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ABSTRACT

Adaptive methods are a crucial component widely used for training generative
adversarial networks (GANs). While there has been some work to pinpoint the
“marginal value of adaptive methods” in standard tasks, it remains unclear why
they are still critical for GAN training. In this paper, we formally study how
adaptive methods help train GANs; inspired by the grafting method proposed in
Agarwal et al. (2020), we separate the magnitude and direction components of the
Adam updates, and graft them to the direction and magnitude of SGDA updates
respectively. By considering an update rule with the magnitude of the Adam
update and the normalized direction of SGD, we empirically show that the adaptive
magnitude of Adam is key for GAN training. This motivates us to have a closer look
at the class of normalized stochastic gradient descent ascent (nSGDA) methods
in the context of GAN training. We propose a synthetic theoretical framework to
compare the performance of nSGDA and SGDA for GAN training with neural
networks. We prove that in that setting, GANs trained with nSGDA recover all the
modes of the true distribution, whereas the same networks trained with SGDA (and
any learning rate configuration) suffer from mode collapse. The critical insight in
our analysis is that normalizing the gradients forces the discriminator and generator
to be updated at the same pace. We also experimentally show that for several
datasets, Adam’s performance can be recovered with nSGDA methods.

1 INTRODUCTION

Adaptive algorithms have become a key component in training modern neural network architectures
in various deep learning tasks. Minimization problems that arise in natural language processing
(Vaswani et al., 2017), fMRI (Zbontar et al., 2018), or min-max problems such as generative
adversarial networks (GANs) (Goodfellow et al., 2014) almost exclusively use adaptive methods,
and it has been empirically observed that Adam (Kingma & Ba, 2014) yields a solution with better
generalization than stochastic gradient descent (SGD) in such problems (Choi et al., 2019). Several
works have attempted to explain this phenomenon in the minimization setting. Common explanations
are that adaptive methods train faster (Zhou et al., 2018), escape flat “saddle-point”-like plateaus
faster (Orvieto et al., 2021), or handle heavy-tailed stochastic gradients better (Zhang et al., 2019;
Gorbunov et al., 2022). However, much less is known about why adaptive methods are so critical for
solving min-max problems such as GANSs.

Several previous works attribute this performance to the superior convergence speed of adaptive
methods. For instance, Liu et al. (2019) show that an adaptive variant of Optimistic Gradient Descent
(Daskalakis et al., 2017) converges faster than stochastic gradient descent ascent (SGDA) for a class
of non-convex, non-concave min-max problems. However, contrary to the minimization setting,
convergence to a stationary point is not required to obtain satisfactory GAN performance. Mescheder
et al. (2018) empirically shows that popular architectures such as Wasserstein GANs (WGANs)
(Arjovsky et al., 2017) do not always converge, and yet they produce realistic images. We support this
observation with our own experiments in Section 2. Our findings motivate the central question in this
paper: what factors of Adam contribute to better quality solutions over SGDA when training GANs?

In this paper, we investigate why GANS trained with adaptive methods outperform those trained using
SGDA. Directly analyzing Adam is challenging due to the highly non-linear nature of its gradient
oracle and its path-dependent update rule. Inspired by the grafting approach in (Agarwal et al., 2020),
we disentangle the adaptive magnitude and direction of Adam and show evidence that an algorithm
using the adaptive magnitude of Adam and the direction of SGDA (which we call Ada-nSGDA)
recovers the performance of Adam in GANs. Our contributions are as follows:
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* In Section 2, we present the Ada-nSGDA algorithm.We emprically show that the adaptive magnitude
in Ada-nSGDA stays within a constant range and does not heavily fluctuate which motivates the
focus on normalized SGDA (nSGDA) which only contains the direction of SGDA.

* In Section 3, we prove that for a synthetic dataset consisting of two modes, a model trained
with SGDA suffers from mode collapse (producing only a single type of output), while a model
trained with nSGDA does not. This provides an explanation for why GANS trained with nSGDA
outperform those trained with SGDA.

* In Section 4, we empirically confirm that nSGDA mostly recovers the performance of Ada-nSGDA
when using different GAN architectures on a wide range of datasets.

Our key theoretical insight is that when using SGDA and any step-size configuration, either the
generator (G or discriminator D updates much faster than the other. By normalizing the gradients
as done in nSGDA, D and G are forced to update at the same speed throughout training. The
consequence is that whenever D learns a mode of the distribution, G learns it right after, which makes
both of them learn all the modes of the distribution separately at the same pace.

1.1 RELATED WORK

Adaptive methods in games optimization. Several works designed adaptive algorithms and analyzed
their convergence to show their benefits relative to SGDA e.g. in variational inequality problems,
Gasnikov et al. (2019); Antonakopoulos et al. (2019); Bach & Levy (2019); Antonakopoulos et al.
(2020); Liu et al. (2019); Barazandeh et al. (2021). Heusel et al. (2017) show that Adam locally
converges to a Nash equilibrium in the regime where the step-size of the discriminator is much larger
than the one of the generator. Our work differs as we do not focus on the convergence properties of
Adam, but rather on the fit of the trained model to the true (and not empirical) data distribution.

Statistical results in GANs. Early works studied whether GANs memorize the training data or
actually learn the distribution (Arora et al., 2017; Liang, 2017; Feizi et al., 2017; Zhang et al., 2017,
Arora et al., 2018; Bai et al., 2018; Dumoulin et al., 2016). Some works explained GAN performance
through the lens of optimization. Lei et al. (2020); Balaji et al. (2021) show that GANSs trained with
SGDA converge to a global saddle point when the generator is one-layer neural network and the
discriminator is a specific quadratic/linear function. Our contribution differs as i) we construct a
setting where SGDA converges to a locally optimal min-max equilibrium but still suffers from mode
collapse, and ii) we have a more challenging setting since we need at least a degree-3 discriminator
to learn the distribution, which is discussed in Section 3.

Normalized gradient descent. Introduced by Nesterov (1984), normalized gradient descent has
been widely used in minimization problems. Normalizing the gradient remedies the issue of iterates
being stuck in flat regions such as spurious local minima or saddle points (Hazan et al., 2015; Levy,
2016). Normalized gradient descent methods outperforms their non-normalized counterparts in multi-
agent coordination (Cortés, 2006) and deep learning tasks (Cutkosky & Mehta, 2020). Our work
considers the min-max setting and shows that nSGDA outperforms SGDA as it forces discriminator
and generator to update at same rate.

1.2 BACKGROUND

Generative adversarial networks. Given a training set sampled from some target distribution D, a
GAN learns to generate new data from this distribution. The architecture is comprised of two networks:
a generator that maps points in the latent space D, to samples of the desired distribution, and a
discriminator which evaluates these samples by comparing them to samples from D. More formally,
the generator is a mapping Gy : R¥ — R? and the discriminator is a mapping Dyy: R? — R,
where )V and W are their corresponding parameter sets. To find the optimal parameters of these two
networks, one must solve a min-max optimization problem of the form

minmax Bxwp,,,, [og(Dw (X))] + Eznp. [log(1 = Dw(Gy(2))] = fF(V, W), (GAN)

where pgqt, 18 the distribution of the training set, p, the latent distribution, GGy, the generator and
D,y the discriminator. Contrary to minimization problems where convergence to a local minimum is
required for high generalization, we empirically verify that most of the well-performing GANs do
not converge to a stationary point.
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(a) Each circle corresponds to a specific step-size
configuration 7p /. The best-performing mod- (b) shows that during training, the gradient ra-
els have step-size ratios between 10~ and 1, and tio of a well-performing GAN approximately
do not converge. As 1p /n¢ increases, the models  stays constant to 1. We also display the im-
perform worse but get closer to an equilibrium. ages produced by the model during training.

Figure 1: Gradient ratio against FID score (a) and number of epochs (b) obtained with DCGAN on CIFAR-10.
This ratio is equal to ||gradg> H2/||grad<£> l2 + ngad(Dt) H2/||grad<Do) |2, where gradg) (resp. gradg)) and
grad(cg) (resp. gradg)) are the current and initial gradients of G (resp. D). Note that || - ||2 refers to the sum of
all the parameters norm in a network. For all the plots, the models are trained for 100 epochs using a batch-size
64. For (b), the results are averaged over 5 seeds.

Convergence and performance are decorrelated in GANs. We support this observation through
the following experiment. We train a DCGAN (Radford et al., 2015) using Adam and set up the
step-sizes for G and D as np, g, respectively. Note that D is usually trained faster than G i.e.
np > ng. Figure la displays the GAN convergence measured by the ratio of gradient norms and the
GAN’s performance measured in FID score (Heusel et al., 2017). We observe that when np /ng is
close to 1, the algorithm does not converge, but the model produces high-quality samples. On the
other hand, when 7 /1 > 1, the model converges to an equilibrium; a similar statement has been
proved by Jin et al. (2020) and Fiez & Ratliff (2020) in the case of SGDA. However, the trained GAN
produces low-quality solutions at this equilibrium, so simply comparing the convergence speed of
adaptive methods and SGDA cannot explain the performance obtained with adaptive methods.

SGDA and adaptive methods. The most simple algorithm to solve the min-max (GAN) is SGDA,
which is defined as follows:

W(tJrl) _ W(t) + UDM%,U V(t+1) = V(t) — nGME}t,)l y (1)

where Mg/tv)m M$)1 are the first-order momentum gradients as defined in Algorithm 1. While this
method has been used in the first GANs (Radford et al., 2015), most modern GANS are trained with
adaptive methods such as Adam (Kingma & Ba, 2014). The definition of this algorithm for game
optimizations is given in Algorithm 1. The hyperparameters 31, 82 € [0, 1) control the weighting
of the exponential moving average of the first and second-order moments. In many deep-learning
tasks, practitioners have found that setting 82 = 0.9 works for most problem settings. Additionally, it
has been empirically observed that having no momentum (i.e., 81 ~ 0) is optimal for many popular
GAN architectures (Karras et al., 2020; Brock et al., 2018). Therefore, we only consider the case

where 51 = 0.

Optimizers such as Adam (Algorithm 1) are adaptive since they use a step-size for each parameter that
is different than the magnitude of the gradient ggf) for that parameter up to some constant (such as the
global learning rate), and this step-size updates while training the model. There are three components

that makes the adaptive update differ from the standard SGDA update: 1) the
by ||g§f) |l2, 2) the change of direction from ggf)/Hggf) |l2 to Agf)/HAgf) |l2 and 3) adaptive scaling by

||Agf) |l2- In summary, the steps from the standard to the adaptive update, are:

¢ change of direction t ¢ adaptive scalin
gl)) L, g0 |g) |, S AQ /APy S 4D )
x1/]Ig3" |2 x|l Ay 2

The three components are entangled and it remains unclear how they contribute to the superior
performance of adaptive methods relative to SGDA in GANS.
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Algorithm 1 Adam (Kingma & Ba, 2014) for games. All operations on vectors are element-wise.
Input: initial points W V() step-size schedules {(778) , ng))} , hyperparameters {31, 82,¢}.
Initialize ng(\);),p M%,?,{z, Mi,o’)l and ngo)z to zero.
fort=0...7T —1do

Receive stochastic gradients gw, gg ) evaluated at W and V®.

2
Update for Y € {W,V}: Mt = M), + gl and M{EY = .M, + gl

Compute gradient oracles for Y € {V, W}: Ang) = Mgﬁjl)/,/ngzl)+s.

Update: WD = WO DAY P =y — ) AT,

2 NSGDA AS A MODEL TO ANALYZE ADAM IN GANS

In this section, we show that normalized stochastic gradient descent-ascent (nSGDA) is a suitable
proxy to study the learning dynamics of Adam.

To decouple the normalization, change of direction, and adaptive scaling in Adam, we adopt the
grafting approach proposed by Agarwal et al. (2020). At each iteration, we compute stochastic
gradients, pass them to two optimizers .A;, Az and make a grafted step that combines the magnitude
of A;’s step and direction of As’s step. We focus on the optimizer defined by grafting the Adam
magnitude onto the SGDA direction, which corresponds to omitting the change of direction in (2):

(®) (t)

WD = WO 4 AR, — BV YD = yO Al ,—BY— (3)
lgwll2 +e gy llz +¢
where Agf), Agf\} are the Adam gradient oracles as in Algorithm 1 and g\(,t ), 91(/3 the stochastic

gradients. We refer to this algorithm as Ada-nSGDA (combining the Adam magnitude and SGDA
direction). There are two natural implementations for nNSDGA. In the layer-wise version, ) (is a
single parameter group (typically a layer in a neural network), and the updates are applied to each
group. In the global version, J*) contains all of the model’s weights.

In Fig. 2a, we see that Ada-nSGDA and Adam appear to have similar learning dynamics in terms
of the FID score. Both Adam and Ada-nSGDA significantly outperform SGDA as well as AdaDir,
which is the alternate case of (3) where we instead graft the magnitude of the SGDA update to the
direction of the Adam update. AdaDir diverged after a single step so we omit it in Fig. 2. These
results show that the adaptive scaling and normalization components are sufficient to recover the
performance of Adam, suggesting that Ada-nSGDA is a valid proxy for Adam

A natural question that arises is how the total adaptive magnitude varies during training. We
empirically investigate this by tracking the layer-wise adaptive magnitudes of the Adam gradient
oracles when training a GAN with Ada-nSGDA, and summarize our key findings here (see Section 4
for complete experimental details). We first train a WGAN-GP (Arjovsky et al., 2017) model, and
find that the adaptive magnitude is bound within a constant range, and that all the layers have
approximately the same adaptive magnitude (Fig. 2 (b,c)). This suggests that the adaptive scaling
component is constant (in expectation) and motivates the use of nSGDA, corresponding to Ada-
nSGDA with a constant adaptive scaling factor. We then train a WGAN-GP model with nSGDA and
we find that nSGDA mostly recovers the FID score obtained by Ada-nSGDA (Fig. 2a).

We also validate this observation for more complicated GAN architectures by repeating this study on
StyleGAN?2 (Karras et al., 2019). We find that the adaptive magnitudes also vary within a constant
range, but each layer has its own constant scaling factor. Thus, training StyleGAN2 with nSGDA
and a global normalization fails, but training with nSGDA with a different constant step-size for
each layer yields a performance that mostly recovers that of Ada-nSGDA (Fig 5). These results
suggest that the schedule of the adaptive scaling is not central in the success of Ada-nSGDA in
GANs. Instead, adaptive methods are successful because they normalize the gradients for each layer,
which allows for more balanced updates between G and D as we will show in Section 3. We conduct
more experiments in Section 4 and in Appendix A.
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Figure 2: (a) shows the FID training curve for a WGAN-GP ResNet, averaged over 5 seeds. We see that Ada-
nSGDA and nSGDA have very similar performance to Adam for a WGAN-GP. (b, c) displays the fluctuations
of Ada-nSGDA adaptive magnitude. We plot the ratio HAgf) ll2/ ||A§§J ) ||2 for each of the generator’s (b) and
discriminator’s (c) layers. At early stages, this ratio barely increases and remains constant after 10 steps.

3 WHY DOES NSGDA PERFORM BETTER THAN SGDA IN GANS?

In Section 2, we empirically showed that the most important component of the adaptive magnitude is
the normalization, and that nSGDA (an algorithm consisting of this component alone) is sufficient
to recover most of the performance of Ada-nSGDA (and by extension, Adam). Our goal is to
construct a dataset and model where we can prove that a model trained with nSGDA generates
samples from the true training distribution while SGDA fails. To this end, we consider a dataset
where the underlying distribution consists of two modes, defined as vectors u1, us, that are slightly
correlated (see Assumption 1) and consider the standard GANs’ training objective. We show that a
GAN trained with SGDA using any reasonable' step-size configuration suffers from mode collapse
(Theorem 3.1); it only outputs samples from a single mode which is a weighted average of u; and us.
Conversely, nSGDA-trained GANSs learn the two modes separately (Theorem 3.2).

Notation We set the GAN I-sample loss L{,,,(X, z) = log(D{) (X)) + log(1 — D{i) (G (2))).
We denote ggf) = VyLS?W (X, z) as the 1-sample stochastic gradient. We use the asymptotic
complexity notations when defining the different constants e.g. poly(d) refers to any polynomial in

the dimension d, polylog(d) to any polynomial in log(d), and o(1) to a constant < d. We denote
a b for vectors @ and b in R® if there is a positive scaling factor ¢ > 0 such that ||a—cb||2 = o(]|]|2)-

3.1 SETTING

In this section, we present the setting to sketch our main results in Theorem 3.1 and Theorem 3.2. We
first define the distributions for the training set and latent samples, and specify our GAN model and
the algorithms we analyze to solve (GAN). Note that for many assumptions and theorems below, we
present informal statements which are sufficient to capture the main insights. The precise statements
can be found in Appendix B.

Our synthetic theoretical framework considers a bimodal data distribution with two correlated modes:

Assumption 1 (pgq:, Structure). Let v = m. We assume that the modes are correlated. This

means that (uy,us) = v > 0 and the generated data point X is either X = uj or X = us.

Next, we define the latent distribution p, that GGy, samples from and maps to py4:,. Each sample
from p, consists of a data-point z that is a binary-valued vector z € {0,1}™¢, where m¢ is the
number of neurons in Gy, and has non-zero support, i.e. ||z||o > 1. Although the typical choice of a
latent distributions in GAN:Ss is either Gaussian or uniform, we choose p, to be a binary distribution
because it models the weights’ distribution of a hidden layer of a deep generator; Allen-Zhu & Li
(2021) argue that the distributions of these hidden layers are sparse, non-negative, and non-positively
correlated. We now make the following assumptions on the coefficients of z:

Assumption 2 (p, structure). Let z ~ p,. We assume that with probability 1 — o(1), there is only one
non-zero entry in z. The probability that the entry i € [mq] is non-zero is Pr[z; = 1] = O(1/mg).

In Assumption 2, the output of Gy, is only made of one mode with probability 1 — o(1). This avoids
summing two of the generator’s neurons, which may cause mode collapse.

'Reasonable simply means that the learning rates are bounded to prevent the training from diverging.
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To learn the target distribution pg4¢4, We use a linear generator GGy, with m neurons and a non-linear
neural network with m p neurons:

mag mp b
Gy(z)=Vz= ViZi Dy (X) =si moid(a w;, X 3—|——>. 4

v(z) 2_; w(X) = sig ; R/ “

where V = [v] 0], -+ 0] ] € Rmexd z € {0,1}me, W = [w],...,w), ] € R™>* and

a,b € R. Intuitively, Gy, outputs linear combinations of the modes v;. We choose a cubic activation
as it is the smallest monomial degree for the discriminator’s non-linearity that is sufficient for the
generator to recover the modes w1, .

We now state the SGDA and nSGDA algorithms used to solve the GAN training problem (GAN). For
simplicity, we set the batch-size to 1. The resultant update rules for SGDA and nSGDA are:*

SGDA: at each step t > 0, sample X ~ pgqtq and z ~ p, and update as

WD = WO L ppgll), VD = VO — gl 5)

nSGDA: at each step ¢t > 0, sample X ~ pgqtq and z ~ p, and update as

(t) (t)
W+ — W) 4 no g&/\)} , P+l — ) _ na g(\tz) ) (6)
gy ll2 llgy,” ll2

Compared to the versions of SGDA and Ada-nSGDA that we introduced in Section 2, we have the
same algorithms except that we set 51 = 0 and omit ¢ in (5) and (6). Note that since there is only
one layer in the neural networks we study in this paper, the global-wise and layer-wise versions of
nSGDA are actually the same. Lastly, we detail how to set the optimization parameters for SGDA
and nSGDA in (5) and (6).

Parametrization 3.1 (Informal). When running SGDA and nSGDA on (GAN), we set:

— Initialization: ) = 0, and a(?, wgo)(i € [mp]), v§0)(j € [mg]) are initialized with a
Gaussian with small variance.

— Number of iterations: we run SGDA for t < Ty iterations where Ty is the first iteration such
that the algorithm converges to an approximate first order local minimum. For nSGDA, we run for
T, = ©(1/np) iterations.

— Step-sizes: For SGDA, np,ng € (0
ne is slightly smaller than np.

) can be arbitrary. For nSGDA, np € (0 |, and

1 1
? poly(d) > poly(d)

— Over-parametrization: For SGDA, mp, m¢ = polylog(d) are arbitrarily chosen i.e. mp may be
larger than m¢ or the opposite. For nSGDA, we set mp = log(d) and mg = 2log(d).

Our theorem holds when running SGDA for any (polynomially) possible number of iterations; after
Ty steps, the gradient becomes inverse polynomially small and SGDA essentially stops updating the
parameters. Additionally, our setting allows any step-size configuration for SGDA 1i.e. larger, smaller,
or equal step-size for D compared to GG. Note that our choice of step-sizes for nSGDA is the one
used in practice, i.e. np slightly larger than n¢.

3.2 MAIN RESULTS
We state our main results on the performance of models trained using SGDA (5) and nSGDA (6). We
show that nSGDA learns the modes of the distribution pg,:, While SGDA does not.

Theorem 3.1 (Informal). Consider a training dataset and a latent distribution as described above
and let Assumption 1 and Assumption 2 hold. Let Ty, ng,np and the initialization be as defined in

2Li & Dou (2020) show that when using linear or quadratic activations, the generator can fool the discriminator
by only matching the first and second moments of pgqgta.

3In the nSGDA algorithm defined in (3), the step-sizes were time-dependent. Here, we assume for simplicity
that the step-sizes p,ng > 0 are constant.
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Figure 3: (a) shows the relative gradient updates for SGDA. D first updates its weights while G does not move
until iteration 20, then G moves its weights. (b) shows the correlation for one neuron of D (with maximal
correlation to us at initialization) with the modes w1, u2 during the learning process of SGDA. (c, d) shows the
correlations of the neurons of G with the modes when trained with SGDA and nSGDA respectively. This shows
that for SGDA (c), the model ultimately learns the weighted average w1 + uz2. For nSGDA, we see from (d) that
one of the neurons (V) is highly correlated with v, and another one (V3) is correlated with us.

Parametrization 3.1. Let t be such that t < Ty. Run SGDA on (GAN) for t iterations with step-sizes
Na,nNp- Then, with probability at least 1 — o(1), the generator outputs for all z € {0,1}™¢:

(t) up +uz  fnp 2ng
Gy () = {f(t)(z) otherwise 7

where £ (z) € R is some vector that is not correlated to any of the modes. Formally, V¢ € [2],
cos(£®(2),ug) = o(1) for all z € {0,1}™e.

A formal proof can be found in Appendix G. Theorem 3.1 indicates that when training with SGDA and
any step-size configuration, the generator either does not learn the modes at all (GS ) (2) = €W (2))

or learns an average of the modes (GS)(Z) X u1 + u2). The theorem holds for any time t < T}
which is the iteration where SGDA converges to an approximate first-order locally optimal min-max
equilibrium. Conversely, nSGDA succeeds in learning the two modes separately:

Theorem 3.2 (Informal). Consider a training dataset and a latent distribution as described above
and let Assumption I and Assumption 2 hold. Let T', ng,np and the initialization as defined in
Parametrization 3.1. Run nSGDA on (GAN) for T} iterations with step-sizes na,np. Then, the
generator learns both modes uy, uz i.e., for ¢ € {1,2},

Pr.op, [Gg,Tl) () o< ug]  is non-negligible. 8)
A formal proof can be found in Appendix I. Theorem 3.2 indicates that when we train a GAN with
nSGDA in the regime where the discriminator updates slightly faster than the generator (as done in
practice), the generator successfully learns the distribution containing the direction of both modes.
We implement the setting introduced in Subsection 3.1 and validate Theorem 3.1 and Theorem 3.2
in Fig. 3. Fig. 3a displays the relative update speed n||g§f) ll2/ 1V ||2, where ) corresponds to the
parameters of either D or G. Fig. 3b shows the correlation (wgt), u1g>/||w§t) |l2 between one of D’s

)

neurons and a mode u, and Fig. 3c the correlation (v§t), ug)/||v;" |2 between G’s neurons and uy.

We discuss the interpretation of these plots to the next section.

WHY DOES SGDA SUFFER FROM MODE COLLAPSE AND NSGDA LEARN THE MODES?

We now explain why SGDA suffers from mode collapse, which corresponds to the case where
np > ng. Our explanation relies on the interpretation of Figs. 3a, 3b, and 3c, and on the updates
around initialization that are defined as followed. There exists ¢ € [m p] such that D’s update is

2
Elw{"Vw®) ~w® +np Y Elfw”, w)?u . ©)
=1

Thus, the weights of D receive gradients directed by u; and uo. On the other hand, the weights of G

().

5

o 4 D00, w0l 10
J

at early stages receive gradients directed by w
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We observe that the learning process in Figs. 3a & 3b has three distinct phases. In the first phase
(iterations 1-20), D learns one of the modes (u1 or us) of pyqtq (Fig. 3b) and G barely updates its
weights (Fig. 3a). In the second phase (iterations 20-40), D learns the weighted average u; + us
(Fig. 3b) while G starts moving its weights (Fig. 3a). In the final phase (iterations 40+), G learns
u1 + ue (Fig. 3¢) from D. In more detail, the learning process is described as follows:

Phase 1 : At initialization, w§-0) and U(-O) are small. Assume w.l.o.g. that (wfo)

J
Because of the (wgt), u;)? in front of uy in (9), the parameter wgt)

Jug) > (w” uy).

gradually grows its correlation
with uz (Fig. 3b) and D’s gradient norm thus increases (Fig. 3a). While Hw§t> | < 14, we have that
0! ~ 0 (Fig. 3a).

)

i

Phase 2: D has learned us. Because of the sigmoid in the gradient of w

Phase 1) and (u1,u2) =y > 0, wgt) now mainly receives updates with direction us. Since G did not

update its weights yet, the min-max problem (GAN) is approximately just a minimization problem
with respect to D’s parameters. Since the optimum of such a problem is the weighted average u; + us,
(® (®)

’LUJ i

(that was negligible during

slowly converges to this optimum. Meanwhile, v, start to receive some significant signal

(®)

; is aligning with this direction.

(Fig. 3a) but mainly learn the direction u; + uy (Fig. 3c), because w

Phase 3: The parameters of G only receive gradient directed by u; + ue2. The norm of its relative
updates stay large and D only changes its last layer terms (slope a and bias b).

In contrast to SGDA, nSGDA ensures that G and D always learn at the same speed with the updates:

®) xy2x .<w(t),v.t))2w(t)

w™ & w? 770<w<lt>7—>v and vf" & of) 4 g %, (Jt) ?) (Jt)
[[(w;”, X)2X]|2 sz<wj U >2wj IES
No matter how large <w§t), X) is, G still learns at the same speed with D. There is a tight window

(iteration 25, Fig. 3b) where only one neuron of D is aligned with u;. This is when G can also learn
to generate u; by “catching up” to D at that point, which avoids mode collapse.

—
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4 NUMERICAL PERFORMANCE OF NSGDA

In Section 2, we presented the Ada-nSGDA algorithm (3) which corresponds to “grafting” the Adam
magnitude onto the SGDA direction. In Section 3, we construct a dataset and GAN model where
we prove that a GAN trained with nSGDA can generate examples from the true training distribution,
while a GAN trained with SGDA fails due to mode collapse. We now provide more experiments
comparing nSGDA and Ada-nSGDA with Adam on real GANs and datasets.

We train a ResNet WGAN with gradient penalty on CIFAR-10 (Krizhevsky et al., 2009) and STL-10
(Coates et al., 2011) with Adam, Ada-nSDGA, SGDA, and nSGDA with a fixed learning rate as done
in Section 3. We use the default architectures and training parameters specified in Gulrajani et al.
(2017) (A\gp = 10, ng;s = 5, learning rate decayed linearly to 0 over 100k steps). We also train
a StyleGAN2 model (Karras et al., 2020) on FFHQ (Karras et al., 2019) and LSUN Churches (Yu
et al., 2016) (both resized to 128 x 128 pixels) with Adam, Ada-nSGDA, SGDA, and nSGDA. We
use the recommended StyleGAN2 hyperparameter configuration for this resolution (batch size = 32,
v = 0.1024, map depth = 2, channel multiplier = 16384). We use the Fréchet Inception distance
(FID) (Heusel et al., 2017) to quantitatively assess the performance of the model. For each optimizer,
we conduct a coarse log-space sweep over step sizes and optimize for FID. We train the WGAN-GP
models for 2880 thousand images (kimgs) on CIFAR-10 and STL-10 (45k steps with a batch size of
64), and the StyleGAN2 models for 2600 kimgs on FFHQ and LSUN Churches. We average our
results over 5 seeds for the WGAN-GP ResNets, and over 3 seeds for the StyleGAN2 models due to
the computational cost associated with training GANSs.

WGAN-GP Figures 4a and 4b validates the conclusions on WGAN-GP from Section 2. We find
that both Ada-nSGDA and nSGDA mostly recover the performance of Adam, with nSGDA obtaining
a final FID of ~2-3 points lower than Ada-nSGDA. As discussed in Section 2, such performance is
possible because the adaptive magnitude stays within a constant range. In contrast, models trained
with SGDA consistently perform significantly worse, with final FID scores 4 x larger than Adam.
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Figure 4: (a, b) are the final FID scores (5 seeds) for a ResNet WGAN-GP model trained for 45k steps on
CIFAR-10 and STL-10 respectively. (c, d) are the final FID scores (3 seeds) for a StyleGAN2 model trained
for 2600kimgs on FFHQ and LSUN Churches respectively. We use the same constant layer scaling in (d) for
nSGDA as that in (c), which was found by tracking the layer-wise adaptive step-sizes.
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Figure 5: (a) shg)\i/s the FID curve for the StyleGAN2 model trained for 2(6())0 kimgs on FFHQ. (b) shows the
fluctuations of the Ada-nSGDA adaptive magnitude for each layer over an arbitrary slice of 500 training steps
for the Discriminator. The layers are grouped by common types, e.g. Conv weights and biases, etc.). We find
that although the magnitude for each layer fluctuates, the fluctuations are bounded to some fixed range for each
layer. We show similar behaviour for the Generator in the Appendix.

StyleGAN2 Figures 4c and 4d show the final FID scores when training a StyleGAN2. We find
that Ada-nSGDA recovers most of the performance of Adam, but one difference with WGAN-GP
is that nSGDA does not work if we use the same global learning rate for each layer. As discussed
in Section 2, nSGDA with a different (but constant) step-size for each layer does work, and is able
to mostly recover Ada-nSGDA’s performance (Fig. 5a). To choose the scaling for each layer, we
train StyleGAN2 with Ada-nSGDA on FFHQ-128, track the layer-wise adaptive magnitudes, and
take the mean of these magnitudes over the training run (for each layer). Figure 5b shows that the
fluctuations for each layer are bound to a constant range, validating our assumption of constant
step-sizes. Additionally, the same scaling obtained from training FFHQ seems to work for different
datasets; we used it to train StyleGAN2 with nSGDA on LSUN Churches-128 and recovered similar
performance to training on this dataset with Ada-nSGDA (Fig. 4d).

5 CONCLUSION

Our work addresses the question of which mechanisms in adaptive methods are critical for training
GAN:Ss, and why they outperform non-adaptive methods. We empirically show that Ada-nSGDA, an
algorithm composed of the adaptive magnitude of Adam and the direction of SGD, recovers most
of the performance of Adam. We further decompose the adaptive magnitude into two components:
normalization, and adaptive step-size. We then show that the adaptive step size is roughly constant
(bounded fluctuations) for multiple architectures and datasets. This empirically indicates that the
normalization component of the adaptive magnitude is the key mechanism of Ada-nSGDA, and
motivates the study of nSGDA; we verify that it too recovers the performance of Ada-nSGDA. Having
shown that nSGDA is a good proxy for a key mechanism for adaptive methods, we then construct
a setting where we proved that nSGDA —thanks to its balanced updates— recovers the modes of the
true distribution while SGDA fails to do it. The key insight from our theoretical analysis is that the
ratio of the update of D and G must be close to 1 during training in order to recover the modes of the
distribution. This matches the experimental setting with nSGDA, as we find that global norm of the
parameter updates for both D and G are almost equal for optimal choices of learning rates.
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A ADDITIONAL EXPERIMENTS

A.1 EXPERIMENTS WITH STYLEGAN2 AND WGAN-GP

In this section, we put additional curves and images produced by WGAN and StyleGAN2.

StyleGAN2 - LSUN Churches 128x128 WGANGP - STL10
400 350 —
Optimizer
350 300 —— Adam
300 250 —— Ada-nSGDA
Optimizer —— nSGDA
#0 — Adam 200 —— SGDA
2 200 —— Ada-nSGDA E
——— NnSGDA 150
150 —— SGDA
100
100
50 50
0 0
0 500 1000 1500 2000 2500 0 10000 20000 30000 40000
step step
() (b)

Figure 6: (a) is the FID curve of StyleGAN2 on LSUN-Churches and (b) the FID curve of WGAN
on STL-10. These complement the figures of Section 4.
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(a) Layerwise adaptive magnitudes for the Discriminator.
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(b) Layerwise adaptive magnitudes for the Generator.

Figure 7: The fluctuations of the Ada-nSGDA adaptive magnitudes for each layer over an arbitrary
slice of 800 training steps for the Disciminator (a) and Generator (b). The layers are grouped by
common types, e.g. Conv weights and biases, etc.). We find that although the magnitude for each
layer fluctuates, the fluctuations are bounded to some fixed range for each layer.

13



Under review as a conference paper at ICLR 2023

Figure 8: Images generated by a StyleGAN2 model trained with Adam for 2600 kimgs on FFHQ 128.
Note that this is not convergence.

Figure 9: Images generated by a StyleGAN2 model trained with Ada-nSDGDA for 2600 kimgs on
FFHQ 128. Note that this is not convergence.
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Figure 10: Images generated by a StyleGAN2 model trained with Adam for 2600 kimgs on LSUN
Churches 128. Note that this is not convergence.

Figure 11: Images generated by a StyleGAN2 model trained with Ada-nSDGDA for 2600 kimgs on
LSUN Churches 128. Note that this is not convergence.
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A.2 EXPERIMENTS WITH DCGAN

This section shows that experimental results obtained in Section 4 are also valid for other architectures
such as DCGAN. Indeed, we observe that nSGDA methods compete with Adam and nSGDA work
when the batch size is small. In this section, InNSGDA refers to the layer-wise nSGDA and gnSGDA
to the global nSGDA.
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Figure 12: FID scores obtained when training a Resnet WGAN-GP using Adam, 1-nSGDA, g-nSGDA, and
SGD on different datasets. In all these datasets, -nSGDA, g-nSGDA and Adam perform approximately as well.
SGDA performs much worse.
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Figure 13: FID scores obtained when training a DCGAN using Adam, InSGDA, gnSGDA and SGD on different
datasets. In all these datasets, InSGDA, gnSGDA and Adam perform approximately as well. As expected, SGDA
performs much worse than the other optimizers. The models are trained with batch-size 64 —which is the usual
batch-size used for DCGAN.

In this section, we display the images obtained when training the Resnet WGAN-GP model from
Section 4.
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Figure 14: CIFAR-10 images generated by a Resnet WGAN-GP model
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(a) Adam (b) InSGDA (c) gnSGDA

Figure 15: LSUN-Churches images generated by a Resnet WGAN-GP model

(a) Adam (b) InSGDA (c) gnSGDA

Figure 16: STL-10 images generated by a Resnet WGAN-GP model
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Figure 17: Celeba-HQ images generated by a Resnet WGAN-GP model
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B TECHNICAL STATEMENTS IN THE THEORY SECTION

In this section, we provide the technical version of the statements made in Section 3.

B.1 SETTING

The distribution pg,+, We consider is more general than Assumption 1 in the main paper.

Assumption 3 (Data structure). Lety = m.
distribution pgyqtq respect one of the following conditions:

The coefficients s1, So and modes u1, us of the

1. Correlated modes: (uy,us) = -y and the generated data point is either X = uy or X = us.

2. Correlated coefficients: P[s; = so = 1] = 7y and the modes are orthogonal, (uy,uz) = 0.

We now present a more technical version of Assumption 2.

Assumption 4 (p, structure). Let z ~ p,. We assume that for i, j € [mg],

1

m#polylog(d) (12

Pr[z; =1]=0 <1> ,Prizi=2,=1 =

mg

We set Pr{z; = z; = 1] =
of one mode with probability 1 — o(1).

1 .
mZpolylog(d to ensure that that the output of the generator is only made

In the proof, we actually consider a more complicated version of the discriminator

23 if 2] <A
Dy(X) = sigmoid | a Z o({w;, X))+ Ab |, where o(2) = { 3A%2—2A3 ifz>A
i€lmp] 3A%z +2A3  otherwise
(13)

where A = d2. o(-) is the truncated degree-3 activation function—it is thus made Lipschitz, which
is only needed in the proof to deal with the case where the generator is trained much faster than the
discriminator. Note that this latter case is uncommon in practice.

We now present the technical version of Parametrization 3.1.

Parametrization B.1. When running SGDA and nSGDA on GAN, we set the parameters as

— Initialization: b©® =0, a(®) ~ N (0
fori € [mp), j € [mg].

) wl® ~ N (0,41), 0 ~ N (0, 5 T)

-
> mppolylog(d)

— Number of iterations: we run SGDA for t < Ty iterations where T} is the first iteration such that
VE[Lyro) o) (X, 2)]l|2 < 1/poly(d). . For nSGDA, we run for Ty = ¢ ( )iterations.

1
nop
. . 1 1 —
—Step-stzes. For SGDA, np,Na € (0, W(d)) For nSGDA, D € (O, m], ng = ngw,

— Over-parametrization: For SGDA, mp, m¢g = polylog(d) are arbitrarily chosen i.e. mp may be
larger than m¢ or the opposite. For nSGDA, we set mp = log(d) and m¢ = log(d) loglog d.

Regarding initialization, the discriminator’s weights are sampled from a standard normal and its bias
is set to zero. The weights of the generator are initialized from a normal with variance 1/d? (instead of
the 1/d in standard normal). Such a choice is explained as follows. In practice, the target X ~ pgazq
is a 1D image, thus has entries in [0, 1]% and norm O(v/d). Yet, we sample the initial generator’s
weights from A (0, I,/d) in this case. In our case, since ||u;||2 = 1, the target X = squq + saus has
norm O(1). Therefore, we scale down the variance in the normal distribution by a factor of 1/d to

. . . o 1 .
match the configuration encountered in practice. Therefore, we also set A = Vapoylog(@ I (13) to

ensure that the weights and the bias in the discriminator learn at the same speed.
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Remark: In our theory, we consider the global version of nSGDA; ||g Hg in the update refers to
ng 2 = lg”]l. + ||g (t) ll2 + ||g(t) |2, where g'!) is the stochastic gradient with respect to a, glg )

with respect to b and g‘(,v) with respect to .

B.2 MAIN RESULTS

‘We state now the technical version of Theorem 3.1 and Theorem 3.2.

Theorem B.1 (SGDA suffers from mode collapse). Let Ty, ng,np and the initialization as defined
in Parametrization B.1. Let t be such that t < Ty,. Run SGDA for t iterations with step-sizes Ng,NpD-
Then, with probability at least 1 — o(1), for all z € {0,1}™¢, we have:

G (2) = D (2) (ug + uz) + €D (2),

where oY) (z2) € R and ¢M(2) € R% and for all £ € [2], (€D (2),ue)| = o(1)||€D) (2) |2 for every
z €{0,1}me.

In the specific case where np = poigogc( 7y» the model mode collapses i.e. [1€T0)(2)[]2 = o(aT0)(2)).

Theorem 3.1 indicates that with SGDA and any step-size configuration, the generator either does not
learn the modes at all — when a®) () = 0, Gg) (2) = €M (2) — or learns an average of the modes —
when o) (2) # 0, Ggf)(z) ~ a® (2)(ug + ug).

Theorem B.2 (nSGDA recovers modes separately). Let T, ng, np and the initialization as defined
in Parametrization B.1. Run nSGDA for T iterations with step-sizes Ng,Np. Then, the generator
learns both modes w1, us ie., for € € {1,2}

G&Tl)(z) . N N ~
Pr..p. (H||G§,T1>(z)|2 ug||2 =o(1) | = Q(1).
C NOTATIONS

Let us also write 7, = A as the scaling factor of the bias. We can easily observe that at every step, all
() (t (0)

of w; ’ and v; ) lies in the span of {w(-o), v UL, us }. Therefore, let us denote
o wl® o |
wy = Z a(w;, wj,t) (0) + Z Wy, Vg, t (0 + Z a(w;, uj,t m
j€[mp] H ||2 j€lma] ” ||2 j€[2] J
and vgt) as a(v;, *,t), where a(x, %, %) € R.

Let us denote

fX)=a| Y o((wi, X)) | +mb

i€[mp]

as the function in discriminator without going through sigmoid, and define h(X) =
Zie[mD] o((wi, X)).
Gradient The gradient of L(X, z) is given as:
V.L(X, z) = — Sigmoid(— f(X))h(X) + Sigmoid(f(G(2)))h(G(2))
Vi L(X, z) = — Sigmoid(— f (X)) + Sigmoid(f(G(z)))
Vu, L(X, 2) = — Sigmoid(—f(X))ac’ ((w;, X)) X + Sigmoid(f(G(2)))ac’ ((wi, G(2)))G(2)
Vi, L(X,2) = =121 Sigmoid(f(G(2)))a Y o' ((wi, G(2)))wi

]E[WLD]

We use a®, b(1), wgt), vgt) to denote the value of those weights at iteration ¢.
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We use a = b+ c for c € R* to denote: (1). a € [b — ¢, b+ ] if a,b € R, (2). |[a — b||2 < cifa,b
are vectors.

For simplicity, we focus on the case when all Pr[z; = 1] are equal. The other cases can be proved
similarly (by replacing the 1/m factor in the generators update by the exact value of Pr[z; = 1]).

D INITIALIZATION CONDITIONS AND THREE REGIME OF LEARNING

We first show the following Lemma regarding initialization:

Let
1
Aip = 50 (), ue)) sign((w(®, ue))
and
Loy (0 (O ©) , (0
B@j:m—ca ((w; 7, 0;7)) sign((w; ', v;7))
and

Ciyp= a’((vgo),uw)

)

Let A = maxie[mD])ge[Q] A@g, B = Inaxie[mDLje[mG] BiJ‘, C = maxie[mGME[g] OL‘/, we have:
Using a corollary of Proposition G.1 in Allen-Zhu & Li (2020):

Lemma D.1. For every np,ng > 0, we have that: with probability at least 1 — o(1), we have that:

A= polyloglog(d) B = polyloglog(d)
d ’ dmg

of the following holds:

. Moreover, with probability at least 1 — o(1), one and only one

1. (Discriminator trains too fast): ngB < mnpfl;

2. (Balanced discriminator and generator): ngB > @ npA, npA > neB(1 +

S S
polylog

1 ) .
polyloglog(d) /*

3. (Generator trains too fast): npA < ngB(1 — W&log(d))'

This Lemma implies that in case 2, g = ©(v/d)nz.
We will show the following induction hypothesis for each case. Intuitively, in case one we have the
following learning process: (too powerful D).

1. At first D starts to learn, then because of the learning rate of G is too small, so D just
saturate the loss to make the gradient to zero.

In case two we have: (“balanced” D and G but still not enough).

1. At first D starts to learn one u; in each of the neuron.

2. However, the generator still could not catch up immediate after D learns one u;, so D starts
to a mixture of w1, us in its neurons since w1, usy are positively correlated.

3. After that G starts to learn, however since D already stuck at the mixtures of w1, us, so G is
only able to learn mixtures of u1, us as well.

In case three we have: (Too powerful G)
1. G starts to learn without D learning any meaningful signal yet, so G aligns its outputs with
the (close to random) weights of D and just pushes the discriminator to zero. In this case, G

simply learns something random to fool D instead of learning the signals.

Moreover, similar to Lemma D.1, we also have the following condition regarding the gap between
the top one and the second largest one in terms of correlation:
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Lemma D.2. Let

’L.D,ED: arg max Ai,g
i€[mp],L€[2]
Let
iq,jg = argmax B, ;

i€[mpl,j€[mc]

Then with probability at least 1 — o(1) over the random initialization, the following holds:

1
Vil4iplp:A; o > A (14—
iE# i o Aip o 2 ’£< erolyloglog(d))

1
Vi i i ja:Bin i >B; i |1+ ————————
1,7 7& 1G,J)G G,Jjg = »J ( + polyloglOg(d))

and
O(y/loglog(d))

\/8 b

For simplicity, we also define i* = ip.

O(y/loglog(d))

A:
d

B,C =

E CRITICAL LEMMA

The proof heavily relies on the following Lemma about tensor power method, which is a corollary of
Lemma C.19 in Allen-Zhu & Li (2020).

Lemma E.1. For every 6 € (0,0.1), every C > 10, for every sequence of xy,y; > 0 such that
2o > (14 100)yo, suppose there is a sequence of Sy € [0, C] such that forn € (O, m) :

Tiy1 = X¢ + 775t$%
ye <y +0Se(L+ )y}

For every T > 0, let T}y be the first iteration where x; > T, then we must have:
Yo
poly(d)

y1, <

Moreover, if all S; > H for some H > 0, then Ty < O (711'}900)'

Similar to the Lemma above, one can easily show the following auxiliary Lemma:

Lemma E.2. Suppose there are sequences a;,b; € R such that ag,by > 0 with ag < 0.82b.
Suppose there exists a sequence of Cy € (0,d) such that

a1 < ag — npCiby
besr > by — 1.000000175Chay

Then we must have that for every t < T' where T is the first iteration such that ar < 0, then the
following holds:

ag=a9—0O |n Z Cs

s<t—1

Z |atCt17D| S 0.49b0

s<t

Moreover, if in addition that ag < %bo for any C > 100, then we must have:

10
> JaCinp| < o bo

s<t
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In the end, we have the following comparison Lemma, whose proof is obvious:

Lemma E.3. Suppose a;,b; > 0 satisfies that ag, by < 1, and the update of ay, by is given as: For
some values C' > 0 and Cy € [0, poly(d)]:

ary1 = ar +NpCh (14)

1
bt+1 = bt + nNp |:C7 1:| X Ct (15)

Then let T be the first iteration where ap > 2C, we must have:

br € [1,2C + 1]

Using this Lemma, we can directly prove the following Lemma:

Lemma E4. Foreverynp,ng € (0, ﬁ()} such that ng = npl forT = (:)(\/E) suppose there

are vectors D¢, Qi ¢ € R? (i € [mg]) and a value a; € R, H > 0 satisfies that for a sequence
of Hiy € [H,1] fori € Img|, G = G(Zze[mg} H;,), a value T = O(d=°%), and a vector
Bt € span{uy,ug} with ||B¢||l2 = O(1): Foralli € [mg| andt > 0:

lgsoll: = O(d%), [lpo]l2 = log®D (d),0 < ap < 0819polls  —TLPO__ 51 o)
1gi,0ll2, [[Pioll2

pe=pi—1p Y, Giwo ((pr,¢ie))aie+Opary)B

i€lmg]
ay = a¢ —1p Z Gico((pt, ie)) £ 0(770%)
i€[mg]
~ 2
Git = | Gi,t + ncHirar ((Pts Girt) Z Vi, 1o’ ((pt, gj,t)) | pe £ nclai|O (1gicll2)

Jj€[ma]

In addition, we have: ~; j ; = O(l), and

max lgicll2 €

1 - ~
_ 1yl — V1,7 H,;,; = iGt — 1
e (07 p01y10g<d):| U[po Yy Og(d)’ +OO) Vi, j € [mG]’ it @(Gt)a Yi,jt 6( )

Then we must have that: let T' be the first iteration where ar < 0, we have: for everyt < T': there is
a scaling factor £, = O(1) such that

||pt - étpOHQ < 0(1)||p0H27 ||Hspan{u1,u27p0}L(pt p0)||2 d- 0- 6||p0H2

Moreover, for every i,j € [mq], |l¢, O(|lgj¢ll2) and ||qirll2 > O(VT), and as long as
max; > polylog(d), we have that a.||¢; ¢||2 > polylog(d).

Moreover,

||Hspan{u1,uz,po}L (Qi,t - %’,0)”2 >
proof of Lemma E.4. For simplicity we consider the case when H = Q(l), the other cases follow
similarly.

To proof this result, we maintain the following decomposition of p; and g; ; as:

pe = alt)po + B(t) + (1)
Where 3(t) € span{uy,us} and y(t) Lspan{us, us, po }. Note that «(0) = 1, 5(0) = ~(0) = 0.

qit = Oé(i, t)pO + ﬂ(zv t) + 7(27 t)
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Where 5(i,t) € spanuy, ug and (i, t) Lspan{pg, u1, us}.

We maintain the following induction hypothesis (which we will prove at the end): For some p =
0.00001 and C; = d*O'l, Coy = d 9% we have:

1. Through out the iterations, a(t) > 0.5 and ||3(¢)]|2 < 0.5(1 — u)C1, ||[v(t)]]2 < 0.5(1 —
1) Ca.

2. ﬁz(%_%ﬁ (0,0VT) and |5, t)ll2 < Cra(i,t) + [B(5,0)]l2, (i, )2 < Caalist) +
7 1, 2

The induction hypothesis implies that through out the iterations, (g; ¢, p¢) = Q(||gi.¢

2).

We can now write down the update of a;, o’s, 5's and 7's as:

41 = a; —1p ie%jc] Giio((pi,4i0) £ O(1) (16)

a(t+1) = a(t) — npay EZ G0’ ((pr, gii))a(i, 1) (17)
i€[me]

Bt +1)=B(t) —npas ie[zmjc] G0’ ((pe,4i,)) B, 1) + O(nplas)) (18)

Y(t+1) = (1) = npay Z_E%G] Gi 10" (P 4ie)) V(i t) (19)

By the induction hypothesis, we know that

~ 9 A2
(e 030) > & (sl < )

Moreover, we have that let h; ; := (U’((pt, @) + 2 jeime] (' ({(ps, q_j,t>)))

ali,t +1) = (a(i,t) + e H;paghi (1 £ O(12A /F)a(t)) (20)
Blit+1) = (5(@, t) + e Hi rachiy (5(15) + O(r2A2 /r))) Q1)
At +1) = (a(i, t) + g Hisarhi. (’y(t) + O(r2A2 /r))) (22)

From these formula, we can easily that as long as (1). «(t) > 0.5 and [[8(¢)[]2 < 0.5(1 —
WO [yl < 0.5(1 — u)Ca, (2). C1,Cy = Q(72A2/T), we must have that «(i,t) > 0 and
18, 1)ll2 < Cra(i, ) + (|8 0)l2,  [Iv(i, )|l < Caali, ) +[|7(4, 0) |2 Therefore, it remains to

only prove (1) in the induction hypothesis. Moreover, it is easy to observe that (i, t) = ©(«(j, 1))
forall i, j € [mg] and all ¢.

Now, we divide the update process into two stages:
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Before all ||g; ¢||2 = Q(A). Let’s call these iterations [T7] Let us consider T; ; such that for all
t € [T;1] when ¢;, = O(A) and a, = 2(1). In these iterations, by the update rule, we have

i = i + Qnc)o’ (e, 6i.e))pe £ Ol gie13)
By the induction hypothesis, we can simplify the update as:

(qi,t:P0) = (qitsPo) + Q (nao’({gitspo)))

Therefore, we know that T; ; < 0] (%) and

z:memMLEZUW%mmDSO(A> 23)

t<T;1 t<T;1 G

Together with the induction hypothesis, the fact that a (i, ) = ©(«(j, t)), the fact that o({(p;, g; 1)) =

©(o'({pt, Gi.+))||¢:.¢||2) and update formula Eq equation 16 equation 31 equation 18 equation 19, we
know that for all ¢ < max{T;}:

2
%= a0 (n];c? ) = ag & O(d™"") (24)
2
a(t) = a(0) £ 0 (”;’A ) = a(0) £ O(d~0) (25)
G
2 .
1B(1)]|2 <O (”DA) C1+0 (m’”ﬁ(zo)””) < O(d~"" ¢, (26)
Ulel le:
2 .
ol <6 (22 ) €+ 0 (2REIRD) < 5oy, @)
yle le

When all ||g; ||2 = Q(A): In this case, since ||poll2 = w(1), we know that (p;, ¢; +) = w(A), so
o({pt, ¢i,t)) acts on the linear regime, which means that:

o({pe, qip)) = (1 £ 0(1))3/\2(2%7(11,0, O-I(<ptaqi,t>) =1+ 0(1))3A2

Therefore, we know that:

a1 <ar—(—o(W)yp [ Y Giu3N(lgidll2 | (®)]poll (28)
i€lmg]
a(t+1)|pollz > a@®)llpolla = (1 + o) [ > Gir3A||gidll2 | as (29)
i€[mg]

Now, using the fact that ay < 0.819«(0) and with Eq equation 24 and Eq equation 25, apply
Lemma E.2 we have that until a; < 0,

Do | D Gi3Nllgilla | ar < 0.49]poll2 (30)
t

i€[mg]

Plug in to the update rule:

a(t+1) =a(t) £ (L+o(1))npar Y Gi3A%a(i,t) (31)
iG[mG]
=a(t) = (1+o(1))mpar Y Gi,t3A2q;t||||2 (32)
i€[mg] 0
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1B+ 1)llz < 1Bl + (1 +o(L))par | D Gii3A?B(i.) +O(1) (33)

i€[mg]

< B2+ 101 +o01))ar [ > G, ;3n2 14eell2Cr O(1) (34)
e [poll2
2 lgiel[2C1
<|IBWN2 +np(1+o0(1)a; | > Gii3A (35)
ic[me] ||p0||2
vt + Dll2 < [[v@®)ll2 + npA +o(D)ar > Gia3A>y(i,t) (36)
ie[mc]
< @)l + 1o (1 + o(1))a; Z GztSAQ'ﬁl;l'f (37)
ZG mG

We directly complete the proof of the induction hypothesis using Eq equation 30.

Now it remains to prove that ||g; 7|2 = Q(v/T'). Compare the update rule of g; ; and a; we have:

a1 =a;—Omp)Gr | > Algisl2 (38)
i€[mg]
and
> Naieiallz = llgillz + O(na)GiAay (39)
i€[mg]

We can directly conclude that ||g; || < O <\/f) and || 7|2 = QVT).
O

Lemma E.5. For every np,na € (0, m} such that ng = npT for T > Q(\/d), suppose for

sufficiently large C = poly(log(d)mp) there are vectors {q; i }icme)» {Piticimp) in R? such that

Ipillz = 1, (ps, pir) < O(1/V/d) fori,i', values H; j +,G; + € (&2, C?] and a value ay > 0 satisfies
that:

1 s 1
~ Solvios(d) ] - A); j,0 = 4% jy Ui > RIS < —=llg;
0 polylog(d)’”qj’ouz O g0 E[Z aipi + &0 2 0, [&ill2 < = llgj0l2
3 mD]
(40)
ar=a—mp | Hige 3 olipigid)) (41)
i€[mpl,jE€[mc]
1
Qit+1 = Qit + UGatGi,t Z <g’(<pj7 qi7t>) (pj + C’>) (42)
j€[mp]
Then we must have: within T = O (n—\/g) many iterations, we must have that a; < 0 and

max;eime) 15,72 = O(VT). Moreover, for every t < T, we have: for every j € [m¢],

S ol =0 (,max] o’<<p¢,qj,t>>|qj,t||2>

i€[mp] i€lmo
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and
1
max (p;, gj.e) 2 {1~ 75z | lsll2

i€[mp]

Proof of Lemma E.5. Let us denote 7; ; = maxX;c(m ,11(Pj; Gi,t) }-

By the update rule, we can easily conclude that:
1
Tit+1 = Tit +NcGig (1 - C’0-5> o' (rit)

On the other hand, let us write ¢; ; = > mp] Qigtdj + &i,¢» Where oy ;; > 0. We know that:

el

m
[€.1ll2 < €iellz + 16 G’ (ris) (43)

By the comparison Lemma E.3 we can easily conclude that for every ¢,
1
[1€i.¢ll2 < o5 it

This implies that: there exists values u; € [1/C?, C?] such that

Q41 = Gt — DU Z U(Ti,t) (44)

i€[mg]

Comparing this with the update rule of r; ;, we know that for every ¢ with a; > 0, we must have:

rip = 10) (ﬁ) , Tir = (:)(\/f)

Lemma E.6 (Auxiliary Lemma).
For every g > 0 we must have: Sigmoid(—gx — b)x is a decreasing function of x as long as gz > 1
and gxr + b > 0.

Lemma E.7. For a;,b;,c;,dy € R? be defined as: ag,co,dy =

bs| < min{asc}, a;ds}.

polyl%)g(d)’ bt| < O(log d) and

1 1 . . - . 1 . . :
at+1 = Gt —+ 77D§ ((1 ZI: I)ob;log@) Slngld(—ath — bt)C? + (1 Zl: ImMQg@) Slngld(—atdf — bt)d?)

(45)
Cty1 = ¢t + 3 1+ _ Sigmoid(—a;cd — b;)cia (46)
t+1 = Ct 77D2 polylog(d) g tCy t)Cy Ot
3 1
dit1=d -1+ ——— | Si id(—a,d? — b;)d? 47
t+1=de + D5 (( polylog(d)) igmoid(—azd; — by) tat) (47)
Then we have: for every t € (%;gw), %D(d)}, we must have:
2 1
=4/ |1+ —- 48
at \/; ( polylog(d)> “ @
1
=1+ ——)d 49
“ ( polylog(co) t )
Proof of Lemma E.7. By the update formula, we can easily conclude that for ¢ < %D(d), we have
that a, c¢, dy € m, polylog(d)} . This implies that for every ¢t € [%Zgw), %D(d) , we

have that
atcf,atdf € [1,0(log d)]
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Apply Lemma E.6 we have that: As long as a; > 3(¢; + d;), we must have that

Sigmoid(—asc; —by )i +Sigmoid(—azd; —b;)d; < Sigmoid(—ayc; —b;)ciaz+Sigmoid(—ardy —by)d?ay

This implies that

Aty a
t; *§t<ct+1+dt+1*0t*dt

Note that initially, ag, co, dy = m. This implies that when ¢ > %j)g(d), we must have that
a; < 4(cy + dy), therefore ¢; + dy = Q(1). Similarly, we can prove that a; > 0.1 min{¢;, d; }.

as long as ¢; > d;, we must have:

Sigmoid(—asc; — by)cia; < Sigmoid(—azd; — by)dsay

Which implies that:

Ct+1 Ct

1+1/polylog(d) 1+ 1/ polylog(d)

<di1 —dy (50

m and when t > %;gw), ¢t + dy = Q(1). This implies that

for every t € [%ggw)? %D(d)}, we have: ¢; = (1 + m) d;. Which also implies that
ct,dy < O(logd).

Similarly, we can prove the bound for a;.

Note that initially, co, dy =

F INDUCTION HYPOTHESIS

F.1 CASE 1: BALANCED GENERATOR AND DISCRIMINATOR

In this section we consider the case 2 in Lemma D.1. Here we give the induction hypothesis to prove
the case of balanced generator and discriminator, this is the most difficult case and other cases are
just simple modification of this one. Without loss of generality (by symmetry), let us assume that
a® > 0anda® = m (this happens with probability 1 — o(1)).

We divide the training into five stages: For a sufficiently large C' = polylog(d)

1. Stage 1: Before one of the a(w;, u;,t) > 1/C. Call this exact iteration Tz ;.

2. Stage 2: After T’z 1, before Tp o = Tp 1 + W

3. Stage 3: After T’z 2, before one of the a(v;, Uuj, t) > d—049_ Call this exact iteration TB3.
4. Stage 4: After T’g 3, before al) < 10) (W) Call this exact iteration T'g 4.
5. Stage 5: After T'g 4, until convergence.

We maintain the following things about « and a, b during each stage:

Stage 1 : We maintain: Forevery t < T 1:

1. (B.1.0). For all but the i* € [mp], and for all j € [m¢] (Below * can be w;/, v/, u, for
every i’ € [mpl,j’ € [mg]and £ € [2]).

1

< J0-9° lo(ws, g, t) — a(wg, ug, 0)] <

Vi #£ up, ug ¢ |a(w;, *,t) — a(w;, *,0)]

Sla
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2. (B.1.1). Forall j € [mg]:

lylogl
la(vj, %, t) — a(vj,*,0)| < %gog@l)
1
|Oé(’Uj,Ue,t)| < E
3. (B.1.2). For i* = i, we have that: for all % 2 uy, us:
1
‘a(wi’*vt)_ (wl’*’oﬂ di

4. (B.1.3). a and b remains nice:

a® e (1-1/C1+1/C)ag, p?] < %

Stage2 :Foreveryt € [Ip1,1B2]

1. (B.1.0), (B.1.1), (B.1.2) still holds.
2. (B.2.1): For i = i*, we have:

Stage3 : Foreveryt € [I52, 153
1. (B.1.0), (B.1.2) still holds.

2. (B.3.2): Forevery j € [mg]: For % # w;=, u1, ua, we have:

(v, %,1) = (v, %,0)] < 12

fllv

and

a(vi,ug, t) > =0 ((11)

Moreover, let a(t) := max;cimq),ce(2) <U](»t), ug), we have that:

| (vj, wi-, 1)| < polyloglog(d)a(t), [(v”,ue)| < O(a(t))
3. (B.3.3): Balanced update: for every X,

1 1
Sigmoid (—a® (w{®, X)? — p® Sigmoid (®
igmoi ( a'(w;”, X) )E Vi polylog(d)’ polylog(d) igmoi ( )

and

omoid (—a® (w®_ u)? — p®) = U Siemoid (—a® (w® u,)? — p®
Slngld( a'(w;. uq)® —b ) (lipolylog(d))&gmmd( (wy. uz)® — b )

Stage4 : Foreveryt € [T 3,154

1. (B.3.1), (B.3.2) still holds.
2. (B.4.1) for i = i*, we have that for all * = wuy, us, w;:

|awi, %,t) = afwi, %, 0)] <

S

For all * € [uy, ug, w;]:
a(wg, *,t) = O(a(w;, *,Tp 3))

al: |t () o = (”v(t) |l2) and after ¢ = Tz 4, we have that for every

3. For every ¢, ] 6 [m
i € [mal, [lo”]]; = 6(d"/).
4. [al], [p®] = O(log(d)).
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Stage 5 : Foreveryt € [T'5.4,T0].

1. Forevery i € [mp],
|a(wi, *, T a) — a(w;, x,t)| < a0t
2. Forevery i € [mg],
|a(vg, %, T a) — a(vs, %, )| < d’?

3. [a®M| <O (m), and for every 2:

(W, GO (2)) = Qd'/*)

F.2 CASE 2: GENERATOR IS DOMINATING

We now consider another case where the generator’s learning rate dominates that of the discriminator.
This corresponds to case 3 in Lemma D.1. In this case, we divide the learning into four stages: For a

sufficiently large C' = 2V1°8 4

1. Before a(vj,, wi,t) > d~%49. Call this iteration T¢ ;.

2. After T 1, before a(vjc,wic, t) > A. Call this iteration T¢; 2.
3. After iteration T o, before a; < 0. Call this iteration T 3.

4. After T 3.

We maintain the following induction hypothesis:

Stage 1 : In this stage, we maintain the following induction hypothesis: Let a(t) := (v, Wi, ),
forevery t <Tq 1:

1. (G.1.1). For all i € [mp], and for all j € [m¢]:

C
a(w;, *,t) — a(w;, *,0)| < —
|a( ) — o )| 7
2. (G.1.2). For all j € [mg], for all * # w;,:
la(vj, *,t) — a(v;, *,0)| < < (t)
VERAE] VERGE] = \/g
Stage 2 : In this stage, we maintain: for every ¢ € [T 1, TG 2]
1. (G.2.1). For every i € [mp], we have:
1
(2l at - (2l ,0 <=
awi, 1) = a(ws, =, 0)] < &

2. (G.2.2). Forevery j € [mg], a(vi, wig,t) > d=049.

3. Forevery i € [mg], we have: for every * # w;,:
2
|a(vy, %, t) — avy, %, 0)| < 6|a(vi7wic,t)|

Stage 3 : In this stage, we maintain: For every ¢t € [T 2, T 3]:

1. (G.2.1), (G.2.2) still holds.

2. For every i € [m¢], we have: for every * = v, or x = uy:

2
[ovi %, 1) = avi, %, 0)] < Flof 2
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Stage 4 : In this stage, we maintain: For every ¢ € [T 3, T1):

1. (G.2.1) still holds.
2. For every i € [mg], we have:

Loz
|Oé(7)i>*7t) — a(vi,*,TG’3)| < 6”@2( G,3)H2

= O 1 () - 8
3. Jau| = O<A2 ﬁc/nn)’ [v;l2 = ©(ng/np), and for all z # O,
Yietmp MGV (2) = O(A*V/n6 /1)

G PROOF OF THE LEARNING PROCESS IN BALANCED CASE

For simplicity, we are only going to prove the case when u; Lus and Pr[s; = s; = 1] = . The
other case can be proved identically.

G.1 STAGE 1

In this stage, by the induction hypothesis we know that ||v£t) |2 < O(1/+/d). Therefore, the update
of wgt) can be approximate as:
Lemma G.1. For everyt < Tp 1, we know that: when the random samples are (X, z):

(t+1) _ () (0) 1i¥ 3 O x\2X + 9,0 L 51
o e ( polylog(d) gl X e\ s eb

Moreover, we have that if z; = 1:

2
(t+1) _  (0) 03 1 0) At 1 (t)
o =l +na3 (12 ) B (0076060 £ gaeg) o 52

2
_® 3 1 ©) A 1 (0) 1
v, +nga 5 <1 =+ polylog(d)> | Z <<w] LG (2)) £ cosg) Wi + ncO eENE

Jj€[mp]
(53)

Taking expectation of the above Lemma, we can easily conclude that:

1 3
Efw{"*V] = Elw{"] + npa® (1 + ) = () + (w0, uz)?us + O() Wl un + uz) (s + u2) )

polylog(d) / 4
(54
~ 1

+np0O Ji5 (55)

and

2
©) A (N2 [ o — 1] — (@) (D2 1 ©) ()

El(uf”, GO @)? | 7= 1) = @ o) 20 | s 7 o) | 66

i€[mg]

Therefore, let (; = maxie[mG]yje[mD]@gt), w;O)), Ty = maxX;em ) ee)2) <w§t), ug), we have that:

3 1
E[Yiq] =T @2 (14—~ )2
Y] =X Hmpa™ ( polylog(d)> ! 7
3 1
E = ©) 14 2
[Ci+1] = G +naa g < polylog(d)) & (58)
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Proof of Lemma G.1. By the gradient formula, we have:

Vo, L(X, z) = — Sigmoid(— f(X))ac’ ((w;, X)) X + Sigmoid(f(G(z)))ac’ ((w;, G(2)))G(2)

Vo, L(X,z) = —1,,21 Sigmoid(f(G(2)))a Z o' ((wi, G(2)))w;

j€[mp]

At iteration ¢, by induction hypothesis, we have that a() = a(9) (14 1/C).

Moreover, by the induction hypothesis again, we have hat |f(X)| = O(d~"®) and ||G(2)|2 <
O(d=%5). Together with ngt) |2 = 0(1), this implies that

| Sigmoid(f(G(2)))ac’ ((wi, G(2)G(2)]|2 = O(d~"?)

)

This proves the update formula for w; ’. As for v;, we observe that by the induction hypothesis

and notice that w.h.p. over the randomness of initialization, |{v; (o ) ug)| < %, therefore, we can

conclude that

. 1 logd 1
<wj(.t),G(t)(Z)> _ <w§0)7G(t)(z)> +0 <dl35> +0 (Cd) = <w§0)’G(t)(z)> + 054 (59)

Note that by induction hypothesis, ||w§-t) - w§-0) |2 < & and (w§0)7 GM(z)) < w. This
implies that

1 2
i, GO ()0’ meamw»ig@01#> (60)
2
= ((w(-o) GO (z)) + ! ) w® +0 <1) (61)
J C0.5¢4 J C0.542
O

Now, apply Lemma E.4 and the fact that w.p. 1 — o(1), (o = %51%@, we have that:
Lemma G.2.

9 mg¢ polyloglog(d)
D neit <0 ( O (62)

t<Ty

In the end, we can show the following Lemma:
Lemma G.3. Whent = Tg 1, we have that: for both { € [2],

1

i* at = i
alwie v ) = o oa(d)

Proof of Lemma G.3. By the update formula in Eq equation 54, and the fact that Pr[X = uj 4 ug] >

m and the induction hypothesis, we know that for ¢ = ¢*, for ¢ < T'g ; we have that:

- 1\?
s un,t+ 1) 2 awsue, ) + o) x (alunva-r.0) - ;)

This implies that at the end of Stage 1, when a(w;, uz—¢,t) > &, we must have o(w;, ug, t) > Q(1)

as well. ]
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G.2 STAGE 2 AND STAGE 3
At this stage, by the induction hypothesis, we can approximate the function value as:

> o (1. 5)) = it 300 (415

i€[mp]

> o (w.c0e)| <0 (IeV@)k) <0 (dl)

i€[mp]

)

Therefore, at this stage, we can easily approximate the update of Wg as:

(63)

(64)

Lemma G.4. When the sample is (X, z), we have: for everyt € (I's 1, Tp 3], the following holds:

~ (1
Y =a® 1 qp (1 +0 (d)) Sigmoid (—a(t) (wgf), X)3 — b(t)) <w§f),X>3

= 1 . .
+npO <d145> Sigmoid (b(t))

~ 1 . .
+npO <d1~45> Sigmoid b(t))

~ (1 .
wV = ® 1 3y, <1 +0 <d>> Sigmoid (fa(t) (w®, X)? — b(t)> a®(w”, X)2X (67)

— NDTp <1 +0 <d1145>> Sigmoid (b(t))

Moreover, the update formula also let us bound a(®), a(w;«,ug,t) as:

(65)

(66)

(68)

(69)

(70)

Lemma G.5. Let oy, ay be updated as: fort = Tp 2, oy = a(w;=, uy,t) and a; = a®, such that

aty1 = as + ng Sigmoid(—asa — by)ad

3 . .
Q1 = oy + ShGar Sigmoid(—azef — by)a?

Where b, be updated as: fort =1Tg o, by = b® and update as:

bir1 = by — npTp Sigmoid(by)

Then we have: for everyt € [Tp 2, T 3]

1 1
— (14— )a® = (14— iy U, t
o ( polylog(d)> “oo ( polylog(d)> a(wie, w1, 1)

Sigmoid (b)) = (1 + ) Sigmoid (by)

polylog(d)

Moreover, when t = T'g 3, we have: a; < 0.819¢.
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Proof of Lemma G.5. By the update formula in Lemma G.4 and the bound in induction hypothesis
(B.3.3), we can simplify the update of a), b(*) and ov(w;, uy, t) as: for i = i*, when X = u:

1
) = ¢® 4 D (1 + polylogM)> Sigmoid (—a(t)a(wi,ug,t)s — b(t)) a(wi,ug,t)‘3

(71)
a(wg, ug, t + 1) = a(w;, ug, t) (72)
+ 377D (]- + p()lylog(d)) SlngId (—a(t)a(wi7 Uy, t)S — b(t)> a(t)a(wi, Uy, t)2
(73)
1
b = p® — 1+ ———— ) Sigmoid (b® 74
NDTh polylog(d) Sigmoi ( ) (74)

By the last inequality, we know that when Sigmoid(b(®)) > (1 + ) Sigmoid(by), then b(*)

1
polylog(d)
must be decreasing faster than by, otherwise if Sigmoid(b(*)) > (1 - m) Sigmoid(b; ), then

b, must be decreasing faster than b(*), which proves the bound of b(*). Moreover, the update formula
of b; also gives us that for every ¢ < poly(d), we have: |b;| = O(log d). This implies that for every

Sigmoid(Z 4 b)) = (1 = Sigmoid(Z + b;)

1
polylog(d)>
To obtain the bound of ¢ and a(wf, uy,t), notice that when X = uy + ug, we have that:

Sigmoid (—a(t)(oz(wi7 uy, t) + aw;, ug, t))* — b(t)) < gng} Sigmoid (—a(t)a(wi, up, )% — b(t))
€

Therefore, we can conclude:

E[a®tY] = a® (75)
+ 771:)1 (1 + 1) Z Sigmoid (—a(t)a(wi, ug, 1) — bt) o(wi, ug, )3
2 polylog(d) o
(76)
Ela(w;, ue, t + 1)] = a(w;, ue, t) 77)
3 1
= 1+ —— | Si 'd(— O v (wy, ug, 1) — by ) aDa(w;, ug, t)?
+ 51D < polylog(d)) igmoi a'’ a(w;, ug, t) t) a'o(wg, up, t)
(78)
Using Lemma G.3 we can conclude that
1
%y ’ T = T i N
a(wir ue, 1) polylog(d)

and now apply Lemma E.7, we have: a®®) = ©(a(w;-,u1,t)) and

1
i, UL, T) = i, U, ¢ L e Toald)
a(w Uq ) [a(w u1 )] ( polyloglOg(d)>

This implies that:

1
(t+1)) — (1) - ; s (—a® ) 3 _ ) 3
Ela |=a" +np (1 + polylog(d)) (Slngld ( a‘a(wi,ug,t) bt> a(w;, ug, t) )
(79
]E[a(wi?uht_'_ 1)] = a(wiaulvt) (80)

3 1 . .
+ 577D (1 + po]ylog@d)) SlngId (—a(t)a(wi,ul,t)?’ — bt> a(t)a(wi,uht)z
81
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Apply Lemma E.7 again, we know that when

1
O a(wi,up, 1) > 14+ ——-r0 3
a‘Va(w;,ug, t)° > ( polyloa(d) len

We must have that a®®) > a; and a(w;,u1,t) > oy. Therefore, apply Lemma E.6 we know that in
this case:

Sigmoid (—a(t)a(wi, up, t)® — bt) afw;, ug, t)* < Sigmoid(—asa — by

and

Sigmoid (—a(t)a(wi,ul,t)3 - bt) a®Da(w;, ur,t)? < Sigmoid(—a,af — by)aa?

Combine this with the update rule we can directly complete the proof.

The Lemma G.5 immediately implies that the o(w;~, ug, t) will be balanced after a while:

Lemma G.6. We have that for every t € [I'g 2, Tg 3], the following holds:

1
) = e, ) (1 o)

and
a(w;e w1, 1) > log” (d)

(t)

Using Lemma G.6, we also have the Lemma that approximate the update of v;  as:

Lemma G.7. Let us define a(t) := maX;e(m],te[2] <U§t), ug). Foreveryt € [Tp 2, TR 3], we have:
forj #£i*:

02
405

(i, G0 (@)w) = (w60 ()" £ —= (), GM(2))? (82)
For j =14*:

C
(U}§-t), G(t)(z)>2w§t) = <w§'t)’ G(t) (Z)>2 (w;O) + Oé(w]‘, Uy, t)ul + CY(’LUJ', uz, t>u2) + W <w§t)7 G(t)(z)>2

(83)
Now, for <w§t), GM(2)) we have: For j # i*:
2 2 2
) A N2 | . 1] — L © @y, & a(t)
E - =1=(1+£ - N +
L. 602 5 =11 = (12 b ) (Wl £ Sa) & M0
(84)
For j =i*:
® AN . 1] — 1 ~ 2 \?
E.[(w", GV (2))? | z = 1] (lipolyloglog( d))a(wl L, t) <(u1+u2),vl > 85)
a(t)? _ 2
polyloglog(d) a(wis,u1,t) (86)

Moreover, the update of Sigmoid can be approximate as:
. . ~ 1 . .
Sigmoid (f(t) (G(t)(z))) = (1 +0 (dl45>) Sigmoid (b(t))
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Proof of Lemma G.7. The first half of the lemma regarding w§t) follows trivially from the induction
hypothesis, we only need to look at <w§t), G®(2)).

We know that for j # i*, we have that by the induction hypothesis,

For 7 = i*, we have that

w®,GO)) = @, 60 (2) + awy,ur, ) ur, CO)) + alw;, un, £)(uz, GO (2) + O ( ! )

4135
(88)
= a(wj, uy, t){uy +ug, GV (2)) + ;a(wv uy, t)a(t)]z]; £ O !
e ’ polyloglog(d) 77"’ dr3s
(89)
1
— afwjun Ol + a0l £ 0 (s ) £ Oalws . Da@)(lell - 1)
(90)
Taking expectation we can complete the proof.
O

With Eq equation 82 and Eq equation 83 in lemma G.7, together with the induction hypothesis, we
immediately obtain

Lemma G.8. Foreveryt € [Is2,Tp 3], we have that: for every i € [mg]:

o =02 £ S afug+ Y g ¢, 1)

2e(2) Jj€[mp]

Where 52 ﬁ()>0and 52 (1+o0(1))a f;

O(1/d) (L, + (81)2)

We now can immediately control the update of vz@

Lemma G.9. Let v, be defined as: fort = Tg 2

using the following sequence:
vy = max <v(t),u1 +ug) [ 1+ _
i€lmg] " polyloglog(d)
and the update of vy is given as: for oy defined as in Lemma G.5
3
Vip1 = vy + — Sigmoid (b, )aiv?
mg

Then we must have: for everyt € [Tg 2, Tpg 3]:
(®)

max (v;”,u1 + ug) < vy (92)
iG[mg]
On the other hand, if for t =T o,
® 1
o= max (v un o uz) ( p01y10g10g<d>>

Then we must have: for everyt € [TBQ7 Tg 3]:

max (v z( 2 ,ut + ug) > vy (93)

i€[mg]
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Proof of Lemma G.9. In the setting of Lemma G.7, let us define beta(t) := max;cm) (vj(-t), uytuz).
We have that:

1 3 1
t+1)=p5(t 1+ ———— ) —B(t)2+ ——————af(t)? 94
B+ 1) = 500+ noa (12—l ) s e b
By the induction hypothesis we know that for all j € [mg], ¢ € [2]:
2
®) (0) 1 loglog® d
9 ) > (0, ug) — O (d) > loglog d 95)

This implies that B(t) > a(t) — % and B(T,2) > 4, (T ) < P This implies
that:

1 3
B(t + 1) = B(t) + Ngay (1 + polyloglog@d)) m—Gﬁ(t)Z (96)

This completes the proof by applying Lemma E.1. O

Now, by the comparison Lemma E.1, we know that one of the following event would happen
(depending on the initial value of v, at iteration Tz »):

Lemma G.10. With probability 1 — o(1), one of the following would happen:
1. Tp3 > Tp.

2. T 3 < To, moreover, at iteration Tg 3, we have that Sigmoid(b;) > m.

In the end, we can easily derive an upper bound on the sum of Sigmoid as below, which will be used
to prove the induction hypothesis.

Lemma G.11. Foreveryt € (TB,l, TB73], we have that: for every X, z:

Z np Sigmoid (a(t)(wg), X)3 4+ b(t)) = 0(1) 97)
te(Tp,1,TB,3]

> won (20) <00) (98)
te(Tp,1,TR,3)

(®)

We will also show the following Lemma regarding all the v, at iteration T’p 3:

Lemma G.12. Forall i € [mg], if we are in case 2 in Lemma G.10, we have that:

@ uy), (W ug) = Q(d04%) (99)

Proof of Lemma G.12. Since with probability at least 1/ poly(d), z; = z; = 1, so we have: By the
update Lemma G.7 of v, we know that for all j € [m¢]: Let «(t) be defined as in Lemma G.7:

Ela(vj, up, t +1)] > a(vj,ug, t) + ncm (a(t) -0 (;))2 +0 <d§8> a(t)? (100)

Ela(vj, ue, t + 1)] < afvy, ue, t) + ne polylog(d)a(t)2 (101)

By Lemma G.10 we know that o(t) = ©(d—04) at iteration t = T’ 3, which implies what we want
to prove. [
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G.3 STAGE 4 AND 5

In Stage 4 we can easily calculate that by induction hypothesis, for every i € [m¢] and for every

j € [mpl,j#i*:
0 w0y < 0 (12
R AR Y

Sit=E, [Sigmoid (a(t)a ((wl(’)7 G(t)(z)>) + b(t)> | 2 = 1}

Note that by induction hypothesis, [a®|,b() = O(log(d)). Which implies that as long as
maX;e(mg] ||U§t) t),wi*>) > Q(log(d)), we have

Let

I < m or for all i € [mg], a(t)a’(@g

that: for all 2, 2’ we have that:

Sigmoid (a(t)a ((wl(t), G(t)(z)>) + b(t)) = 0(1) x Sigmoid (a(t)a ((wl@, e (z’)>) + b(t)>

We can immediately obtain the following Lemma:

Lemma G.13. The update 0fv§t) is given as:

.\ 2
~ ~ v
Efo! ™) = v + 8(n6)a?Sie | | o' (o) + 3 qijuc’ ((w® o)) wﬁ”io<n ﬁz”>

(102)

j€lma]

Where v, ;¢ > 0; %ije = O(1) if mMaXicimg] vat)Hz < or for all i € [mg],

a(t)a’(@i(t), wi-)) > Qlog(d)), and v; ;. = O(1) otherwise.

1
polylog(d)

Here the additional o’ ((wft), j( )>) part comes from Pr(z;, z; = 1] =

of this stage follows from simply apply Lemma E.4.

1 ..
polylog(d)- 1he remaining part

In stage 5, we bound the update of ), b(®) as:

Let
S, =E, [Sigmoid (a(t)a ((wz(t)’ G(t)('z») + b(t))}

In this stage, with the induction hypothesis, we can easily approximate the sigmoid as:
Lemma G.14. Fort > T'g 4, the sigmoid can be approximate as: For every X, z

Sigmoid(—f® (X)) = (1 + > Sigmoid(—b®)

polylog(d)

Sigmoid(f®(GY(z2))) = (1 + polyllog(d)) Sigmoid (a(t)a ((w(f), G(t)(z)>) + b(t))

Then by the update rule, we can easily conclude that:

Lemma G.15. Fort > Tg 4, the update of aV b1 is given as:

altth) = gl —|—O(77D)Slgm01d< bt ) — Qnp)S,A%d/*

1 1
EBpED] — p(® 14—~ g id(—p®) — 1+4—— )9
[b =0 +npm polylog(d) Sigmoid ( b ) DTy polylog(d) f

This Lemma, together with the induction hypothesis, implies that:
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Lemma G.16. We have:

~ 1
Z 5=0 (UDTbA2d1/4>

t>Tg.a
~ 1
> Sigmoid(b) < O ( >
ST "IDTh

Proof of Lemma G.16. Let us denote R = ZQTBA Sigmoid (—b®) and @ = ZtTiTB ,
Sum the update up for t = T'g 4 to T, we have that:

a(To) _ o(TB.a) — O(nD)R _ Q(T}D)QA2dl/4
Ep™)] -T2 = ©(npmy) R — ©(npm)Q

By the induction hypothesis that |a()| < A?(g& and |bt| = O(1), we have that:

- X o(1
Oln) R~ Qnp)A%d ) < A )

©(npm)R — ©(1pm)Q| < O(1)

Thus, we have:
O(1)
A241/4

A 201/4 £ & <0
p)QAE/* < O} + 5 < Otnw) (1

+Q)+

Therefore we have that Q(nD)QA2d1/4 <0 ( L4 W)’ which implies that

DTy

~ 1
@<0 (nDTbA2d1/4 >

IN

Similarly, we can show that

~ 1 ~ 1 1 1
R<O <0 R
- (UDTb * Q) - (77D7'b T @z Tz )

This implies that R < O( L )

NDTy

G.4 PROOF OF THE INDUCTION HYPOTHESIS AND THE FINAL THEOREM

(103)

(104)

(105)
(106)

(107)
(108)

(109)

(110)

The final theorem follows immediately from the induction hypothesis (v part) together with

Lemma G.8.

Now it remains to prove the induction hypothesis. We will assume that all the hypothesises are true

until iteration ¢, then we will prove that they are true at iteration ¢ + 1.

Stage 1

To prove the induction hypothesis at Stage 1, for w, we have that by Lemma G.1, we know that: for

* Z£ Uy, U,

~ 1
|a(ws, *,t + 1) — a(w;, *,t)| < npO (dl5>

38
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ByT; <O ( vd ) we can conclude that

~ (1 d 1
|a(w;, *,t + 1) — aw;, x,0)] < npO (d”’) x O ( vd > < 709 (112)

On the v part, again by Lemma G.1, we know that for * ¢ {w;} jc[m1:

1 Vd 1
(v, %, 1) = a(wi, *,0)] < e (W) x O (W) < 1 (113)
On the other hand, we know that for w;:
1 3
s wi t+1) — a(v,w;, t)] < 1 2 114
st 1) = o)) < (14— ) g (1)
Apply Lemma G.2 we complete the proof using Lemma E.3.
As for the a), b(*) part, we know that:
" — al| < O (npmpYF), bW < Ty a15)

Combine with the update rule of T in Eq equation 57, we complete the proof.

Stage 2 and 3 For the w part, we know that by Lemma G.4, we have that for every * # uq, ug

la(wg, *,t + 1) — a(w;, %, )] < npO <d1_45> Sigmoid(b(*)) (116)

Now, by Lemma G.11 we have that:

This implies that
1
"D

- 1 1
‘O‘(wiv *, 1+ 1) - a(wia *7TB,1)| < nDO <dl45> X < W

For the v part fort < Tp o, since Tg o — Tp1 = O(do(l)/m)), we can easily prove it for t < T o
as in stage 1. On the other hand, for ¢ € (TB,Q, TB,g}: By Lemma G.7 and Lemma G.6, we have that
define

(t) @ (0) () (0
a(t) = max vy, Up), t) == max v wg ) v, v
0 jG[mG}>f€[2]<J o, A je[mc],j'e[mc],#j';ie[mn],m*|<J 0]
We have that:
1
Ela(t +1)] > aft) + neQ (m) Sigmoid(b™)a(t)? log” ! (d) (117)
G
and

E[B(t + 1)] < A(t) + 16O <mlg) Sigmoid (") (/3@)2 T \C/;a(wQ) (118)

By Lemma D.2 and Lemma E.1 we can show that 5(t) = O (5(0) + %a(t)) , which complete the

proof that for all % % w;«, uy, usg:
CS
Vi

t
(v, %, )] < —=lo{|2
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Stage 4 and 5 At stage 4 we simply use Lemma E.4, the only remaining part is to show that
16| = O(log(d)). To see this, we know that by the update formula:

Vi L(X, z) = — Sigmoid(— f (X)) + Sigmoid(f(G(2)))

By our induction hypothesis, we know that a(*) (Z O'(<’U.),Et), X))) >0

i€[mp]

and a(® (Zie[mD] o((wit), G(z)})) > 0. Therefore, b < O(log(d)) is immediate. Now it remains
to show that b > —O(log d): By the update formula, we have:

—bD < p® 47, Z Sit

i€[mg]

and by Lemma G.13 and the proof in Lemma E.4, we have that:

ST w? > 3T 0w +a0me) [ Y S| | DD (0l )

i€[mg] i€[mg] i€[mg] i€[mg]
(119)
Compare this two updates we can easily obtain that [b()| = O(log(d)).
At stage 5, we have that since || = O (gi7z): Forevery j € [mg],i € [mp)]
1 , ~ 1
[ — oy < O(n)SeA? x G (120)
1 = . . 1
||w£tJr ) wgt)Hg < O(np) Slngld(—b(t))7d1/4A2 (121)
Apply Lemma G.16 we have that:
(t+1) _ (T5.0) > 1 1 0.15
ij - i l2 < O(neg) x qi/4 x nDTbA2d1/4 <d (122)
~ 1 1
™ — w4y < O(p) < (123)

dl/4A2 . NpTy 401

Which proves the induction hypothesis.

H PROOF OF THE LEARNING PROCESS IN OTHER CASES

We now consider other cases, in case 1 of Lemma D.1, the proof is identical to case 2, the only
difference is at Stage 3, we have that Tg 3 > Tj.

In case 2, the Stage 1 is identical to the Stage 1, 2, 3 in the balanced case. For Stage 3, its identical to
Stage 4 in the balanced case (the only difference is to apply Lemma E.5 and the case 2 of Lemma E.2
instead of Lemma E.4). For Stage 4, its identical to Stage 5 in the balanced case.

At Stage 2, by the induction hypothesis, we know that for j # i, we have that |<v§t), w§t)>\ <

0 (% ||v]<t) H2> Thus, we can approximate the update of w, v as:

w™ =w £0mp Y Y 13)A (124)
Jj€lmel
1 ~ 0 1 =
o =0 +0me Y v IRl £ 50me D v 1) (125)
j€[ma] Jj€[mc]

Using the fact that ng > Q(\/&)n p in case 3 we immediately proves the induction hypothesis.

The proof of the theorem follows immediately from the induction hypothesis on v in this case v only

. . . . 0
learns noises (linear combinations of wl( ).
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I NORMALIZED SGD

In this section we look at the update of normalized SGD.

Let us define:
it = argmax{(w”, u1)}
i€[mp]

i3 = arg max{(w(”), u)}
i€[mp]

Let us define:

g; = arg max{ <vj(-0) , w® '}

i€[mp] ‘

Then we first show the following Lemma about initialization:

Lemma L1. With probability at least 1 — o(1) over the randomness of the initialization, the following
holds:

1. Forallt € [2], for all i € [mp)] such that i # i}, we have:

Oy > (10— ) u©
<’LUZZ 7U@> = < pOlleglOg(d)) <’LU1 ,Uz>

2. Forall j € [mg], we have that for all i € [mp| such that i # g7,

(0)  (0) 1 0)  (0)
<Uj » Wy ) > (1 - 10g4(d)) <Uj w; )

3. {9} Yieme) = [mpl.

We now divide the training stage into two: For a sufficiently large C' = polylog(d), consider the case
when g = np * C~06,

1. Stage 1: When both a(wj.,, u1,t), 0(Wixy, Uz, t) < 001_95. Call this iteration Ty ;.

2. Stage 2: After T’y 1, before T}

1.1 INDUCTION HYPOTHESIS

We will use the following induction hypothesis: for a
Stage 1: forevery t < Ty 1: Let a(t) := maxyeg) a(wiz, ue, ), B(t) 1= maxc(mq) a(vi, wys, t).
1. Domination: For every i € [m], we have:
|a(v, *,t) — (v, *,0)| < min {éa(t), B(t)}
For every @ € [mp], i # i, 45, we have that for * £ wuq, ug:

1
‘a(wiv *7t) - CV(U)Z', *, 0)| < aa(t)
and
|a(w;, ur, )], [e(wi, ug, )] < at)
For ¢}, we have that for every * # uq,

1
lo(wis, %, 1) — a(wis, %, 0)] < < alt)

Q

For i%, we have that for every * # uo,

2 2 b

1
|a(wis, *,t) — a(w;z, *,0)| < aa(t)
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2. (N.1.2): Growth rate: we have that for every ¢ € [mp]

(o ) )
a(vey wge 1) € (( >,1)77Gt

Therefore by our choice of np, 7 we have that 3(t) € C~0-6 Logg, 2, log” d] X aft).

and for every i € [mg]:

3. a =10.5,1]a®, [p] < 7+

Stage 2: 'We maintain: For every ¢ € [T 1,7T1]:
1. (N.1.2) still holds.

2. awiz,ug,t) € [&,polylogloglog(d)], A(t) € C~0¢ [log d,log d} x a(t), a® =
Qa(wiy, ug, t)).
3. w;’s are good: For every ¢ # 7, i3, for every *:

laui, =, 1) — ol %, 0)| < Zo(t)

and for ¢ € [2]: for every * # uy, we have:
1
a(w;, *,t) — alw;, *, < —aft
0 C
4. v;’s are good: For every i € [mg] and every j € [mp], j # ¢
®) @y > 0091 7,®) (1)
w0, w) > 009, wi?)|
and for g} # i}, we have that:
t t t
(0wl = C°(0f", )|

For g = i, , we have that <v§t), ug) > — 0(115 B(t)

1.2 STAGE 1 TRAINING

With the induction hypothesis, we can show the following Lemma:
Lemma L2. Fort < Ty, for e, == (a(t)gﬁ + C%5(a(t) + d=°5)3, when the sample is
X € {uy,us}, the update of wgt) can be approximate as:
1 (w, X)X +
WY = w® 4y (li = (d)> o’ ((w;”, >()t) £ 126)
olylo
POIYIOE(d) /57, g o (0, X))2|X |3

Which can be further simplified as:

1 1 o’ (t) 4z
Bl )] = ) 4oy (14 ) Ll Es

lyl
FIED ) 5 g 00

(127)

When z = e;, the update of v can be approximate as: For 6; == O (001,94 (B(t) + 5)2)

() , (0)\y, (0)

(D) _ (0 | 1 2 jeimp) 0 ({07 wy ) w;” £ 8¢
K e\ 1 o loe(@) @ O - 0) (128)

polylog ||Z]€ mD]U (< v; ’w] >)w] ||2

Where we have:

o 1
(w0, w) = ) £ 55 8(0)
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Proof of the update Lemma 1.2. By the induction hypothesis, We have that:

0, 0Py = D w®) 1 (o, w® — wl®) (129)
= 0, 0®) + @2, (t) w®) + @ — 00 w® —w®)  (130)
= (", w0 ( ) (CO 51 > (131)
= (v, wl?) + LIy (132)

(0.9
Here we use the fact that ||w§0) - w§t) |2 < O (&oss) from the induction hypothesis.

Consider the update of w;, we have that: at stage 1, we must have | f(X)|, |f(G(2))| < m.
Therefore,

1
— IS R (5 BN 0 — @D () @) (t)
Vo, L(X, z) (1 + olylog( )> ao' ((w; 7, X)X —aVo'((w;”, G\ (2)))GV(z) (133)

By the induction hypothesis, we have that by () < «/(t), it holds that:

o ((w®. GO (NGO (» o) | 1N (1 e
o/l COENEO N <0 (5 + ) mtxma (5 + %) <@

On the other hand, we must have that when X = wu,, we have

VN w® 1 1
(1 + polylog(d)> o' ((w;;’, X)) = (mDa(t) + J&) > polylog(d)e; (134)

This completes the proof of the w; part. For v; part the proof is the same using the fact that
ij(_o) - w](-t) |2 < O (9w ) from the induction hypothesis.

O
I.3 STAGE 2 TRAINING
In this stage, we can maintain the following simple update rule: For w;:
Lemma L3. Foreveryt € (Tn,1,T\], we have that: for every i € [mp), fori = i}:
1
Elw;™) = wf!") + ©(np)ue +0p Frggy 107
and for i # iy, 15,
1
t+1 t
Efw{) = w” £ np cisor T DY
For v;:
1 1wy 1
Ep*V = o® 4 (12— L ) L, 0 135
;" =+ polyloe(d) ) ma ” (t s £16 773 (135)

Proof of Lemma 1.3. This Lemma can be proved identically to Lemma 1.2: By the induction hypoth-
esis, we have

(w0l < log® B(t) (136)

Therefore,
1

o’ (i, GO @) ll2 < C*6(1)° < iy

a(t)?
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Which implies that:
a’((wf ),X>)X + mrrar
Wt — o ® 4o Clola(t)? (137)

\/zje[mD W X)RIXIB + ey (o (0l X0)2)

Where > . jelmp] (a’ j(t) X)) ) comes from the gradient of a(*). By the induction hypothesis
we have that a(®) = (a(wl* ,ug, 1)), so we have

o (", X)X % gretomp

t
@MD] (), X)) X3
On the other hand, by the induction hypothesis, for £ € 2[: For ¢ = ij: (w},us) >
i # 00,05 (w, X)| < 0 (3a(t)).
This implies that: for ¢ = ij:
E[w’gt+1)]

wi™ = w + 6(p (138)

a(t), and for

1
mp

1
— w4+ O(np)us + D ars 107

and for ¢ # i}, 43,
1
t+1 t
Efw{V] = ():I:nDcl 5107

Where the additional v factor comes from the case when X = uy + us or X = 0.

On the other hand, we also know that:

S (@l ol ) (139)
i€[mp]
1
= o' ((wf ,of )l +mp (COQ> (w§?, v")? polylogloglog(d) (140)
1
= o' ((wy?, o Dwy) £ o' (g o)) g (141)
Notice that ||w ||2 = (1) so we complete the proof. O

1.4 PROOF OF THE INDUCTION HYPOTHESIS

Now it remains to prove the induction hypothesis:

Stage 1: In this stage, we will use the update Lemma 1.2. By the induction hypothesis we know
that for X = wuy,

(0)
w; 1
( ;t)’X> = a(wj,ue, t) + a(w;, w;, 0) < (0)” ,ug> +0 (00-5\/E> (142)

[[w;

This implies that

>, X115 > (et —)
mp \/a
Now, apply Lemma .2 we know that:
1
alt+1) > alt) +Q <> D (143)
mp
€ 1
v*#uh@@ : ‘a(wia*at""l” < ‘a(wi’*vt)|+nD 1 . < |0¢(w“*,t)|+77D014
(mse+ J5)
(144)
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Compare these two updates we can prove the bounds on w; for * # w1, up. For ¥ = uy, ug, we can
see that: By Lemma 1.2, there exists S; ; € (0, poly(d)] such that for ¢ € [2] such that for every
i€ [’ITLD]Z

1

> (wlu)' = o (145)
i€[mp] t,¢
1
E[(w u)] = (w® 1+ ——— ) S )t pp———— (146
[(w; 7 ue)] = (w; ', ue) +np polylog(d) te{w; s ug) D S Toa(d) (146)

Apply Lemma E.4 and Lemma I.1 we can complete the proof that

D

‘a(wiauht)la |a(wiau27t)| < Oé(t), a(wigau€7t) > 37
mp

and at iteration ¢t = Ty 1, we have that: for all ¢ = 4,45, for all £ € [2]

1
alws,ue, )] < St

Moreover, when ¢ = i+,

a(wi, uz—g, )| < Fa(t)

The v part can be proved similarly: We have that there exists S; ; € (0, poly(d)] where i € [m¢]
such that:

1
> ) = (147)
j€lmp] b
1 1 log®(d)
Bl OV — (p® 1 ©® 1 (s (0@ ©Oy2 4
oyl = ey e S\ petytog(@) ) S ) e e
(148)
Apply Lemma E.4 and Lemma I.1, we have that
Ulel
|Oé(1)i,w_j,t)| < /B(t)v a(vi,wg;,t) 2 3m2G
. Moreover, at iteration t = T'x 1, for all i € [mg], j € [mpl,j # g}
t) (0 - t) (0
|, wi)] < €7 W, w?)
Similarly, we can show that for all * # w;, |a(v;, *,t)| < S(t) and at iteration ¢ = T 1:
1
lav(vs, *, 1) < Wﬁ(t)
ing the fact that [|w'? — w'”|| < —dsr
Using the fact that ||wJ w; ll2 < oo
t
®,wl) = o uw®) + @0, 0~ ul®) = o, wl) £ 5 (149)

Notice that (v "), wj(-t)) > B(t)C 7% so we show that at iteration t = Ty 1:

(0, ) < 7w wll)

Similarly, we can show that for every ¢ € [2],

(0 wf) < €7l )
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Stage 2: It remains to prove that for all t € [Ty 1, T 2], we have that
) @) —0.9/,.(t) ()
[(v; 7w < C "o, vwg;>

The rest of the induction hypothesis follows trivially from Lemma I.3. (for the relationship between
a® and a(wizr, ug, t) we can use Lemma E.3).

To prove this, we know that by the update formula:

@ Wiy = (D ) 4 D (D (0 (150)

] 7 7

= (0, wl”) + (WY ol W) Y WY @y s

= (v

Taking expectation, we have that

®
1 1 (wy,w;”) 1
E[(uttD Dy = @ (0 1+ T S B 152
[<vl » W >] <’UZ , W >+77G polylog(d) me ||w;t*)||2 nGOl.4O9 ( )
1
+ 3 P )t £ 0 ey (153)
Le(2]

and

(t)
w, <, Uy
1 ) 1 ( g7 ) (154)

E v<t+1),u _ v(t),’u, + <1:|: i
[(v; o)l = (v ue) + e polylog(d) / mg ||wéi)||2

+nc CO15

by the induction hypothesis we know that for every ¢ < Ty 2, we have that (wj(t), wj(z) < ﬁ and
Hw;t) ll2 = [©2(1), polylogloglog(d)], we know that: when j = g
B )] 2 0l ) g o
When j # g;: using the fact that ng = npC =%, we have:
El|(of, w0 < o i)+ 16 gsmr (156)
When i} # g7, we have that:
I, ua) | < 16!, ue)| + 16 s (157)

Thus we complete the proof.

1.5 PROOF OF THE FINAL THEOREM

To prove the final theorem, notice that by Lemma 1.3, we have that for every ¢t € (T'v1,11], for
1=1y:

1
E[wgtﬂ)] — w,@ +O(np)ue UDW +npy

Together with the induction hypothesis, this implies that when ||w£t) |2 > logloglog(d), we have
that <w§t), ug) > (1 —o(1)) ||w§t) |l2. Together with the update formal of vj(-t) we know that when
g;f = 14y, we have that

(t)

: J polylog(d) ) ma " @), O CT?

Together with the induction hypothesis, we know that when ngt) l2 = polyloglog(d), we have that:

<v§t), ug) > (1— o(l))IIU](»t) [|2. This proves the theorem.
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