Generalization for Multiclass Classification with
Overparameterized Linear Models

Vignesh Subramanian
Department of Electrical Engineering and Computer Sciences
University of California Berkeley
Berkeley, CA-94720, USA
vignesh.subramanian@eecs.berkeley.edu

Rahul Arya
Department of Electrical Engineering and Computer Sciences
University of California Berkeley
Berkeley, CA-94720, USA
rahularya@berkeley.edu

Anant Sahai
Department of Electrical Engineering and Computer Sciences
University of California Berkeley
Berkeley, CA-94720, USA
sahai@eecs.berkeley.edu

Abstract

Via an overparameterized linear model with Gaussian features, we provide con-
ditions for good generalization for multiclass classification of minimum-norm
interpolating solutions in an asymptotic setting where both the number of under-
lying features and the number of classes scale with the number of training points.
The survival/contamination analysis framework for understanding the behavior
of overparameterized learning problems is adapted to this setting, revealing that
multiclass classification qualitatively behaves like binary classification in that, as
long as there are not too many classes (made precise in the paper), it is possible
to generalize well even in some settings where the corresponding regression tasks
would not generalize. Besides various technical challenges, it turns out that the key
difference from the binary classification setting is that there are relatively fewer
positive training examples of each class in the multiclass setting as the number of
classes increases, making the multiclass problem “harder” than the binary one.

1 Introduction

Multiclass classification on standardized datasets is where the current deep-learning revolution really
made the community take notice with previously unattainable levels of performance. Contemporary
systems have demonstrated tremendous success at these tasks, typically using gigantic models with
parameters that vastly exceed the (also large) number of data points used to train these models. In
defiance of traditional statistical wisdom regarding overfitting, these big models can be trained to
achieve zero training error even with noisy labels, but still generalize well in practice 84} [28]].

To better understand this empirical phenomenon, one line of work uses appropriate high-dimensional
linear models for regression problems to show how benign fitting of noise in training data is possible
[311152114,19,155]). Essentially, the model must have enough "non-preferred" degrees of freedom to be
able to absorb the training noise without contaminating predictions by too much. Simultaneously,
there has to be enough of a preference for degrees of freedom that can capture the true pattern to
enable it to survive the learning procedure and be well represented in the final learned model.
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A subsequent line of work studies binary classification [56, 13} [76] and shows that binary classification
can generalize well beyond what can be proved by classical margin-based bounds [3] and there exist
regimes where binary classification can even succeed in generalizing where regression fails — less
preference is required for the degrees of freedom that capture the true pattern [56]]. Very recently, the
generalization of multiclass classification in similar models was studied in Wang et al. [77] but the
analysis was limited to a fixed finite number of classes. In practice, we see that larger datasets often
come with more classes and are tackled with even bigger models and so it is important to see what
happens to generalization when everything scales together. To have a crisply understandable approach
that allows everything to scale, this paper also adopts the bi-level covariance model with Gaussian
features that is used in Muthukumar et al. [55}56]], Wang et al. [75]], Wang et al. [[77].

To understand classification, we must understand the role of training loss functions in determining
what is learned. Empirical evidence shows that least-squares can yield classification performance
competitive to cross-entropy minimization [64} 135} [11]]. Muthukumar et al. [56[, Hsu et al. [33]]
show that indeed with sufficient overparameterization, the support vector machine (SVM) solution,
which also arises from minimizing the logistic loss using gradient descent [68 136], is identical to
that obtained by the minimum-norm interpolation (MNI) of binary labels — what would be obtained
by gradient descent while minimizing the squared loss. A similar equivalenceﬂ holds for different
variations of multiclass SVMs and the MNI of one-hot-encoded labels [[77]. Consequently, this paper
focuses on the MNI approach to overparameterized learning for multiclass classification.

2  Our contributions

Our study provides an asymptotic analysis of the error of the minimum-norm interpolating clas-
sifier for the multiclass classification problem with weighted Gaussian features. We consider an
overparameterized setting using a bi-level feature weighting model where the number of features,
classes, favored features, and the feature weights themselves all scale with the number of training
points. Under this model, Theorem [5.1] provides sufficient conditions for good generalization in the
form of a region in which as the number of training points increase, the number of classes grows
slowly enough, the total number of features (i.e. level of overparameterization) grows fast enough,
the number of favored features grows slowly enough, and the amount of favoring of those favored
features is sufficient to allow for asymptotic generalization. We assume that our labels are generated
noiselessly based on which of the first k features is the largest

To prove our main result, Theorem [5.I] we present a novel typicality-style argument featuring
the feature margin (gap between the largest and second-largest feature) for computing sufficient
conditions for correct classification utilizing the signal-processing inspired concepts of survival
and contamination from Muthukumar et al. [55} 156] and leveraging the random-matrix analysis
tools sharpened in Bartlett et al. [4]. The survival concept relates to the shrinkage induced by the
regularizing effect of having lots of features in the context of min-norm interpolation — survival
captures what is left of the true pattern after shrinkage. Contamination reflects the consequence
of overparameterization when training via optimization: in addition to the true pattern, there is an
infinite family of othelﬂ false patterns (aliases) that also happen to explain the limited training data,
and the optimizer ends up hedging its bet across the true pattern and these other competing false
explanations. The learned false patterns contaminate the predictions on test points, and this can be
quantified by the relevant standard deviation.

The key is analyzing what happens with multiclass training data where there are relatively fewer
positive examples of each class, and where the training data for a particular class is not independent
of the features corresponding to other classes. The analysis shows that as a result of having fewer
positive exemplars for a class relative to the total size of the training data, the survival drops by a
factor of k (the number of classes), while the contamination only drops by a factor of v/k. As in
binary classification, the ratio of the relevant survival to contamination terms plays the role of the
effective signal-to-noise ratio and shows up as a key quantity in our error analysis (Equation from

"For an interesting alternative perspective on this equivalence as an indication of a potential bug instead of as
a promising feature, see Shamir [67].

This assumption is without loss of generality for the bi-level model as long as the classes are defined by
orthogonal directions as in Wang et al. [77].

3This is related to what is called the challenge of “underspecification” in ML [19], and this in turn is also one
aspect of the challenge of covariate shifts [73].



Section[5.1)). When this ratio grows asymptotically to co, multiclass classification generalizes well. To
the best of our knowledge, this is the first work that quantifies this effect of fewer informative samples
per class and in what sense that makes multiclass classification harder than binary classification. The
closest related work ([77]) only considers multiclass classification in the fixed finite class setting and
consequently, doesn’t compute exact dependencies on the number of classes k. We provide a more
detailed comparison of our work with Wang et al. [[77] and Muthukumar et al. [56] in Appendix [H| of
the Supplemental material.

3 Related Work

The present work is situated within a larger stream of theoretical research trying to understand why
overparameterized learning works and its limits. The limited page budget here forces brevity, but we
recommend the recent surveys Bartlett et al. [S]], Belkin [6], Dar et al. [20]] for further context.

Classically, by either operating in the underparameterized regime or by performing explicit regular-
ization, we can force the training procedure to average out the harmful effects of training noise and
thereby hope to obtain good generalization. The present cycle of seeking a deeper understanding
began after it was observed that modern deep networks were overparameterized, capable of memoriz-
ing noise, and yet still generalized well, even when they were trained without explicit regularization
[59,184]. Experiments in Geiger et al. [28]], Belkin et al. [8]] observed a double-descent behavior of
the generalization error where in addition to the traditional U-shaped curve in the underparameterized
regime, the error decreases in the overparameterized regime as we increase the number of model pa-
rameters. This double descent phenomenon is not unique to deep learning models and was replicated
for kernel learning [7]]. Further, the good generalization performance in the overparameterized regime
cannot be explained by traditional worst-case generalization bounds based on Rademacher complexity
or VC-dimension since the models have the capacity to fit purely random labels. Overparameterized
models must therefore have some fortuitous combination of the model architecture with the training
algorithm that leads us to a particular solution that generalizes well.

To understand the phenomenon better, several works study the simpler setting of overparameterized
linear regression.The minimum-/¢5 nornrﬂ interpolator is of particular interest since gradient descent
on the squared loss has an implicilﬂ bias towards this solution in the overparameterized regime
[24] and has been studied extensively. (An incomplete list is Hastie et al. [31]], Mei and Montanari
[52], Bartlett et al. [4], Belkin et al. [9], Muthukumar et al. [55]], Bibas et al. [10], Kobak et al.
[41], Wu and Xu [81], Richards et al. [63]].) To generalize well, the underlying feature family must
satisfy a balance between having a few important directions that sufficiently favor the true pattern,
and a large number of unimportant directions that can absorb the noise in a harmless manner.

3.1 High dimensional binary classification

Both concurrently with and subsequent to the wave of analyses on overparameterized regression,
researchers turned their attention to binary classification. A line of work poses the overparameterized
binary classification problem as an optimization problem and analyzes it directly to obtain precise
asymptotic behaviours of the generalization error [22} 166} 37} 169} 154} 138| [70]]. The key technical
tool employed in these works is the Convex Gaussian Min-max Theorem and the resultant error
formulas involve solutions to a system of non-linear equations that typically do not admit closed-form
expressions. The generalization error of the max-margin SVM has also been analyzed directly by
studying the iterates of gradient descent in [13]] and leveraging the implicit regularization perspective
of optimization algorithms.

However, although the above works did significantly enhance our understanding of binary classifica-
tion in the overparameterized regime, a fundamental question was not answered: “Is classification
easier than regression?" While the classification task is easier than the regression task at test time
(regression requires us to correctly predict a real value while binary classification requires us to only
predict its sign correctly), the training data for classification is less informative than that for regression

“The minimum-¢; norm interpolator has also been studied in Muthukumar et al. [S5]], Mitra [S3]], Li and
Wei [50]], Wang et al. [75] and while sparsity-seeking behavior helps preserve the true signal (if the true pattern
indeed depends only on a few features), it poses a challenge for the harmless absorption of noise since the
desired averaging behaviour is not achieved fully [S5].

>In fact, there is an important complementary literature that brings out the implicit regularization performed
by training methods, especially variants of gradient descent and stochastic gradient descent, and how the
underlying architecture of the model shapes this implicit regularization [30} 168l 36,80 157, 12} 182].



since the labels are also binary. As described earlier, this question was answered in Muthukumar
et al. [56], by exhibiting an asymptotic regime where binary classification error goes to zero, but the
regression error does not. This was shown using Gaussian features with a bi-level covariance model.
It turns out that the level of anisotropy (favoring of true features) required to perform regression
correctly is significantly higher than that required for binary classification.

The key to the result in Muthukumar et al. [56] was the signal-processing inspired survival/contami-
nation framework introduced in Muthukumar et al. [55] as a reconceptualization of the “effective
ranks” perspective of Bartlett et al. [4]]. For binary classification to succeed, what matters is that the
survival exceed the contamination so that the sign of the prediction remains correct. Meanwhile,
regression is harder since for regression to succeed, the survival must also tend to 1.

3.2 Multiclass classification and the role of training loss function

There is a large classical body of work on multiclass classification algorithms [[79} [12} 23| |18}, 146]],
with further works giving computationally efficient algorithms for extreme multiclass problems
with a huge number of classes [15} 83} 162]. Numerous theoretical works investigate the consistency
of classifiers [[85 160, 61} (71, [14]. Finite-sample analysis of the generalization error in multiclass
classification problems in the underparameterized regime has been studied in Koltchinskii and
Panchenko [42], Guermeur [29], Allwein et al. [1]], Li et al. [49], Cortes et al. [[16], Lei et al.
[47], Maurer [51]], Lei et al. [48]], Kuznetsov et al. [44] |45] and includes both data dependent
bounds using Rademacher complexity, Gaussian complexity and covering numbers as well as data-
independent bounds using the VC dimension. Recent work [72] leverages the Convex Gaussian
Min-max Theorem to precisely characterize the asymptotic behaviour of the least-squares classifier
in underparameterized multiclass classification.

So, how different is multiclass classification from binary classification? The test time task is
more difficult and for the same total number of training points, we have fewer positive training
examples from each class. Several empirical studies comparing the performances of multiclass
classification via learning multiple binary classifiers have been undertaken [64} 25, [1]. The effects
of the loss function while using deep nets to perform classification has also been investigated
[32,12611431111,1211140,135,139]]. Empirical evidence of least-squares minimization yielding competitive
test classification performance to cross-entropy minimization has been presented in Rifkin and Klautau
[64], Hui and Belkin [35], Bosman et al. [[11].

More recently, Wang et al. [77] makes progress towards bridging the gap between empirical ob-
servations and theoretical understanding by proving that in certain overparameterized regimes the
solution to a multiclass SVM problem is identical to the one obtained by minimum-norm interpolation
of one-hot encoded labels (equivalently, that gradient descent on squared loss leads to the same
solution as gradient descent on cross-entropy loss as a result of implicit bias of these algorithms
[24, 36, 168]]). In addition, Wang et al. [77] extends the analysis presented in Muthukumar et al. [56]]
for the binary classification problem to the multiclass problem with finitely many classes via an
interesting reduction to analyzing a finite set of pairwise competitions, all of which must be won for
multiclass classification to succeed. (We give further comments on the relationship of the present
paper with Wang et al. [77] in Appendix [H of the Supplemental material.)

4 Problem setup

We consider the multiclass classification problem with k classes. The training data consists of n pairs
{x, 0; }7_, where z; € R< are i.i.d Gaussian vectors drawn from distribution,

x; ~ N(0,13). (1)
We make the following assumption on how the labels ¢; € [k] are generated.

Assumption 4.1. Orthogonal classes noiseless modef] The class labels {; are generated based on
which of the first k dimensions of a point x; has the largest value,

¢; = argmax x;[m]. 2)
me|[k]

%A more generic model is £; = argmax,, ¢ ] ) x; where the g, are unit norm orthogonal vectors. If we
further assume the bi-level model(Definition @]) and that the vectors p,,, have no support outside of the favored
features then it suffices to consider the simplified setting where p,,, are 1-sparse unit vectors like we do here,
due to the indifference of minimum norm interpolation to orthogonal transformations.



We use the notation x;[m)] to refer to the m'" element of vector x;. For clarity of exposition, we
make explicit a feature weighting that transforms the training points as follows:

a?[j] = VNjailj] Vi€ [d). 3)

Here A € R? contains the squared feature weights. The feature weighting serves the role of favoring
the true pattern, something that is essential for good generalization%]

The weighted feature matrix X € R™*¢ is given by,

Xw = |:X11U e X;ﬂ e Xﬁ] T = I:\/lel e \/EZJ e \/szd:l 5 (4)

where z; € R" contains the 5" features from the n training points. Note that z; ~ N(0, I,,) are i.i.d
Gaussians. We use a one-hot encoding for representing the labels as the matrix Y°" € R"*F,

YOr=[yh ooy o yoh], (5)
where,
1, ifl;=m
ohy,; ) i
= . 6
Yo' l1] {O, otherwise ©

A zero-mean variant of the encoding where we subtract the mean % from each entry is denoted:

__ Oh _ ll (7)

Our classifier consists of k coefficient vectors f,,, for m € [k] that are learned by minimum-norm
interpolation of the zero-mean one-hot variants using the weighted featuresﬂ

fm = argmfin If]|2 (8)
1
s.t. XU = yoh -1 )

We can express these coefficients in closed form as,

£, = (X")T (X"(X")T) " ym. (10)

On a test point X;e5; ~ N(0, I;) we predict a label as follows: First, we transform the test point
into the weighted feature space to obtain x}" ., where x}2,[j] = 1/A;jZtest[J] for j € [d]. Then we
compute k scalar “scores” and assign the class based on the largest score as follows:

/= argmax fn:x;‘ést. (11)
1<m<k

The true label of the test point is fies¢ = argmaxy <, <x Ttest|m]. A misclassification event &,
occurs iff -

argmax e [m] # argmax ) x¥ .. (12)
1<m<k 1<m<k

In our work we determine sufficient conditions under which the probability of misclassification
(computed over the randomness in both the training data and test point) goes to zero in an asymptotic
regime where the number of training points, number of features, number of classes and feature
weights scale according to the bi-level ensemble model.

"Our weighted feature model is equivalent to the one used in other works (e.g. [56]]) that assume that the
covariates come from an anisotropic Gaussian with a covariance matrix that favors the truly important directions.

8The classifier learned via this method is equivalent to those obtained by other natural training methods under
sufficient overparameterization [[77]].



Definition 4.2. (Bi-level ensemble): The bi-level ensemble is parameterized by p, q,r and t where
p>1L0<r<1,0<gq< (p—r)and0 <t < r. Here, parameter p controls the extent of
overparameterization, r determines the number of favored features, q controls the weights on favored
features and t controls the number of classes. The number of features (d), number of favored features
(s), number of classes (k) and feature weights ( \/)\77 ) all scale with the number of training points (n)
as follows:

d=|n?],s=|n"|,a=n"%k=cp|n'], (13)

where cy, is a positive integer. The feature weights are given by,

Jr %, 1<j<s "
! \/ud_fas)d, otherwise

We provide a visualization of the bi-level model in Figure[l]

Feature s

weight, \/E

0 s=n" d=nP
Feature index, j

Figure 1: Bi-level feature weighting model. The first s features have a higher weight and are favored
during minimum-norm interpolation. These can be thought of as the square-roots of the eigenvalues
of the feature covariance matrix in a Gaussian model for the covariates as in Bartlett et al. [4].

5 Main result

Theorem 5.1. (Asymptotic classification region in the bi-level model): Under the bi-level ensemble
model when the true data generating process is 1-sparse (Assumption {.1), the probability of
misclassification P(Eerr) — 0 as n — oo if the following conditions hold:

t<min(r,1—r,p+1-—2(¢g+7),p—2,2¢+1r —2) (15)
g+r>1 (16)

Note that from Muthukumar et al. [56], the condition ¢ + > 1 corresponds to the regime where
the corresponding regression does not generalize well and thus our result shows that multiclass
classification can generalize in regimes where the corresponding regression problem does not. In
this challenging regime, the empirical eigenstructure does not reveal the true nature of underlying
features as illustrated in Appendix

Figure [2] visualizes the regimes by considering slices of the four dimensional scaling parameter
space of p,q,r and t. (la) and (2a) fix the value of ¢ to 0.75 and 0.95 respectively and contrast
the multiclass problem with a fixed finite number of classes (¢ = 0) to the binary classification and
regression problems. From these plots we observe that if we fix p, ¢, t and increase r, i.e. increasing
how many features are favored (and thereby favoring each of them less), we transition from the regime
where both regression and binary classification work, into the regime where binary classification
works but regression does not, then the regime where this paper can prove multiclass classification
works and finally to the regime where neither regression nor binary classification works.

In Figure[2] subplots (1b),(1c),(2b) and (2¢) each visualize a slice along the r and ¢ (class scaling)
dimensions with fixed p and ¢q. The x axis itself in these plots corresponds to a fixed finite classes
setting. From (1b) we observe that the right-hand boundary of the region where multiclass classifica-
tion generalizes well contains two slopes. These slopes arise from the two conditions ¢ < 1 — r and
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Figure 2: Visualization of the bi-level regimes in four dimensions p, ¢, r, t. (1a) and (2a) contrast

multiclass classification with finite classes to binary classification and regression. The horizontal lines

, (2b) and (2c). The conjectured

2.3 and p = 3.7 correspond to the slices visualized in (1b), (1c)

regimes are visualized in (1d), (1e), (1f), (2d), (2e) and (2f).

p:

t<p+1—2(g+r)in Theorem and are a result of either contamination from favored (but not

true) features dominating or contamination from the unfavored features dominating. In (1c) we are



in the regime where binary classification works for all values of » < 1. However, as we increase t,
eventually multiclass classification stops Workingﬂ

When we go from the binary problem to a multiclass problem with k classes, the survival drops
by a factor of k as a consequence of having only % fraction of positive training examples per class.
This is because the one-hot labels we interpolate while training have fewer large values close to 1
that are able to positively correlate with the true feature vector. Having fewer positive exemplars
also reduces the total energy in the training vector by a factor of &, and because of the square-root
relationship of the standard deviation to the energy, the contamination only shrinks by a factor of
V'k. The overall survival/contamination ratio decreases by a factor of v/k making the multiclass
classification task more difﬁcultm An interesting observation here is the amount of favoring required
for good generalization is linked to the number of positive training examples per class. Indeed, if
we consider a setting where the binary classification problem generalizes well, and we switch to
the k class multiclass problem, then by increasing the number of training samples k fold (and thus
matching the number of positive training examples per class in the multiclass case to the binary
case) and keeping the number of features and feature weights constant we can generalize well for
multiclass classification. (Appendix [G]of the Supplemental material elaborates on this phenomenon,
as well as why it is somewhat surprising.)

Next, we present a brief overview of our proof that utilizes the survival/contamination analysis
framework from Muthukumar et al. [56] along with a typicality-inspired argument where the feature
margin (difference between largest and second largest feature) on the test point plays a key role. The
complete proof is provided in Appendices [B] [C] [D} and [E]of the Supplemental material.

5.1 Proof sketch

Assume without loss of generality that for the test point X;es; ~ N (0, I), the true class is « for some
a € [k]. Let x}“ ., be the weighted version of this test point. A necessary and sufficient condition for
classification error is that for some 8 # «, 3 € [k],

f@ [a]m;uest [Oé] + fa [B J"test Z fOt xtest ] < fﬁ [a]x%st [Oé]
i¢{a,B}
+ fB[IB xtest Z fﬁ xtest ]
i¢{a,8}
a7
By converting into the unweighted feature space we obtain
Aaﬁa,ﬁ[a}xtest[a] - )\,B/ﬁ[#’,a[ﬁ]xtest[ﬁ] < Z )‘jﬁﬁ,a[j]xtest[j]a (18)
j¢{a,B}
where
= : —1/2,7 1. Ry
ha,gli] = A; 7 (fald] = f8ld])- (19)

Performing some algebraic manipulations and because A, = Ag = A since both o and 3 are favored
features, we can rewrite this as

Maglo] (0 ghapla] = hs.al8]
CNa,ﬂ (( test[ ] test[ﬁ])'i_ test[ﬂ] ?La_ﬂ[a] )

Z /\hﬁa xtest[]}, (20)

C P j¢{a,8)

To be precise, what the region actually illustrates is that our proof approach stops being able to show that
multiclass classification works. In the Conclusion section, we conjecture where we believe that multiclass
classification actually stops working. The conjectured regions are illustrated in (1e),(1f),(2e) and (2f).

19This is also responsible for contamination due to favored features being able to cause errors. For binary
classification, because the true feature survival is constant (depending only on the level of label noise), the
survival can always asymptotically overcome any contamination from other favored features [56].



where

CNoj = S N(hgali))? |- @1)
j¢{c,B}

We divide by CN,, 5 to normalize the RHS above to have a standard normal distribution. Next, by
removing the dependency on 3, we obtain a sufficient condition for correct classification:

ming )\/f;aﬁ[a] . ﬁa,ﬁ[a] - ﬁma[ﬁ}
———— | min(x ] — T — max|r -max =
Hlan CNa,ﬁ 3 ( test[ } test [5]) 3 ‘ test [/BH 5 ha,ﬁ [a]
SU/CN ratio closest feature margin largest competing feature

survival variation

Z Ajﬁﬂaa[j]xtest[j]
j¢{e.B}

normalized contamination

> max
CNq g

(22)

Here the min and max are over all competing features: 1 < 8 < k, 3 # « and the sum is over
all d feature indices except « and 3, but we simplify the notation for convenience. We show via
intermediate lemmas introduced in Appendix [B]of the Supplemental material that under the conditions
specified in Theorem with sufficiently high probabilit the relevant survival to contamination
SU/CN ratio grows at a polynomial rate n” for some v > 0, the closest feature margin shrinks at a
less-than-polynomial rate 1/+/In nk, the survival variation decays at a polynomial rate n~" for some
u > 0. Further, the magnitudes of the largest competing feature and the normalized contamination

are no more than /In(nk).

This implies that the left-hand side of Equation (22) grows at a polynomial rate n” (ignoring
logarithmic terms) and dominates the right-hand side which grows at the much slower rate v/ Innk. A
survival/contamination ratio also plays a key role in the analysis of the binary classification problem in
Muthukumar et al. [S6] but in the multiclass setting, we additionally have the survival variation term
and feature margin playing important roles since we are comparing different scores while predicting
the class label. For correct classification, the survival/contamination ratio must be sufficiently large,
the survival variation must be small enough and the feature margin must be sufficiently large.

6 Conclusion

In this work we compute sufficient conditions for good generalization of multiclass classification
in a bi-level overparameterized linear model with Gaussian features. We observed that multiclass
classification can generalize even when the regression problem does not generalize (for ¢ +r > 1).
Further, the multiclass problem is “harder” than the binary problem because we have fewer positive
training examples per class. The nature of the training data complicates our analysis in the multiclass
setting since the true class labels are generated by comparing k features and thus we no longer have
independence of the encoded class label y with any of these features. This becomes relevant when we
compute bounds on the survival and contamination quantities since the Hanson-Wright inequality [65]
is no longer applicable directly on the quantities of interest as was the case for the binary classification
problem in prior work [56]]. As a consequence of working around this non-independence we believe
that our sufficient conditions for good generalization in the regime ¢ 4+ r > 1 are loose.

Even though in our work we focus on the regime where regression does not work, ¢ + r > 1, we can
extend the analysis to the regime where ¢ + r < 1 by grinding through the expressions for survival
and contamination in this regime. Even in this regime, for multiclass training data, survival is of the
order % while contamination scales similarly to the regime g + r > 1. Thus, while it is true that for

"'This is where we leverage the idea of typicality-style proofs in information theory [17] to avoid unnecessarily
loose union bounds that end up being dominated by the atypical behavior of quantities. In our case, by pulling
the feature margin out explicitly, we can just deal with its typical behavior. Similarly, the typical behavior of the
largest competing feature and the true feature is all that matters.



binary classification or a fixed number of classes, the regime where regression works is a regime
where classification also works, this need not be true if there are too many classes.

We conjecture that the following is a set of necessary and sufficient conditions for asymptotically
good generalization (We elaborate on this in Appendix [F]in the Supplemental material):

Conjecture 6.1. (Conjectured bi-level regions): Under the bi-level ensemble model when
the true data generating process is 1-sparse (Assumption {1), as n — oo, the probability of
misclassification event P(E,.,,) behaves as follows:

0, ift<min(r,1—r,p+1—2-max(l,q+7r))

. 23
1, ift>min(r,1—rp+1—2 -max(l,q+7)) @9

Pléa) — {

The conjectured regions are visualized in (1d),(1e),(1f),(2d),(2¢e) and (2f) in Figure@ Subfigures (1d)
and (2d) illustrate that we believe multiclass classification with finitely many classes works if binary
classification works. Further, comparing (1e) to (2e) when we increase ¢, the conjectured parameter
region where multiclass classification works shrinks since we decrease the amount of favoring of true
features. Interestingly, the nature of the looseness in our approach is such that our proof technique is
able to recover a larger fraction of the conjectured region for larger ¢ which intuitively is a result of
less favoring leading to stronger concentration of certain random quantities. Tightening the potential
looseness in our analysis and proving the converse result by computing sufficient conditions for poor
generalization of multiclass classification are interesting avenues of future work.

Further, although the present analysis focuses on solutions that exactly interpolate the training data,
we can extend our results to account for additional ridge regularization by viewing ridge regularization
as minimum-norm interpolation using augmented contamination-free features as in the Appendix
of Muthukumar et al. [55] and computing bounds leveraging tools from Tsigler and Bartlett [[74].
Our assumption of the strict bi-level weighting model is largely to simplify the calculations and
by substituting terms appropriately in our lemmas from Appendix [B|in the Supplemental material,
it should be possible to compute results for other weighting models. Finally, exploring the new
phenomena that can be encountered as we go beyond the 1-sparse noiseless model is an exciting
direction for future work.
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The appendix is organized as follows. In Appendix [A]we provide a table of notations used throughout
the paper. Appendix [B]provides an overall proof for Theorem [5.1] by introducing some intermediate
lemmas and assuming they hold. Appendix [C|introduces some key tools that we need and Appendix D]
leverages those tools to build towards a proof of these intermediate lemmas by introducing some helper
results that are needed to deal with the key challenge posed by multiclass training data. Appendix [E]
actually proves the intermediate lemmas used in Appendix [B|and completes the proof. Appendix [F|
discusses the potential looseness in our analysis and describes how we obtained Conjecture [6.1]
Appendix |G elaborates on the effect of fewer number of positive training examples per class in
the multiclass setting and investigates an alternative setting where the total number of positive
training examples per class is kept constant while we increase the number of classes. In Appendix [H]
we provide a more detailed comparison of our work with Wang et al. [77] and Muthukumar et al.
[56]. Appendix[|complements the theoretical and asymptotic proofs in our paper with an empirical
evaluation of relevant quantities using simulated data. Appendix [J]illustrates the underlying challenge
provided by the regime in which regression does not generalize — namely that the empirical
eigenstructure does not reveal the true nature of the underlying features. Finally, in Appendix [K]we
provide a heuristic derivation/conjecture of our main results using an asymptotic linear-algebraic
perspective.

Throughout the appendix we will assume that n is large enough for asymptotic behavior to kick
in. We also will introduce various universal positive constants, indexed as ¢;. These constants are
all independent of n, and constants with the same index are to be treated as equal throughout this
Appendix.

A Notation

We summarize the notation used in the problem setup (as well as some terms defined later) as follows:

B Proof of Theorem 5.1

We restate Theorem [5.1] our main result, here for convenience:

Theorem 5.1. (Asymptotic classification region in the bi-level model): Under the bi-level ensemble
model when the true data generating process is 1-sparse (Assumptiond.1), the probability of
misclassification P(E..) — 0 as n — oo if the following conditions hold:

t<min(r,1—r,p+1—-2(g+7),p—2,2¢+7r—2) (15)
q+r>1. (16)

Our proof that utilizes the survival/contamination analysis framework from Muthukumar et al. [56]
along with a typicality-inspired argument where the feature margin (difference between largest and
second largest feature) on the test point plays a key role.

Assume without loss of generality that for the test point X;es; ~ N (0, I), the true class is « for some
a € [k]. Let x}“, be the weighted version of this test point. A necessary and sufficient condition for
classification error is that for some 3 # «a, 5 € [k], the score associated with class 3 is higher than
the score associated with class «. Pulling out the key terms associated with the « and /3 weighted
features, we get:

~

falolzylo] + falBlzit Bl + > faliletuli] < Falalzisyla]

j¢{a,B}
+ falBlara B+ D Falileili]
j¢{a,B}
(24)
= (fala] = falal)zpalo] — (Fa[8] — FalBDziwlBl < > (fsli] — faliDzitalil- @5)
j¢{a,B}
(26)

Note that ida.B refers to the sum over all feature indices 1 to d excluding « and .
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Table 1: Notation

Symbol  Definition Dimension Source
k Number of classes Scalar Sec.
n Number of training points Scalar Sec.
d Dimension of each point — the total number of features Scalar Sec.
S The number of favored features Scalar Def.
D Parameter controlling overparameterization (d = nP) Scalar Def.
r Parameter controlling the number of favored features (s = n")  Scalar Def.
a Parameter controlling the favored weights (a = n™ %) Scalar Def.
t Parameter controlling the number of classes (k = cxn?) Scalar Def.
Ck The number of classes when t = 0 (k = c;nt) Scalar Def.
Aj Squared weight of the jth feature Scalar Def.
X; ith training point (unweighted) Length-n vector Eqn.
l; Class label of ith training point Scalar Eqn.
xy ith training point (weighted) Length-n vector Eqn.
X Weighted feature matrix (n x d)-matrix  Eqn.
Z; The collected jth features of all training points Length-n vector Eqn.
yoh One-hot encoding of all the training points for label m Length-n vector Eqn.
Yoh One-hot label matrix (n x k)-matrix  Eqn.
Ym Zero-mean encoding of the training points for label m Length-n vector Eqn.
£ Learned coefficients for label m using min-norm interpolation  Length-d vector  Eqn.
Xiest A single test point Length-d vector  Sec.
X{Y ot A single weighted test point Length-d vector ~ Sec.
A A =Xv(Xw)T (n x m)-matrix  Eqn.
wi(A) The 7th eigenvalue of matrix A, sorted in descending order Scalar App.
A Matrix of squared feature weights: diag(A1, Aa, ..., Ag) (d x d)-matrix App.
ha,s Relative survival h,, g[j] = /\j_l/ 2( falil — fB 7D Length-d vector  Eqn
CNq,s  Normalizing factor CN,, g = \/(ng{a,ﬁ} A?(h37a[j])2) Scalar Eqn. [34
(R The sub-Gaussian norm of a scalar random variable Scalar Eqn. [74
i Center of the eigenvalue bounds for A1, i = Z»l Y Scalar Eqn. 41
A -
O Deviation term in eigenvalue bounds for A Scalar Eqn. |77}
Ay Deviation term in eigenvalue bounds for A1 Scalar Eqn. 43
By converting into the unweighted feature space we obtain,
Aaha,ﬂ[a]xtest [Of} - Aﬂhﬂ,a[ﬂ]xtest [B] < Z Ajhﬂ,a[j]xtest[j]a (27)
j¢{a,B}
where we introduce the short-hand notation,
~ 19, R
hali) = X2 (fald) = Fli) (28)
- —1/2,7 . 5
hsalil = X2 (Fsld] = fali) (29)

Since both « and 3 are favored feature indices, by leveraging the definition of the bi-level model and
denoting A\, = A\g = A, we get

A (ﬁa,ﬁ[a]xtest[a] - /}\Lﬁ,a[/@]ztest[ﬂ]) < Z )‘jﬁﬁ’,a[j]xtest[jl (30)

i¢{a.B}
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Next, we perform some algebraic manipulations,

A (ﬁa,ﬁ[a}xtest[a] - Eﬁ,a[ﬂ]xtest[ﬂ]> < Z )‘jﬁﬁ,a[ﬂxtest[j]

J¢{a.8}

(31)

= )‘Ea,ﬁ[a}(xtest[a] — Trest[B]) + )‘xtestm](ﬁa,ﬁ[a] - Eﬁa[ﬂ}) < Z )‘jﬁﬁ,amxtest[j]
j¢{a,8}

(32)

. hagla] = .o ~ :

— N slal <<xmt[a} ~ peatlB]) + om0 P, W) < Y Mhpalilteali]
fra gl !

(33)

We divide both sides by the quantity CN,, g defined as,
CNoys = > X(hsali))? ] (34)

J¢{e.B}

This normalizes the RHS of (33) to have a standard normal distribution. Thus, the necessary and
sufficient condition for a misclassification error is for some § # «, 8 € [k],

M . ﬁaﬁ[a] _Eﬁ,a[ﬁ] 1 - . .
CNQ)ﬁ <(5L'test[06] xtest[ﬁ]) + xtest[ﬂ} /I;jaﬁ[a] ) < CNaﬁ Jg%ﬂ} Ajhﬁ,a[j}xtest[]}~

(35)

A sufficient condition for correct classification can then be obtained by ensuring that the smallest
potential value of the LHS is still greater than the value of the RHS for all values of 5. Thus, we
obtain a sufficient condition for correct classification by appropriately minimizing or maximizing
quantities over competing feature indices 8 # «, 3 € [k] (for notational convenience we simply
denote this as ming or maxg).

ming Mg gle] | . hagle] — hg.olf]
—_— min (x | — T — max |x - max =
maxg CNQ,B 3 ( test[ } test [/B]) 5 ‘ test [/BH 3 ha,ﬁ [a]
SU/CN ratio closest feature margin largest competing feature survival variation
> > Ahpalilvesls
mgx CNas ihgali]Ttest]d]

J¢{e.B}

normalized contamination

(36)

We will show that under the conditions specified in Theorem [5.1] with sufficiently high probability,
the relevant survival to contamination SU/CN ratio grows at a polynomial rate n” for some v > 0,
the closest feature margin shrinks at a less-than-polynomial rate 1/+/In nk, and the survival variation
decays at a polynomial rate n~* for some v > 0. Further, the magnitudes of the largest competing
feature and the normalized contamination are no more than 24/In(nk). Here, we leverage the idea
of typicality-style proofs in information theory [[17] to avoid unnecessarily loose union bounds that
end up being dominated by the atypical behavior of quantities. In our case, by pulling the feature
margin out explicitly, we can just deal with its typical behavior. Similarly, the typical behavior of the
largest competing feature and the true feature is all that matters. Before we proceed with the rest of
our proof we remind the reader of a few important definitions.

Recall from (I0) that our learned feature coefficients are

£ = (X)) (X*X")) v (37)
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Let
A =X¥(X)T, (38)
Then we can express our learned coefficients as
Fulil = V2] A7y, (39)

where z; € R™ contains the 4" features of all n training points. The rows of X" are i.i.d. Gaussians
with covariance matrix A = diag(A1, A, ..., Aqg). Let u1(A) denote the largest eigenvalue and
1n(A) denote the smallest eigenvalue of A respectively, with 11;(A) being the i-th largest eigenvalue
of A.

Next, we state a useful lemma adapted from Bartlett et al. [4]] [T_T]that bounds the eigenvalues of A~! .
Subsequent lemmas will utilize these eigenvalue bounds.

Lemma B.1. (Eigenvalue bounds on A~" adapted from Bartlett et al. [4]):
If Ais such that & < 3 Aj, then with probability at least (1 — 2e™"),

ﬂ - AM S ,un(Ail) S :ul(Ail) S ﬂ’ + Al“ (40)
where,
1
= (41)
Zj Aj
0= (MA+m9n+ [A+m9n} X; (42)
J
0 o\
A, =i -+ 0 - . (43)
w Zj AJ (E; A])
Further this implies that with probability at least (1 — 2e™™),
(AT = AL,)| < A, (44)

foralli € [n].

The subsequent lemmas bound the feature margin, survival, contamination and survival variation
terms, utilizing tools from [4] and building on results from [S6].

Lemma B.2. (Lower bound on the closest feature margin as k — o0): For any constant € > 0,
there exists a constant 0 such that, for sufficiently large k with probability at least (1 — €),

B:lgnéglaﬁk (xtest[a] — Ttest [/B]) = 7/%

Here, « is fixed and corresponds to the index of the true class — i.e. o corresponds to the index of the
maximum feature among the first k features.

(45)

Lemma B.3. (Lower bound on the closest feature margin when k is constant): If k = c;. for some
fixed constant cy, for any constant € > 0, there exists a constant € > 0 such that

P i st|8] — > | >1—e. 4
r (577:1?51275% |Ttest[B] — Trest[V]] = 6) >1-¢ (46)

Thus, with probability at least (1 — €),

. o > /'
g lain (Ttest|e] — est[B]) > € 47

Here, ais fixed and corresponds to the index of the true class — i.e. « corresponds to the index of the
maximum feature among the first k features.

2More precisely this lemma appeared in the first version of this work at https://arxiv.org/pdf/1906 |
11300v1.pdf. In subsequent versions the authors use a slightly weaker version of this result since it is sufficient
for their purposes.
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Lemma B.4. (Lower bound on relative survival of true feature): For any fixed 8 € [k], 5 # «, with
Aa = Ag = A we have with probability at least (1 — 5/(nk)),

Mo gla] > A (qmﬂ%\/ln(k) — ag(v/ny/I(nk) + A, n/\/E)) : (48)

for universal positive constants qg and qrm

By substituting the asymptotic behavior of parameters from our bi-level ensemble model we get the
following corollary:

Corollary B.4.1. Under the bi-level ensemble modeld.2} for any fixed 3 € [k], B # o, Ao = Ag = A
ift<1/2,t<2(g+r—1)and1 < g+ r < (p+ 1)/2, with probability at least (1 — 5/(nk)),

Mrasla] = an' ="'/ In(k), (49)
for universal positive constant qr}

Lemma B.5. (Upper bound on contamination): For any fixed 3 € k],  # «, with probability at
least (1 —7/(nk)),

CNas < cm(u\/f- Vin(ndk) + A, n/VE) D A2, (50)

for universal positive constant qg
As before, for our bi-level ensemble model we have the corollary:

Corollary B.5.1. Under the bi-level model[d.2] in the regime 1 < q+r1 < (p+1)/2, with probability
at least (1 — 7/(nk)),

CNO( 5 < Cmn(lftfp)/2+max(0,3/27q7r)+max(0,p/27qfr/2) ln(ndk), (51)
for universal positive constant qrg

Lemma B.6. (Upper bound on survival variance): For any fixed competing feature 8 € [k, 8 # «
with Ao, = g, we have with probability at least (1 — 15/(nk)),

ha,slo] —hpalB) 20(ji/mi/I(nk) + A, - n/VE)

ha,sle] ~ qoagv/In(k) — @(ayviny/In(nk) + A, - n/VE)

Sfor universal positive constants qg and qro

(52)

As before, we can also obtain the asymptotic bound:
Corollary B.6.1. Under the bi-level ensemble model|{.2} for any fixed 3 € [k], B # «, ift < 1/2,
t<2(g+r—1),and1 < q+r < (p+ 1)/2, with probability at least (1 — 15/(nk)),
ha,sla] — hp.a (5]
ha.slal
for large enough n for some fixed u > 0.

<n” (53)

Next, we assume that the lemmas and corollaries stated above are true and complete the proof for
Theorem [5.1] We provide proofs for these lemmas in Appendices [C} [D]and [E]

Assume we are in the regime where ¢t < 1/2,t < 2(¢+r—1),and1 < g+7r < (p+1)/2, soall
our corollaries above hold. Denote the misclassification event as &, and let € > 0 be an arbitrarily
chosen constant.

Substitute Corollaries[B-4.1} [B:5.1] and [B:6.1]into (22), applying them on all 1 < 3 # « < k. They
hold with probability at least 1 — 5/(nk), 1 — 7/(nk), and 1 — 15/(nk) respectively for a given test
point and choice of 5. So by the union bound across the three bounds and all £ — 1 choices of 3,
with probability at most 27/n, one of these corollaries will not hold for our test point for some /3. Let
this failure event be denoted F;.

In the case when F; does not occur, misclassification occurs only if

aon/In(k)

e (mﬁin (t1esl0] = T1e[6]) ~ max 1cl ) n) <maxz®, (54
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where we define the exponent

B 3 p q
v=1—q—r—t—(1—-t—p)/2 max(O72 q 7’) max(0,2 q 2) (55)

p+1 t 3 P r 3 3r
= — — —_ —_ - — — — — —_- — _ =, = — 2 —_ —
5 1—r—y maX<0,2 =Ty =455 25 ) (56)
and
1 ~ . .
ZP) = Z )‘jhﬁ,amxtest[]] . (57)

N
Naop \ joars

For each class (3, observe that we have Z B) ~ N (0, 1) Thus, by the Gaussian tail bound, for each
B with probability at least (1 — 1/(nk)),

Z¥ < \/2In(nk). (58)

So by the union bound over all k classes 3, with probability at least (1 — 1/n),

max Z® < \/2In(nk). (59)

Let the failure event where this is not the case be Fs.

An identical argument shows that with probability at least (1 — 2/n), maxg |Z¢es:[3]] < /2 In(nk).
Let E3 be the failure event where this is not the case.

From Lemma[B.2] we know with probability 1 — ¢ that, if ¢ > 0, then for sufficiently large n (and so
sufficiently large k)

0

min (Test|Qt] — Ties > —. 60
i (Ttest[0] = Trest[B]) (k) (60)
If t = 0 and k = ¢y, then Lemma [B.3]states that, with probability 1 — ¢,
p i es — Ttes > >1- g, 61
r <1<t131;161'?<ck |Tiest[B] — Trest[V]] > ) > (61)

for some constant &’. Let the e-probability event of the appropriate margin bound (depending on
whether £ = 0 or £ > 0) being violated be the error event Fj.

Assuming F, Fs, Fs, and F4 all do not take place, misclassification can only occur if
In(k 0
avintd) o (1—e ) et | < 2R, (62)
agn/In(ndk) 21n(k)

Clearly, if v > 0, then (for sufficiently large n) misclassification becomes asymptotically impossible
(except via the specified error events), since the LHS of the above grows asymptotically faster than
the RHS.

The union bound shows that the probability of any of E, Es, E'3, E4 occurring tends to € as n — oo
(since the probability of the first three tend to zero). So in the regime where

1
t —
<3 (63)
t<2(g+r-—1) (64)
g+r>1 (65)
1 t 3
p_;>q—|—r+2—|—max<0,2—q—r)—i—maX(O,g—q—;), (66)

3To be precise, here we can think of fixing the training data and looking purely at the randomness arising

from the features in the test point. The resulting Z ® is a standard normal. Since we are using the union bound
in our proof finally, this is sufficient for our purposes.
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the probability of misclassification tends to € for sufficiently large n, for any € > 0.

Consolidation of the above bounds produces the conditions|™]

t<min(l—r,p+1—-2(g+7r),p—2,2¢+1r—2) (71)
g+r>1. (72)

Finally, note that the condition ¢ < r comes from the definition of the bi-level model {@.2). This
condition simply states that for good generalization we must favor all the features used to determine
classes. Since the analysis above holds for any €, we see that within this regime the probability of
misclassification must approach zero in the limit. This completes the proof. Note that while we show
that probability of misclassification goes to zero, we do not show it to do so at any particular rate,
because the result from Lemma [B.2] does not specify the rate of convergence.

C Useful results from elsewhere that we need

This section collects results that are used in our proof, but which come from elsewhere or are lightly
adapted to our purposes.

Hanson-Wright inequality [65]: Let z be a random vector composed of i.i.d. random variables that
are zero mean and with sub-Gaussian norm at most X. The sub-Gaussian norm |||, of a random
variable ¢ is defined as in Rudelson and Vershynin [65]],

€]l = Iig;fOK (73)
s.t. Eexp (€*/K?) < 2. (74)

Then, there exists universal constant ¢ > 0 such that for any positive semi-definite matrix M and for
every t > 0, we have

2 t
Pr[|z” Mz — E[z" Mz]| > t] < 2exp{cmin{ , }} (75)
: ) RAMIE K2y

The next result bounds the eigenvalues of the n x n matrix A = X% (X™)T, where recall that
the rows of X" are i.i.d. Gaussians with covariance matrix A = diag(A1, Az, ..., Aq). Let p1(A)
denote the largest eigenvalue and 1, (A) denote the smallest eigenvalue of A respectively.

From Bartlett et al. [4] , we have the following result

Lemma C.1. With probability at least (1 — 2e™"), the eigenvalues of A satisfy:

DA =0 <u(A) < (A <ZA +9, (76)
J
where,
32 5
0= (M +9)n+ (1+In9)n Y A2 ]. (77)
J
“We can simplify (66) as follows:
%> +r+§=>t<p+1f2(q+r) (67)
ptl 3 _ - _
5 >q+r +2—|—2 g—r = t<p-—2 (68)
pT“>q+r+ +2 gL = t<i-r (69)
p+1 3 P T
S ATt g +§—q—r+——q—§:t<2q+r—2. (70)

Then we note that { < min(r,1 —r) = t < 1/2.
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Next, as stated previously in Lemma[B.T| we will use this result to obtain bounds on the eigenvalues
of A1 assuming that A is such that ¢ < Zj /\jE]

Lemma B.1. (Eigenvalue bounds on A~" adapted from Bartlett et al. [4]):
If A is such that & < ; A;, then with probability at least (1 — 2e™"),

=B < (AT S (AT St Ay, (40)
where,
1
= (41)
Zj )‘j
32
<>:3 )\1(1+ln9)n+\/(1+ln9)n2)\§ (42)
J
2
_ O ¢
A, = -+ 0 , : (43)
w= Zj AJ <Zj A])
Further this implies that with probability at least (1 — 2e™™),
(AT = AL,)| < A, (44)
foralli € [n].
Proof. Let S =73, A;.
1 1 A
I | R4
-5 (1+3) 78)
1 0O 0\
S<15+@<S>> (79)
=j—A,, (80)

and analogously (S — 0)~' =i+ A - Taking reciprocals of everything in the inequality and
since the eigenvalues of A and A~! are reciprocals of each other, the desired result follows.

O

As a Corollary of Lemma B.T}

Corollary C.1.1. (Asymptotic eigenvalue bounds on A~') Considering the asymptotic scaling of
the model parameters from the bi-level model (Definition , in the regime 1 < q+r < (1+p)/2,

i=n? (81)
Ay <qn'PTTT <, (82)
where [i and A, are defined as in LemmalB.1} and qg is a universal constant.

Proof. From the asymptotic scaling of the \; from (I3) and (I4), we see that (from the definition
provided in Lemma [B.T)

1
1 83
- (83)
1
= nTP—a—T ¥+ (np _ nT)(l — nq) . nP/(nP — nr)) (84)
1
T P4 P — P >
o (86)

SNote that in the regime g + r < 1 (where regression works [56]]), we do not have ¢ < A; and in such
scenarios we cannot simply rely on eigenvalue bounds and need to use other techniques in the proof.

24



Next, we have that

32
0:5 A1(1+1n9)n+\/(1+1n9)nZA§ (87)
J
< @I 4 ggy/n(nn?r—20=2 4 (np — nr)) (88)
< ({Irlll+p_q_T 4 qm\/n1+2p72q7r + nl+p (89)

for constants ¢y and cs,

The second term is of the order n™x((1=7)/2+p=a,(1+P)/2) Thus, in the regime ¢ + r < (1 + p)/2,
andsincer < lwehavel+p—qg—r>(1—7r)/24+p—qgandl+p—qg—r > (1+p)/2and the
first term dominates.

Thus, ¢ < qgn'TP~9~" for some constant c3 and sufficiently large n.

Observe that since g +7 > 1, 0 < j Aj = nP. Thus, we can substitute into our relation for A,
from Lemma[B1] to see that

2
| 0 0
A, = S 90
S DDV (zjm) ©0
<n7P ((@n' P77 (n7P) + O((q@n TP (n7P)?)) o1
=n"P(gn'" "+ O(qgn®'T)). (92)

In the regime where g + r > 1, the first term in the sum dominates the second, giving us,
A, < q;ml_p_q_r (93)

for some constant ¢4 and sufficiently large n. This completes the proof. O

Finally, in this section, we restate well-known bounds concerning Gaussian random variables.

Lemma C.2. Chi-squared tail bound:
Letz ~ N (0, 1,). Forany § € (0,1), with probability at least (1 — 2¢="9") we have:

n(l—26) <|z/* <n(l+96). (94)

From bounds on the expectation of the maximum of k& Gaussians:

Lemma C.3. Let z, = max;<,<j z; where z; ~ N(0,1). Then,

1
M=ol Vink < E[z,] < V2-VInk. (95)

D Utility Bounds

The big technical challenge in moving from binary classification (as studied in Muthukumar et al.
[S6]) to multiclass classification has to do with the nature of the training data. Whereas for binary
classification one could change coordinates so that the binary labels only depended on a single
Gaussian random variable and were independent of all other directions of Gaussian variation in the
covariates, no such change of coordinates exists for multiclass labels. The one-hot-style encoding
of the labels fundamentally depends on the realizations of all k£ of the Gaussian random variables
representing each of the & classes. This means that we can no longer simply leverage independence
to simplify the analysis and certain clever approaches used to invoke Hanson-Wright are no longer
available to us. However, the need remains to appropriately bound quadratic forms of the form
z;»'—AflAy both for the cases when j represents a feature that is not dominant in the computation
of Ay as well as in cases where j represents a feature that is dominant in Ay. To be able to control
such quantities in the absence of the independence we could leverage in the binary case, this section
of the Appendix derives two lemmas which can be viewed as helper bounds. These bounds will later
be used to bound the various quantities from (22)). Because our focus is on the asymptotic scaling,
we will use ¢; to denote the appropriate global constants.
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In the subsequent lemmas, fi and A, are defined as in the bounds on the eigenvalues of A~! from

Lemmal[B.1]

The following lemma is used to upper-bound the contamination term CN,, 5 in Lemma|[B.5}

Lemma D.1. Let Ay = y, — yg. Let o, B, and j be distinct. Then, with probability at least
(1 —7/(ndk)), we have,

] A 8| <l [ IR + 8,/ V) %

for some constant qq
This next lemma is used to bound the numerator of the survival variation term from 22):

Lemma D.2. Let Ay =y, — yg. With probability at least (1 — 5/(nk)), we have each of

7] AT Ay < (2] yo] — Bz ys]) + a(iivny/In(nk) + A, - n/VE) (97)
2o A7 Ay > ((Blz, ya] — Elz] ys]) — @(iv/ny/In(nk) + A, - n/VE), (98)

for some constant qg

The following corollary of the above is used to lower-bound the relative survival /ﬁa, la], which in
turn bounds the SU/CN ratio and the denominator of the survival variation term:

Corollary D.2.1. Let Ay =y, — yp. With probability at least (1 — 5/(nk)), we have,
7z, A~ 1Ay>qmu VvIn a(iv/ny/In(nk) + A, -n/VE), (99)

for some constant qrm

D.1 Proof of Lemma[D.1]

We will write A~! = jiL,, + AA;,,, and split up the expression zTA ! Ay into components
involving fiI,,, and components involving A A;,,,. To bound the ﬁrst term, we will use Hanson-
Wright, and to bound the second we will use Cauchy-Schwartz. Throughout the proof, we rely on the
concentration of the eigenvalues of A~*.

Next, we bound the first term (we set aside the constant zi for now and deal with it later).

D.1.1 Boundson z; (y, — yg)

Throughout this sectlon let j be a feature index distinct from « and /3. Define the diagonal matrix
M € R™*™ with diagonal entries given by:

[ i Ayl #0
Mii = {O, otherwise (100)

In other words, M;; is 1 only if training point 7 belongs to class « or 3 and is 0 otherwise. Thus for
each i € [n], M;; ~ Bernoulli(2/k) and are independent of each other. We introduce this matrix M
to ensure that our bound reflects the fact that most of the entries of Ay are 0. In particular Ay[i] # 0
only if point ¢ belongs to class « or 8 and only contains roughly 2n/k non-zero entriesE-] Note that
we have by definition,

Z?Ay = szAy. (101)

Our strategy is to bound ijMAy for every typical realization M of the random variable M using
the Hanson-Wright inequality. Subsequently, we will apply these bounds with high probability over
typical realizations of M that satisfy the Proposition below, which merely asserts that with high
probability, the number of 1s in Ay is close to its expected value.

Proposition D.1. For § € (0,1), with probability at least (1 — 2~ 254" ), the trace of M is bounded
as:

(1-6)2" < Ayl = TV < (1+9) T (102)

16 An alternative bounding technique that first converted ij Ay to a quadratic form and applied Hanson-Wright
would be looser by a factor of vk if we did not introduce M.

26



Proof. Note that Tr(M) is the sum of 7 i.i.d Bernoulli random variables with mean 2/k. The result
follows by application of the Chernoff bound. O

Note that once we fix the realization M, the distributions of z; and Ay will now have to be
conditioned on this realization and we need to deal with the modified distributions while applying the
Hanson-Wright inequality. In particular, once we know that a feature was not the winning feature, it
is no longer zero-mean.

Now,

zl MAy = Z 2 [i] M Ayli] (103)
= > zlilAyli (104)
M =1
= > (3l - Elz[i] | My =1]) Aylil + > Elzli] | My = 1]Ay[i] (105)
Mii=1 iiMii=1
= > ZwmlilAyll+ D Elzlil | M = 1]Ayli, (106)
M =1 M =1

where z a4[i] is now a zero-mean random variable conditioned on the realization M.

First, we bound the term ) ;. (. =1 Zj m[i]Ayli]. We collect the elements corresponding to indices

where M;; = 1 into the vectors z;; ,, and Ay'y,, which are both length Tr(M) (Figure shows an
example of collecting elements).

1 1

2 0 1 1

31, |-1] — [3] , [—1]

4 1 4 1

5 0 A e
~ N—— Z;,M Ay
EJM Ay

Figure 3: An example of collecting elements at indices where M;; = 1 into smaller vectors of length
Tr(M). Recall that Ay[é] # 0 iff M;; = 0.

We can then express
7z mlilAyli] (107)
= (2 )" Ay (108)
1
1 (( ;',M + Ay.//\/l)TITr(M)(Z;',M + Ayly) - (Z;'.,M - Ay,//Vl)TITr(M)(Z;,M - ijvt)) )
(109)
where we added and subtracted terms in the last equality.

We prove via the subsequent propositions that conditioned on the realization M, the entries of
z’, imE Ay M are i.i.d. and sub-Gaussian with bounded norm. Thus, they satisfy the requirements
© ‘apply the ‘Hanson- erght inequality from Rudelson and Vershynin [65]] to bound the two quadratic
forms in the above expression (109)).

Proposition D.2. Conditioned on the realization M, 2} \4[i'] has sub-Gaussian norm at most 6.

Proof. Let i be the original index from which 27, ,[i'] was sampled.
If j > k, then 2 [i'] = Zj m[i] = z;[d] irrespective of the realization M because feature j is

not used in the comparison to determine the class label and is independent to y, and yz (and thus
independent to M). Further, z;[¢] is simply a Gaussian (and therefore sub-Gaussian with sub-Gaussian

27



norm || z;[¢]||4, < 2. Here we use the definition of sub-Gaussian norm from (74) reproduced here for
convenience:

The sub-Gaussian norm of a random variable £ is given by,

€1l = inf K (110)
s.t. Eexp (£*/K?) < 2. (111
Otherwise, if j is one of the k features that define classes, since
2 mli’) = Zj ] (112)
= z;[i] — Elz;[d] | My = 1], (113)

the triangle inequality states that
1Z5. 0 illlr < W12 (il gy + I Elz50d] | Mii = 1][|p,. (114)
Note that the distribution of z;[i] conditioned on realization M is equivalent to the distribution

obtained by conditioning on the event M;; = 1. So it is sufficient to compute these sub-Gaussian
norms conditioned on the event M;; = 1.

We will first bound || z;[¢]||,. Let £; be the event that z;[i] is the maximum out of the first k features,
and let £ be the complementary event

First, without conditioning on &;, we know by well-known results for the standard Gaussian that
5 4
Besp(i?/5) = |2 < 3 s

Using the law of iterated expectation we can relate this to the expectation conditioned on the events
&j and &5, noting that P(€;) = 1/k:

- > Bexp(a[i’/5) (116)

= P(&)E exp(z;i]*/5]€;) + P(5)E exp(z;[i]* /5|€5) (117)
1 k—1

= T Eexp(z;[i]* /5]€;) + ——Eexp(z;[i]*/5]£7). (118)

Rearranging terms, we obtain,
k-1 N S )
T]Eexp(zj[z] /51E5) < 3 EE exp(z;[i]°/5|&;) (119)
N ko4 1 ,

— e li/sle) < g (5 - pEew(li?sle) (120
k 4

Sh-1'3 (2D

<2 (122)

where in the second to last inequality we used the non-negativity of E exp(z;[i]?/5|€;) and in the
last equality we assumed k& > 3. We then have

Eexp(z[i]* /51€7) = 3 Eexp(z;{i*/5167 0 En) P(Em | £5) (123)
m#j
1 > C
i Z#Eexp(zj'[l]%lcfj NEm) (124)
m#j

where the last equality follows by symmetry. Further by symmetry, all the terms in the above
summation that we are averaging are equal, so we can express it as an average of just the terms
corresponding to m = a and m = (3, as follows:

) - %Eexp(zj [2/5/€5 M ) + %Eexp(zj []2/51€5 1 €5) (125)
= P(Ea | £5 1 (E0 U Es))Eexp(z;[il2/5/€5 1 £4)
+ P(E | £ N (Ea U ER))E exp(z;[i]?/5|E5 N Ep), (126)
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again by symmetry. Since exactly one of &, and £z are true when conditioned on £§ N (£, U &),
we can rewrite the above as our desired expectation

(126) = E exp(z;[i]* /5|€5 N (Ea U Ep)) (127)
= Eexp(z;[i]?/5Ea U Ep) (128)
= Eexp(z;[i]>/5|M;; = 1), (129)

since M;; = 1 is equivalent to the event £, U £g. Thus, conditioned on the event M;; = 1,
l15[ll,y, < V5.

Next we consider || E[z;[i| | M;; = 1]||y,. By a similar argument to above, we have that E[z;[7] |
M;; = 1] = E[z;[i] | £5], so we will focus on the second quantity instead. Bounds on the max of
Gaussians (Lemma state that:

0 < Elz,;[i] | &;] < v/2log(k) (130)
1
— 0> Ele;[i] | £ = —— v/2log(k) > 2 (131)
Elz;[i] | £5)?
= exp (W) < 2. (132)
In the second last inequality we use the fact that the function f(k) = ‘\/2 logk/(k )‘ is monoton-

ically decreasing in &k and assumed k& > 3.

Thus, the (constant) random variable E[z;[i] | M;; = 1] is sub-Gaussian with parameter 3. So, by the
triangle inequality, conditioned on M;; = 1

”gj,M[i]sz < Iz M”w + HE[EJ‘,MHW (133)
<V5+3 (134)
<6. (135)

This completes the proof that conditioned on the realization M, 2 i ali'] is sub-Gaussian with norm
at most 6. O

‘We can now prove our target result:

Proposition D.3. With probability at least (1 — 6/(ndk)),
n
‘z;Ay| < qm\/;- v/ log(ndk). (136)

for universal constant qg

Proof. Our strategy will be to bound z;r Ay = zTMAy for every typical realization M of M that
satisfies Proposition[D.I] Recall that for a given realization M we have,

2] MAy = > ZmlilAylil+ Y Elzli] | My = 1]Ay[d). (137)
We will use Hanson-Wright to bound the first term, which we previously expressed in (I09) as:
Sz mlilAyli] (138)
1
=1 (2500 + AYM)  Tre(mn) (21 + AYM) = (2500 — Ay Trean) (2500 — AY)) -
(139)

By Proposition|D.2| the sub-Gaussian conditions for the entries of z 1 are satisfied. Further, Ay/\,

is bounded in [— 1 1] so ||Ay/ M |lp, < 2. Thus, by the triangle 1nequahty, the sub-Gaussian norm
of the entries of z’; im T Ay 4 is bounded by K < 6 4 2 = 8. Also note that conditioned on the
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realization M, z;- A\ 18 zero-mean by construction and Ay, , is zero-mean by symmetry between o
and 3, so we can now apply the Hanson-Wright inequality to both terms.

We choose parameter

= I\;Z\/Tr(/\/l) Vog(ndk). (140)
where c is the constant from the Hanson-Wright result.
So
ot = 1log(ndk;) (141)
K lInalle - c
I(QHITf(/\/l)Hcm = %\/TY(M)\/log(ndk) > élog(ndk). (142)

The last inequality follows since with high probability Tr(M) = ©(y/n/k), by Proposition
VTr(M)+/log(ndk) = ©(y/nlog(ndk)/k) grows faster than log(ndk).

Finally, note that:

E((z) )" Ay IM=M] = > E[Zmli]Ay[i] | M = M| (143)
:M;i=1

= > E[Zmli]Ayli] | My =1] (144)
M;i=1

1 1. .
= > gE[zJM[] | Ayli] = 1] - §E[Zj,m[z} | Ayli] = —1]

M =1

(145)

=0, (146)

where the last equation follows by symmetry. Knowing which of z,[i] or zg[i] was the maximum
does not change the conditional expectation of zZ; r4[i].

So, applying Hanson-Wright, with probability at least (1 — 4/(ndk)) we have

K? t t  K?
—7q5]\/Tr(/\/l)\/log(ndk) —5 <% I Ay < 5= q5]\/Tr M)\log(ndk),  (147)
where ¢ = %
We next consider the second term -, (. _; E[z;[i] | M;; = 1]Ay[i] from (I06) conditioned on the
realization M. By an identical symmetry argument as for the previous term we have, 0 > E[zj[ ] |
&s] = E[z[i] | M = 1]. Then as a consequence of Lemma [C.3|and using the fact that M =1
implies z; [4] is not the maximum of k Gaussians we have, E[z;[i] | £5] > —2+/log(k)/(k
we can bound
. , 10 log(k
Y Elzli | Mi = 1Ayl < g Y Ayl< 7_ gl( ), (148)
7;!./\/[”:1 IM”—I

with probability 1 — 2e=9"/(6-Tx(M) by application of the Chernoff bound and using the fact that
conditioned on M;; = 1, Ay[i] takes Value 41 with probability half by symmetry among features «
and .

Next, we apply the high probability bounds above on typical realizations M. In particular, we
substitute bounds on Tr(M) from (T02)) from Proposition with § = 1/2 into (48], and set

2n.6

= /6(1+8)(n/k)log(ndk). Then e=%"/ET(M) < 1/(ndk) and e~ 5 < 1/(ndk), so
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using the union bound we have with probability at least (1 — 4/(ndk) — 1/(ndk) — 1/(ndk)),

2] Ay| < | Y ZamlilAylil|+ | D Elzli) | My = 1]Ayli] (149)
’i:MiiII i:MiiII
2
< %qm\/m. %” . log(ndh) + 2\/(1+5)(n/1]z)10§(ndk)\/10g(k) (150)

IA

B 52 gy + Y OAIVIEE [ oy s
< C@\/Z -/ log(ndk), (152)

for a suitable choice of cg. L]

D.1.2 Boundsonz A~'(y, —y3)
We can now prove bounds on our target quantity. We restate the lemma that we are trying to prove
below for convenience.

Lemma D.1. Let Ay = y, — yg. Let o, B, and j be distinct. Then, with probability at least
(1 —7/(ndk)), we have,

2] A™' Ay| < cm(ﬂﬂ- Vin(ndk) + A, -n/Vk), (96)
for some constant qq
Proof. We can rewrite
z] AT Ay =z (il + AAin,) Ay (153)
= iz, Ay + 2z, A, Ay. (154)

Next we can bound |z AA;p, Ay| simply as

2] Adinu Ayl < ||2;]2| Adin, Ay]l2 (155)
< 1A Ainolloplzs Iz ]| Ayl (156)
< Aullz;ll2]lAyll2, (157)

where we use the fact that A A;,,,, is a symmetric matrix and its 2-norm is its maximum absolute
eigenvalue. We obtain the eigenvalue bounds for A A;,,, from Lemma|[B.I] holding with probability
atleast 1 — 2e™".

2ns2

So, by the triangle inequality, we have with probability at least (1 — 6/(ndk) — 2e™™ — 2e~ "3k —
2€—n62)

2] A7 Ay| < qﬁyl\/z VIn(ndk) + A, - /(1 +8)n -4 /(1 + 5)%". (158)

The first term follows from Proposition and the second from our bound on Tr(M) = || Ay
from Proposition[D.T] as well as an analogous application of the chi-squared bound (Lemma[C.2) on

sz ”2
The proof follows by setting § to any value in (0, 1), choosing an appropriate constant ¢, and noting
that for large enough n, 1/(ndk) > dye~%"/% for any positive constants d;, dy. O

D.2 Proof of Lemma[D.2]

Next we use a similar technique as in Appendixto bound z| A~1Ay. We will write A~ = I, +
A A;py, and split up the expression z/ A~! Ay into components involving fil,,, and components
involving A A; .
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Proposition D.4. Consider two arbitrary length-n zero-mean vectors y and z whose components
each has sub-Gaussian norm at most K. With probability at least 1 — 4/(nk) we have each of

z'y <E[z'y] + 2qgv/n - /In(nk) (159)
z'y > Elz"y] — 2qgv/n - \/In(nk), (160)

for some universal constant qg

Proof. The upper-bound follows as

2y = () @) ) e y) asn
<Elz'y]+ \[f Vinnk, (162)

with probability at least (1 — 4/(nk)), where we apply the Hanson-Wright inequality to each of
the quadratic terms with ¢t = KTZ\/H\/ln(nk) and use the fact that, letting M = I,,, |M||% =

n, [M|op = 1. The lower-bound can be obtained analogously, and an appropriate choice of cg
completes the proof. O

From this, we can now prove Lemma|[D.7] restated below for convenience:

Lemma D.2. Let Ay =y, — yg. With probability at least (1 — 5/(nk)), we have each of

zl—AflAy < ﬂ(E[zgya] — E[zTyg} ) + q@(iiv/ny/In(nk) + A, - n/\ﬁ) (97)
2o A7 Ay > i(E[z) ya] — Elzqys)) — a(iv/ny/In(nk) + A, -n/VE), (98)

for some constant qg

Proof. We have

2h A7 (Yo — ¥5) = 24 (L, + Adiny) (Yo — ¥5) (163)
= iz} (Yo — ¥5) + 24 Adino(y a—Yﬁ) (164)
= 17 (Yo — ¥5) + 20 Adiny (v — y8"). (165)
We again simply bound

< HAAinv”oPHZa”?HAZJ”Q (167)
< Aulzallz[Ayl2 (168)
VA +on /(1 + 5 (169)

n
=A,(1+6)V2—, 170

n 2
with probability (1 — 2e~18" e~ - ), using chi-squared bounds for z,, (Lemma i and Chernoff
bounds for Ay (Proposition[D.T].

With probability (1 — 2e~ 0" _ 26_2%2), we get each of

2ZZA (o — y5) < 128 (ya — y5) + Au(1 +6>ﬂ% 171)
ZgA_l(ya - yﬁ) Z ﬂZZ(Ya - Yﬂ) - A;L(l + 5)\/5% (172)

By applying Propositionon the relevant terms, setting § to be an arbitrary value in (0, 1), and
choosing an appropriate constant cg, we obtain with probability (1 — 5/(nk)) each of

z2Z A7 (yo — y5) < 1(Elzlya] — Elzlys]) + aa(in/ny/In(nk) + A,n/VE) (173)
z2Z A7 (ya — yp) > B(E[zlya] — Elzlys]) — q(fiv/ny/In(nk) + A,n/VE). (174)

271,8

The probability comes from the union bound (1 — 260" _ 2e~

—4/(nk)) > 1—5/(nk) (for
sufficiently large n). O
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D.3  Proof of Corollary[D.2.1]
We claim the following bound:

Proposition D.5. Bounds on E[z/y.].

1 n T n
RN < < LY
— & lnkj_E[zaya}_\/i A Ink

Proof.
Ela] vl = Elay3"] - Efz] 11]
= E[zoy?']
= n (Elzaiyaslyas = P = 1) + Elza,ylslyas = 01P(yas = 0))
= 2Elzalyll = 11
So the desired bound follows from the bounds in Lemmal[C3l

We can obtain a similar bound for when 3 # «:

Proposition D.6. Bounds on E[ZTyB].

1 n 1
_ff VInk < Elz] S -Vink
[z, y5] < B oA -

Proof. Observe that,

o 1
Elz,ys] = Elzay5"] — Elzs 1]

= E[za,zyg’fz]

= n (Elza,985|v5 = UP(ygh = 1) + Elza,8 |y = 01P(yg = 1))
n (o}
= Bl iy = 1]
Now, observe that
E[za,i O},L‘ = Z E[za z|yﬁ i ]PI‘ Yp,i = =1 | y - 0)
B#a
1 (o}
=7 D Elzailygl = 1]
B
= Elza,ilyg; = 1]

for a particular 3, by symmetry over the possible 3.

Next we bound E[z, ;|5 = 0] as follows:

E[Zaz|y(oyhz = HP(yghz = 1)
+ Elzaalyll = 01P(y%s = 0) = Elza,] = 0
= Bl =00 = Bl = 11
— Elzailygls = 0] = ~Elza b = 1
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Thus, substituting in the results from Lemma[C.3] and plugging back into (I86)), we obtain

n 1 1 n 1
V2. = —— VInk <E[z] < — C— -VInk 193
V2o g Ty ik <Elziysl < Vo2 k k—1 VM (193)
the desired result. O

We can now prove Corollary which we restate below for convenience:

Corollary D.2.1. Let Ay =y, — yg. With probability at least (1 — 5/(nk)), we have,
z] A~ 1Ay>qm]u VIn(k) — ag(in/ny/In(nk) + A, - n/Vk), (99)

Sfor some constant qrgy

Proof. This follows by substituting the lower bound from (I73)) in Proposition [D.5]and the upper
bound from in Proposition [D.6into (98) from Lemma[D.2] making an appropriate choice for
C10- O

E Misclassification Events: Proof of Lemmas used in Theorem [5.1]

With the previous section’s utility bounds that allow us to deal with multiclass training data in hand,
we are in a position to establish all the lemmas that we need to analyze misclassification.

E.1 Proof of Lemma[B.2; Lower bound on ming(X, — X3)

With these bounds in hand, we can look at each misclassification event in turn. The first event to
consider is if the best competing feature is unusually close to the true (maximum) feature.

Lemma B.2. (Lower bound on the closest feature margin as k — co0): For any constant € > 0,
there exists a constant 6 such that, for sufficiently large k with probability at least (1 — €),

0
- — > —. 45
gauin (Ttest[a] — Trest[B]) = k) (45)
Here, o is fixed and corresponds to the index of the true class — i.e. o corresponds to the index of the
maximum feature among the first k features.

Proof. The following result from [34] whose proof we reproduce here{ﬂ enables us to bound the
closest feature margin as:

Pr(mﬁin(azt%t[ o] — zrest|B]) > 0/4/2In(k)) > qrme?, (194)

for some universal positive constant ¢11, for sufficiently large k. Thus, by selecting a constant 6 such
that qrge ~? = 1 — £ and choosing a sufficiently large k, we have that with probability (1 — ¢):

mﬂin(mtest[a} — Teest[]) = 0/V2Ink. (195)

The proof [34] is reproduced below, with slight adaptations to match our use-case: Let 3 be the index
of the largest competing feature to .5 [?]. Then, their joint PDF becomes

f(xtest[ﬁL xtest[a]) = k(k - 1)F(xtest[6])k_2f(‘rtest[6])f(xtest[a])l(xtest[ﬁ] < xtest[aD~

(196)
where F' and f are the CDF and PDF of the standard Gaussian. Let
SNG len(k) ' oD
Thus,
Pr (2est[a] — @test[B] > x) = k(k — 1)J, (198)

"We do this for the convenience of the reviewers since the source we are citing is a URL online. We believe
that this is in the spirit of fair use.
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where J is defined as

/ / F(w) =2 f(w) f (v 4 w) dv dw (199)
:/_Oo W2 f(w (/ F(o +w)d )dw (200)
~ [ P - P ) du. @01)

Substituting u = F'(w), we have that

1
J= / uF72(1 = F(z + F~1(u))) du (202)
0
1—In(k)?/k 1—1/(k1n(k))
:/ uk*Q(l—F(m—i—F*l(u)))du—F/ uF72(1 = F(z + F~ Y (u))) du
0 1—-In(k)2/k
1
- / P21 — F(z 4+ FY(u))) du, (203)
1-1/(kIn(k))

splitting [0, 1] into three intervals, and integrating separately over each one. Let the three integrals be
Jl, JQ, and J3.

We have that
1-In(k)?/k
Ji = / uF2(1 = F(z + F~'(u))) du 209
0
1-In(k)2/k
= / u =% du o
0
< (1 —In(k)?/ k)2 o
k—2
< exp <_k ln(k:)2> (207)
1
» <M> | (208)
Similarly,
1
Iy = / uF (1= F(z + F ' (u)) du @)
1/(kIn(k))
1
[ - P ) 1o
1/(k1n(k))
1
< / uk72(1—u) du (211)
1-1/(kIn(k))
< /1 w2 du (212)
~ kIn(k) Jio1/(k (k)
—0o 12> . (213)
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Finally, in the intermediate interval u € [1 — In(k)?/k,1 — 1/(k1In(k))], as k — oo, we see that
u> (1—1In(k)?/k) — 1,2 — 0,and F~!(u) — oo, so for sufficiently large k,

flz+F~ (u)

-1 ~
LRl T ) s e 214)
F—l
S =0 o
-1
~ (1 - F(F u))e '@ @17
~ (1 —u)e ™F W), (218)

applying the well-known approximation for the Gaussian CCDF 1 — F(w) = f(w)/w for large w
(for example, see Eqn. 8.2.38 from Gallager [27]), and substituting in the Gaussian PDF.

Further, since F'~!(u) — oo, we have that

1— F(F ' (u)) ~ f(FF_ll(SS)) (219)

e~ (FH(w)?/2
= 1—ue T Ve (220)
~ o= (F7H(w)?/(240(1)) (221)
= F~Yu) ~ /—2In(1 —u) (222)
~ \/2In(k), (223)

where the last step follows from the bounds on u in the intermediate interval.

Substituting the bounds from (218) and (223)) into the expression for .J2, and applying the definition
of z from (197), we have,

1-1/(k1In(k))
Jo ~ / o w721 — F(z + F~Y(u))) du (224)
1—In(k k
1-1/(k1In(k)) »
~ / . W2 (1 —w)e (W dy (225)
1—In(k k
1—1/(k1In(k))
~ / Uk_2(1 _ u)e—(e/\/an(k))\/an(k) du (226)
1—In(k)2/k
1-1/(k1In(k))
~ / o) uF=2(1 - u)e_e du (227)
1-In(k k
k—1 k—271-1/(kn(k))
~ e f [“ S ] (228)
k=1 k=201 ek
-0
e
~ 229
(k—1)(k—2) (229)

Combining the terms from (208), 213), and (229), and substituting back into (T98), we see that

Pr (2est[a] — test[B] > x) = k(k —1)J (230)
=k(k—1)(J1 + Jo + J3) (231)
e ? 1
~ k(k—1) ((k—l)(k—?) +O</€2)> (232)
~e Y. (233)
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Expressing this as a non-asymptotic lower-bound on the probability, holding for sufficiently large k,
yields the cited result in (194).

O

Lemma B.3. (Lower bound on the closest feature margin when k is constant): If k = cy, for some
fixed constant cy, for any constant € > 0, there exists a constant € > 0 such that

Pr min Ttes — Ttes > ) >1—e 16
(erlswwsck test[B] = Trest | ) (46)

Thus, with probability at least (1 — ¢),

min  (Tgese[a] — > £ 47
ﬁ:lgﬁyﬁagk( test[ ] test[ﬁ]) - ( )
Here, a is fixed and corresponds to the index of the true class — i.e. o corresponds to the index of the
maximum feature among the first k features.

Proof. Observe that,

min = (Test || — Ties >  min Ties — Ttes . 234
1gﬁ¢agck( test[] — Trest[B]) 1S#%C“ test[B] — Trest V]| (234)
In other words, rather than bounding the margin between the largest and second-largest features, we
will lower-bound the absolute difference between any pair of features.

Consider a particular (3, 7) tuple. Observe that 245t [3] — Ztest[Y] ~ N (0, 2), since each feature is
drawn independently from a standard Gaussian. For any € > 0, we can upper-bound

5/

Pr (|xtest[5] - mtesth/” < 5/) < ﬁ (235)
by taking the product of the maximum value of the Gaussian pdf and the width, 2¢’, of the region we
are interested in. Taking the union bound across all (3, v) tuples, we find that

2/
CLE

e

Pr ( min_ [Zest[B] — Teest[7]] < 6’) < (236)

1<B#v<ck

So for any given & > 0, we can choose ¢’ = e/7/ ci, and have that

: . estlB] ~ Treald]l 2 €") 21 —e. 237
r<1</§3élwn<c;c|xt tlf] -z ’fME) € (237)

Mo pla]

E.2 Lower bound on ——2——
maxg CNy g

Next, we will find a lower bound for survival-contamination ratio within the regime with low survival
variance.

Lemma B.4. (Lower bound on relative survival of true feature): For any fixed 8 € k], 5 # «, with
Aa = Ag = A we have with probability at least (1 — 5/(nk)),

Nha,slo] 2 A (aii'y /In(k) — agljay/ny/I(ok) + A, - n/VE)) (48)

for universal positive constants qg and qr

Proof. Using Corollary , we lower bound ﬁm sla] with probability at least (1 — 5/(nk)) as

ha sla] = A3 (fala] = fsla]) (238)

=z, Ay, — 2z, Ay, (239)

> qmﬁ%\/ln(k) — q(fiv/ny/In(nk) + A, -n/VE). (240)

Multiplying through by A gives the desired result. O
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From the above result, under the scalings of our bi-level model we obtain:

Corollary B.4.1. Under the bi-level ensemble modell4.2} for any fixed B € [k], B # a, Ao = Ag = A
ift<1/2,t<2(g+r—1)and1 < q+r < (p+ 1)/2, with probability at least (1 — 5/(nk)),

Mo la] > qup' =0 /In(k), (49)

for universal positive constant qry

Proof. Substituting our asymptotic scalings into the results from Lemma[B.4] and using the decay
rate of i < n~P from Corollary (which we can do since 1 < g +r < (p+ 1)/2), we find that

Nha,sla] = 07" (g v/I(k) — aa(in/my/ (k) + A, - n/VE)) (241)
— qun' 0 /IR — qgn/2 0/ In(nk) — age?—29-2rt/2 (242)

> qunmax(lqurft,272q72r7t/2) \/m (243)
_ qmn17q7r—t+max(0»17qfr+t/2) In(k) (244)
> qn' ="/ In(k), (245)
for an appropriately chosen universal constant c;2 and sufficiently large n. O

Next we upper bound maxg CN_g.

Lemma B.5. (Upper bound on contamination): For any fixed B € [k, 5 # «, with probability at
least (1 —7/(nk)),

CNapg < cm(uﬂ- VIn(ndk) + A, - n/\/E)\/Z)\?, (50)

for universal positive constant qg

Proof. For each 8 we have,

CNes = > X2 (hg alh)? (246)
J#{a,B}

For j ¢ {c, 3}, by Lemma|D.1]

[#5.0li]] = [hasli] (247)
= ‘E’ ~ §j‘ (248)
= |z A7 ya — 2] Ay (249)
= |2 A" (ya — v5)| (250)

< q:n(u\/z- In(ndk) + A, - n/Vk), (251)
with probability 1 — 7/(ndk).

So taking the union bound over all d — 2 terms in the expression for the contamination, we can
upper-bound it as

s < iy /IR + 2,/ V)30 (52)

with probability (1 — 7/(nk)), the desired result. O
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Corollary B.5.1. Under the bi-level model[4.2] in the regime 1 < q+r < (p+1)/2, with probability
at least (1 —7/(nk)),

CNa,ﬁ < (1—t—p)/2+max(0,3/2—g—r)+max(0,p/2—qg—7/2) ln(ndk), (51)

for universal positive constant qrg

Proof. Since 1 < g+ r < (p+1)/2, we can apply Corollary to the result from Lemma|[B.3|
and substitute in the known scalings of various terms, to obtain

CNo g < qq(n'/? 1277\ /In(ndk) + @n? P~ ""1/2)(nP~277/2 4 pP/2) (253)

< (1—t—p)/2+max(0,3/2—qg—r)+max(0,p/2—q—7r/2) ln(ndk), (254)

for an appropriately chosen universal positive constant c; 3.
O

E.3 Proof of Lemma Bounds on Survival Variance

Finally, we look at the error event where a competing feature has unusually high survival relative to
the true feature, so it is incorrectly selected.

Lemma B.6. (Upper bound on survival variance): For any fixed competing feature 8 € [k, 8 # «
with Ao, = g, we have with probability at least (1 — 15/(nk)),

~

ha,lo] = h.alB] 2qa(ji/n/In(nk) + Ay -1/ VE) 2)
haplol 7 amiy/In(k) — a(aviy/In(nk) + Ay n/VE)

for universal positive constants qg and qr

Proof. We first consider the numerator of the LHS of (52). By Lemma|D.2] with probability at least
(1 —5/(nk)),

haosla] = A3 2 (fala] = fsla]) (255)
=z A7 ly, — zIA_lyg (256)
< i(E[z ya] — B[zl y5]) + a(iv/ny/In(nk) + A, - n/Vk). (257)

Similarly, with probability at least (1 — 5/(nk)),
hoalB] = 25" (fs18) — falB)) (258)
=z2;A ys—2;A7y, (259)
> [(Elzjys) — Elzya]) — a(ivny/In(nk) + A, - n/VE). (260)

By symmetry,

Elz3ys] = E[zyal (261)
Elzjya] = Elz,ys). (262)

Thus with probability at least (1 — 10/(nk)),
haplo] = p.alB) < 2an(iiv/ny/I(nk) + A, -n/VE). (263)

Using Corollary [D.21]to lower-bound the denominator of the LHS of (52)), we obtain with probability
atleast (1 — 15/(nk))

o~

haplo] = hsalB) _ 2aa(piy/my/ (k) + A 0 /VE)
hasle] " amiy/n(k) — ap(aviny/In(nk) + Ay n/ V)

O
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We can apply Corollary [C.1.1|to simplify our results from Lemma B.6]in the asymptotic regime for
the bi-level model.

Corollary B.6.1. Under the bi-level ensemble model{.2} for any fixed 3 € [k], B # a, ift < 1/2,
t<2(g+r—1),and1l < q+r < (p+ 1)/2 with probability at least (1 — 15/(nk)),

ha,ﬂ[g‘] - hﬁ,a[ﬂ] < nfu, (53)
ha,slo]

for large enough n for some fixed u > 0.

Proof. Substituting, using Corollary|C.1.1} in the regime where 1 < g+ r < (p+1)/2and ¢t < 1/2,
we find that

hasla] = hs.alB] _ 2qg(n'/?~7/In(nk) + @n* P~ 1/?) 265)
hopla]  amt P y/I(k) — a@n'/2 P /I(nk) + g ro 42
- @ n1/2 qn(nk’) _|_Cmn2—q—r—t/2 (266)
S (/i) + (@ /et
n'/2,/In(nk) + n?-9-7=t/2
<am S (267)
< max(t—1/2,t/24+1—q—r) ln(nk), (268)

for sufficiently large n and an appropriate choice of positive constant ¢14. Thus, if max(t—1/2,¢/2+
1 — g —r) <0, our quantity of interest tends to zero at a polynomial rate as n — oo, completing the
proof. O

F Conjectured Looseness of Bound

In (T53) in the proof of Lemma we upper bound z;rAAim,Ay using the Cauchy-Schwarz
inequality as

2] A, Ayl < [|25]|2]| A Ainy Ayl (269)
< A Ainollopllzsll2 | Ayll2 (270)
< Aullzjl2l| Ayl @271)

This results in a high-probability bound of the order A, n/ Vk. Essentially this bound fears that
A Ay, can, in worst case, align z; and Ay to be in the same direction. However, since there is only a
weak dependence between A A, and z; and Ay this bound is likely overly cautious. We conjecture
that this bound is loose by a factor v/n. Why do we conjecture this? If we ignored the dependency
of AA;n, on z; and Ay and blindly applied the Hanson-Wright inequality (with the M matrix
introduced as in Appendix [D.I.1]to leverage the fact that Ay is mostly zeros) then we would obtain a

high-probability upper bound of the form A, +/n/k (ignoring the logarithmic factors).

Assuming this tighter conjectured bound holds and similarly assuming an analogously tighter bound
for |z, AA;n, Ayl in Appendix and following through with the rest of our analysis, we obtain
the conjectured sufficient conditions Tor good generalization as in Equation (23) from Conjecture [6.1]
for the regime ¢ + r > 1.

It turns out that whenever the survival/contamination ratio grows at a polynomial rate n” for v > 0
then the survival variation term also shrinks at a polynomial rate n~* for « > 0. Thus ensuring the
survival/contamination ratio is large enough (i.e. the number of classes is not too large relative to the
level of favoring of potentially true features) is key to obtaining good generalization.

Although we focus on the regime ¢ + r > 1 in our work, our proof technique is also applicable to
the regime ¢ 4+ r < 1, i.e where regression works and by grinding through the math for this setting
we should be able to get sufficient conditions for good generalization here as well. The survival in
the multi-class setting in the regime ¢ + r < 1 will scale roughly as 1/k due to the fewer positive
training examples per class instead of behaving like the constant y/2/7 as was the case for binary
classification (Lemma 32, [56[]). Moreover, Lemma 34 from Muthukumar et al. [[56] shows that for
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the binary classification setting the contamination scales as n~ ™(P~1.1-7)/2 when g + < 1. In

the multiclass setting the contamination will be lower by a factor of v/k and substituting this in our
error analysis we obtain Conjecture[6.1] for the regime ¢ + r < 1.

Finally, we believe that we can adapt our analysis from the Proof of Theorem [5.1]in Appendix [B]to
write a set of sufficient conditions for poor generalization. The primary condition for this would be
for the relevant survival/contamination ratio to go to zero. We conjecture that computing conditions
on p, q, 7, t under which this occurs results in the converse result in the form of sufficient conditions
for poor generalization present in Conjecture[6.1] Intuitively, if the survival/contamination ratio goes
to zero, then the contamination can with significant probability flip the sign of a comparison involving
the score that should be winning — this parallels the way that the converse is proved in Muthukumar
et al. [56] for binary classification.

G Scaling parameters with the number of positive training examples per
class

From our results in Figure [2] we observed that as the number of classes k increases (i.e. larger values
of t), the region where multiclass classification generalizes well shrinks. A justification for this is
when the number of classes k increases while the number of training points n stays constant, we have
fewer positive training examples from each class, and this makes the task harder.

To see if the reduced number of positive training examples is indeed the dominant effect, we can
explore what happens if we increase the number of total training points to compensate for this effect?
Instead of scaling all parameters with the total number of training points, what happens if we scale
them with the number of positive training examples per class?

Let N = n® be the new number of training points for some b > 1, while rest of the parameters in the
bi-level model scale as before. We have,

N=n’ (272)
d—nP — NP/b (273)
s=n"=N"/" (274)
a=n"9=N"9b (275)
k=cgnt=c, NP, (276)

We can interpret this as our standard setup, albeit parameterized by N, rather than n. To keep the
model well-defined we require the following:

* b < p, to ensure we are still overparameterized;

* r < b, to ensure the number of favored features does not exceed the total number of training
points;

* g < p — rto ensure we are actually favoring the first s features.

For this setup, Theorem [5.1]states that the probability of misclassification tends to zero if

t . (T TP q T\ p 2¢g r
4 LN < 172(7 7)’772’7 L 277
b<mm<b b b F ey T Ty > @77)
q
= - > 1. 278
» o (278)
Rearranging, we obtain the condition
t <min(r,b—r,p+b—2(q+7),p—2b,2q + 1 — 2b) (279)
qg+r>b. (280)
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To hold the number of training samples per class fixed we can set b = ¢+ 1, so the ratio N/k becomes
constant. Doing so, we obtain the following sufficient conditions for good generalization:

t < min <r,p2,2(”rz> (281)
3 3

0<1l—r (282)

O<p+1-2q+r) (283)

t<q+r—1. (284)

Additionally for the model to be well defined we require ¢ < p — 1. (The other conditions r < ¢ 41
and ¢ < p — r for model to be well defined are automatically satisfied if the above conditions for
good generalization are satisfied).

If we assume Conjecture[6.1]then a set of sufficient conditions for good generalization is:

0<p+1-2q+r) (285)
r<1 (286)
t<r (287)
t<p—1. (288)

The first two conditions must be satisfied for binary classification problem to generalize well and
thus for multi-class classification to succeed in this setting we need to ensure binary classification
succeeds. The condition ¢ < r arises because if we don’t favor the features used in the comparison
while assigning class labels then we have no hope of succeeding in overparameterized settings. The
condition ¢ < p — 1 ensures that the problem is overparameterized. If any of these conditions is not
met then the probability of classification error will tend to 1.

Figure ] visualizes the conjectured regimes for this alternative setup where the number of positive
training examples per class is held fixed as we vary the number of classes for fixed values of p and
q. In the white region, our model is not well defined. Note that in subfigure (a), the limiting factor
to the model being well defined is the inequality 7 < 1 + ¢ (we must have more training examples
than favored features) while in subfigure (b), the limiting factor for the model being well defined in
the right-hand boundary is the inequality » < p — ¢ (we must put a larger weight on the features we
favor as compared to those that we do not favor). In subfigure(b) we see that the top boundary for
the model being well defined is the inequality ¢ < p — 1 which is necessary for the problem to be
overparameterized and support the existence of interpolating solutions. Further, the right-hand bound
for good generalization in subfigure (a) corresponds to the inequality » < 1 while in subfigure (b) it
corresponds to p + 1 > 2(q + 7). The left-hand boundary for good generalization in both figures
is the inequality ¢ < r, which reflects the fact that for MNI-based classification to succeed, all the
features defining the classes must be favored.

It is interesting to note that when we add more training points so as to increase the number of
positive examples, we are effectively decreasing the level of overparameterization in the problem.
We know from Nakkiran [58]] that adding training data in a way that reduces overparameterization
can sometimes make performance worse instead of better. However, in the deeply overparameterized
setting of the bi-level models explored here, this effect is counteracted by the survival benefits of
having more positive examples — in effect, reducing the overall level of overparameterization reduces
the shrinkage induced by the regularizing effect of overparameterization. This reduction in shrinkage
compensates for the % hit to survival induced by the larger number of classes.

H Additional related work

H.1 Comparisons to Wang et al. [77]

Recent work [[77] provides an analysis of the generalization error of the minimum-norm interpolation
of one-hot labels for multiclass classification with Gaussian features. Using the bi-level model, the
authors present parameter regimes where multiclass classification error goes to zero asymptotically.
While our work has many similarities in terms of model and problem setting, there are some key
differences.

The first key difference is in how the training data is generated. In this paper, we assume the true
label of a point is generated based on which of the first £ dimensions is the largest, while Wang et al.
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Figure 4: Visualization of the conjectured bi-level classification regimes when we scale everything
with the number of positive training examples per class, instead of with the total number of training
points.

[77] consider a Gaussian mixture model and a multinomial logistic model where the true labels have
some randomness even conditioned on the first £ dimensions. Like us, however, they also consider
the case of orthogonal classes.

Second, we consider the asymptotic case where the number of classes, k scales with the number
of training points as k = cn! for some positive integer ¢ and non-negative real t. The work in
Wang et al. [77] considers only the finite classes setting i.e. ¢ = 0 in our model. The error analysis
technique employed by us here in the form of a typicality-style argument featuring the feature margin
(difference between the largest and second largest feature) is much tighter than the method employed
in Wang et al. [77] and allows us to compute regimes where multiclass classification succeeds even
when ¢ > 0. A straight substitution into the analysis from Wang et al. [77] does not work since that
analysis is too loose for this setting. Furthermore, in our expressions for survival and contamination
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(Lemmas and|B.5)) we compute an exact dependence on k@ The expressions from Wang et al.
[77] don’t compute this exact dependence because it is not required for their purposes. By using our
novel analysis technique we are able to elucidate the challenges posed by fewer positive training
examples per class in the multiclass setting and provide sufficient conditions for generalization when
number of classes scales with the number of training points.

An equivalence between the solution obtained by minimum-£5-norm interpolation on the adjusted
zero-mean one-hot encoded labels that we perform in our approach (Equation (9)) and the solution
obtained by other training methods has been established in [77]. In particular the minimum-norm
interpolating solution is typically identical to the solution obtained via one-vs-all SVM and multi-
class SVM (and thus gradient descent on cross-entropy loss due to its implicit bias [36 68]], under
sufficient overparameterization. From Wang et al. [77/]], the sufficient conditions for the equivalence
of solutions are,

Z?:l >‘j

S > C1k*nln(kn), (289)
1
A2
(E%Z;LS?)>>C§On(kn)+-n% (290)
j=1"3

where C7, Cs are positive constants. Under our bi-level model (Definition [4.2)) these conditions
translate to:

qg+r>2t+1, (291)
2p — max(2p — 2q — r,p) > 1. (292)
This can be succinctly expressed as,
-1
o<t<2i%—< (293)

Weight scaling g=0.75, Number of features scaling p=2.3
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Figure 5: Visualization of regime where SVM solution is identical to MNI solution.

In Figure[5|we plot our provable as well as conjectured regimes alongside the regime where minimum-
norm interpolation leads to same solution as other training methods. Notice the overlap. Thus our
analysis is not limited only to the minimum-norm interpolator but holds for other training methods
when the problem is sufficiently overparameterized. In this sense, the results in Wang et al. [77] and
the present paper should be read together to tell a more full story of overparameterized multiclass
classification.

18In particular, our analysis here brings out the fact that multiclass training data becomes less informative

per training sample as the number of classes increases. This results in a % scaling term in survival and a ﬁ

scaling in contamination. It is this effect that makes it possible in some regimes for the contamination from other
favored features to dominate — whereas in the case of binary classification, it is always the contamination from
unfavored features that dominates.
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H.2 Comparisons to Muthukumar et al. [56]

The work in Muthukumar et al. [S6] provides an analysis of the binary classification and regression
problem with Gaussian features in the overparameterized regime and shows that binary classification
is easier than regression by proving the existence of a regime in a bi-level model where binary
classification generalizes well but regression does not. In this work we use a similar bi-level model
and the signal-processing inspired concepts of survival and contamination in our proofs but the nature
of the training data in the multiclass classification problem is the key challenge and complicates our
analysis considerably. Since the true class labels are generated by comparing & features, we no longer
have independence of the class label y with any of these features. This is relevant when we compute
bounds on the the term 2z, A~ (y, —ys) an integral part of our survival quantity (Equations (97),([8)
from Lemma[D.2), since the Hanson-Wright inequality is no longer applicable directly as was the
case for the binary classification problem in prior work (Appendix D.3.1 of Muthukumar et al. [S6]).
Working through these challenges, we prove that the multiclass problem is fundamentally different
from (and harder than) than the binary problem due to the effect of fewer informative samples
(positive training examples) per class. In particular we show via dominant terms from Lemmas
andthat, as we increase the number of classes k, survival shrinks as 1/k while contamination

shrinks only as 1/+/k. Thus the survival/contamination ratio which plays a key role in the expression

for classification error decreases as 1/ vk in the multiclass setting as we increase k. Thus, for good
generalization we need to ensure number of classes is not too large in addition to having sufficient
favoring of true features.

I Experimental results

Theorem [5.1]is proved rigorously and so we know that the asymptotic result is true. Underlying the
result is the analysis of survival (how strongly is the true feature underlying this class represented
in the learned score) and contamination (what is the standard deviation of the contamination in
predictions that comes from learning nonzero coefficients to features that have nothing to do with
this class). Multiclass classification asymptotically succeeds when the survival dominates the
contamination.

In Fig.[6] we plot experimental results using the bi-level ensemble model (Definition[4.2)) for a setting
where regression does not work but multiclass classification is conjectured to work. We plot quantities
from Equation (22) in our error analysis. From subfigures (a),(b) and (c) we observe that while
both survival and contamination are decreasing as we increase n, the survival/contamination ratio
increases. The survival/contamination ratio growing with n is important for correct classification.
The trend is very clear from the experimental results and indicates that continuing to grow n (together
with the number of classes k, the number of features d, the number of favored features s, and the
level of favoring as per our bi-level idealized model) would result in ever improving performance.
Furthermore, we see that the empirical slope of these quantities on a log-log plot (and thus the
power-law scaling of these quantities with respect to n) agree with the theoretical slopes calculated
based on our conjecture.

Subfigure (d) plots the binary classification error when only trying to distinguish between the true
class and one other particular class. (In this experiment, the true class was determined by feature
1. We calculate the binary error as the probability of misclassifiying a point from class 1 as belong
to class 2 when we only compare the scores for class 1 and class 2.) We see that this error clearly
decreases as we increase n. One way of thinking about successful multiclass classification is that
the true class must win such pairwise competitions against all competing classes. Finally, subfigure
(e) plots the total multiclass misclassification error overlaid with the number of classes. Here too
we see a downward trend in classification error as n increases, even though we would have to go to
significantly larger n than our compute could handle to see this error probability drop to very low
values. Notice the integer effects arising from the number of classes k& sometimes not growing with n
that result in small upward spikes in the classification error.

J Comment on empirical eigenstructures of feature matrices

It is well known (for instance Remark 6 from Muthukumar et al. [56] that cites [78]]) that for a spiked
covariance model when the ratio of the top to the bottom eigenvalues grows as {2(d/n) , the top s
eigenvalues can be estimated reliably from samples, even when the number of training samples n is
less than the number of features d. The ratio of the top to the bottom eigenvalue in our bilevel model
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Figure 6: Experimental results using the bi-level ensemble model with p = 1.5,q = 0.55,r =
0.5,t = 0.2. Here, the number of training samples n varies from 300 to 3000 and the number of
classes is computed as k = |3n']| and varies from 9 to 14. We calculated the classification errors
over a batch size of 10000, and ran 10 trials. The plots show the mean plotted with error bars
corresponding to the 10", 90" percentile values. We also plot the theoretical slopes for survival,
contamination and the survival/contamination ratio based on our conjecture and notice that it closely
matches the empirical slope of the quantities when plotted on a log-log scale. Notice that jaggedness
in the plots is often due to integer effects as k grows or does not grow with n.

scales as

ad
T (294)
d—s

and when ¢ +7 < 1, this ratio is larger than d/n = n?~'. Fig.[7|shows empirical results of estimating
the eigenvalues via the singular value decomposition of the training feature matrices. The visual
distinction is quite striking. In the regime ¢ + r > 1, the SVD of the training features matrix (and
thus the empirical covariance matrix’s eigenvalues) does not reveal that there are actually s favored
features in the data. By contrast, in the regime ¢ + r < 1, the SVD clearly shows an eigenvalue gap
that reveals exactly what s is.

Theorem [5.1]shows that when ¢ + r > 1 and there is not enough structure in the feature matrix to
reliably estimate the top eigenvalues of the feature covariance matrix features, multiclass classification
can still succeed for interpolating solutions as long as the number of classes does not increase too fast.
It is because we are in the regime ¢ + r > 1 that new techniques for analysis had to be developed
in this paper, and the gap between the regime where we can prove the results and our conjectured
results points interestingly to where there is a need for even better technique.
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Figure 7: Estimating the eigenvalues of the covariance matrix of features empirically. Here n = 400
and the feature covariance structure follows the bi-level model with parameters p = 1.5, = 0.5.
Thus d = 8001 and s = 21 for both (a) and (b). The difference between (a) and (b) is in the level of
favoring of favored features: with ¢ = 0.15, (a) favors them more than (b) does with ¢ = 0.65. In the
regime where regression works, ¢ + r < 1, we are able to accurately estimate the top s eigenvalues.
In the regime where regression fails, ¢ + r > 1, we are unable to estimate the top s eigenvalues
accurately. The blue curve plots the estimated eigenvalues and the shaded region corresponds to the
10-90 percentile of the estimated values over 20 trials. Note, that there is only very small deviation
across trials.

K A heuristic derivation of the main result

There is a significant amount technical work required in this paper to prove the main results, and
Section[F] provides a conjecture for what the result should be, based on a more detailed look at our
proof and where we suspect looseness. However, it is also possible to derive/conjecture the main result
by another heuristic method in the style of Appendix B of Muthukumar et al. [S5] and Appendix A
of Muthukumar et al. [[56]. At the heart of this heuristic method is an asymptotic linear-algebraic
perspective driven by a few principles:

* When generalized linear models are sufficiently overparameterized, they tend to behave like
the Fourier features model does on one-dimensional regularly spaced training data.

* If the favored features are approximately orthogonal on the training data, we can treat them
as though they were exactly orthogonal on the training data as long as the number of favored
features is sublinear in n, the number of training points.

* In the heavily overparameterized regime, for the bi-level model considered in this paper
as well as in Muthukumar et al. [56] with s favored features, n training points, and d total
features, min-norm-interpolation will behave as though there are % exact aliases among the
unfavored features for each of the favored features.

* Similarly, for this heavily overparameterized bi-level model, min-norm-interpolation will
behave as though the unfavored features also provide another n — s effectively orthogonal
directions on the training data that also have % exact aliases — all of these among the
unfavored features.

* Any nonlinear function of a small group of training features can be viewed as having a linear
part that is essentially captured by its projection onto that group of training features plus
another component which is assumed to behave like "white noise" — equally spread across
the n dimensions (assuming the size of the group is much smaller than n).

* On a test point, the different underlying features behave like uncorrelated random variables
whose means are 0 and whose variances are proportional to the magnitude-squared of their
coefficient times their inherent weighting squared.

These heuristics, together with other standard approximations like 1 + |z| = |z| when |z| > 1
and 1 + |x| ~ 1 when |z| < 1 permit relatively simple calculations to be used together with the
survival/contamination style of analysis to predict when regression and classification type problems
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will succeed. This is done in Appendix B of Muthukumar et al. [56] for binary classification. Here,
it is useful to recap the key insights from that paper in the context of the same bi-level model used
here:

* When the underlying score function that we would like to learn is a linear combination of the
favored features, the survival captures the extent to which that particular linear combination
is present in the learned score. Without loss of generality, because all favored features are
equally favored, it suffices to consider a desired score that is purely one of the favored
features, normalized to have unit variance. In this case, the coefficient learned for that
(normalized) feature represents the survival.

* The contamination captures everything else that is learned — all the learned coefficients of
features other than the true feature — and is measured in terms of the standard deviation of
the predictions due to those (falsely) learned coefficients.

* For learning in a regression problem to asymptotically generalize, the survival must tend to
1 and the contamination must tend to 0. This is because the score function itself must be
learned in a mean-square-error sense.

* For learning in a binary classification problem to asymptotically generalize, all we need to
get right is the sign of the learned score. To get the sign right, it suffices to have the ratio
of survival to contamination go to infinity. This can happen even if both the survival and
contamination tend to 0, as long as they do so at the right rates relative to each other.

K.1 Understanding what we learn from multiclass training data

Using the above heuristics and reusing calculations already done in Appendix A of Muthukumar
et al. [56], we can see how survival and contamination asymptotically behave for multi-class training
data. For class m, we consider the score function we learn by interpolating the zero-mean one-hot
encoding for the n training points as represented by y,,,. Within y,,,, we are going to assume that
there are exactly 7 positive examples for the m-th class, and each of those is represented with a

1-—- % in the appropriate position of y,,,. There are also n — 7 negative examples for the m-th class,
each represented with a f% in the appropriate position.

The total "energy" (norm-squared) in this vector y,, is thus

2
(1) DA

Tl s

Q

>3 3

where the final approximation is due to k asymptotically growing as n! to infinity.

We can understand the process of min-norm interpolation as proceeding in two conceptual steps. First,
this n-dimensional vector y,, is decomposed into the s orthogonal directions represented by the s
favored features and the n — s unfavored synthetic directions according to the heuristic above. For this
step, the level of favoring does not matter. After that, the level of favoring determines precisely how
each of those directions is split across the representative favored feature (if any) and its % unfavored
aliases.

K.1.1 Survival

How much of y,,, ends up going into the direction representing the true favored feature m? Because
of orthogonality, we can simply look at the correlation between y,,, and a normalized vector in the
direction of z,,,. We can approximate the standard Gaussian in z,, which wins a competition with
k — 1 other iid standard Gaussians as being a constant v/In &, which as compared to the polynomial
scalings relevant here, might as well just be the constant 1. With that, we can consider all the other
entries of z,, as being basically their mean, which by the same logic is essentially ’Tl This gives a

total correlation of
1 n 1 n 1 1 n n
ﬁ(k'(l_k) '1+<n_E) (_k) (_k)> - (E_@) (295)

~
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with a normalized vector H;m T

Notice that if we had done this correlation with z,, itself instead of y,,,, we would have gotten simply
v/n. This shows how multiclass training data immediately reduces the survival by an asymptotic
factor of k relative to noise-free regression training data.

K.1.2 Contamination

To understand contamination, we simply break it down into two sources: the other s — 1 ~ s favored
features and the unfavored features.

Here, we leverage the heuristic that the total 7; energy of the training labels y,, has to be split across
the true feature m, the other k label-defining features that are not the true feature, the other s — k ~ s
favored features, and the unfavored features.

For positive training examples for class m, the other label-defining features have a mean value of
—% since they are not the max. For negative training examples of class m, the mean value for other
label-defining features is essentially zero. The consequence of this (by a calculation exactly analogous

to (296)) is that the projected correlation for these is like — /T\/? which might as well be zero.

How much energy is left in y,,, after we remove the components along the k label-defining directions
that could have any linear relationship to it?

) () EE

k k2 ko k2 k3
n
~ . 298
i (298)
Asymptotically, all the energy is still left. This can now be divided equally across the n — k ~n

orthogonal directions by the heuristic.

This means that a fraction % of this ends up as contamination in the favored features, which is a total
energy of > - 7 = 7.

Meanwhile, there are n — s other directions that are only represented by the unfavored features. This
n n—s . n

n—s —
has total energy *—= - = =

E ke
K.1.3 When does survival dominate contamination?

There are qualitatively two kinds of contamination: coming from favored features and coming from
unfavored features.

For favored features (like the true feature), there is a further split that happens as the min-norm-
interpolation solution splits the coefficients themselves across the favored feature and its effectively
% = nP~! unfavored aliases. Adapting the notation in Appendix A of Muthukumar et al. [56], let’s
say a fraction o goes onto the favored feature itself. Equation (23) in Muthukumar et al. [56] tells us
that

1 ifg<1l—r
ar {n_(q_(l_’")) ifg>1—-7r" (299)

Consequently, the actually survived signal scales as a% while in those same units, the standard

deviation of favored contamination scales as a\/% . From this we immediately see that the o cancel
and the condition for classification working (as far as the favored features are concerned) is that

vn s
e > \/; (300)

k:<<% (301)

which implies

and since k = n' and s = n", this gives us a condition that ¢ < 1 — r for survival to dominate
contamination from favored features.
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This ¢ < 1 — r condition turns out not to care about whether we are in the regime where regression
works (i.e. ¢ < 1 — r) or not.
To understand the impact of contamination due to unfavored features, it is important to recall that all
of that gets split across the % aliases in our heuristic calculation and so the standard deviation of the
. . D o n _ 1—2_ ¢t . .
contamination due to unfavored features scales as /7 - 57 = Ja = Meanwhile, survival
1
behaves as a% =an3~t,

For survival to dominate contamination from unfavored features, we need:

an?t >l 52 (302)
t—(p—1)

a>n" 2 (303)

an™T > nt (304)

Substituting in for the case ¢ < 1 — r from ([299), we immediately see the condition ¢ < p — 1 for
survival to dominate contamination from unfavored features.

For the case ¢ > 1 — 7, the substitution of n~(4=(1=")) for o in (304) gives us:

Ll g (1-n) (305)
t<(p—1)—2(g— (1 —r)). (306)

Notice that at the boundary ¢ = (1 — r), the condition matches the ¢ < p — 1 condition for the
regiong < 1 —r.
Finally, note that our model requires ¢ < 7 so that the features that determine class labels are
themselves favored. Putting all the terms together, we get the condition:

t <min(r,1—r(p—1)—2 -max(0,qg— (1 —71))) (307)
which agrees with the overall conjectured condition in (23).

K.2 Why is this sufficient for multiclass classification

Notice the heuristic derivation above is actually just saying that binary classification will succeed
(i.e. we will typically have the m-th learned score agree in sign with the actual m-th feature for a test
point) in the given regime, assuming we trained with multiclass training data.

But successful generalization for multiclass classification requires more — it requires the true class’s
score to win a competition against the competing classes.

Here, we can simply leverage a quick heuristic calculation involving order statistics. We know that
the max of k i.i.d. random variables will concentrate to a neighborhood of where the Complementary
Cumulative Distribution Function (CCDF) of the underlying random variable reaches % Meanwhile,

the second biggest of those variables will be around where CCDF hits % For a standard Gaussian,
these are basically at v/2 In k and then at \/2(In k£ — In 2). The gap between these is

1
V2Ink —v2Ink —2In2~ ————21In?2 308
N (308)

In?2
- (309)

v2Ink

and so what matters is that the contamination relative to the survival needs to go to zero faster than

1 _ 1 . . . . . . .
NETERRNATYE However, all the scalings here are polynomial in n and so if the contamination is

asymptotically smaller than survival, it is smaller by a factor that is polynomial in n. This will beat
the \/1117 scaling of this gap, resulting in successful multiclass classification.

Notice that we crucially used the Gaussian nature of the underlying feature@ here. If the underlying
features were uniformly distributed on [—1, 1] instead, then the gap between the biggest and second
biggest feature would instead decay polynomially like % In that case, the relative contamination
would have to go to zero fast enough to overcome this, making the conjectured multiclass region
different.

1 Any sufficiently thick tail would do. For example, an exponential or Laplacian feature would also work
here.
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K.3 Comments on the power of the heuristic calculation

The heuristic calculation being done here operated at a level of abstraction for which the fine details
of the model do not matter. The total energy in the y,, just comes from the nature of multiclass
training data where every point is labeled with only one class as its label and we have a balanced
training set. The dominant contamination analysis follows simply from that.

All we need to verify is the survival analysis for alternative models. Here, it is also immediately
clear that the asymptotic survival calculation would work just as well if one used a Gaussian mixture
model with orthogonal class means or a logistic-softmax model with orthogonal classes — like the
models in Wang et al. [77].

In fact, based on this heuristic calculation, we can conjecture that even if the training data were less
informative (e.g. the training label did not actually correspond to the class whose feature had the
true max but instead, just one of the positive feature classes was chosen uniformly at random as
the training label), multiclass classification would still asymptotically succeed in the conjectured
regimes in terms of reliably predicting the class whose feature is biggest. What matters is just that
positive examples of a class show a significant amount of "classiness" on average in their training
features.

Note however that the heuristic calculation here is just that — a heuristic calculation in what some
might call the "physics style." Proving the conjectured region is in fact correct requires us to leverage
the specific details of the models in our proofs.
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