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1 Identifiability

1.1 Tier1

Lemma 1.1. Given a countable set X. Let M (X) = [X, PX] the set of stochastic maps from
X to X. Note that given an initial distribution, each stochastic map gives a Markov chain. Let
M(X), C M(X) denote the subset of recurrent maps, meaning that for each state © € X, its
Markov chain starting with x visits x infinitely often with probability one. Let ¢ : M (X) — P(XY)
denote the distribution over infinite chains starting with an initial distribution A € PX. Let
C : XN — M(X) denote the map that gives a maximum likelihood estimate of the transition
probabilities given an infinite chain. Let P(M(X),) denote the set of probabilities over M (X),.
Then for all m € M(X),,\ € PX, with probability one, T ~ ¢x(m), C(7) = m. Furthermore,
Vp € P(M(X)):), A € PX, m ~p, 7 ~ ¢x(m), C(7) is distributed as p.

Proof. The first result is shown via the ergodic theorem in [Norris, 1997, Theorem 1.10.2]. The
second result follows from the fact that [, ddq(a’) = a, where J, is the Dirac measure around a
(alternatively, the second result follows from a probability monad law). O

Theorem 1.2. Given countable state and action spaces S, A, let the set O = [S, P A] denote the set
of stochastic policies, O = [S x A, PS] the set of stochastic dynamics, © = O x Ory the product.
Note that each 6 € O gives a Markov chain with state S x A. Let O, be the subset of recurrent Markov
chains. Let p € P(©,) be a joint distribution dynamics and policy giving recurrent chains. Then p
can be identified from the distribution over infinite sequences P((S x A)N) given by rolling out p.

Proof. Following lemmal(l.1} we can identify p’ € P([S x A, P(S x A)]) that generates the chain.
The map © — [S x A, P(S x A)] is injective, so we can recover p € P(©,) from p'. O

Corollary 1.3. In Tier 1, assuming the chains are recurrent, we can identify all distributions, thus we
can construct the interventional policy.

1.2 Tier2

Theorem 1.4. Given p(6r,0r) € P(O) and p'(0r,0n) € P(O),, such that the marginal dis-
tributions over dynamics agree p(0r) = p'(0p). Define on a trajectory T, pgoa)(0r|T) o
P(0F) [, p(5t41]5¢, ar, OF). Assume that with probability one, for policy and dynamics (0, 0F) ~ p
and infinite rollout T ~ ¢ (0, 0F), that de(A)(éF|T) = 0g,-

Then, given trajectory distributions ¢ (p), %, (p') € P((S x A)N), we can identify the interventional
policy

p(at|s1,do(ar), ..., s¢) oc/

A0 drp(9u, 0r)p(arlse, On) | [ p(seralsi, ar, Or)
e t

Proof. We identify the dynamics p(fr) using the recurrent model p’ via theorem Then for a
model py,(als, 0 ) with parameters v, maximise the likelihood of

Eo e 01npErnin 00,60 Bd o0y 6 1r) 108 Py (al 5, OF)
which by assumption is equal to
Eor 0u~pBrags(0r.0n) 108 Py (als, O0F)

which is maximised by py(als,0r) = plals,0r) = Eoyponjer)plals,0m).  Then:
plai]s1,do(ar), ..., s¢) = EéFNPdO(A>(éF|T)p(a|s, 0F). O
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2 Optimality

Lemma 2.1. Given expert distribution p(0p, 011) € P(©) and agent distribution p' (0, 0n1) € P(O),
such that the marginal distributions over dynamics agree p(0r) = p' (0 ). Assume the expert’s policy
is uniquely determined by the environment dynamics (e.g. as it is trained with RL on a single reward
Sfunction on each environment), so we can write p(als, 0) for the expert policy. Assume that with
probability one, for policy and dynamics (6r1,0F) ~ p' and infinite rollout T ~ ¢ (0m, 0F), that

piio(A) (OF|T) = .-
Then, on rollouts of p', the interventional policy approaches the expert policy:

T B, g B 07000 Dt (plarlss, 0| [p (a1, do(an ), .., 51)) = 0

Proof.
tlggo Eop 0n~p' Ermg, (05,0nm) l0g D(at|st, 0F) —log p(ag|si, do(ar), ..., s¢)
Ztli{go Egp 0r~p Ermoy (0r,0m) l0gD(at|5¢, 0F) — 1OgEéFdiO(A)(éF‘Tgt)p(at|5taéF)
:tl'gglo Ko 0r~p Ermg, (05,00) l0g D(at|5t, 0F) —log p(ag|ss, 0p) = 0
where in the last line we used that in the limit to infinite sequences, that pgo(a) (Op|T) =06p,. O

3 Tier 1 algorithm

The paper presents the proof that at tier 1, when suitable demonstrations from the expert are available,
the interventional policy is identifiable from the expert data alone, without access to the environment
or the expert. In this section, we present a practical algorithm for learning the deconfounded imitation
policy from such an expert dataset. At test time, the agent works the same way as the tier 2 algorithm
presented in the paper.

Training an inference model directly on the expert demonstration faces the same problem as naive
imitation learning, i. e., the trained model takes the expert’s actions as evidence for the latent. However,
by the assumption stated in appendix [2} that the expert is uniquely determined by the environment
dynamics, we can directly learn the conditional policy and dynamics model explaining the expert
trajectories from the demonstrations because a latent that explains the dynamics also explains the
expert. To train such models, we use variational inference to learn a trajectory encoder gy, which
infers the latent for the expert trajectories, and a factorized decoder, which reconstructs the dynamics
of the environment and the expert’s policy using networks p,, and 7, respectively. The variational
inference objective is given by

H
Lot = Egq, 6171) {Zlogpw(st-&-l | st,at,0)+log m, (at|st, 9)] —BDkr (%off(@ ES) H p(e)) ;

t=0

ey
which, unlike the objective in the main paper, represents a VAE where the encoder g4 . takes as input
the full expert trajectory 7!, and the decoder decodes both the action and transition probabilities
throughout the trajectory.

This gives us a way for training the conditional policy imitating the experts in the demonstrations and a
dynamics model. However, we cannot directly use the learned inference model ¢, for implementing
the interventional policy, because it takes the expert’s actions as evidence for the latent. The tier 2
algorithm works by separately learning an inference model from interactions with the environment
and using that inference model for deconfounding the expert trajectories. In tier 1, where we do not
have sampling access to the environment, we cannot learn the inference model directly. Instead, we
observe that one factor of the decoder used for training the inference model is a dynamics model of
the environment conditional on the predicted latent. Therefore, we can use it to generate synthetic
trajectories for training an online inference model gy, to minimize the online variational inference
objective given in the main paper. The online inference model can then be used for implementing the
interventional policy similarly as in tier 2. The full tier 1 algorithm is presented in algorithm [I]
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Algorithm 1 Behavior cloning with latent inference, offline variant

Require: The initial parameters of the imitation policy 7, offline inference model ¢, online
inference model ¢,,, dynamics model v, prior distribution for the learned latent space p(6), a
dataset of expert trajectories {7}, an MDP (S, A, p, po, H), learning rates o, aa, oz, and ay.
while not done do

0 ~ p(0) > Sample latent from the prior for the learned latent space
S0 ~ po(so) > Sample first state from a learned model or expert data
Tsynth = S0, t=0
fort < H do
ay ~ mw(ay | s¢) > Sample action from a Markov policy
St41 = Dy (Set1 | Sty ae, 5) > Dynamics model
Append (ay, S¢41) tO Toynh-
t=t+1
end for A
Gon = ¢on — 01V o, L(Teynn) > Train the online inference model to minimize equation 6.
Gott = ot — 2V gy j ﬁoff(rg ) > Train the offline inference model to minimize equation
V=1 —azVy ), Lo (1) > Train the dynamics model to minimize equation
n=n—asVy, Lo (77) > Train the imitator policy to minimize equation
end while

4 Experimental setup

Implementation details The inference model g4 is implemented as an RNN with GRU architec-
ture|Cho et al.[[2014] with a hidden layer of 256 units. Before the RNN, the observation is prepro-
cessed by an MLP with two hidden layers of size 256 units and output size 32. The action is prepro-
cessed by a linear transformation to a 32 dimensional vector. The outputs of the RNN are processed
by a linear transformation to a vector which parametrizes the latent distribution. The latent distribu-
tion is a 256 dimensional Gaussian. One half of the predicted vector represents the mean of the latent
distribution and the other half, after softplus activation has been applied to it represents the variance.

The decoder is an MLP with two hidden layers of size 256 and a linear output layer. It uses the same
input preprocessing networks for the observations and actions as the inference model.

The policy is an MLP, which takes the latent sample, and an observation as inputs. It uses the same
observation embedding network as the other networks and then has two hidden layers with 256 units
each.

The naive behavioral cloning baseline uses the same network architecture as the deconfounded
algorithm, except it does not represent the belief as a probabilistic latent variable and therefore there
is no sampling step. It just directly passes output of the trajectory encoder as the input to the policy
network.

All of the MLPs use ReLLU activations.

All networks are optimized using the ADAM optimizer [Kingma and Ba, 2014] with otherwise
default settings from pytorch [Paszke et al.| 2019]] apart from the learning rate.

Hyperparameter settings The hyperparameters used for the learning algorithms are presented in
table

Computing the ground truth policies All of the probabilities relevant to the bandit problem are
known exactly from the definition of the problem and the conditional and interventional policies given
in the main paper. Using these probabilities we can compute the true conditional and interventional
policies, allowing us to compare the learned algorithms to the relevant optimal policies.
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Hyperparameter Value

Episode length 100
Imitation training steps 5000
Dynamics model training batch size (full episodes) 100
Imitation training batch size (full episodes) 100
Behavioral cloning learning rate 0.001
Variational inference learning rate 0.0001
KL coefficient (/3) 0.001

Table 1: Hyperparameters for the deconfounded behavioral cloning and naive behavioral cloning
algorithms

In practice, the true belief over theta can be computed for any trajectory as follows

A 1 A logp(é[At])t + St log 3 + (1 — St) IOg 1 if At = a¢
1 0)o =log -, 1 0lA = « 4 4 )
ogp(8)o = log 5 og (O A])e+1 {logp(G[At])t + silog: 4+ (1 —s;)log 2 otherwise

(@)

The true interventional policy can then be computed by sampling a belief 0y ~ log p(é )¢, and sampling
an action from 7exp (ay|s¢, ét). This can be seen as a Thompson sampling policy [Thompson, {1933,
which acts optimally given its current belief of the task. The true conditional policy is computed
similarly, except taking the actions as evidence for the latent is added to the update
log p(0[A)e 11 = ing(Q)t[At} + 51 log% + (1= s1) logé + logrfo ifAi=ar g
og p(0)+[A¢] + s¢log 7 + (1 — s¢)log 7 +1log 17  otherwise
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