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APPENDIX

A MDPs WITH DELAY: A DEGRADATION EXAMPLE

A.l1 PROOF OF PROPOSITION[3.1]

Without loss of generality, assume p € [0.5, 1]. It is easy to see than in our 2-state MDP, the optimal
policy selects ag if the most likely state of the system is sg, and a; if it is s1. Since p = 0.5, the
most-likely state of the system when observing sg is sg if m is even, and s; if m is odd. The same
logic holds when observing s;. Therefore, if m is even, 7*(sg) = ag,7*(s1) = a;. Otherwise,
m*(s0) = a1, 7*(s1) = ap. Note that re-iterating the rest of the proof with a randomized policy (of
the form 7(als) € (0,1), Va € {ag,a1}, Vs € {so, s1}) yields sub-optimal return. Hence, in this
example it is enough to consider deterministic policies.

The expected reward at time ¢ + m with action 7*(s;) selected at s; is
Rf+m(st) L= ESHm\St [T(St+m, ﬂ—*(st))]
= 7(50, 7 () P(814m = So[s¢) + 7(51, 7 () P(S4m = s1]5¢).

From here on, we inspect the case where s; = s for brevity. By symmetry, identical arguments apply
if s; = s1. If m is even, r(sg, 7*(sg)) = 1 and r(s1,7*(sg)) = 0. If m is odd, (s, 7*(sp)) = 0
and r(s1, 7% (sg)) = 1. Thus, using (2),

2

3)

R, (s0) = P(st1m = solst = so) if miseven,
rem P(st4m = 1|8t = so) if mis odd.

Note that, by construction, the transition probabilities are independent of the actions. Specifically, if
m is even,

m m -

P(strm = solse = 50) = ) (k)p’“(lp)m g “)
k even

since we count the possibilities of an even number of jumps between the two states. Similarly, if m is

odd,

m m B
P(st1m = s1]5t = s0) = Z <k>pk(1—p)m k ®)
k odd
Also note that the same applies for s; = s1, i.e.,
Rf—}—m(SO) = Rzk-&-m(sl) Vta (6)
and that these probabilities are independent of ¢, i.e.,
RY (50) = Riyyi(s0)  VkeN. (7)

Next, we compute the optimal return starting from sg :
" [e0]
Up(80) 1 = E7 Z YV (St T (51))|S1=0 = 50]
t=0

= Ry, (s0) + 7 [P(si=1 = s0) Ry, 11 (50) + B(se=1 = 51)) Ry 1 (s1)]
+ 9% (P(s—2 = s0) R 1 5(50) + P(si—2 = s1))RE,  5(s1)) + ...
= Ry (s0) + 7R, 41(50) (P(81=1 = s0) + P(s¢=1 = 51)))
+ Y2 RE L 5(50) (P(si=2 = 50) + P(s42 = 51))) + ...

1
= ERZ(SOL ®)

where in the second relation we used (6), and in the last relation (7) as well as P(s; = sg) =
1—P(sy =s1) Vit

Plugging (@) and (5) into (3)), together with (7), (8) and (6) gives the optimal return

1 m m\ k ek ) )
= 1- , if mis even,
U:;:,(SO) = ’U;kn(sl) = {17 Zk even (k)p ( p)

m m m— . . 9)
ﬁ Sk oaa (W)PE(L —p)™F,if mis odd.
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This concludes the first part of the proof.

In the second part, we shall now derive a simpler expression for (9) which can then be analyzed to
determine monotonicity w.r.t. m and p. Observe that

(1-2p)" = (-p+1-p)" = i (7:) (—=p) @ —p)m*

k

_ SZAW! _oym—k _ SEAW: _ym—k

= > <k)p (1-p) >, (k)p (1—p)m*.
k even k odd

Since

S (Ma-mrre $ (Do

k even k odd
we have that
— [(m _ 1 m
S (P)ra-pmt - pasa-mm. (10)
k even
 (m _ 1 m
> (P)ta-amt - ga-a-2mm. ar
k odd
Denote a := —(1 — 2p), remember that 0 < a < 1, and let m = 2n (resp. m = 2n + 1) withn e N
when m is even (resp. odd). Then
1 1
3 (14 (1-2p)™) = 3 (1+ (a®)") (12)
and ) )
5 (1=(1=2p)™) = 5 (1 +a(a)"). (13)

Both (12) and (13)) obviously monotonically decrease with n, so the even and odd subsequences are
monotone. Also, since a < 1, (13) < (12)), which gives that the whole sequence itself is monotone in
m. Lastly, as p increases a increases. This obviously causes both (12) and (13)) to increase as well.

B THE STANDARD APPROACH: AUGMENTATION

B.1 THE AUGMENTED MDP

Let the augmented state space X, := S x A™. Then, z; := (s;,a; ', -+ ,a; ™) € X,, is an
extended state, where a; * is the i-th pending action at time ¢. It means that in the following step,
t + 1, action a; " will be executed independently of the present action selection. Accordingly, a new
transition function for X', is induced by the original transition matrix P and m-step delay. More
explicitly, for (z,a,z’) € X, x A x X,,, we have

P(e{a'lefz,e), 1x) ifeja’ =aande) 2/ =e]zVie[2:m],

F(a = 14
(@], 0) {0 otherwise, 14

where ¢; € {0,1}™"1 is the elementary vector with 1 only in its i-th coordinate Similarly, the
reward function on the augmented state-space is:

g(xz,a) = r(eirx,ejnﬂx). (15)

Note that g does not depend on the newly decided action a € A, but rather on the first and last
coordinates of the current state « € X,,. This leads us to the following definition.

3Throughout this work, we assume without loss of generality that s € S is a scalar, to simplify notation of
inner products with e;. This assumption is non-limiting since any multi-dimensional state space can be easily
transformed to single-dimensional via enumeration as it is finite.
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B.2 mA-PI ALGORITHM

Let the set of greedy policies w.r.t. v € RI*ml: G(v) := {7 € I, : T™v = Tw}.

Algorithm 1 mA-PI

1: Initialize: 7y € II,,,,k = 0

2: while 7y, is changing do

i v v -

4:  Tp41 < any element of G(vg)
50 kek+1

6: Return: 7y, vy

B.3 CONVERGENCE OF mA-PI

Convergence of mA-PI directly follows from the improvement property of greedy policies, which we
prove below.

Proposition (mA Evaluation and Improvement). (i) For any v € X, and 7 € 1I,,, the augmented
value function v™ satisfies the Bellman recursion v™ (x) = T™v™ (x).

(ii) The optimal augmented value T* is the unique fixed point of T. Furthermore, if T is preserving,
. _ 7 T — _ . . _ _ =%
i.e., T € argmaxy {g™ + yF™0*}, then ©* is optimal and thus, v* = o™ .

Proof. Using standard Bellman recursion on the augmented MDP, we can write

v () = E7 [Z Vg, ar)leo = x]

t=0

0
=E7 lg(mo, ap) + Z v g(zt,at)|mo = x}

t=1

[ee]
= g(efz, €;+11‘) +9E” lZ Vg1, arr)lwo = x}
t=0
= g(efz, e} 17) + 7 Z #(alr)F (2|2, a)v™ (2)
(z',0)eX, x A
=T"" ()
which ends the proof of Claim (i).

Note that by definition of g and F' as in Equations and respectively, the sum can be
reformulated as follows:

VT (2) = r(ef @, e 7) + 7 >, w(alz)P(efa’le] z, ey 1 2)07 (2')
(z',a)EX m x A:
e;rJrlz’:e;rm for ie[2:m];

T,/
€y T =a

=r(e]x, e 17) + 7 Z 7(al|z)P(s'|e] z, ey, 12)07 (8 a,e0 2, -+ e @)
(s',a)eS x A

Claim (ii) relies on classical theory of discounted MDPs, applied to the augmented MDP (Puterman)
2014). O

B.4 PROOF OF THEOREM [4.]]

First, we give a general lower bound to the classic PI algorithm by Howard (Howard, [1960) for
non-delayed MDPs, that immediately confirms the exponential complexity of mA-PI.

Proposition (Lower Bound for Howard’s PI). The number of iterations required for Howard’s PI to
converge in standard MDP (S, A, P,r,~) is Q(| S ).
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Figure 11: MDP example: the transitions are deterministic and the rewards are 0 everywhere except
for r(sp,u) =1— 1.

Proof. To prove the lower bound, we construct an example infinite-horizon MDP in which Howard’s
PI updates exactly one state at each iteration, and the number of updates is | S| — 1.

The example MDP is given in Fig. It contains a row of n + 1 states (sg, S1, - . ., Sn), and a single
absorbing state s, 41. The transitions are deterministic. From each state except for s,, 1 there are
two actions, u and d, which respectively lead to the next state in the sequence or to s, 4. The last
state in the row, s,,, leads to itself or s,, 1 by respectively taking actions u or d. Any action leads
Sn+1 to itself. The rewards are 0 everywhere except for (s, u) := 1 — ~. We denote by (v, 741)
the value-policy pair at iteration ¢ of Howard’s PI. We shall now describe the convergence process to
the optimal policy, which is obviously 7*(s) = u Vs € S\{sn+1}-
Initialization: Set mo(s) = d Vs € S\{sn+1}-
Iteration 0: Clearly, vy = 0. Then, for all s € S\{sn,Sn+1}, m1(s) = argmax,{r(s,a) +
yvo(s')} = argmax,{0,0} = d El Also, 71 (s,) = usince 1 — v > 0.
Iterationt (t = 1,...,n): We have

ve(s;) =0 forie{0,...,n—t}
and

v(s;) =" T —L = 4" forie {n—t+1,...,n}.

The policy output is thus
7Tt+1(8i) =d forie {0,...n—t— ].}

and
mir1(s;) =u forie {n—t,...n}.

To summarize, at each iteration a single state updates its action to the optimal one such that at
iteration ¢, the policy stabilizes on 7(s) = u forall s € {s,,_, ..., s, }. Therefore, the total number
of iterations until convergenceisn + 1= |S|— 1.

O

The exponential complexity of mA-PI follows, as stated in Thm. [4.T]that we recall below:

Proposition (Lower Bound for mA-PI). The number of iterations required for mA-PI to converge in
m-EDMDP M., is Q(| X |) = Q( S || A|™).

“The policy improvement step needs to choose between two actions that both yield values 0. Without loss of
generality, in such case, it simply chooses according to the lowest index, giving d here.
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B.5 PROOF OF THEOREM [4.2]

Theorem (mA-PI Convergence). The mA-PI algorithm as given in Alg[I converges to the optimal
value-policy pair (0%, 7*) in at most

[SILA™ (1Al = 1) {log (i)l ‘o (1—17)}

Proof. The proof proceeds in three steps which follow the same lines as in (Scherrer et al., 2016)
except that here, we adapt that method to the augmented MDP M,,, with its corresponding Bellman
operators 7™ and T instead. For completeness, we recall these three steps whose proofs can be found
in (Scherrer et al.,[2016).

iterations.

Given policy 7; output at iteration ¢, define the advantage of 7’ w.r.t. 7 as:

=/ =/ —
az =T"v" ="
and the maximal advantage w.r.t. 7 as
_ - o _
a7 = max ar = max 1" v" —ov" =Tv" —o".
'€l w'€ell,

T

Step 1 (Scherrer et al.| |2016)[Lemma 10]. For all augmented policies 7, 7" € ,., VT — T =
(I —yF™)~'aT = (I —yF™)~'(—dL,), with I being the identity matrix in Rl ¥m I Al

Step 2 (Scherrer et al.,|2016)[Lemma 2]. Define as v* = v™" the optimal value function of the
augmented MDP M,,, as defined in Def. 4.1 Then, the sequence (||o* — v™||5);>0 built by the
mA-PI algorithm as given in Alg[T]is a y-contraction w.r.t. the max-norm.

Step 3 (Scherrer et al., 2016)[Section 7]. Let zg € X, be such that —aZ4 (z¢) = [|aZ% /s Then,
for all ¢t > 0 we have
t t

QAT g .
— llazi o = 7 {0z (20))-

—aZk(20) < [laZilleo <

1 1
From there it results that 7;(x¢) must be different from 7o (xz¢) whenever % < 1, that is, for all
iterations |

1/(1 —
. [ oz(1/( M .

log(1/7)
Therefore, one sub-optimal action is eliminated in favor of a better one within ¢* iterations. There are
at most | X', |(|A| — 1) of them, which ends the proof. O

C EXECUTION-DELAY MDP: A NEW FORMULATION

Let y be the initial state distribution. Then policy 7 € IT'R induces a probability measure on
(©,B()) denoted by P77, and defined through the following:

7. (50 = s0) = p(s0); (16)
Pr(a: = alhy = hy) = 6a,(a), ¥t <m; (17)
P (G = alhi—m = htem) = Qa, ,o(he (@), VE=my (18)
Pr (St41 = S|}~Lt = (hi—1,at-1,8t),ar = ay) = P(s]s¢, ar). (19)

C.1 PROOF OF PROPOSITION[5.1]

Proof. We first state the following, which holds by definition of conditional probability. For all
measurable sets Ay, --- , A, € B(£2), we have

n—1
P (nisiAi) = <H P (Al N Aj)) P (An). (20)

i=1

16
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Applying ton = 2t + 1 on the following events:

Agii1 := {80 = so}

Agt = {ELO = ao}
Ay = {ar—1 = ap—1}
Ay = {5, = 54},

we obtain that
o~ - - -
]Pm(so = 80,a0 = QQ, " ,0t—1 = Gt—1,St = St)

t—1
= P7(80 = s0) | [ P(@i = ailso = s0,d0 = ag, -+ , & = 8)Pp,(8i41 = sis1l80 = s0,d0 = a0, -+ , @ = a;)
i=0
=1 ) )
= P, (30 = s0) [ [P (@i = ailhi = hi) P, (Si41 = sipalhs = (hi1,ai1, 8:), 6 = a;)
i=0
If t < m, then 0 <4 < m and by Egs. (16)), (17) and (19),
=1
PT. (80 = 80,80 = Gg, -+ ,Ap—1 = G4—1,5; = S¢) = ji(50) (H 6di(ai)P<5i+1|5i;ai>> .
i=0

Otherwise, by Eq. (I8),

an(go = 8076’0 = ap, - aa/t—]. = at—lagt = St)
m—1
= P7.(50 = s0) Pr.(a; = ai|hi = hi)Pp, (Siv1 = Sit1|hi = (hiz1,ai-1,8:), 4 = a;)
=0
i1 ) i
P7 (ar = ar|h = he)PT, (5kq1 = skq1|he = (he—1,ar—1, 5), Gx = ax)
k=m
m—1 t—1
= p(s0) (H 5a1,(ai)P(5i+1|Si,ai)> (H Qdk_m(hk_m)(ak)P(5k+l|5kaak)) )
i=0 k=m
which concludes the proof. O

C.2 REMARK REGARDING THE MARKOV PROPERTY

For T' > t > m, the conditional probability can be evaluated through:

. - - - _ - - .
]P)m(@t = Aty St+1 = St+1,°,07-1 = AT—-1,ST = $T|50 = 380,00 = AQ, ", Qt—1 = A1, 8t = St)
_ P7.(30 = s0,a0 = aop, - ,ar—1 = ar—1,37 = s1)

Pr (50 = So,a0 = g, ,Gt—1 = Qt—1,5t = St)

= qd,_ (hen) (@) P(St41]8t,08) ** Qap s (hp 1) (@T—1) P(ST |51, 07-1).

For a stationary policy 7 := (d, d, - - - ) € IISR, this simplifies to

PR (G = at,8¢11 = St41,- -+ ,ar—1 = ar—1,87 = 57|50 = 80,40 = Qo+ ,Ar—1 = Q41,5 = 5¢)
= Qd(st,m)(at)P(5t+1|St7 at)- - Qd(sT,m,l)(aT—1)P($T|ST—17 ar—1).

Observing that the resulting conditional probability is a function of past observations when m > 0,

we conclude that even under a stationary policy, the induced stochastic process is not a Markov chain.

This is different from the standard MDP setting in which any Markov policy induces a discrete time
Markov chain (Puterman, [2014)[Sec. 2.1.6].

17



Published as a conference paper at ICLR 2021

C.3 PROOF OF THEOREM[5.1]

We first prove the following lemma, which will be used in the theorem’s proof.
Lemma C.1. Forallm > 0,t >0,

Pr (Si41 = §'|ayp1 = a', 8 = 5,44 = a) = PJ ($441 = §'|S1 = 5,44 = a) 2D

Proof. First, note that for all delay value m > 0, a;41 only depends on the history uptot —m + 1,
which is by_mi1 = (ht—m, Gt—m, St—m+1), as Bq. suggests. Thus, since t —m + 1 <t + 1,
we have that a;; is independent of 5, ;. Using Bayes rule, it follows that

an(gﬂl = 5/‘C~lt+1 = al7§t =S8,a; = UL)

_ P7 (a1 = a'|5i41 = ',5; = 5,0, = a)P], (5441 = §'|5; = 5,0 = a)

P (@i =[5y = s,a¢ = a)

P7 (Gt 1 = a'|5; = s,a; = a)PT, (5141 = §'|8; = 5,8 = a)

PTG = a'[se = s,a¢ = a)
=Pr (541 = 5|5 = s,a; = a).

O

Theorem. Let 7 := (dg,dy,- - ) € II'R be a history dependent policy. For all so € S, there exists a

Markov policy ' := (dyy, d}, - - -) € TIMR that yields the same process distribution as T, i. e., for all

ac A s eS8, t=m,

7~ = ~ T N A o
P (St—m = 8", 0t = a|So = 80) = P77 (§t—m = §',ar = a|So = sp). (22)

Proof. When m = 0, the result holds true by standard RL theory (Puterman}2014)[Thm 5.5.1]. Thus,
assume that m > 0. Fix s € S. Let n’ := (d,, d}, - ) with df, : {s} — A 4 defined as
qay(s)(@) == PR (am = alo = s) (23)
and for all ¢ > m,
qa,_(sn(a) =P (a; = al3;m = 5,50 =5), Vs'eS,aeA. (24)
For the policy 7 defined as in Egs. (23)-(24), we prove Eq. by induction on ¢ > m. By

construction of 7/, the induction base is satisfied at ¢ = m. By construction of 7’ again, for all ¢ > m
we have
P (@ = al3—m = §',80 = 8) = PT (@ = a|§r_m = &')
= 4a,_, (s (@)
=Pr (a; = a|8¢—m = 5,50 = 3). (25)

Assume that Eq. holds up until ¢t = n — 1. Further let the Euclidean division n — 1 = km + r of
n — 1 by m, so that k,r € N with 0 < » < m. Then, we can write

PT (5, = s'|30 = s)

= > Pr(3n =5 Skmir = Skmtr: Gkmir = Qem4r|S0 = 3)

Skm4r€S,
Ay r€A

P™ (5 /i~ ~ .
Z 7n(sn = 8'|Gkm+r = AGkm+r, Skm+r = Skm+r, 50 = )
Skm4r€S,
A 4 €A

Pr (@km+r = Gkm+r|Skmtr = Skm+r, 50 = 8$)Ph (Skm4r = Skm+r|50 = s)

Z P(s'|skm+4r> Gkmar )P (@kmar = Gomtr|Skmtr = Skm4r, 80 = )P, (Skm+r = Skm+r|80 = s).
Skm+4r€S,
Apm4r€A
By Eq. (18), @gm+~ only depends on history up to (k — 1)m + r. Thus, P? (Gkmir =
akm+r|§km+’r = Skm-+r, S0 = 3) = P:—n(dkarr = akm+r|§0 = S) and

PT (5, = §'|50 = )

= Z P<S/|5km+r7akm+r)P7rm(dkm+r = ak:m+'r|§O = S)P;(gkanr = 5km+r|§0 = 5)

Skm+r€ES,
akarTE.A

18
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Since km + r = n — 1, by the induction hypothesis we can rewrite

sz(&k‘m-&-r = akm+r|§0 = 5)
S(k—1)m+r€S

’
7~ ~ ~
= Z Pm (akarr = Qkm+r; 5(k—1)m+r = S(k—l)m+r|80 =

S(k—1)m+r€S

/ ~ ~
= P:—n (akarr = akm+r|30 = 8)7

so that

PT (5, = s'[30 = 5)
= Z P(S/|Skm+ra akm+r)P;‘;; (dan»r = akm+r|§0 = S)P:rn(gkarr = Skm+r|§0 = 3)-

Skm+rES,
Akm+r€

19

p—— ~ -
Z Pm(akm+r = Gkm+r; S(k—1)m+r = S(kfl)m+r|50 =
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We now study the last term in the above equation, PT (3xm+r = Skm-+r|50). We have

Pl (Skmtr = Skm4r|S0 = s)

us = ~ ~
= Z Pm(skm+r = Skm+r;Skm+r—1 = Skm+r—1; Akm+r—1 = Akm+r—1," "

Skm4r—1>"5km€S
Upgmgr—1,""0gmEA

T o ~ -
= Z ]Pwn (3k771,+r = Skm+r|[Skm+r—1 = Skm+r—1, Akm+r—1 = Ckm+r—1, """

Skm4r—1>""5km€S
Afmpr—1>"" 3kmEA

— _ _ _ _
Pl (Skmtr—1 = Skm+4r—1; Gkm+r—1 = Qkm+4r—1s°"° s Skm = Skm, Gkm = Gkm |50
= Z P(skm+r|Skmtr—1;@kmtr—1)
Skm4r—1,""5km€S
Ukmtr—1:""0kmEA
. ~ - _ _
Pl (3km4r—1 = Skm+4r—1) Gkmtr—1 = Gkm+4r—1," " s Skm = Skm, Gkm = Gkm |30
= Z P(skm+r|Skmtr—1, Ghmtr—1)

Skm4r—1>""5km€S
Upgmgr—1,""0gmEA

o - . ~
Pm(skm+r—1 = Skm+r—1|akm+7‘—1 = AQkm+4r—1)Skm+r—2 = Skm+4r—2, Ckm+r—2
o - ~ -
Pl (Gkm+r—1 = Gkm+r—1;8km+r—2 = Skm+r—2; Akm+r—2 = Qkm+r—2,""" > 5km

Lemmam

= Z P(skm+r Skm+7‘717akm+T71)
Skm4r—10""5km€S
Afgmpr—1""0kmEA

e - ~ - - ~
Pl (Bkmtr—1 = Skm+r—118km4r—2 = Skm+r—2, Akm+r—2 = Qkmtr—2,""" > 8km = Skm, @km = Qkm, 80
B ~ - ~ - _
Pm,(akm#ﬂ‘—l = AQkm4+r—15Skm+r—2 = Skm+4r—2,Akm+r—2 = Akm+4r—2,""" ; Skm = Skm, @km = Qkm|S0O
= Z P(skm+r|Skmtr—150kmtr—1)P(Skmtr—1]8km+r—2, Gkmtr—2)

=)

=s)

s 8km = Skm, Akm = Akm|80 = 8)

y 8km = Skm, Gkm = Qkm, 80 = 5)

= Qkm+r—2,""" »Skm = Skm,Gkm = Qkm, 50

= Skm; km = Qkm|50 = 5)

P - ~ - ~ ~
]Pm (aknzﬁ»r*l = Gkm+r—1;Skm+r—2 = Skm+r—2, Ckm+r—2 = Qkm+r—2,""" , Skm = Skm, Gkm = Gkm|S0 = s)
= > P(skm+r|sSkmtr—1,akm+r—1)P(Skm+r—1]Skm+r—2, Gkm+r—2)
Skm4r—1>"5km€S
Upgmgr—1,""0gmEA
P - ~ - - _
Pl (@km+r—1 = Gkm+r—1|8km+r—2 = Skm+r—2, Gkm+r—2 = Qkm+r—2""" s km = Skm, Gkm = akm|50 = 8)
m
P ~ - - _
Pl (Skm4r—2 = Skm4r—2,Gkm4r—2 = QGkm4r—2""" 8km = Skm, Gkm = Qkm|S50 = 8)

"
= Z < H P(skm+ilSkmti-1, akm+i—1))

i=1

SkmAr—1:""5km&S
Gpmgpr—1"0kmEA
r—1
P, - ~ - _ _
( H Pl (@km+j = Qkm+j|8km+i—1 = Skm+j—1,@km+i—1 = Qkm+j—15""" s 8km = Skm, Qkm = Akm, 80 = S))
LL

Py, (3km = Skm|@km = arm, 30 = $)P] (Grm = agm|30 = )

@ Z (

Skm4r—1>""5km€S
Upmtr—1:"" 1 0kmEA

r—1

s

1 j=1

i

P (Skm = Skm|Gkm = Akm, 50 = 8)Pp, (Gkm = Qrm|50 = )

5

P(Skm+i|5km+1ﬁ—1»akm+i—1))( H Pl (km+j = Akm+j|50 = S))

= 2 (H P(skm+ilSkm+i—1, Gkm+i—1)Pp, (Gkmti—1 = Gkm+i—1]50 = S))

Skmtr—1""Skm€S Ni=1

Gpmpr—1" CkmEA
T ~ .
Pm,(slwn = Skmlakm = Qkm; S0 = 3)

T
= > ( [ P(skmrilskmtiot, akmii1)

i=1

Skm4r—1>""5km€S
Apmpr—1,""0km €A
PT (a i—1=a i—1,8 i1 =S 5o = s)
m \Ckm+i—1 km+i—15S(k—1)m+i—1 (k—1)m+i—1150 ¢
€s

S/
(k—1)m+i—1

P:rn(gkm = Sgml|Gkm = agm, 80 = 5)
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, -
@ > ( [T PGskmeilskmizts akmeiz1)

Skm4r—1,""SkmES Ni=1
Upmgr—1:""0kmEA

Tl'/ ~ ~ ! ~
Z P, (Gkm+i—1 = Qkm+i=1, 3 (k—1)m+i—1 = S(k—1)m+i—1/50 = 5)

’
S(h—1)m+i—1°

P (Skm = Skm|@km = Ggm, 50 = S)
T !
= Z ( H P(skm+ilskmtio1; akm+i—1)P, (Gkmti—1 = Gkmyi—1|50 = S))

Skmtr—1>""Skm€S Ni=1
Apgmpr—1""0kmEA

P . -
P, (8km = Skm|Gkm = Gkm, 50 = s)
r
3) Ly .
= » [ PCskmilsimtiots armti=1)Pr, (@rmtio1 = akm+i—1]80 = 5)

Skm4r—1:""Skm€S N i=1
kmigr—1:""0kmEA

Pl (Skm = Skm|0 = s).
In (1), we use Eq. to establish that Gy, ; only depends on history up to (k — 1)m + j. Since
m—1>r—12>=j>1,wehave km > (k —1)m + j, and
Pl (Akmtj = Qkm+jlSkm+j—1 = Skm+j—1s @km+j—1 = Gkm4j—1>""" »8km = SkmsAkm = Gkm, 30 = 5)
= PF(Gkm+j = Qkm+j|S0 = 5).
In (2), we use the induction hypothesis. In (3) we use Bayes rule and Eq. again to obtain:
T (Akm = Gkm|Skm = Skm, S0 = $)PF (Skm = Skm|S0 = 8)
P (Gkm = arm|So = S)
P7 (Gkm = arm|So = $)PT (Skm = Skm|S0 = 5)
P (Gkm = km|So = S)

P;Tn(gkm = 5km|<§0 = S).

P, (3km = Skm|@rm = Grm, 50 = 8) =

Thus, it results that
PT (5, = §'|50 = )

= Z P(3/|Skm+ra akarr)PTrm/ (dkarr = akm+r|§O = S)

Skm+r€S,
Apm+rEA
T
’
U ~ ~
Z (HP<3km+i|5km+i17akm+iI)Pm(akm+i1 = Akm+i—1|50 = S)>
Skm4r—1,"",Skm€S N i=1

Almtr—1," 0kmEA

]P’;rl(gkm = Skm|§O = 8)

r+1
/ ~ ~
= > (H P(Skm+i|Skm+i—1; @km+i—1)Ppy (@km+i—1 = QGhm+i—1|50 = 8))

Skm+rs ,Skm€ES i=1

Akmtrs ,akmEA
T/~ ~
]P)m(skm = 5km|50 = S),

where we used the convention Sy, 441 = S, = s’. We similarly use backward induction until the
remaining term that depends on 7 becomes

P (8m = Sml|80 = )
= Z Pl (3m = Sms8m—1 = Sm—1,0m—1 = Gm—1," " ,51 = 81,41 = a1,00 = |50 = 5)

Sm—1,",51€S
Am—1,,80€A

o~ - - - - - -
= Z ﬂ—(g _S)Pm(sm = Sm,Sm—-1 = Sm—1,m—-1 = Qmpm—1," " ,S1 = S1,01 = A1,A0 = Qg, SO :3)
S"'L*l).” 75168 m O
am*l)“. 7a/OE‘A
m—1 m—1
1

4

@ Z ﬁﬂ(s) H P(si1]si; ai)a, (ai) | = Z H P(sit1]si,a:)da,(ai) | 5
Sm—1,",S1ES HAS =0 Sm—1,"",81ES =0
Am—1,,a0€A Am—1, ,a0€A
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where (4) results from Prop. Since the obtained quantity is independent of 7, we have
Pr(8m = sml30 = 5) = P (5 = 5[50 = 5).

Thus, if we decompose P7 (5, = /|3y = s) according to the exact same derivation as we did for
PT (55, = §'|30 = s), we obtain that at t = n,

PT (3, = 5|50 = s) = PT. (3, = 5|50 = ). (26)
As aresult, at ¢t = n we have

PT (Spem = &', dn = al§o = 8)=P7 (@n = a|Fp_m = 5,50 = )P (Sp_m = §'|50 = s)

W BT (i = alnm = &', 50 = )P (3n_m = 5|50 = 5)
) ~ ~ ~ - .

= P (an = al8n_m = 5,50 = 8)PT (5—m = 5[50 = 5)
© PT (Sp—m = 8, an = aldy = ),

where (b) follows from Eq. (26); (¢) from Eq. (23). Finally, assuming it is satisfied at ¢ = n — 1, the
induction step is proved for ¢ = n, which ends the proof. O

C.4 DEGRADATION DUE TO STATIONARITY

Prop. [5.2]follows from computing the optimal return on an execution-delay MDP (EDMDP) using
simulation. Specifically, we use Example[3.1 which we analytically studied in Sec.[3] We exhaustively
search over the deterministic policy spaces IISP and ITMP to find the optimum. We stress that limiting
our search to deterministic policies is sufficient for this MDP. Indeed, as shown in Appx.[A.T, optimal
return is attained for a deterministic policy when maximizing over IISR. Regarding the non-stationary
Markov policy space ITMR, as we have proved in Thm. there exists an optimal deterministic
policy in TIMP. We show with this experiment that this optimal Markov deterministic policy attains
better return than any stationary policy. We set p = 0.8. Since the search-space of non-stationary
policies is exponential in the simulation horizon (1" = 10 here), we choose v = 0.5 to have low
approximation error.

H Policy-Type m=0 m=1 m=2 m=3 m =4 m=5 H
Stationary (theoretical) 2 1.6 1.36 1.216 1.129 1.077
Stationary 1.99 + 0.01 1.59 +£0.03 1.32 £ 0.05 1.22 +0.08 1.11 +£0.09 1.02 +0.13

Non-stationary Markov 1.99 £ 0.01 1.82 +£0.05 1.67 £0.08 1.59 £ 0.12 1.46 +0.15 1.38 £ 0.2

Table 1: Optimal return for different delay values and policy types.

The results are summarized in Table[I. Apart from demonstrating sub-optimality of the stationﬁ
1

1+2=D™ fom Prop. 3.

policy, they also confirm that our theoretical return for the stationary policy — =)

matches closely with simulation.

C.5 THE DELAYED VALUE FUNCTION

Given a random variable W over (2, B(2), PF,), its expectation is ET [W] = > o W(w)PF, (w),
where w = (sp,ao, 1, ) is a sample path. A typical W to consider is the discounted sum of
rewards W (sg, ag, $1, ) := Zfi 0¥ (8¢, ar). Thus, the expectation conditioned on initial state sg

is given by E7 [Wso] = > co W (50, a0, - - )Pp, (50, G0, 51, - - - |0). Let the delayed value function
o0
phoHm=1T (g0} = T lz V(8 a) |50 = 501 , (27)
t=m
where 1o : ftm—1 = (po, - , bm—1) denotes some fixed queue of action distributions according

to which the initial m actions should be executed. Note that the definition of W does not change
w.r.t. the delay value m: it always denotes the discounted sum of rewards. However, its distribution
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does depend on the delay value m through the process distribution P}, and, as a result, so does its
expectation ET [W|so].

Consider a Markov policy 7 := (dg)r=0 € IIMR. For all s,s’ € S,k € Nand u € Ay, let

Pu(s,8") := Dleau(a)P(s'|s,a) and R, (s',5) 1= >],c 4 da.(s)(a)r(s’,a). We then have the
following result.

Theorem C.1. For a Markov policy € TIMR given by 7 := (do,dy, - - - ), the delayed value function
satisfies the following relation:

m—1
/U#lo:/umflaﬂ'(so) — (PHO e Pﬂm—leO) (SO, SO) + y 2 <H Pﬂk (Sk}7 Sk+1)> vz?(SO):dM7l(syn/71)77Tm:(sm)’

S1," ,SmES k=0
where Ty, := (dm, dm+1, - - ) denotes the policy T starting from its m + 1-th decision rule.

In addition, this relation becomes a recursion when the policy is m-periodic. Its proof is omitted
since the result immediately follows from Thm. [C.1.

Corollary C.1. For an m-periodic Markov policy = € MR given by

mi= (do,-+ ydm—1,do, *+ ydm—1,+-), the delayed value function satisfies the following
recursion:

U#):um_l,Tr(so) — (puo .. Pumfleo) (50,50) + Z (H 3k7 Skl ) U%)(So):dm_l(sm_l)nr(sm)_

81, ,8SmES

Proof of Theorem|C.1| By definition of the delayed value function we have:

50 = 80]

0
pHoiHm—1, TF 30 2 ’Y St, at
t

=m
M) ©
t—mipm ~ o~ ~
e [r@t,m .
t=m
@
t—m T = ~ = ~ =
= Z ~y Z r(st,at)Pr (g = ag, 51 = S1,+* ,Gt—1 = Q4—1, 5t = St,ar = a¢|So = So),

[l
3

81, ,StES
ag, ,at€A

where (1) results from the dominated convergence theorem and (2) by the definition of expectation.
Using Prop. and the fact that 7 is a Markov policy, we can write the probability of a sample path

conditioned on the initial state as:

e ~ _ _ _ _
Pr. (6o = ag, 51 = 81, ,Q4—1 = Q4—1, 5t = St, Gy = at|So = )

m—1 t—1
= (H Hk(ak)P(5k+1|5k7ak)> (H Qdk_m(sk_m)(ak)P(5k+1|3k7ak)) s (50—m) (@1)5
k=0 k=m

so that:
o0
o —1,T _ t—m
VR (50) = Dy D rsear) 1_[ 1 (ar) P(ski1lsk, ar)
t=m 81, ,StES

ag, - ,at€A

t—1
: (H Qdk_m(sk_m)(ak)P(5k+1|3k‘7ak)) Qs (s0—m) (Q1)-
k=m
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Then, we can rewrite the delayed value function as:
T —1,T0
v T (s0)

1

00 — t—
DAY Ray (s Si-m) - (H tk(ak) Pay (Sks Sk+1 ) <H Qg (8- ak)Pak(sk,SkH)) :

81, ,StES k=0 k=m
ag,,at—1€A

0 m—1 t—2
= Z At Z Rg, . (St St—m) - <H p(ar)Pa, (Sk,8k+1)> (H qdkm(skm)(ak)Pak(Sk,Skﬂ)) .
t=m S1,,5.€S k=0 k=m
Ay ;at—2EA
D Qs (sir) (@1-1) Pay_, (561, 5¢)
(lt_lE.A
0 m—1 t—2
= ’Yt_m Z Rdt—m (5t7 St—m) ' < 1—[ Mk (ak)Pak (Ska 8k+1)> ( H Ady_m (Sk—m) (a’k)Pak (3k7 Sk+1)> ’
t=m 81, ,StES k=0 k=m

Gy ,G—2€A

Pdtflfm(stfl—'m,) (St—la St)

0 m—1 t—1
=>4 > Ra,(st,81-m) - (H PMk(3k75k+1)> (H Pdkm(skm)(skask-kl)) ;
t=m k=0

51, ,StES k=m

and the following can be derived:

0 m—1 t—1
PHOHm-1T () — Z vt*m 2 Rd,,_m(st,St—m) (H RLk(SkaSk-&—l)) <H Pdk_m(sk_m)(5k75k+1))
t=m

k=0 k=m
= Z Ry (8m, 50) (H « (ks Skt ) + f(s0)
81, »8m
= Z (Pp,o o PMm—l) (507 Sm)Rdo (Sm; SO) + f(SO)
= (Puo T PﬂmfleO) (807 50) + f(SO)
= (Puo Purues Ray) (50, 50) + f(s0), (28)
where
[00) m—1 t—1
f(so): = Z Ayt 2 Ra,_,, (5t,5t—m) (H Pﬂk(sk78k+1)> <H Pdkm(skm)(3k75k+1)>
t=m+1 51, ,5¢ k=0 k=m
o0 m—1
S Y S Raee (n Py (5 >)
t=m+1 81, ,8m Sm+1,""" St k=0
t—1
' ( 1_[ Pdk—m(sk—m)(sk7 Sk-‘rl))
k=m

o0 t—1
PR DY (H ik Sk,5k+1)> D1 Rap,(st,80-m) (H Pdkm(skm)(skask-rl)) :
m+1

t=

S1,°0t38m Sm41, 55t k=m
(29)
In fact, the last part of the sum corresponds to the following expectation:
t—1
Z Rdt—m (St? st—"l) ( H Pdk—m(sk—m,)(8k7 Sk+1)> = E:;L [r(gt’ &t)‘go = 50, 51 = 81, " 7§m = Sm] )

Sm+41,""",5t k=m
)

0 m
fs)= 2 2™ X (H (5K, 5141 ) EX, [r(3e,1)[30 = 50,51 = 81, 8 = 5]

t=m+1 51,7 ,8m \ k=0
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and
Uﬁﬁ:):,umfl;ﬂ'(so) — (PHO . #m leO) SO) SO
t— ~ ~ ~ ~ ~
+ Z Y (H o (5 Sk41 )Efn [r(3t,@0)[30 = 50,81 = 51,7+, 5m = 5]
t=m+1 S1,°8m
= (Rto e PlimflRﬂ'o) (50’ 30)
m—1
1 ~
+7 Z lelk(sk7$k+l Z VT (51, @) |30 = 50,51 = 51,00 8 = Sm
51,7 8m \ k=0 t=m-+1
Finally, fixing initial states sg,---,Sm,—1 implies fixing a queue of m action distributions
do(s),-++ ,dm—1(Sm—1). Therefore, denoting by m,,. := (dy,,dm+1,- ) the original policy 7
starting from its m + 1-th decision rule, we have
1 = d {dm—1(8m—1),Tm:
2 VT (Be, @) |80 = 50,81 = 1,000 B = Sml = ypelsoydmolom—1).mm: (g, ),
t=m+1

and

o (s0)

= (PNO U PN?nflR ) 50, 30 + ’Y Z ( 1_[ slﬁ Sk+1 ) gr;)(sﬂ):dm,—l(s':n—l)yﬂm,: (sm)a
which concludes the proof. O

C.6 PROOF OF THEOREM[3.2]

Theorem. For any action distribution queue (1o : fim—1 = (L0, - -, fhm—1) and sg € S,
max ’U“U Hm—1T — gy ,UMO Hm—1,T (30)
melIMP WGHMR

Proof. First, since IIMP < IIMR | the RHS of must be at least as great as the LHS. We now
establish the reverse inequality. Recall from Eqgs.(28)-(29)[Proof of Thm. [C.T] that

,Uﬁloiﬂm—l,ﬂ(s()) = (PMO e PMm 1Rd0) (307 50)

o0 t—1
+ Z Vtim Z Rdt m St’st m : <n [ Sk’3k+1)> <H Pdk—nz(sk—m,)(sk’3k+1)> :

t=m+1 81, ,8t€ES k=m
(3D

We shall now rewrite the value in two forms, to respectively show its dependence on dy(sg), and
d;(s;) for i = 1. For each of these two forms, we will prove a deterministic decision is at least as
good as a random one in terms of value.

We begin with rewriting the first term in as
(Pyo -~ Puy s Ray) (50,50) = ((Puo - By ) Ray ) (50, 50)
= Z (PMD e PHVVLfl)(‘gO? Sm)Rdo (5m7 30)

SmES

- Z (Puo -+ Pyt )(50,5m) ( Z qu(SO)(ao)r(sm,a0)>
SmES apgEA

= Z qdo(so)(ao) Z (Puo ** Prs ) (505 Sm)7 (S5 @0)
apeA Sm€ES

= Z qu(SO)(a’O)(PMO T P/t‘f'mflrao)(so)7
a()E.A
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where for all a € A, 7, := (r(s,a))ses € RS is the reward vector corresponding to a given action.
Next, we rewrite the second term in (31)) as

0 m—1 t—1
DAY Ray (st Si-m) (H Py, (Sk;5k+1)> (H Pdk,”(sk,n)(skaSkJrl))

t=m+1 81, ,StES k=m
00]
t—
= Z Ra,_,, (5, S$t—m) n « (8K, S41)
t=m+1 51, ,8tES
t—1
Py (s0) (Smy Sm+1) H Py (s1m) 8k Sk41)
k=m+1
[ee]
t_
= Z oA Z Ra, ., (st,St—m) n w (Sks Sk+1)
t=m+1 51, ,5¢€S
t—1
Z Qdo (50) (@0) P(Sm+1]$m; ao) H Py (51— m) (Sk> Sk+1)
ap€A k=m+1
m—1
Z ng SO) a/(] Z ,-Y - Z Rdt m St7st m H M 8k78k+1
ap€A t=m+1 81, ,StES

t—1
P(Sm+1|8m,ao)< 11 Pdkm(skm)<ska5k+1)>1
k=m+1

Putting the two expressions together gives

.
UNO Hm—1 ﬂ— 30 2 Qdo(so aO (P ' P,U«mflrao)(so) + Z ’yt_m 2 Rdt,m (shstfm)
apEA t=m+1 81, ,8tES

t—1
(n [ Ska5k+1 )P(Sm+1|5maa0) ( H Pdkm(skm)(skask-&-l))l
k=m+1
€ e
< max (P P rag)(s0) £ 0 77" T Ra (s 50-m)
a0€ t=m+1 81, ,8t€S
t—1
(H Ska5k+1 ) P(3m+1|5m,ao) ( H Pdkm(skm)<ska5k+l)>}
k=m+1

2 .
:(:) ,U’rlillypwnflﬂr]) (SO),

where (1) holds by applying (Puterman, 2014)[Lemma 4.3.1], and (2) by defining policy 79 :=
(dB,dy,ds - - ) € TIMR guch that the first decision rule is deterministic d := 0, with ag the argmax

of (1), while (dy, da, - - - ) are the same as in the original policy 7 € ITMR,
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We now continue to showing the dependence of the value on d;(s;) for ¢ > 1, by continuing with the
second term in (31)):

0 m—1 t—1
Z ’Vt_m Z Rdt,m(stastfm) (n Pﬂk(sk78k+1)> P(Sm+1‘8m7ag) <
t=m+1 81, ,St€S
=7 >, Ra(smir, ) <H Sk,3k+1)> P(sm+1lsm,ag)
51,

H Pdk'rn(sknL)<sk7Sk+1)>

k=m+1

,Sm+1€S

[e¢]
t—m *
+ Z Y Z Rd, m Stast m (1_[ Skask+1)> P(Sm+l|5’m7a0)
t=m+2 81, ,StES

Pdl(sl)(8m+1>3m+2)< H Pdk7,L(s,“n)(8k7Sk+1)>

k=m+2
= 2 Gay (s1)(a1) |7 Z 7(Smt1,a1) (H 3k75k+1)) P(sm+1|8m, ag)
a1€.A 81,-~-,Sm+165
0 m—1
+ Z ”Ytim Z Rdt,m(stast—m) <n P,Ltk (Skask+1)> P(5m+1|3m7a§)
t=m+2 81, ,St€S k=0
t—1
P(sm2|$m+1,a1) ( H Pdkm(s;cm)(skvskﬂ))}
k=m+2
m—1
< maﬁ o' Z T(Sm+1,01) (H Pm-,(sk75k+1)> P(3m+1|5maa§)
a1€ 81, ,8m+1€S k=0
0
+ Z ’Yt_m Z Rdt m 3t75t m <H Wk 3k78k+1)> P(5m+1|5m7@6k)
t=m+2 S1,+,5t€ES
t—1
P(57n+2|5m+17a1) < 1_[ Pdkm(skm)(5k75k+1)>}
k=m+2

k=m+1

© m—1 t—1
< Z ,thm Z T(Stvaz‘—m) <H Ijltk(skﬂsk-i-l)) < 1_[ P(5k+1|5k7a’zm)> :
t=m+1 81, ,8,€S k=0

Let the deterministic decision rule d

=4, * with a} being the optimal action per each maximization
above for every ¢ >

1, and the resultlng determmlstlc policy mp := (dY,d?, ). Then,

o (s0) < WML (50)
ie.,

Hotp 1,7 Mot 1
max vt (so) < max v (so).

D EXPERIMENTS

D.1 NUMERICAL SUMMARY OF ATARI RESULTS

27



Published as a conference paper at ICLR 2021

m = m = 15 m = 25
Environment Del. Aug. Obl. Del. Aug. Obl. Del. Aug. Obl.
Tabular Maze 0.50 + 0.49 0.18 + 0.54 —0.61+0.26 | —0.25 + 0.43 —140 —0.76 + 0.16 | —0.45 + 0.36 N/A —0.71 + 0.19
Noisy Maze 0.40 + 0.44 —0.29 + 0.45 —0.64 + 0.21 —0.50 + 0.26 —1+0 —0.78 £ 0.15 —0.49 +0.34 N/A —0.99+0
Cartpole 489 + 11 453 + 16 27+ 4 414 + 14 192 £ 15 30+ 3 324+ 7 41 + 2 41+ 3
Physical Noisy Cartpole 435 + 8 379 + 17 26+ 3 251 + 22 129 + 24 30+3 60 + 7 36 +3 40 +£ 3
Acrobot —131 + 32 —463 + 18 —467 + 47 —211 + 53 —481 + 21 —467 + 34 —351 + 57 —493 £+ 5 —465 + 20
Noisy Acrobot —134 + 37 —491 + 2 —445 + 11 —329 + 24 —425 + 41 —399 + 41 —361 + 62 —471 + 12 —438 + 39
Enduro 16 £6 29+ 4 33+ 2 1.4+04 0.6 £0.7 0.5+ 0.2 1.1 £0.6 0.2 +0.1 0.2+ 0.4
MsPacman 1354 + 86 1083 + 60 1319 + 35 1034 + 124 691 + 272 701 + 123 959 + 77 450 + 84 612 + 23
NameThisGame 2476 + 96 2278 + 167 2153 £+ 152 2122 + 132 1573 + 43 2013 £+ 300 1887 + 204 1510 + 210 1775 £+ 96
Qbert 367 + 19 372+ 177 402 + 152 304 + 15 245 + 29 254 + 34 253 + 29 154 + 77 200 + 74
Atari RoadRunner 2975 + 237 1790 + 255 1152 + 430 1294 + 472 1153 £ 119 360 + 204 1056 + 698 668 + 268 485 + 451
StarGunner 902 + 74 838 + 104 919 + 44 801 + 38 622 + 68 643 + 50 712 + 49 649 + 47 635 + 20
TimePilot 1941 + 133 1844 + 599 1616 + 474 2695 + 418 2049 + 665 2341 + 72 2690 + 201 2671 £+ 127 1980 + 623
Zaxxon 1418 + 148 431 + 77 605 + 66 461 + 185 97 + 65 225+ 19 130 + 42 72 £+ 22 67 £ 35
Table 2: Experiment summary: episodic return mean and std for all domains. Delayed-Q outperforms

the alternatives in 39 of 42 experiments.

D.2 COMPARISON TO RNN-BASED PoLICY

In one environment, we compared Delayed-Q with a fourth algorithm which uses an RNN-based
policy that is unaware of the delay value. Specifically, we tested A2C, which managed to converge
on Atari’s Frostbite. As can be seen in Fig. [I2] using a recurrent policy does not improve upon
Augmented-Q or Oblivious-Q. This result is not surprising though: as stated in Thm.[5.T, the sequence

of states S¢_ ., St—m—_1, - -

. does not aid the policy any further than only using s;_,,,. An additional

deficiency of RNN-policies that are oblivious to the delay value is that, similarly to Oblivious-Q, they
target the wrong Q-value without accounting for delayed execution. Notice that this is not the case in
both Augmented-Q and Delayed-Q.

canpws O~

B
|

m

=5
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Figure 12: Comparison to RNN-based policy on Atari “Frostbite”.
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