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A  ADDITIONAL EXPERIMENTS

The goal of this paper is to develop a model architecture that is optimal in harmonic and
number of tokens and can learn good representations across a variety of tasks. We summarize
our benchmarking results in 7.

Table 7: Summary of benchmarking results across datasets. Black checkmarks = our reproduced
results, blue checkmarks = results from original papers.

Method Year QM9 ModelNet40 Robotic N-body
Classification = Grasp

FEquivariant Methods

SEGNN 2021 v v v vV
SE(3)-Transformer 2020 vV v v a4
SE(3)-Hyena* 2025 — v v vV
Equiformer-V2 2023 v — v v
GATr 2025 v — — vV
Non-Equivariant Methods
DGCNN 2018 — vV v vV
PointNet++ 2017 — vV — —

*Our implementation

B OBJECT GRASPING DATASET

As mentioned in the main text, we benchmark on a custom robotic grasping dataset. Robotic
grasping fundamentally depends on object geometry, and high precision robotic grasping is
a difficult problem because it requires both fine angular resolution and large context window.
Our dataset consists of 400 samples, each of which consists of a point cloud, a set of surface
normal vectors, an optimal grasp orientation (represented as a 3 x 3 matrix), a optimal grasp
depth (which is a single positive real number) and an optimal grasp location (i.e. the index
of one point in the point cloud). Each group of 100 samples has point cloud resolutions of
512, 1024, 2048, and 4096 points, respectively. Our dataset will be made publicly available.

B.0.1 SURFACE NORMAL PREDICTION

In the first task, we the model is given the point cloud and must predict the surface normals.
This task has inherent SO(3)-symmetry as the normal vectors are rotated if the point cloud
is rotated. We use a 80 — 10 split for train and test data. Each model is given N input
vectors (type 1 features) and must output N vectors (type 1) features. We benchmarked
each of the baselines methods using the same model parameters as model net classification.
Harmonics and nearest neighbors were chosen to be the max amount that fit on memory.
Each training run was done on 8 NVIDIA v100 GPUs. Each model was trained for 500
epochs.

B.0.2 GRASPING

To better simulate real-world settings, we begin by sampling an object and dropping it onto
a table. We then randomly select n camera views to capture depth images. These depth
images are projected into 3D space using the corresponding camera matrices to generate point
clouds. We segment out the table from each raw point cloud and apply the Farthest Point
Sampling (FPS) algorithm to downsample the remaining points to the desired resolution,
ensuring no duplicate points. To obtain the optimal grasp pose, we first sample an approach
point, an orientation, and a grasp depth. We then execute the grasp and evaluate its success
by checking whether the object can be lifted and remains secure during a sequence of gripper
shaking motions.
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B.0.3 GRASP PREDICTION

In the grasp prediction task, the model is given the point cloud and the surface normals and
must predict a distribution for optimal grasp location, an optimal grasp orientation and an
optimal grasp depth. It should be noted that many of these objects have symmetries, and
can have multiple optimal grasp locations. We define the weighted distance error as

D(ptruevpmodel) = /deTI Ptrue (T)d(’l’, r/)pmodel(rl)

which measure the optimal transport distance between the true distribution py,.. and the
model output ppode;- Grasping is an inherently difficult task as finding the optimal grasp
location requires processing information about the global properties of the the object. For
this reason, we expect that local attention methods will have difficulty with this task.

C ADDING PERMUTATION EQUIVARIANCE

One limitation of Moskalev et al. (2024) is that the Fourier decomposition breaks permutation
equivariance. Specifically, the introduction of the choice of ordering to compute the Fourier
basis breaks that natural permutation equivariance of points. We say that a transformer is
permutation equivariant if under the input transformation w; — uq(;) the queries, keys and
values are transformed via the permutation

TG = Go(i)s ki = ko(i), Vi = V(i)
so that the attention matrix transforms as

Qij =7 Qo(i)o(j)

Transformers without positional embeddings are naturally permutation invariant, and permut-
ing inputs results in a different permutation of outputs. Methods like deep set transformer Lee
et al. (2019) enforce permutation invariance by adding additional weight tying constraints.
The method proposed in Moskalev et al. (2024) is not permutation invariant as it relies on
Hyena attention Poli et al. (2023), which is itself not permutation equivariant. Transformer
permutation equivariance is key for point cloud operations and simulation of atomic systems
(which are, by the uncertainty principle, indistinguishable). Models which are not hardcoded
to be permutation invariant will not be able to automatically generalize to permutations
of the input graph. We tested numerous methods for enforcing permutation equivariance,
discussed in appendix E. In general, we found that data augmentation with regularization or
Fourier space attention was optimal. We describe the Fourier space attention in this section,
and two other methods, along with ablation study, are discussed in appendix E.

C.0.1 FOURIER SPACE ATTENTION

The Fourier transform on graphs extends classical Fourier analysis to signals defined on the
vertices of a graph. Let G = (V, E) be an undirected graph with n nodes, and let L € R**"
denote its (combinatorial) normalized graph Laplacian, defined as L = I — D=2 AD"3,
where A is the adjacency matrix, D is the degree matrix and I is the identity matrix. The
graph Laplacian L is symmetric and positive semi-definite, it admits an eigendecomposition
L = UNUT where U = [uy,...,u,] is an orthonormal matrix of eigenvectors and A =
diag(Aq1,...,A,) is the diagonal matrix of positive eigenvalues. The eigenvectors of L form
the basis for the graph Fourier transform. For a signal 2 € R"*¢ defined on the graph’s
nodes, its GFT is given by # = Uz with the inverse GFT is = U#. Intuitively, the
eigenvectors of the Laplacian serve as generalized “Fourier modes” on the graph, and the
eigenvalues correspond to their frequencies. This spectral perspective enables convolution
and filtering operations on graphs by manipulating the signal in the frequency domain. Let
x € R™*? be a signal on the graph and g € R"*?%?" be a filter. The graph convolution in
frequency space is defined as:

exqg=U(U"g)® U 2)=U(G0o)

where & = U'x, § = U'"g are the signal and filter Fourier transforms, and ® denotes
element-wise multiplication. This operation corresponds to pointwise multiplication in the
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spectral domain followed by an inverse transform. The convolution in Fourier space is
permutation equivariant. To see this, note that under a permutation of inputs, the Laplacian
matrix transforms as L — U, LU, I where U, denotes the matrix that is a permutation of
inputs. Thus, the diagonalization of L transforms as

L=UANU""' - U, LU;' = U, [UNU YU = [U,UJA[U U, Y
so the matrix U transforms as U — U,U. Thus, under rank spectral convolution,
excg=U(UTg)® (U x) = UU((U"g)®(U'x)) =Us(xxc 9)

so the spectral convolution x x¢ ¢ is permutation equivariant.

D MOoDEL BASELINES

In this section, we describe the model baselines in more depth. We split models into two
categories, equivariant and non-equivariant. For fairness, both model categories were always
trained using data augmentation.

D.1 NON-EQUIVARIANT MODELS

For the non-equivariant models, we use DGCNN Wang et al. (2019) and PointNet++ Qi
et al. (2017).

DGCNN (Dynamic Graph CNN) constructs local neighborhood graphs in each layer and
applies convolution-like operations on edges, allowing the model to capture local geometric
structures. DGCNN only utilizes local operations, and may have issues modeling long range
dependencies.

PointNet++ extends the original PointNet by applying hierarchical feature learning on
nested partitions of the input point set, capturing both local and global context in point
clouds. PointNet+-+ specifically uses layers designed to capture information across multiple
length scales, which may explain its excellent performance, despite not being equivariant.

D.2 EQUIVARIANT MODELS

For the equivariant models, we benchmark against Tensor Field Networks Thomas et al.
(2018), SE3-transformer Fuchs et al. (2020), SEGNN Brandstetter et al. (2022) and SE3-
Hyena Moskalev et al. (2024).

TFN Tensor Field Networks (TFNs) Thomas et al. (2018) are 3D rotation and translation
equivariant networks that associate each point with features transforming under irreducible
representations of SO(3). Using spherical harmonics and learnable radial functions, TFNs
perform equivariant convolutions over point clouds or molecules.

SE3-Transformer The SE(3)-Transformer Fuchs et al. (2020) builds on the tensor field
network for point clouds with SE(3)-equivariance. It uses self-attention and tensor-based
operations to model interactions in 3D space, making it effective for tasks like molecular
modeling.

SEGNN SEGNN Brandstetter et al. (2022) is a message passing neural network that ensures
SE(3)-equivariance by representing features with SO(3) irreducibles. SEGNN is designed
to model physical quantities that transform under 3D symmetries. Another contribution of
Brandstetter et al. (2022) was to formalize the connection between message passing methods
and transformers.

SE(3)-Hyena SE(3)-Hyena Moskalev et al. (2024) is the most similar method we compare
to. It introduces SE(3)-equivariant Hyena operators that combine hierarchical long-range
interactions with invariant and vector representations.

D.3 TENSOR PRODUCT ABLATION

We explain in more depth the tensor product computation.
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D.3.1 RELATED WORK

The tensor product non-linearity requires significant memory usage. Numerous methods have
been developed to reduce the computational complexity of the tensor product. The Gaunt
tensor product method Liao and Smidt changes the Clebsch-Gordan tensor product to the
overlap of three spherical harmonics, resulting in an O(L?) complexity. However, as pointed
out in Xie et al. (2024), the Gaunt tensor product is unable to distinguish parity, which
makes it unsuitable for many molecular data processing applications where distinguishing
compounds of different chirality is essential (i.e. thalidomide disaster). A different line of
work attempts to speed up the tensor product operation using the fast fourier transform
on the sphere. The Fourier transform on groups relates SO(3) features to functions on the
sphere. The tensor product of SO(3) features is directly related to their product in real
space. However, spherical Fourier transforms often suffer from numerical accuracy issues,
and this problem is exacerbated on GPU.

Table 8: Comparison of Tensor Product Methods

Method Year Scaling GPU Parallelized?
Naive Method O(L") yes
Sparse Method O(L?) yes
Gaunt Tensor Product 2024 O(L?) yes
Fourier Transform (HEALPix) 2022 O(L3) no
Fourier Transform (ssht) 2011 O(L3) yes
Fourier Transform (s2fft) 2024 O(L3) yes
Fourier Transform Driscoll and Healy (1994) 1995  O(L?log?(L)) no
Fourier Transform Suda and Takami (2002) 2002 O(L?log L) no

Table 9: Summary of Tensor product methods. The methods based on Fourier transformation have
some issues with numerical accuracy and large constant memory cost, and may be suboptimal.

D.3.2 PROBLEM STATEMENT

Let {f‘}L_, and {g*}L_, be a set of input features band-limited (of degree £) at L. We wish
to compute the full tensor product

hJ:ZCéJZ/]M@gg/
4

for all J in the range 0,1,2, ..., Lyy:, where L, is the maximum output harmonic. Features
have additional head and channel dimensions. Separate heads do not interact. If two input
features have channel dimension m and m’, the tensor product of these features has channel
dimension m - m’. Now, using the tensor product decomposition

L+

tel'= @ &k
\

k=|¢—¢'

the naive complexity of computing this tensor product is given by computing every term
in the expansion of h”7. The total computational complexity of computing the single term
CY,ff @ g* involves contraction of a tensor of size (2J + 1)(2¢ + 1)(2¢' + 1) and tensors of
size (20 + 1) and (2¢' + 1) for a total complexity of O((2J + 1)(2¢ + 1)(2¢' + 1)). Thus, the
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total complexity of computing each term in the tensor product is

L
RO > O(lij) = O(L?)
ij=1,]i—j|=1
L
pte Y 0G3ij) = O(L?)
ij=1,i—j|=2
L
rbe > O((2L+1)ij) = O(LY)
ij=1,|i—j|=L

Thus, the total computational complexity of computing all the resultant terms h”’ is O(LS).

D.3.3 SPARSITY

However, the fact that the matrix C’ZJW is sparse can be used to reduce the computational
overhead. Specifically, in the real basis, harmonics are zero only when M = +m + +'m/
Thus, the matrix multiplication

h' = Clfe® g

can be performed by computing the non-zero elements of Cj,. There are (2¢ + 1)(2¢' + 1)
such non-zero matrix entries. Thus, the computational complexity in computing the full
tensor product is

L
h: o Y O(if) = OL?)
ij=1,]i—j|=1
L
htio Y 0ij) = 0(L?)

ij=1,)i—j|=2

L
rbe > 0(if) = O(L?)

ij=1,li—j|=L

so that the total computational complexity of computing each h”’ is O(L?).

D.3.4 FOURIER TRANSFORM METHOD

The Fourier coefficients specify a function on the sphere. Specifically, any function F : $2 — C
can be written as

o0

Z FZ Tyé

£=0

where the Fourier transform coefficients are given by
Ff = / di F(R)Y*(n)
nes?

The tensor product of the Fourier coefficients corresponds to multiplication in Fourier space.
Specifically, let f and g be functions on the sphere with Fourier expansions

F@) = (fHTY (n), => (¢")"'Yn
=0 =0
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then, consider the Fourier expansion of the product fg = f - g given by

(f9)(R) = f(R)g(R) =D [(f9)]"Y"(R)

Using the inverse Fourier transform in the sphere
(f9) = | dn (fo)a)y(a)
nes?

Now, using the Fourier expansions of f and g, we have that

(f9)(R) = (Z[f“]TY“(ﬁ)> (Z[QEQ]TY“(T%)> = Y e Y (@) oY= (1)

0,=0 £3=0 01,02=0

The tensor product of two spherical harmonics decomposes as

L1+1L2
Ya@m)ey=m) = Y Cf,Yn)
(=01 —Ls|

where Cfl’éz are the Clebsch-Gordan coefficients. Thus, we have that

o 1402
(fo)R) = > [f" @g”] Y (1) @ Y= (i Z S g, YR
£1,£2=0 £1,02=0 =01 — 5]

and reindexing this sum,

01402 0o oo
(f9)(n) Z STl et el,, Yin) =31 Y. opt(fh @ g TY  (a)
ZI;ZZ 0¢= ‘21 22‘ {= 0@1,@220

Therefore, the Fourier coefficients of the product are given by

[(f9)"1" =D [ @ g")"

£1,62

Thus, one way to evaluate the tensor product is to compute the inverse spherical harmonic
transform (isht) of f* and g*, multiply the signals on the sphere, and then spherical Fourier
transform (sht). We consider a few methods for computing the sht and isht.

In principal, the computational complexity of computing the Fourier transform can be as
low as O(L%log L). However, for the regime of interest (L ~ 7), methods that have O(L?)
complexity often have lower prefactor and are more memory efficient.

Healpix HEALPix (Hierarchical Equal Area isoLatitude Pixelization) Gorski et al. (2005)
is a standard method for discretizing functions on the sphere. HEALPix sampling divides
the sphere into equal-area pixels arranged along iso-latitude rings. HEALPix has built in

support for spherical harmonic transforms. The full cost of spherical harmonic transform on
HEALpix grid is O(L3).

ssht ssht McEwen and Wiaux (2011) library is a C++ and Python library for computing
spherical harmonic transforms. It is used for Fourier analysis on the sphere, particularly in
scientific fields like astrophysics and geophysics. ssht McEwen and Wiaux (2011) uses a novel
sampling scheme on the sphere to compute the Fourier transform. The computationally
complexity of this method scales as O(L?).

s2fft s2fft Price and McEwen (2024) is a recursive algorithm for the calculation of Wigner
d-functions. s2fft is a highly parallelizable method and is implemented in JAX. s2fft supports
HEALpix and equiangular sampling. The computationally complexity of this method scales
as O(L3), but by utilizing GPU parallelization, the complexity decreases almost linearly in
number of GPUs used.
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D.4 TENSOR PRODUCT ABLATIONS

We compared three methods for computing the tensor product, the naisve method, the gaunt
tensor product method, the Fourier transform method with healpix, the Fourier transform
with s2fftPrice and McEwen (2024) and ssht McEwen and Wiaux (2011) and the sparse
method.

Table 10: Mean absolute error (MAE) on QM9 dataset using different tensor product methods.
Lower is better.

Tensor Product Method a (Bohr?) [ Ae (meV) [ egomo (meV) [epumo (meV) [ (D) [ Cy (cal/mol K)
30 25 0.

Sparse Method 0.08 48 0.29 31
Gaunt Tensor Product 0.15 50 33 28 0.33 0.38
Fourier Transform (HEALPix) 0.13 49 31 26 0.31 0.35
Fourier Transform (s2fft) 0.10 49 31 26 0.31 0.35

Table 11: Comparison of tensor product methods in terms of MAE on QM9 dataset. Advanced and
GPU-parallelized methods are expected to yield better accuracy. The Gaunt tensor product has an
issue with parity, as is explained in Xie et al. (2024). The Sparse method has O(L?) scaling. All
other methods achieve O(L?) scaling.

E MOoODEL ABLATIONS

We consider a set of ablations on our model. We hope these ablations help the reader
navigate the design space of this class of models.

E.1 INVARIANT EMBEDDINGS

Tasks of interest usually consisted of both invariant features and vector features. We found
that using an encoder to transform all features into invariant representations improved model
performance. We used Laplacian graph eigenvectors as positional features to provide a global
structural signal. These eigenvectors were computed from the normalized graph Laplacian
and concatenated with the input features before encoding. When additional information,
such as charge in the Nbody experiment, was given, these properties were encoded using
a learned one hot encoding. Learned output types are encoded through standard neural
network, i.e. the encoder is a non-equivariant neural network.

E.2 ENCODING ABLATION

We consider two ablations on the structure equivariant MLP between layers. In the main text
of the paper, we used layers constructed from e3nn Geiger and Smidt (2022), with custom
tensor product (see ?77). We checked that each layer was equivariant using escnn Cesa et al.
(2022a). The original SE(3)-Hyena paper used layers constructed from Clifford-MLPRuhe
et al. (2023). We ablate by testing the use of Clifford-MLP Ruhe et al. (2023). We found
no substantial difference between Clifford-MLP layers and e3nn layers, indicating that the
attention mechanism is the key for downstream model performance.

N=5 N=10 N=20 N=40
Model mse, mse, JEQ mse, mse, JEQ mse, mse, JEQ mse, mse, JEQ
e3nn layers 0.0041  0.0065 9.6z107° 0.012 0.019 9.1x107% 0.026 0.031 6.1z107° 0.031 0.049 4.92107°

Clifford MLP layers  0.0043 0.0068 1.92107° 0.011 0.023 4.5z10~° 0.026 0.033 8.1z107° 0.035 0.045 4.2z107*

Table 12: Comparison of e3nn layers vs Clifford MLP Ruhe et al. (2023). Performance comparison
across different N values.

E.3 MuLrtiPLE HEAD CLEBSCH-GORDAN ATTENTION

In practice, we found that using multiple heads in the tensor product lead to better perfor-
mance. Specifically, query and key features ¢; and k; which are inputs to Clebsch-Gordan
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convolution are set to have h independent heads. This heads do not interact with each other
during the Clebsch-Gordan convolution, but are allowed to interact during linear layers and
non-linearities. Thus, there are three architecture parameters to consider in a CG convolution,
the number of heads h, the maximum harmonic L and the channel dimension m. Query and
key were always constrained to have the same number of heads, maximum harmonic and
channel dimension. The total output dimension is has memory scaling O(h - L? - m). We
found that performance was sensitive to the choice of (h, L, m), setting the head dimension h
or the channel dimension m too small led to a drastic decrease in performance. We found that
increasing the harmonic number L always improved performance, at the cost of increased
memory usage.

Table 13: Mean absolute error (MAE) on QM9 dataset for different maximum spherical harmonic
degrees L. Lower is better.

Max Harmonic Degree L [a (Bohr®) [ Ae (meV) [ egomo (meV) [epumo (meV) [u (D) [ Cy (cal/mol K)
L =3 .53 68 71 5 .93 .89
L =1 .25 59 42 35 .69 0.58
L= .19 51 33 2 .50 .39
L= 0.10 49 31 26 0.31 0.35

Table 14: Model Ablation: Comparison of performance on QM9 as a function of the maximum
harmonic L used. Performance monotonically increases with the maximum harmonic L.

E.4 GATING ABLATION

The gating mechanism is the key component in transformers. In our proposed method, we
perform another tensor product to combine queries, keys and values. However, it is not
obvious if this is needed. As an alternative, it maybe possible to simply concatenate uf with
values vf. We found that this leads to slight decrease in performance (although decreases
the forward pass time by a sizable margin).

Table 15: Mean absolute error (MAE) on QM9 dataset for different gating types. Lower is better

Gating Type o (Bohr?) [Ae (meV) [egomo (meV) [ epumo (meV) [u (D) [Cy (cal/mol K)
Concatenation gating 0.25 61 46 31 0.63 0.51
CG gating 0.10 49 31 26 0.31 0.35

Table 16: Model Ablation: Comparison of performance on QM9 as a function of the maximum
harmonic L used. Models were trained with L = 6 and four heads.
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