7 Appendix

7.1 Proof of Theorem 1

The Proof is based on [5, 16]. Before we prove the theorem, we need the following lemma.

Lemma 1. (Bisla et al.) Let L(w) be a-Lipschitz continuous. Let 6 be distributed according to the
distribution p. Then,

|VLs(z) = VLs(y)|| = Es~p[VLs(z + ) — VLs(y + 0)]

<a/\p —x) — p(d —y)|do. ®

Then we provide the proof of Theorem 1. We firstly illustrate that V Lg (w) is %-Lipschitz continuous,

and then demonstrate that VLg(w) is -Lipschitz continuous. Finally, we can obtain that V Lg(w)
is min{<, B}-Lipschitz continuous.

We can define [ [p(d — z) — p(d — y)|dé as:

- / p(6 — ) — p(6 — y))dd + / p(6— ) —p(6—2)ds (o)
S| d—z||> o —yll oo —z||< 10—yl

=2 0—x)—p(d —vy)ldd.
/51|5r|<|5y|[p( ) p( y)}

We try to divide [ |[p(6 — x) — p(6 — y)|dd into two different parts in the first equality. The
second equality holds because they have the equal value when ||p(§ — z)|| > ||p(d — y)|| and

Ip(6 —z) <p(6 —y)ll.

Let§ = & — x for p(6 — z) term and 6 = § — y for p(§ — y) term, we have:

= 2/ p(6 —x)dd — 2/ p(6 — y)dé (10)
5:15—all<[15—y] 5:15— || <ll6—yl|

:2/ o p(S)d(;fQ/ o p(8)ds
8:1181 <116+ —)ll &8 218~ (@)l

We can rewrite Equation 10 as:

[ 1906 =) =56 — a5

(11
=2Psp([[0]] < 16 + (z — y)II) = 2Ps~p([I6]] = ([0 — (z = »)|))-
For the first part of the Equation 11, we can find:
Psp([10]l < |6 + (= —y)II)
=Psp (01> < 16 + (z — y)II?)
=Psp(2(0, 2 — y) > —|lz — y[*) (12)
-y
=Ps~p(2(5, ) > —llz —yll).

|| —
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In addition, ;=27 has norm 1 and § ~ N(0,*I) implies (3 ~ N(0,~21). Therefore,

' Te s Te—ul!
Psp (10l < |6 + (z —y)|)

iy -yl
—Ps, ({6, > _
Oy 7 ) 13

+oo 1 52 .
:/Hw;yll A /271"}/2 exp(_ﬁ)dd

For the second part in Equation 11, we can obtain that:

Bsp (161 > 116 — (= )]

—Bsy (612 = 15— (= — o))
:PMA<6x—>>H$—W) (1
=Ps.p(2(6, > > ||z —yl)).

We can also get the similar distribution (4 ~ N(0,~21). Therefore, we can find:

r—y
ool

Psp (0] = 116 — (z = ))

r—y . lo—yl
=Psp ({9, >
Oy ) @5)

+oo 1 62 .
:/”wzy 271—7/2 exp(—ﬁ)d(s

Then, we can combine Equation 13 and 15 to Equation 11:

[ 196 =) =56 — a5

—2/ LI (—‘§2)d8—2/+w LI (—ﬁ)dé
B _le—sl (/2772 *P 272 le—vl /2772 *P 22

, Loy ) ( 5 v (16)
_la—ull /272 22
_ V2l
T oT

Therefore, we can combine Equation 8 and Equation 16:

IVLs(z) = VLs(y)|| < a/ (6 — ) = p(6 —y)|dé

V2|lz -y
< g2 70 (17)
=Y

o
< -yl
v

Finally, we finish the proof of %-Lipschitz continuous for VLg(w). Then, we try to show the proof
of B-Lipschitz continuous for VLg(w):
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IVLs(z) = VLs(y)ll = [VEs~p[L(z + 0)] = VEs~p[L(z + ]|
= [IEsnp[VL(z +6)] = VL(y + 9)]|

=w/WLw+6ﬂ—vuy+®wwmw

< [ 192G +8) = VLly + D)p(5)as s

< [l + o)l [ po)as
=l ol [ p0)d5
= Bllz -yl

Therefore, we can obtain V Lg(w) is 8-Lipschitz continuous.

Finally, we finish the proof that V Lg(w) is min{%, 3}-Lipschitz continuous.

7.2 Compared with LPF-SGD

As shown in Table 1 and Table 2, we try to compare R-SAM with LPF-SGD on CIFAR-10 and
CIFAR-100. In this section, we also try to compare R-SAM with LPF-SGD on ImageNet.

Table 5: Accuracy of ViT on ImageNet-1k for 300 epoch. The base optimizer for SAM and R-SAM
is AdamW. Batch Size is 4096. We use Inception-style preprocessing method for input image.

Model Resolution AdamW LPF-SGD SAM R-SAM
ViT-B-16 224 74.7 75.9 79.8 80.7
ViT-S-16 224 74.9 75.8 77.9 78.7

7.3 The sensitivity Analysis of

In this section, we try to analyze the sensitivity of v for R-SAM. The result is shown in Table 6.

Table 6: The sensitivity Analysis about ~y

Model 2e-3 1.5e-3 1e-3 5e-4 1le-d4 5e-5
WRN-28-10 84.7 85.1 853 854 85.1 845
ViT-B-16 79.7 80.2 80.7 80.7 804 79.7
ViT-S-16 773 779 785 782 779 778

7.4 Hyperparameters

Table 7: Architectures of Vision Transformer

Model Params Patch Resolution Sequence Length Hidden Size Heads Layers

ViT-B-16 8™ 16 x 16 196 768 12 12
ViT-S-16 22M 16 x 16 196 384 6 12
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Table 8: Parameter Settings of ViT from Scratch on ImageNet

Input Batch armu Peak LR . Weight radient
Model Resofution Size Epoch WSteps P LR Decay Optimizer P A Decgay (élipping
ViT-B-16 224 4096 300 10000 3e-3 cosine AdamW / / 0.3 1.0
ViT-S-16 224 4096 300 10000 3e-3 cosine AdamW / / 0.3 1.0
ViT-B-16 + SAM 224 4096 300 10000 3e-3 cosine AdamW 0.18 / 0.3 1.0
ViT-S-16 + SAM 224 4096 300 10000 3e-3 cosine AdamW 0.1 / 0.2 1.0
ViT-B-16 + R-SAM 224 4096 300 10000 3e-3 linear AdamW 1.4 2 0.3 1.0
ViT-S-16 + R-SAM 224 4096 300 10000 3e-3 linear AdamW 0.4 1 0.2 1.0
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