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The supplementary material contains additional information on the information-theoretic thresholds
for exact community recovery with correlated SBMs, as well as full proofs for the results in the main
document. Sections[A]- [E] prove our main results in detail.

A Notation

Recall that the underlying vertex set is V = [n] := {1,2,...,n}. We denote by S,, the set of
permutations of [n]. Recall that V. := {i € [n] : 0; = +1} and V_ := {i € [n] : 0; = —1} denote
the vertices in the two communities.

Let & := {{4,j} : 4,j € [n],i # j} denote the set of all unordered vertex pairs. We will use (i, j),
(4,1), and {i, j} interchangeably to denote the unordered pair consisting of ¢ and j. Given o, we
also define the sets 1 (o) := {(i,j) € £ : 050, = +1} and € (o) := {(i,j) € £ : 0505 = —1}.
In words, £T (o) is the set of intra-community vertex pairs, and £~ (o) is the set of inter-community
vertex pairs. Note in particular that £¥ (o) and £~ (o) partition &.

We next introduce some notation pertaining to the construction of the correlated SBMs. Let A be
the adjacency matrix of G, let B be the adjacency matrix of G, and let B’ be the adjacency matrix
of G%. Note that, by construction, we have that B; ; = Bar.(i),n.(y) forevery i, j. By the construction

of the correlated SBMs, we have the following probabilities for every (1,7) € &:
2p ifo; =0y
P((A;, BL) =(1,1) o) =4 177
(s Biy) = L)) = {350 1720
s(1—s)p ifo; =0y,
s(1—s)q ifo; # oy;
(
(

P ((Aij, Bi;) = (0,1)| o) = {S

s(1—s)q ifo;#o0j;

B (A, BL,) = (1L0)| o) = {

1 —S)p lfJZ =0y,

RN _ [1-p(2s—35?) ifo; =0,
IEJJ((A“”Bj”j)_(O’O)}a’)_{1(1(2552) if o; # 0.

For brevity, for 7, j € {0, 1} we write
pij ::P((ALQ’BiQ) = (Z7j)‘0') if0'1 = 02
and
gij =P ((A1,2, B1 5) = (i,j) | o) if o1 # 02.
For an event A, we denote by 1 (A) the indicator of A, which is 1 if A occurs and 0 otherwise.
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B Exact graph matching for correlated SBMs: achievability

In this section we prove Theorem 3.1 in the main text. Recall that our objective is to find the ground
truth permutation 7. To this end, we study an estimator 7T which maximizes the number of agreeing
edges in the two graphs, that is, the number of pairs of vertices connected in both. In other words,
letting A denote the adjacency matrix of G; and B denote the adjacency matrix of G2, the estimator
is given by

7(G1,G2) € arg max Z Ai 5Br(i)x () (D
€S (ig)ee

When this estimator is not uniquely defined, that is, when the argmax set above is not a singleton,
7(G1, G2) is chosen to be an arbitrary element of the argmax set.

Definition B.1 (Lifted permutation). For a permutation m € S,, on the vertices, define the corre-
sponding lifted permutation 7 : £ — & on vertex pairs as 7((i, 7)) := (w(i),7(j)). As a shorthand,
we write T = {(7), and thus also T, := {(m.) and T := £(T).

Note that if a permutation 7 maps two vertices to each other, then the lifted permutation 7 =
£(m) maps this (unordered) pair of vertices to itself; that is, if 7(1) = 2 and #(2) = 1, then
7((1,2)) = (2,1) = (1,2). Observe that there is a one-to-one mapping between permutations on
vertices (i.e., Sp,) and lifted permutations. For this reason, finding the ground truth permutation .
is equivalent to finding the ground truth lifted permutation 7,. Similarly, conditioning on 7, is
equivalent to conditioning on 7.

Using this notation, we can rewrite (1)) as

%(Gl, Gg) € arg maxz AeBr(e)7 2)
TESn  ceg

where 7 = {(m), and A. = A; ; if e = (4, j). For a lifted permutation 7 define

X(T) = Z A(:‘BT*(E) - Z AeBT(e) = Z (ACBT*(Q) — AeBT(e)) .
ecE ecé ec&:T(e)#£T.(e)

Observe that X (7,) = 0 and that 7(G1, G2) € argmin, s X (£(m)). Therefore this estimator is
correct—that is, 7(G1, G2) = m,.—if for every lifted permutation 7 # 7, we have that X (7) > 0.
Conditioning on 7, we thus have that

P #m) <PEm#m: X({U(m)) <0)=E[P (37 #m: X(U(m)) <0|m)],

so a union bound implies that

PE#Am)<E| > P(X(r)<0|m.)

TES, MH#T

To proceed, we shall bound the terms in the summation on the right hand side by studying the
probability generating function (PGF) of X (7) for any fixed lifted permutation 7. More specifically,
we will study the PGF of X (7) given both 7, (equivalently, 7.) and the community labeling o.

B.1 Probabilistic bounds for X (7)

In this section, we establish large-deviations-type probability bounds for the event that 7 = 7, where
7 is a fixed lifted permutation. In our analysis we derive probability bounds which hold pointwise
given any community labeling o and ground truth lifted permutation 7,.. We then derive simpler
expressions for the bounds that hold when the two communities are approximately balanced.

To make these ideas more formal, we begin by defining some notation. Recall that given o, the set
ET (o) is the set of intra-community vertex pairs, while £~ (o) is the set of inter-community vertex



pairs. Given o and 7, for a fixed lifted permutation 7 we also define the quantities
M*(r):=|{ec & (o) : 7(e) # Tle)}],
M~ (1) :=|{ec & (o) :T(e) # T(e) }],

Yt(r) = Z AeBr (e,
e€ET (o):7(e)#Tx (e)

Y~ (1) := Z AEBT*(E)'

ecE(o):T(e)#Tx(e)
In words, M T (7) is the number of mismatched intra-community vertex pairs. Furthermore, Y (7)
is the number of mismatched intra-community vertex pairs which contribute to the alignment score
of the ground truth lifted permutation 7. = ¢(7.). We have analogous interpretations for the inter-
community quantities M~ (7) and Y~ (7). Note that in addition to 7, these quantities depend on o
and 7, as well; however, we suppress this in the notation for simplicity. Observe also that M T (7) and
M~ (7) are deterministic functions of o, 7., and 7. On the other hand, given o and 7., and fixing 7,
the quantities Y+ (7) and Y ~(7) are random variables, since they depend on the two graphs G and
G4 as well.

Given a community labeling o and the ground truth lifted permutation 7., for a fixed lifted permutation
7 we shall study the PGF

®7(0,w,() :=E [HX(T)wY+(T)CY7(T)

0',7*} .

Remark B.2. Since our goal is to bound the probability of the event {X (1) < 0}, it is perhaps
more natural to study simply the PGF of X (T), rather than the joint PGF of X (1), Y *(7), and
Y = (7). However, the success of the former approach requires that s*>(c + 3)/2 > 2, which is
suboptimal. For a tighter analysis, one must condition on the typical behavior of Y ¥ (1) and Y ~ (1),
which in turn requires us to consider the joint PGF. This idea was previously used to show that the
information-theoretic threshold can be achieved in the graph matching problem for Erdds-Rényi
graphs [6) [11]].

The next lemma provides a useful bound for ®” for any o and 7. ; we defer its proof to Section

Lemma B.3. Given a community labeling o and the ground truth lifted permutation ., the following
holds. Fix m € S,, and let 7 = {(7). For any constants € € (0,1) and 1 < w, ¢ < 3, it holds for all n
large enough that

7 (1/v/n,w,() < exp (—(1 —€)s® (aM ™t (1) + BM (7)) lngLn> . 3)

We remark that (3)) bounds the probability generating function for the specific value § = 1/4/n. This
choice is somewhat arbitrary; the proof of Lemma [B.3]|shows that the bound holds for all § smaller
than some positive function of €, «, 3, and s, and larger than log(n)/n. Similarly, the requirement
that w, ¢ < 3 is arbitrary; we expect that, with a careful analysis, one could even let w and ¢ be slowly
increasing functions of n.

To apply Lemma|[B.3|later on, we need to compute/estimate M+ () and M ~ (7). To this end, given
o and 7, for non-negative integers k1 and ks, let Sy, i, denote the set of lifted permutations ()
where 7 incorrectly matches k; vertices in V. and incorrectly matches ko vertices in V_. That is,
define

Skyks ={l(m) : [{t € Vi : (i) #mu(i)}| = k1 and |{i € V_ : w(i) # 7 (i)} = ka} .
Note that Sy, , is defined given o and 7.; however, for simplicity we omit these from the notation.
The next lemma employs simple counting arguments to compute M ™ () and M~ (7) for 7 € S, k,.
In essence, it shows how to go from mismatches in the vertex permutation 7 to mismatches in the
lifted permutation 7 = ¢(7). We note that a variant of this result in a related but slightly different
setting was stated (without proof) in [9]]; we present the details for completeness.
Lemma B.4. Fixm € S, and let T = {(r). Given o and ., let ki and ko be such that T € Sy, ,.
Then we have that

k k
aer) = () + Vel =k + () bV - k) — B2 @
M~ (1) = ka|[V_| + ko| Vi | — kako — | B, |, (5)



where
Ef = {(u,v) € £ (o) : 7(u) = T (v),7(v) = m(u) }
Ep ={(u,v) €E (o) : m(u) = m(v), m(v) = Te(u)} .

That is, E;. is the set of vertex pairs from the same community which are transposed under
compared to T, and an analogous description holds for E,.. Moreover, we have the bounds
BE] Bl < (ks + )2

Proof. Let e = (i, 7). Observe first that if (i) = 7. (¢) and 7(j) = 7. (j), then also 7(e) = 7 (e),
and hence this pair does not contribute to M *(7) or M~ (7). Thus in order for ¢ = (4, 5) to contribute
to Mt (1) or M~ (), we must have either 7 (i) # . (i) or 7(j) # 7. (4).

We start by deriving (@). Let us first consider the contribution to M+ (7) from pairs of vertices in V..
The number of pairs of vertices 4, j € V. such that 7(i) # 7. (7) and 7(j) # 7. (4) is (kzl), while
the number of pairs of vertices ¢, 7 € V. such that one is correctly matched by 7 and the other is
incorrectly matched is k1 (|V| — k1). These give the first two terms in {@). However, not all of
these pairs of vertices have 7(e) # 7.(e). Specifically, if 4, j € V. are such that 7(i) = 7..(j) and
m(j) = m«(i), then both ¢ and j are mismatched (and hence counted above), yet 7(e) = 7. (e) (and
hence should not be counted). This leads to the subtraction in (@). The contribution to M *(7) from
pairs in V_ is analogous.

We now turn to deriving (5). The number of pairs where ¢ € V. and j € V_ such that 7 (i) # 7. (%)
is k1 |V_|. Similarly, the number of pairs where ¢ € V, and j € V_ such that 7(j) # m.(j)
is ko |V4|. Here we have double-counted pairs ¢ € V and j € V_ such that 7 (i) # m. (i) and
7(7) # m(j); there are k1 ks such pairs. Thus the number of pairs ¢ € V. and j € V_ such that
(i) # ma (i) or w(j) # ma(§) is k1|V_| + k2| V| — k1ka. However, not all of these pairs of vertices
have 7(e) # 7. (e). Specifically, if ¢ € Vy and j € V_ are such that 7 (i) = 7.(j) and 7(j) = 7. (4),
then both ¢ and j are mismatched (and hence counted above), yet 7(e) = 7. (e) (and hence should
not be counted). This leads to the subtracted term in ().

Finally, the total number of transpositions (of 7 compared to ) satisfies 2 (|E:; | + }Et_r |) < ky1+ko,
since each transposition involves two mismatched vertices and ki + ko is the total number of
mismatched vertices. This leads to the bounds | Ey\.|, |E;.| < (k1 + k2)/2 as desired. O

The combinatorial formulas (@) and (3) are somewhat unwieldy to use directly. Fortunately, we can
derive relatively simple linear lower bounds when the two communities are approximately balanced.
To formalize this idea, we first introduce the following “nice" event.

Definition B.5 (Balanced communities). For € > 0 define the event

rom {(1- ) p vl = (145) 3}

Note that whether or not F, holds depends only on the community labels o. Also, since the
community labels are i.i.d. uniform, we have for any fixed e > 0 that P (F.) =1 — o(1) as n — 0.

Now fix € > 0 and a lifted permutation 7. Our next goal is to find simple lower bounds for M T (7)
and M~ (7), given community labels o such that F, holds, and given 7. To this end, let k; and ko
be such that 7 € Sy, 1,. We distinguish two cases:

* Case 1: both k; and k; are small; specifically, k1 < §[V, |and ky < §|V_|.
* Case 2: either k; or ky is large; specifically, either k; > §|V, | or ks > S|V_|.

We start with the first case, when k1 < §|V, | and ky < §[V_|.

Lemma B.6. Fix ¢ > 0. Given community labels o such that F. holds, let k1 and ko be such that
ki < §|Vi|and ky < §|V_|. Given o and ., let T be a lifted permutation such that T € Sk, .
For all n large enough we have the following bounds:

M (7) 2 (1= 5k + k), ©)

M (7) > (1= )5 (ki + k). ™

4



Proof. For n sufficiently large, we have the following lower bound for M (7):

kit ke @
2

€ ki +k
> (1= 5) (V| + kv ) - 222

(a)
MY (1) = ki(|Vi| = k1) + ko (Vo | — ko) 5

(c) €2 n (d) n
> - =) == > — €)=
> ((1 2) B 1) (k1 +ko) > (1 6)2(761 + k2),

where (a) follows from ignoring positive terms in the formula (@) and bounding ‘Etﬂ by (k1 +k2)/2,
(b) uses the upper bounds k1 < §|Vi|and ky < §|V_|, (c) uses the lower bounds |V, |, |V_| >
(1 — €/2)n/2, which hold on the event F, and finally (d) uses (1 — €/2)? > 1 — ¢ and the fact that
n is sufficiently large. Turning to M ~(7), we have the following lower bound:

@ ki +k k 1 k 1
M™(7) = k1 |[V| + k2 |Vi| = krks — 12 2=k <|V—22—2)+k’2 (|V+|—21—2)

(H € (€] eN2n n
> (1-= > (1—--) = >(1—¢)=
> (1=5) RlVEl + kalVal) = (1= 5) Ska+ ko) 2 (1= O (k1 + k),

where (e) follows from bounding | E;, | by (k1 + k2)/2 in the formula @), (f) uses k1 + 1 < €[V, |
and k2 + 1 < €|]V_]|, and finally (g) uses the lower bounds |V |, |V_| > (1 — €/2)n/2, which hold
on the event F.. O]

Combining these estimates with Lemma[B.3] the following lemma bounds the conditional probability
that the estimate 7 has k; mismatches in V; and ky mismatches in V5, for small k; and ks.
Lemma B.7. Fix constants o,3 > 0, s € [0,1], and ¢ € (0,1) such that s*(a + B)/2 >

(14¢€)(1—€)"% Given o, let ky and ky be such that ky < SIVi| and ko < §|V_|. For all
n large enough we have that

P (7 € Spy ks |0, 7)1 (Fe) < methatha), (8)
Proof. Let T € Sk, i,. We then have that

(a)
P(T=71|o,7) < P(X(1) §0|U7T*)=P(H_X(T)/2 Zl‘U,T*)

(©) (¢)

< @ (1/vn,1,1) < exp (—(1 —€)s* (aM ¥ (r) + BM (7)) loin) ’

where (a) is due to the observation made earlier that 7 is a minimizer of X (7), and X (7..) = 0; (b)
is due to Markov’s inequality; and (c) follows from Lemma for all n large enough.

The estimate above allows us to bound the probability of interest via a union bound. To do this, we
need to estimate |Sk, k,|. Since there are k1 + ko mismatched vertices in total, there are at most
( kli kz) ways to choose the set of mismatched vertices (this is a loose upper bound, since this formula

disregards how many mismatched vertices there are of each community). The number of possible
permutations on the mismatched vertices is at most (k1 + k2)!. Therefore

n n!
< ki ko)l = — " < Rtk
1S k| < <k1 +k2>( S e ST

Thus a union bound implies that

P(?E Sk17k2 |0',7'*) < |Sk1,k2‘ max ]P)(?:T|0',T*)
Teskl,k2

< max exp <(k1 + ko) logn — (1 — €)s® (aM™ (1) + BM (1)) 10gn> )

- TESk ko n

On the event F, provided that n is large enough, and k1 < §[V, | and ky < §[V_|, we may use the
bounds in Lemma [B.6|to bound the exponent in (9) from above by

{1-(1-¢€?s*(a+B)/2} (k1 + ka)logn < —e(k1 + k2) logn,

where the second inequality follows from the assumption that s?(a + 3)/2 > (1 + €)(1 — €)%
Plugging this into (9) we have thus obtained (8).



Next, we consider the second case, when either k; or ks is large; specifically, either k; > §|V+\ or
ky > §|V_|. Our goal is to obtain lemmas analogous to Lemmas andin this case as well.

Lemma B.8. Fix 7w € S,, and let 7 = {(7). Fix € > 0. Given community labels o such that F. holds,
and given my, let k1 and kg be such that T € Sy, 1,. For all n large enough we have the following

bounds:
n

M () = (1= &) (k1 + k2), (10)
M™(7) > (1= )% (ks + ko). (an
Proof. On the event F., we have that
n k1 ko k1 + ko
M™(r) > 9 + ki (|Vy] = k1) + 9 + k2 (V-] — k2) — 5
ki+2 ko +2
k1(|V+| 12 )+k2(|v_| 22 >
() 1

2 LRVl = 2) + RV = 2) 2 (1- ) k4 ho),

where (h) is due to k1 < |Vi| and k2 < |V_|, and (7) uses |[V4| — 2 > (1 — €¢/2)|Vy| and
Vo] —2>(1—¢€/2)|V_|,as well as |[V,]|,|V_| > (1 — €¢/2)n/2, which all hold on the event F, for
all n large enough. For M ~(7), we can use identical arguments to obtain (TT). O

Note that Lemma B.8|makes no assumptions on k1 or ko; however, the obtained lower bounds are
smaller by a factor of 1/2 compared to the bounds obtained in Lemma when k; and k9 are both
small. The bounds in Lemma [B.8are used to obtain the following result, which is the analogue of

Lemma[B7]
Lemma B.9. Fix constants o, > 0, s € [0,1], and € € (0,1) such that s*(a + B)/2 >

(14€) (1 —€)~> There exists § = 6 (a,3,s,€) > 0 such that the following holds. Given o,
let k1 and ko be such that either ky > $|V.y| or ky > §|V_|. For all n large enough we have that

P (7 € Sk, ky | 0, 7) 1(F,) < p~0katha), (12)

Due to the additional factor of 1/2 in the lower bounds for M*(7) and M~ (7) in Lemma
(compared to Lemma, one could replicate the proof of Lemma to show that if s2(a+3)/2 >
2, then (T2)) holds for appropriate §. In order to prove an achievability result for the correct threshold
s?(a+ 3)/2 > 1, we employ a more careful analysis in which we condition on typical values of
Y *(7) and Y~ (7). Similar ideas were used in previous work on achieving the information-theoretic
threshold for exact recovery in correlated Erd6s-Rényi graphs [6,11]]. Since the proof of Lemma[B.9]
is more involved, we defer it to Section[B-4]

B.2 Proof of Theorem 3.1

The proof of Theorem 3.1 now readily follows from Lemmas[B.7]and [B29]

Proof of Theorem 3.1. By assumption we have that s?(a + 3)/2 > 1. Let ¢ > 0 be sufficiently
small so that s2(a + 3)/2 > (1 + €)(1 — €)~2, and hence the conditions of Lemmasandare
satisfied. Let § be given by Lemma|B.9|and let v := min {¢, 0}.

We first argue that we may assume that the event . holds. We have that
P #m)=PT#7m)=EPFT #7l|o,7)] <EP T # 7o) 1(F)] + P (F).

Since the community labels are i.i.d. uniform, we have that P (F¢) — 0 as n — oo, and thus it
remains to be shown that E [P (7 # 7. |0, 7.) 1 (F¢)] = 0 as n — 0.

If 7 # 7, then 7T must have some incorrectly matched vertices (since 7 is a permutation, it cannot
have just a single mismatched vertex); in other words, we must have that 7 € Sy, 1, for some &y and
ko satisfying k1 + ko > 2. Thus by Lemmas[B.7)and [B.9] we have that

P(T#7|o,mn)1(F)= Y PFESkklom)1(F) < > ptntke),
k1,ko:k1+ko>2 k1,ko:k1+ko>2



Note that there are ¢ + 1 different pairs (k1, ko) such that k + ko = £. Therefore
Z n*ﬂ’(k1+k2) < Z (e + 1) n*’yf _ TL72’Y Z (6 + 3) nf'yf < Cn72v
k1,ko:k1+ka>2 =2 £=0

for some finite constant C' depending only on v (and hence only on «, (, and s). Putting together the
previous two displays and taking an expectation we obtain that

E[P(7# 7o, m)1(F)] < Cn™?7,

which concludes the proof. O

B.3 Generating function analysis: Proof of Lemma|B.J3]
B.3.1 Cycle decomposition of the PGF

We begin by presenting a convenient representation of X (7) as a sum of independent random
variables (conditioned on o and 7..), based on an appropriate cycle decomposition. Let C be the cycle
decomposition of the lifted permutation 7, o 7, and note that the pairs for which 7, (e) = 7(e) are
the fixed points of 7! o 7. We can then write

X(T) - Z (AEBT*(C) - AeB‘r(e)) = Z Z (AQBT*(C) - AEBT(E))

ec&:7(e)#1«(e) CecC:|C|>2 eeC

> Xeln).

cec:|c|>2

Note that (7, 07, ' o 7) (e) = 7(e), and hence {7(e)} . = {7u(€)}.cc- Therefore Xc () is a
function of { (A, B, (¢)) }eec = {(A¢, B])}.cc- Given o and 7, these only depend on the entries

of the adjacency matrix of the parent graph corresponding to pairs e € C, as well as the sampling
variables corresponding to pairs e € C'. Thus, due to the disjointness of cycles, the random variables
{Xc(7)}cec.c|>2 are mutually independent (given o and 7). This implies, in particular, that for

any 6 € R we have that

E [0X<T>

O’aT*i| - H E [QXC(T)
cec:|o|>2

om].

A similar factorization holds for ®7, which is the PGF of interest. First, define

YCJ,F(T) = Z AGBT*(e),
eeCNET(o):m(e)#Tx(€)
YCT (’7‘) = Z A()BT*(e)

eeCNE~ (o):T(e)#T«(e)

Again due to the disjointness of cycles, the triples { (X¢(7), Y (1), Y5 (7))
independent (given o and 7.), so we have the factorization

}C€C~\C\>2 are mutually

70,0, = ]] E{GXC(T)WYJH)CYC’(T) U’T*} = [ 2c0.w0. (3
cec:|o|>2 ceci|c|z2

Given the factorization in (I3), a key intermediate goal is to bound ®7, for C' such that |C| > 2. This
is accomplished by the following lemma.

Lemma B.10. Given o and T, the following holds. Fix a lifted permutation T, and let C' be a cycle
in 7,1 o 7 such that |C| > 2. Then for any constants € € (0,1) and 1 < w,{ < 3, it holds for all n
large enough that

n

®F (\}E,w@) < exp (-(1 — s (a|CnEH (o) +B|CNE (o)) log”) L (4



The proof can be found in Section[B.3.2] We remark that prior literature studying similar PGFs in
different contexts (correlated Erd6s-Rényi graphs or correlated Gaussian matrices) was able to derive
exact expressions for the PGF of a cycle due to the i.i.d. structure of the model considered [3 16} [11]].
Deriving exact formulae for the PGF of a cycle in correlated stochastic block models is significantly
more challenging due to the heterogeneity induced by different community labels in the cycle.
Specifically, if the elements of the cycle are labelled differently, one obtains different formulae for
the PGFs, even if the number of inter-community and intra-community edges within the cycle are
the same. The proof of Lemma [B.10]instead focuses on establishing simple, recursive bounds for
the PGF, which ultimately leads to the right hand side in (T4). We expect that this technique may
be useful more generally in heterogeneous random graphs with independent structure, such as those
generated from the Chung-Lu model [4].

We now prove Lemma|[B.3] which follows readily from Lemma [B.T0}

Proof of Lemma Using and (T4), we have the bound

P7(0,w,() < exp —(1—6)3210ﬂ Z (a]CnEF(a)|+B]CNE (a))
" celqo)2

Since the cycles of C partition & = £+ (o) U E~ (o), we have that

Yo lenet(e) =M )| - D> |CnE (o)

cec:|C|>2 cec:|C|=1
= [{e€ &F(a) 1 7(e) # ()}
= M™* (7).
Similarly,
Y enéE(o) =M (r),
Ccec:|C|>2
and the desired result immediately follows. O

B.3.2 Bounding the PGF of a cycle: Proof of Lemma [B.10]

In the following we assume that o and 7, are given. We also fix a lifted permutation 7, as well
as a cycle C in 7,1 o 7 with |C] > 2. We enumerate the elements of C by ey,...,ec|, where

(ot o7) (ex) = exq forevery k € {1,...,|C| — 1}, and (7, ! o 7) (ejc|) = e1. For convenience
of notation, we also define €)c|41 := €1, so that (7,1 o 7) (ex) = exy1 forevery 1 < k < |C.
Observe that, by applying 7. to both sides of this equality, we have that

T(ex) = (7'* ot to 7') (ex) = 7w (k1) - (15)
Additionally, for 1 < k < |C], we set A\ := +1if e, € ET () and N\ := —1if e, € £ (o).
Observe that for every 4, € {0,1} and 1 < k < |C| we have that
.o .o Pij lf/\k
((Af’kaT*(ek)) :(Z,])’U,T*) = ((Af‘kaB ) :(Z,])’U,T*) { j if )\ (16)
Qi WM AR =

Moreover, note that, given o and 7., the random pairs { (4., BT*(ek)) |c| = {(4.,.B.,) ‘k(ill
are mutually independent. Next, for 1 < k < |C/, define the random variables

k

Xy = ZAWBT*(W) — Ae,Briey),
=1

Zl /\g —|—1 A@[BT*(Eg)7

Z 1( 1) Ae, By (e))-



In particular, by construction we have that X|c| = Xc(7), Y|/, = Yo (1), and Y|, = Y (7). Due
to (T3), as well as using B, () = B/ for every e € £, we may also write these quantities as

k k
Xy =Y Ae,Br(e,)— Ae,Br(eys) = Y Ac,Bl, — Ay, Bl, |,
/=1 =
Y, _21 Ao =+1) A, B.,

k_Z1 1) A, B.,.

From the display above we also have that the increments satisfy

1 (A"k’B/ ) ( ) B;Hl =0,
Xy —Xp1 =4 -1 if (A, B, ) =(1,0),B,, =1, (17)
0 else7

1 if\y=+1land (A, B.)=(1,1),

Vi -Yii= {0 (18)

else;
_ _ 1 ifA\y=—-1and (AP B! ) =(1,1)

Y _ Y — k? 3 ) 1
k k= {O else. (19)

Note, in particular, that none of these increments depend on A Next, for 1 < k < |C] and

i,7,m € {0, 1}, define the PGF
Orijom (6,00,C) 1= B [9¥50¥ (%

where we note that ¢|¢| ;;,m 18 only defined when j = m, since ¢/¢|11 = e;. The following
proposition relates these PGFs to ®¢., which is the PGF of interest.

€41

(ACNB ) ( )B/ =m,

€k+1

Proposition B.11. Consider the setting described above. We then have that

> pz‘j¢|C\,ij,j(9,W,O ifAa =+1
OF (0,w,¢) = ¢ L .
c(0,w,¢) Y Q%o (0w, C)  if A =~

i,5€{0,1}

Proof. First, recall that e;c|11 = e1, so conditioning on (A.,, B. ) is the same as conditioning

(Ae1 , B! ) and Bé‘CHl The claim then follows from the definition of ®7, by conditioning on
(Ae1 , B.) and recalling the probabilities in (T6). O

The usefulness of defining the PGFs {gbk,ij,m}quc‘,i jmel0.1}
recursively in k in a straightforward manner. To see this, let 2 < k < |C| — 1 and first consider the
case of m = 0. By conditioning on (Aek , B ) and using the tower rule, we have that

is that we can compute them

Pr.ijo (0,w,C) = E(a,, 5 \ {]E {gxkfw(xk—xkfl)wyktl+(YJ—YJ,1)<Y,;1+<Y;—Y,;1)

ep

€k+1

|7 (Aews BL) = (), B, =0, (Aeis BL )]

With the additional conditioning on (A, , B, ), the increments (Xj, — X;_1), (Y," — Y, ), and

(Y, — Y, ) are now deterministic. Indeed, from (I7) we see that, since B, wi1 = 0, the increment

Xy — Xi—1isequalto 1 if (Ae,c ,B. ) = (1,1), otherwise it is zero. Similar statements can be made
about the other increments based on and (19). Pulling the contributions from the increments out
and putting everything together, we have that

o {(poo + P10)Pk—1,35,0 + (Po1 + P110w)dr—1,451  if Ap = +1, 20)
40 (o0 + q10)Pk—1,i5,0 + (g1 + q1100) Pr—1,i51  if Ap = —1.



Repeating similar arguments for the case m = 1 gives the following recursion for 2 < k < |C] — 1:

( Poo +Pro  Por+ P119w) (¢>k1,ij,o
poo + P08t po1 +priw ) \@r—1,ij1
(¢k,ij70> _

Dh,ij1
N ( qoo +qi0  qo1+ (J113C) (¢k1,ij,o) i, = 1
qoo + 100" qo1 + q11¢ ) \@Pr—1,ij1

> if Ay = +1,
21

The appropriate part of the recursion also holds for & = |C|, noting that ¢¢;;,m is only defined
for j = m. To complete the description of the recursion, we have to also give the initial conditions,
which are the PGFs for £ = 1. These can be computed as follows:

61 1f(l7]):(1,0),m:1,
Hw if (Zaj) = (17 1)am = 03 /\1 - +]‘7
0¢ 1f(i,]):(1,1),m=0,)\1——1,
J— 22
P = i) = (L1).m = 1A = 41 =
¢ (i) = (L1)m =LA = -1,
1 else.

To analyze the recursion (1)), we first derive a useful relation between ¢y, ;5,1 and ¢y, ;;,0, as stated in
the following lemma. Define

1+2 1+2
R:Inax{ + 3(“), + S(q“’)}, (23)
I—s5 \poo/ 1—s5 \qoo
and note that R = O(log(n)/n) for every fixed s € [0, 1]. (Since p1o and g1 each contain a factor

of (1 — s), this holds also for s = 1.)

Lemma B.12. Consider the setting described above. Then for any 2 < k < |C| — 1, i,j € {0,1},
1 < w,( <3, and 0 satisfying 0 < § < 1 — R, we have that

Gr,ija < (L+ RO b o (24

Proof. Our proof is by induction on k. We first check that the base case holds for all ¢, j € {0, 1}.
For (i,5) = (0,0) or (4,7) = (0,1), we may take the base case to be k = 1. Indeed, in these cases
we have, from (22)), that ¢1 ;.0 = ¢1,i;,1 = 1, so 24) holds. For (¢, ) = (1,0) or (¢,5) = (1,1), we
shall take the base case to be k = 2.

Consider now the case of (¢, j) = (1, 0). From 1) and (22) we then have that

$2,10,0 (25)

qoo + qi0 + o107t + qui¢ i Ay = —1;
Poo + p100t + po10 "t + p110tw if Ay = +1,
qo0 + q1007 1 + qo107t + qui071¢  if Ao = —1.

J
{Poo +p1o+po1f ' +prw  if Ao = +1,
$2.10,1 {

First consider the case of Ay = +1. Using w < 3, we have that ¢2 10,1 < poo + P10~ 4+ por0 +
3p110~'. Now using p;; = 17p10 and simplifying, we have that ¢3 101 < poo + porf~ ! +

14+2s
1-s

p1o8~ L. By expanding the product it can be verified that

_ 1+ 2s _ 1+ 2s _
Poo + po1f ' + prof < (1+ we 1) 2100,
1—s (1 — 8)p00

which concludes the check of (24) in this case. Analogously, if Ao = —1, then

(14 2$)q10

-1
1= g0 0 ) $2,10,0+

$2,10,1 < (1 +

concluding the check of the base case for (4, j) = (1,0).
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Finally, consider the case of (,7) = (1,1). From 1) and (22) we then have that

poofw + probw + porw + pr1fw? if Ay = Ao = +1,
é _ J 000w + qobw + qoiw + quubCw i A = +1, A = 1, 26)
20 P008C + p100¢ + po1¢ + p11flw  if A = —1, A = +1,

q009¢ + q100¢ + qo1¢ + q110¢3 it =X =-1;

poofw + prow + porw + priw?  if Ay = Ay = +1,

qoofw + qrow + qo1w + qi¢w  if A =41, A = —1,

P000C + p1o€¢ + po1¢ +priCw  if Ay = —1, A = +1,

q000¢ + q10¢ + qo1¢ + q11¢? itAr =X =—-1

Now if \; = +1, then we have that ¢271171 = 490J¢271071 and ¢2’11’0 = 9w¢271070, SO @) follows

from the previous paragraph. If A\; = —1, then we have that ¢2 11,1 = 0(¢2.10,1 and ¢211,0 =
0Ch2,10,0, s0 (24) again follows from the previous paragraph.

P2,11,1 =

Now that we have fully checked all base cases, we turn to the inductive step. Suppose that A\, = +1;
the other case where A\, = —1 is similar (with {p;; } replaced with {g¢;;} and w replaced with ().
From the recursion (1)), we have that (249) is equivalent to
(poo + P100™") dr—1,i,0 + (Po1 + P11wW)Pr—1,ij,1
< (1+RO7Y) ((poo + P10)br—1,i5,0 + (Po1 + P110w)dr—1,ij,1) »

which in turn is equivalent to

(po1 + priw — (L4 RO™") (po1 + p116w)) dr—1,ij1
< ((1+RO7) (poo + p10) — (poo + P108™")) dr—1,ij.0-
Note that the coefficient on the left hand side satisfies
po1 + priw — (1+ RO™) (po1 + p116w) < priw < 3pi1,

so it suffices to show that
3p1ide-1,ij1 < ((14+ RO™Y) (poo + pro) — (poo + p100™")) dr—1ij0-

By the induction hypothesis we have that ¢ _1 ;51 < (1 + R0*1) @k—1,i5,0, 50 it suffices to show
that

3(1+RO7") prir < (1+RI7Y) (poo + p1o) — (poo +prof ") . (27)
The assumption 6 < 1 — R implies that 1 + R§~! < §~'. Using this and also that p1; = 1% p10,
we may bound the left hand side of (27)) as follows:

_ 3s _ 1+ 2s _
3(1+ R0~ pu < p100 1=<'plo'poo—plo)9 !
1-s 1—=s poo
< (Rpoo — p10) 0~ = RO "poo — p1od ™, (28)
where we also used the definition of R. The right hand side of (Z8) is at most the right hand side
of (27), which concludes the proof. O

We are now ready to put everything together to prove Lemma[B.10}

Proof of Lemma[B.I0} Set 6 := 1/+/n. Since R, as defined in 23), satisfies R = O (log(n)/n),
the condition 0 < # < 1 — R of Lemma [B.12]is satisfied for all n large enough. Moreover, since
RO~ = O (log(n)/+/n), we can make RO~ arbitrarily small for n large enough. To simplify
notation in what we follows, we write
CT=|{1<k<|C|: Ny =+1}=|CNnET (o),
CT={1<k<|C): \p=—-1} = ]Cﬁf‘ (a)|.

Our goal is to bound ®7. Due to Proposition [B. it suffices to bound the PGFs ¢|¢| 4;,; for
i,7 € {0,1}. To do this, we use the recursion (21), as well as Lemma Ideally, we would like
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to present a streamlined argument that works for all ¢, j € {0, 1} simultaneously. However, there
are minor differences in boundary cases for different values of 4, j € {0, 1}. Specifically, while the
bound (24) in Lemma[B.12]holds forall 2 < k < |C| — 1 and all i,5 € {0,1}, for k = 1 it only
holds when ¢ = 0 (see the beginning of the proof of Lemma . Furthermore, ¢,/ i;,m is only
defined for j = m. For these reasons, we bound ¢|¢,;;,; separately for each i, j € {0,1} (while
minimizing repeated arguments).

We first consider the case of (7,7) = (0,0) and bound ¢ 00,0 In this case the bound (24) in
Lemma holds for all 1 < k < |C| — 1. Noting that for (4, 5) = (0,0) the recursion (20) holds
forall 2 < k < |C|, by plugging in (24) we obtain that the following holds for all 2 < k < |C|:

4,3

(poo + P10+ (1 + RO™Y) (por + p116w)) dr—1,000 if Ax = +1,
(q00 + qr0 + (1 + RO™Y) (qo1 + q116C)) Pe—1,000  if Ap = —1.
To simplify this recursion, first note that pg; + p116w = (1 + o(1))po1 as n — oo, since pp and p1;

are on the same order, w is bounded, and 6 = o(1). Also recall that R~ = o(1). Consequently we
have that

poo + p1o + (L4 RO (po1 + pr16w) = poo + p1o + (1 4+ 0(1))por = 1 — (14 o(1))p11

®k,00,0 < { (29)

as n. — oo. Thus for any fixed € € (0, 1) we have, for all n large enough, that
poo +pio+ (L+RO™Y) (po1 + pr1bw) <1 — (1 —€)p11 < exp (—(1 — €)p11),
where we have used the inequality 1 + x < exp(x). Similarly we have that

o0 + g0+ (1 + RO™Y) (go1 + q110¢) < exp (—(1 — €)q11)

for all n large enough. Plugging these inequalities back into (29), for all n large enough the following
holds forall 2 < k < |C/:

exp (—(1 —€)p11) Pr—1,000 if Ap =+1,

k,00,0 < T (30)
Pr.00.0 {exp (—(1 = €)qi1) pr—1,000 if Ay =—1.

Iterating this inequality and noting that ¢ oo,0 = 1, we have thus obtained that

exp(—(1—e){(CT = 1)p11 + Cqu1}) if A =+1,

Pletoo0 < {exp (—1—-e){CTpuu+(C™ —=1)qu1}) ifr =-1 Gh

Next, we turn to the case of (4, j) = (0, 1), with the goal of bounding ¢ 01,1. First, we shall bound
®|c|-1,01,0- By the same arguments as before (using the recursion and Lemma @), we have that,
for all n large enough, the following holds for all 2 < k < |C| — 1:

exp (—(1 —€)p11) Pr—1,01,0 if Ap = +1,
< Y . 32
Proro < {GXP (1= €)aqu1) pr—1,01,0 if Ag =—1. (32)

Iterating this inequality and noting that ¢ 91,0 = 1, we thus have that

exp (—(1 —¢) {(C+ —2)p11 + C_qu}) if A\ = )\|C| =41,
dici-1,010 < (exp (=1 =) {(CT = )p11 + (C™ = Daqui}) if A~ Aoy = —1,
exp (—(1 — 6) {C+p11 + (07 — 2) qll}) if A\ = )‘|C| = —1.

Recall that py1,¢11 = O (log(n)/n), and so exp(p11),exp(qi1) = 1+ O (log(n)/n). Therefore
regardless of the value of ||, we have that

logn exp(—(1 =€) {(CT = 1)pu1 +Cqu}) if Ay =+1,
Plcl-1,01,0 < (1 +0 (%)) ' {exp (—1—e){CTpn1+(C~ =1)q1}) ifr\=-1. 33

Now turning to ¢|¢| 01,1, the recursion and Lemma [B.12] together give that

(Poo +p100 ™ + (14 RO™Y) (por + p11w)) cj-1,01,0  if Ao = +1,

< .
dloton < {(qoo +quof + (L+ RO (go1 + ¢11€)) djcj—1,01,0  if Ao = —1.

12



Recalling the values of the parameters in these coefficients, regardless of the value of A we have
that

dlcl01,1 < (1 +0 (lf/g;)) B|c|-1,01,0- (34)
Plugging this back into (33)), we obtain that

log 1 exp(—(1 =€) {(CT =1)p11 +C7qu}) if A\ =+1,
trrons < (1+0(9)) o L0 (o b (o o) a1, €9

Next, we turn to the case of (,5) = (1,0), with the goal of bounding ¢|¢/,10,0. Note that in this
case the bound in (24) only holds for 2 < k < |C| — 1. By the same arguments as before (using
the recursion and Lemma @) we have that, for all n large enough, the following holds for all
3<k<|C:

exp (—(1 —€)p11) dr—1,100 if Ay = +1,
< Y . 36
Pr100 = {GXP (—(1 = €)qu1) dr-1,00 if A =—1. (36)
Iterating this inequality gives that
exp (—(1 — ) {(CT = 2)p11 + Cqu1}) if Ay = Ay = +1,
P1o1,100 < P2,100 - § exp (—(1 =€) {(CT = 1)p11 +(C~ = 1) qu1}) if Ay - Ao = —1,
exp(—(1—¢){CTp11 +(C™ —=2)q11}) if A\ = Ao = —1.

From (23) we have that ¢2 100 = 1 + O (log(n)//n), regardless of the value of \. Using again
that exp(p11), exp(q11) = 1 4+ O (log(n)/n), we thus have that

log 1 exp(—(1—e){(CT =) p11+C qu1}) ifA =+1,
oo < (1+0(%5)) {onm L0 0) (Com b (o~ o) itai =1, 7

Finally, we turn to the case of (i, j) = (1, 1), with the goal of bounding ¢ 11,1. Similarly to (34)),
we have that

diop11,1 < (1 +0 (ltjf;fl)) dic)-1,11,0, (38)

and so in the following we bound ¢|¢|_1,11,0- By the recursion and Lemma@ we have that, for
all n large enough, the following holds for all 3 < k < |C| — 1:

o< (T T gm gt ST (39)

exp (—(1 —€)qi1) pp—1,11,0 if Ay =—1.

Iterating this inequality gives that

é|1c|-1,11,0
exp (—=(1 =) {(CT =3)pn1 +Cqu1}) A1 = A2 = A = +1,
<é Jexp(=(1 = {(CT =2)pui + (C7 =D au}) {i€{L,2|C]}: N\ =+1} =2,
=T Y exp (~(1— ) {(C = D) pu + (C = 2)qu}) i €{L,2,|C}: N\ = +1} =1,
(—(1=e{

Ctpu +(C~ =3)qu1}) A1 =X = A¢j=—L

From (26) we have that ¢ 11,0 = O (1/y/n), regardless of the values of \; and 5. Using again that
exp(p11),exp(qi1) = 1 4+ O (log(n)/n), we thus have that

P <0 (L) Jexp(—(1 =) {(C* = 1)puu+Cqu}) ifdh=+1,
e =TV e (<(1 - {CHpu + (C7 = Dan})  ifh = -1,

Plugging this back into (38)), we thus have that

exp (—(1 =) {(C* =) pui +Cqui}) if\ = +1,
CRIRIE (ﬁ) . {exp((1 = {CTpu+(C™ =1 qu}) ifra=-L @

We have now computed bounds for ¢|¢ ;5 ; for all 7, j € {0, 1}, and so we are now ready to bound
®7.. Suppose that A\; = +1; the other case is analogous. By Proposition @ and the bounds
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in (31), 33). (37), and ([@0), we have that
O5 = poo®|c,00,0 + Po19|C)01,1 T P10, 10,0 T P11@|C) 11,1
< exp (—(1 —€) {(C+ - 1) P11+ Ci(]n})

: {poo + (1 +0 <logn)) (Po1 + p10) JrO( )pu}

Observe that
Poo + (1 +0 (logn>) (po1 + p10) + O ( )pll =1-p11+0 (10g3/2)> ;

so for all n large enough this is at most 1 — (1 — €)p11 < exp (—(1 — €)p11). Plugging this back into
the inequality above, we obtain that

or <exp(—(1—e){Ctpi1+C qu}).

Recalling the definitions of p11 and g1, shows that we have obtained the desired inequality. O

B.4 Proof of Lemma|[B.9

For any ¢* and ¢~ (to be chosen later) we have that
P(T €Sk ks |O,7) <P(37 €Sk, 1 : X(7) <0|0,7s)
<P (EIT € Sy ky : X(T) SO, Y (1) >tT,Y (1) >t~ | O',T*) 41)
+P (37 € Sk YT(7) <t |0, 7) (42)
+P (37 € Sk Y (1)<t |o,7). (43)

In the following we bound from above each of these three terms, starting with @I). For any
T € Sk, ks> and any 6 € (0, 1] and w, ¢ > 1, we have that
P(X(r)<0,YT(r)=tt, Y (1) >t |o,7)

), YT(1),Y (7)) = (k, kT, k™) | o, 7)

Z Z Z ORI R (X (), Y (), Y (7)) = (kK RT) [om)

=w ¢t ¢T(97w,C)-

By taking a union bound over 7 € Sk, 1, and setting (0, w, ¢) := (1/+/n, e, ), we can thus bound
the expression in (I]) from above by

|Sky ks | _Jnax et T (1/v/n,ee).

k1,ka

Using the estimate | Sy, 4,| < n*1+" (see the proof of Lemma|B.7) and also Lemma|[B.3] we thus
have that

P (37 € Skyky : X (1) S0O,Y (1) 2T, Y (1) >t |o,7)

< max exp <(k1 + k) logn — (t+ F i 4 (1— @ (aM*(r) + BM (7)) 105")) .

T TESk ks

Noting that we may choose t* and ¢~ as functions of 7, set

lo 1
= (L= a2 MH () and 1= (1-sPBMT(T). (44)
In this way the expression in @I is bounded from above by
9 n _ logn
max  exp ( (k1 + k2)logn —2(1 —€)s* (aM ™ (1) + BM (7)) . (45)
TESk ko n
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On the event F, provided that 7 is large enough, we may use the bounds in Lemmam B.8|for M T (1)
and M~ (1) to bound the exponent in (@3) from above by

{1-(1-¢€?s*(a+B)/2} (k1 + k2)logn < —e(k1 + k2) logn,

where the second inequality follows from the assumption that s?(a + 3)/2 > (1 4+ €)(1 — €) 2. We
have thus obtained, for all n large enough, that

P (37 € Spyp t X(7) SO,YT(r) 2t Y (1) 2t |0, 7)1 (Fe) < n-ckatha),

Next, we turn to bounding (@2)), and recall that we have set ¢* as in @4). We shall first relate Y (1)
to a similar quantity which depends only on the correctly matched region of the corresponding vertex
permutation 7. Formally, given 7, (equivalently, 7, ), define the sets

F(n)

F(rn):={veV :n(v) =m.(v)} and ( 5

) = {{u,v} :u,v € F(m),u # v}.

In words, F'(7) is the set of correctly matched vertices according to 7, and (F (2”)) is the set of
unordered pairs in F'(7). We can then write

(a)
YH(r) = Z AcBr (o) = Z AeB; (o)
e€&t (o):m(e)#Tx(e) e+ (@N\((")UEL)
(b) n
= Z ACBT*(Q) - Z A(iBT*(E) > Z AeB‘r*(e) - 5
eegt(@N\("Y) ecE}, ece+(@\("J)

Above, (a) follows since 7(e) = 7. (e) if and only if either both endpoints of e are fixed points of 7
or the endpoints of e are a transposition in ; and (b) follows since A. B, (o) € {0,1}, so the second

summation is at most | E;\.| < (k1 + k2)/2 (by Lemma|B.4), which in turn is at most /2. Hence
Y*(7) < t* implies that
n
Y. ABr <ttt (46)
eeet(@N\("Y)

To abbreviate notation, for F C V' let Hp := & +( )\ (F ) (where we suppress dependence on & in

the notation for simplicity). Noting that M+ (7) < |Hp(x)| and recalling the definition of ¢+, (#6)
further implies that

9 logn

Z ASBT*(G) < (1 — 6)8 «

6€HF(.,()

|Hp )| + - (47)

Importantly, note that (given o and 7..) the sum in (@7) depends on 7 (equivalently, 7) only through
F (7). The same holds for the right hand side of @7). Therefore if there exists 7 € Sk, x, such that
Y+ (7) < tT, then there exists F C V such that |V} \ F| = k1, |[V_ \ F| = k2, and the inequality

- Z AcB; (o) < 176)3%— |Hp| + (48)
e€eHp

holds. Thus turning to @2), a union bound gives that
P31 € Skyp : YT(1) < tT |0, 7)

<]P’<EIFC Vwith|VE\F| =k, |[V_\F|=ke: Zp < (1—6)3204— |Hr| + = ‘a,n)
< Z IP(ZF (1—6)32a—|HF|—|— ‘0’,7‘*)
FCVAVi\Flmh,[V_\F|=hs
1
<on max IP’(ZF (1 - e)s?a—2" |Hp| + 2 ‘a,n). 49)
FCVVi\F|=ky,|V_\F|=k»
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Before continuing, we make a brief remark about the purpose of the above computations. If we were
to deal with Y*(7) directly, and take a union bound over all 7 € Sy, x,, we would gain a factor
of | Sk, k| < F1HF2 = exp (O (nlogn)) from the union bound, which would be too large for our
purposes. This is why it is important to switch from Y (7) to the sum in @8): it allows us to take a
union bound over a much smaller set, resulting in a factor of only 27, as in .

Continuing the proof, our goal is to bound the probability in (@9). Notice that (conditioned on o and
7.) for every e € £ (o) we have that

1
AcB; () ~ Bernoulli s2a—2lt ,
- (e) n

and these random variables are (conditioned on o and 7.) mutually independent across e € £ (o).
Hence (conditioned on o and 7,) we have that Zp ~ Bin (|H|, s?alog(n)/n). In particular, note
that E [Zr | o, 7.] = |Hp| s?alog(n) /n.

Note that for any ' C V such that [V \ F| = ky and |V_ \ F| = ko, and for any 7 such that
U(m) € Sk, k,» we have that |[Hp| > M™*({(r)). Therefore Lemma [B.§| implies that |Hp| >
((1 —€)/4)(k1 + k2)n for all n large enough. Recall that we assume that either k; > §|V, | or
ko > §|V_|. Therefore on the event F. we have that k; + k2 > (¢/2) (1 — €/2) n/2. Thus on the
event F. we have that |Hp| = Q (n2) Hence on the event F. we have, for all n large enough, that

1 1
(1 - )s2a2" | gyl +g < (1—¢/2) |Hp|s2a-2"
n n

=1—-€¢/2E[Zr|o, 7.
Thus for all n large enough we have that

logn

P (Zp < (1-e)s*a

n
S Hel + 5 ‘ a,T*) 1(F.)
P

By Bernstein’s inequality we have that

IP(ZF < (1— %)E[ZF\U,T*]

2
3k 2p | m]) 7

where the second inequality uses the fact that Var (Zr |0, 7.) < E[ZF | o, 7]. Recall that

2 2
<E([Z ) Te
o) onp (- iElZrlon]
Var(ZF|a',T*)+§]E[ZF\o',T*]
<exp<

10gn>176
- 4

for all n large enough. Putting everything together, we have thus shown, for any F' C V such that
[V \ F| =k and |V_ \ F| = ko, that

E[Zr|o, 7] = |Hr|s*a (k1 + k2)s*alogn

3e2(1 —¢)

logn n
P(Zr <(1-¢€)s?a——|H =
(F—( €)sa= = |Hr|+ 3 128

0'77'*> 1(F.) <exp (—

for all n large enough. Plugging this back into (@9), we obtain that

3e2(1 —¢)
128

(k1 + k2)s?alog n)

P37 € Sy g, 1 YT(1) <t o, 7)) L(F) < exp (n log2 — (k1 + k2)52alogn>

50

for all n large enough, where the second inequality follows because (k1 + k2)logn = Q (nlogn),
which is asymptotically much larger than n log 2. This concludes the bound for (@2)).

2 1—
< exp (e(e)(kl + kz)sza log n)

Turning to (@3)), repeating identical steps as above also shows, for all n large enough, that

M(/ﬁ + ko)s?Blog n) .

P (37 € Spyp : Y (1) <t |0’,’7'*) 1(F.) <exp (— %0

Putting everything together, if we let 8y := min {¢, €?(1 — €)s?a/50, €?(1 — €)s?3/50}, then the

terms (@T)), @2)), and are all at most n~%(F1+k2) for all n large enough. This gives a total bound
of 3n—%0(k1tk2) < pn=d0(k1+k2)/2 for all n, large enough, concluding the proof of Lemma
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C Exact graph matching for correlated SBMs: impossibility

In this section we prove Theorem 3.2 in the main text, showing that it is impossible to exactly match
the two correlated SBMs G and G2 whenever s?(a + (3)/2 < 1. While this was previously proven
in [[7]], we provide a proof for completeness. At a high level, the strategy behind the proof is as
follows.

When s2 (o + ) /2 < 1, we show that there are many vertices in G such that the corresponding
vertices in G; and G have non-overlapping neighborhoods. Due to this lack of shared information,
such vertices are challenging to correctly match in the two graphs, even for the maximum a posteriori
(MAP) estimator that is given GG; and G5. For this reason, the MAP estimator is likely to output
an incorrect vertex correspondence. Since the MAP estimator minimizes the probability of error,
we conclude that no other estimator can do better (in particular, no estimator can output the correct
correspondence with probability bounded away from zero).

The input to the estimation problem is the pair of labeled graphs G; and G5; equivalently, in the
following we use the respective adjacency matrices A and B. To compute the MAP estimator, we need
to derive the posterior distribution of 7, given A and B. This is unfortunately quite challenging in
correlated SBMs, since the probability of edge formation depends on the (unknown) latent community
memberships of vertices. To carry out a tractable analysis, we shall provide extra information to
the estimator: we assume that o is also known; that is, we assume knowledge of the community
memberships of all vertices in G;. Providing this extra information can only make the problem
of estimating 7, easier, yet it turns out that recovering 7, is still impossible even with this extra
information.

C.1 Properties of the posterior distribution

Before deriving the posterior distribution of 7, given A, B, and o, we define some relevant notation.
Given o, for a lifted permutation 7 and i, 5 € {0, 1}, define

pH (= Y 1((Aes Bre) = (i:4))

eelt (o)
u’i(’r)ij = Z 1 ((A€7BT(6)) = (27])) .
cee— (o)
Additionally define
l/+(7') = Z B.,.(e), l/_(T) = Z B.,.(e).
ecEt (o) ecE (o)

With these notations in place, and recalling the definitions of {p;;}, je{o,1y and {ai}, je{o.1}- the
following lemma determines the posterior distribution of 7, given A, B, and o.

Lemma C.1 (Posterior distribution). Let m € S,, and let T = {(7) be the corresponding lifted
permutation. There is a constant ¢ = ¢(A, B, o) such that

pt () B ()1 vh(r) v (1)
P(r, =7|A B,o)=c (poopn) (QOOQH) (pm) (%1) . (50)

Poi1P1o qo1410 DPoo qoo

Proof. By Bayes’ rule, we have that
PAB|m=m,0)P(r. =7|0)
P(A,B|o) )
Since the permutation 7, is chosen uniformly at random and independently of the community labels,

we have that P (7, = 7| o) = P(n. = ) = 1/nl. Moreover, the term in the denominator only
depends on A, B, and o (it does not depend on 7). We can therefore write

P(r, =7w|A,B,o)=c(A,B,o)P(A,B|m =m,0),

where ¢(4,B,0) = 1/(n!P(A,B|0o)). We now focus on computing P (A4, B |7, =7, 0).
Given o, the edge formation processes in the parent graph G are mutually independent across

P(ry =7|A,B,o) =
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pairs of vertices. Since the subsampling procedure is also independent across pairs of vertices, we
have that

T (r T(r W (r T(r (T (T (T (T
P(AB | =m0) = (phy 7 ply 7ty 0ty ) (aho Tl Tl Uty )
(51
To simplify this expression, note that we can write

Moo= Y. (1=A)(1-Breo)= Y. (1=A)—v(r)+u"(r),

ecEt (o) ecEt (o)

M+(T)Ol = Z (1 - Ae) B‘r(e) = V+(T) - M+(T)11;
et (o)

:qu(T)lO = Z Ae (]- - BT(e)) = Z AG - /J'Jr(T)ll?
ecEt (o) ecEt (o)

with similar expressions for 4~ (7);;. The only terms on the right hand sides above that depend
on 7 (and therefore 7) are v (7) and p " (7)11; the remaining terms only depend on A and o. We
therefore have that
(1) () (1) () PooP11 e Po1 V)
vy Tty Oty O O = o g (B )T ()
Po1P10 Poo

where C'(A, o) depends only on A and o. A similar expression holds for the other factor in (31)), with
pij replaced with g;;, " (7),; replaced with p~ (7);5, and v (7) replaced with v~ (7). Plugging
these back into (51)) we obtain (50). O

+

Recall that pgg, goo = 1 — o(1) as n — oo, and that pg1, p10, P11, 901, ¢10, 11 are all on the order

log(n)/n, implying that poop11 > po1p1o and gooqi1 > qo1qio for all n large enough. Thus
a useful consequence of Lemma is that P (7, = 7| A, B, o) is increasing in p*(7)1; and
p~(7)11, and decreasing in v+ (7) and v~ (7). Building on these observations, the following results
establish conditions under which two lifted permutations, 7 and 7/, satisfy u*(7)11 > p*(7/)11 or
v (1) = v+ (7'), with similar statements about 1~ and v~ . These will be used later to analyze the
performance of the MAP estimator.

Proposition C.2. Given o, the following holds. Let 7wy, m, € Sy. If
o (Vi) = mp(Vy) and o (V2) = mp(V2), (52)
then vt (U(m)) = v (U(mp)) and v (U(m,)) = v~ (€(m)).

Proof. We prove the claim for v the other claim follows from identical arguments. First note that

(o) = () U (*y), so we can write

Vi) = Y Bromit D Bris) (53)
(@.e('y) (.e("y)

In light of the assumption (52)), the mapping 7, o 7, : V. — V/ is a bijection. The first summation
on the right hand side of (53)) is therefore equal to

2. Blromitem)(reenitom)) = 2 Br@m):

(@.)e('y) (@.)e('F)
Similarly, since ;! o 1, : V_ — V_ is a bijection in light of (52)), the second summation on the
right hand side of is equal to
Y Brumo)-

&
Plugging the previous two displays back into we obtain that v+ (¢(7,)) = v (£(mp)). O
Proposition C.3. Let 7, and 1, be lifted permutations such that whenever AeBTb(e) = 1 we also

have that A B, (o) = 1. Then p* (74)11 > pt (mp)11 and = (74)11 > 1~ (Tp)11.

Proof. The condition on 7, and 7, in the statement implies that A. B, (o) > AcBy, (e foralle € &,
and the desired result follows from the formulas for ©T and ;= O
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C.2 Performance of the MAP estimator and proof of Theorem 3.2

The following lemma shows how one may use the simple propositions above to bound the probability
that the MAP estimator outputs a given permutation. Before stating the lemma, we recall a few
properties of the MAP estimator. The estimator is formally given by

Tmap € argmaxP(m, =7 | A, B,o). (54)
TESy

In words, Tyap is the mode of the posterior distribution {P (7. = 7| A, B,0) }rcs,. When the
argmax set is not a singleton, Tyiap is a uniform random element of the argmax set. The MAP
estimator is optimal, in the sense that it minimizes the probability of error (see, e.g., [10, Chapter 4]).

For 7 € S,,, define the set
T = Tﬂ-(A,B) = {Z € [n] V] € [ﬂ],Aivaﬂ.(i)’ﬂ-(j) = 0},

aswellas TT :=T" NV, andT” :=T™ N V_. Note that T and T are functions of A, B,and o.
In words, if 7 is the true vertex correspondence and ¢ € T, then the neighbors of 7 in G; and the
neighbors of 7 in G are disjoint sets. Due to the lack of overlapping information, it becomes difficult
for the MAP estimator to correctly match ¢ in G; with its counterpart 7 (i) in G2. The following
lemma formalizes this (where we use the standard convention that 0! = 1).

Lemma C.4 (MAP estimator). For all n large enough and for any m € S,, we have that

1

Proof. Fix m € S,, and suppose that A, B, and o are given. Let p; be any permutation of 7’7 and let
p2 be any permutation of 7". Construct a new permutation 7’ = 7’ (, p1, p2) as follows:

e Fori e [n)\T7, letn'(i) := (7).
» Fori e TT,let ' (i) := m (p1(3)).
e Fori e T™, let w'(i) := m (p2(7)).

Let 7 be the set of permutations 7’ constructed in this way. Since each choice of p; and p leads to a
distinct 7/, we have that [T| = |TT|! - |T7|!.

A useful consequence of this construction is that 7’ (V}.) = 7 (V4) and «' (V_) = 7w (V). By
Proposition[C.2] this implies that

vPU)) = vt (E(n))  and v (0(r) = v (U(x)). (55)

Furthermore, note that if A; ; B(;),~(;) = 1, then we must have i, j € [n] \ T™ by definition. The

construction of 7/ implies that 7/ (7) = 7(¢) and 7' (j) = m(j) for such ¢ and j. Hence we have that
A;,jBri(iy mr(j) = Ai,jBn(i)n(j) = 1 for such i and j. By Proposition [C.3| we thus have that

lﬁ(g(ﬂl))n > pt () and p= (6(m")) 11 > = (6(m)11- (56)

In light of Lemmal|C.1] as well as the observations on monotonicity made after its proof, (53)) and (56)
together imply, for all n large enough, that

P(r.=7|A B,o) <P(r. =7"| A, B,o). (57)

Now we distinguish two cases. First, if 7 is not a maximizer of {P (7. = 7| A, B, o)}z , then
we have that P (Tyap = 7| 4, B, o) = 0, so the claim holds trivially. On the other hand, if 7 is a
maximizer of {P (7. = 7| A, B, )}z, » then (by (57)) so is 7’ for every 7’ € T Therefore the
set argmaxz.s P (7. = 7| A, B, o) has at least | T| elements. Since Tyap picks an element of
the argmax set uniformly at random, this implies that

1 1

P(WMAP:W|A7370)SWZW' =
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Next, the following lemma establishes lower bounds for ‘Tﬂ and |Tf| in the case where 7 is
the ground truth vertex permutation. Before stating the result, for 7 € S,, we define the measure
P.(-) :=P(-|m = 7). Additionally, let E, and Var, denote the expectation and variance operators
corresponding to the measure ;.

Lemma C.5. Suppose that s> (o + 3) /2 < 1. Then there exists v = y(a, 3, 8) > 0 such that
lim min P, (|77|,[T7| > n") = 1.

n—oo teS,

The proof of the lemma is based on estimating the first and second moments of |T1| and ’Tf
the measure IP;,. While the proof techniques are quite standard, the proof is somewhat tedious, so we
defer it to Section

We are now ready to prove the impossibility result for graph matching in correlated SBMs.

Proof of Theorem 3.2. As mentioned before, we prove a stronger claim; namely, we show that
even if o is provided as extra information, for any estimator 7 = 7(G1, G2, 0) we have that
lim,, oo P (7 = m,) = 0. To this end, we study the MAP estimator Tyiap = Tmap (A, B, o) of
given A, B, and o (see @])). Since the MAP estimator minimizes the probability of error (see, e.g.,
[10, Chapter 4]), it suffices to show that lim,,_, P (Tpap = ) = 0.

To compute/bound P (Tyap = 74 ), we may first condition on 7, and then on A, B, and o. Since
T« € Sy, is uniformly random, we have that

P (Tmap = ) = ] Z Z (Tmap =7 | A, B,o,m. =7)P(A,B,o|m =).
€S, A,B,o
Note that myap is a function of A, B, and o (and perhaps additional randomness, in case the
maximizer of the posterior distribution is not unique). Therefore P (Tpap = 7| A, B,o, m =) =
P (7map = 7| A, B, o), that is, we may remove the event {7, = 7} from the conditioning. Plugging
this back into the display above and using the bound of Lemma@ we obtain that

P (Tnap = i) < ,Z

TES,

(58)

!T”I' 7]

where the expectation is over A, B, and o (recall that TT and T™ are functions of A, B, and o).
Let v = v(a, f,s) > 0 be the constant given by Lemma and for 7 € §,, define the event
A, = {]Tﬂ ; ‘Tf’ > n?}. By definition we have that

1 1
|| 1 2 PT" (‘A;) .
TE[ T o)
Plugging this into (58)) we thus have that
P (Faiap = 7T <7 P (A7)
(Ruap =m) S Cove + 0 Z < et R B ()

Both terms on the right hand side go to 0 as n — oo; the latter term converging to 0 as n — o0 is
due to LemmalC3l O

C.3  Lower bounding |T7| and |7~ |: Proof of Lemma

Fix m € S,,; throughout the proof we condition on the event {7, = 7}. Given also o, we have that
Bernoulli ( s2a'%2™ ) if (i,j) € £ (o)

1Bty ) ~ Bernoulli 82610% if (4,5) € £ (o).

Moreover, for fixed ¢ € [n] the random variables {Ai’ 3B (i) ,m( j)} are mutually independent

F€MN\{i}
(given {m, = 7} and o). Hence if i € V,, then we have that

logn IVl =1 logn V-1
P. (i €T |o)= (1—52an> <1—52,6’n> .
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Note that |V, | and |V_| are typically approximately n/2, and hence the conditional probability above

is typically approximately n=s"(@+8)/2 To make this precise, we introduce some further notation.
For € € (0, 1) define

§:=1—(1+¢/2)°5%(a+B8) /2,
Ai=1-(1—-€s*(a+p)/2
In the following we fix € € (0, 1) such that
0>0 and A>0 and A < 26. 59)

Such an € € (0, 1) exists due to the assumption that s? (o + 3) /2 < 1. Recall that on the event F,
we have that |V, |,|V_| < (1 4 €¢/2)n/2. Thus if o is such that the event F, holds, then

1 1
log P (i € 7|0} > (14 5) & (m (1 - ag) T log (1 - N))

2
€\2 1
> (1 + 5) g <52(a+5) Oin) = (6 —1)logn,

where the second inequality holds for all n large enough, since log(1 — z) > —(1 4 ¢/2)z for all
x > 0 small enough. Thus, on the event . we have that P (i € T | o) > n°~! for all n large
enough. By linearity of expectation this gives a lower bound on the (conditional) expectation of ‘Tj; ’:
if o is such that F, holds, then for all n large enough we have that

1—6/2 Fy

E, [|T7|] o] > |Vi[n®™ > 52 in‘s. (60)

To establish a probabilistic lower bound for }Tj_f , we proceed by bounding its (conditional) variance.
Fori € [n] let X; := 1 (i € T'T) be the indicator variable that ¢ € T'T. We then have that

Var, (|T}:| | o’) = Var, Z Xilo]| = Z Var, (X; | o) + Z Cov, (X;, X | o).
ieVy ieVy i,jEVy tit]
(61)
For the variance terms on the right hand side, we use the bound

Var, (X;|0) < Br (i € T | o) < exp (—32 (@(Vil = 1)+ BV_)) loin) |

If o is such that F, holds, then using the bounds |V;| — 1> (1 —e)n/2and |V_| > (1 — €)n/2 we
thus have that
Var, (X;|o) < n* L (62)

The covariance terms can be computed as

COVﬂ- (X“X]|O') :EW [XlX] |O'] —Eﬂ- [)(}‘0’]1[‘37r [X] |O']

2|V |-3 2|V 2|V -2 21V

_ (1_82alogn) IV (I—SQBIOgn> ! l_ (1_52alogn> IVl (1_82610gn> V-1
n n n n

2|V |-3 2|V

ulen (g, Joum )™ (e
n n n

logn

< s2a

exp (=5 (@ 21Vi] - 3) 4 B 21V ) 57 ).

If o is such that F, holds, then using the bounds 2|V | =3 > (1 —€)nand 2|V_| > (1 — €)n we
thus have that

Covy (Xi, Xj| o) < (s*alog(n)) p1m(1=0s% (@4h) — (salog(n)) n* 2. (63)
Plugging (62)) and (63)) back into (61), we have that

Vary (|TT||o) <n-n*"t 40 (salog(n)) n®*~? = n* + (s*alog(n)) n** .
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whenever o is such that F, holds. Since A < 1, we have that A > 2\ — 1, and so the display above
implies that
Var (|T7|| o) < 207 (64)

for all n large enough, whenever o is such that . holds.

Next, we use Chebyshev’s inequality to turn the first and second moment estimates into a probabilistic
lower bound for ‘Tﬂ If o is such that F, holds, then, by (60), for all n large enough such that

n%/2 < nd /8, we have that
P, (77| < 0| o) <Po (|17~ Ex (|77 | 0]| 2 n'/8] o).
Thus by Chebyshev’s inequality and (64) we have that
Po (7] < 0%/ | o) < 6402 Var, (|77 | o) < 12802

for all n large enough, whenever o is such that F, holds. Recall from @]) that A — 26 < 0, so this
bound decays to 0 as n — oo.

To remove the conditioning on o, we can write
Pr (|77] = n72) 2 B[Py (|T7] 2 072 | 0) 1(F)] = (1- 1280 ) B(F).

Note in particular that this lower bound holds uniformly over all = € S,,. Hence, since P (F,) — 1
as n — oo, we have that
lim min P, (‘T_ﬂ > n‘s/Q) =1.
n—o0o TES,

Finally, the same arguments also hold for ‘Tf’ by symmetry, so the conclusion follows by a union
bound.

D Impossibility of community recovery from correlated SBMs

Proof of Theorem 3.4. The key idea is to reduce the problem to that of exact community recovery in
the (classical) single-graph SBM setting. Specifically, as observed in the proof of Theorem 3.3 in the
main text, the union graph H, := G1 V., G, satisfies

H, ~ SBM (n’a(l _ (1 _ S)Q)IOgn 6(1 _ (1 _ 8)2)logn> ’

n ' n

and from H, it is possible to simulate G; and GG5. However, under the condition

Va - VB <\ (©9)
1-(1-y9)

exact community recovery is impossible from an SBM with such parameters [2, |8, 3] [1].

To make the argument formal, suppose by way of contradiction that there exists an estimator
o = o (G, G2) such that

limsup P (ov (6(G1,G2),0) =1) > 0. (66)

n—oo

Now let H be a graph on the vertex set [n] satisfying

H ~ SEM (m.a(1 = (1= 5252, (1 = (1 - ) 227,

n b
and let o gy denote the underlying community labels of H. Given H, we now construct two edge-
subsampled graphs H; and HY as follows. First, define the parameters

o s(1—s) s(1—s) 5°
(ro1,710,711) = (1_ (I—8)2'1—(1—s)2" 1— (1—3)2>

and note that ro; + 10 + 711 = 1, so this triple defines a probability distribution. Now for every
vertex pair (, j) independently:
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* if (4,4) is not an edge in H, then it is not an edge in H; and it is not an edge in HJ;
* if (4,7) is an edge in H, then

— with probability 19, the pair (4, j) is an edge in H; but not an edge in H};
— with probability g1, the pair (4, j) is not an edge in H; but it is an edge in H; and
— with probability 11, the pair (4, ) is an edge in both H; and H}.

The key observation is that, by construction, (Hy, HS, o ) has the same distribution as (G, G5, o).
Now let 7 € S,, be a uniformly random permutation which is independent of everything else. Finally,
we generate Hs by relabeling the vertices of Hj according to 7 (i.e., vertex ¢ in H} is relabeled
to 7(4) in Hy). Again by construction, (H1, Hy, o) has the same distribution as (G1, G2, o). In
particular, ov ((H1, H2), o g) and ov (6(G1, G2), o) have the same distribution, and so

P(ov(o(Hy, Hy),oq) =1) =P(ov(a(G1,G2),0) =1).
Combining this with (66)), we have that
limsupP (ov (o (H1, He),0m) =1) > 0. (67)

n—oo

However, it is known [2, (8 31 [T]] that if (63]) holds, then for every estimator o’ = ¢’(H) (including
randomized estimators) we have that

lim P(ov(o/'(H),on)=1)=0. (68)

n—oo
Since (H;, H2) was constructed from H using only additional randomness, o (H1, H2) can be

thought of as a randomized estimator of o ;7 which takes H as input. Therefore and are in
direct contradiction. Thus (66) does not hold, which proves the claim. O

E Proofs for many correlated SBMs

In this section we prove our results that concern K > 3 correlated SBMs, namely Theorems 3.6 and
3.7. These proofs are analogous to the proofs of Theorems 3.3 and 3.4, extending them to the setting
of K > 3 correlated SBMs.

Proof of Theorem 3.6. Given permutations 72, ..., 7% € S,,, we define Gy V2 Ga ... V,.x Gg,
the union graph with respect to 2, . . ., 7€, as follows: for distinct 4 and j, the pair (i, ) is an edge
in G1 V2 G ... Vi G if and only if (4, j) is an edge in Gy or (7%(i), 7%(j)) is an edge in Gy,
for some k € {2,..., K}. In particular, let H, := G1 V2 Ga ... Vxx Gr. By construction, H, is
the subgraph of the parent graph G consisting of exactly the edges that are in G or in G}, for some
k €{2,..., K}. Thus we have that

Hy ~SBM (na (1 (1) 98" 5(1_(1- oK) 8m)
(ma ( )= ( ) =50)

n n

The algorithm we study first computes, for every k € {2, ..., K}, the permutation 7% := 7 (G, G})

according to Theorem 3.1. We then pick any community recovery algorithm that is known to succeed
until the information-theoretic limit, and run it on H := G Vz2 G5 ... Vzx G ; we denote the

~

result of this algorithm by &(H ). We can then write
P(ov(3(H),0) # 1) < P({ov(6(H), o) # 1} N {H = H.}) + P(H # H.)

K
<P(ov(G(H.), o) 1)+ » P (7" #7i),
k=2

~

where, to obtain the inequality in the second line, we have used that 6(H) = & (H.) on the event

{H = H,}, and that H # H, implies that 7% # 7% for some k € {2,...,K}. Since exact
community recovery on H, is possible when the condition

‘\/a_\/'g‘>\/1(125)f{
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holds [2}[8 31 1], we know that P(ov(a(H,),o) # 1) — 0 as n — oo. In light of Theorem 3.1 we
also have, for every k € {2,..., K}, that P(7% # 7%) — 0 when s2(a + 8)/2 > 1, concluding the
proof. O

Proof of Theorem 3.7. Suppose, by way of contradiction, that there exists an estimator & =
o (G1,Ga,...,Gk) such that

limsupP (ov (6(Gy1,Ga,...,Gk),0) =1) > 0. (69)

n—oo

Now let H be a graph on the vertex set [n] satisfying

H ~ SBM (n,a(l—u—s)K) logn 5(1—(1—3)K) log”>,

n ' n
and let o denote the underlying community labels of H. Given H, we now construct K edge-
subsampled graphs, Hq, H, ..., HY., as follows. First, for z € {0, 1}X let |z| := Zszl xy. For
every x € {0, 1}5 let r,, := sl*l(1 — 5)K~l=l/ (1 -(1- s)K), and note that 3, . ¢ 1y50\gx 7o =

Lsor == {rz},c {0,13x\ox defines a probability distribution. Now for every vertex pair (4, 7)
independently:
* if (4, 7) is not an edge in H, then it is not an edge in any of Hy, Hj, ..., H};

* if (i, 7) is an edge in H, then draw x € {0,1}¥ \ 0¥ from the distribution . Then (3, 5) is
an edge in H; if and only if z; = 1, and for every k € {2, ..., K}, the pair (7, j) is an edge
in Hj, if and only if 2, = 1.

The key observation is that, by construction, (Hy, H, ..., Hj, o ) has the same distribution as
(G1,GY, ..., Gl o). Now let w2, ..., 7K € S, be i.i.d. uniformly random permutations which are
independent of everything else. Finally, for every k € {2,..., K}, we generate Hy, by relabeling
the vertices of H}, according to 7" (i.e., vertex i in H}, is relabeled to 7% (i) in Hj). Again by con-
struction, (Hy, Ha, ..., H, o pr) has the same distribution as (G1, Gs, . ..,Gk, o). In particular,
ov(o(Hi,Hs,...,Hk),op)and ov (6(G1,Ga,...,Gk), o) have the same distribution, and so

P(ov(o(Hy1, Hy,...,Hi), o) =1) =P(ov(o(G1,Ga,...,Gk),0) =1).
Combining this with (69), we have that
limsupP (ov (6 (H1, Ha,...,Hk),o0q) =1) > 0. (70)

n—oo

However, it is known [2} |8}, |3} [1]] that if the condition

W‘ﬂ’ﬂ/l_&w

holds, then for every estimator o’ = ¢’(H) (including randomized estimators) we have that
lim P(ov(o/'(H),on)=1)=0. (71)
n—roo

Since (Hy, Ha, ..., Hx ) was constructed from H using only additional randomness, the estimator

o(Hy,Hs,...,Hg) is a randomized estimator of o i which takes H as input. Therefore
and (7I) are in direct contradiction. Thus (69) does not hold, proving the claim. O
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