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Abstract

It has been hypothesized that quantum computers may lend themselves well to
applications in machine learning. In the present work, we analyze function classes
defined via quantum kernels. Quantum computers offer the possibility to efficiently
compute inner products of exponentially large density operators that are classically
hard to compute. However, having an exponentially large feature space renders
the problem of generalization hard. Furthermore, being able to evaluate inner
products in high dimensional spaces efficiently by itself does not guarantee a
quantum advantage, as already classically tractable kernels can correspond to high-
or infinite-dimensional reproducing kernel Hilbert spaces (RKHS).

We analyze the spectral properties of quantum kernels and find that we can expect
an advantage if their RKHS is low dimensional and contains functions that are
hard to compute classically. If the target function is known to lie in this class, this
implies a quantum advantage, as the quantum computer can encode this inductive
bias, whereas there is no classically efficient way to constrain the function class in
the same way. However, we show that finding suitable quantum kernels is not easy
because the kernel evaluation might require exponentially many measurements.

In conclusion, our message is a somewhat sobering one: we conjecture that quan-
tum machine learning models can offer speed-ups only if we manage to encode
knowledge about the problem at hand into quantum circuits, while encoding the
same bias into a classical model would be hard. These situations may plausibly
occur when learning on data generated by a quantum process, however, they appear
to be harder to come by for classical datasets.

1 Introduction

In recent years, much attention has been dedicated to studies of how small and noisy quantum devices
[1] could be used for near term applications to showcase the power of quantum computers. Besides
fundamental demonstrations [2], potential applications that have been discussed are in quantum
chemistry [3], discrete optimization [4] and machine learning (ML) [5-12].

Initiated by the seminal HHL algorithm [13], early work in quantum machine learning (QML) was
focused on speeding up linear algebra subroutines, commonly used in ML, offering the perspective
of a runtime logarithmic in the problem size [14—17]. However, most of these works have an inverse
polynomial scaling of the runtime in the error and it was shown rigorously by Ciliberto et al. [18]
that due to the quantum mechanical measurement process a runtime complexity O(y/n) is necessary
for convergence rate 1//n.

Rather than speeding up linear algebra subroutines, we focus on more recent suggestions that use a
quantum device to define and implement the function class and do the optimization on a classical
computer. There are two ways to that: the first are so-called Quantum Neural Networks (QNN) or
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Flgure 1: Quantum advantage via inductive bias: (a) Data generating quantum c1rcu1t f ( ) =
Tr [p¥ (z)(M ®id)] = Tr [p" (x)M]. (b) The full quantum kernel k(x,z’) = Tr [p" ()]
is too general and cannot learn f efficiently. (c) The biased quantum kernel q(x x) =
Tr [pY (z)p" (2')] meaningfully constrains the function space and allows to learn f with little data.

parametrized quantum circuits [5—7] which can be trained via gradient based optimization [5, 19-23].
The second approach is to use a predefined way of encoding the data in the quantum system and
defining a quantum kernel as the inner product of two quantum states [7—11]. These two approaches
essentially provide a parametric and a non-parametric path to quantum machine learning, which are
closely related to each other [11]. Since the optimization of QNNs is non-convex and suffers from
so-called Barren Plateaus [24], we here focus on quantum kernels, which allow for convex problems
and thus lend themselves more readily to theoretical analysis.

The central idea of using a QML model is that it enables to do computations that are exponentially
hard classically. However, also in classical ML, kernel methods allow us to implicitly work with
high- or infinite dimensional function spaces [25, 26]. Thus, purely studying the expressivity of
QML models [27] is not sufficient to understand when we can expect speed-ups. Only recently first
steps where taken into this direction [10, 12, 28]. Assuming classical hardness of computing discrete
logarithms, Liu et al. [10] proposed a task based on the computation of the discrete logarithm where
the quantum computer, equipped with the right feature mapping, can learn the target function with
exponentially less data than any classical (efficient) algorithm. Similarly, Huang et al. [12] analyzed
generalization bounds and realized that the expressivity of quantum models can hinder generalization.
They proposed a heuristic to optimize the labels of a dataset such that it can be learned well by a
quantum computer but not a classical machine.

In this work, we relate the discussion of quantum advantages to the classical concept of inductive
bias. The no free lunch theorem informally states that no learning algorithm can outperform other
algorithms on all problems. This implies that an algorithm that performs well on one type of problem
necessarily performs poorly on other problems. A standard inductive bias in ML is to prefer functions
that are continuous. An algorithm with that bias, however, will then struggle to learn functions that
are discontinuous. For a QML model to have an edge over classical ML models, we could thus ensure
that it is equipped with an inductive bias that cannot be encoded (efficiently) with a classical machine.
If a given dataset fits this inductive bias, the QML model will outperform any classical algorithm. For
kernel methods, the qualitative concept of inductive bias can be formalized by analyzing the spectrum
of the kernel and relating it to the target function [25, 29-33].

Our main contribution is the analysis of the inductive bias of quantum machine learning models based
on the spectral properties of quantum kernels. First, we show that quantum kernel methods will fail to
generalize as soon as the data embedding into the quantum Hilbert space is too expressive (Theorem
1). Then we note that projecting the quantum kernel appropriately allows to construct inductive biases
that are hard to create classically (Figure 1). However, our Theorem 2 also implies that estimating the
biased kernel requires exponential measurements, a phenomenon reminiscent of the Barren plateaus
observed in quantum neural networks. Finally we show experiments supporting our main claims.

While our work gives guidance to find a quantum advantage in ML, this yields no recipe for obtaining
a quantum advantage on a classical dataset. We conjecture that unless we have a clear idea how the
data generating process can be described with a quantum computer, we cannot expect an advantage
by using a quantum model in place of a classical machine learning model.



2 Supervised learning

We briefly introduce the setting and notation for supervised learning as a preparation for our analysis
of quantum mechanical methods in this context. The goal of supervised learning is the estimation of
a functional mechanism based on data generated from this mechanism. For concreteness we focus
on the regression setting where we assume data is generated according to Y = f*(X) 4 ¢ where
¢ denotes zero-mean noise. We focus on X € X C R%, Y € R. We denote the joint probability
distribution of (X,Y") by D and we are given n i.i.d. observations D,, from D. We will refer to the
marginal distribution of X as s, define the L, inner product (f, g) = [ f(x)g(x) pu(dz) and denote
the corresponding norm by || - ||. The least square risk and the empirical risk of some hypothesis
h: X — Risdefined by R(h) = Ep [(h(X) — Y)2] and R,,(h) = Ep, [(h(X) — Y)Q]

In supervised machine learning, one typically considers a hypothesis space H of functions & : X — R
and tries to infer argmin,, ¢ ; R(h) (assuming for simplicity that the minimizer exists). Typically this
is done by (regularized) empirical risk minimization argmin, . ;7 R, (h) 4+ AQ(h), where A > 0 and
) determine the regularization. The risk of & can then be decomposed in generalization and training
error R(h) = (R(h) — Rp(h)) + R, (h).

Kernel ridge regression. We will focus on solving the regression problem over a reproducing
kernel Hilbert space (RKHS) [25, 26]. An RKHS F associated with a positive definite kernel
k: X x X — R is the space of functions such that for all x € X and h € F the reproducing property
h(z) = (h, k(z,-))  holds. Kernel ridge regression regularizes the RKHS norm, i.e., Q(h) = ||h||%.
With observations {(z(V,y(V)}?_, we can compute the kernel matrix K (X, X);; = k(=@ z())
and the Representer Theorem [34] ensures that the empirical risk minimizer of kernel ridge regression
is of the form f(-) = S k(@) -), with a = (K (X, X) + Aid)~'y. The goal of our work is
to study when a (quantum) kernel is suitable for learning a particular problem. The central object to
study this is the integral operator.

Spectral properties and inductive bias. For kernel k¥ and marginal distribution u, the integral
operator K, is defined as (K f)(z) = [ k(x,2") f(2")p(dz’). Mercer’s Theorem ensures that there
exist a spectral decomposition of K with (possibly infinitely many) eigenvalues ~; (ordered non-
increasingly) and corresponding eigenfunctions ¢;, which are orthonormal in Li, ie., (¢i, ¢j> =0;,;.
We will assume that Tr [K] = ). ~; = 1 which we can ensure by rescaling the kernel. We can
then write k(z,z') = >, vi¢i(z)$i(2’). While the functions ¢ form a basis of F they might not
completely span Li. In this case we simply complete the basis and implicitly take v = O for the

added functions. Then we can decompose functions in Li as
f(x) =) aigi(). )

We have [|f||? = >, a? and || f[|%2 = X, :—2 (if f € F). Kernel ridge regression penalizes the
RKHS norm of functions. The components corresponding to zero eigenvalues are infinitely penalized

and cannot be learned since they are not in the RKHS. For large regularization A the solution ffl‘ is
heavily biased towards learning only the coefficients of the principal components (corresponding to
the largest eigenvalues) and keeps the other coefficients small (at the risk of underfitting). Decreasing
the regularization allows ridge regression to also fit the other components, however, at the potential
risk of overfitting to the noise in the empirical data. Finding good choices of A thus balances this
bias-variance tradeoff.

We are less concerned with the choice of A, but rather with the spectral properties of a kernel that
allow for a quantum advantage. Similar to the above considerations, a target function f can easily
be learned if it is well aligned with the principal components of a kernel. In the easiest case, the
kernel only has a single non-zero eigenvalue and is just k(x, z’) = f(z)f(z’). Such a construction is
arguably the simplest path to a quantum advantage in ML.

Example 1 (Trivial Quantum Advantage). Let f be a scalar function that is easily computable on
a quantum device but requires exponential resources to approximate classically. Generate data as
Y = f(X) + e. The kernel k(z,z") = f(x)f(«’) then has an exponential advantage for learning f
from data.



To go beyond this trivial case, we introduce two qualitative measures to judge the quality of a kernel
for learning the function f. The kernel target alignment of Cristianini et al. [30] is

k) (fef fon? (VP d

and measures how well the kernel fits f. If A = 1, learning reduces to estimating a single real
parameter, whereas for A = 0, learning is infeasible. We note that the kernel target alignment also
weighs the contributions of f depending on the corresponding eigenvalue, i.e., the alignment is better
if large |a;| correspond to large ~;. The kernel target alignment was used extensively to optimize
kernel functions [31] and recently also used to optimize quantum kernels [35].

Ak, f) =

2

In a similar spirit, the task-model alignment of Canatar et al. [32] measures how much of the signal
of f is captured in the first i principal components: C'(i) = _._; a5(3_; a)~". The slower C(i)
approaches 1, the harder it is to learn as the target function is more spread over the eigenfunctions.

3 Quantum computation in machine learning

In this section we introduce hypothesis spaces containing functions whose output is given by the
result of a quantum computation. For a general introduction to concepts of quantum computation we
refer to the book of Nielsen and Chuang [36].

We will consider quantum systems comprising d € N qubits. Discussing such systems and their
algebraic properties does not require in-depth knowledge of quantum mechanics. A pure state of a
single qubit is described by vector (o, 3) T € C%s.t. |a|?+|8|> = 1 and we write [1)) = a|0)+ 3 |1),
where {|0) , |1)} forms the computational basis. A d qubit pure state lives in the tensor product of the
single qubit state spaces, i.e., it is described by a normalized vector in C2". A mixed state of a d-qubit

system can be described by a density operator p € (ng”d, i.e., a positive definite matrix (p > 0)
with unit trace (Tr [p] = 1). For a pure state |¢)) the corresponding density operator is p = |¢) (]
(here, (1| is the complex conjugate transpose of |1)). A general density operator can be thought of
as a classical probabilistic mixture of pure states. We can extract information from p by estimating
(through repeated measurements) the expectation of a suitable observable, i.e., a Hermitian operator
M = M (where the adjoint (-)' is the complex conjugate of the transpose), as

Tr [pM]. 3)

Put simply, the potential advantage of a quantum computer arises from its state space being expo-
nentially large in the number of qubits d, thus computing general expressions like (3) on a classical
computer is exponentially hard. However, besides the huge obstacles in building quantum devices
with high fidelity, the fact that the outcome of the quantum computation (3) has to be estimated from
measurements often prohibits to easily harness this power, see also Wang et al. [37], Peters et al. [38].
We will discuss this in the context of quantum kernels in Section 4.

We consider parameter dependent quantum states p(x) = U(z)poU*(x) that are generated by
evolving the initial state po with the data dependent unitary transformation U (z) [7, 11]. Most often
we will without loss of generality assume that the initial state is pg = (|0) (0|)®¢. We then define
quantum machine learning models via observables M of the data dependent state

far(@) = Tr [U(@)poUt (2)M] = Tr [p() M]. @)

In the following we introduce the two most common function classes suggested for quantum machine
learning. We note that there also exist proposals that do not fit into the form of Eq. (4) [27, 35, 39].

Quantum neural networks. A "quantum neural network" (QNN) is defined via a variational
quantum circuit (VQC) [6, 40, 41]. Here the observable My is parametrized by p € N classical
parameters § € © C RP. This defines a parametric function class Fg = {f, |0 € ©}. The most
common ansatz is to consider My = U(©)MUT(O) where U(0) = [], U(6;) is the composition of
unitary evolutions each acting on few qubits. For this and other common models of the parametric
circuit it is possible to analytically compute gradients and specific optimizers for quantum circuits
based on gradient descent have been developed [5, 19-23]. Nevertheless, the optimization is usually
a non-convex problem and suffers from additional difficulties due to oftentimes exponentially (in d)



Table 1: Concepts in the quantum Hilbert space H and the reproducing kernel Hilbert space F.

Quantum Space of d qubits ‘ RKHS

x — p(x) € H (explicit feature map) x +— k(-,x) € F (canonical feature map)
H= {pe C2'*2" | p=pt, p>0,Tr[p] = 1}

k(x, ') = Tr[p(x)p(a)] = (p(x), p()) k(z, ") = (k(,2), k(. 2'))
F=A{fulfs() =Trlp(-)M], M = M'} F = Span ({k(:,z) |z € X})

vanishing gradients [24]. This hinders a theoretical analysis. Note that the non-convexity does not
arise from the fact that the QNN can learn non-linear functions, but rather because the observable My
depends non-linearly on the parameters. In fact, the QNN functions are linear in the fixed feature
mapping p(z). Therefore the analogy to classical neural networks is somewhat incomplete.

Quantum Kkernels. The class of functions we consider are RKHS functions where the kernel is
expressed by a quantum computation. The key observation is that (4) is linear in p(z). Instead of
optimizing over the parametric function class Fg , we can define the nonparametric class of functions
F ={fulfum(-) = Tr[p(-)M], M = MT}.2 To endow this function class with the structure of an
RKHS, observe that the expression Tr [p; p2| defines a scalar product on density matrices. We then
define kernels via the inner product of data-dependent density matrices:

Definition 1 (Quantum Kernel [7, 8, 11]). Let p : z — p(z) be a fixed feature mapping from X to
density matrices. Then the corresponding quantum kernel is k(x,x") = Tr [p(x)p(z)].

The Representer Theorem [34] reduces the empirical risk minimization over the exponentially
large function class F to an optimization problem with a set of parameters whose dimensionality
corresponds to the training set size. Since the ridge regression objective is convex (and so are many
other common objective functions in ML), this can be solved efficiently with a classical computer.

In the described setting, the quantum computer is only used to estimate the kernel. For pure state
encodings, this is done by inverting the data encoding transformation (taking its conjugate transpose)
and measuring the probability that the resulting state equals the initial state py. To see this we use
the cyclic property of the trace k(z,2") = Tr[p(z)p(z’)] = Tr [U(z)poUT (z) U(z')poUT (2')] =
Tr [(UT(2")U(2)poUT (z)U(2")) po]. If po = (|0) (0])®%, then k(z, ') corresponds to the proba-
bility of observing every qubit in the *0” state after the initial state was evolved with UT(2')U(z). To
evaluate the kernel, we thus need to estimate this probability from a finite number of measurements.
For our theoretical analysis we work with the exact value of the kernel and in our experiments we
also simulate the full quantum state. We discuss the difficulties related to measurements in Sec. 4.

4 The inductive bias of simple quantum kernels

We now study the inductive bias for simple quantum kernels and their learning performance. We
first give a high level discussion of a general hurdle for quantum machine learning models to surpass
classical methods and then analyze two specific kernel approaches in more detail.

Continuity in classical machine learning. Arguably the most important bias in nonparametric
regression are continuity assumptions on the regression function. This becomes particularly apparent
in, e.g., nearest neighbour regression or random regression forests [42] where the regression function
is a weighted average of close points. Here we want to emphasize that there is a long list of results
concerning the minimax optimality of kernel methods for regression problems [43—45]. In particular
these results show that asymptotically the convergence of kernel ridge regression of, e.g., Sobolev
functions reaches the statistical limits which also apply to any quantum method.

2F is defined for a fixed feature mapping  — p(x). Although M is finite dimensional and thus F can be
seen as a parametric function class, we will be interested in the case where M is exponentially large in d and we
can only access functions from F implicitly. Therefore we refer to it as nonparametric class of functions.



A simple quantum kernel. We now restrict our attention to rather simple kernels to facilitate
a theoretical analysis. As indicated above we consider data in X C R? and we assume that the
distribution y of the data factorizes over the coordinates (i.e. p can be written as © = ) ;). This
data is embedded in a d-qubit quantum circuit. Let us emphasize here that the RKHS based on a
quantum state of d-qubits is at most 44 dimensional, i.e., finite dimensional and in the infinite data
limit n — oo standard convergence guarantees from parametric statistics apply. Here we consider
growing dimension d — oo, and sample size polynomial in the dimension n = n(d) € Poly(d). In
particular the sample size n < 4¢ will be much smaller than the dimension of the feature space and
bounds from the parametric literature do not apply.

Here we consider embeddings where each coordinate is embedded into a single qubit using a map
; followed by an arbitrary unitary transformation V, so that we can express the embedding in
the quantum Hilbert space as ¢V (2)) = V @) |p;(z;)) with corresponding density matrix (feature
map)?

p" (@) = [9¥ (2)) (¥" ()] (5)

Note that the corresponding kernel k(x,z’) = Tr[p(z)p(z’)] is independent of V' and factorizes
k(a,a') = Te[Q pi(w:) & pi(w)] = T1Tr[pi(i)pi(2;)] where p;(wi) = |@i(2:))(pi(w:)|. The
product structure of the kernel allows us to characterize the RKHS generated by k based on the
one dimensional case. The embedding of a single variable can be parametrized by complex valued
functions a(x), b(x) as

lpi(2)) = a(@)[0) + b(x)[1). (6)

One important object characterizing this embedding turns out to be the mean density matrix of this

embedding given by p,,, = [ pi(y) pi(dy) = [ |ei(y)){©:i(y)| pi(dy). This can be identified with
the kernel mean embedding of the distribution [46]. Note that for factorizing base measure p the
factorization p, = ) p,,, holds. Let us give a concrete example to clarify the setting, see Fig. 1(b).

Example 2. [11, Example III.1.] We consider the cosine kernel where a(x) = cos(z/2), b(z) =
isin(z/2). This embedding can be realized using a single quantum Rx (z) = exp (—i50,) gate
such that |¢)(z)) = Rx(x)|0) = cos(x/2)|0) + isin(z/2)|1). In this case the kernel is given by

K, 2') = O] Ry (1) Rx ()|0)? = [ cos($) cos(%) + sin(3) sin(5) = cos(252)%. ()

As a reference measure p we consider the uniform measure on [—m, 7]. Then the mean density
matrix is the completely mixed state p,, = % id. For R? valued data whose coordinates are encoded
independently the kernel is given by k(z,2") = [ cos? ((z; — 2})/2) and p,, = 27 %idga 0. We
emphasize that due to the kernel trick this kernel can be evaluated classically in runtime O(d).

Quantum RKHS. We now characterize the RKHS and the eigenvalues of the integral operator
for quantum kernels. The RKHS consists of all functions f € F that can be written as f(z) =

Tr [p(x) M] where M € €2°*2* is a Hermitian operator. Using this characterization of the finite
dimensional RKHS we can rewrite the infinite dimensional eigenvalue problem of the integral operator
as a finite dimensional problem. The action of the corresponding integral operator on f can be written
as

(K1) = [ Hw)ky.) u(dy) = [ TMp(w)] T plw)p(e)] a(d)
®)
= /Tr[(M ® p(x))(p(y) @ p(y))] p(dy) = Tr {(M ® p()) /p(y) @ p(y) u(dy)

We denote the operator O,, = [ p(y) @ p(y) p(dy) for which Tr [O,,] = 1 holds. Then we can write

(K f)(z) = Tr[0W(M @ p(x))] = Tr [0, (M @id)(id @ p(z))]

= Tr [Tr, [0, (M @ id)] p(x)] ©)

*When we can ignore V, we simply assume V = id and write p(z) instead of p¥ (z). For the kernel, since
VIV =id = V'V and due to the cyclic property of the trace we have k" (z,2") = Tr [p" (z)p" (z')] =
Tr [Vp(z)VIV (2 )V = T [VIVp(z)VIVp(2')] = Tr[p(z)p(a")] = k(z, ).



where Try [-] refers to the partial trace over the first factor. For the definition and a proof of the last
equality we refer to Appendix A. The eigenvalues of K can now be identified with the eigenvalues
of the linear map 7}, mapping M — Try [O,(M ®id)]. As shown in the appendix there is an
eigendecomposition such that T, (M) = > A; A;Tr [A;M] where A; are orthonormal Hermitian
matrices (for details, a proof and an example we refer to Appendix C). The eigenfunctions of K are
given by f;(z) = Tr [p(x) A.

We now state a bound that controls the largest eigenvalue of the integral operator K in terms of the
eigenvalues of the mean density matrix p,, (Proof in Appendix C.2).

Lemma 1. The largest eigenvalue Yy,q. of K satisfies the bound ~yyq. < 1/ Tr [pi]

The lemma above shows that the squared eigenvalues of K are bounded by Tr [pi] , an expression
known as the purity [36] of the density matrix p,,, which measures the diversity of the data embedding.
On the other hand the eigenvalues of K are closely related to the learning guarantees of kernel ridge
regression. In particular, standard generalization bounds for kernel ridge regression [47] become
vacuous when 7,4, is exponentially smaller than the training sample size (if Tr [K] = 1 which holds
for pure state embeddings). The next result shows that this is not just a matter of bounds.

Theorem 1. Suppose the purity of the embeddings p,,, satisfies Tr [pi] < 4 < 1 as the dimension
and number of qubits d grows. Furthermore, suppose the training sample size only grows polynomially
ind, ie,n < d for some fixed | € N. Then there exists dy = do(0,1,¢) such that for all
d > dg no function can be learned using kernel ridge regression with the d-qubit kernel k(x,z') =
Tr [p(z)p(x')] in the sense that for any f € L2, with probability at least 1 — € for all A\ > 0

R(f}) = (1 -9)lf]* (10)

The proof of the theorem can be found in Appendix D. It relies on a general result (Theorem 3 in
Appendix D) which shows that for any (not necessarily quantum) kernel the solution of kernel ridge
regression cannot generalize when the largest eigenvalue in the Mercer decomposition is sufficiently
small (depending on the sample size). Then the proof of Theorem 1 essentially boils down to proving
a bound on the largest eigenvalue using Lemma 1.

Theorem 1 implies that generalization is only possible when the mean embedding of most coordinates
is close to a pure state, i.e. the embedding © — |¢;(x)) is almost constant. To make learning from
data feasible we cannot use the full expressive power of the quantum Hilbert space but instead only
very restricted embeddings allow to learn from data. This generalizes an observation already made
in [12]. Since also classical methods allow to handle high-dimensional and infinite dimensional
RKHS the same problem occurs for classical kernels where one solution is to adapt the bandwidth of
the kernel to control the expressivity of the RKHS. In principle this is also possible in the quantum
context, e.g., for the cosine embedding.

Biased kernels. We have discussed that without any inductive bias, the introduced quantum kernel
cannot learn any function for large d. One suggestion to reduce the expressive power of the kernel
is the use of projected kernels [12]. They are defined using reduced density matrices given by
pY(x) = Trmet..a [pv (az)] where Try,11.. 4[] denotes the partial trace over qubits m + 1 to
d (definition in Appendix A) . Then they consider the usual quantum kernel for this embedding
ay (z,z") = Tr [p,, (), (¢')]. Physically, this corresponds to just measuring the first mn qubits and
the functions f in the RKHS can be written in terms of a hermitian operator M acting on m qubits so
that f(z) = Tr [pY (z)(M ®id)| = Tr [pY, (z)M]. If V is sufficiently complex it is assumed that f
is hard to compute classically [48].

Indeed above procedure reduces the generalization gap. But this comes at the price of an increased
approximation error if the remaining RKHS cannot fully express the target function f* anymore,
i.e., the learned function underfits. Without any reason to believe that the target function is well
represented via the projected kernel, we cannot hope for a performance improvement by simply
reducing the size of the RKHS in an arbitrary way. However, if we know something about the data
generating process than this can lead to a meaningful inductive bias. For the projected kernel this
could be that we know that the target function can be expressed as f*(z) = Tr [py, (z)M*], see

Fig. 1. In this case using ¢, improves the generalization error without increasing the approximation
error. To emphasize this, we will henceforth refer to q,vn as biased kernel.
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Figure 2: Left: Spectral behavior of biased kernel g, see Theorem 2b) and Equation (11) Right: The
biased kernel ¢, equipped with prior knowledge, easily learns the function for arbitrary number of
qubits and achieves optimal mean squared error (MSE). Models that are ignorant to the structure of
f* fail to learn the function. The classical kernel k¢ and the full quantum kernel overfit (they have
low training error, but large test error). The biased kernel on the wrong qubit ¢,, has litle capacity
with the wrong bias and thus underfits (training and test error essentially overlap).

We now investigate the RKHS for reduced density matrices where V' is a Haar-distributed random
unitary matrix (proof in Appendix E).

Theorem 2. Suppose V is distributed according to the Haar measure on the group of unitary
matrices. Fix m. Then the following two statements hold:

a) The reduced density operator satisfies with high probability p), = 2~™id + 0(2_(1/2) and the
projected kernel satisfies with high probability qY, (z, ') = 2~ + O(2=%?) as d — co.
b) Let T V denote the linear integral operator for the kernel qY as defined above. Then the

averaged operator Ev [T ] has one eigenvalue 2~™ + O(2724) whose eigenfunction is constant
(up to higher order terms of order O(2724) and 2™ — 1 eigenvalues 2™ ~% + 0(272%),

The averaged integral operator in the second part of the result is not directly meaningful, however it
gives some indication of the behavior of the operators TK m- In particular, we expect a similar result
to hold for most V' if the mean embedding p,, is sufficiently mixed. A proof of this result would
require us to bound the variance of the matrix elements of TX which is possible using standard

formula for expectations of polynomials over the unitary group but lengthy.

Note that the dimension of the RKHS for the biased kernel ¢, with m-qubits is bounded by 4™. This
implies that learning is possible when projecting to sufficiently low dimensional biased kernels such
that the training sample size satisfies n = 4™ > dim(F).

Let us now focus on the case m = 1, that is the biased kernel is solely defined via the first qubit.
Assuming that Theorem 2b) also holds for fixed V' we can assume that the biased kernel has the form

q(z,2") = qf (z,2") = vo¢o(x Z vidi(@)gi(x'), (1)

where 79 = 1/2 + O(2724) and ¢y () = 1 is the constant function up to terms of order O(2724).
Fori = 1,2,3 we have v; = O(27971) = O(2~%) (Fig. 2) and ¢; is a function that conjectured to
be exponentially hard in d to compute classically [48]. It is thus impossible to include a bias towards
those three eigenfunctions classically. On the other hand we can include a strong bias towards the
constant eigenfunction also classically. The straightforward way to do this is to center the data in the
RKHS (see Appendix B for details).

Barren plateaus. Another conclusion from Theorem 2a) is that the fluctuations of the reduced
density matrix around its mean are exponentially vanishing in the number of qubits. In practice the
value of the kernel would be determined by measurements and exponentially many measurements
are necessary to obtain exponential accuracy of the kernel function. Therefore the theorem suggests
that it is not possible in practice to learn anything beyond the constant function from generic biased



kernels for (modestly) large values of d. This observation is closely related to the fact that for many
quantum neural networks architectures, the gradient of the parameters with respect to the loss is
exponentially vanishing with the system size d, a phenomenon known as Barren plateaus [24, 49].

5 Experiments

Since for small d we can simulate the biased kernel efficiently, we illustrate our theoretical findings in
the following experiments. Our implementation, building on standard open source packages [50, 51],
is available online.* We consider the case described above where we know that the data was generated
by measuring an observable on the first qubit, i.e., f*(x) = Tr [p} (z)M*], but we do not know
M*, see Fig. 1. We use the full kernel k£ and the biased kernel ¢ for the case m = 1. To show the
effect of selecting the wrong bias, we also include the behavior of a biased kernel defined only on the
second qubit, denoted as q,,. As a classical reference we also include the performance of a radial
basis function kernel kyt(, 2') = exp(—||z — 2'||?/2). For the experiments we fix a single qubit
observable M* = o, and perform the experiment for varying number d of qubits. First we draw a
random unitary V. The dataset is then generated by drawing N' = 200 realizations {2(* M| from the
d dimensional uniform distribution on [0, 27r]%. We then define the labels as (V) = cf* () + €@,
where f*(z) = Tr [V (z)0.], ) is Gaussian noise with Var[e] = 107, and c is chosen such that
Var|[f(X)] = 1. Keeping the variances fixed ensures that we can interpret the behavior for varying d.

We first verify our findings from Theorem 2b) and Equation (11) by estimating the spectrum of q.
Fig. 2 (left) shows that Theorem 2b) also holds for individual V' with high probability. We then
use 2/3 of the data for training kernel ridge regression (we fit the mean seperately) with preset
regularization, and use 1/3 to estimate the test error. We average the results over ten random seeds
(random V, (), ¢(")) and results are reported in the right panel of Fig. 2. This showcases that as
the number of qubits increases, it is impossible to learn f* without the appropriate spectral bias. k
and kg have too little bias and overfit, whereas ¢,, has the wrong bias and severly underfits. The
performance of ¢,, underlines that randomly biasing the kernel does not significantly improve the
performance over the full kernel k. In the appendix we show that this is not due to a bad choice of
regularization, by reporting cherry-picked results over a range of regularizations.

To further illustrate the spectral properties, we empirically estimate the kernel target alignment [30]
and the task-model alignment [32] that we introduced in Sec. 2. By using the centered kernel matrix
(see App. B) and centering the data we can ignore the first eigenvalue in (11) corresponding the
constant function. In Figure 3 (left) we show the empirical (centered) kernel target alignment for 50
random seeds. The biased kernel is the only one well aligned with the task. The right panel of Fig. 3
shows the task model alignment. This shows that f* can be completely expressed with the first four
components of the biased kernel, while the other kernels essentially need the entire spectrum (we
use a sample size of 200, hence the empirical kernel matrix is only 200 dimensional) and thus are
unable to learn. Note that the kernel g,, is four dimensional, and so higher contributions correspond
to functions outside its RKHS that it actually cannot even learn at all.

6 Discussion

We provided an analysis of the reproducing kernel Hilbert space (RKHS) and the inductive bias
of quantum kernel methods. Rather than the dimensionality of the RKHS, its spectral properties
determine whether learning is feasible. Working with exponentially large RKHS comes with the risk
of having a correspondingly small inductive bias. This situation indeed occurs for naive quantum
encodings, and hinders learning unless datasets are of exponential size. To enable learning, we neces-
sarily need to consider models with a stronger inductive bias. Encoding a bias towards continuous
functions is likely not a promising path for a quantum advantage, as this is where classical machine
learning models excel.

Our results suggest that we can only achieve a quantum advantage if we know something about the
data generating process and cannot efficiently encode this classically, yet are able use this information
to bias the quantum model. We indeed observe an exponential advantage in the case where we know
that the data comes from a single qubit observable and constrain the RKHS accordingly. However,

*https://github.com/jmkuebler/quantumbias
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Figure 3: Histogram of the kernel target alignment over 50 runs (left) and task model alignment
(right) ford = 7.

we find that evaluating the kernel requires exponentially many measurements, an issue related to
Barren Plateaus encountered in quantum neural networks.

With fully error-corrected quantum computers it becomes feasible to define kernels with a strong bias
that do not require exponentially many measurements. An example of this kind was recently presented
by Liu et al. [10]: here one knows that the target function is extremely simple after computing the
discrete logarithm. A quantum computer is able to encode this inductive bias by using an efficient
algorithm for computing the discrete logarithm.

However, even for fully coherent quantum computers it is unclear how we can reasonably encode a
strong inductive bias about a classical dataset (e.g., images of cancer cells, climate-data, etc.). The
situation might be better when working with quantum data, i.e., data that is collected via observations
of systems at a quantum mechanical scale. To summarize, we conclude that there is no indication
that quantum machine learning will substantially improve supervised learning on classical datasets.
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The Inductive Bias of Quantum Kernels

Supplementary Material

A Partial trace in quantum mechanics

Here we provide the definition of the partial trace used for the biased quantum kernels. For details
we refer to [36]. The state space of the union of two quantum systems with state space H1 and Ho
is given by the tensor product H; ® Ha. A general mixed state is described by a density matrix
p12 which is hermitian positive linear operator on H; ® Ha with Tr [p12] = 1. The state p; on the
subsystem #; is obtained by the partial trace operation p; = Trs [p12]. The partial trace can be
defined as the linear map Try : £(H1 ® Ha) — L(H1) that satisfies

Tro [S@T] =Tr[T] S (12)

forall S € L(H1), T € L(Hz). It can be shown that this map exists and is unique. Picking a basis
on H; and H, we consider the tensor product basis on H; ® Hso. In coordinates given by this basis
we can write

dim(Hz2)

(P1)irjs = Tra[p12];, 5, = Z (P12)irk g k- (13)
k=1

For completeness and to illustrate the handling of the partial trace we prove the last equality in (9).
We want to show that for S € L(H1 ® Ho) and T' € L(H;) the identity
Tr [S(T ®id] = Tr[Tre [S] T (14)
holds. We assume first that S = A ® B for some A € £L(H;) and B € L(Hz). Then, by definition,
Tr [Try [S] T = Tr[Trp [A ® B]T)] = Tr [AT] Tr [ B]
=Tr[AT® B] =Tr[(A® B)(T ®id)] = Tr [S(T ® id] .

Here we used that the trace of a tensor product is the product of the traces. For general S the statement
now follows from the linearity of both sides in S.

5)

B General results about RKHS

In this section we briefly discuss basic results on centering in RKHS and the RKHS of tensor product
kernels.

B.1 Centering in the RKHS

As shown in Section 4, the constant function plays a special role for typical biased kernels as the
corresponding eigenvalue is much larger than the remaining eigenvalues. Clearly, it is also possible
classically to treat the constant function separately. To do so, it is natural to center the data by
subtracting the mean § = n~' >_""_ | y; and to consider the centered kernel. This corresponds to
putting no penalty on the constant function which is also common in linear models where no penalty
is put on the intercept. Formally, for a kernel k, the centered kernel is defined as

ke(z,2') = k(z,2") — Ex [k(X,2")] — Ex [k(z, X')] + Ex x/ [k(X, X")]. (16)

In analogy we can center the kernel matrix as K.(X, X) = (id — 1117) K(X, X) (id — 1117),
where 1 is a vector of all ones.

Let k be a kernel with Mercer decomposition

k(z,a') = vigi(z)¢i(a), (17)
and define a; = [ ¢;(x)p(dz). Then the centered kernel can be written as
ke(z,2') = vi(di(w) — ai)(di(a') — a). (13)
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To make things explicit let us focus on the biased kernel of Equation (11). Ignoring terms of order
O(2724), the constant function is an eigenfunction of the kernel. In such a case centering corresponds
to setting the corresponding eigenvalue 7y, to zero, while the other terms in the spectral decomposition
are invariant under centering (by orthogonality we have a;, = 0 for ¢ # 0). The centered biased kernel
of Eq. (11) is thus

3
ge(w,@') = vidhi(w)i(2'). (19)
=1

By Theorem 2 we expect that all the eigenvalues of the centered biased kernel are similarly large.
Further we know that the centered part of the target function can completely be expressed in terms of
the eigenfunctions of the centered biased kernel f*(z)— f* = Zle a;¢i (), where f* = E [f*(X)].
Let us assume that all the three eigenvalues are completely equal. Then we can compute the kernel
target alignment of Eq. (2)

3 2 3 2
* £ i=1 7% i=1 1
AlGe, f* = f*) = =3 i1 D D = — =~ 0.58. (20)

3 2 3 2
i V26 VX a V3
We emphasize that this expectation is in good accordance with the results of our experiments reported
in Fig. 3. Further, note that computing the kernel target alignment after centering is quite common in
the kernel literature and is used to optimize the kernel function [31].

B.2 Tensor product of kernels

In this section we describe the construction of product kernels on product spaces. More details can be
found in any textbook on RKHS [25]. Let (X7, k1) and (X3, k2) be two spaces with positive definite
kernels with RKHS F; and F5. Then the function

k((z1,22), (y1,92)) = k1(z1, y1)k2(22,y2) 2D

defines a positive definite kernel on X; X X, and the RKHS is given by {fi(z1)f2(z2) : f1 €
F1, fa € F2}. Morevoer, if we are given a product measure p = g1 ® g on X7 x Xo then the
integral operator for the kernel k factorizes, i.e., for functions f(z1,z2) = fi(x1) fa(x2)

(K f) (@1, 22) = / F)k(y, ) uldy)

:/fl(yﬁkl(yhl"l)ﬂl(dxl)/fz(yz)k2(y2,$2)#1(dx2) @2)

= (K1 f1)(71)(K2f2)(22).

Therefore the eigenvalue problems of the integral operators decouple and the eigenvalues of K are
given by {792 : 4! € E1,4? € Ey} where E; denotes the eigenvalues of K;.

It can be derived from the results above that the RKHS of the product kernel k(z,z’) =
ky(z, 2" )ka(z,2") on X is given by {fi(z)f2(z) : f1 € Fi,fo € Fa} where F; denotes the
RKHS of (X, k;). There is no simple relation for the integral operators.

C More details on quantum kernels for classical data

In this section we analyze in more detail the properties of quantum kernel methods for classical data.

C.1 Description of the RKHS

To understand the quantum kernel better we give a description of the RKHS for the quantum kernels.
We consider the one-qubit embedding = — a(z)|0) + b(x)|1). The RKHS F corresponding to the
(non-physical) kernel k(z, y) = (p(x), ©(y)) is then generated by a(x), b(x). Moreover, the RKHS
corresponding to the physical kernel k(z, z') = Tr [p(z)p(2"))] = [{p(x), () |* = k(z,2')|2 =
E(z,2")k(x, x') is the vector space F generated by {f - g : f,g € F'} [52] (to obtain the real valued
RKHS which is more relevant in the learning theoretic setting we consider the real and imaginary
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part). This result can also be obtained by looking at the feature map x — p(x) of the physical kernel
directly. When we consider data from R? where all dimensions are encoded independently in a single
qubit the resulting RKHS has the tensor product structure 7 = ) F; where F; are the RKHS for the
single coordinate embeddings.

C.2 Proof of Lemma 1

Here we analyze the integral operators in a bit more detail and prove Lemma 1. For the proof of
Lemma 1 we need to briefly look again at the simpler non-physical kernel k(z,y) = (¢o(x), ¢(y))

and its integral operator. Suppose data has distribution x on R. We consider the integral operator K
acting on f(x) = (w, ¢(x)) defined by

/ i (dy) = /<w,so<y>><so<y>,so< ) uldy) = (w,pppla))  (23)

where p,, = [ |¢(y)){¢(y)| n(dy) denotes the mean density matrix associated with the measure /..

We observe that the elgenvalues ; of K agree with the the eigenvalues of the density matrix p,,. In
particular we conclude

1K1Zrs = Y77 = lloullzs = Tr [}] 24)

where ||| zs denotes the Hilbert-Schmidt norm (which for symmetric matrices agrees with the
Frobenius norm). This observation corresponds to the fact that for the linear kernel the eigenvalues of
the integral operator agree with the eigenvalues of the covariance matrix.

Now we can give the simple proof of Lemma 1. For convenience we restate the lemma.

Lemma 2 (Lemma 1 in the main part). The largest eigenvalue Yp,q, of K satisfies the bound

Ymaz < ¢/ Tr [p2].

Proof. We observe, denoting the constant function with value 1 by 1
[ 1@k 1) atdo)n(dy) = [ 1k a@ouds) = [ ls = ol hs =T 6]
(25)

where we used (24) in the last two steps. Suppose that f is a normalized eigenfunction for the
eigenvalue ;.. From the Mercer decomposition we obtain

1=K(z,%) > Ymaaf (). (26)

Hence f is bounded by |, /vmw_l and we conclude that

o = / £ (@)K F)(@) p(de) / fa () plda)p(dy)
< Vonnz / 1(x)k(z, y)1(y) p(dz)u(dy) = Y. Tr [07]

where we used that & is pointwise positive. This ends the proof. O

Let us look at this result in our main setting where each coordinate of d-dimensional data is embedded
in a single qubit. If the measure x on R factorizes as 1 = &) j;. The integral operator factorizes
over the d coordinates and the eigenvalues of the integral operator are given by { Hj:1 Yi;»Vi; € Ej}
with F; denoting the eigenvalues of the one-dimensional integral operators. In particular the largest
eigenvalue will be exponentially small (in d) as soon as max(E;) < ¢ < 1 for a fixed § which

holds if the individual embeddings satisfy Tr [p? ] < d. Note that Tr [p2 | = 1 if and only if the
embedding is constant.
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C.3 Spectral decomposition of the integral operator

As shown in the main text the integral operator K applied to f(z) = Tr[p(x)M] can be written as
(K f)(@) = Tr[0W(M @ p(x))] = Tr[0(M @id)(id ® p(z))] = Tr [Try [0, (M @ id)] p(w()%)

where O,, = f oy ) 11(dy). Note that this reformulation makes the isomorphism of L(H, H) ®
L(H,H) ~L(H ® 7—[ 7-[ ®@H) ~ LL(H,H), L(H,H)) explicit. The spectrum of K thus agrees
with the eigenvalues of the linear map 7" acting on matrices by

T(M) = Tr, [0, (id @ M)]. (28)

We claim that there is an eigendecomposition
T(M) = 7ATr[AM] (29)

where A; are orthonormal hermitian matrices. Moreover, the eigenfunctions of K are f;(z) =
Tr [p(x) A;]. This result follows from standard results in linear algebra, we give all details in the next
subsection.

C.4 Spectral decomposition of linear maps preserving hermitian matrices

We consider the space of matrices C"*™ equipped with the usual scalar product (4, B) = Tr [ATB]

which agrees with the standard scalar product on C™ after vectorisation. We will need them following
fact: For hermitian matrices A, B the scalar product (A, B) € R is real.

Lemma 3. Let T : C"*" — C"*" be a linear and hermitian map that maps hermitian matrices
to hermitian matrices. Then there is a eigendecomposition (vy;, H;) with real eigenvalues ~; and
orthonormal hermitian matrices H; such that

T(A) =Y yHTr {HZ A} . (30)

Proof. Hermitian matrices can be diagonalized with real values 7; so we can write
= X T [Xj A} G1)
i

where X; form an orthonormal eigenbasis. It remains to show that we can find such a decomposition
where the X; are hermitian. We decompose X; = H; + ©.S; where H; and S; are hermitian. Then we
observe

Yi(H; +iS;) = v X; = T(X;) = T(H;) +iT(S;). (32)

Using the invariances of 7" on hermitian matrices we conclude that S; and H; are again eigenvectors
with elgenvalue ~;- Now we can iteratively replace X; by either S; or H; so that the set of vectors
remains a basis. Finally we orthonormalize the resulting basis of all eigenspaces using the Gram-
Schmidt procedure. Since scalar products of hermitian matrices are real we obtain an orthonormal
eigenbasis H; consisting of hermitian matrices. O

We now apply this to the integral operator for the quantum embedding. Recall that the linear map T'
acting on matrices was defined by
T(M) =Try [O,(id ® M)]. (33)
Clearly, T is linear. To show that 7" is hermitian we observe that
(M, T(M)) =Tr [M'Tr, [O,(id @ M)|] = /Tr [MTry [p(y) ® p(y)(id @ M)]] u(dy)
(34
= [ e[ o) T o)) () € R
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Similarly we see that T' preserves hermitian matrices, indeed, if M = M t

T(M) = / Tra [p(y) ® p(y) (id ® M)] u(dy) = / P Te [p@)M)] pl(dy).  (35)

which is hermitian because p(y) is hermitian and the scalar product of hermitian matrices is real.
Using Lemma 3 above we conclude that we can write T'(M) = >, v; A; Tr [A; M| where ~; are the
eigenvalues of T which agree with the eigenvalues of the corresponding integral operator and the
eigenfunctions are given by = — Tr [p(z) A;].

C.5 A complete example

To illustrate the analysis above we consider the setting from Example 2 where  — cos(xz/2)|0) +
isin(x/2)[1). Then F = (sin(x), cos(x)) and F = (sin’(x), cos?(x), sin(z) cos(x)). Note that the
RKHS has dimension 4 when the relative phase between a(z) and b(x) is not constant (then ab and
ab are not linearly dependent). The feature map of the physical kernel for our example is

oy) = ( 0022(%) —icos(é’);in(%)) . 36)

icos(¥)sin(%) sin®(¥)

2
For the analysis of the integral operator we need the matrix elements of the linear map 7" We observe
that in index notation using the Einstein summation convention and denoting complex conjugation
without transposition by

T(M); = /P(y)ijp(y)klMlk n(dy) = /p(y)ijp*(y)szzk p(dy). 37
Using vectorisation we obtain
Vee(T(M)) = / Vec(p(y))Vee(p(y)) " p(dy)Vee(M) = A, VecM. (38)
In our example we obtain
cos®(4)
1 (™| —icos(¥)sin(¥ ) . . . .
A, = ;/0 icos((%z)sin (%2)) (cos?(¥) icos(¥)sin(¥) —icos(¥)sin(¥) sin®(¥))dy
sin®(¥)
cos*(¥ icos®(¥)sin(¥) —icos?(¥)sin(¥) cos?(¥)sin®(¥)
1 M —icos?(¥)sin(¥)  cos®(¥)sin*(¥)  —cos?(¥)sin*(4) —icos(¥)sin®(¥)
T | icosP(¥)sin(¥)  —cos?(¥)sin®(¥)  cos?(¥)sin®(¥)  icos(¥)sin®(¥)
cos?(4)sin®(¥)  icos(¥)sin®(4) —icos(¥)sin®(¥) sin*(¥)
3 0 0 1
1o 1 -1 0
~8{0 -1 1 0
1 0 0 3
(39)
We obtain the eigenvalues %, i, i, 0 the eigenvectors are, in matrix notation,
1 0 1 0 0 = 0 1

The corresponding eigenfunctions f; of the integral operator are given by = — Tr [p(z) H;], i.e.,
fi(z) =1, fa(z) = cos®(£) — sin®*(%) = cos(z),
f3(x) = 2cos(§)sin(3) = sin(x), fa(z) =0.

We can also parametrize the functions in the RKHS by a cos(x + b) 4 ¢ with a, b, c € R.

(41)

Let us also look at the generalization to the vector valued case with d-qubits. Then the RKHS is given
by all functions of the form

d
T — H(ai cos(z; + b;) + ¢). 42)

=1
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The eigenfunctions of the integral operator are given by
d
H sin®i () cos™ (z;) 43)
i=1

where «a;, 8; are non-negative integers satisfying «; + 5; < 1. The corresponding eigenvalue is
274=32(i+0:)  The degeneracy of the eigenvalue 2%~ can be calculated to 2! ().

D Proof of Theorem 1

In this section we prove Theorem 1 which will follow easily from the result below. We remark that
the following theorem is by no means sharp but a detailed analysis when learning is not possible is of
limited interest. Note that again typical lower bounds for the learning performance are focused on the
case n — oo [43].

Theorem 3. Consider a measure space (X, u) such that u(X) = 1 with a kernel k satisfying
k(z,z) = 1forall x € X. Denote by Y. the largest eigenvalue of the corresponding integral
operator. Suppose we have n training points D, = {(x;,y;), 1 < i < n} with (z;,y;) € X xR
where x; are i.i.d. draws from p and y; = f(x;) for some square integrable function f. Then, for any
€ > 0 with probability at least 1 — ¢ — ’ymaxn‘l

R 2 max 2
If = A2l > (1— \/”E”> £z (44)

Sfor all X > 0 where fé‘ denotes the kernel ridge regression estimator for training data (x;, y;).

Proof. Denote the eigenvalues of the integral operator by ~; with v1 = Y42 Standard results for
integral operators imply

= / K, 2) p(dz) = 1 45)

o = [ bla) ndo)utdy) = k13, )

We conclude that
1ElI3 =77 < Ymaz 3 Vi = Ymaa- 47)
i i

Since E,q,, [k(z,y)?] = ||k||3, Markov’s inequality together with (47) implies P, (|k(z,y)| >
g) < Imgz Let A, = {|k(z;, ;)| < 5= foralli # j}. Using the union bound we conclude that

— 2n
1
]P)Dn (An) Z 1- n2]P>/L®H (|I€(I,y)| Z 2’)1) Z 1- 4n47max- (48)

Conditioned on A,, we can bound the eigenvalues of the kernel matrix K (X, X); ; = k(z;, x;) using

Gerschgorin circles by 1 — nz= = % and thus

2n
K(X,X)"'<2-id,. (49)
Let us denote the Mercer decomposition of k£ by
k(z,y) =Y yifi(x) fi(y) (50)
where f; are the orthonormal eigenfunctions. Then we can bound

|k(z, )3 Z/k(%y)Qu(dy) =/Z%fi(x)fi(y)Zvjfj(w)fj(y)u(dy)
' J (51)
= 261]717]]01(3:)‘]0](33) < Ymax Z’Yzfl(x)Q = Ymazx-

(2]
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The kernel ridge regression function f;' can be written as
= aik(wi,) (52)

where the vector a is given by a = (K (X, X) + X id,,»,) "ty with y € R™ denoting the vector with
components y;. Using (49) we conclude that conditioned on A,, we have

lleel® < 2[Jy]>. (53)
We now claim that for any € > 0 with probability 1 — £ we have
lyl* < 2II715 (54)

To show this we remark that E(y?) = E(f(x;)?) = || f||3 because we assumed that z; is i.i.d. with
distribution z1. Using Markov’s inequality (and |y|?> > 0) we can bound

B2 > ) <k (—PE 1 < B[S ml)=e 65
(|y| = EHf||2> = ( _1Hf||2 ly[2>ne=1||flIZ2 )] = an”% ;|yl| € (55)

This implies the claim (54).

Using (51), (53), and (54) we conclude that the L? norm of ffl‘ satisfies now with probability
1 — € — Yimaen® the bound

1722 < S Jaallb(@i Y2 < vAmar S leil < ez, |3 02

2n|| £ 2 n?
< iy 2 o [P g

We conclude that with probability 1 — € — Ynaen®

2
1f = £2ll2 = 1712 = 122 > 172 (1 -/ W) : (57)

The proof of Theorem 1 is now a consequence of the result above.

(56)

Proof of Theorem 1. The general strategy of the proof is to show that the result follows from Theo-
rem 3 for sufficiently large d. We first note that, using the assumption p = ) p;

v = ru, (58)

Tr[p.] = [ [ Trlpp.] < 6% (59)

Lemma 1 then implies that the largest eigenvalue of the integral operator is bounded by 7,4, (d) <
§%2. Next we observe that there is dg(d, 1, €) such that for d > dy

06U <ed /2 and  §Y% < 3d7% /4, (60)

because the left sides of the equations are decaying exponentially in d (recall that 6 < 1) and the right
sides only polynomially.

and thus

Using the estimates above and the assumption n < d' we conclude that for d > do

Ymaz < 0Y? <ed /2 <en™/2 = ypaant <e/2 61)
Vmaz < 692 < 3d72 /2 <3n7?/4 = VAymaen2e! <e. (62)

We now denote the € used in Theorem 3 as ¢’ and set ¢’ = £/2. Theorem 3 and (61) and (62) then
imply that with probability at least

1—¢ —Ypaen* >1—-¢/2—-¢/2=1-¢ (63)
the bound
~ 2’ymamn 4’Ymarn
If = f2l3 = (1 - \/) 1fll2 = ( —/ ) [fllz = (1 =)l fll2 (64
holds for all A > 0. This completes the proof. O
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E Proof of Theorem 2

We introduce some theory and notation necessary for the proof. We investigate the behavior of
reduced density matrices when V is distributed according to the Haar-measure on the group of unitary
matrices. The first even moments of the Haar measure on U (2%) are given by (see e.g., [53])

8ivSy
/ VigVity i(av) = “40°
1
Vll]lezv / / ,LL(dV) T_1<5i1’515]1]15121/ 5.72]’ +5212/ 5]”;5121/15]2] )
1
o 2d(22d —1) (6112’ 5]1]55124 jog, T 5%11’2511J15121’15323 )

(65)

Note that here and in the following V* the conjugated (but not transposed) matrix. Let us remark that
while random circuits that output Haar-distributed unitaries require an exponential (in d) number of
gates our arguments actually only require unitary ¢-designs which are point distributions that match
the first £ moments of the Haar measure. In particular a 2-design is a measure with finite support on
unitary matrices satisfying (65) (and odd moments of lower order vanish). Those can be implemented
using polynomially many gates. For details and further information we refer to the literature [54].

Recall the definition of the projected quantum kernel
pY(z) =Trpyi1. a [pv(x)] . (66)

To denote the partial trace in index notation we split the index i € {1,...,2%} in (a, @) where
a € {1,...,2™} denotes the index corresponding to the first m qubits and & € {1,...,2¢"™}
denotes the index corresponding to the remaining d — m qubits. We will always use roman letters for
indices in {1, ...,2%}, greek letters for indices in {1, ..., 2™} and greek letters with a bar for indices
in {1,...,297™}. In particular, summing 1 over & results in 2~ and summing over i results in 29,
We will always use Einstein summation convention in the following so that, e.g. dgq = 297 ™. We
are now ready to prove Theorem 2.

Proof of Theorem 2. 'We start to prove the asymptotic expression for the reduced density matrix
which is a standard result. We can write

~ 2d7m .
EV I:pX‘L(x)Oél,OLQ] = ]EV [Vala,j/}(m) ,Vaga 3’ } T(SOLlOQ(Sjj/p('T)j’jl = 2 5a1a2Tr [p(x)] .
(67)

To show the concentration around the expectation value we need to calculate the variance of this
expression. We calculate the second moment of the reduced density matrix

Ey [ﬁxL(m)ahazﬁxz(y)ﬁl,lﬁ] =Ey |:Va1@7j1p( )Jl,]l Vaga glvﬁzﬁ sz( )jmjévﬁ*lﬁyjé
=A + A+ A3+ Ay

(68)
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Here the terms A; correspond to the four contributions on the right hand side of (65). The four terms
can be evaluated to (assuming that Tr [p(z)] = 1 for all z)

1 —-m —-m 22 —2m
Ay = 92d _ 15a1a22d Tr [p(‘r)] 551522d Tr [p(y)] = W2 2 5a1a255152
—2m 1 —2m
=272 5a1a25[31[32 + mz ? 5@1&2551[32
1
A2 = 722d — 160‘1’8266‘56j1jé60‘25165&6j2j{p(x)jl,j{p(y)jz,jé
1 2d—m
= 92d _ 1(5@@p($)j1,j1p(y)j§,j1 6041525@2,31 = 92d _ 1TI‘ [p(a:)p(y)] 60¢1526a261
(69)
1
Az = _2d(22d — 1)5041&25@@5j1j§651ﬁ25556j2j{p(x)j1,j{p(y)]é,jé
22d—2m 2d—2m
= ~gaar = 1y Wi 31 PW)isirdenaadnpe = — 57 T [P(@)P ()] 00020915
1
Ay = _2[1(22(1 — 1)5a1ﬁ25&55j1j{504251 6&[3’5j2j§p(x)j1,j{p(y)jmjé
1 2—m
= _Qd(22d — 1)6&&p(x)j17.7'1p(y)j27j25061526a231 = _w601ﬁ250¢2ﬂ1
Altogether we obtain
Evy [ﬁr‘{z(x)al,azﬁx;(y)ﬁhﬁz} :6a1a26ﬁ1ﬁ22_2m (1 —27Tr [p(a?)p(y)] + 2_2d) (70)

+ 60115250&251277% <2idTr [p(x)p(y)] - 272d) + 0(273d)

Recall that the complex variance of a random variable is defined by E [| X |?] — |E [X]|?. Using (70)
and that 5 is hermitian we can bound the variance of the entries of p(z) by

Ev [ (#)a,8(0m()a,8)] — Bv [pn(2)a,8]Ev [(Aon(2)a8)*]
=Ev [pm(2) a0 (2)8.0] —Ev [y (2)a,8]Ev [pr(7)5.0] (71)
=275 — (277) %6, + 027 = 0(279).

This shows that 5" () is close to 2~™id with high probability for large d and finishes the proof of
the first part of the theorem.

We now turn to the evaluation of the averaged operator Ey [O,,] and the corresponding operator
T(M) = Try [Ey [O,](id @ M)] (72)

whose matrix elements we denote by Ty, a,:8,8, SO that T(M)a, .00 = Toras:8:8. Mp, p,- We

assume that p(x) is pure for all , i.e., Tr [p(x)?] = 1. We have seen in (37) that the matrix elements
of this operator are given by

Ey { / () @ (i (y))* u(dy)] = / Ev [ (y) @ (7 (9))"] 1(dy). (73)
From (70) we obtain for the matrix elements

Ey [ﬁv(y)ahcm (ﬁv(y)ﬁhﬁz)*] =Ey [ﬁv(y)a1,a2ﬁv(y)52,51]
—m —2m
Wéﬂélﬁlé(XQﬁQ - 760&1(1255152 + 0(272d).

_ 2727715@1042613132 + 9d
(74)
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Figure 4: Similar as in Fig. 2. However, for the full quantum kernel & and the rbf kernel, we compute
train and test loss over multiple choices of the regularization parameter. For each number of qubits,
we only report the loss of the method that achieved smallest test loss. Note that, although this is
invalid to asses the power of the full and rbf kernel, it shows, that the poor performance is not due to
the choice of regularization. Since we cherry-pick on the test loss, it can happen that an underfitting
regularization has the best test loss, which explains the outlier on % at d = 6.

Since this is independent of y we can write the matrix elements of 7" as

—om _ 2—m _
Torazipps = 2 ? (1 -2 d)5a1a25ﬁ1ﬁ2 + ?5@151(%2&2 + 0(2 2d) (75)
From here we conclude that T" can be written as
2 —d 27" —2d
T(M)al,az =2 m(l -2 )§ala26ﬂ1ﬁ2M/817,32 + ?6041,31 601232M51ﬂ2 + 0(2 )
g (76)
= 2—2m(1 - 2_d)§a1042Mﬁ1,ﬁ1 + FMQI’OQ + 0(2_2d)
or, more concisely,
2—m . . _
T(M) = M + 272 (1 — 27 idgm yom Tr [idgm xom M] + O(272%) (77)

and we observe that T is the sum of a multiple of the identity and a rank one perturbation (plus higher
order terms): In particular the eigenvalues neglecting the perturbation are

71 = 2721 — 27 Tr [idgm womidgm yom] + 27" 1 =271 —274) f 27m=d = 2=™m (78)

with eigenvector My = idgm xom and y9 = ... = Yomyxom = 2-m—4 with traceless eigenvectors,
i.e., Tr[idgmyom M;] = 0 for ¢ # 1. Standard bounds show that the higher order terms change
the eigenvalues only by a term of order O(272¢). Finally, we observe that the function mapping
@ — Tr [py, (x) M) is a constant function for any V. Indeed,

Tr [pyn (2)M:1] = Tt [Trppr..q [Vp(2)VT]] = Tr [Vp(2) V] = Tr[p(z)] = 1. (79)
O

F More on experiments

For details on the implementation we refer to the provided code.> We emphasize that our experiments
simulate the full quantum state and thus work with the true values of the quantum kernel. This is an
idealized setting and neglects the effect of finite measurements. Please see our discussion on Barren
Plateaus in the main paper.

To reduce computations and speed-up the simulation, we compute the full quantum kernel &(z, z') =
[T cos? ((x; — 2%)/2) directly without simulating a quantum circuit. For the biased kernels we

*https://github.com/jmkuebler/quantumbias
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recommend (and implement it that way) to completely simulate p} (x;) for all i = 1,...,n and
store the reduced density matrices (2 X 2 hermitian matrices). On a real quantum device this would
correspond to doing quantum state tomography [36]. The benefit of this is that we only need to
simulate the quantum circuit n times and can then directly compute the biased kernels via matrix
products and tracing. If we chose to compute each entry of the kernel matrix individually we would
have to simulate the circuit n? times.

Random generation of V. In order to generate random unitary matrices V' we use the PennyLane
function RANDOMLAYERS [51]. For d qubits we use d? layers of single qubit rotations and 2-qubit
entangling gates. For more details and the used seeds please refer to the provided implementation.

Choice of regularization. For the biased kernels ¢, q,, regularization does not matter much, since
they have only a four-dimensional RKHS and we consider sample sizes much larger than that. The
RKHS simply does not have enough capacity to overfit to random noise. We therefore set the
regularization A = 0 for the biased kernels. On the other hand for the higher dimensional kernels
k, ks, the regulariyation strongly influences their performance. For the experiment in the main paper
we set A = 1072 for the latter methods. Note that in a real application one should use cross-validation
or other model selection techniques to find good hyperparameters, which we omitted for simplicity.
To exclude that the bad performance of k and k¢ stems from a bad choice of regularization, we
include experiments where we fit kernel ridge regression for 15 values of A on a logarithmic grid
from 1076 to 10*. We then cherry-pick only the solution that performs best and report it in Figure
4. Note that such an approach is of course not legit to asses the actual performance. However, it
serves to bound the performance for the optimal choice of regularization. Our observations show that
the behavior does not significantly change and we conclude that the performance difference indeed
comes from the spectral bias as predicted by our theory.

Additional experiments. To show how the kernel target alignment changes as we increase the
number of qubits d, we include further histograms in Figure 5. The estimated kernel alignment
correlates with the learning performance reported in Figure 2.
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Figure 5: Kernel Target Alignment ford = 1,3,5,7.
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