̃⌘ 6 1�e�⌘+0.014⌘ 6 1.02(e�⌘�1) = 1.02↵⌘. Therefore,

0.94⌘Sn(g
2) 6 1.02↵⌘(Sn(z))� + 0.2⌘Sn(v

2) +
0.68⌘2�p

1� %
� zn+1.

Dividing both sides of the last display by 0.94⌘, we get

Sn(g
2) 6 1.09↵(Sn(z))� + 0.213Sn(v

2) +
0.73⌘�p

1� %
� 1.07zn+1

⌘
.

This completes the proof of the lemma.
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B.5.3 PROOF OF LEMMA 7

We write inequality equation 36 for all indices k and multiply both sides of it by %n�k. Summing the
obtained inequalities and applying Lemma 3, we obtain the following:

2(%� 1)Sn(F )� 2%nF0 6 2↵0⌘Sn(z) + 0.0.182⌘Sn(v
2) +

2⌘3�p

15(1� %)
,

where the left-hand side is obtained using Lemma 3 and the fact that Fn > 0. Rearranging the terms
and dividing by 2, we obtain

�↵0⌘Sn(z) 6 %nF0 + (1� %)Sn(F ) + 0.0.182⌘Sn(v
2) +

2⌘3�p

15(1� %)
.

Since the right-hand side of the last display is nonnegative, we infer that

↵0(⌘Sn(z))� 6 %nF0 + (1� %)Sn(F ) + 0.0.182⌘Sn(v
2) +

2⌘3�p

15(1� %)
,

which coincides with the claim of the lemma.

B.5.4 PROOF OF LEMMA 8

In view of Lemma 5, we have

|zn+1| 6 (e�⌘ + 0.3⌘2)|zn|+ ⌘kgnk2L2
+ ⌘

�
0.2kvnk2L2

+ 0.2⌘2kgnk2L2
+ 0.027⌘�p

�

6 0.56(kgnkL2 + kvnkL2)
2 + 0.0027�p

6 0.56
�
kgn �rf(Lnh)kL2 + kvn � VnhkL2 +

p
Mp+

p
�p
�2

+ 0.0027�p,

where we have used the facts krf(Lnh)kL2 =
R
krfk2 d⇡ 6 Mp (Dalalyan & Karagulyan, 2019,

Lemma 3) and E[kVnhk2] = �p. Finally, one can note that

kgn �rf(Lnh)kL2 + kvn � VnhkL2 6 0.5�k#n �LnhkL2 + kvn � VnhkL2

6 0.5kvn � Vnh + �(#n �Lnh)kL2 + 1.5kvn � VnhkL2

6
p
5/2xn.

Therefore,

|zn+1| 6
�
1.19xn + 1.09

p
�p
�2

+ 0.0027�p 6
�
1.19xn + 1.14

p
�p
�2
.

This completes the proof of the lemma.
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C THE PROOF OF THE UPPER BOUND ON THE ERROR OF RKLMC

Consider the underdamped Langevin diffusion

dLt = Vt dt, where dVt = ��Vt dt� �rf(Lt) dt+
p
2� dWt (46)

for every t > 0, with given initial conditions L0 and V0. Throughout this section, we assume that
V0 ⇠ Np(0, �Ip) is independent of L0, and the couple (V0,L0) is independent of the Brownian
motion W . We also assume that L0 is drawn from the target distribution ⇡; this implies that the
process (Lt,Vt) is stationary.

In the sequel, we use the following shorthand notation

⌘ = �h, g = rf, fn = f(#n), gn = g(#n), gn+U = g(#n+U ), M� = M/�.

The randomized midpoint discretization—proposed and studied in (Shen & Lee, 2019)—of the
kinetic Langevin process equation 51, can be written as

#n+U = #n +
1� e�U⌘

�
vn �

Z Uh

0
(1� e��(Uh�s)) dsrfn +

p
2

Z Uh

0
(1� e��(Uh�s)) dW̄s

#n+1 = #n +
1� e�⌘

�
vn � ⌘

1� e�⌘(1�U)

�
rfn+U +

p
2

Z h

0
(1� e��(h�s)) dW̄s

vn+1 = vne
�⌘ � ⌘e��(h�Uh)rfn+U +

p
2 �

Z h

0
e��(h�s) dW̄s (47)

where W̄s = Wnh+s �Wnh. We rewrite these relations in the shorter form

#n+U = #n + ��1⌘
�
U ↵̄1vn � U2⌘�̄1 gn + U

p
2U�⌘ �̄1⇠1

�
(48)

#n+1 = #n + ��1⌘
�
↵̄2vn � ⌘�̄2 gn+U +

p
2�⌘ �̄2⇠2

�
(49)

vn+1 = vn � ⌘↵̄2vn � 2⌘�̄3gn+U +
p
2�⌘ �̄3⇠3 (50)

where ↵̄1, �̄1, �̄2, �̄3 and �̄1 are positive random variables (with randomness inherited from U only)
satisfying

↵̄1 6 1, �̄1 6 1/2, �̄2 6 1� U 6 1, �̄3 6 1/2, �̄2
1 6 1/3

and E[�̄2] 2 [0.468, 0.5]. Similarly, ↵̄2, �̄2 and �̄3 are positive real numbers depending on � and h
such that

↵̄2 6 1, �̄2
2 6 1/3, �̄2

3 6 1.

We define

v̄n+1 := EU [vn+1], #̄n+1 := EU [#n+1].

The solution to SDE equation 46 starting from (vn,#n) at the n-th iteration at time h admits the
following integral formulation

L0
t = #n +

Z t

0
V 0
sds

V 0
t = vne

��t � �

Z t

0
e��(t�s)rf(L0

s) ds+
p
2 �

Z t

0
e��(t�s)dWnh+s . (51)

These expressions will be used in the proofs provided in the present section. Furthermore, without
loss of generality, we assume that the f(✓⇤) = min✓2Rp f(✓) = 0.

C.1 SOME PRELIMINARY RESULTS

We start with some technical results required to prove Theorem 2. They mainly assess the
discretisation error as well as discounted sums of squared gradients and velocities.
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Lemma 9 (Precision of the mid-point). For every h > 0, it holds that

k#n+U �L0
UhkL2 6 ��1M�⌘

3eM�⌘
2/2

⇣
0.065⌘kgnkL2 + (1/6)kvnkL2 +

p
⌘�p/54

⌘
.

Lemma 10 (Discretization error). Let (L0
t,V

0
t ) be the exact solution of the kinetic Langevin diffusion

starting from (#n,vn). If � > M and h > 0, it holds that

�k#̄n+1 �L0
hkL2 6

M2
�⌘

5eM�⌘
2/2

p
3

⇣
0.065⌘kgnkL2 + (1/6)kvnkL2 +

p
⌘�p/54

⌘

�k#n+1 � #̄n+1kL2 6 M�⌘
3
�
0.26kvnkL2 + 0.106

p
⌘�p

�
+
⌘2p
3

�
0.12M�⌘

2 + 1
�
kgnkL2

kv̄n+1 � V 0
hkL2 6 M2

�⌘
4eM�⌘

2/2
⇣
0.065⌘kgnkL2 + (1/6)kvnkL2 +

p
⌘�p/54

⌘

kvn+1 � v̄n+1kL2 6 M�⌘
2
�
0.82kvnkL2 + 0.41

p
⌘�p

�
+
⌘2p
3

�
0.55M�⌘ + 1)

��gn
��
L2
.

Corollary 4. If � > 2M and ⌘ 6 1/5, it holds that

�k#̄n+1 �L0
hkL2 6M2

�⌘
5
�
0.038⌘kgnkL2+ 0.098kvnkL2+ 0.084

p
⌘�p

�
,

�k#n+1 � #̄n+1kL2 6 ⌘2
�

0.578kgnkL2+ 0.02kvnkL2+ 0.005
p
⌘�p

�
,

kv̄n+1 � V 0
hkL2 6M2

�⌘
4
�
0.066⌘kgnkL2+ 0.168kvnkL2+ 0.137

p
⌘�p

�
,

kvn+1 � v̄n+1kL2 6 ⌘2
�

0.591
��gn

��
L2
+ 0.164kvnkL2+ 0.082

p
⌘�p

�
.

Proposition 3. If � > 5M and ⌘ 6 1/5, then, for any n 2 N, the iterates of the RKLMC satisfy

⌘
nX

k=0

%n�kkvkk2L2
6 18.8%n�E[f0] + 3.92(xn + 1.5

p
�p)2 +

10.6�2p

m
,

⌘
nX

k=0

%n�kkgkk2L2
6 21.7%n�E[f0] + 4.88(xn + 1.5

p
�p)2 +

11.2�2p

m
,

where % = exp(�mh) and xn =
�
kvn � Vnhk2L2

+ kvn � Vnh + �(#n �Lnh)k2L2

�1/2.

Proof of Proposition 3. We use the same shorthand notation as in the previous proofs and assume
without loss of generality that ✓⇤ = 0. Let us define zk = E[v>

k gk], and

Sn(z) :=
nX

k=0

%n�kzk, Sn(g
2) :=

nX

k=0

%n�k kgkk2L2
,

Sn(f) :=
nX

k=0

%n�kE[fk], Sn(v
2) :=

nX

k=0

%n�kkvkk2L2
.

We will need the following lemma, the proof of which is postponed.

Lemma 11. For any � > 0 and h > 0 satisfying � > 5M and any ⌘ 6 1/5, the iterates of the
randomized midpoint discretization of the kinetic Langevin diffusion satisfy

kvn+1k2L2
6(1� 1.47⌘)kvnk2L2

� 2↵̄2⌘E[v>
n gn]+ 2⌘2kgnk2L2

+2.12�⌘p (52)

E[v>
n+1gn+1] 6 0.51⌘kvnk2L2

+(1� ↵̄2⌘)E[v>
n gn]� 0.97⌘kgnk2L2

+0.9⌘2�p (53)

�E[fn+1 � fn] 6 0.28⌘2kvnk2L2
+ ↵̄2⌘E[v>

n gn]� 0.46⌘2kgnk2L2
+0.09⌘3�p.

From the first inequality equation 52 in Lemma 11, we infer that
S+1
n (v2) 6 (1� 1.47⌘)Sn(v

2)� 2↵̄2⌘Sn(z) + 2⌘2Sn(g
2) + 2.12�2p/m.

In view of Lemma 3 and the fact that kv0k2L2
= �p, this implies that

1.47⌘Sn(v
2) + 2↵̄2⌘Sn(z) 6 Sn(v

2)� S+1
n (v2) + 2⌘2Sn(g

2) + 2.12�2p/m

6 (1� %)Sn(v
2) + 2⌘2Sn(g

2) + 2.12�2p/m+ �p.
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Note that 1� % 6 m⌘
� 6 0.02⌘. Therefore, we obtain

(1.47� 0.02)Sn(v
2) + 2↵̄2Sn(z) 6 2⌘Sn(g

2) +
2.14�2p

m⌘
,

that is equivalent to

Sn(v
2) 6 1.38↵̄2Sn(z)� + 1.38⌘Sn(g

2) +
1.48�2p

m⌘
. (54)

The second step is to use the second inequality equation 53 of Lemma 11. Note that m⌘/� 6 1/500
implies 1� % > 0.998m⌘/�. It then follows that

S+1
n (z) = (1� ↵̄2⌘)Sn(z)� 0.97⌘Sn(g

2) + 0.51⌘Sn(v
2) + 0.9⌘�2p/m.

This inequality, combined with Lemma 3, yields
0.97⌘Sn(g

2) 6 �(↵̄2⌘ + %� 1)Sn(z) + 0.51⌘Sn(v
2) + |zn+1|+ 0.9⌘�2p/m

6 ↵̄2⌘Sn(z)� + 0.51⌘Sn(v
2) + |zn+1|+ 0.9⌘�2p/m.

This can be rewritten as

Sn(g
2) 6 1.03↵̄2Sn(z)� + 0.53Sn(v

2) +
1.03|zn+1|

⌘
+

0.93�2p

m
. (55)

Let us now proceed with a similar treatment for the last inequality of Lemma 11. Applying Lemma 3,
we get S+1

n (f) > %Sn(f)� %n+1E[f0] > (1�m⌘/�)Sn(f)� %n+1E[f0], which leads to

�m⌘Sn(f) 6 %n+1�E[f0] + 0.28⌘2Sn(v
2) + ↵̄2⌘Sn(z)� 0.46⌘2Sn(g

2) + 0.09
⌘2�2p

m
.

From this inequality, and the Polyak-Lojasievicz condition, one can infer that

↵̄2Sn(z)� 6 %n+1�E[f0]/⌘ + 0.28⌘Sn(v
2) + (0.5� 0.46⌘)Sn(g

2) + 0.09
⌘�2p

m
. (56)

Combining equation 56 with equation 54, we get

Sn(v
2) 6 1.38

⇣
%n+1�E[f0]/⌘ + 0.28⌘Sn(v

2) + (0.5� 0.46⌘)Sn(g
2) + 0.09

⌘�2p

m

⌘

+ 1.38⌘Sn(g
2) +

1.48�2p

m⌘
.

Since ⌘ 6 0.2, it follows then

Sn(v
2) 6 0.8

⇣
Sn(g

2) +
1.8%n�

⌘
E[f0] +

2�2p

m⌘

⌘
. (57)

Similarly, combining equation 56 and equation 55, we get

Sn(g
2) 6 1.03

⇣
%n�E[f0]/⌘ + 0.28⌘Sn(v

2) + (0.5� 0.46⌘)Sn(g
2) + 0.09

⌘�2p

m

⌘

+ 0.53Sn(v
2) +

1.03|zn+1|
⌘

+
0.93�2p

m
.

Since ⌘ 6 0.2, it follows then

Sn(g
2) 6 1.05Sn(v

2) +
1.94%n�

⌘
E[f0] +

1.94|zn+1|
⌘

+
0.94�2p

m
. (58)

Equations equation 57 and equation 58 together yield

Sn(g
2) 6 0.84

⇣
Sn(g

2) +
1.8%n�

⌘
E[f0] +

2�2p

m⌘

⌘
+

1.94%n�

⌘
E[f0] +

1.94|zn+1|
⌘

+
0.94�2p

m

6 0.84Sn(g
2) +

3.46%n�

⌘
E[f0] +

1.94|zn+1|
⌘

+
1.78�2p

m⌘
.
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Hence, we get

Sn(g
2) 6 21.7%n�

⌘
E[f0] +

12.2|zn+1|
⌘

+
11.2�2p

m⌘
.

Using once again equation equation 57, we arrive at

Sn(v
2) 6 0.8

⇣21.7%n�
⌘

E[f0] +
12.2|zn+1|

⌘
+

11.2�2p

m⌘
+

1.8%n+1

⌘
E[f0] +

2�2p

m⌘

⌘
,

which is equivalent to

Sn(v
2) 6 18.8%n�

⌘
E[f0] +

9.8|zn+1|
⌘

+
10.6�2p

m⌘
.

To complete the proof of the proposition, it remains to establish the suitable upper bound on |zn+1|.
To this end, we note that

kgnkL2
6 M k#n �LnhkL2

+
p
Mp

6 0.2 k�(#n �Lnh)kL2
+
p
0.2�p

6 0.3(xn + 1.5
p
�p)

kvnkL2
6 kvn � VnhkL2

+
p
�p

6 kvn � VnhkL2
+
p
�p

6 xn +
p
�p.

Then, following the same steps as those used in the proof of the second inequality of Lemma 11, one
can infer that

|zn+1| 6 |zn|+ 0.97⌘kgnk2L2
+ 0.51⌘kvnk2L2

+ 0.09⌘2�p

6 kgnkL2kvnkL2 + 0.1kgnk2L2
+ 0.051kvnk2L2

+ 0.001�p

6 1.1kgnk2L2
+ 0.301kvnk2L2

+ 0.001�p

6 0.099(xn + 1.5
p
�p)2 + 0.301(xn + 1.1

p
p)2

6 0.4
�
xn + 1.5

p
p
�2
.

This completes the proof of the proposition.

C.2 PROOF OF THEOREM 2

Let #n+U ,#n+1,vn+1 be the iterates of Algorithm. Let (Lt,Vt) be the kinetic Langevin diffusion,
coupled with (#n,vn) through the same Brownian motion and starting from a random point
(L0,V0) / exp(�f(✓) � 1

2kvk
2) such that V0 = v0. Let (L0

t,V
0
t ) be the kinetic Langevin

diffusion defined on [0, h] using the same Brownian motion and starting from (#n,vn).

Our goal will be to bound the term xn defined by

xn =

����C

vn � Vnh

#n �Lnh

� ����
L2

with C =


Ip 0p

Ip �Ip

�
.

To this end, define

v̄n+1 = EU [vn+1], #̄n+1 = EU [#n+1].

Since (V(n+1)h,L(n+1)h) are independent of U , we have

x2
n+1 =

����C

vn+1 � v̄n+1

#n+1 � #̄n+1

� ����
2

L2

+

����C

v̄n+1 � V(n+1)h

#̄n+1 �L(n+1)h

� ����
2

L2

.
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Using the triangle inequality and Proposition 1 (See also Proposition 1 from (Dalalyan & Riou-Durand,
2020)), we get

����C

v̄n+1 � V(n+1)h

#̄n+1 �L(n+1)h

� ����
L2

6
����C


v̄n+1 � V 0

h
#̄n+1 �L0

h

� ����
L2

+

����C

V̄ 0
h � V(n+1)h

L̄0
h �L(n+1)h

� ����
L2

6
����C


v̄n+1 � V 0

h
#̄n+1 �L0

h

� ����
L2

+ %xn

where % = e�mh. Combining these inequalities, we get

x2
n+1 6

�
%xn + yn+1

�2
+ z2n+1

where

yn+1 =

����C

v̄n+1 � V 0

h
#̄n+1 �L0

h

� ����
L2

, zn+1 =

����C

vn+1 � v̄n+1

#n+1 � #̄n+1

� ����
2

L2

.

This yields6

xn 6 %nx0 +
nX

k=1

%n�kyk +

✓ nX

k=1

%2(n�k)z2k

◆1/2

6 %nx0 +

✓
1

1� %

nX

k=1

%n�ky2k

◆1/2

+

✓ nX

k=1

%2(n�k)z2k

◆1/2

,

where the second inequality follows from the Cauchy-Schwarz inequality and the formula of the sum
of a geometric progression. Using the fact that kC[a, b]>k2 = kak2+ka+�bk2 6 3kak2+2�2kbk2,
we arrive at

y2n+1 6 3kv̄n+1 � V 0
hk2L2

+ 2�2k#̄n+1 �L0
hk2L2

,

z2n+1 6 3kvn+1 � v̄n+1k2L2
+ 2�2k#n+1 � #̄n+1k2L2

.

We then have

xn 6 %nx0 +

✓
1.001�

m⌘

nX

k=1

%n�k(3kv̄k � V 0
hk2L2

+ 2�2k#̄k �L0
hk2L2

)

◆1/2

+

✓ nX

k=1

%2(n�k)(3kvk � v̄kk2L2
+ 2�2k#k � #̄kk2L2

)

◆1/2

. (59)

By Corollary 4, we find

kv̄k � V 0
hk2L2

6 M4
�⌘

8
⇣
0.066⌘kgk�1kL2 + 0.168kvk�1kL2 + 0.137

p
⌘�p

⌘2

6 0.23M�⌘
8 ⇥ 0.0514

�
⌘2kgk�1k2L2

+ kvk�1k2L2
+ ⌘�p

�
,

�2k#̄k �L0
hk2L2

6 M4
�⌘

10
⇣
0.038⌘kgk�1kL2 + 0.098kvk�1kL2 + 0.084

p
⌘�p

⌘2

6 0.23M�⌘
8 ⇥ 0.0002

�
⌘2kgk�1k2L2

+ kvk�1k2L2
+ ⌘�p

�

kvk � v̄kk2L2
6 ⌘4

⇣
0.591kgk�1kL2 + 0.164kvk�1kL2 + 0.082

p
⌘�p

⌘2

6 ⌘4 ⇥ 0.39
�
kgk�1k2L2

+ kvk�1k2L2
+ ⌘�p

�
,

�2k#k � #̄kk2L2
6 ⌘4

⇣
0.578kgk�1kL2 + 0.02kvk�1kL2 + 0.005

p
⌘�p

⌘2

6 ⌘4 ⇥ 0.32
�
kgk�1k2L2

+ kvk�1k2L2
+ ⌘�p

�

6One can check by induction, that if for some sequences xn, yn, zn and some % 2 (0, 1) it holds that
x2
n+1 6 (%xn + yn+1)

2 + z2n+1, then necessarily xn 6 %nx0 +
Pn

k=1 %
n�kyk + (

Pn
k=1 %

2(n�k)z2k)
1/2 for

every n 2 N.
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Therefore, we infer from equation 59 that

xn 6 %nx0+

✓
�

m⌘

nX

k=0

0.22M�⌘
8 ⇥ 0.031%n�k

�
⌘2kgkk2L2

+ kvkk2L2
+ ⌘�p

�◆1/2

+

✓ nX

k=0

1.82⌘4%2(n�k)
�
kgkk2L2

+ kvkk2L2
+ ⌘�p

�◆1/2

.

From Proposition 3 it then follows that

⌘
nX

k=0

%n�k
�
⌘2kgkk2L2

+ kvkk2L2
+ ⌘�p

�
6 18.9%n�E[f0] + 3.97(xn + 1.5

p
�p)2 +

10.8�2p

m
,

⌘
nX

k=0

%2(n�k)
�
kgkk2L2

+ kvkk2L2
+ ⌘�p

�
6 40.5%n�E[f0] + 8.8(xn + 1.5

p
�p)2 +

21.9�2p

m
.

This yields

xn 6 %nx0+0.036⌘3
p

⇣
18.9%n�E[f0] + 3.97(xn + 1.5

p
�p)2 +

10.8�2p

m

⌘1/2

+⌘3/2
⇣
74%n�E[f0] + 16(xn + 1.5

p
�p)2 +

40�2p

m

⌘1/2

6 %nx0+(0.072⌘3
p
+ 4⌘3/2)xn + (0.16⌘3

p
+ 8.7⌘3/2)

p
%n�E[f0]

+0.12⌘3�
p
p/m+ 6.4⌘3/2�

p
p/m.

We assume that ⌘1/6 6 0.1, which implies that

xn 6 %nx0 + 0.072xn + 0.16
p
%n�E[f0] + 0.12⌘3�

p
p/m+ 6.4⌘3/2�

p
p/m.

Rearranging the display leads to

xn 6 1.08%nx0 + 0.18
p
%n�E[f0] + 0.12⌘3�

p
p/m+ 6.9⌘3/2�

p
p/m.

Finally, we use the fact that x0 = �W2(⌫0,⇡) and xn > �W2(⌫n,⇡)/
p
2 to get the claim of the

theorem.

C.3 PROOFS OF THE TECHNICAL LEMMAS

We now provide the proofs of the technical lemmas that we used in this section.

C.3.1 PROOF OF LEMMA 9

By the definition of #n+U , we have

k#n+U �L0
Uhk 6
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�
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s)
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���� ds
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0)�rf(L0

Uht)
�� dt

6 Mh⌘U2
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0
(1� t)

��L0
0 �L0

Uht

�� dt,
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where in the last inequality we have used the Lipschitz property of rf and the inequality 1 �
e�U⌘(1�t) 6 U⌘(1� t). By taking the expectation wrt to U , we get

EUk#n+U �L0
Uhk2 6 M2h2⌘2EU


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⇢Z 1

0
(1� t)

��L0
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�� dt
�2�
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��L0
0 �L0

Uht

��2 dt
�

6 M2h2⌘2

3
EU [U

3]

Z 1

0

��L0
0 �L0

ht

��2 dt.

Hence, we obtain in view of eq. (42)
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0
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0 �L0
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2�2p(ht)3

3
+ htkvnkL2 +

�(ht)2

2
krf(#n)kL2

◆2

dt

6
��2M2

�⌘
6eM�⌘

2

12

⇢p
(2/3)⌘�p+

p
1/3 kvnkL2 +

p
0.05�hkrf(#n)kL2

�2

.

Taking the square root of the two sides of the inequality, we get the claim of the lemma.

C.3.2 PROOF OF LEMMA 10

By the definition of #n+1, we have

k#̄n+1 �L0
hk =

���EU

h
h
�
1� e��(h�Uh)

�
rf(#n+U )

i
�
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�
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s) ds
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���EU

h
h
�
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�
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� hEU
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�
krfn+U �rf(L0

Uh)k
i

6 M�⌘
2EU

h
(1� U)k#n+U �L0

Uhk
i
,

where in the last inequality follows from the smoothness of function f and the fact that 1 �
e��(h�Uh) 6 �(1� U)h. Using the Cauchy-Schwarz inequality, we get

k#̄n+1 �L0
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Uhk2
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=
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3
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⇤
.

By Lemma 9, we then obtain

k#̄n+1 �L0
hkL2 6 M�⌘2p

3
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UhkL2

6
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3�

⇣
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p
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This completes the proof of the first claim.

Using the definition of #n+1, and the fact that the mean minimizes the squared integrated error, we
get

k#n+1 � #̄n+1kL2 = h
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�
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Recall that Ū = 1� U , combining this with the last display and the triangle inequality yields

k#n+1 � #̄n+1kL2 6 h
���
�
1� e�⌘Ū

��
rfn+U �rfn

����
L2

+ h
���
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�
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���
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6 M�⌘
2
��Ū(#n+U � #n)

��
L2

+ h⌘kŪkL2kgnkL2 . (60)

In view of equation 48, we get
��(1� U)(#n+U � #n)

��2
L2

= E
h
(1� U)2

⇣
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210�2
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90�
.

In addition, k1� UkL2 =
p
1/3. Therefore, we infer from equation 60 that
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Numerical computations complete the proof of the second claim.

By the definition equation 50 of vn+1, we have

kv̄n+1 � V 0
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����EU
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By Lemma 9, we obtain the third claim of the lemma.

In view of equation 47, and the fact that the expectation minimizes the mean squared error, we have
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The last display, the notation Ū = 1� U and the triangle inequality imply that
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�
rfn+U �rfn

���
L2

+ �h
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In view of equation 48, we get
��#n+U � #n
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h
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The last claim of the lemma follows from the previous display and equation 61.

C.3.3 PROOF OF LEMMA 11

From equation 48, equation 49 and equation 50, it follows that
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where in the last step we have used equation 62 and the fact that M�⌘2/2 6 ⌘2/8 6 1/200. A bit
more precise computations also yield
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Taking the squares of this inequality, we get
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This implies that for � > 5M and ⌘ 6 1/5, we have
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Since for ⌘ 6 0.2 we have ↵̄2 > 0.9, we get (1 � ↵̄2⌘)2 + 0.2M�⌘2 + 5.4M�(2⌘2/3) 6 (1 �
0.9⌘)2 + 0.008⌘ + 0.16⌘ 6 1� 1.47⌘. Therefore,
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The next step is to get an upper bound on E[v>
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n gn] in order to prove equation 53. To
this end, we first note that
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From equation 63 and equation 65, we also infer that
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Therefore, this bound and some elementary computations yield
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Grouping the terms, and using the fact that M�⌘ 6 1/25, we arrive at
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Similarly, using the Lipschitz property of rf and equation 64, we get
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Grouping the terms, and using the fact that M�⌘2 6 1/50, we arrive at

�E[fn+1 � fn] 6 ↵̄2⌘E[v>
n gn]� 0.46⌘2kgnk2L2

+ 0.28⌘2kvnk2L2
+ 0.09⌘3�p.

This completes the proof of the lemma.
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