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ABSTRACT

Deep learning is also known as hierarchical learning, where the learner learns to
represent a complex target function by decomposing it into a sequence of simpler
functions to reduce sample and time complexity. This paper formally analyzes
how multi-layer neural networks can perform such hierarchical learning efficiently
and automatically by applying stochastic gradient descent (SGD) or its variants.

On the conceptual side, we present a characterizations of how certain deep (i.e.
super-constantly many layers) neural networks can still be sample and time effi-
ciently trained on hierarchical learning tasks, when no known existing algorithm
(including layer-wise training, kernel method, etc) is efficient. We establish a new
principle called “backward feature correction”, where the errors in the lower-level
features can be automatically corrected when training together with the higher-
level layers. We believe this is a key behind how deep learning is performing
deep (hierarchical) learning, as opposed to layer-wise learning or simulating some
known non-hierarchical method.

1 INTRODUCTION

Deep learning is also known as hierarchical (feature) learning.” The term hierarchical learning can
be defined as learning to represent the complex target function g(x) using a composition of much
simpler functions: g(x) = hr(hr—1(---h1(z)---)). In deep learning, for example, each hy(-) is
usually represented by a linear operator followed with activation function. Empirically, the training
process of deep learning is done by stochastic gradient descent (SGD) or its variants. After training,
one can verify that the complexity of the learned features (i.e., hy(hg—1 (- - x - - -)) indeed increases
as ¢ goes deeper — see (Zeiler & Fergus, 2014) or Figure 2. It has also been discovered for a long
time that hierarchical learning, in many applications, requires fewer training examples (Bouvrie,
2009) when compared with non-hierarchical methods that learn g(z) in one shot.

Hierarchical learning from a theoretical perspective. It is well-known that neural networks
can represent a wide range of complicated functions using the composition of much simpler layers.
Instead of learning a degree 2% function from scratch, can hierarchical learning learn to represent it
as a composition of L-quadratic functions, and thus learning one quadratic function at a time? The
main difficulty is that being able to represent a complex target function in a hierarchical network
does not necessarily guarantee efficient learning. For example, L layers of quadratic networks can
represent all parity functions up to degree 2%; but in the deep L = w(1) setting, it is unclear if
one can learn parity functions over z € {—1,1}% with noisy labels via any efficient poly(d)-time
algorithm (Feldman et al., 2006), not to say via training neural networks.

So, for what type of functions can we formally prove that deep neural networks can hierarchically
learn them? And, how can deep learning perform hierarchical learning to greatly improve learning
efficiency in these cases?

"Note: although this paper has been circulated for a while, this is our first time to submit to an ML venue.
This is a theory paper but we tried to make it suitable for a wider audience. We included many figures to support
the connection between our theory and practice, but due to space limitation, many of the figures are deferred to
Appendix A starting on Page 14.

2Quoting Bengio (2009), “deep learning aim at learning feature hierarchies with features from higher levels
of the hierarchy formed by the composition of lower level features.” Quoting Goodfellow et al. (2016) “the
hierarchy of concepts allows the computer to learn complicated concepts by building them out of simpler ones.”



Hierarchical learning and layer-wise learning. Motivated by the large body of theory works
for two-layer networks, a tentative approach to analyze hierarchical learning in deep learning is via
layer-wise training. Consider the example of using a multi-layer network with quadratic activation,
to learn the following target function.

g(x) = 224222  +0.1(2? 4222 + x3)? . (1.1)
—_——— —_——
low-complexity signal high-complexity signal

In this example, one may hope that the first train a two-layer quadratic network to learn simple,
quadratic features (2%, x3), and the train another two-layer quadratic network on top of the first one
learns a quadratic function over (22,3, z3). In this way, one can hope for never needing to learn
a degree-4 polynomial in one shot, but simply learning two quadratic functions in two steps. Is
hierarchical learning in deep learning really this simple?

In fact, layer-wise training is known to perform poorly in practical deep learning, see Figure 7. A
common sense is that when we train lower-level layers, it might over-fit to higher-level features.
Using the example of (1.1), if one uses a quadratic network to fit g(x), then the first-layer features
may be trained too greedily and over-fit to high-complexity signals: for instance, the best quadratic
network to fit g(x) may learn features (x1 ++/0.1z3)? and 3, instead of (2%, x3). Now, if we freeze
the first layer and train a second layer quadratic network on top of it (and the input), this “error” of
v/0.1z3 can no longer be fixed thus we cannot fit the target function perfectly.

Our main message. On the conceptual level, we show (both theoretically and empirically) although
lower-level layers in a neural network indeed tend to over-fit to higher complexity signals at the
beginning of training, when training all the layers together — using simple variants of SGD —
the presence of higher-level layers can eventually help reduce this type of over-fitting in lower-
level layers. For example, in the above case the quality of lower-level features can improve from
(x1 + /0.123)? again to get closer and closer to 2 when trained together with higher-level layers.
We call this backward feature correction. More generally, we identify two critical steps in the
hierarchical learning process of a multi-layer network.

* The forward feature learning step, where a higher-level layer can learn its features using the
simple combinations of the learned features from lower-level layers. This is an analog of layer-
wise training, but a bit different (see discussions in (Allen-Zhu & Li, 2019a)) since all the layers
are still trained simultaneously.

e The backward feature correction step, where a lower-level layer can learn to further improve
its feature quality with the help of the learned features in higher-level layers. We are not aware
of this being recorded in the theory literature, and believe it is a most critical reason for why
hierarchical learning goes beyond layer-wise training in deep learning. We shall mathematically
characterize this in Theorem 2.

Remark. When all the layers of a neural network are trained together, the aforementioned two steps
actually occur simultaneously. For interested readers, we also design experiments to separate them
and visualize, see Figure 3, 5, and 10 in Section A. On the theoretical side, we also give toy examples
with mathematical intuitions in Section 1.2 to further explain the two steps.

Our technical results. With the help of the discovered conceptual message, we show the following
technical results. Let input dimension d be sufficiently large, there exist a non-trivial class of “well-
conditioned” L-layer neural networks with L = w(1) and quadratic activations® so that:

* Training such networks by a variant of SGD efficiently and hierarchically learns this concept
class. Here, by “efficiently” we mean time/sample complexity is poly(d/e) where ¢ is the gener-
alization error; and by “hierarchically” we mean the network learns to represent the concept class
by decomposing it into a composition of simple (i.e. quadratic) functions, via forward feature
learning and backward feature correction, to significantly reduce sample/time complexity.

* We are unaware of existing algorithm that can achieve the same result in polynomial time. For
completeness, we prove super-polynomial lower bounds for shallow learning methods such as
(1) kernel method, (2) regression over feature mappings, (3) two-layer networks with degree

31t is easy to measure the network’s growing representation power in depth using quadratic activations (Livni
et al., 2014). As a separate note, quadratic networks can perform as well as ReLU networks in practice (see
Figure 11 on Page 25), and has particular cryptographic advantage (Mishra et al., 2020).



< 21 activations, or (4) the previous three with any regularization. Although proving separation
is not our main message, we still illustrate in Section 1.2 that neither do we believe layer-wise
training, or applying kernel method multiple (even w(1) many) times can achieve poly-time.

To this extent, we have shown, at least for this class of L-layer networks with L = w(1), deep
learning can indeed perform efficient hierarchical learning when trained by a variant of SGD to
learn functions not known to be learnable by “shallow learners” (including layer-wise training which
can be viewed as applying two-layer networks multiple times). Thus, we believe that hierarchical
learning (especially with backward feature correction) is critical to learn this concept class.

Difference from existing theory. Many prior works have studied the theory of deep learning. We
try to cover them all in Section F but we summarize our difference from them as follows.

* Starting from Jacot et al. (2018), there is a rich literature that reduces multi-layer neural networks
to kernel methods (e.g. neural tangent kernels, or NTKs). They approximate neural networks by
linear models over (hierarchically defined) random features — which are not learned through
training. They do not show the power of deep learning beyond kernel methods.

e Many other theories focus on two-layer networks but they do not have the deep hierarchical
structure. In particular, some have studied feature learning as a process (Daniely & Malach,
2020; Li et al., 2020; Allen-Zhu & Li, 2021), but still cannot cover how the features of the
second layer can help backward correct the first layer; thus naively repeating them for multi-layer
networks may only give rise to layer-wise training as opposed to the full hierarchical learning.

e Allen-Zhu et al. (2019a) shows that 3-layer neural networks can learn the so-called “second-
order NTK,” which is not a linear model; however, second-order NTK is also learnable by doing
a nuclear-norm constrained linear regression, which is still not truly hierarchical.

e Allen-Zhu & Li (2019a) shows that 3-layer ResNet can learn a concept class otherwise not
learnable by kernel methods (within the same level of sample complexity). We discuss more in
Section F, but most importantly, that concept class is learnable by applying kernel method twice.
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In sum, prior works may have only studied a simpler but already non-trivial question: “can
multi-layer neural networks efficiently learn simple functions that are already learnable by non-
hierarchical models.” While the cited works shed great light on the learning process of neural
networks, in the language of this paper, they cannot justify how deep learning performs deep hi-
erarchical feature learning. Our work is motivated by this huge gap between theory and practice.

Admittedly, with a more ambitious goal we have to sacrifice something. Notably, we study quadratic
activations while some cited works can handle ReLU. Note this may be still fine: in practice, deep
learning with quadratic networks perform very closely to ReLLU ones, and significantly better than
two-layer networks or neural kernel methods (see Figure 11). Hence, our theoretical result may also
serve as a provisional step towards understating the deep learning process in ReLU networks.

1.1 OUR THEOREM

We give an overview of our theoretical result. The learner networks we consider are like DenseNets:
G(z) = ZzL:Q <Ug, Gg(l‘)> eR where Go(z) = x € R, Gi(z) = o(x) — E[o(x)] € RY
Gi(z) =0 (ij Mg,jGj(a;)) for £ >2and 7, C {0,1,--- 0 — 1} 12)

Here, o is the activation function and we pick o(z) = 2?2 in this paper, Mg, ;’s are weight matrices,
and the final output G(z) € R is a weighted summation of the outputs of all the layers. The set
J¢ defines the connection graph. We can handle any connection graph with the only restriction
being there is at least one “skip link.* To illustrate the main idea, we focus here on a regression
problem in the teacher-student setting, although our result applies to classification as well as the
agnostic learning setting (where the target network may also have label error). In this teacher-
student regression setting, the goal is to learn some unknown target function G* () in some concept
class given samples (2, G*(z)) where « ~ D follows some distribution D. In this paper, we consider

*In symbols, for every £ > 3, we require (£ — 1) € Jz, (£ — 2) ¢ Je but j € Jo for some j < £ — 3. As
comparisons, the vanilla feed-forward network corresponds to 7o = {¢ — 1}, while ResNet (He et al., 2016)
(with skip connection) corresponds to Jy = {¢ — 1, ¢ — 3} with weight sharing (namely, M, ,—1 = My ¢_3).



the target functions G*(z) € R coming from the same class as the learner network:
G*(z) = 2522 o - (up,Gy(z)) €R where G§(z) =z € R4, Gi(z) = o(x) — E[o(x)] € RY
Gix) =0 (Zjeje W%G;@)) eR¥  forl>2and 7, C {0,1,-- 0 — 1} (1.3)

Since o () is degree 2-homogenous, without loss of generality we assume [[W7 ;|2 = O(1), u; €
{=1,1}* and let ay € R+ be a scalar to control the contribution of the (-th layer.

In the teacher-student setting, our main theorems can be sketched as follows:

Theorem (sketched). For every input dimension d > 0 and every L = o(loglogd), for certain
concept class consisting of certain L-layer target networks defined in Eq. (1.3), over certain input
distributions (such as standard Gaussian, certain mixture of Gaussians, etc.), we have:

* Within poly(d/e) time/sample complexity, by a variant of SGD starting from random initializa-
tion, the L-layer quadratic DenseNet can learn this concept class with any generalization error
¢, using forward feature learning + backward feature correction. (See Theorem 1.)

* As side result, we show any kernel method, any linear model over prescribed feature mappings,

or any two-layer neural networks with arbitrary degree-2" activations, require duzh) sample or

time complexity, to achieve non-trivial generalization error such as € = d—°°. (See Section O.)
Remark. As we shall formally introduce in Section 2, the concept class in our theorem — the class of
target functions to be learned — comes from Eq. (1.3) with additional width requirement &k, ~ a2
and information gap requirement oy << «ap with g = 1 and oy > ﬁ. The requirement
L = o(loglogd) is very natural: a quadratic network even with constant condition number can
output 22" and we need this to be at most poly(d) to prove any efficient training result.
Remark. We refer the assumption a1 << «y as information gap. In a classification problem, it
can be understood as “ay is the marginal accuracy improvement when using ¢-layer networks to fit
the target function comparing to (¢ — 1)-layer ones.” We discuss more in Section B.1. For example,
in Figure 4, we see > 75% of the CIFAR-10 images can be classified correctly using a two-hidden-
layer network; but going from depth 7 to depth 8 only gives < 1% accuracy gain. Information gap
was also pointed out in natural language processing applications (Tenney et al., 2019).

1.2 HIGH-LEVEL INTUITIONS

Intuitively, learning a single quadratic function is easy, but our concept class consists of a sufficiently
rich set of degree 2 = 2«(1) polynomials over d dimensions. Using non-hierarchical learning
methods, typical sample/time complexity is d?") = ¢v() _ and we prove such lower bound for
kernel (and some other) methods, even when all k, = 1. This is not surprising, since kernel methods
do not perform hierarchical learning so have to essentially “write down” all the monomials of degree
2L=1 which suffers a lot in the sample complexity. Even if the learner performs kernel method O(1)
times, since the target function has width k, = d*(") for any constant ¢, this cannot avoid learning in
one level a degree-w(1) polynomial that depends on d*(1) variables, resulting again in sample/time
complexity d*().

Now, the hope for training a quadratic DenseNet with poly(d) time, is because it may decompose a
degree-2% polynomial into learning one quadratic function at a time. Easier said than done, let us
provide intuition by considering an extremely simplified example: L = 3, d = 4, and

G*(z) = 21 + =5 + a((x] + x3)* + (x5 + x4)?) for some o = o(1).
(Recall L = 3 refers to having two trainable layers that we refer to as the second and third layers.)

Forward feature learning: richer representation by over-parameterization. Since o < 1,
one may hope for the second layer Gz (z) to learn -} and 24 — which is quadratic over Gy (z) —
through some representation of its neurons; then feed this as input to the third layer. If so, the third
layer G'3() could learn a quadratic function over 3, x5, 73, 24 to fit the remainder a((x] + 23)? +
(3 + x4)?) in the objective. This logic has a critical flaw:

* Instead of learning 1, 3, the second layer may as well learn (23 + 223)?, (227 — 23)2.



Indeed, £ (2% + 223)? + (227 — 23)? = ] + 23; however, no quadratic function over & (z} +
223)%, 1 (22% — 23)? and x5, x4 can produce (z] + z3)* + (23 + 24)?. Therefore, the second layer
needs to learn not only how to fit z{ + z3 but also the “correct basis” 7, #3 for the third layer.

To achieve this goal, we let the learner network to use (quadratically-sized) over-parameterization
with random initialization. Instead of having only two hidden neurons, we will let the network have
m > 2 hidden neurons. We show a critical lemma that the neurons in the second layer of the network
can learn a richer representation of the same function z{ + 3, given by:

{(cit + Bia3)*}2,

In each hidden neuron, the coefficients «;, 3; behave like i.i.d. Gaussians. Indeed, E[(c;z? +
Bix3)?] ~ xf + x3, and w.h.p. when m > 3, we can show that a quadratic function of {(c;z] +
Bix3)?}m |, 23, 14 can be used to fit (2] + 23)% + (25 + 24)?, so the algorithm can proceed. Note
this is a completely different view comparing to prior works: here over-parameterization is not to
make training easier in the current layer; instead, it enforces the network to learn a richer set of
hidden features (to represent the same target function) that can be better used for higher layers.

Backward feature correction: improvement in lower layers after learning higher layers. The
second obstacle in this toy example is that the second layer might not even learn the function 7} + 3
exactly. Tt is possible to come up with a distribution where the best quadratic over G1(x) (i.e.,
22,23, 23, 23) to fit G*(x) is instead (2% + az?)? + (23 + ax?)?, which is only of magnitude «
close to the ideal function ] + x3. This is over-fitting, and the error ax?, ax? cannot be corrected
by over-parameterization. (More generally, this error in the lower-level features can propagate layer
after layer, if one keeps performing forward feature learning without going back to correct them.
This why we do not believe applying kernel method sequentially even w(1) times can possibly learn

our concept class in poly-time. We discuss more in Section 3.)

Let us proceed to see how this over-fitting on the second layer can be corrected by learning the
third layer together. Say the second layer has an “a-error” and feeds the over-fit features (3 +
azr?)?, (22 4+ ax?)? to the third layer. The third layer can therefore use A’ = a((2? + az3)? +
23)? + (23 + ax?)? + 24)? to fit the remainder term A = o((z] + 23)? + (25 + 74)?) in G*(z).

A very neat observation is that A’ is only of magnitude o® away from A. Therefore, when the

second and third layers are trained together, this “a“-error” remainder A’ will be subtracted from
the training objective, so the second layer can learn up to accuracy o2, instead of a. In other
words, the amount of over-fitting is now reduced from a to a?. We call this “backward feature
correction” (see Figure 3, 5, and 10 in Section A). (This is also consistent with what we discover on
ReLU networks in real-life experiments, see Figure 5 where we visualize such “over-fitting.”)

In fact, this process & — a? — a® — --- keeps going and the second layer can feed better and

better features fo the third layer (forward learning), via the reduction of over-fitting from the third
layer (via backward correction). We can eventually learn G* to arbitrarily small error € > 0. When
there are more than two trainable layers, the process is slightly more involved, and we summarize
this hierarchical learning process in Figure 6 on Page 15.

Hierarchical learning in deep learning goes beyond layer-wise training. Our results also shed
lights on the following observation in practice: typically layer-wise training (i.e. train layers one
by one starting from lower levels) performs much worse than training all the layers together, see
Figure 7. The fundamental reason is due to the missing piece of “backward feature correction.”

2 TARGET NETWORK AND LEARNER NETWORK

Target network. Recall we have defined the layers G3(x), ..., G5 () of target networks in (1.3).
The weights W} ; € R***5 for j € 7, and we write W} ; = 0 for j ¢ J;. Our concept class to be
learned consists of functions G*: R? — R written as coordinate summation of each layer:’

G*(z) = Yy o - Sum(Gy () == Yy y 0 ey Gii(2)

>Our result trivially extends to the case when Sum(v) is replaced with Y, p;v; where p; € {1} for half
of the indices. We refrain from proving that version for notational simplicity.
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Figure 1: learner network structure with distillation

where Sum(v) := ) . v;, and it satisfies iy = 1 and a1 < . We will provide more explanation
of the meaningfulness and necessity of information-gap a1 < a in Section B.1.

It is convenient to define S () as the hidden features of target network (and Gj(x) = o (S} (x))).

Si(z) = Golw) =z, Si(x) = Gi(x), Si(w) =2y W;,Gilx) V=2

Learner network. Recall we have constructed the learner network to be of the same structure
(with over-parameterization, see (1.2)) as G*. We choose My o, M, € R( 5 )xd and My ; €

kp+1 k41
R (%) for every 2 < j < ¢ — 1. In other words, the amount of over-parameterization is
quadratic (i.e., from k; — (kf;' 1)) per layer. Using samples (x, G*(x)) from an unknown target

network G* (), our goal is to learn weight matrices My ; to satisfy

G(x) := 2522 ag - Sum(Gy(x)) ~ G*(x) .

2.1 LEARNER NETWORK RE-PARAMETERIZATION

In this paper, for theoretical efficient training purpose, we work on a re-parameterization of the
learner network. We use the following function to fit the target G*(x):

F(2) = 321y 0 - Sum(Fi(w))
where the layers are defined as: Sy(x) = G§(x), S1(x) = G7(x), and for £ > 2:
Se(@) =3 jeg, 52 Kejo (R;Sj(@)) + X ie(0,13n7, Ke,iSi(@) € R¥e 2.1
Fo(@) = 0( Zjegnyme Weso RsSi(@) + Xieqonng WesSi(@)) €R™  (2.2)
Above, we shall choose m to be polynomially large and let

* Ry R("5)xke be randomly initialized for every layer ¢, not changed during training; and

* W, e R"* 1Ky, € R*¢*4 be trainablefor every £ and j € Jp, and the dimension ¢ = (kgl)
forj>2andg=dforj=0,1.

It is easy to verify that when R;Rg = I and when W, ; = K ;, by defining M, ; = R/K;
we have Fy(x) = Gy(x) and F'(z) = G(x). We remark that the hidden dimension k;, can also be
learned during training, see Algorithm 1 in Section C.°

Why this re-parameterization. We work with this re-parameterization F'(x) for efficient training
purpose. Tt is convenient to think of Sy(x) as the “hidden features” used by the learner network.
Since S;(x) is of the same dimension k¢ as S (x), our goal becomes to prove that the hidden
features Sy(x) and S} (x) are close up to unitary transformation (i.e. Theorem 2).

One may also consider Fy(z) = o(W ---) and treat the pre-activation part (W ---) € R™ in
(2.2) — instead of Sy(x) € RFe — as the “over-parameterized hidden features.” This over-
parameterization is used to make the training provably efficient. As we shall see, we will impose
regularizers during training to enforce K' K ~ W TW; and this idea of using a larger unit W

SFrom this definition, it seems the learner needs to know {c}¢ and {J¢}¢; as we point out in Section C,
performing grid search over them is efficient in poly(d) time. This can be viewed as neural architecture search.
As a consequence, in the agnostic setting, our theorem can be understood as: “the learner network can fit the
labeling function using the best G* from the concept class as well as the best choices of {cw}e and {Te}e.”



for training and using a smaller unit K to learn the larger one can be viewed as knowledge distilla-
tion. One can then argue that the “over-parameterized hidden features” are also close to S; (x) up
to knowledge distillation and unitary transformation. Knowledge distillation is commonly used in
practice (Hinton et al., 2015), and we illustrate this by Figure 1.

Truncated quadratic activation. To make our theory simpler, during training, it would be easier to
work with an activation function that has bounded derivatives in the entire space (recall the derivative
|o’(2)| = |#| is unbounded). We make a theoretical choice of a truncated quadratic activation & (z)

that is sufficiently close to o(z). Accordingly, we rewrite F(z), Fy(z), S¢(z) as F (), Fy(x), S¢(z)
whenever we replace o(-) with &(-). (For completeness we still include the formal definition in

Appendix H.1.) Our lemma — see Appendix J.1 — shall ensure that F(z) ~ F(z) and Sy(z) ~

S¢(x). Thus, our final learned network F(x) is truly quadratic. In practice, people use batch/layer
normalizations to make sure activations stay bounded, but truncation is more theory-friendly.

Notation simplification. We concatenate the weight matrices used in the same layer ¢ as follows:
W =(Wy;) K, = (K¢,;) Wi = (Wi;)
Wi = (Wy;) Koo = (Kej) Wia=(W

JjE€T, JETe JET:

*
JETe,jAl—1 JETe,jAL—1 f»j)je;n,j#fl

2.2 TRAINING OBIJECTIVE

We focus our notation for the regression problem in the realizable case. We will introduce notations
for the agnostic case and for classification in Section B.1 when we need them.

As mentioned earlier, to perform knowledge distillation, we add a regularizer to ensure W; W,
K] K, so that K] K is a low-rank approximation of W] W. (This also implies Sum (Fy(z))
Sum(o(Se(x))).) Specifically, we use the following training objective:

Obj(z; W,K) = Loss(z; W, K) + Reg(W, K)

~
~
~
~

where the /5 loss is Loss(z; W, K) = (G*(z) — F(z))2 and

2
Reg(W,K) = >/, As 0 HKZ€—1K5<1 - W/, Wi HF + 300 M HKZZ—lKE,ffl W/, Wi H

0 s | KT Ky — W W2+ S0, A (IKell% + [[We|%)

For a given set Z consisting of N i.i.d. samples from the true distribution D, the training process
minimizes the following objective (x ~ Z denotes x is uniformly sampled from the training set Z)

Obj(2;W,K) = E [Obj(a; W,K)] 2.3)

The regularizers we used are just (squared) Frobenius norm on the weight matrices, which are com-
mon in practice. The regularizers associated with A3 ¢, A4 ¢, A5 ¢ are for knowledge distillation pro-
pose to make sure K is close to W (they are simply zero when K; K, = WZ—W@). They play no
role in backward feature corrections (since layers £ and ¢’ for £’ = ¢ are optimized independently in
these regularizers). These corrections are done solely by SGD automatically.

For the original, non-truncated quadratic activation network, we also denote by

Loss(z; W, K) = (G*(x) — F(z))” and Obj(z; W, K) = Loss(z; W, K) + Reg(W, K).

3 STATEMENTS OF MAIN RESULT

We assume the input distribution x ~ D satisfies random properties such as isotropy and hyper-
contractivity. We defer the details to Section D, while pointing out that not only standard Gaussian
but even some mixtures of non-spherical Gaussians satisfy these properties (see Proposition D.1).
For simplicity, the readers can think of D = N(0, 1) in this section.

We consider a concept class consisting of target networks satisfying the following parameters

1. (monotone) d > k :=Fky > kg > --- > k.

2
F



2. (normalized) E,p [Sum(G}(x))] < B, for some B, > 1 for all £ and B := max,{B}.

3. (well-conditioned) the singular values of W7 ; are between % and « for all ¢, j € J, pairs.

Remark 3.1. Properties 1, 3 are satisfied for many practical networks; in fact, many practical net-
works have weight matrices close to unitary, see (Huang et al., 2018). For property 2, although there
may exist some worst case W;j, at least when each W;j is of the form U, ; 3V, ; for Uy ;, Vy ;

being random orthonormal matrices, with probability at least 0.9999, it holds B, = ,%20“)/{@ for
instance for standard Gaussian inputs — this is small since L < o(loglog d). Another view is that
practical networks are equipped with batch/layer normalizations, which ensure B, = O(ky).

Our results. In the main body of this paper, we state a special case of our main (positive result)
Theorem 1 which is sufficiently interesting and has simpler notations. The full Theorem 1’ is in
Appendix H. In this special case, we assume there are absolute integer constants C' > C7 > 2 such
that, the concept class consists of target networks G* () satisfies the above three properties with

parameters Kk < QCIL,Bg < 2Cf ke, ke < dcficl and there is an information gap a&—*[jl < dfﬁ for
¢ > 2; furthermore, suppose in the connection graph {2,3,--- .,/ — C1} N Jp, = <&, meaning that
the skip connections do not go very deep, unless directly connected to the input.

Theorem 1 (special case of Theorem 1°). In the special case as defined above, for every sufficiently
large d > 0, every L = o (loglog d), every ¢ € (0,1), consider any target network G*(x) satisfying
the above parameters. Then, given N = poly(d/e) i.i.d. samples x from D with corresponding la-
bels G*(x), by applying Algorithm 1 (a variant of SGD) with over-parameterization m = poly(d/e)
and learning rate n = m over the training objective (2.3), with probability at least 0.99, we

can find a learner network F in time poly(d/e) such that:

E (G*(z) - ﬁ(m))2 <er.

* 2 2
_ <
1CDNE (G (x) F(x)) e® and s

We defer the detailed pseudocode of Algorithm 1 to Section C but make several remarks:

e Note aypr1 = apd e implies ay, > d~ e > %. Hence, to achieve for instance ¢ < d%
error, the learning algorithm has to truly learn all the layers of G*(x), as opposed to for instance
ignoring the last layer which will incur error ag, > €.

* The reason we focus on L = o(log log d) and well-conditioned target networks should be natural.

Since the target network is of degree 2°, we wish to have k2" < poly(d) so the output of the
network is bounded by poly(d) for efficient learning.

The main conceptual and technical contribution of our paper is the “backward feature correction”
process. To illustrate this, we highlight a critical lemma in our proof and state it as a theorem:

Backward Feature Correction Theorem

Theorem 2 (highlight of Corollary L.3d). In the setting of Theorem 1, during the training process,
suppose the first L-layers of the learner network has achieved e generalization error,

or in symbols, E [(G*(z)— > <o erSum(Fy (;v)))Q] <e? 3.1

then for every 0 < ¢, there is unitary matrix Uy € RFe *Fe sych that (we write ar+1 =0)

E |of 157 (2) = UnSe@)I| S (af +2) -

In other words, once we have trained the first £ layers well enough, for some lower-level layer ¢/ < ¢,
the “error in the learned features Sy () comparing to S}, (x)” is proportional to oyy1. Recall for
fixed ¢/, as we increase £ the value py 1 decreases, thus Theorem 2 suggests that

the lower-level features can actually get improved when we train higher-level layers together.

Remark 3.2. Theorem 2 is not a “representation” theorem. There might be other networks F' such
that (3.1) is satisfied but Sy () is not close to Sj, (x) at all. Theorem 2 implies during the train-
ing process, as long as we following carefully the training process of SGD, such “bad F” will be
automatically avoided. We give more details in our intuition and sketched proof Section E.



Comparing to sequential kernel methods. Recall we have argued in Section 1.2 that our concept
class is not likely to be efficiently learnable, if one applies kernel method O(1) times sequentially.
Even if one applies kernel method for w(1) rounds, this is similar to layer-wise training and misses
“backward feature correction.” As we pointed out using examples in Section 1.2, this is unlikely
to learn the target function to good accuracy either. In fact, one may consider “sequential kernel”
together with “backward feature correction”, but even this may not always work, since small gener-
alization error does not necessarily imply sufficient accuracy on intermediate features if we do not
follow the SGD training process (see Remark 3.2).”

Importance of hierarchical learning. To the best of our knowledge, for the concept class consid-
ered in this paper, we do not know any other simple algorithm to learn it in polynomial time, and the
only simple learning algorithm we are aware of is to train a neural network to perform hierarchical
learning. In other words, we believe we have presented a setting where we prove that training a
neural network via a simple SGD variant can perform hierarchical learning, to solve an underly-
ing problem that is not known solvable by existing algorithms, including applying kernel methods
sequentially multiple times, tensor decomposition methods, sparse coding.

3.1 BACKWARD FEATURE CORRECTION: HOw DEEP? HOW MUCH?

How deep does it need for the neural network to perform backward feature correction? In our theo-
retical result, we studied an extreme case in which training the L-th layer can even backward correct
the learned weights on the first layer for L = w(1) (see Theorem 2). In practice, we demonstrate that
backward feature correction may indeed need to be deep. For the 34-layer WideResNet architecture
on CIFAR tasks, see Figure 8 on Page 16, we show that backward feature correction happens for ar
least 8 layers, meaning that if we first train all the < ¢ layers for some large ¢ (say ¢ = 21), the
features in layer £ — 8,0 — 7, - - , £ still need to be (locally) improved in order to become the best
features comparing to training all the layers together.

We also give a characterization on how much the features need to be backward corrected using
theory and experiments. On the empirical side, we measure the changes given by backward feature
correction in Figure 8 and 9. We detect that these changes are local: meaning although the lower
layers need to change when training with higher layers together to obtain the highest accuracy, they
do not change by much (the correlation of layer weights before and after backward correction is
more than 0.9). In Figure 10, we also visualize the neurons at different layers, so that one can easily
see backward feature correction is indeed a local correction process in practice.

This is consistent with our theory. Theorem 2 shows at least for our concept class, backward feature
correction is a local correction, meaning that the amount of feature change to the lower-level layers
(when trained together with higher-level layers) is only little-o(1) due to a1 < .

Intuitively, the locality comes from “information gap”, which asserts that the lower layers in G* can
already fit a majority of the labels. When the lower layers in GG are trained, their features will already
be close to those “true” lower-level features in G* and only a local correction is needed.

We believe that the need for only local backward feature corrections is one of the main reasons
that deep learning works in practice on performing efficient (deep) hierarchical learning. We refer
to (Allen-Zhu & Li, 2019a) for empirical evidence that deep learning fails to perform hierarchi-
cal learning when information gap is removed and the correction becomes non-local, even in the
teacher-student setting with a hierarchical target network exactly generating the labels. The main
contribution of our theoretical result is to show that such local “backward feature correction” can be
done automatically when applying (a variant of) SGD to the training objective.

What’s in Supplementary Materials. We include an Appendix I to cover some missing details:
including missing Figures 2-13, and experiments to support the connection between our theory and
practice, theorem statements in the agonistic or classification settings, formal specification of the
SGD training algorithm, formal specification of the data distribution, as well as a sketched proof.
Detailed detailed proofs to Appendix II.

"One may also want to connect this to (Allen-Zhu & Li, 2019a): according to Footnote 16, the analysis
from (Allen-Zhu & Li, 2019a) is analogous to doing “sequential kernel” for 2 rounds, but even if one wants
to backward correct the features of the first hidden layer, its error remains to be o and cannot be improved to
arbitrarily small.
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APPENDIX I: MISSING DETAILS AND
SKETCHED PROOFS

We include in Section A missing figures for the main body. We include in Section B some miss-
ing statements of the theorem, for the agnostic learning setting as well as for a classification task.
We also include in Section B some detailed elaborations on the information gap assumption. We
formally include the specifications of Algorithm 1 in Section C. The requirements on the input dis-
tribution D is given in Section D (recall standard Gaussians and certain mixture of Gaussians are
permitted). We give sketched proofs in Section E, and discuss more related works in Section F. We
explain our experiment setups and give additional experiments in Section G.

A  MISSING FIGURES

input—layer 1—--—layer 3—--—>layer 5—--—layer 7—--—>layer 9——>layer 11—

output«---layer 31 «—-—Ilayer 29 «—-—1layer 27 «+——Ilayer 25 +—--—layer 23 +— 1

Che S 5 )

“layer 21

Figure 2: Illustration of the hierarchical learning process of ResNet-34 on CIFAR-10. Details see Section G.1.

forward feature learning backward feature correction

T

1

eoch 60

SRZB

poch 00

A L

poch 8

15t layer features no longer improve 1%t layer features improve again once

through training only 1%t layer we start to also train higher-level layers

Figure 3: Convolutional features of the first layer in AlexNet. In the first 80 epochs, we train only the first
layer freezing layers 2 ~ 5; in the next 120 epochs, we train all the layers together (starting from the
weights in epoch 80). Details in Appendix G.2. For visualizations of deeper layers of ResNet, see
Figure 5 and 10.

Observation: In the first 80 epochs, when the first layer is trained until convergence, its features
can already catch certain meaningful signals, but cannot get further improved. As soon as the 2nd
through 5th layers are added to the training parameters, features of the first layer get improved again.
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Figure 4: Justification of information gap on the CIFAR datasets for WRN-34-10 architecture. The 16 colors
represent 16 different depths, and deeper layers have diminishing contributions to the classification
accuracy. We discuss details in Section B.1 and experiment details in Appendix G.6.
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— acc 67.0% (if train all layers together)

Figure 5: Visualize backward feature correction using WRN-34-5 on {5 adversarial training. Details in

Appendix G.5.

Observation: if only training lower-level layers of a neural network, the features over-fit to higher-
complexity signals of the images; while if training all the layers together, the higher-complexity
signals are learned on higher-level layers and shall be “subtracted” from the lower-level features.
The mathematical intuitions can be found in Section 1.2.

1)
2)
3)
4)
5)
6)
7)

8)

layer 2 begins to learn

layer 3 begins to learn using features given by layer 2

layer 3 helps layer 2 correct its features by reducing over-fitting

layer 3 improves since layer 2 now feeds in better features to layer 3

layer 4 begins to learn

layer 4 helps layer 2 correct its features by reducing over-fitting

layer 3 improves since
a) layer 4 helps layer 3 correct its features by reducing over-fitting, and
b) layer 2 now feeds in better features to layer 3

layer 4 improves since layer 3 now feeds in better features

Figure 6: We explain the hierarchical learning process in a 4-layer example. The back and blue arrows corre-
spond to “forward feature learning” (Allen-Zhu & Li, 2019a). The red dashed arrows correspond to
“backward feature correction”.

Note: In our work, we do not explicitly train the network in this order, this “back and forth” learning
process happens rather implicitly when we simply train all layers in the network together.

15



=
o
S

©
=3

)
S

~
S

----- vgg-19-layerwise
vgg-19

- vgg-19-x2-layerwise
vgg-19-x2
vgg-19-x4-layerwise
veg-19-x4

(a) VGG19+BatchNorm, accuracy at x-axis .S indicates only the first S convolutional layers are trained

CIFAR-10 Test Accuracy %

-
S

CIFAR-100 Test Accuracy %

0 4 8 12 16 0 4 8 12 16 .-
# of layers # of layers

N
o
S

85

75

©
=]

65

®
S

——

55

e WRN-34-layerwise

WRN-34

WRN-34-xd-layerwise

WRN-34-x4

T S e WRN-34-x8-layerwise
WRN-34-x8

12 16 0 4 8 12 16 WRN-34-x16-layerwise

# of blocks WRN-34-x16

~
=]

45

CIFAR-10 Test Accuracy %
CIFAR-100 Test Accuracy %

@
S

8
# of blocks

(b) WideResNet-34, accuracy at x-axis .S indicates only the first S convolutional blocks are trained

Figure 7: Layerwise training vs Training all layers together.
xN means widen factor /N. Architecture is optimized so that layerwise training obtains its best
performance. For details and more experiments on VGG-13 and ResNet-22, see Appendix G.4.

Take-away messages: During layer-wise training, lower layers are trained too greedily and over-fit
to higher-complexity signals. This leads to worse final accuracy comparing to hierarchical learning
(i.e., training all the layers together), even at the second hidden layer. Going deeper cannot increase
accuracy anymore due to the low-quality features at lower layers that are already fixed. In fact, for
moderately wide (e.g. width=64) architectures such as VGG or wide ResNet, layer-wise training
stops improving test accuracy even after depth three without Backward Feature Correction.

CIFAR-100 accuracy t=1 ¢=3 +¢=5 ¢=7 ¢=9 ¢=11 =13 £=15 £=17 £=19 £=21
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train all the layers 83.2% | 83.2% | 83.0% [829% | 828% | 83.0% [831% | 831% | 82.9% [832% [830% —> fullBFC
average weight correlations training neural nets is far
(for "train < £ vs "rand initr) 131 0081 0070 0054 0051 0037 003 0034 0034 0032 0031 —» ~0 tfe NTK regime
average weight correlations ), oo oss 0958 0.965 0960 0.950 0.968 0967 0959 0948 > Correlationbetween
(for “train < €” vs “train all”) with vs. without BFC
train only < £ 16.0% 41.1% 58.5% 64.0% 67.3% 68.0% 72.0% 74.8% | 76.0% | 76.1% | 769% —» noBFC
3 fix < ¢, train the rest 79.4% 72.9% 727% 70.6% 69.8% 69.9% 721% 74.2% 752% 752% |/761% —» noBFC
o fix < £ — 2, train the rest - B796% F77s%  745% 723% 715% 72.8% 747% 750% 75.1% | 75.8% —» BFCfor2layers
5 fix < € — 4, train the rest - - B709% [781% [l76.2% 748% 752% [77.3% [76.9% | 75.8% [ 75.9% —» BFCfor 4 layers
W  fix< £— 6, train the rest - - - F8o.o% F786% [77.1% [76.8% F78.0% B78.9% [77.4% [76.8% —» BFCfor6 layers
< fix < € — 8, train the rest - - - - F709% |[78.4% [783% F78.7% [F79.2% [79.0% [77.6% —» BFCfor8layers
trainallthe layers  [179.7% | W78.9% |W79.6%  [79.4% W79.3% W70.4% W79.4% W79.1% Was.ox W793% [79.1% , —» full BFC

Figure 8: CIFAR-100 accuracy difference on WideResNet-34-5 with vs. without backward feature correction
(BFC).

In the table, “train < ¢” means training only the first £ convolutional layers; average weight correla-
W wi
sl [will

BFC. More experiments on CIFAR-10 and on adversarial training see Appendix G.5.

tion is the average of ( ) where w; and wj are the neuron weight vectors before and after

Observation: (1) at least 8 layers of backward feature correction is necessary for obtaining the best
accuracy; (2) BFC is indeed a local feature correction process because neuron weights strongly
correlate with those before BFC; and (3) neural tangent kernel (NTK) approach is insufficient to
explain neural network training because neuron correlations with the random initialization is small.
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0.9 ! ! ” ' ! l! I ” ' per-layer average correlation
0.8 — between with vs without

backward feature correction

"train<=1" "train<=3" "train<=5" "train<=7" "train<=9" "train<=11""train<=13""train<=15""train<=17""train<=19""train<=21"
vs Vs vs Vs Vs vs Vs Vs vs Vs vs
“train all* “trainall" “trainall" “trainall" “trainall" "trainall" “trainall" "trainall® “trainall" “trainall" "trainall"

Wlayer1 ™layer3 Wlayer 5 "layer 7 Wlayer9 ®layer 11 ™layer 13 ™layer 15 ™layer 17 ™ layer 19 W layer 21

Figure 9: A more refined version of Figure 8 to show the per-block average weight correlations.

Observation: BFC is local correction because neuron weights strongly correlate with those before
BFC.

—>» acc 0%

layer 13
per-neuron —> acc 58.6%
feature 4 ,) . forward
g« —*acc67.0% feature
o acc 0% learning
_—
layer 15
per-neuron S —>» acc 61.4% back 4
feature S aCckwar
9 <+
; —>» acc 66.7% feature
b acc 0% correction
layer 19 . i — >
per-neuron \ — acc 63.5%
7
feature |« —> acc67.1%

Figure 10: Visualize backward feature correction (per-neuron features) using WRN-34-5 on /2 adversarial
training. Details in Appendix G.5.

Observation: backward feature correction is a local correction but is necessary for the accuracy
gain.

B STATEMENTS OF MAIN RESULT (CONTINUED)

Agnostic learning. Our theorem also works in the agnostic setting, where the labeling function
Y (x) satisfies E,p(G*(x) — Y (x))? < OPT and |G*(z) — Y (z)| < poly(d) for some unknown
G*(x). The SGD algorithm can learn a function F'(x) with error at most (1 4 v)OPT + £2 for
any constant v > 1 given i.i.d. samples of {z,Y (x)}. Thus, the learner can compete with the
performance of the best target network. We present the result in Appendix H.5 and state its special
case below.

Theorem 3 (special case of Theorem 3’). For every constant v > 0, in the same setting
Theorem 1, given N = poly(d/e) i.id. samples Z from D and their corresponding labels
{Y(z)}sez, by applying Algorithm I (a variant of SGD) over the agnostic training objective
Epnz (Y(z) — F(x))2 + Reg(W, K), with probability > 0.99, it finds a learner network F' in
time poly(d/e) s.t.

Euop (F(z) — Y(2))* < €2+ (1 +~)OPT .
B.1 MORE ON INFORMATION GAP AND CLASSIFICATION PROBLEM

We have made a gap assumption aé—:fl < d~ ot , which says in the target function G*(x), higher
levels contribute less to its output. This is typical for tasks such as image classification on CIFAR-10,
where the first convolutional layer can already be used to classify > 75% of the data and higher-
level layers have diminishing contributions to the accuracy (see Figure 4 on Page 15). For such
classification tasks, researchers do fight for even the final 0.1% performance gain by going for
(much) larger networks, so those higher-level functions cannot be ignored.

Information Gap: Empirically. We point out that explicitly setting higher levels in the network to
contribute less to the output has also been used empirically to improve the performance of training
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deep neural networks, such as training very deep transformers (Liu et al., 2020a;b; Huang et al.,
2019).

To formally justify information gap, it is beneficial to consider a classification problem. W.l.o.g.
scale G*(z) so that Var, [G*(z)] = 1, and consider a two-class labeling function Y (zg, x):

Y (xg,x) = sgn(zo + G*(x)) € {—1,1}

where zg ~ N(—E,[G*(x)],1) is a Gaussian random variable independent of . Here, x( can be
viewed either a coordinate of the entire input (g, z) € R4+, or more generally as linear direction
xo = w' 7 for the input € R4+, For notation simplicity, we focus on the former view.

Using probabilistic arguments, one can derive that except for « fraction of the input (g, x) ~ D,
the label function Y (xg, x) is fully determined by the target function G*(z) up to layer £ — 1; or in
symbols,

» PI)I“ND Y (xo, ) # sgn (mo +D <o asSum(GZ(x)))} ~agp .

In other words, for binary classification:

«y is (approximately) the increment in classification accuracy

when we use an (-layer network comparing to (¢ — 1)-layer ones

Therefore, information gap is equivalent to saying that harder data (which requires deeper networks
to learn) are fewer in the training set, which can be very natural . For instance, around 70% images
of the CIFAR-10 data can be classified correctly by merely looking at their rough colors and patterns
using a one-hidden-layer network; the final < 1% accuracy gain requires much refined arguments
such as whether there is a beak on the animal face which can only be detected using very deep
networks. As another example, humans use much more training examples to learn counting, than to
learn basic calculus, than to learn advanced calculus.

For multi-class classification, information gap can be further relaxed. On CIFAR-100, a three-
hidden layer network can already achieve 86.64% top-10 accuracy (see Figure 4 on Page 15), and
the remaining layers only need to pick labels from these ten classes instead of the original 100
classes.

In this classification regime, our Theorem 1 still applies as follows. Recall the cross entropy (i.e.,
logistic loss) function CE(y, z) = — log He%yz where y € {—1,1} is the label and z € R is the
prediction. In this regime, we can choose a training loss function

——xE

Loss (zg,z; W,K) := CE(Y (z¢, z),v(xo + ﬁ(x,W,K)))
— 10g (1 + e—Y(woJ)-v(wﬁ—ﬁ(w;W,K)))

where the parameter v is around % is for proper normalization and the training objective is
—— xE ——xE
Obj (xo,2; W,K) =Loss (xg,z; W,K) + vReg(W,K) (B.1)

We have the following corollary of Theorem 1:

Theorem 4 (classification). In the same setting Theorem I, and suppose additionally € >
—oowmza. Given N = poly(d/e) iid. samples Z from D and given their corresponding la-
bels {Y (20, )} (z,2)c 2, by applying a variant of SGD (Algorithm 1) over the training objective

— xE
Obj (Z;W,K), with probability at least 0.99, we can find a learner network F in time poly(d/e)
such that:

Pr [V(ao.a) # sen(eo + Fla))] < .

Intuitively, Theorem 4 is possible because under the choice v = 1/e, up to small multiplicative
factors, “5-loss equals £2” becomes near identical to “cross-entropy loss equals ”. This is why we
need to add a factor v in from of the regularizers in (B.1). We make this rigorous in Appendix N.
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C TRAINING ALGORITHM

We describe our algorithm in Algorithm 1. It is almost the vanilla SGD algorithm: in each innermost
iteration, it gets a random sample z ~ D, computes (stochastic) gradient in (W, K), and moves in
the negative gradient direction with step length n > 0.

To make our analysis simpler, we made several minor modifications only for theory purpose on
Algorithm 1 so that it may not appear immediate like the vanilla SGD at a first reading.

* We added a target error €y which is initially large, and when the empirical objective 6Vb_] falls
below %(50)2 we set g <— €0/2. This lets us gradually decrease the weight decay factor Ag ¢.

* We divided Algorithm 1 into stages, where in each stage a deeper layer is added to the set of

trainable variables. (When Obj falls below Thres; », we add W/ to the set; when it falls below
Thres, v, we add K, to the set.) This is known as layerwise pre-training and we use it to
simplify analysis. In practice, even when all the layers are trainable from the beginning, higher-
level layers will not learn high-complexity signals until lower-level ones are sufficiently trained.
“Layerwise pre-training” yields almost identical performance to “having all the layers trainable
from the beginning” (see Figure 7 and Appendix G.4), and sometimes has advantage (Karras
et al., 2018).

e When K, is added to the set of trainable variables (which happens only once per layer £), we
apply a low-rank SVD decomposition to obtain a warm-start for distilling K, using W/ for the-
oretical purpose. This allows us to compute k; without knowing it in advance; it also helps avoid
singularities in K, which will make the analysis messier. This SVD warm-start is invoked only
L times and is only for theoretical purpose. It serves little role in learning G*, and essentially all
of the learning is done by SGD.?

We specify the choices of thresholds Thres, , and Thres, ¢, and the choices of regularizer weights
A3,0,Aa¢, As¢ in full in Appendix H. Below, we calculate their values in the special case of
Theorem 1.

2 2 2 2 2

« o o (0% (0%
£—1 14 /4 4 14
ThreSZ,A = 1 ’ Thresf,v = 1 ) )\S,Z — 1 ’ )‘4,4 — 1 ) )\5,5 = 1
dzct—1 6c”t dec? d3zc? d=2c?
(C.1)

As mentioned above, our algorithm does not require knowing k, but learns it on the air. In Line 21
of Algorithm 1, we define rank,(IM) as the number of singular values of M with value > b, and use
this to compute k,. Similarly, oy and the connection graph 7, can be learned as well, at the expense
of complicating the algorithm; but grid searching suffices for theoretical purpose.’

D GENERAL DISTRIBUTIONS

Here we define the general distributional assumptions of our work. Given any degree-q homogenous
polynomial f(z) = > ;e ar [Lep xj’, define C(f) := > ;cnn @7 as the sum of squares of its
coefficients.

Input Distribution. We assume the input distribution D has the following property:

1. (isotropy). There is an absolute constant cg > 0 such that for every w, we have that
E l{w,2)["] < csllwll3 and  E [[{w, 81 ()] < coflwl (D.1)

8For instance, after K, is warmed up by SVD, the objective is still around o (because deeper layers are
not trained yet). It still requires SGD to update each K in order to eventually decrease the objective to 2.

°It suffices to know cv up to a constant factor v since one can scale the weight matrices as if G* uses

. .. o) . .
precisely o. This increases B, by at most 22 so does not affect our result. Gird searching for o takes
time O(log(1/¢))* < poly(d/e). Moreover, searching the neural architecture (the connections 7) takes time

20(L%) poly(d).
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Algorithm 1 A variant of SGD for DenseNet

Input: Data set Z of size N = | Z|, network size m, learning rate > 0, target error ¢.
1: current target error £9 < B?%  m < 05 A3, A AseAee — O Reli; <+
N(0,1/(Ke));
2: Ky,Wy <+ Oforevery ¢ =2,3,...,L.
3. while ¢ ng/do

4 while Obj := Obj(Z; W,K) > 1(g)2 do

5 for/{=23,---,Ldo

6: if 7, = 0 and Obj < Thresy , then setup learning rate and weight decay
2 —

7 Mo = 1, A6 = (ESEL)B' o e i=max{k; : j €T Aj> 2}

8: if A3 = 0and Obj < Thres, vy then

9: set X3¢, Aq.¢, A\5.¢ according to (C.1)

10: K, < INITIAL-DISTILL,(Wy);

11: for

12: z < arandom sample from Z stochastic gradient descent (SGD)

13: for(=2,3,---,Ldo -

14: K, + K;,— 'WVKZO J(.r,W,K)

15: W, «— W, —n,Vw,O0bj(z; W, K) + noise & any poly-small Gaussian noise;

16: end for < noise is for theory purpose to escape saddle points (Ge et al., 2015).

17: end while

18: €0 €o/2 and Ag ¢ < g /4 forevery ¢ =2,3,..., L.
19: end while

20: return W and K, representing F'(z; W, K).

procedure INITIAL-DISTILL, (W) warm-up for K, called only once for each ¢=2,3,... L
21: kyp ral‘lkl/(lonz)(WZqu)gfl).
22: U, X,V + k‘g-SVD(WZqW&g_l),
23: return K, where K] = UX'/2and K, , ; = £'/2V.

2. (hyper-contractivity). There exists absolute constant co > 0 such that, for every integer ¢ €
[1,21], there exists value c4(g) > g such that, for every degree ¢ polynomial f(x).

22 )1/64(q)

Pr{|f(z) = E[f(2)]] = A] < ca(q) - e (v (D.2)

If D = N(0,1), we have c4(q) = O(q) (see Lemma P.2b). Note Eq. (D.2) implies there exists
value ¢3(q) > 1 such that, for every degree ¢ polynomial f(x), for every integer p < 6,

E_[(f@)*] < es(a) E ()] (D.3)

z~D

If D = N(0,1), we have c3(q) < O((6¢)!); and more generally we have c3(q) < O(c4(q))**(@.

3. (degree-preserving). For every integer ¢ € [1,2%], there exists ¢;(¢) > 1 such that for every
polynomial P(z) with max degree ¢, let P,(x) be the polynomial consisting of only the degree-
q part of P, the following holds

C.(P,) < c1(q) z@NED P(x)? (D.4)

For D = N (0, I), such inequality holds with ¢; (q) < ¢!.

Assumptions (isotropy) and (hyper-contractivity) are very common and they are satisfied for sub-
gaussian distributions or even heavy-tailed distributions such as p(z) o e, Assumption
(degree-preserving) says that data has certain variance along every degree ¢ direction, which is
also typical for distributions such like Gaussians or heavy-tailed distributions.

We point out that it is possible to have a distribution to be a mixture of C-distributions satisfying
(D.4), where none of the individual distributions satisfies (D.4). For example, the distribution can
be a mixture of d-distributions, the i-th distribution satisfies that 2; = 0 and other coordinates are
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i.i.d. standard Gaussian. Thus, non of the individual distribution is degree-preserving, however, the
mixture of them is as long as ¢ < d — 1.

It is easy to check some simple distributions satisfy the following parameters.

Proposition D.1.  Our distributional assumptions are satisfied for c¢ = O(1),c1(q) =
0(q)%, ca(q) = O(q),c3(q) = q°9 when D = N(0,%?), where ¥ has constant singular
values (i.e., in between Q(1) and O(1)), it is also satisfied for a mixture of arbitrarily many
D; = N(0,X2)’s as long as each ¥; has constant singular values and for each j, the j-th row:
I[22:]; |2 has the same norm for every .

In the special case of the main theorem stated in Theorem 1, we work with the above parameters. In
our full Theorem 1°, we shall make the dependency of those parameters transparent.

E SKETCHED PROOF

Our goal in this section is to make the high level intuitions in Section 1.2 concrete. In this sketched
proof let us first ignore the difference between truncated activations and the true quadratic activation.
We explain at the end why we need to do truncation.

Let us now make the intuition concrete. We plan to prove by induction, so let us assume for now
that the regression error is €2 and for every layer ¢’ < /, the function Sy is already learned correct
up to error £/ay < &/cy. Let us now see what will happen if we continue to decrease the regression
error to (£)? for some £ < £. We want to show

8+1 (forward feature learning),

* Sy11 can be learned to error ey

¢ Sy can be backward corrected to error O% for each ¢/ < ¢ (backward feature correction).

Note that due to error between S}, and Sy for ¢/ < ¢, when we use them to learn the (¢ + 1)-
th layer, namely ap1Gy,, = a4+1a(W}f+17go(S;) + ), we cannot learn it correct for any
error better than £/ay X «yyq. Fortunately, using information gap, we have £/ay X apy1 < &,
so if we continue to decrease the regression loss to (£)2, we can at least “hope for” learning some
g1 Foy1 = a1 Gy up toerror € as long as € > e/ X ay1. (This implies Spq1 ~ S7, up to

error

a7 ) Moreover, if we have learned a1 G, to error £ and the regression error is (£)?, then
the sum of the lower-order terms » or<p G, is also of error € < &, so by induction the lower-level

features also get improved.
There are several major obstacles for implementing the above intuition, as we summarized blow.

Function value v.s. coefficients. To actually implement the approach, we first notice that Fy, 1
is a polynomial of maximum degree 2! | however, it also has a lot of lower-degree monomials.
Obviously, the monomials up to degree 2¢ can also be learned in lower layers such as F;. As a result,
itis impossible to derive Fyy 1 ~ G | simply from F' ~ G*. Using a concrete example, the learner
network could instead learn Fy 1 (x) ~ Gy, (x) — F'(x) for some error function F”(x) of degree

2¢, while satisfying Fy(r) ~ G (z) + L F'(2).

ay

Our critical lemma (see Theorem 2 or Lemma L.1) proves that this cannot happen when we train
the network using SGD. We prove it by first focusing on all the monomials in Fy,; of degree 2¢ +
1,...,21 which are not learnable at lower-level layers. One might hope to use this observation

to show that it must be the case 13”1(33) ~ G*¢41(x), where the ﬁf+1 contains all the monomials
in Fy, 1 of degree 2¢ 4 1,...,2"! and similarly for G*¢ ;.

Unfortunately, this approach fails again. Even in the ideal case when we already have Fjp i ~

741 T €, it still does not imply Fypyy ~ G*¢11 & €’. One counterexample is the polynomial

2ield] \%(:rf — 1) where z; ~ N(0,1). This polynomial is £’-close to zero, however, its degree-
E/

2 terms fo when added up is actually v/de’ > &’. In worst case, such difference leads to

complexity d2") for learning the degree 2 target function, leading to an unsatisfying bound.
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To correct this, as a first step, we count the monomial coefficients instead of the actual function
value. The main observation is that, if the regression error is already ()2, then!”

* (Step 1). The top-degree (i.e., degree-2‘*1) coefficients of the monomials in Fy, 1 is €’ close to

* T !/ £
that of GEJrl in terms of ¢5-norm, for &’ = AT

without sacrificing a dimension factor (and only sacrificing a factor that depends on the degree).
Taking the above example, the 2 norm of the coefficients of %azf is indeed ¢’, which does not
grow with the dimension d.

Symmetrization. As a second step, one would like to show that Step 1 — namely, Fy 1 is learned
so that its coefficients of degree 2" monomials match G741 — implies Wy gis close to W7, ,
in some measure.

Indeed, all of the top-degree (i.e., degree 2¢*1) monomials in Fy, | come from U(Wg+17m(Rg§g)),
where S; consists of all the top-degree (i.e., degree-2~!) monomials in S;. At the same time,

inductive assumption says Sy is close to S}, so the coefficients of §g are also close to 52” In other
words, we arrive at the following question:

If (1) the coefficients of §g($), in la-norm, are €'-close to that of §;(m), and (2) the coefficients of
0(Wyi1,00(ReSy)), in £a-norm, are €'-close to that of c(Wy,, ,0(S7)), then, does it mean that
Wt is €'-close to W;_H ¢ in some measure?

The answer to this question is very delicate, due to the huge amount of “symmetricity” in a degree-4
polynomial. Note that both the following two quantities

* ax * ax a2
(Wi ,0(57)) = ||W15+1,z(1 ®I)(S; ® SE)H
5 S a2
0(Wes1,00(ReSe)) = |[Wesr,e(Re @ Ry)(Se @ Sp) ||
are degree-4 polynomials over §; and §g respectively.

In general, when z € R? and M, M’ € R¥*?* suppose (r @ x) " M(x ® x) is €’-close to (z ®
z) "M/(z ® z) in terms of coefficients when we view them as degree 4 polynomials, this does
not imply that M is close to M’ at all. Indeed, if we increase M1,2),(3,4) by 10 and decrease

M1 3),(2,4) by 10'°, then (z ® ) "M(z ® ) remains the same.

One may consider a simple fix: define a symmetric version of tensor product — the “x product”
in Definition 1.2 — which makes sure x * x only has (d'gl) dimensions, each corresponding to
the {7, j}-th entry for s < j. This makes sure My; 5} (3.4} is the same entry as My 13 q4,3)-
Unfortunately, this simple fix does not resolve all the “symmetricity”: for instance, My 2} (3.4}
and My 3y (24} are still difference entries.

For reasons explained above, we cannot hope to derive W1, and W7, , , are ¢’-close. However,
they should still be close after “twice symmetrizing” their entries. For this purpose, we introduce a
“twice symmetrization” operator Sym on matrices, and eventually derive that:'!

* (Step 2). Wy ¢ and W7 41,0 are close under the following notation (for &’ ~ ai - )

Sym (Re+Re) " (Wei,) " Wesre (Re < Re) ) & Sym (T D) T (Weir) Wiy, (1)) &/
(E.1)
We then use (E.1) to non-trivially derive that o (W 1,00 (ReSe)) is close to o (W7, ,0(57)), since
S¢ is close to S; as we have assumed. This implies the monomials in Fy1; of degree 20 4 201 4

1,...,2 "1 match that of G7, - Itis a good start, but there are lower-degree terms to handle.

Low-degree terms. Without loss of generality, we assume the next highest degree is 2¢ +2¢~2. (It
cannot be 2¢ 4 2~ since we assumed skip links.) Such degree monomials must either come from

wConcretely, this can be found in (L.7) in our proof of Lemma L.1.
""The operator Sym(M) essentially averages out all the M, ; 1, entries when {7, 5, k,1} comes from the
same unordered set (see Definition I.3). The formal statement of (E.1) is in Eq. (L.9) of Appendix L.3.
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o(W7,1,0(57)) — which we have just shown it is close t0 0(Wy1,00(R¢S¢)) — or come from
the cross term

* * * T * * *
(S7 * S@)T (Wuu) W£+1,572(5472 *S7_5)

Using a similar analysis, we can first show that the learned function F}; matches in coefficients the
top-degree (i.e., degree 2¢ 4+ 2°=2) monomials in the above cross term. Then, we wish to argue that
the learned Wy ¢ is close to W;H ¢_o iN some measure.

In fact, this time the proof is much simpler: the matrix (W7, Z)TWZf | 1.¢_o 18 not symmetric, and
therefore we do not have the “twice symmetrization” issue as argued above. Therefore, we can
directly conclude that the non-symmetrized closeness, or in symbols,'?

* (Step 3). W11 ,¢—2 and WEH,H are close in the following sense (for &’ ~ a/il )

(Re—a * Ro2) (Wepr o) Wea e (RexRe) & (T 1)1 (Wi o) Wiy, (Ix1)
(E.2)

We can continue in this fashion for all the remaining degrees until degree 2¢ + 1.

Moving from W to K: Part I. So far Steps 2&3 show that W, ; and W7, ; are close in
some measure. We hope to use this to show that the function Sy is close to Sy, ; and proceed the
induction. However, if we use the matrix Wy to define Sy (instead of introducing the notation
K¢t1), then Sg; may have huge error compare to S 1

Indeed, even in the ideal case that (WHM)TW”M ~ (W;HJ)TW;;M + ¢/, this only guar-
antees that Wy, =~ UW7 e T Ve for some column orthonormal matrix U. This is because
the inner dimension m of (Wy1,¢) " Wy 1, is much larger than that the inner dimension ks 1 of
Wi, .13 This Ve’ error can lie in the orthogonal complement of U.

To fix this issue, we need to “reduce” the dimension of W , back to k,11 to reduce error. This
is why we need to introduce the Ky  matrix of rank k11, and add a regularizer to ensure that
K2T+1, K41 ¢ approximates (W1, g)TWHL ¢. (This can be reminiscent of knowledge distillation
used in practice (Hinton et al., 2015).) This knowledge distillation step decreases the error back to
g < /€, sonow Ky 4 truly becomes ¢’ close to W +1,¢ Up to column orthonormal transforma-
tion.'* We use this to proceed and conclude the closeness of Sy 1. This is done in Section L.6.

Moving from W to K: Part II. Now suppose the leading term (E.1) holds without the
Sym operator (see Footnote 14 for how to get rid of it), and suppose the cross term (E.2) also
holds. The former means “(W 1 ¢) T W1 ¢ is close to (W;+174)TW2‘+1,€” and the latter means

“(Wig1,e—2) ' Weyrgisclose to (Wy,, , )" Wj,, ,”. These two together, still does not imply
that “(Wy10—2) ' Weyq—giscloseto (Wp,, ,,) "Wy, , 57, since the error of W1 45 can
also lie on the orthogonal complement of W ,. This error can be arbitrary large when Wy ; ; is
not full rank.

This means, the learner network can still make a lot of error on the ¢ 4 1 layer, even when it already
learns all degree > 2° monomials correctly. To resolve this, we again need to use the regularizer to
ensure closeness between Wy o5 to Ky o_o. It “reduces” the error because by enforcing Wy 1 o2
being close to K11 ¢, it must be of low rank — thus the “arbitrary large error” from the orthog-
onal complement cannot exist. Thus, it is important that we keep W being close to the low rank
counterpart Ky, and update them together gradually.

12The formal statement of this can be found in (L.12).

3Recall that without RIP-type of strong assumptions, such over-parameterization m is somewhat necessary
for a neural network with quadratic activations to perform optimization without running into saddle points, and
is also used in (Allen-Zhu et al., 2019a).

"“In fact, things are still trickier than one would expect. To show “Keq1,e close to W7, ,.” one needs to
first have “W 1 ¢ close to W7 ,”, but we do not have that due to the twice symmetrization issue from (E.1).
Instead, our approach is to first use (E.2) to derive that there exists some matrix P satisfying “PK/1 ¢ is close
to PW7j,, " and “P~'Kyi1,¢—2 is close to PW},; ,_,”. Then, we plug this back to (E.1) to derive that P
must be close to I. This is precisely why we need a skip connection.
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Remark E.1. If we have “weight sharing”, meaning forcing W41 ¢—2 = Wy ¢, then we imme-
diately have (W41 ¢—2) " Wyyq o is close to (Wi, 472)TW2§+1 /—o, 50 we do not need to rely
on “Wy_ ¢ is close to Ky41 0" and this can make the proof much simpler.

To conclude, by introducing matrices K, and enforcing the low-rank K;+1Kg+1 to stay close to
W/, W1, we have distilled the knowledge from W1 and can derive that'®

* (Step 4). Up to unitary transformations, K1 is close to W} 1 With error e~ wi - and this

also implies S¢ 1 is close to S7 | with error ¢ as desired.

Empirical v.s. Population loss. We have given a sketched proof to our intuition focusing on the
case when F' is in the population case (i.e., under the true distribution D), since properties such as
degree preserving Property D.4 is only true for the population loss. Indeed, if we only have poly(d)
samples, the empirical distribution can not be degree-preserving at all for any 2¢ = w(1).

One would like to get around it by showing that, when F' is close to G* only on the fraining data set
Z, then the aforementioned closeness between S, and S7 still holds for the population case. This
turns out to be a challenging task.

One naive idea would be to show that B,z (F(z) — G*(z))? is close to E,p (F(z) — G*(z))*
for any networks weights W, K. However, this cannot work at all. Since F'(z) — G*(z) is a degree

2L polynomial, we know that for a fixed F, By z (F(z) — G*(2))? ~ Eyup (F(z) — G*(2))* ¢

only holds with probability e~(V108(1/))2" where |Z| = N. This implies, in order for it to hold
for all possible W, K, we need at least N = Q(d2L) many samples, which is too bad.

We took an alternative approach. We truncated the learner network from F' to F using truncated
quadratic activations (recall 2.2): if the intermediate value of some layers becomes larger than some
parameter B’, then we truncate it to ©(B’). Using this operation, we can show that the function

output of F' is always bounded by a small value. Using this, one could show that E .. z (F () —
G*(2))” % By (F(z) — G*(2))? * <.

But, why is F'(z) necessarily close to ﬁ(m), especially on the training set Z? If some of the z € Z

is too large, then (ﬁ(x) — F(:c))2 can be large as well. Fortunately, we show during the training
process, the neural network actually has implicit self-regularization (as shown in Corollary L.3e):
the intermediate values such as || S;(z)||? stay away from 2B for most of the z ~ D. This ensures

that E,p(F(x) — F(x))? is small in the population loss.

This implicit regularization is elegantly maintained by SGD where the weight matrix does not move
too much at each step, this is another place where we need gradual training instead of one-shot
learning.

Using this property we can conclude that

~ 2 ~ 2
E_ (F(a:) - G*(m)) is small <= E (F(a;) - G*(m)) is small = E_(F(z) — G*(2))* is small,
which allows us to interchangeably apply all the aforementioned arguments both on the empirical
truncated loss and on the population loss.

F MORE ON RELATED WORKS

Historically, due to the extreme non-convexity, for theoretical studies, the hierarchical structure
of a neural network is typically a disadvantage for efficient training. For example, multi-layer
linear network (Hardt & Ma, 2016; Du & Hu, 2019) has no advantage over linear functions in
representation power, but it already creates huge obstacle for analyzing the training properties.

With such difficulties, it is perhaps not surprising that existing theory in the efficient learning regime
of neural networks, either

5The formal statement can be found in (L.21).
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* reduce multi-layer neural networks to non-hierarchical models such as kernel methods (a.k.a.
neural kernels) (Daniely, 2017; Huang & Yau, 2019; Allen-Zhu et al., 2019c¢; Li & Liang, 2018;
Allen-Zhu & Li, 2019b; Allen-Zhu et al., 2019b; Du et al., 2018b; Arora et al., 2019b:a; Zou
et al., 2018; Du et al., 2018a; Daniely et al., 2016; Jacot et al., 2018; Ghorbani et al., 2019; Cao
& Gu, 2019; Li et al., 2019a; Hanin & Nica, 2019; Yang, 2019; Zou & Gu, 2019; Shankar et al.,
2020; Nachum & Yehudayoff, 2020; Allen-Zhu et al., 2019a; Allen-Zhu & Li, 2019a), or

* focus on two-layer networks (Daniely & Malach, 2020; Kawaguchi, 2016; Soudry & Carmon,
2016; Xie et al., 2016; Ge et al., 2017; Soltanolkotabi et al., 2017; Tian, 2017; Brutzkus &
Globerson, 2017; Zhong et al., 2017; Li & Yuan, 2017; Boob & Lan, 2017; Li et al., 2018;
Vempala & Wilmes, 2018; Ge et al., 2018; Bakshi et al., 2018; Oymak & Soltanolkotabi, 2019;
Yehudai & Shamir, 2019; Zhang et al., 2018; Li & Liang, 2017; Li et al., 2016; Li & Dou, 2020;
Allen-Zhu & Li, 2021) which do not have the deep hierarchical structure.

Learning two-layer network (Kawaguchi, 2016; Soudry & Carmon, 2016; Xie et al., 2016;
Ge et al., 2017; Soltanolkotabi et al., 2017; Tian, 2017; Brutzkus & Globerson, 2017; Zhong
et al., 2017; Li & Yuan, 2017; Boob & Lan, 2017; Li et al., 2018; Vempala & Wilmes, 2018;
Ge et al., 2018; Bakshi et al., 2018; Oymak & Soltanolkotabi, 2019; Yehudai & Shamir, 2019;
Li & Yuan, 2017; Li & Liang, 2017; Li et al., 2016; Li & Dou, 2020; Allen-Zhu & Li, 2021).
There is a rich history of works considering the learnability of neural networks trained by SGD.
However, as we mentioned before, many of these works only focus on network with 2 layers or only
one layer in the network is trained. Hence, the learning process is not hierarchical in the language
of this paper. Note even those two-layer results that study feature learning as a process (such as
(Daniely & Malach, 2020; Li et al., 2020; Allen-Zhu & Li, 2021)) do not cover how the features of
second layer can help backward correct the first layer, not to say repeating them for multiple layers
may only give rise to layer-wise training as opposed to the full hierarchical learning.

Neural tangent/compositional kernel (Allen-Zhu et al., 2019¢; Li & Liang, 2018; Allen-Zhu &
Li, 2019b; Allen-Zhu et al., 2019b; Du et al., 2018b; Arora et al., 2019b;a; Zou et al., 2018;
Du et al., 2018a; Daniely et al., 2016; Jacot et al., 2018; Ghorbani et al., 2019; Li et al., 2019a;
Hanin & Nica, 2019; Yang, 2019; Cao & Gu, 2019; Shankar et al., 2020). There is a rich
literature approximating the learning process of over-parameterized networks using the neural tan-
gent kernel (NTK) approach, where the kernel is defined by the gradient of a neural network at

CIFAR-10 accuracy CIFAR-100 accuracy training time
single model | ensemble | single model | ensemble
Hierarchical WRN-16-10 96.27% 96.8% 80.28% 83.18% 2.5 GPU hour (V100)
learning WRN-22-10 96.59% 97.12% 81.43% 84.33% 3 GPU hour (V100)
quadratic WRN-16-10 94.68% 95.65% 75.31% 79.01% 3 GPU hour (V100)
quadratic WRN-22-10 95.08% 95.97% 75.65% 79.97% 3.5 GPU hour (V100)
neural compositional kernel * 89.8% 89.8% 68.2% 68.2% ~1000 GPU hour
with ZCA preprocessing
neural tangent kernel (NTK) ** 81.40% 81.40% - - ~1000 GPU hour
Kernel (+ random preprocessing) (88.36%) - - - ~1000 GPU hour
methods neural Gaussian process kernel ** 82.20% 82.20% - - ~1000 GPU hour
(+ random preprocessing) (88.92%) - - - ~1000 GPU hour
finite-width NTK for WRN-10-10 72.33% 75.26% - - 20.5 GPU hour (TitanV)
(+ ZCA preprocessing) (76.94%) (80.21%) - - 20.5 GPU hour (TitanV)

Figure 11: Comparison between ReLU networks, quadratic networks, and several optimized kernel methods
(* for (Shankar et al., 2020) and ** for (Li et al., 2019b)). Details in Appendix G.3.

Take-away messages: Quadratic networks perform comparable to ReLU, and better and much
faster than the best-known kernel methods. Finite-width NTK (Allen-Zhu et al., 2019c¢) accuracy is
much worse than its counterparts in hierarchical learning, showing its insufficiency for understand-
ing the ultimate power of neural networks.

Note 1: Kernel methods usually cannot benefit from ensemble since it is typically strictly convex.
Random preprocessing in principle may help if one runs it multiple times; but we expect the gain
to be little. Ensemble helps on finite-width NTK (linear function over random feature mappings)
because the feature space is re-randomized multiple times, so ensemble actually increases the
number of features.

Note 2: Our obtained accuracies using quadratic networks may be of independent interests:
networks with quadratic activations have certain practical advantage especially in cryptographic
applications (Mishra et al., 2020).
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random initialization (Jacot et al., 2018). Others also study neural compositional kernel through a
random neural network (Daniely et al., 2016; Shankar et al., 2020). One should not confuse these
hierarchically-defined kernels with hierarchical learning. As we pointed out, see also Bengio (2009),
hierarchical learning means that each layer learns a combination of previous learned layers. In these
cited kernel methods, such combinations are prescribed by the random initialization and not learned
during training. As our negative result shows, for certain learning tasks, hierarchical learning is su-
perior than any kernel method, so the hierarchically-learned features are indeed superior than any
(even hierarchically) prescribed features. (See also experiments in Figure 11.)

Three-layer result (Allen-Zhu et al., 2019a). This paper shows that 3-layer neural networks can
learn the so-called “second-order NTK,” which is not a linear model; however, second-order NTK
is also learnable by doing a nuclear-norm constrained linear regression over the feature mappings
defined by the initialization of a neural network. Thus, the underlying learning process is still not
truly hierarchical.

Three-layer ResNet result (Allen-Zhu & Li, 2019a). This paper shows that 3-layer ResNet can
at least perform some weaker form of implicit hierarchical learning, with better sample or time
complexity than any kernel method or linear regression over feature mappings. Our result is greatly
inspired by (Allen-Zhu & Li, 2019a), but with several major differences.

First and foremost, the result (Allen-Zhu & Li, 2019a) is only forward feature learning without
backward feature correction. It is a weaker version of hierarchical learning.

Second, the result (Allen-Zhu & Li, 2019a) can also be achieved by non-hierarchical methods such
as simply applying kernel method twice.'®

Third, we prove in this paper a “poly vs. super-poly” running time separation, which is what one
refers to as “efficient vs non-efficient” in traditional theoretical computer science. The result (Allen-
Zhu & Li, 2019a) is regarding “poly vs. bigger poly” in the standard regime with constant output
dimension.

Fourth, as we illustrate in Section E, the major technical difficulty of this paper comes from showing
how the hidden features are learned hierarchically. In contrast, the intermediate features in (Allen-
Zhu & Li, 2019a) are directly connected to the outputs so are not hidden.

Fifth, without backward feature correction, the error incurred from lower layers in (Allen-Zhu & Li,
2019a) cannot be improved through training (see Footnote 16), and thus their theory does not lead
to arbitrarily small generalization error like we do. This also prevents (Allen-Zhu & Li, 2019a) from
going beyond L = 3 layers.

Separation between multi-layer networks and shallower learners. Prior results such as (Eldan
& Shamir, 2016; Telgarsky, 2016) separate the representation power of multi-layer networks from
shallower learners (without efficient training guarantee), and concurrent results (Daniely & Malach,
2020; Li et al., 2020) separate the power of two-layer neural networks from kernel methods with
efficient training guarantees. As we emphasized, proving separation is not the main message of this
paper, and we focus on studying how deep learning perform efficient hierarchical learning when
L =w(1).

Other theoretical works on hierarchical learning (Arora et al., 2014; Mossel, 2016). There
are other theoretical works to perform provable hierarchical learning. The cited works (Arora et al.,
2014; Mossel, 2016) propose new, discrete learning algorithms to learn certain hierarchical rep-
resentations. In contrast, the main goal of our work is to explore how deep learning (multi-layer
neural networks) can perform hierarchical learning simply by applying SGD on the training objec-
tive, which is the most dominant hierarchical learning framework in practice nowadays.

'5Recall the target functions in (Allen-Zhu & Li, 2019a) are of the form F'(z) + - G(F(z)) for o < 1, and
they were proved learnable by 3-layer ResNet up to generalization error o in (Allen-Zhu & Li, 2019a). Here is
a simple alternative two-step kernel method to achieve this same result. First, learn some F’(x) that is a-close
to F(z) using kernel method. Then, treat (x, F'(z)) as the input to learn two more functions F, G using kernel
method, to ensure that F'(z) + aG(F’(x)) is close to the target. This incurs a fixed generalization error of
magnitude o®. Note in particular, both this two-step kernel method as well as the 3-layer ResNet analysis from
(Allen-Zhu & Li, 2019a) never guarantees to learn any function F”/(x) that is o close to F'(x), and therefore
the “intermediate features” do not get improved. In other words, there is no backward feature correction.
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G DETAILS ON EMPIRICAL EVALUATIONS

Our experiments use the CIFAR-10 and CIFAR-100 datasets (Krizhevsky, 2009). In one of our
experiments, we also use what we call CIFAR-2, which is to re-group the 10 classes of CIFAR-10
into two classes (bird,cat,deer,dog,horse vs. the rest) and is a binary classification task. We adopt
standard data augmentations: random crops, random flips, and normalization; but for adversarial
training, we removed data normalization. For some of the experiments (to be mentioned later), we
also adopt random Cutout augmentation (Shankar et al., 2020) to obtain higher accuracy.

We note there is a distinction between the original ResNet (He et al., 2016) and the later more
popularized (pre-activation) ResNet (Zagoruyko & Komodakis, 2016). We adopt the later because
it is the basic block of WideResNet or WRN (Zagoruyko & Komodakis, 2016). Recall ResNet-
34 has 1 convolutional layers plus 15 basic blocks each consisting of 2 convolutional layers. We
have also implemented VGG19 and VGG13 in some of our experiments, and they have 16 and 10
convolutional layers respectively.

All the training uses stochastic gradient descent (SGD) with momentum 0.9 and batch size 125,
unless otherwise specified.

G.1 FEATURE VISUALIZATION ON RESNET-34: FIGURE 2

We explain how Figure 2 is obtained. Throughout this paper, we adopt the simplest possible feature
visualization scheme for ResNet: that is, start from a random 32x32 image, then repeatedly take its
gradient so as to maximize a given neuron in some layer. We perform gradient updates on the image
for 2000 steps, with weight decay factor 0.003.

Note however, if the network is trained normally, then the above feature visualization process outputs
images that appear like high-frequency noise (for reasons of this, see (Allen-Zhu & Li, 2021)).
Therefore, in order to obtain Figure 2 we run adversarial training. The specific adversarial attacker
that we used in the training is ¢, PGD perturbation plus Gaussian noise suggested by (Salman
et al., 2019). That is, we randomly perturb the input twice each with Gaussian noise o = 0.12 per
coordinate, and then perform 4 steps of PGD attack with ¢ radius r = 0.5. We call this £5(0.5, 0.12)
attacker for short.

Recall ResNet-34 has 3 parts, the first part has 11 convolutional layers consisting of 16 channels
each; the second part has 10 convolutional layers consisting of 32 channels each (but we plot 24 of
them due to space limitation); the third part has 10 convolutional layers consisting of 64 channels
each (but we plot 40 of them due to space limitation).

To be consistent with the theoretical results of this paper, to obtain Figure 2, we have modified
ResNet-34 to make it more like DenseNet: the network output is now a linear functions (Avg-
Pool+FC) over all the 16 blocks (15 basic blocks plus the first convolutional layer). This modifica-
tion will not change the final accuracy by much. Without this modification, the feature visualizations
will be similar; but with this modification, we can additionally see the “incremental feature change”
in each of the 3 parts of ResNet-34.

G.2 Toy EXPERIMENT ON ALEXNET: FIGURE 3

We explain how Figure 3 is obtained. Recall AlexNet has 5 convolutional layers with ReLU activa-
tion, connected sequentially. The output of AlexNet is a linear function over its 5th convolutional
layer. To make AlexNet more connected to the language of this paper, we redefine its network
output as a linear functions over all the five convolutional layers. We only train the weights of the
convolutional layers and keep the weights of the linear layer unchanged.

We use fixed learning rate 0.01, momentum 0.9, batch size 128, and weight decay 0.0005. In the first
80 epochs, we freeze the (randomly initialized) weights of the 2nd through 5th convolutional layers,
and only train the weights of the first layer). In the next 120 epochs, we unfreeze those weights and
train all the 5 convolutional layers together.

As one can see from Figure 3, in the first 80 epochs, we have sufficiently trained the first layer
(alone) so that the features do not move significantly anymore; however, as the 2nd through Sth
layers become trained together, the features of the first layer gets significantly improved.
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G.3 QuAD vs RELU vs NTK: FIGURE 11

Recall Figure 11 compares the performance of ReLU networks, quadratic networks and kernel meth-
ods. We use standard data augmentation plus Cutout augmentation in these experiments. Recall
Cutout was also used in (Shankar et al., 2020) for presenting the best accuracy on neural kernel
methods, so this comparison is fair.

ReLU network. For the network WRN-L-10, we widen each layer of a depth L ResNet by a factor
of 10. We train 140 epochs with weight decay 0.0005. We use initial learning rate 0.1, and decay
by a factor of 0.2 at epochs 80, 100 and 120. In the plots we present the best test accuracy out of 10
runs, as well as their ensemble accuracy.

Quadratic network. For the quadratic network WRN-L-10, we make slight modifications to the
network to make it closer to our architecture used in the theorem, and make it more easily trainable.
Specifically, we use activation function o(2) = z + 0.12? instead of o(2) = 22 to make the training
more stable. We swap the order of Activation and BatchNorm to make BN come after quadratic
activations; this re-scaling also stabilizes training. Finally, consistent with our theory, we add a
linear layer connecting the output of each layer to the final soft-max gate; so the final output is a
linear combination of all the intermediate layers. We train quadratic WRN-L-10 for also 140 epochs
with weight decay 0.0005. We use initial learning rate 0.02, and decay by a factor of 0.3 at epochs
80, 100 and 120. We also present the best test accuracy out of 10 runs and their ensemble accuracy.

Finite-width NTK. We implemented a naive NTK version of the (ReLU) WRN-L-10 architecture
on the CIFAR-10 dataset, and use iterative algorithms to train this (linear) NTK model. Per-epoch
training is 10 times slower than standard WRN-L-10 because the 10-class outputs each requires
a different set of trainable parameters. We find Adam with learning rate 0.001 is best suited for
training such tasks, but the convergence speed is rather slow. We use batch size 50 and zero weight
decay since the model does not overfit to the training set (thanks to data augmentation). We run the
training for 200 epochs, with learning rate decay factor 0.2 at epochs 140 and 170. We run 10 single
models using different random initializations (which correspond to 10 slightly different kernels),
and report the best single-model accuracy; our ensemble accuracy is by combining the outputs of
the 10 models.

In our finite-width NTK experiments, we also try with and without ZCA data preprocessing for
comparison: ZCA data preprocessing was known to achieve accuracy gain in neural kernel methods
(Shankar et al., 2020), but we observe in practice, it does not help in training standard ReLU or
quadratic networks.

We only run this finite-width NTK for WRN-10-10. Using for instance WRN-16-10 to obtain the
same test accuracy, one has to run for much more than 200 epochs; due to resource limitations, we
refrain from trying bigger architectures on this finite-width NTK experiment.

G.4 LAYERWISE VS HIERACHICAL LEARNING: FIGURE 7

Recall Figure 7 compares the accuracy difference between layerwise training and training all the
layers together on VGG19 and ResNet-34 architectures. We also include in Figure 7 additional
experiments on VGG13 and ResNet-22.

In those experiments, we use standard data augmentation plus Cutout. When widening an architec-
ture we widen all the layers together by the specific factor.

When performing “layerwise training”, we adopt the same setup as Trinh (2019). During the /¢-
th phase, we freeze all the previous (¢ — 1) convolutional layers to their already-trained weights
(along with batch norm), add an additional linear layer (AvgPool + FC) connecting the output of the
{-th layer to the final soft-max gate, and only train the ¢-th convolutional layer (with batch-norm)
together with this additional linear layer. We train them for 120 epochs with initial learning rate 0.1
and decay it by 0.1 at epochs 80 and 100. We try both weight decay 0.0001 and 0.0005 and report
the better accuracy for each phase ¢ (note this is needed for layer-wise training as smaller weight
decay is suitable for smaller £). Once we move to the next phase ¢ + 1, we discard this additional
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Figure 12: Layerwise training vs Training all layers together (additional experiments to Figure 7).

linear layer.!’

For “training all layers together”, to make our comparison even stronger, we adopt nearly the same
training setup as “layerwise training”, except in the ¢-th phase, we do not freeze the previous < /—1
layers and train all the < ¢ layers altogether. In this way, we use the first (¢ — 1) layers’ pre-trained
weights to continue training. The test accuracy obtained from this procedure is nearly identical to
training the first £ layers altogether directly from random initialization.'®

Finally, for ResNet experiments, we regard each Basic Block (consisting of 2 convolutional layers)
as a single “layer” so in each phase (except for the first phase) of layerwise training, we train a single
block together with the additional linear layer.

G.5 MEASURE BACKWARD FEATURE CORRELATION: FIGURES 5, 8, 9 AND 10

Recall in Figure 5 and Figure 10 we visualize how layer features change before and after backward
feature correction (BFC); in Figure 8 and Figure 9 we present how much accuracy gain is related
to BFC, and how much and how deep BFC goes on the CIFAR-100 dataset. In this section, we
also provide additional experiments showing how much and how deep BFC goes on (1) the CIFAR-
10 dataset in Figure 13(a), (2) on the /., adversarial training in Figure 13(b), and (3) on the {5
adversarial training in Figure 13(c).

In all of these experiments we use the vanilla WRN-34-5 architecture (Zagoruyko & Komodakis,
2016) (thus without widening the first layer and) without introducing “additional linear layer” like
Section G.4. We use initial learning rate 0.1 and weight decay 0.0005. For clean training we train for
120 epochs and decay learning rate by 0.1 at epochs 80 and 100; for adversarial training we train for
100 epochs and decay learning rate by 0.1 at epochs 70 and 85. For the case of ¢ € {0, 1,2,...,10}:

* we first train only the first £ blocks of WRN-34-5 (and thus 2/ + 1 convolutional layers), by
zeroing out all the remaining deeper layers. We call this “train only < ¢7;

* we freeze these 2/+1 layers and train only the deeper blocks (starting from random initialization)
and call this “fix < / train the rest”;

* we also try to only freeze the < ¢ — j blocks for j € {1,2,3,4} and train the remaining deeper
blocks, and call this “fix < ¢ — j train the rest”;

Qur “additional linear layer” is represented by a 2-dimensional average pooling unit followed by a (train-
able) fully-connected unit. “Discarding” this additional linear before moving to the next phase is also used in
(Trinh, 2019; Belilovsky et al., 2019).

"Our adopted process is known as “layer-wise pre-training” in some literature, and is also related to
Algorithm 1 that we used in our theoretical analysis. We emphasize that “layer-wise pre-training” should
be consider as training all the layers together and they have the same performance.
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CIFAR-10 accuracy £=1 +£=3 {£=5 +£=7 +£=9 £=11 £=13 £=15 £=17 £=19 £=21

train only < £ 417% 73.5% 89.1% 922% 93.4% 93.9% 942% 951% 957% 95.9% | 96.1% » no BFC
° fix < ¢, train the rest 96.5% 93.7% 917% 92.8% 93.7% 942% 943% 953% 959% | 96.1% [ 96/3% —> noBFC
) fix < £ — 2, train the rest - 96.5% 95.5% 93.4% 93.6% 94.1% 94.4% 952% 95.8% 95.9% | 96.3% —»> BFCfor2layers
g fix < £ — 4, train the rest - - 96.4% [196.1% 94.9% 94.5% 94.4% 955% 95.6% 95.8% | 96.1% —» BFCfor4 layers
2 fix < £ — 6, train the rest - - - 96.7% | 96.1% 95.4% 95.0% 95.6% @ 96.0% 95.6% 95.9% —» BFCfor6 layers
o fix < £ — 8, train the rest - - - - 96.6% | 96.3% 95.9% | 96.2% | 96.3% |96.1% 95.7% » BFC for 8 layers
train all the layers 96.5% | 96.6% | 96.5% | 96.5% | 96.5%  96.4% | 96.2% | 963% & 96.4%  96.5% | 96.6% —> full BFC
ight lati ini i
average weight correlations - ,26 0,083  0.068 0.060 0053 0043 0043 0040 0036 0037 0031 - 2iningneuralnetsisfar
(for “train < €” vs “rand init”) from the NTK regime
average weight correlations correlation between
(for ‘,tfain <g€,. vs“trainallr) 0905 0977 0975 0972 0966 0965 0964 0966 0959 0957 0939 > Linoiace
train only < 414% 712% 865% 89.9% 91.3% 91.8% 923% 93.9% | 94.5% ||94.7% [ 950% —» no
y< e % % % BFC
E fix< ¢ traintherest ~ [195.6% 90.8% 89.1% 90.4% 915% 92.0% 925% 93.9% | 94.6% | 94.8% [95.0% > noBFC
o fix < £ — 2, train the rest - 957% 93.7% 90.9% 913% 91.8% 92.3% 93.7% 94.4% | 94.6% [ 94.9% —» BFCfor2 layers
s fix < £ — 4, train the rest - - P957% [loa7% 93.0% 922% 92.4% 93.9% 941% 94.2% | 94.6% —» BFCfor4layers
W  fix< € — 6, train the rest - - - [958%| [94.9% 93.8% 932% 94.2% | 946% 94.1%  94.2% » BFC for 6 layers
= fix < £ — 8, train the rest - - - - [oss% [95.1% | 9a5% [l947% [95.0% | 948% 941% —» BFCfor8 layers
train all the layers [o5.8% | [95.6% [95.6% [95.8% [o5.6% [95.5% [95.4% [95.7% [95.9% [195.8% [[85.9% | —» full BFC
(a) clean training on CIFAR-10
CIFAR-10, L2 adversarial =1 £=3 {¢=5 ¢=7 ¢=9 ¢=11 =13 £=15 £=17 £=19 ¢=21
train only < £ 235% 36.2% 47.0% 526% 55.9% 57.3% 58.7% 61.9% 63.3% | 63.9% | 64.4% —> noBFC
3 fix < ¢, train the rest 67.2% | 63.4% [ 643% 625% 583% 57.8% 59.3% 61.8% 62.6% | 63.7% | 63.7% » no BFC
g fix < € — 2, train the rest - 67.3% [165.7% | 63.7% 62.3% 60.1% 59.9% 61.6% 62.7% | 63.7% [64.1% > BFCfor 2 layers
° fix < € — 4, train the rest - P67.0% PFes9% [64.9% 631% 62.1% 635% 633% 63.5% [ 64.0% + BFC for 4 layers
w  fix< -6, trainthe rest - - - Per.0% Fess% [647% [6a5% [653% [6s.6% [64.7% [ 63.9% » BFC for 6 layers
= fix < £ — 8, train the rest - - - - [P67.0%| Pee.5% [Fes.8% Wee.ox [F66.3% W66.4% [65.1% —> BFCfor 8 layers
train all the layers F66.7% [67.0% F66.9% Fe6.8% Fe6.7% Fe6.7% F66.7% Fe6.s% F67.0% Fee.0% Fes.5% » full BFC
average weight correlations ini i
verage weight correlations ' ;o) 0134 0108 0089 0074 0065 0059 0050 0045 0045 0042 —» ‘amingneuralnetsisfar
(for “train < €” vs “rand init”) from the NTK regime
average weight correlations 0 000 077 0864 0911 0890 0862 0860 0861 0834 0802 —» Corredtionbetween
(for “train < €” vs “trainall”) : . . . . . . g . . with vs. without BFC
(b) adversarial training on CIFAR-10 with ¢, radius 6/255
CIFAR-10, Linfadversarial ¢=1 ¢=3 +¢=5 ¢=7 £=9 f£=11 £=13 £=15 ¢=17 £=19 £=21
trainonly < £ 21.6% 284% 37.6% 42.8% 46.7% 481% 50.6% 54.1% 55.6% 56.5% 57.4% —> noBFC
) fix< ¢, traintherest  [160.6% 557% 56.7% 54.5% 52.6% 51.0% 520% 54.0% 55.5% 56.6% 57.5% —» noBFC
g fix < £ — 2, train the rest - [613% || 582% 55.9% 542% 53.3% 53.1% 556% 56.4% 56.5% 57.2% » BFC for 2 layers
° fix < £ — 4, train the rest - - [6L0% [586% 57.0% 56.3% 55.7% 57.5% 57.8% 57.3% 57.6% —» BFCfor4layers
W  fix< £ —6,train the rest - - - [61a% I50.9% 57.6% 58.0% [59.1% [595% [587% [ 583% —> BFCfor6 layers
(=4 . .
= fix < £ — 8, train the rest - - - - P61a%| [593% [s8.6% F59.4% [60.0% [60.4% [60.0% —> BFCfor 8 layers
train all the layers [60.6% [60.5% [611% [61.3% [l60.7% [60.1% [60.5% F60.5% ['e0.0% Fe0.a% Feosw — full BFC

average weight correlations
(for “train < €” vs “rand init”)

average weight correlations ) ) 0783 0.845 0835 0898 0883 0847 0867 0849 0942 0904 —» Oelationbetween
(for “train < £” vs “train all”) ™" . - . - . ) - . - . with vs. without BFC

(c) adversarial training on CIFAR-10 with £2(0.5, 0.12) attacker

N training neural nets is far

0.164 0.137 0.086 0.070 0.061 0.054 0.054 0.041 0.047 0.040 0.037 N
from the NTK regime

Figure 13: This table gives more experiments comparing to Figure 8.

* we start from random initialization and train all the layers, but regularize the weights of the first
< £ blocks so that they stay close to those obtained from “train only < ¢”, and we call this “train

all the layers”."”

This explains how we obtained Figure 8, Figure 9 and Figure 13. We emphasize that by comparing
the accuracy difference between “train all the layers” and “fix < ¢ — j and train the rest”, one can
immediately conclusion on how deep is it necessary for backward feature correction to go.

As for feature visualizations in Figure 5 and Figure 10, we compare the last layer visualizations of
“train only < ¢” (or equivalently “fix < / train the rest”) which has no backward feature correction
from deeper layers, as well as that of “train all the layers” which is after backward feature correction
from all the deeper layers.

For the adversarial attacker used in Figure 13(b), we used ¢, PGD attacker for 7 steps during
training, and for 20 steps during testing; for the adversarial attacker used in Figure 13(c), we used
¢5(0.5,0.12) (see Section G.1) for training and replaces its PGD number of steps to 20 during test-
ing.

In principle, one can tune this regularizer weight so as to maximize neuron correlations to a magnitude
without hurting the final accuracy. We did not do that, and simply trained using weights 0.0005 and 0.0007 and
simply reported the better one without hurting the final accuracy.
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G.6 GAP ASSUMPTION VERIFICATION: FIGURE 4

Recall in Figure 4 we have compared the accuracy performance of WRN-34-10 with various depths.
In this experiment we have widened all the layers of the original ResNet-34 by a factor of 10, and we
remove the deepest j basic blocks of the architecture for j € {0,1,2,...,15} in order to represent
WRN-34-10 with various depths.

We train each architecture for 120 epochs with weight decay 0.0005, and initial learning rate 0.1
with decay factor 0.1 at epochs 80 and 100. In the single model experiments, we run the training
10 times, and report the average accuracy of those 8 runs excluding the top and bottom ones; in the
ensemble experiment, we use the average output of the 10 runs to perform classification.
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APPENDIX II: COMPLETE PROOFS

We provide clear roadmap of what is included in this appendix. Note that a full statement of our
theorem and its high-level proof plan begin on the next page.

e SECTION H : In this section, we first state the general version of the main theorem, including
agnostic case in Section H.5.

e SECTION I : In this section, we introduce notations including defining the symmetric tensor prod-
uct * and the twice symmetrization operator Sym(M).

o SECTION ] : In this section, we show useful properties of our loss function. To mention a few:

1. In Section J.1 we show the truncated version .Sy is close to Sy in the population loss.

2. In Section J.3 we show Sy is Lipschitz continuous in the population loss. We need this

to show that when doing a gradient update step, the quantity E,p[||S¢||?] does not

move too much in population loss. This is important for the self-regularization property

we discussed in Section E to hold.

In Section J.4 we show the empirical truncated loss is Lipschitz w.r.t. K.

4. In Section J.5 we show the empirical truncated loss satisfies higher-order Lipschitz
smoothness w.r.t. K and W. We need this to derive the time complexity of SGD.

5. In Section J.6 we show empirical truncated loss is close to the population truncated loss.
We need this together with Section J.1 to deriv the final generalization bound.

b

e SECTION K : In this section, we prove the critical result about the “coefficient preserving” prop-
erty of S} (x), as we discussed in Section E. This is used to show that if the output of F’
is close to G* in population, then the high degree coefficient must match, thus W must be
close to W* in some measure.

e SECTION L : In this section, we present our main technical lemma for hierarchical learning. It
says as long as the (population) objective is as small as 2, then the following properties
hold: loosely speaking, for every layer £,

1. (hierarchical learning): S¢(x) close to S} (x) by error ~ €/ay, up to unitary transfor-

mation.

2. (boundedness): each E[||S¢(x)||3] is bounded. (This is needed in self-regularization.)
We emphasize that these properties are maintained gradually. In the sense that we need to
start with a case where these properties are already approximately satisfied, and then we
show that the network will self-regularize to improve these properties. It does not mean, for
example in the “hierarchical learning” property above, any network with loss smaller than
£? satisfies this property; we need to conclude from the fact that this network is obtained
via a (small step) gradient update from an earlier network that has this property with loss
< 2e.

e SECTION M : In this section, we use the main technical lemma to show that there is a descent di-
rection of the training objective, as long as the objective value is not too small. Specifically,
we show that there is a gradient update direction of K and a second order Hessian update
direction of W, which guarantees to decrease the objective. This means, in the non-convex
optimization language, there is no second-order critical points, so one can apply SGD to
sufficiently decrease the objective.

e SECTION N : We show how to extend our theorems to classification.

e SECTION O : This section contains our lower bounds.

H MAIN THEOREM AND PROOF PLAN

Let us recall that d is the input dimension and 2 € R is the input. We use L to denote the total
number of layers in the network, and use k; to denote the width (number of neurons) of the hidden
layer £. Throughout the appendix, we make the following conventions:

o k= max,{k;}and k;, = max{k; : j € JeNj>2}.
* B=max;{B;}and By = max{B; : j € Jy Aj > 2}.
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Our main theorem in its full generalization can be stated as follows.

Theorem 1’ (general case of Theorem 1). There is absolute constant ¢y > 2 so that for any desired
accuracy € € (0, 1), suppose the following gap assumption is satisfied

ay

L
co(i—20)
> (ca(29) log(dL /)@ - (k- ¢1(29) - e3(29)) 2" H (RBo)""
Qpyq =t

Then, there exist choices of parameters (i.e., regularizer weight, learning rate, over parameteriza-
tion) so that using

d dlogd
g6

Q(ea(29))

poly(B, k? l{) . (04(2L) log S

samples. With probability at least 0.99 over the randomness of {Ry} ¢, with probability at least 1 —§
over the randomness of Z, in at most time complexity

R 1d
T < poly | w5, [] keBe. (ca(27)) ) 10g ") - &
_p0y<lﬁ? ) y 14 57(64( )) , 10g 575
SGD converges to a point with

Obj(Z;W,K) <2 Obj(D;W,K) <e?> Obj(D;W,K) < ¢

Corollary H.1. In the typical setting when c3(q) < ¢°9, ¢1(q) < O(q?), and c4(q) < O(q),
Theorem 1’ simplifies to

-2¢ L
(03 d\ co-L L2co(i—6)
£ > <log> #)2 " T (*eBe)
< ’
j=

Qpyq

N > d? - log®™M d + dlogd
] €6

Blrd\ 22"
oe

poly(B, k, k) - (2L log

S 1 d
T < P0|y <K:L7 H ka@ 2L2L710g2L < >
; 0 €
Corollary H.2. In the special case Theorem I, we have additional assumed § = 0.01, L =
1

o(loglogd), k < 201L7Bz < Qkag, and ky < do™C1. This together with the typical setting
c3(q) < %9, ¢1(q) < O(q?), and c4(q) < O(q), simplifies Theorem 1’ to

Qpyq

<d°r, N> poly(d/e), and T < poly(d/e)
o7

H.1 TRUNCATED QUADRATIC ACTIVATION (FOR TRAINING)

To make our analysis simpler, it would be easier to work
with an activation function that has bounded derivatives
in the entire space. For each layer ¢, we consider a “trun- \ /

cated, smooth” version of the square activation o (z) de- bounded inthe limit
fined as follows. For some sufficiently large B} (to be
chosen later), let

identical to 0/(z) = z? for

~ o(z), if|z| < B,
O’Z(Z) = { Bé/) lf }Z| Z 2%2 for some Bé’ == @((BZ)2> some sufficiently large B,

| |
and in the range [Bj, 2BZ] function 5(z) can be cho- 5 0 5
sen as any monotone increasing function such that Figure 14: truncated quadratic activation
loe(2)'|,10e(2)"],10e(2)"| = O(B}) are bounded for ev-

ery z.
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Accordingly, we define the learner network with respect to the truncated activation as follows.

So(@) = Gilw) . Si(@) = Gi@), Su(w) = X500 Ke s (stj(x)) + e o3z, KeiSi (@)
~ L ~ ~ _ ~ ~
Fa) = Y, aSum(Fi() . Fi(e) = 0 (Se,550 Wesds (BiS@)) + Sjeqoiyng, WesSi(e))

We also use ¢ instead of o; when its clear from content.

Remark H.3. The truncated F' is for training purpose to ensure the network is Lipschitz smooth,
so we can obtain simpler proofs. Our choice B; makes sure when taking expectation over data, the
difference between o(2) and o(z) is neghglble see Appendix J.1. Thus, our final learned network
F(z) is truly quadratic. In practice, people use regularizers such as batch/layer normalization to
make sure activations stay bounded, but truncation is much simpler to analyze in theory.

H.2 PARAMETER CHOICES

Definition H.4. In our analysis, let us introduce a few more notations.
o With the following notation we can write poly(ky) instead of poly(ke, L, k) whenever needed.
%g = (Eg~L-I€)4andTg = (E@'E@'L'H)4.
e The next one is our final choice of the truncation pammeter for ay(x) at each layer L.

By := poly(7y) - Q(ca(2 )log(dL/s))C4 ) and Bg max{B} : j€ Ty Nj>2}

The following can simplify our notations.

k= In?X{kg}, B= m?x{Bg}, k= mgx{%g}, T = m?x{rg}, B = m?x{Bé}

L]

The following is our main “big polynomial factors” to carry around, and it satisfies

L

e e C()Z 96(i—¢)
D( = (Tg . Iiz . (26)2 . 01(2£) . 63(28)) and Tg = H(Dj)QO 2%
j=t

Note it satisfies Yy > (Dg)?°(Yy41 Yoo YT1)C.

The following is our gap assumption.

(o7 < 1
= —7
a (Tey1)®Beya

e Qur thresholds

2 2
Op—_q 1 Qy
Thresy , = ((De_1)9Te—1> , Thres; g = 1 <(D4) Tg)

The following is our choice of the regularizer weights*®
2 2 2 2
€ o o o%

=, A= M= s, A= s
Rz T D M (DT T (DB

The following is our amount of the over-parametrization

m > poly(r, B') /<

A6, =

(~ )2 In Algorithm 1, we have in fact chosen A\¢ s = (( ‘;)2 , where £¢

is the current “target error”, that is guaranteed to be within a factor of 2 comparing to the true ¢ (that comes

201 et us make a comment on A6, 0 =

from g% = 6?)/‘](2 ; W, K)). To make the notations simpler, we have ignored this constant factor 2.
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e The following is our final choice of the sample complexity

L
d  mdlogd rd\ T
2 Q(1) g L L
N >d° - log 5 + —Qa poly(7) (2 c4(27) log 65)
H.3 ALGORITHM DESCRIPTION FOR ANALYSIS PURPOSE
For analysis purpose, it would be nice to divide our Algorithm 1 into stages for £ = 2,3, ..., L.

— 2
* Stage ¢* begins with Obj(Z; W, K) < Thres; , := ((Dg%ig}ru) )

Our algorithm satisfies n; = 0 for j > fand A\3; = Ay ; = As; = 0 for j > /. In other
words, only the matrices Wy, ..., Wy, Ko, ... K, 1 are training parameters and the rest of
the matrices stay at zeros. Our analysis will ensure that applying (noisy) SGD one can decrease

Qg

2
W) , and when this point is reached we move to stage £°.

this objective to + (

()’

4 \(De)3VYy ) -~

In this stage, our analysis will guarantee that W/, W is extremely close to a rank k, matrix,
so we can apply k-SVD decomposition to get some warm-up choice of K, satisfying

1K/ o1 Kea — W Wog|lp

being sufficiently small. Then, we set A3 ¢, A4 ¢, A5 ¢ from Definition H.4, and our analysis will

« (° begins with Obj(Z; W, K) < Thres, , :=

2
T o v
ensure that the objective increases to at most (7( AL m) . We move to stage £".

2
()
Our algorithm satisfies 1; = 0 for j > £and A3 ; = Ay ; = A5 ; = 0 for j > {. In other words,

only the matrices Wo, ..., Wy, Ko, ..., Ky are training parameters and the rest of the matrices
stay at zeros. Our analysis will ensure that applying (noisy) SGD one can decrease this objective

* (¥ begins with (/)\b/j(Z;W,K) < 4Threspy =

2
to (wgigT) , SO we can move to stage (£ + 1)%.

H.4 PROOF OF THEOREM 1°

We begin by noting that our truncated empirical objective 65‘](2 ; W, K) is in fact lip-bounded,
lip-Lipschitz continuous, lip-Lipschitz smooth, and lip-second-order smooth for some parameter

lip = (%, B')°®) . poly (B, (04(2L))C4(2L), logc“(ZL) 35 d) that is sufficiently small (see Claim J.5).
This parameter lip will eventually go into our running time, but not anywhere else.
Throughout this proof, we assume as if \g ¢ is always set to be %, where €2 = 6\5.](2 : W, K)

is the current objective value. (We can assume so because Algorithm 1 will iteratively shrink the
target error €¢ by a factor of 2.)

Stage £. Suppose we begin this stage with the promise that (guaranteed by the previous stage)

2
2 A . Q1 . 2 ]
£ — Obj(Z; W, K) < ((DH)QT“) md {EfIS@B<n)

and Algorithm 1 will ensure that W, = 0 is now added to the trainable parameters.

Our main difficulty is to prove (see Theorem M.10) that whenever (H.1) holds, for every small
m > 0, there must exist some update direction (W ") K (eW)) satisfying

o K" —K||r < 1 - poly(R),
* Ep [We) — W% < - poly(R),
* Ep [Obj(Z; We) K("))] < Obj(Z; W, K) — (0.7 — 202, ).
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Therefore, as long as &2

pleteness), we know that

> da? 1> by classical theory from optimization (see Fact P.11 for com-

52

poly(r) poly(%) -
This means, the current point cannot be an (even approximate) second-order critical point. Invoking
known results on stochastic non-conex optimization (Ge et al., 2015), we know starting from this

point, (noisy) SGD can decrease the objective. Note the objective will continue to decrease at least

until €2 < 8o, ;, but we do not need to wait until the objective is this small, and whenever ¢ hits

1 ar ; o
S RENav we can go into stage £°.

2

either |[VObj(Z; W, K)||p > (H.2)

Of Amin (vQ(Tl:?j(Z;W,K)) <

Remark H.5. In order to apply SGD to decrease the objective, we need to maintain that the bound-
edness E,p|||S;(2)|3] < 7; in (H.1) always holds. This is ensured because of self-regularization:
we proved that (1) whenever (H.1) holds it must satisfy a tighter bound E,.p[||S;(2)]3] <
2B; < 7j, and (2) the quantity E,p[||S;j(x)|/3] satisfies a Lipschitz continuity statement (see
Claim J.3). Specifically, if we move by 7 in step length, then E,p[||S;(z)]|3] is affected by at most

n- (HZ]: o poly(7;, 03(2j))). If we choose the step length of SGD to be smaller than this amount,

then the quantity E,p|||S;(z)||3] self-regularizes. (This Lipschitz continuity factor also goes into
the running time.)

2
Stage £°. Usinge? < & ((szgi"m) , we shall have a theorem to derive that?!

for some matrix M with rank k, and singular values between [, x?L?]. Note that when con-

necting this back to Line 21 of Algorithm 1, we immediately know that the computed k; is correct.
Therefore, applying k,-SVD decomposition on WZHWM on Line 23, one can derive a warm-up
solution of K, satisfying

ly(ke)
K/, Kio— W], W,|2 < PoYrg
|| £,0—11%0 £,6—1 £<1||F = <D£)4T€

Note that, without loss of generality, we can assume | K||» < poly(x, L) < K¢/100 and
K¢ 1K1 = Wi W < poly(re) and  ||K/ K¢ — W W% < poly(Fe)
(This can be done by left/right multiplying the SVD solution as the solution is not unique.

Since we have chosen regularizer weights (see Definition H.4)

2 a2 a2 a2
Mp = ——, M3p=—Lt Nyp=—=L  Ny=-—t
ST G T Dl YT (D) T (D)
with the introduction of new trainable variables Ky, our objective has increased by at most
(Re)? poly(re) ~ ~
A A3 = + A4 - pol As.¢ + pol
6700 + Az (Do), + Ag,e - poly(Ke) + As ¢ - poly(ke)
SR S S <1< e )2
~ 100 YZ(Dy)* Y2(Dy)S T3(De)'2 — 4 \(Dy)3V Ty

This means we can move to stage £".

2 the language of later sections, Corollary L.4a implies

| QLW WeaQue — W, W H2 <

-1 W1 WeaQeg L1 Wiea|| S (DT,

=T == . . =T == . . .
Since W*, o_1 W+, is of rank &y, this means QZTAWMAWM Q4 is close to rank k. Since our notation
W, ;Q; is only an abbreviation of W ; (R;U; * R;Uj) for some well conditioned matrix (R;U; *R;U;),
this also implies WZHWM is close to being rank k,. At the same time, we know that the singular values of

W*Z¢,1W*g<1 are between [%2, %2 L?] (see Fact 1.7).
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Stage £V. We begin this stage with the promise

X
(De)*vXe
and our trainable parameters are Wy,..., Wy Ky,... ;K,. This time, we have another
Theorem M.11 to guarantee that as long as (H.3) is satisfied, then (H.2) still holds (namely, it is
not an approximate second-order critical point). Therefore, one can still apply standard (noisy)
SGD to sufficiently decrease the objective at least until €% < 8a? 1 (or until arbitrarily small e2>0
if ¢ = L). This is much smaller than the requirement of stage (£ + 1)%.

2
£2 — Obj(Z; W,K) < ( ) and {ILED[HSAJ:)H%] < Tj} e (H.3)

For similar reason as Remark H.5, we have self-regularization so E,p[||S;(x)||3] < 7; (for j < ¢)
holds throughout the optimization process. In addition, this time Theorem M.11 also implies that
whenever we exit this stage, namely when & < 556+ is satisfied, then Exp|[|Se(2)||3] < 2B,.

End of Algorithm. Note in the last LV stage, we can decrease the objective until arbitrarily small
€2 > 0 and thus we have Obj(Z; W,K) < £2. Applying Proposition J.7 (relating empirical and
population losses) and Claim J.1 (relating truncated and quadratic losses), we have

Obj(D; W,K) < 2:> and Obj(D; W,K) < 3¢2 .

Time Complexity. As for the time complexity, since our objective satisfies lip-Lipschitz property
until second-order smoothness, the time complexity of SGD depends only on poly(lip, %, d) (see
(Ge et al., 2015)).

Quadratic Activation. We used the truncated quadratic activation () only for the purpose to
make sure the training objective is sufficiently smooth. Our analysis will ensure that, in fact, when
substituting & () back with the vanilla quadratic activation, the objective is also small (see (M.8)
and (M.9)).

H.5 OUR THEOREM ON AGNOSTIC LEARNING
For notational simplicity, throughout this paper we have assumed that the exact true label G*(x) is
given for every training input x ~ Z. This is called realizable learning.

In fact, our proof trivially generalizes to the agnostic learning case at the expense of introducing
extra notations. Suppose that Y () € R is a label function (not necessarily a polynomial) and is
OPT close to some target network, or in symbols,

E [(G*(z) — Y(2))?] <OPT .
Suppose the algorithm is given training set {(z, Y (z)): & € Z}, so the loss function now becomes
Loss(z; W, K) = (F(z; W, K) — Y (z))?
Suppose in addition that |Y'(x)| < B almost surely. Then,??

Theorem 3’ (agonistic version of Theorem 1’). For every constant v > 1, for any desired accuracy
€ € (VOPT, 1), in the same setting as Theorem 1°, Algorithm 1 can find a point with

— 1 — 1 1
Obj(Z; W,K) < (1+-)OPT+£? Obj(D; W,K) < (1+-)OPT+e? Obj(D; W, K) < (1+—)OPT+&?
Y gl gl

I NOTATIONS AND PRELIMINARIES

We denote by ||w||2 and ||w||~ the Euclidean and infinity norms of vectors w, and ||w||y the num-
ber of non-zeros of w. We also abbreviate ||w|| = ||w||2 when it is clear from the context. We
use |W| g, |[W]||2 to denote the Frobenius and spectral norm of matrix W. We use A = B to
denote that the difference between two symmetric matrices A — B is positive semi-definite. We use

22The proof is nearly identical. The main difference is to replace the use of OPT<, < 202 1 withOPT <, <
O(agpr)+(1+ %)OPT (when invoking Lemma M.8) in the final proofs of Theorem M.10 and Theorem M.11.
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Omin(A), Omax(A) to denote the minimum and maximum singular values of a rectangular matrix,
and Apin (A), Amax (A) for the minimum and maximum eigenvalues.

We use N (i1, o) to denote Gaussian distribution with mean p and variance o; or N (p, ) to denote
Gaussian vector with mean £ and covariance ¥. We use 1oyent Or 1[event] to denote the indicator
function of whether event is true.

We denote Sum(z) = >, @; as the sum of the coordinate of this vector. We use o(z) = 22 as the
quadratic activation function. Also recall

Definition L.1. Given any degree-q homogenous polynomial f(x) =3y, ITlli=q @1 I jeln] aﬂj] ,
define
Ca(f) = Z a%
IeN™: ||I]li=q

When it is clear from the context, we also denote C(f) = C,(f).

I.1 SYMMETRIC TENSOR

When it is clear from the context, in this paper sets can be multisets. This allows us to write {4,4}.
n+1

We also support notation V{i, j} € ( 5 ) to denote all possible (unordered) sub multi-sets of [n]

with cardinality 2.

Definition LI.2 (symmetric tensor). The symmetric tensor * for two vectors x,y € R™ is given as:
[z *ylpijy = aijrizy, V1<i<j<p

fora;; =1landa;; = V2 forj #i. Note xxy € R(n;l). The symmetric tensor x for two matrices

X,Y € Ry xn is given as:

X *Ylp iy = a0, XpiXpj, Vpelm1<i<j<p
and it satisfies X x Y € R™* ("3,

It is a simple exercise to verify that (x,y)? = (z * z,y * y).
n+1

Definition 1.3 (Sym). For any M € R(n_gl)x(ﬂ;l), define Sym(M) € R("ED)*("S) 10 be the
“twice-symmetric” version of M. Forevery1 <i<j<nand1 <k <[ <n, deﬁne23

Z{p,q},{r,s}e(";1)A{p,q,r,s}:{i,j,k,z} p.q@r,sMp g} {rs}
aijars - [{{p.a}, {r;sy € ("3 {poasry s} = (0,5, k, 1 |
Fact I4. Sym(M) satisfies the following three properties.

o (z%2)"Sym(M)(z x z) = (2 * 2) "M(z * 2) for every z € R";

Sym(M) ;.1 (k13 =

o If M is symmetric and satisfies My; jy 11y = 0 whenever i # j or k # 1, then Sym(M) = M.
* O()|IM|F = C.((2#2) "M(2%2)) > ||Sym(M)|
It is not hard to derive the following important property (proof see Appendix P.3)

Lemma L5. I[fU € RP*P is unitary and R € R**? for s > (p;rl), then there exists some unitary
matrix Q € R("2)*("2Y) 50 that RU + RU = (R*R)Q.

1.2 NETWORK INITIALIZATION AND NETWORK TENSOR NOTIONS

We show the following lemma on random initialization (proved in Appendix P.2).

“For instance, when 4, , k, I € [n] are distinct, this means

My, 1003 + Mgy, 3 + Mgy ey + Mgiey iy + Mgy ok + Mgy 6,53

Sym(M) (i jy,{k,1} = 6
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Lemmal.6. LetR, € RS>k pe ¢ random matrix such that each entryisiid. from N (0,

)

S} ‘3&%"—‘

then with probability at least 1 —p, Ry xRy has singular values between [O(kﬁpQ) ,O(1+ k% log %2,
4 4
log(1
and [Ryll2 < O(1 4 V222
As a result, with probability at least 0.99, it satisfies for all ¢ = 2,3, ..., L, the square matrices

R, * Ry have singular values between | o1+ W)] and |Ry|l2 < O(1 + 71,32“)

__1
O(k3;L?)’

Through out the analysis, it is more convenient to work on the matrix symmetric tensors. For every
¢=2,3,4,...,Landevery j € Jp \ {0,1}, we define

Wy = Wi, (T+1) = W}, + Wi, e RF< (")
- kJ+1
Wi, = Wi, (R; #R;) = W R,  W,R,; e Rm(2")
K@J = K@J(Rj * Rj) = K[’jRj * K[JR]' S szx(kj;l)

so that
VzeRN: WH,(2%2) = Wy o(2)
W (2%2) = Wyo(R;z2)
Ko (zx2) =Ky 0(R;2)
For convenience, whenever j € 7, N {0, 1}, we also write

Wh=Wi; Wi =Wy, K=Ky

We define
W+, = (Wé’j)jeje e Rkex* W, = (We,j)jejz e R K, = (K@,j)jeﬂ € RFex*
Woa= (W) jeqjrers Wea= Wed)jez juomrs Kea = (Keg)jeg jaen

Fact L7. Singular values of W7 ; are in [1/rk,k]. Singular values of W*y and W*,4 are in
[1/k, (k).

J USEFUL PROPERTIES OF OUR OBJECTIVE FUNCTION

J.1 CLOSENESS: POPULATION QUADRATIC VS. POPULATION TRUNCATED LOSS

Claim J.1. Suppose for every £ € [L], || K¢||2, [|[Well2 < K¢ for some K¢ > k¢ + L + K and
E.p|||Se(x)||?] < 70 for some 7y > Fy. Then, for every € € (0, 1], when choosing

truncation parameter: By > 17 - poly () - Q(2%¢4(29) 10g(dL/g))C4(2£) 7

we have for every integer constant p < 10,

E [(ﬁ(x)—p(x))p] <e and $LED[(||§g(x)—sz(x)\|2)p] <e

x~D

Proof of Claim J.I. We first focus on Sy () — S¢ (). We first note that for every Sy (), Sy (x) , there
is a crude (but absolute) upper bound:
~ = 13 1 13
1Se(@) 2, [|Se(@)l2 < (Reket) |23 =: Callll3 -
By the isotropic property of = (see (D.1)) and the hyper-contractivity (see (D.2)), we know that for
£
R, is as large as Ry = (dlog(Ch /5))9(2 )it holds that
€

p2t| o &
oA []lnxug‘zmllﬁv\\z < 5o
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This implies
~ P g
E[(15:@) = Se@)ll2) Lpppesr,] <5 .0

Next, we consider the remaining part, since E,p[||Se(z)|?] < 7, we know that when B, >

Te - Qcy (24))64(%) logc“(zz) (C1R1L/e), by the hyper-contractivity Property D.2, we have for every
fixed ¢,

p > B < s
HlReSe@)ll: 2 Bel < 5557507

Therefore, with probability at least 1 — , at every layer £, the value plugged into ¢ and o

are the same. As a result,

£
2(201R1)p

~ p
E_[(15e(2) = Se@)) 1, 5t <, | < QCLRPPr[BE < 4 [RpSir() 2 > By] < 22
J.2)

x

Putting together (J.1) and (J.2) we complete the proof that

~ P
E_[(I8@) - Se(@)l) | <
An identical proof also shows that

5 [(Isum(Fy(x)) - Sum(F)(@)]:) ] <=

X

~ p
Thus, scaling down by a factor of Lp we can derive the bound on E,.p KF(:E) — F(x)) } O

J.2 COVARIANCE: EMPIRICAL VS. POPULATION

Recall that our isotropic Property D.1 says for every w € RY,
E [(w,2)?] <O(1)-wl® and E [(w,S1(x))?) < O(1)- [w]? .
Below we show that this also holds for the empirical dataset as long as enough samples are given.

Q1) d
s

Proposition J.2. As long as N = d? - log , with probability at least 1 — § over the random

choice of Z, for every vector w € RY,
E [w,2)] <00) - [wl? and  E_[(w,8(x))"] < O(1)- |l

d
v € Z: max{]lal%, 81 (2) 2} < dlog®D) §

Proof of Proposition J.2. Our isotropic Property D.1 together with the hyper-contractivity
Property D.2 implies if N > dlog?™") %, then with probability at least 1 — §/4,

VeeZ: |z|*<Rs and |Si(z)|®<Rs

Where R3 = d - logo(l) %. Next, conditioning on this event, we can apply Bernstein’s inequality to
derive that as long as N > Q(Rj3 - log %) with probability at least 1 — &, for every fixed w € R?,

P >0 >1-4
Pr [(w,2)! > (1)) 14
Taking an epsilon-net over all possible w finishes the proof. ]

J.3 LIPSCHITZ CONTINUITY: POPULATION QUADRATIC

Claim J.3. Suppose K satisfies | K, |2 < 7j for every j € {2,3,--- ,L} where 7j > k; + k. + L,
and suppose for some ¢ € {2,3,--- L}, Ky replaced with K|, = K, + A, with any ||Ag||p <
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o\l
(Hf:z poly(7;, 03(23))) , then for every i > {

E_[[ISi@)I* = 1Si(=)I*[] < Hp0|y7g703 7))

and for every i < { obviously S;(x) = S.(z).

Proof of Claim J.3. We first check the stability with respect to K, and suppose without loss of gen-
erality that only one W/ is changed for some ¢. For notation simplicity, suppose we do an update
K}, = Ky +nA, for ||A¢||r = 1. We use S’ to denote the sequence of S after the update, and we
have S%(x) = S;(x) for every j < £. As for Sj(x), we have

-1

[Se(x) — Se(x)|| <n Z||Ae,j||2||0(Rj5j( DI+ 1A 1 S1 ()| + (| Aoz
j>2

< npoly (e, ki, L) | D 155(@)[1* + (| A1 S1(2)]| + | Az o]
i<t

sousing E,p[||S;(x)]|?] < 7;, the isotropic Property D.1 and the hyper-contractivity Property D.3,
we can write

E [15¢(x) = Se()[I*] < n*poly(re, e5(2°)) =: O

As for later layers ¢ > ¢, we have

153 () = Si(x)]| < 4i I 512 IR 15185 (@) 11155 () — S (@) + 115 () = S ()[1*)

Jj=2

so taking square and expectation, and using hyper-contractivity Property D.3 again, (and using our
assumption on 7)**

E_118i(z) = Si(x)[|* < poly(7i, e3(2")) - 01 =: 6;

by recursing 0; = poly(7;, c3(2%)) - 6;_1 we have

E_IISi(2) - Six)|* < H poly(7j, c3(27))

J.4 LI1PSCHITZ CONTINUITY: EMPIRICAL TRUNCATED LOSS IN K

Claim J.4. Suppose the sampled set Z satisfies the event of Proposition J.2. For every W, K
satisfying
for some K; > k; + k + L. Then, for any £ € {2,3,---,L — 1} and consider K, replaced with

;L 1
K|, =K, + Ay forany |Ayr < oG T Then,

Loss(Z; W, K) — Loss(Z; W, K')| < agy1\/Loss(Z; W, K) - poly(&;, B,) - | Ac]|

Proof of Claim J.4. Let us denote £? = Ij(;s/s(Z W, K). For notation simplicity, suppose we do an
update K, = K, +nA, forn > 0and [|A/||p = 1. We use S’ to denote the sequence of S after the

**This requires one to repeatedly apply the trivial inequality ab < na® + b? /m.
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update, and we have §]’ (x) = §j (x) forevery j < £. As for gé(x), we have (using the boundedness
of o)

£—1
150(@) = Se(@)ll < n | D 1A ll215(S; (@)l + [|Ae 1S ()| + | Aol

52
—/
<nLB;+n([[AniSi ()] + [[Agoz])

As for later layers ¢ > ¢, we have (using the Lipschitz continuity of &)

i—1

157 (2) = Si(@)ll < Y 1Ky

j>2

|2B}||Rj||2|\§§'($) — Si(z)]|

: ~ =/ —/
<< [T ®BL) (nLBy +n (181 Si@)] + [ Acoall)) = pi
J=t+1

As for F(z), recall

2
ﬁ(l‘) = Zai W, oz + Wi,lSl(x) + Z W, o (Rjgj(l’)) =: Zall|Al||2 .
i je{2,3, i1} i

Using the bound [|4;|| < [[W; oz|| + |[W;,151 ()] + poly(%i,Eg), one can carefully verify?

|F'(x) = F()] < Y ai (| Adll - pi1 +p?_y) - poly(Ri, B)
i>0+1

< agpampoly(Re, By) - (1+ (|Weoz | + [|We i S1 (@) (| AeaS1(2)]] + [ Aco]))

Therefore, we know that
(G*(az) - ﬁ(@)z - (G*(x) - ﬁ'(:z:))2

<2|6*(@) - F(2)| - |F'(2) = F@)| + |F'(2) - F(a)?

g _ = ) — - T 2 ~, ~
< et - F<x>\2 “w @ = EE

[e7ARY)
€

+eagnpoly(Fe, By) (1+ ([Weoz|® + [|[WeiS1(2) 1) ([ Ae1Si (@) + [ Acoz])?)
Note that 2a2b2 < a* + b* and:

< O G (o) — Fia)|

* From Proposition J.2 we have E,..z [|[Wy oz ||*, Exoz [[We1S1(2)]|* < Re.

* From Proposition J.2 we have E, .z | A 151 (2)]|* + || Ar0z|* < poly(Fy).

-2
¢ From definition of ¢ we have E, z ‘G* () — F(m)‘ =e2
Therefore, taking expectation we have
~\2 - 2 o,
]EZ (G*(m) - F(x)) - (G*(m) — F(x)’) < eaginpoly(Ke, By) . []
xrr~

J.5 LIPSCHITZ SMOOTHNESS: EMPIRICAL TRUNCATED LOSS (CRUDE BOUND)

Recall a function f(x) over domain X’ is

This requires us to use the gap assumption between cv; 11 and oy, and the sufficient small choice of 1 > 0.
For instance, the 7%||As,ox|*> term diminishes because 7 is sufficiently small and ||z|| is bounded for every
x ~ Z (see Proposition J.2).
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* lip-Lipschitz continuous if f(y) < f(x) +lip- ||y — z||r forall z,y € X;
e lip-Lipschitz smooth if f(y) < f(z) + (Vf(z),y — x) + %p Ny — z||% forall z,y € X;
* lip-Lipschitz second-order smooth if f(y) < f(z) + (Vf(z),y —x) + (y —2) "V f(2)(y —
x) + “p Ny — =3 forall z,y € X.
We have the following crude bound:
Claim J.5. Consider the domain consisting of all W , K with
Vi=23,...,L: |W;|. <R,

Kjl2 <k;
for some Kj > Ej + L + &, we have for every x ~ D,
* |F(2; W, K)| < poly(%, B') - 32, ([[Weoz | + [We Sy ()]]2).
. ﬁ(w;W, K) is lip-Lipschitz continuous, lip-Lipschitz smooth, and lip-Lipschitz second-order
smooth in W, K for lip = [],(7e, By)°D) - poly(G*(z), ||]))
Suppose the sampled set Z satisfies the event of Proposition J.2, then
. IT(;_S/S(Z ; W, K) is lip-Lipschitz continuous, lip-Lipschitz smooth, and lip-Lipschitz second-order
smooth in W, K for lip = HZ(EZ,EL)O(U - poly (B, (04(2L))C4(2L), logc4(2L) %, d).

We first state the following bound on chain of derivatives

Claim J.6 (chain derivatives). For every integer K > 0, every functions f,g1,92,...,9x: R = R,
and every integer py > 0, suppose there exists a value Ry, R1 > 1 and an integer s > 0 such that

. . dpf(x) D dpgi(x) D
Vpe{0,1,--- ,po},i € [K]: ‘ dxP < Ry, dxP <R .
Then, the function h(z,w) = f(3 ;¢ (x) wigi(x)) satisfies:
OPh(x,w
e 0.1 s | THE < ol
. OPh(x,w
vp € {0,1,--+ ,po},i € [K]: ‘M’ < |Rogi(z)|”

Proof of Claim J.6. We first consider ‘M) Using Faa di Bruno’s formula, we have that

(4) Pi
aph($7’LU) p' PR P 16 K] wlgz ( )
7D DR iermtA PORLCE]

| .|
1-p1+2-p2+--+ppp=p Prp2° Py? i€[K]

Note that from our assumption

Zi Wi (-L) .
<E[J'g> ’ < T (lwlh Ra)7Pi = ([|w]li Ra)P

o 1%
j=1

. |f(P1+~~-Pp) (ZlE[K] wzg1($)) | < Rg
Combining them, we have
OPh(x,w)
OxP

On the other hand, consider each w;, we also have:

‘ < (pRollwill1 R1)?

OPh(x,w)
ow?

(2

‘ 10 S wigi@) | (@)?| < 1Rogi () O

i€[K]
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Proof of Claim J.5. The first 4 inequalities is a direct corollary of Claim J.6.

Initially, we have a multivariate function but it suffices to check its directional first, second and third-

i i . s der @95 (y+ad)
order gradient. (For any function g(y): R™ — R™, we can take g(y + a¢) and consider —*5°7==

for every coordinate j and every unit vector w.)

* In the base case, we have multivariate functions f(Ky,0) = K¢ oz or f(Ky1) = K151 (z). For
each direction ||A||p = 1 we have fd%pf(Kg,o + algg)| < [|lz||P so we can take Ry = ||z ||
(and for f(Ky1) we can take Ry = ||z||%.)

* Whenever we compose with & at layer /, for instance calculating h(w,y) = (3>, w; fi(y))
(when viewing all matrices as vectors), we only need to calculate %hj(w,y + ad) =
%G(Zi wj,; fi(y + ad)), so we can apply Claim J.6 and R, becomes O(F;R’gEL) - Ry. We
can do the same for the w variables, so overall for any unit (d,,d,,) it satisfies \%hj (w +
ady,y + ad,)| < (O(ByRe(keL)?) - R,)".

* We also need to compose with the vanilla o function three times:

— once of the form o(f(Ks,...,Ky_1)) for calculating Fy(z),
— once of the form o(W, f(Ka, ..., K,_1)) for calculating Fy(x), and
— once of the form (f(W,K) — G*(z))? for the final squared loss.

In those calculations, although g(x) = 22 does not have a bounded gradient (indeed, % g(x) =
x can go to infinity when z is infinite), we know that the input x is always bounded by
poly(%, ||z||, B, G*(x)). Therefore, we can also invoke Claim J.6.

Finally, we obtain the desired bounds on the first, second, and third order Lipschitzness property of
Loss(z; W, K).

For the bounds on I/J_(;_S/S(Z; W, K), we can use the absolute bounds on Sum(G*(x)) and ||z|| for
all x € Z (see Proposition J.2).

J.6 CLOSENESS: EMPIRICAL TRUNCATED VS. POPULATION TRUNCATED LOSS

Proposition J.7 (population < empirical + ;). Let P be the total number of parameters in
{We¢,Ky}ierr). Then for every es,6 > 0 and & > k + L + k, as long as

Pl =g\ ¢@h+o)
N=Q <O§§d/6) - poly(%, B") <C4(2L) log Kg ) )

with probability at least 1 — & over the choice of Z, we have that for every {Wy, Kg}ge[L] satisfying
IWellr, |Kellm <R, it holds:

Loss(D; W,K) < Loss(2; W,K) + &,

Proof of Proposition J.7. Observe that for every fixed Rg > 0 and Ry > B’ > 0 (to be chosen
later),

oz {(G*(“?) - ﬁ(x))Q ]IIG*(x)—ﬁ(w)ISlewISRl] < E {(G*(”C) - ﬁ@)ﬂ

< \2
Moreover, each function R(z) = (G*(x) - F(x)) L\ G (2)— F(2)| < Ro, | 2| < Ry SAtisfies that

* boundedness: |R(z)| < R3, and
* Lipschitz continuity: R(z) is a lip < poly(k, B’, Ry, Ry, d)-Lipschitz continuous in (W, K)
(by applying Claim J.5 and the fact G*(x) < Ry + F(x) < poly(k, B’, Ro, R1,d))
Therefore, we can take an epsilon-net on (W,K) to conclude that as long as N =
0 (RgPlog(%B’Rld/(ées))
2

s

>, we have that w.p. at least 1 — 0, for every (W, K) within our bound
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(e.g. every ||[Wg|2, |Ke||2 < K), it holds:
) ~ N2
o {(G (@) _F(x)) 1G*<z>ﬁ<z><Ro,|zn<R1}

< E {(G*(fc) - ﬁ(x))2 1G*(r)ﬁ(m)<307”$|<31} te/2< E) {(G*(x) a ﬁ(x)ﬂ a2

As for the remaining terms, let us write

~ N2
(G*(x) - F(@) L6 (2)— F(2)|> Ro or |Ja||> Ra
~ N2
< (G*(f) - F(x)) LG (@) Fay > ko + B0 " Llall> s
) ~
< 4G (@) Lr (@) Ros2 + AUEF (@)1 50y 5 o 2 + Bo * Lal> Ry
o For the first term, recalling E,.p[G*(z) < B] so we can apply the hyper-contractivity

=\C L . .
Property D.2 to show that, as long as Ry > poly(%) - (ca(2")log £) “27) then it satisfies
Eonpld (G*(2))” G+ (a))> Ros2) < €/10.

« For the second term, recall from Claim J.5 that |F(z)| < poly(%, B’) - S (IWeoz||? +
[We.1S1(z)||?); therefore, we can write

- 2
AE@) L 0> Ros2

< poly (7, ) 3 (IWeatl Ly, o2+ [WaaSi(o)|P1

R
‘ poty (.57 |we‘1sl(x)|2>w‘33,))

Applying the isotropic Property D.1 and the hyper-contractivity (D.2) on ||[W,oz|* and

[W¢,151(2)||?, we have as long as Ry > poly(%, B') - (log %)Q(l), then it satisfies
mLED[ZL(ﬁ(z))Qﬂ\ﬁ(m)\>Ro/2] < &s/10 (for every W, K in the range)

« For the third term, as long as Ry = dlog™™) (R, /e) then we have Eonp R 1jg>nr,] < &s/10.

EB’ )0(1)+C4(2L)
Es

Putting them together, we can choose Ry = poly(k, B')(c4(2) log and we have

~ 2
IQI?’D |:<G*($) B F(I)) 1‘G*(x)_ﬁ(x)|>Ro or |$|>R1:| S 55/2 :
This completes the proof that
~ 2 ~ 2
E {(G*(x) 7F(x)> } < E {(G*(z) —F(:z:)) } +e . [

Proposition J.8 (empirical < population + €5). Let P be the total number of parameters in
{We¢, Ko }ierr). Then for every es,6 > 0 and i > k + L + K, as long as

L
PlOgd . EB/ 04(2 )+O(1)
N=Q ( = Poly(r. B) <<:4(2L) log ) ;

2 0cs

for any fixed {Wg,o,Wg,l}ge[L], with probability at least 1 — 0 over the choice of Z, we
have that for every {Wy, Ky} o) satisfying (1) ||We|lr, |K¢|r < & and (2) consistent with
{W&(), WZ,l}Ze[L]’ it holds:

E [Loss(x:W.K)| = E_ [(G*(z) _ F(x))Q] < E {(G*@) _ ﬁ(:c))? teo— E_[Loss(z; W,K)| + e

x~D

Proof. We first reverse the argument of Proposition].7 and have that as long as N =

Q (Rgplog(gf;&d/(&es)) > , we have that w.p. at least 1 — §/2, for every (W, K) within our bound

s
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(e.g. every ||[Wg|2, |Ke||2 < K), it holds:

~ 2
oz [(G () _F(x)) ﬂlc*(m—ﬁ(zngRo,msm]

< E {(G*(x) - ﬁ(fﬂ))Q HIG*(w)—ﬁ(x)ISRmIIISRl] te/2s B {(G*(x) - ﬁ(x)ﬂ e/

As for the remaining terms, we again write

— 2
(G*(I) - F(I)) L\ ()= F(2)|> Ro or ||2]|> Rs
< 4(G*(2)) UG+ () > Ros2 + RS Va5,

poly(,B’)

+ poly(k, B,) Z <||W470x21|W510m|2> Ry + ||We,151($)||2]1|W2Y131(m)|2>Ro> = RHS

7 poly(%,B’)

For this right hand side RH S, we notice that it does not depend on K. The identical proof of

s : : _ ~ pr L 5B\ O(1)+eca(2")
Proposition J.7 in fact proves that if Ry = poly(r, B") (c4(2") log %2-)

W with |[K|2 < 7,

then for every

E_[RHS) < des/4 .

This means, by Markov bound, for the given fixed W, with probability at least 1 — §/2 over the
randomness of Z, it satisfies

E_[RHS]<&/2 .

This implies for every K in the given range,

~ 2
s {(G*(x)_F(x)) LG (2) - F(@) > Ro or lall >Ry | < €5/2 - u

K AN IMPLICIT IMPLICATION OF OUR DISTRIBUTION ASSUMPTION

Let us define

§5(x) =z

Si(z) = o()

S3(z) = W3, 8} () = W3 10(x)

S (x) = Wi, 10 (§;,1(x)) for0=2,...,L

so that :9\; (z) is the top-degree (i.e. degree 2¢~1) part of S (). We have the following implication:

Lemma K.1 (Implication of singular-value preserving). Let us define

20 =20%) = §5(x) =z (K.1)
2t =2N(z) = Si(z) = o(a) (K.2)
2= 2 (x) = S§F(x) = S} (x) (K.3)
Then, for every £ > l1,0s > 0 with [{; — 3| # 1, for every matrix M: and the associated
homogeneous polynomial gy () = (24) TM 22,
o Ifly =ty =(=0o0r1, thenC.(gm) = |M||%,

4 ]fgl =0y =¥0>2 thean(gM) >

= (KQZ)O(zf)

o Ifl; —2> 10y >0, then Cy(gm) > WMHMH%]‘@M = /.

ISym(M)|%, and

%Meaning that §; (z) is a (vector) of homogenous polynomials of = with degree 2¢=1 and its coefficients
coincide with S} (z) on those monomials.
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K.1 PROOF OF LEMMA K.1

Proof of Lemma K.1. We divide the proof into several cases.

Case A: When £ = £5 = £. The situation for £ = 0 or £ = 1 is obvious, so below we consider
0> 2 Lethy(z) = (2% 2)M(z % 2) = Zi<j w<t MG iy {k3 @i j Ok, 12i2 2k be the degree-4
polynomial defined by M. We have o

Cz(he) > [|Sym(M)||%

For every forevery j = £ —1,...,1, we define h;(z) = h;11(Wj, ;0(2)), it holds that

Let h(z) = hj11(W7yy ;2) sothat hj(z) = h(c(z)). This means

~ 1

C(hj)=C(h) > Wc(hjﬂ)

and finally we have (z%) "Mz¢ = hy () and therefore

1

Cs ((ZZ)TMZZ) > W

ISym (M) 3

Case B: When £; — 1 > £o > 2. Wedefine hy, (2,y) = (2 * 2) ' M(y * y) which is a degree-4
homogenous polynomial in (z,y), and obviously C, . (hs, ) > ||M||%. Let us define

Vi=4t;—1,...,00+2: hj(z,y) = hjp1 (Wi, 0(2),9))
By the same argument as before, we have

1
Coy(hy) = Wcz,y(hjﬂ)

Next, for j = /5, we define
h; (y) = hjto (W;+2,j+1‘7(w;+1,j0(y))»y)
To analyze this, we first define
W(zy) = hjia (W;+2,j+1za y) so that R (y) = h' (U(W;H,jff(y)),y)
Since h'(z, y) is of degree 2 in the variables from y, we can write it as

W (z,9) =Y (W) Wy (2) + D Uptiahlfy 3 (2) (K4

p p<q

b (z,0(y)))

where the first summation contains only those quadratic terms in (y,)? and the second contain
cross terms y,Yy,. Note in particular if we write the first summation as 2[ (z,0(y))) for polynomial
N[ (z,7) and v = o(y), then k[ is linear in y. Clearly,

Coy (') = Copy (W) + D C(M], ) (K.5)

p<q

As a consequence, we can write
hi(y) = W (a(Wji1;09)):0(y) +ypyq - 1 03 (0(Wii j0(y)))

hi(y) ip.q) ()

Clearly, since any polynomial in o(y) only contain even degrees of variables in g, so I (y) and
each h{p,q} share no common monomial, we have

Cy(hj) =Cy (TLJ_) + Z Cy(z{p,q}) (K.6)

p<q
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* On one hand, we have ﬁ{pyq} (y) = h/{/p,q} (0(W7 1 ;0(y))) and therefore by previous argument

1

Cy(hip.qy) = Wcz (hfp.ap) (K.7)

* On the other hand, to analyze ho (y), let us construct a square matrix W € R¥s*¥s with singular
values between [1/x, x| so that

Wi ;W= Tk 0k, 0) (K.8)

Define 1/{'(z, B) = h'[ (2, W) which is linear in 3, it holds:*’

Cy <}~M(y)) =Cy (h/J/_(U(W;-H,jU(y)’U(y)))
=Cy (M (o(W7i1,9),9))
> €3 (1L (oW, WENWH)) - s
1
1

— C5 (W] (o((L.0)3), WB)) -

— C (W (o((1,0)B), B)) -

@ 1
=C.p(h/(2,B))- (r20y0@ )

1
(k26)027)

" 1
=Cory (h1(2,7)) - W (K.9)

>Capy (h/J_N(ZaW_l’Y)) :

Finally, plugging the lower bounds (K.7) and (K.9) into expansions (K.5) and (K.6), we conclude
that

1 1

. —_— . / — .
Cy(h]) Z (K;2g)o(2£—j) C&y(h) Z (525)0(22—])

Cz,y(hj+2)

Continuing from here, we can define h;(y) = h; 1 (W7 ;o(y)) forevery j = lo—1,05—2,...,1
and using the same analysis as Case A, we have
~ 1

C(hj) = C(h) > W

Clhj+1)
and finally we have (2¢) "M z¢ = h;(x) and therefore

Ca ((2°) M=) |MJ%

1
Z (k20)0(2%) |

]

% Above, equality @ holds because h'[’(z, 3) is a multi-variate polynomial which is linear in 3, so it can be
written as

WY (z,8) = Bi- b1 i(2)

for each A/’ ;(z) being a polynomial in z; next, since we plug in z = o ((I,0)3) which only contains even-

degree variables in 3, we have

Cs (WY (o((1.0)8).8)) = 32 €5 (WYs (o((1.0))) = 30C: (HLs (2)) = Coy (WY (2:7)
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Case C: When £; — 1 > £ = 1. Similar to Case B, we can hy, (z,y) = (2 * 2) ' Mo (y) which
is a degree-4 homogenous polynomial in (z,y), and obviously Cy . (hs, ) > | M||%. Let us define

Vi=10-1,...,3: hi(z,y) = hjp1 (Wi j0(2),9))
hi(y) = hs (W3 ,0(W3,0(y)). y)

The rest of the proof now becomes identical to Case B. (In fact, we no longer have cross terms in
(K.4) so the proof only becomes simpler.)

Case D: When £; — 1 > £ = 0. We define hy, (z,y) = (z % z) T My which is a degree-3
homogenous polynomial in (z, y), and obviously C, . (hs, ) > |%. Let us define

M
Vi=t—-1,...,2 hi(2,y) = hjp1 (Wi ;0(2).9))
hi(y) = ha (W21U( ),y)

By defining 1'(z,y) = ha(W3 12,y) we have hy(y) = h'(o(y ) y). This time, we have C,(hq) =
C..4(R), but the same proof of Case B tells us C, , (k') > - |ML|J%.

- (KQZ)O(zf 7y

L CRITICAL LEMMA FOR IMPLICIT HIERARCHICAL LEARNING

The implicit hierarchical learning only requires one Lemma, which can be stated as the following:

Lemma L.1. There exists absolute constant co > 2 so that the following holds. Let 7o > ke+L+k
and Yy > 1 be arbitrary parameters for each layer { < L. Define parameters

col
Dyi= (re- w2 297 (2 es(20))
Cp:=Cy_q- QT?(Dg)” withCy =1
Suppose Obj(D; W, K) < &2 for some 0 < ¢ < (DLQW and suppose the parameters satisfy
. ag;l_c foreveryl =2,3,...,L —1
o Epn[||Se(x)||?] < 7o foreveryl =2,3,...,L —1
2 a? a? a?
* X6 > %; A3 Z o, Mg 2 m, Ase > mfw everyl =2,3,...,L

Then, there exist unitary matrices U, such that for every { =2,3,...,L

2
() — 2 (&
E_IUeS; (2) = Se(2)|; < T CL

Since we shall prove Corollary L.1 by induction, we have stated only one of the main conclusions
in order for the induction to go through. Once the Theorem L.1 is proved, in fact we can strengthen
it as follows.

Definition L.2. For each { > 2, let Q, be the unitary matrix defined from Lemma 1.5 satisfying
R/ U, xR, U, = (R, R¢)Qe
We also let Qo = Q1 = Lyxq, and let
Qg = diag(Q))s, and Q:= diag(Q;)jes,
Corollary L.3. Under the same setting as Theorem L.1, we actually have forall { = 2,3, ..., L,

—T N — T _ 2 2
(@) Q1 Wy 1 WeaQra — W*M,lW*MHF < (Dy)? (O%) .G

—T _ — T R 2 2
(b) | QK 1 KiaQra — W*“*W*“HF < To(Dy) (a) A

R S — JS—P 2
) |QTK, K,Q, - W, W=, <T2(D4)14(w) G
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2
(@) Banp ||UeS; (@) = Sela)l; < 273D (£) - &

ay Cy
(&) BunllISel@)|?] < 2B: .

o o . .
Corollary L.4. Suppose we only have ¢ < m, which is a weaker requirement comparing

to Theorem L.1. Then, Theorem L.1 and Corollary L.3 still hold for the first L — 1 layers but for €
replaced with o, - /Dy, In addition, for £ = L, we have

—T N — T _ 2 2
(@) QL Wi 1WraQra — W*L,L71W*L<1HF <2(Dr)? (L)

ar

ar

—T — — T - 2 2
(b) Qi1 K -1 KraQra — W*L,L—1W*L<HF <2Yp(Dg)! <i)

T — o — T—
(c) QIKLKLQL—W*LW*L

[ <omin ()

arL

L.1 BASE CASE

The base case is L = 2. In this case, the loss function
. . 2
&> Obj(D;W,K) > a3 E_([Wa18:(a)|* ~ [W3,5:(2)?)
Applying the degree-preservation Property D.4, we have
2
A . & €
¢ (IWaiSi@) - 1W3,510)17) < o) ()

where recall from Section K that S () = o(x) is the top-degree homogeneous part of S; (z), and
C.(f(x)) is the sum of squares of f’s monomial coefficients. Applying Lemma K.1, we know

2
" 9
WE W (W) W3 < o (2

On the other hand, our regularizer A4 ;, ensures that

2 2
HW;1W2,1 - K;1K2,1||i-, < %72 < (DL)%I% (;)

Putting them together we have

* * 2 52 c 2
H(W 01) W¥yq — KQTJKQJHF < W < (D)2 <>
4,2 Qo

By putting it into SVD decomposition, it is easy to derive the existence of some unitary matrix Usg
satisfying (for a proof see Claim P.10)

2
€
V2K - Wi < (001 ()
Right multiplying it to Sy (), we have (using the isotropic Property D.1)
E_|[UzS2(2) - S3(@)[3 = E_[[U2Ka,1i(2) — W3, 81(2)]3

<O(1)-(Dp)8r2 (;)2 < (

2

2
g
\/043012>
L.2 PREPARING TO PROVE THEOREM L.1

Let us do the proof by induction with the number of layers L. Suppose this Lemma is true for every
L < Ly, then let us consider L = Ly + 1 Define

Gy (z) = Y05, ovSum(Gi(x))
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Fepoi(z) = Y212, auSum(Fy(z))
We know that the objective of the first L — 1 layers

Loss.—1(D) + Reg; ;= B (Giyi(v) = Fera(v))” + Regyy
<2 E (G*(z) - F(z)) + 203 E_(Sum(Fy(z)) - Sum(G% (2)))? + Reg;,

<202 mﬂ}?D (Sum(Fy(z)) — Sum(G% (z)))? + 2Loss(D) + Reg .

(L.1)
By our assumption on the network G*, we know that for every ¢ € [L],
E_[Sum(G} ()] < Be = E_[|5}(x)]*] < B,
By hyper-contractivity assumption (D.3), we have that
E_[(Sum(G} ()] < 5(2°) - B} <= E [} (2)||'] < e5(2) - B7 (L.2)

Using our assumption E,p[||S¢(x)|?] < 7, and the hyper-contractivity Property D.3 we also have

m@D[Sum(Fz(x))] < c3(2%) (keL7p)*  and I@D[Sum(Fz(x))2] < ¢3(2%) (ko L1p)®

Putting these into (L.1) we have
Obj;,_, <af - (kg LBp7y)%cs(2") + 2¢ (L.3)
By induction hypothesis®® for every L replaced with L — 1, there exist unitary matrices Uy such that

ar

* 2 2
= A —1: — < = _—
W=23,.. . L-1: E [UsSi(2)=Si@)l; < ( e

2
) CL,1 . (kLLELTL)8C3(2L) <1
(L.4)

Let Sy(x), §2‘ (z) be the degree 2°~! homogeneous part of S;(z), S (z) respectively, notice that

|U.S;(z) — Sg(x)”g is a polynomial of maximum degree 2/~! , therefore, using the degree-
preservation Property D.4, we know that

Ve=23,...,L—1: Y e ([Uﬁg(x) - §g(x)]i) < (20 - 62 (L.5)
i€ k)
VW=23,...,L: ch([@f(x)]z) §01(22)-Bé
i€[ke]

We begin by proof by grouping the 2%-degree polynomials G*(z) and F(z), into monomials of
different degrees. Since

L L

G*(x) =Y aSum(Gj(z)) and F(z) = Y  a,Sum(F(x)),
=2 =2

it is clear that all the monomials with degree between 2°~! 4+ 1 and 2% are only present in the terms

Sum(G7 (z)) and Sum(F(x)) respectively. Recall also (we assume L is even for the rest of the
proof, and the odd case is analogous).

2
Sum(G7(2) = [ Sres o0y Wi (57 @) + ieyniony WieSi@)| @6

2
Sum(Fy(z)) = Hzle sviony Wreo(ReSe(@) + Yoe 7, oy wwse(x)H

BTo be precise, using our assumption on ol— one can verify that O(ai - (keLBrtw)%cs(2Y)) <

2
XL -1
)

2(Dr,-1)8,/7% _,

so the assumption from the inductive case holds.
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L.3 DEGREE 2%

We first consider all the monomials from G*(z) and F(z) in degree 221 + 2171 = 2L (je., top
degree). As argued above, they must come from the top degree of (L.6).

Let G* 1, Fy,: R — R¥* be the degree 2 part of G% (z), F1,(x) respectively. Using
E_|F(z) ~G*(z)] < Obj <&

and the degree-preservation Property D.4 again, we have

¢, (Sum(F, (2)) - Sum(@ (@) < (2") () L)

ar,
From (L.6), we know that
2 __ ~ —~ 2
Sum(G*1 (2)) = || Wi 110 (Sia (@) | = [Woeaa (Sica@) < Simi@)|
We also have

Sum(FL —HWLL 10 (RL \Sp_ 1( )H —HWLL 1(5L 1(x )*SL 1(w )) ‘2

For analysis, we also define WL,L,l =Wrr-1(Rp-1Up1«R,1Up ) € RkLX( ) so
that

Wi 10 (RLflUL71§Zf1($)) =Wri1 (3“271(55) * §271($))
where WLLA = WL’L,lQL,l for a unitary matrix Qz,_; by Lemma L.5.

Using e Co (U8 () = Su(@)],) < 1(2%) - 67 from (L.5) and =, € ([57(2)],) <
c1(2%) By, it is not hard to derive that*

Cs <HWL,L1U (RL71§L71(5€)) H2 - HWL,LAU <RL71UL71§271($)) Hz) <&

for some & < 77 - poly(Byp, 22L,cl(2L))(5%71. (L.8)
Combining (L.7) and (L.8) with the fact that C, (f1 + f2) < 2C.(f1) + 2C.(f2), we have

e ([Weain (554005~ [ (a5 ) =

2
for some &5 < TE -poly(Bp, 22L,cl(2L))5i_1 + 201(2L) <€>
ayp,

Applying the singular value property Lemma K.1 to the above formula, we have

£
< poly, (04L + 725L1>
(L.9)

HSym <WL,L1WL,L1> — Sym (W*L,LAW*L,L%)

F

for some sufficiently large polynomial
poly; = poly(Br,w*", (21)*",e1(2"), e5(2"))

PIndeed, if we define g(2) = |[Wrr_10(R2)||? = |[Wr,-1(z * 2)||* then we have C.(g) <
O(1) - |Wr,L—1||% using Fact1.4, and therefore C.(g) < O(7fL?) using |Wpr -1l < 7r and
IRL_1 *Rr_1|l2 < O(L) from Lemma L6, Next, we apply Lemma P.7 with f®(z) = UL_1§Z,1(;18)
and f® (z) = Sz_1(z) to derive the bound

Co(g(f1()) — g(fa(@))) < ki -20C7 . (c1(25))% - (85 1 + 62 1 B1) - Calg) -
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This implies

IW3o10 (SEoa(@) |

(Si1(@)* Spoa(@) Whp o, WoL oot (Sioa (@) * S5 (@)
(Si-1() S5 (2) " Sym (Wrp Wop 1) (S50 (@) + 57y ()

(St_y(a) % 57_1(2)) Sym (WTW) (St_1(x) * St (@) + &

e

ll®

2 (St1(@) * 551 (0) W W oo (S7o0(2) * 574 (2) + &5

= HWL,L—lU (RL—1UL—1SZ_1($))||2 + &3

= Wi 10 (Rp—151-1(2))| + & (L.10)
Above, @ and @ hold because of Fact I.4. @ holds for some error term &3 with

E[(€5)?] < (poly,)? - (a n a)

because of (L.9) and E,..p[||S; () %] < By together with the hyper-contractivity Property D.3. @
holds for

E[(€4)?] < (poly,)’ - (a " a)

because of E,.p ’|UL,15271(33) - SL,l(:U)HQ < cp(2871) - 62 | which implies®

HWLL 10 (Rp_1Sp-1( H *HWLL 10 (R U157 _4( H =&
for some &) € R with IEID[(&) ] <7112 poly(Br,c3(2))67 1. (L.11)
xre~

L.4 DEGREE 2L~1 4+ 2L—3 OrR LOWER

Let us without loss of generality assuming that . — 3 € Jr,, otherwise we move to lower degrees.
We now describe the strategy for this weight matrix W, ,_s.

Let us consider all the monomials from G*(z) and F(z) in degree 21 + 2573, As argued above,
they must come from equation (L.6).

As for the degree 28~ 4 2=3 degree monomials in G*(x) and F(z), either they come from
2
W3 —10(Si—1(2))]]” and W 10 (Re1Sp-1(2))],

which as we have argued in (L.10), they are sufficiently close; or they come from

o (Si5@) (Wipo) Wisio (Si1() from Sum(G_, (x))

Specifically, one can combine
* llo(a) = o®)] < [la =0l - (lall + 2[|a — b])),
* (IWzz-1al® = [[Wr,L-10)*)* < [Wrz-1(a—=)[* - (2[Wr,z-ral + [Wrr-1(a—0)[)>

* the spectral norm bound |Wr 1|2 < 7z, [Rr—1|l2 < O(71),
to derive that
2)2

(HWL,LAU (Rr—1Sc-1(2)) H2 - HWL,L—lo' (Rp-1UL_151_1(2))

< 0(?) - (|1 @) *[[UeS (2) = Se(@)|* + [ UeSi (@) = Sel@)|[)

Using ||a||®||6]]? < O(63_1]|a||*® + Hb” ) as well as the aforementioned bounds

o ]EIN’D HSE_l(l')” S BL and ]EIN’D HUL,lSL_l( ) SL71 || S 5L—1
and the hyper-contractivity assumption (D.3), we can prove (L.11).
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o (RL,3§L,3(@~))T (Wi 3) Wi 10 (RL,1§L,1(:E)) from Sum(Fy,_; (z))
For this reason, suppose we compare the following two polynomials
G*(2) = ar [|[Wi ,0(Si@)|” v Fla)—ar [Wrp1o(Re 1S (@)
they are both of degree at most 2~1 + 22=3 and they differ by an error term
& = (G"(0) — ar [[Wi 110 (Si 1 @)]7) = (F() = an Wi o10Re 1S (@)])
which satisfies (using Obj < £? together with (L.10))
E [(6)%] < (polyy)* - (e + masdp 1)’

Using and the degree-preservation Property D.4 again (for the top degree 21 4 2£73), we have
ax T * T * ax
Cy <U (SL—s(x)) ( L,L—S) WL,L—la (SL—1(~’C))
~ T ~
-0 (RL—ssL—g(I)) (VVL,L—P,)T Wi 10 (RL—1SL—1($)> ) <&

2
for some error term &g with [(£6)%] < (poly,)® - ( + 736 1) . Using a similar argument as
(L.8), we also have

—~ T ~
Cy < (RL—ssL—g(I)) (WL,L—S)T Wi 0o (RL—lsL—l(fE))
o~ T T o
—o (RL—3UL—3SZ_3(®")) (Wrr—3) Wpri0o (RL—1UL—3SZ_1($)> ) <&

for & < 79 - pon(EL,QzL,cl@L))é%_l. If we define WL,Lfii = W, 1 3Q_; for the same
unitary matrix Qy,_1 as before, we have

Wep-30 (Re-sUs-s85 (@) = Wiros (Sia(e)  Sfs(x)

Using this notation, the error bounds on &g and &7 together imply

ax ax TosT NAx ax ax
o (8150 + 85 5(0) WoL o s Worsor (5540 + 551 (0)

T—T

N (§273($)*§Z,3(x)) Wi aWrr (sL (z )*§zl(x)))2 < &

for &g < (poly;)S- ( + 7136 1) . Applying the singular value property Lemma K.1 to the above
formula, we have
2

=T — - T — 7 £ 3 2
Wi sWer—1—Wrpp sWrp | < (poly,) <aL + TL5L1) . (L.12)

F
Following a similar argument to (L.10), we can derive that This implies

( 2,L73U (5273($)))TW2,L710 (5271(5”))
= (Wr 30 (Rr_3S1-3(2)) Wi 110 (Rp_1S0_1(x)) + &

for some E[(£9)?] < (poly;)® ( + 736 1)2
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L.5 UNTIL DEGREE 281 +1

If we repeat the process in Section L.4 to analyze monomials of degrees 21 + 27 until 281 4 1
(for all j € J1.), eventually we can conclude that3!

=T e T —
‘N? ‘N? ‘N?* ‘N?*
H L,L—-1YYLa — L,L—-1 L

. < .
o (2 )

F L

which implies that for unitary matrix Qr« := diag(Q¢)¢e .7, \ {11} We have that

T = T e £
Hszle,LfleﬂQLQ - W*L,L71W*L<1HF < (poly, )***? (aL + T%5L1>

Let us define

poly, = (poly,)?L*373 (we eventually choose Dy, = poly,)
so that
T =T = T oo €
QL—le,L71WL<1QL<1 -W L,L71W L« P < poly, a +dr1 (L.13)
By the regularizer that
T T 2 e?
||WL,L—1WL<1 - KL,L—lKL<1||F < E

Using Wy ; = W i(R; *R;) and K1 ; = K j(R; * R;), using the properties that R; * R; is
well-conditioned (see Lemma 1.6), and using Q1 and Q4 are unitary (see Lemma 1.5), we have

2 g2 _
< — -poly(kr, L) (L.14)

T w.! W T %! I
| QI Wi WeaQra — QLKL KiaQual| <

By our choice of A3 > ma% and (L.13), we have

=T = S — £
HQz—lKL,L—lKLQQLQ - W*L,L—1W*L<1HF < /T L(poly,)* <aL + 5L—1) (L.15)

L.6 DERIVING K; CLOSE TO W* |,

Since ||KL,<] ||F, HKL,Lfl Hpé TL, WE have HKL,<I||F7 ||KL,L71||F < O(TLL) from Lemma I.6.
Also, the singular values of W* o, W*, ;_; are between 1 /k and Lk (see Fact 1.7). Therefore,
applying Claim P.9 to (L.15), we know that there exists square matrix P € R¥2**z gatisfying™

|Kr,L-1Qr—1 — PW*L 11|, < v/ Tr(polyy)?® <5L + 5L1>

HKLqQLq - (PT)AWLqHF </ Tr(poly,)? (agL + 5L—1>

and all the singular values of P are between and poly(7,). This implies that

_ 1
poly(Tr.)

S T — £
HQ‘lL—flKL,LflKL,LleLfl - W*L,L71PTPW*L,L71HF < /Y (poly,)* (aL + 5L1>
(L.16)

3! Technically speaking, for j € Jz N {0,1}, one needs to modify Section L.4 a bit, because the 4-tensor
~ T 1 . .
becomes 3-tensor: (SJ* (x)) W*;jW*Lqu (S}:_l(x) * SE_I(:E)).

32We note here, to apply Claim P.9, one also needs to ensure ¢ < oL L

—2L __and 1 < —
(poly2)3+/ T, andor-1 = (poly2)34/ Y,

1
and 2L < - , and
ar—1 — 473 (Dp)16CL_y

however, both of them are satisfied under the assumptions € <
the definition of 61,1 from (L.4).

ar,
(D)%YL
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T — —_T Jpp— €
HQIqKLqKLQQL<I - W+, ,(PTP) 1W*L<HF < /Y (poly,)* (aL + 5L—1>
L17)

Our regularizer A4 7, ensures that

62

Ad,L

Using Wy, ; = W i (R; *R;) and K1 j = Ky ;j(R; * R;), using the properties that R « R; is
well-conditioned (see Lemma 1.6), and using Q1 and Q. are unitary (see Lemma 1.5), we have

HWZ,L_le,L—l - KI,L_1KL,L—1H37 <

T = B 2 g2 —
HQ—erlWL,L—le,LleLfl - Q—Lr—lKL,LflKL,LleLleF Sy poly(kr, L)
4,1

By our choice A4 > ool L oz% , this together with (L.16) implies
polys

JEVAS)

—T —T - €
HQIAWL,LAWL,LAQLA - W*L,L71PTPW*L,L71HF < 24/ (poly,)* <O¢L + 5L1>

€
< 24/Y2 (poly,)* (OtL + 5L—1>

(L.18)

=T e T —
T
<:> HWL?L_lWL’L_l 7W*L,L—1P PW*L_’L_l

F

Recall we have already concluded in (L.9) that

=T — T N
Sym (WLL_lWL,L_l) — Sym (W*LVL_1W*L7L_1)

€
< polyy < + 5L—1>
F arL

so putting it into (L.18) we have
W~ TpW* W W 2 af_€
‘ Sym (W 1.1 PTPW L7L_1) ~ Sym (W LW L,L_l) L <3y Th(polys)' (— +31
L
Since W*1, ;1 = W} ;_,, by Fact 1.4, we know that for any matrix P,
Sym (We, . P PWi, 1) =Wip ,  PTPWi
This implies
W TPW* wWr . W 2 4 €
[ W o PTPWoL o = Wi Wos | < 44/ (polys)* (— 4611
L
By expanding W*, ;1 into its SVD decomposition, one can derive from the above inequality that
€
|PTP — 1|, < /7% (poly,)° (aL + 5L_1) (L.19)
Putting this back to (L.16) and (L.17), we have
T =T = =T wos 5 6 €
Q1 Ky 1 Kr-1Qr1 —W* 1 WHp » <4/ Y% (polys) o + 011
L
T =T = <= v 5 6 €
QLK KraQra — Wr  ;WHrg = 17 (poly,) oL +dr-1
Combining this with (L.15), we derive that (denoting by Q L= diag(Qe)ec,)

‘F < /17 (poly,)" (;L + 5L_1) (L.20)

e T [
HQ—LI—KLKLQL - Wr, W,
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L.7 DERIVING Sz (x) CLOSE To S} (z), CONSTRUCT Uy,

From (L.20) we can also apply Claim P.10 and derive the existence of some unitary Uy, € RFL*Fz

so that®
€
‘F </ T2 (poly,)® (ozL +5L—1) . (L.21)

Simultaneously right applying the two matrices in (L.21) by the vector (where the operator — is for
concatenating two vectors)

(S5 () = S;(m))je.ﬂ\{o,l} - (S;(xDjGJL\{O’l} ’

HKLQL — U W~

we have

Z KL,]‘O' (R]UJS;(Z‘)) + Z KLJ'S;(QJ)
J€ITL\{0,1} jeILn{0,1}

=UL Z Wi ;0 (S5(2)) + Z Wi ;S5 (2) | + 10
J€ITL\{0,1} Jj€IJLN{0,1}

for some error vector £1¢ with

2
=2 9
E [l€w0]*] < Y7 - LB (poly,)' ( — +d1-1) -
x~D g,
Combining it with E,wp |[Uz_15%_;(x) — Sp—1(2)|s < 62_, (see (L.4)) we know

Spx) = Y. Kpjio®;Si@)+ Y. Ki;Si(x)
7€ITL\{0,1} Jj€ILN{0,1}

=Ug Z Wi jo (S;($>) + Z Wi Si(z) | +&n =UrSi(z) +&n
7€J\{0,1} j€JrLN{0,1}

for some error vector {11 with

2
£
E [[€1]*] = E_[[ULSE(z) — Sp(z)|l5 < T3 (poly,)'” ( + 5L1) : (L.22)
x~D x~D oy,

L.8 DERIVING Fp(z) CLOSE To G*(x)

By the regularizer A5 1, we have that

62

WL WL KK, < (L.23)

A5, L
Using Wy ; = W i(R; *R;) and K1 ; = K j(R; * R;), using the properties that R; * R; is
well-conditioned (see Lemma 1.6), and using Q1 and Qo are unitary (see Lemma 1.5), we have
2 Te=Te R 2T = |2 g2 —
|QIW. WG - QIR K, G|, < - poly(Rr. L)
5,

%a% , together with (L.20), we have that
L

By our choice of A5 > )
3TW W, 0, — Wr W* 3 7( €
HQLWLWLQL — W W ‘F <4/ T (polys) oL + 01

3We note here, to apply Claim P.10, one also needs to ensure ¢ < —2L— and §,_; < L

(poly2)8\/T% (polyz)sx/ﬁ7
however, both of them are satisfied under the assumptions € < T D;‘)gTL and aii : < I DL1>160L—1 , and

the definition of 61,1 from (L.4).
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Note from the definition of Sum(F7,(z)) and Sum(G7 (x)) (see (L.6)) we have
Sum(G} (z —HW* (S7_1(x)* ST _1( H
Sum(FL = ||WL SL 1( )*SL 1 ||

so using a similar derivation as (L. 10), we have

IED (Sum(Fy(z)) — Sum(G% (z)))* < T3 (poly,)*® (6 + 5L_1) . (L.24)
T~ ap,

L.9 RECURSION
We can now put (L.24) back to the bound of Obj; _; (see (L.1)) and derive that
Obj,_, <20} E_(Sum(FL(z)) — Sum(G(x)))* + 20bj
< Y (polyy)™® (97107 +¢7) - (L.25)

Note this is a tighter upper bound on Obj; _; comparing to the previously used one in (L.3). There-
fore, we can apply the induction hypothesis again and replace (L.4) also with a tighter bound

2
. 2 e+0r_10p 3 16
= - — 1 — < _— _ .
VW=23,...,.L—1 mﬁNED |U.S7 (z) — Se(z)|5 < < T ) T (polyy)°Cr—1
(L.26)

In other words, we can replace our previous crude bound on 67,1 (see (L.3)) with this tighter bound
1

. o S
(L.26), and repeat. By our assumption, o < T3 (D)0, this implies that the process ends

when3*

2
52 :(E> -273 (poly,)'6Cy_, . L27
L—1 Jaroar 7(polyy) "Cr_1 ( )

Plugging this choice back to (L.26), we have forevery { =2,3,...,L — 1

2 2
E_|[U.S;(x) — Se(x)]5 < 5) - 273 (poly,)*6C <(E) C
E,IUSi () = S0l < (=) - 2Tilbo) "0 < (== @&

As for the case of ¢ = L, we derive from (L.22) that

2 2
* _ 2 2 7 € €
B, 083 (0) = S0} < 21 pov)” () < (=)

This completes the proof of Theorem L.1. [ |

L.10 PROOF OF COROLLARY L.3

Proof of Corollary L.3. As for Corollary L.3, we first note that our final choice of d;,_1 (see (L.27)),
when plugged into (L.13), (L.15), (L.20) and (L.22), respectively give us

)
|
|

2
2

—T — —T — 2
’ QWi  WiaQra — W*L,L—lw*L<HF <2(Dp)? (

L

£

a

—T — =T —_ 2 €
HQ—ll:flKL,LflKL<1QL<1 - W*L,L71W*L<1HF < 2Y(Dr)* (aL
£

G N — T—
QIR K.Q, - Wi Wo,

2

<9272 (D)™
’F_ L( L) «y,
19

B VL83 @) - Su(o)l < 21300 ()

*To be precise, we also need to verify that this new 67,1 <

oL < 1
ap_1 — 473 (Dp)1%CL 1"

(Poly Toiyg)s 38 before, but this is ensured from our

assumptions £ < and

ap
(D)%YL
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So far this has only given us bounds for the L-th layer. As for other layers ¢/ = 2,3,..., L — 1,
we note that our final choice of d;_; (see (L.27)), when plugged into the formula of Obj; _; (see
(L.25)), in fact gives

2
Obj, , < 2Y3 (D)2 < (24/Y3 (D 852<<(O‘L‘1> .
Jr—1 <2Y7(Dr) ( 1(Dr) ) (Dr_1)°Y_1

using our assumptions € < AL and . Therefore, we can recurse to
(DL)°YL

e} 1
OéLil S 4T%(DL)ISCL,1
the case of L — 1 with €2 replaced with 413 (Dy,)*®<2. Continuing in this fashion gives the desired
bounds.

Finally, our assumption ¢ < (DITIW implies E,p ||ULS} (z) — SL(JJ)H; < 1, and using gap
assumption it also holds for previous layers:

2
<L B Ui - Sl < 2xion (Z) -G <
o ¢

They also imply E,~p ||S¢(2)||5 < 2By using E,p ||S} (2)]|5 < B. [

L.11 PROOF OF COROLLARY L.4

Proof of Corollary L.4. This time, we begin by recalling that from (L.3):

Obj; ; <a? - (kL LBptr)%c3(2%) +2¢2 < a3 - Dy
Therefore, we can use 2 = o2 - Dy, and apply Theorem L.1 and Corollary L.3 for the case of L — 1.
This is why we choose g = ay, - /Dy, forf < L.

As for the case of ¢/ = L, we first note the L — 1 case tells us

2 2
9 e
E |[Ur18i-1(2) - Spo1(@)||2 <63y =673 (Dr_1)'7 (om) < ()

ar,
Therefore, we can plug in this choice of §;,_; into (L.13), (L.15) and (L.20) to derive

2
71 = — T N 2 €
HQz—le,L—leQQLq - W*L’L_lw*LqHF < Q(DL)2 (04L>

2
—T J— — T _ 2 c
HszlKL,LflKLQQLQ - W*L’Lilw*LqHF < 2TL(DL)4 (05L>

2 e \?
| <oy (2
F

ar

e — T—
QIR K.QL - W W,

Note that the three equations (L.13), (L.15) and (L.20) have only required the weaker requirement

g, . : g,
e < (Dr)sv/r. OnE comparing to the full Theorem L.1 (the stronger requirement was € < (TR

but it is required only starting from equation (L.21)). ]

M CONSTRUCTION OF DESCENT DIRECTION

kil
Let Uy be defined as in Theorem L.1. Let us construct V; ; € R* <("27) or RFexd that satisfies
Vji>2:V;.0(R;Ujz) =Wjo(z), Vi e€l[2,Vi;=W;, (M.1)

and the singular values of V7 ; are between [

m, O(L?k)]. (This can be done by defining
kid1

Vi, = Wi (I+D(R;U; « RyU;)~" € R¥*(™7), and the singular value bounds are due to
Fact 1.7, Lemma 1.5 and Lemma 1.6.) Let us also introduce notations

T
Ef = KszlKe — (Vzéfl) V; == (E€75717E€<1)
* T *
Erq =K/, Kiqa— (Vi) Vig
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.
Eo1:= KZ@AKM—l - (V;,éfl) VZ@A
E =K/K/,— (V)"V}

Let us consider updates (for some 1y > 11):

W, /1—mW+ /mD, V™"
Kiq <~ (1 + %) Koa =mQeKeg —m2Kpe—1Er4
Kee1 < (1 - %) Koot +mQeKe -1 — n2KeqE/
where V' € R™** is defined as (V") " = %((V})T, ... (V7)) which contains {* identical

copies of V;, and D, € R™*™ is a diagonal matrix with diagonals as random *1, and Q, is a
symmetric matrix given by

1 _ _
Q=3 (Keo—1K/, ) "Ko (VZeq)T Vi K (Ko1K, ) '

M.1 SIMPLE PROPERTIES

Fact M.1. Suppose we know |W||r < y. Then,
(W) TW™) = (=) (W)W 4 (V)T Vi + it

Sfor some error matrix £ with

log 6=1 - poly(Fy) 5. _ poly(&e)
E=0 ad Brl|l¢lr> VBN <6 and E[IEIR <
Proof. Trivial from vector version of Hoeffding’s inequality. U]

Claim M.2. Suppose omin(Keo-1), Omin(Kea) > % and ||Ky||2 < 2K for some & > k+ ko + L,
we have:
1
Ea, K, Kot 1Erg + EK_Kio) > ——— [|[Egql?
(Bra, Ky p 1 Koo 1Eqg + EgKy Kig) > ooly (%) [Eeallz

Proof of Claim M.2. We first note the left hand side
LHS = |Kee-1Ealf + KB/
Without loss of generality (by left/right multiplying with a unitary matrix), let us write K, 1 =
(K1,0) and Ky, = (K5, 0) for square matrices K, Ko € RF*ke  Accordingly, let us write
E/q = (5. 5 ) for E; € RF**_ We have
1

2

> ——
7= poly()
Note also [|[E¢q|[r < poly(s). Let us write V;, ; = (V1,V2) and Vj_ = (V3, V) for square
matrices V1, V3 € RF¢X*¢ Then we have

(B, B\ _ (K/Ky-V]V; V]V,
Ba=(BE) = (N0 M.2)

LHS = [|(KiEy, KiEo)|[ % + [|(K2E{ , K2E3 )| (B + B2l + 1Es]7) -

Recall we have [V, |2, [|V74lla < L?x. Consider two cases.

In the first case, oin (V1) < W. Then, it satisfies |E1|r > 3||K{ Ks|lr > ﬁ SO we

1
are done. In the second case, opmin (V1) > SIATEIE We have

(V1) 1
Ealr = [V Villr > omin(V1)[Vallp > 22tV poly(®)
12l = IV Valle 2 owin(V1) [ Vallr 2 22 poly ()

so we are also done. L]

V3 Vallp > [E4llr
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Claim M.3. Suppose oyin(Ke—1) > % and | Kl|2 < K for some & > k + k¢ + L, we have
* T ~
2K QK1 = (Vioa) T Vi ||, < poly(®) [Beal
and  [2Q¢ = 1|l p < (R)*|[Ee-1llr

Proof of Claim M.3. Without loss of generality (by applying a unitary transformation), let us write
K1 = (K,0) for square matrix K € R¥** and let us write V;,_, = (V1, V3) for square

matrix V; € R¥¢x*¢_From (M.2), we have

|Eeallr
O'min(qu)
From the definition of Q; we have
_ T T _ - _
2Q = (KK") "' (K,0)(V1,V2) (V1,V2)(K,0) (KK')'=K "V/{V;K™' (M3)
It is easy to verify that

[Vallr < < poly(ke, s, L) - [|[Eeal[r -

T _ * T+ _(v/vio) _ * T x7* _ 0o V/Vv,
2K/ QK1 — (Vi) Vi = (Vi 9) = (Viee) " Viee = (v, vive

which shows that
267, QK1 = (Vi) T Vi, < 2VillEValle + V2l < poly(®) - [Eealr -
Next, we consider ||2Q, — I||§7 since
IKTK = VIVille < K] Kemr = (Vi) Vi || = 1Beealle
we immediately have

12Q¢ — I||r < . K'K - V{Vi|r < (7)?|Bee]r -

min(K)2 ||

M.2 FROBENIUS NORM UPDATES

Consider the F-norm regularizers given by
Re. = [Ke|F = Tr(K/; Ko)
=Tr(K/,_Kere1)+2Tr(K/ ,_ Keq) + Tr(K/ Ko)
Ry = |[W(|F = Tr(W, W)
Lemma M.4. Suppose for some parameter kg > k + L + ky it satisfies

1

] d E < A~ N0
and |E¢ql|r < @7)°

1 1
min Koo 2 oo d || K S 2K 5 5 < —— =
Omin(Kee—1) o, 1Kell2 < 264, m1,m2 ooly (1)

then
= [R%W)} < (L =m)Ra +m - poly(ke, L, )
jow) < (1 —m)Ree+m - poly(ke, s, L) + (0} + n2||Eeall F) - poly(Fe)
Proof of Lemma M.4. Our updates satisfy
K/ 1 Keo1 — (1—m)K/ Koo +2mK] QKo 1 +6
K/ Kig  (1+7)K/ Kiqg = 2mK/ QiKea + &
Ko 1 Kea K/ Kog + &
W/ Wy (1=m)(We) "W +m(Vy) TV + /it
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where error matrices ||&1 || g, ||&2]| 7, [|€s]l 7 < (03 + m2||Eex|| ) - poly(Ke) and Ep, [£4] = 0.

The Ry ¢ part is now trivial and the Rg ¢ part is a direct corollary of Claim M.5. L]

Claim MLS. The following is always true
Tr (_Ksz1K€7€71 + QKszlQeKuq) < —[[Ke-17 + O (kfx?)

Furthermore, suppose 0yin(Keo—1) > % and ||K¢|l2 < 2R¢ for K¢ > k + L + kg, we have that

= 2k

as long as |Eoq||r < ﬁ then

Tr (K/ Kiq — 2K/ QiKea) < —|[Kealf + O(L?K)ke)

Proof of Claim M.5. For the first bound, it is a direct corollary of the bound
HQKZe_ngKM,l |lF < poly(k, L) (which can be easily verified from formulation (M.3)).

As for the second bound, let us assume without loss of generality (by left/right multiplying with a
unitary matrix) that K, 1 = (K1,0) and K, = (K2, 0) for square matrices K;, Ko € RF¢XFe,
Letus write V} ,_; = (V1, V) and V;_ = (V3, Vy) for square matrices V1, Vi € R¥***_ Then
we have,

E, — (EiE2) _ K/ K,-V/Vs; -V V,
€< E; Ey —vIvs V]V,

We have
IK{ K2 — V{ V3||r < [Eallr = Ko =K "V{ Vallr <25 [Eeallr -
= [|K:K; — K "V V3V VK| < (2R0)? - |Eeqlr

Translating this into the spectral dominance formula (recalling A > B means A — B is positive
semi-definite), we have

KoK) <K'V V3VI VKT + (252 |Eear - T
< (L0 Ky VIVIKT + (28)% [Eeallr T (using [Viglz < L2%)
On the other hand, from (M.3) one can verify that
2K, QiKiq =K, K7 TV VK[ 'K,

Combining the two formula above, we have

1 -
2K QiKig = 55Ky KoKg Ko — (250)%(|Eeq - K3 Ko

(L?r)
= 2K, Ky — O((L?k)?) - 1 (using A? = 2A — I for symmetric A)
Taking trace on both sides finish the proof. U]

M.3 REGULARIZER UPDATES

Let us consider three regularizer
R3,€ = KZT,ZAKM - WZ@AWM
Ry = KZe_1Kl,Z—1 — WZe_1WZ,€—1
Rs =K/K,— W/ W,

Lemma M.6. Suppose for some parameter k > k + L + ky it satisfies

~ 1
Kell2, [Well2 < 28, 72 < — 72

1 1
min K ) — 2 a~» Ymin K Z a7 i~ S T i~
min(Ke.e-1) 2K Tmin (K<) 2K poly(k) n poly(k)
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then, suppose Obj(D; W, K) < &2 and suppose Corollary L.3 holds for L > {, then

2 2 -
R (new) 2 3 ~ € . CL poly (%)
,Q,E[ 3; P < (1 —1.8m) |Raellw + 7 - poly(k) + (772073) - (Dg)*- G m
R ’ C poly(R)
F (new) 1-1. 6 I
o, |74 | g <( 8m) | Ra, e||F+772 Ie (Dy) o +m
i i c poly(k)
E R < (1= 1.800) [Ra %+ a2 - (D16 &
D, 5,0 P ( 771) || 5,Z||F 7]2 O(% i ( Z) Ce + m -

Proof of Lemma M.6. Let us check how these matrices get updated.
Rs, (1 —m)Rse+mE;q — 772KZZ_1K5,4—1Ee<1 — B K Kig + &+ G
(using Bpgq = K/, Koq — (V¥pe1) V¥
Ryco (1—m)Rae+m (QKZZ_1QeKz,e—1 - (V*z,e—l)T V*e,e—1> +&+ G
R, (1= n)Ro +m (K{Ke— (V) Vi) = mK] Koo+ 2mK] 1 QKee
+mK Kiq —2mK/ QiKog + & + (s
where error matrices Ep, [(3] = 0,Ep,[¢4] = 0,Ep,[(5] = 0 and

I&llF < (nF + 311 Eeall7) - poly(r)
1€l €511 < (0 + n2l|Beallr) - poly(r)

2 2 2 mn
E Gl E Il E NGl < 7 - poly(R)

N
=

| /\

The update on R3 ¢ now tells us (by applying Claim M.2)

R(“eW)H 1-2m) IR 2 IR E _ g, |2
m) IRl % + 201 |Ra el p | Beall — poly () Eeall?

~ K\ Ty
+ m2poly(8) [ W] Wi = (V)T Vi I1Eeals
Uit ~
+ (1 Ra.ell i + 2 | Bl + 03[ Beal[F + 1) - poly(R)

As for Ry ¢ and R ¢, applying Claim M.3 and using the notation Ee =K/K, - (V;)T Vi, we
can further simplify them to

Rig— (1= )Ry +&+G for ||€4IIF (mlBealle + 12| Be]le) - poly(%)
Ry < (1= )R+ mBe+ &+ G < (mIEcllr + 12 Eeallr) - poly(F)
As a result,
2[R <0 1om) P (ml[Beallp + el Beall + ) - poly(®)
14
E (new)H (1 1.97,) F - (| Eellr + 2l Eeallr + %) - poly(%)
4

Since Obj = €2, by applying Corollary L.3, we have

Cr

2
€
Corollary L.3a : (W, W1 — v Viealy < (w) - (Dy)? - oA

2
* T * € CL
Corolary L35 [Becl = KL, Kea — (Vi) Vidllh < () 0071 &

2
~ N € C
Corollary L3c:  ||E¢||% = K, K, — (V) Vi||% < (a) (D)% . é (M.4)
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Plugging these into the bounds above, and using 72 > 17 - poly(K) and 72 < L and repeatedly

Poly(
using 2ab < a? + b%, we have
2 2 C ly (%)
(new) 2 ~ € 4 YL poly
E R, < (1= L8n) [Rs,ellp - poly(R) + (m2 ) - (Do)* -
2
(new) 2 < . 2 i ) 6 YL CVL pOly(:‘i)
]gEé Ry, F—(l 1.87) [|Raellyy + 72 QTE (Dy) Cg +n p-
new 2 . C ol E
B R < 0 100 Rl + 0 02 + 00 (0070 Gy 22
14

]

Lemma M.7. In the same setting as Lemma M.6, suppose the weaker Corollary L.4 holds for L > ¢
instead of Corollary L.3. Then, for every { < L,

new 2 P . 042 DL CL p0|y E

D]E R:(a; N < —1.8m) ||R3,z||2F + 03 - poly(R) + (na—L5—=) - (D)* - m (%)
‘ 7 " ay Cy

E |R ’ — i c poly(k)

(new) <(1—-18 R 2 aLDL (DS L
D, 4t g = ( m) |l 4,€||F + 12 % Yy (Dy) —CK +m
E ||R(new 2 a DL Cr poly (k)

(new) 1-18 R —+ L r D 16 |
D, 56 g <( m) || 5£”F 25— Z 7 (Do) Cy +m -

2 2

new ~ £ poly K
B[R, < (0= 1800 IRl -+ - poly )+ () - (D)4 22

)
=
N

poly(x)

2
new 3
]%E RZ’L N < (1—1.8m) ||R47LH?:' +nm2— Y- (D)% +m
L ay,

Ny

new 52 oly(k
E R <0 1sm) IRs o2+ Sy T - (D)1 4y PV
L af, m

!

Proof. Proof is identical to Lemma M.6 but replacing the use of Corollary L.3 with Corollary L.4.

]

M.4 Loss FUNCTION UPDATE

For analysis purpose, let us denote by

—~—— 2
Loss<((x; W, K) : ZaJSum (1: W K)))

I
A

2
Loss</(z; W,K) : ZajSum (z; W, K)))

I
h

T~

OPT<, = ED (G*(x) - ZajSum(G;(I)))2

Lemma M.8. Suppose the sampled set Z satisfies the event of Proposition J.2, Proposition J.8,
Proposition J.7 (for es < 52/100). Suppose for some parameter Ky > k + L + kg and 74 > Ky it
satisfies

12
poly(r)

IWellr < Ke, m2 < m <

1 1 1
min Koo > A~ UYmin K Z o< <
Tmin(Ke,e-1) 2 2k¢ min(Kea) 2Kk¢ poly(k)
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Suppose parameters are set to satisfy Definition H.4. Suppose the assumptions of Theorem L.1 hold
for some L = £ — 1, then for every constant vy > 1,

]E[I/J—O\—S/Sge<z; Vv(new)7 K(new))]

—~— | = B/
< (1-0.997)Loss<¢(2; W, K) +m (0.0452 + %

Lo
+(1+ ;) OPTSE)
Proof of Lemma M.8. Let us first focus on
Sum(F;(z; W, K)) = [|W;(0(R;-15-1(2; K)),..)
and first consider only the movement of W. Recall from Fact M.1 that
(W) TW) e (1 =) (W) "W+ (V) TV + Vg
for some Ep[¢;] = 0 and Ep[||¢;]|%] < poly(¥;)/m. Therefore,

Sum( (s W (new) JK)) = (1— nl)Sum( (2 W, K)) —l—mSum( j(x; V9 K)) + \/7771(%[15)

for some §j 1 = (0(Rj_18;_1),...)T€(@(R;_1S;_1), . ..) satisfying E[¢;1] = 0 and |¢;1] <
(poly(%;, B ) + ||z]|% 4+ ||S1(2)]1?)[|&; ] . Therefore, for every z,

IE[LOSSSg(a:; wew) K]

¢
]g[(G*( )—(1—m Za]Surn( i (z; W, K)) mza]Sum (x; VI, K +§O{j\/a§j71)2:|

Jj=2
0

= (G*( )—(1—m) Za]Sum(F (x; W, K)) nlza]Sum (x; VK ) +n1 Za
j=2
% (I1—m (G* Za]Sum (z; W K))) +n1( széJSum (z;V* K)))2
+m poly(k, B’)

m

o —— ly(k, B’
= (1 —m)Loss<¢(z; W,K) + mLoss<¢(z; V*, K) + m%

Above, @ uses the fact that Ep[£; 1] = 0 and the fact that &; ; and {;; are independent for j # j;
and @ uses ((1 —n)a+nb)? < (1 —mn)a® +nb?, as well as the bound on Ep [||€;[|%] from Fact M.1.

Applying expectation with respect to x ~ Z on both sides, we have

Fon: —— — ly(, B’
IE[LOSSSZ(Z§W(“W)7K)] < (1 —m)Loss<,(Z2; W, K) +mLoss<(2Z; V", K) + Ul%

On the other hand, for the update in K; in every j < ¢, we can apply [2Q; —I|

(%;)%||Ej,j—1||F from Claim M.3 and apply the bounds in (M.4) to derive that (using our lower
bound assumption on A3 ;, A4 ; from Theorem L.1)

new ~ 1 \/CL
1K™~ Kl < Byl + 2| Byallr - poly(Ry) < — (me +m2e)
J
(M 6)

Putting this into Claim J.4 (for L = {), and using the gap assumption on afl—tl from Definition H.4,
we derive that 4

I/AS/SSSg(Z, Vv(new)7 K(new))
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62 CL

< (14 0,01y Dossey(2: WO K) + % (D, 072,

al Ce
L 2
< (14 0.017;)Loss<¢(Z; W) K) 4, 1600

Finally, we calculate that

— ® ® 1
Loss</(Z; V*,K) < Loss<;(D; V*,K) + 0.01e* < (1 + *)LOSS<@(D; V* K) + 0.02¢?
< < 5 <

© 1 2 2
<(1+ ;) OPT<,+0.03¢ M.7)

where @ uses Proposition J.8 and v > 1 is a constant, @ uses Claim J.1, and ® uses Claim M.9
below. Combining all the inequalities we finish the proof. ]

M.4.1 AUXILIARY

Claim M.9. Suppose parameters are set to satisfy Definition H4, and the assumptions of
Theorem L.1 hold for some L = { — 1. Then, for the V* = (V3,...,V7) that we constructed
from (M.1), and suppose {c;}; satisfies the gap assumption from Definition H.4, it satisfies for
every constant vy > 1,

2

L D;V: K) < — 1 OPT
oss<( ) 100 +(1+ 7) <e

Proof. Recalling that
F(z; W,K) = Zaesum Fy(x Zaé [We(o(Re—1Se—1()),...)||"

2
Using the conclusion that for every j < £, Eyp | U; S5 (z) — Sj(x)Hi <07 = (Dy)"® (i yea

(e %] Cg
from Corollary L.3d, one can carefully verify that (using an analogous proof to (L.11)) for every
j S Es

[VE(o(R;—1U;-1S5 (@), )P = [ Vi Ry—1S,-1(2)), .. )P + &

for some

E[(€,)?] < poly(%;, By, ea(2))5%_, < Dy(D;-1)™ () e

aj-1 Cj

Since our definition of V* satisfies (M.1), we also have for every j < ¢

[Vi(o(R;-1U; 1S5, (2)),...)||" = Sum(G3(2))

¢ 14 c 2 CL
CXT* * 2 2 19
(O aySum(Fy (e V*, K)) - aySum(G ) < L3 a20,(D;-1) ()

(o7
i=2 j=2 -1

Finally, using Young’s inequality that

’ 2
Loss</(z; VX, K) < (1 + %) <Z aSum(Gj(z)) — G*(x))

=2
L 2
+(1+7) (Z agSum(Fy(z; V*, K)) — azSum(GE(x))>
=2
we finish the proof. [
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M.5 OBJECTIVE DECREASE DIRECTION: STAGE ¢2

Theorem M.10. Suppose we are in stage (*, meaning that X3 j = Ay j = A5; = 0 for j > { and
the trainable parameters are W1, ..., W, Ky, ... Ky_1. Suppose it satisfies

2
—, Qy_q 2
— . < . < T
Obj(2; W, K) < ( ( DH)QT“) and { E IS, <7}

Suppose the sampled set Z satisfies the event of Proposition J.2, Proposition J.8, Proposition J.7 (for

gs < €2/100 ) Suppose parameters are set to satisfy Definition H.4. Then, for every ny < m
andm < gty

ItE)Obj(Z; Wnew) Koy < (1 0.7,)Obj(Z; W, K) + 2107,

And also we have E,.p[||S;(2)||?] < 2B; for every j < L.

Proof of Theorem M.10. We first verify the prerequisites of many of the lemmas we need to invoke.
Prerequisite 1. Using A\g ; > ( )2 and Ob_](Z W, K) < &2, we have

1Kl [Wellp < Ky
which is a prerequisite for Lemma M.4, Lemma M.6, Lemma M.8 that we need to invoke.

Prerequisite 2. Applying Proposition J.7, we have

Proposition J.7
< 62 p:}

Loss(2; W,K) < Loss(D; W, K) < 2¢2 (M.8)

Since E,p[||S;(z)||?] < 7; forall j < ¢, we can apply Claim J.1 and get

Loss(D; W, K) < 2¢? -SimLlandchoice 5,y (D, W, K) < 3¢2 (M.9)

Next, consider a dummy loss function against only the first £ — 1 layers

2
Lossgummy (D; W, K) Z [(Z%Sum (x)) — ajSum(G;-(x))) } < 1.1Loss(D; W, K) + O(a?) < 4¢?
z~D j=2

so in the remainder of the proof we can safely apply Theorem L.1 and Corollary L.3 for L = ¢ — 1.
Note that this is also a prerequisite for Lemma M.8 with ¢ layers that we want to invoke. As a side
note, we can use Corollary L.3d to derive

Vi<t E (ISP <28

Prerequisite 3. Corollary L.3b tells us for every j < ¢,

2
71' JE— 2 € C
HQ 1K Jii— 1KiaQjq — ],j71w*j<H < Y,(D;)* <> = (M.10)
F o Cj
SR 100 (af—l) Gz 1
T Y7 (D) N\ a; ) Cp T (Dy)M
£—1

Above, inequality @ uses the assumption £ < (Dzaw Inequality @ holds when j = £ — 1

by using — C{ - < 1 from our sufﬁmently large choice of YT,1, and ineuqliaty @ holds when

Note that the left hand side of (M.10) is identical to (since KMQi =K, :(R;U; * R;U;))

HAK” K;qaB-C(W?

7,0— I)TW;<D||j:‘

for some well-conditioned sqaure matrices A,B,C,D with singular values between

[m, O(poly(kj, L))] (see Lemma 1.6 and Lemma 1.5). Therefore, combining the facts that
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() K], Kjqand (W3, ;)" W7_ are both of rank exactly k;, (2) |K;| < %, (3) minimal
singular value oin(W7,;) > 1/k, we must have

1 1
and Umin(Kj<]) 2

Omin (KjJ—l) >

Ej : p0|y(Ej7 R, L) Ej : POly(Ej, R, L)

as otherwise this will contract to (M.10). This lower bound on the minimum singular value is a
prerequisite for Lemma M.4, Lemma M.6 that we need to invoke.

Prerequisite 4. Using Corollary L.3b, we also have for every j < ¢ (see the calculation in (M.4))

2
* T £ Cy
IBjallF = 1K), Kja = (Vi,m1) Viallp < (a) T (D) o
J J

_ (ae1>2 D)
T\ oy Yo_1(Dg—1)'8

20

(D;)*?
which is a prerequisite for Lemma M.4 that we need to invoke.

Main Proof Begins. Now we are fully prepared and can begin the proof. In the language of this
section, our objective

Obj(2; W,K) = Loss(Z; W, K) + 3 (Ag,j R[5 + Aa s
i<’

+> X (Rr)

jse

2
IR jll% + s [Rsj

2
P+ AG,]-RGJ)

We can apply Lemma M.4 to bound the decrease of R¢ ; for j < ¢ and Ry ; for j < ¢, apply
Lemma M.6 to bound the decrease of R3 ;j, R4 ;, R5 ; for j < £, and apply Lemma M.8 to bound

the decrease of ITC\)_S/S(Z ; W, K) (with the choice OPT<, < 204? | 1). By combining all the lemmas,
we have (using 1o = 11 /poly() and sufficiently small choice of ;)

IE (SB/j(Z, Vv(new)7 K(new))

IN©

poly(%, B')
m

(1~ 0.971)0bj(Z; W, K) + 11 (€ sampte + )+m Y A poly(kj, L, &) + 2mag,,

j<t
1 T, T2 Cy
+m +;+§> eX(D;)* =
; (Tj 23 C;
poly(%, B')
m

IN®

(1 - 0.871)Obj(2; W, K) + 01 (€sampte + ) +m Y A poly(kj, L, k) + 2mag,

i<t

&) —
< (1-0.771)0Obj(Z; W,K) + 2n1a7, 4

Ot2

2
Above, inequality @ uses our parameter choices that A3 ; = (Di)jr" Agj = (D.O;ij?r% and A5 ; =
i)t ’ J j
2
W Inequality @ uses our choices of T; (see Definition H.4). Inequality ® uses m >
2

poly(%,B") e 2 e 2
=7~ from Definition H.4, e < 0.01¢%, and ¢ ; = 7z < oy L)

from Definition H.4. L]

M.6 OBJECTIVE DECREASE DIRECTION: STAGE ¢V

Theorem M.11. Suppose we are in stage (¥, meaning that X3 j = Xy j = A5; = 0 for j > { and

the trainable parameters are W1, ..., Wy, K1, ..., Ky. Suppose it satisfies
2 2
Qy 2 ~y . Qyp 9
—— ] <& =0bj(Z;,W,K) < | ———— and E [||S;(x <T
(o) = 2wk < () {Bls@i<r}

Suppose the sampled set Z satisfies the event of Proposition J.2, Proposition J.8, Proposition J.7 (for

gs < €2/100). Suppose parameters are set to satisfy Definition H.4. Then, for every 1y < oy (7).
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n
and 11 < po|y2(%)’

EObj(2; W™, K(™) < (1 - 0.7m)0bj(2; W, K) + 2maj,,

2
And also we have E,.p[||Sj(x)||?] < 2B; for every j < {. Furthermore, if £? < ((pfﬁi‘én) then
we also have E,.p[||Se(x)||?] < 2B,.

Proof of Theorem M.11. The proof is analogous to Theorem M.10 but with several changes.
Prerequisite 1. For analogous reasons, we have
[Kellp, [Wellp < Fe

which is a prerequisite for Lemma M.4, Lemma M.7, Lemma M.8 that we need to invoke.

o . . . 2 (e} . .
. < s
Prerequisite 2. This time, we have ¢© < e This means the weaker assumption of

Corollary L.4 has been satisfied for L = /¢, and as a result Theorem L.1 and Corollary L.3 hold
with L = ¢ — 1. This is a prerequisite for Lemma M.8 with ¢ layers that we want to invoke. Note in
particular, Corollary L.3d implies

Vi<t [118;(@)II”] < 2B; .

E
x~D
2
Note also, if 2 < ((133%) , then Corollary L..3 holds with L. = /¢, so we can invoke
Corollary L.3e to derive the above bound for j = ¢.

E_[l1Se(=)]*) < 2By

Prerequisite 3. Again using Corollary L.3b for L = ¢ — 1, we can derive for all j < ¢
1 1

d min K, Z =
and  omin (K<) Kj - poly(kj, K, L)

min(Kjj-1) = =
Omin(Kjj-1) Kj - poly(kj, K, L)

This time, one can also use Corollary L.4b with L = £ to derive that the above holds also for j = £.
This is a prerequisite for Lemma M.4, Lemma M.7 that we need to invoke.

Prerequisite 4. Using Corollary L.3b, we also have for every j < ¢ (see the calculation in (M.4))
1
(D)™

This time, one can also use Corollary L.4b with L = £ to derive that the above holds also for j = £.

-
IEjallE = 1K, 1 Kja = (V5,21) Vialk <

Main Proof Begins. Now we are fully prepared and can begin the proof. In the language of this
section, our objective

Obj(Z; W,K) = Loss(Z; W, K) + » _ ()‘B,j R 5117 + Mg [R5 + s 5 [R5 517 + AG,jR&j)
j<t
+> X (Rr)
Jj<£
We can apply Lemma M.4 to bound the decrease of Rg ;, R7 ; for 7 < ¢, apply Lemma M.7 to
bound the decrease of R3 j, R4 j,Rs ; for j < ¢, and apply Lemma M.8 to bound the decrease of

I/J—(;_S/S(Z ; W, K) (with the choice OPT<, < 2a§ _1)- By combining all the lemmas, we have (using
12 = 11 /poly(K) and sufficiently small choice of 1)

I]:E), 6\};j(2_7’7 Vv(new)7 K(new))

® —, ol %, B’
S (1 - 09771)0b.](27 Wa K) + m (5sample + %

)+m > Aejpoly(kj, L, k) + 2maz,,
i<t
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1Y, ? T3 ) e
+7}1(T +T2+T3) (Dy) +771Z< +7+Té () De(Dj)Fj

j<t J
® — oly(k, B
< (1= 0.9m)Obj(Z; W, K) + 11 (sampte + %)) +111 ) Mejpoly(ky, L, 5) +2mag,,
Jj<L
1 Ty T2 TQ 2 19~~2 ne
+m (T+T2+T3> (Dy) +n1§< T2+T3 (D) THD)
J
® — poly(x, B
< (1—0.871)0bj(2; W,K) + n1(€sampte + #) +m Y e poly(ky, L, k) + 2maj,,
<t
® — )
< (1 —-0.771)Obj(Z; W,K) + 2107,
2 2
Above, inequality @ uses our parameter choices that A3 ; = ﬁ, Aj = ﬁ, and A5 ; =
2
([zﬁ Inequality @ uses our assumption that € > [ RE ) . Inequality ® uses our choices of
T; (see Definition H.4). Inequality @ uses m > % from Definition H.4, e, < 0.01¢2, and
X6, = % < W%)L) from Definition H.4. L]
"j e
N EXTENSION TO CLASSIFICATION
Let us assume without loss of generality that Var[G*(z)] = #@L) for some sufficiently large

constant C' > 1. We have the following proposition that relates the {2 and cross entropy losses.
(Proof see Appendix N.2.)

Proposition N.1. For every function F(z) and € > 0, we have

1. If F() is a polynomial of degree 2" and B, .)~p CE (Y (20, z),v(z¢ + F(2))) < € for some
there v > 0, then

E (F(z) —G*(2))* = O(e3(2")%¢%)

x~D
2. IfEpp (F(z) — G*(2)))* < 2 and v > 0, then

1
WE DCE(Y(xo,:c),v(xo—i—F(x)))SO(UE n Ogv ”)

At a high level, when setting v = %, Proposition N.1 implies, up to small factors such as c3(2%) and
log(1/¢), it satisfies

{y-loss = £% <= cross-entropy loss = &
Therefore, applying SGD on the ¢ loss (like we do in this paper) should behave very similarly to
applying SGD on the cross-entropy loss.

Of course, to turn this into an actual rigorous proof, there are subtleties. Most notably, we cannot
naively convert back and forth between cross-entropy and /s losses for every SGD step, since doing
so we losing a multiplicative factor per step, killing the objective decrease we obtain. Also, one has
to deal with truncated activation vs. quadratic activation. In the next subsection, we sketch perhaps
the simplest possible way to prove our classification theorem by reducing its proof to that of our ¢
regression theorem.

N.1 DETAIL SKETCH: REDUCE THE PROOF TO REGRESSION

Let us use the same parameters in Definition H.4 with minor modifications:
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* additionally require one log(1/¢) factor in the gap assumption %,35
* additionally require one 1/ factor in the over-parameterization m, and
* additionally require one poly(d) factor in the sample complexity N.

Recall from Theorem M.10 and Theorem M.11 that the main technical statement for the conver-
gence in the regression case was to construct some W (") K ("eW) satisfying

Ig,(%j(z; W new) Koy < (1 - 0.7,)Obj(Z; W, K) + 2102, -

We show that the same construction W(eW) K(ew) also satisfies, denoting by ¢ =
—— xE
Obj (2;W,K),

) O45+1 :
(N.1)

—— xE —— xE 1 21
EOb] (2; W) K("™)) < (1 - 0.75,)0bj " (Z; W, K) + m%

This means the objective can sufficiently decrease at least until € ~ a1 - log ﬁﬂ (or to arbitrarily
small when ¢ = L). The rest of the proof will simplify follow from here.

Quick Observation. Let us assume without loss of generality that v = % always holds.

Using an analogous argument to Proposition J.7 and Claim J.1, we also have

—— xE
Obj (D;W,K) <2t and ObjE(D;W,K) < 3¢ .

Applying Lemma N.1, we immediately know Obj(D; W, K) < O(c3(2%)2e2) for the original /o
objective. Therefore, up to a small factor c3(2%)2, the old inequality Obj(D; W, K) < &2 remains
true. This ensures that we can still apply many of the technical lemmas (especially the critical
Lemma L.1 and the regularizer update Lemma M.6).

Going back to (N.1). In order to show sufficient objective value decrease in (N.1), in principle one
needs to look at loss function decrease as well as regularizer decrease. This is what we did in the
proofs of Theorem M.10 and Theorem M.11 for the regression case.

Now for classification, the regularizer decrease remains the same as before since we are using the
same regularizer. The only technical lemma that requires non-trivial changes is Lemma M.8 which
talks about loss function decrease from W, K to W (new) K (new) - Ag before, let us write for nota-
tional simplicity

¢
fg(x; W, K) := Z ajSum(ﬁj (z; W, K))
=2

——xE -
Loss (w0, z; W, K) := CE(Y (20, z), v(z0 + F<¢(z; W, K)))
One can show that the following holds (proved in Appendix N.1.1):

Lemma N.2 (classification variant of Lemma M.8).

——xE
Ig Loss(Z; W (new) g (new))

——xE log?(1 2 solv(. B
< (1 —m)Loss<,(2; W, K) +m (O(Ogs(/e))OPTg +0.1e + “p°y(””)>

m

Combining this with the regularizer decrease lemmas, we arrive at (N.1).

3We need this log factor because there is a logarithmic factor loss when translating between cross-entropy
and the ¢ loss (see Lemma N.1). This log factor prevents us from working with extremely small € > 0, and
therefore we have required € > m in the statement of Theorem 4.

log/c0) where ¢ is the current target error in Algorithm 1. Since ¢

100s0
and ¢ are up to a factor of at most 2, the equation v = % holds up to a constant factor. Also, whenever

o shrinks by a factor of 2 in Algorithm 1, we also increase v accordingly. This is okay, since it increases the

%This can be done by setting v =

objective value 65/_](2 ; W, K) by more than a constant factor.
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N.1.1 PROOF OF LEMMA N.2

Sketched proof of Lemma N.2. Let us rewrite

Fey(a; W) KO — (1 — ) Fey(; W, K) + i H (2) + Q(x) (N.2)

Fge(x; Vv(new)7 K(new)) _ ﬁgz(ﬂﬁ; W(new), K)
m

for Q(z) := F<y(z; W™ K) — n Fey(w; V, K) — (1 — n1) Fey(2; W, K)

We make two observations from here.

for H(z) := —&—ﬁg(x;V*,K)

* First, we can calculate the ¢y loss of the auxilary function H(x). The original proof of
Lemma M.8 can be modified to show the following (proof in Appendix N.1.2)

Claim N.3. E,.p(G*(z) — H(z))? < 0.00001 177 + 60PT<,.

Using Lemma N.1, and our choice of v = %2(1/6)

entropy loss:

, we can connect this back to the cross

ECE(Y(xo,2), o(xo + H(x))) < 2008 (1/€))

OPT«, + 0.09¢
(zo,2)~D £ =

Through a similar treatment to Proposition J.8 we can also translate this to the training set

2
B CE(Y (o, 2) vl + H(x) < MOPTSngO.ls (N.3)

» Second, recall from (M.5) in the original proof of Lemma M.8§ that we have

E1(Q())?] = E (Fee(rs WO, K) — iy Feg (V) = (1= ) P W, K))

D
[ ~ D
:%(Z%fﬁ )2 M . (N.4)

m
Jj=2

as well as Ep[Q(z)] = 0.

We are now ready to go back to (N.2), and apply convexity and the Lipscthiz smoothness of the
cross-entropy loss function to derive:

——xE ——xE
£ Loss., (2: WO, K™)) < (1 — ) Loss(ZW.K) | B [CE(Y (s,),v(ao + H(z)]
- - To,T )~
+ 0 E[Q@))]
Plugging (N.3) and (N.4) into the above formula, we finish the proof. O]

N.1.2 PROOF OF CLAIM N.3

Proof of Claim N.3. Let us write

~ ~ 2
* o 2 < . (new) (new)y . (new)
EO7 (@) = H)? < 5y B (Feales WO KO™) = Py WO K) )

~ 2
+2 E_ (G*(m) — Fey(a; V¥, K))
* For the first term, the same analysis of Claim J.4 gives

~ ~ 2
EZ (Fge(w; Vv(new)7 K(new)) o Fge(fﬂ; W(new)7 K))

T~

2
~ ' new
< agpoly(Fe—1, By_y) [K™ — K||% < (m)?

3
1000000 log?(1/¢)
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where the last inequality has used the upper bound on ||K§-"ew) —K;||F for j < £ —see (M.6) in
the original proof of Lemma M.8 — as well as the gap assumption on -4~ (with an additional

Qp—1
log(1/¢) factor).

¢ For the second term, the original proof of Lemma M.8 — specifically (M.7) — already gives

82

1000000 log?(1/¢)

~ 2 1
E_ (G*(m) — Fey(z; V*, K)) = Loss<((2;V*,K) < (1 + ;)2OPT§4 T

where the additional log(1/¢) factor comes from the gap assumption on _*-.

Putting them together, and applying a similar treatment to Proposition J.7 to go from the training set
Z to the population D, we have the desired bound. O]

N.2 PROOF OF PROPOSITION N.1

Proof of Proposition N.1.
1. Suppose by way of contradiction that

E (F(z) - G*(2))* = Q (c3(25)%?)

Let us recall a simple probability fact. Given any random variable X > 0, it satisfies®’
1 9 (E[X?)?
Pr[X > —E[X?]] > ——F—~
X > S VERXE 2 15w
Letusplugin X = |F(z) — G*(x)|, so by the hyper-contractivity Property D.3, with probability
at least Q (ﬁ) over z ~ D,

|F(2) = G*(2)| = Q(es(2")e)
Also by the hyper-contractivity Property D.3 and Markov’s inequality, with probability at least
1-0(

1
c3 (QL) s

G*(z) < E[G™(2)] + O(e3(2")) - / Var[G*(2)] < E[G* ()] + 1
When the above two events over x both take place — this happens with probability Q(ﬁ)

— we further have with probability at least (c3(2%)e) over xo, it satisfies sgn(zg + F(z)) #
sgn(zg + G*(x)) = Y (2o, x). This implies E(,, »)~p CE (Y (20, ), v(zo + F(x))) > € using
the definition of cross entropy, giving a contradiction.

2. By the Lipschitz continuity of the cross-entropy loss, we have that
CE (Y(xo,z),v(x0 + F(x))) < CE(Y (20, %), v(z0 + G*(2))) + O (v|G"(2) — F(x)])
<O (140G (x) - F(z)])

Now, for a fixed =, we know that if zy > —G*(x) + |G*(z) — F(x)| + 1082 or 2, <

v

—G*(x) — |G*(x) — F(x)| — 10282 then CE (Y (z0, z), v(zo + F(x))) < 1. This implies

v

E CE (Y (w0, @), v(wo + F(x))

< % +Pr [xo € —G*(x) + (G*(a:) — F(a)| + 101(’5”” x O (1+0|G"(x) - F(x)])
<1+ (16" - P +102%2Y) <01 +4(6° () - Flo))

The proof is rather simple. Denote by E[X?] = a® andlet £ = {X > 1a} andp = Pr [X > la]. Then,
we have

@ =E[X? < 1(1-p)a® + pE[X? | €] < 10 + pV/EXT[ €] = 10 + VPVPEIXT [€] < 1a® + Vpy/EXT]

N
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< 1+ 0 (Iogw x[6*(0) - F) + 0l6*(0) - Fla) + 57 )

Taking expectation over x we have

. E) DCE(Y(QC(),iC),U(iUO‘FF(x)))

1 1 log®
<U+O<10gv E |G*(x) - F(@)|+v E_|G*(2) - F(a)? + 222 e v

)<O(v52+ ).

v

L]

O LOWER BOUNDS FOR KERNELS, FEATURE MAPPINGS AND TWO-LAYER
NETWORKS

0.1 LOWER BOUND: KERNEL METHODS AND FEATURE MAPPINGS

This subsection is a direct corollary of (Allen-Zhu & Li, 2019a) with simple modifications.

We consider the following L-layer target network as a separating hard instance for any kernel
method. Let us choose & = 1 with each W7 ,, W7, € R? sampled i.i.d. uniformly at random
from Syr-1, and other W; ;= 1. Here, the set S, is given by:

1
Sp = {Vw € R? | lwl|lo = p,w; € {0,\/]3}}

We assume input x follows from the d-dimensional standard Gaussian distribution.

Recall Theorem 1 says that, for every d and L = o(loglog d), under appropriate gap assumptions
for v, ..., ar, for every € > 0, the neural network defined in our paper requires only poly(d/e)
time and samples to learn this target function G*(z) up to accuracy e.

In contrast, we show the following theorem of the sample complexity lower bound for kernel meth-
ods:

Theorem O.1 (kernel lower bound). For every d > 1, every L < %, every ay, < 0.1, every

(Mercer) kernels K : R¥*d 5 R and N < ﬁ(zf,l),forevery N ii.d. samples m(l), o ,Jc(N) ~
N(0,1), the following holds for at least 99% of the target functions G*(x) in the aforementioned

class (over the choice in Sp). For all kernel regression functions
R(z) = ZnG[N] K(z,z™M) - v,

where weights v; € R can depend on oy,--- ,ap, W, ..., 2N) K and the training labels
{yD ooy WY, it must suffer population risk
G*(z) — &(2))* = Qa2 log 2"
Bl (6@ = R@)? = 9} log

(d)) -

Remark O.2. Let us compare this to our positive result in Theorem 1 for L = o(loglog d). Recall
from Section 3 that a7, can be as large as for instance d~%Y! in order for Theorem 1 to hold.
When this holds, neural network achieves for instance 1/d'°° error with poly(d) samples and time

complexity. In contrast, Theorem O.1 says, unless there are more than ﬁ (2 Ld,l) = v samples,
no kernel method can achieve a regression error of even 1/d° 1.

Sketch proof of Theorem O.1. The proof is almost a direct application of (Allen-Zhu & Li, 2019a),
and the main difference is that we have Gaussian input distribution here (in order to match the upper
bound), and in (Allen-Zhu & Li, 2019a) the input distribution is uniform over {—1, 1}d. We sketch
the main ideas below.

First, randomly sample |x;| for each coordinate of x, then we have that x; = |x;|7; where each 7;
i.i.d. uniformly on {—1,1}. The target function G*(x) can be re-written as G*(xz) = G*(7) for
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= 2E=1 polynomial over 7, of the form:

7= (T)iejg) € {—1,1}", where (f?v*(T) is a degree p
G*(7) = ar{w, 1) + G*(7)
where (for a o b being the coordinate product of two vectors)
w=Wj,0lz| and deg(C/v':(T)) <p-—-1
For every function f, let us write the Fourier Boolean decomposition of f:
=2 s ]Im
Scld] JjES
and for any fixed w, write the decomposition of G*(T):
DRIIE
Scld] jeS

Let us denote the set of p non-zero coordinates of W3, as S,,. Using basic Fourier analy-
sis of boolean variables, we must have that conditioning on the > 0.999 probability event that

[Tics, 1= > (logo'9 d) -2 , it satisfies

_ <> ap [ lail = (f) oz (10g”°d) > > aplog 2" (d) .

1E€ESw

|/
Sw

Moreover, since deg(é’:(T)) < p — 1, we must have X\’ = 0 for any other § # S,, with |S| = p.
This implies that for any function f(7) with

=Y As[[7 and E (f(T) - 5*(7))2 = 0(a2 log

Scld] JES

_oL+2

() ,

it must satisfy

AL = Qa2 log ™2 (d) > 3 AL = O(a? log
SC[d).|S|=p.S#S0

_oL+2

(d))

N 2
Finally, using E, a0,y (G* () — R(x))® = E|z Er (ﬁ(|x| oT) — G*(T)) , we have with proba-
, it holds that

E (&(le]o7) - 5*(7))2 — 0(a} log™*" " (a)) .

From here, we can select f(7) = £(|x| o 7). The rest of the proof is a direct application of (Allen-
Zhu & Li, 2019a, Lemma E.2) (as the input 7 is now uniform over the Boolean cube {—1,1}%).
(The precise argument also uses the observation that if for > 0.999 fraction of w, event £,,(x) holds

for > 0.999 fraction of x, then there is an x such that £, (x) holds for > 0.997 fraction of w.) L]

_oL+2

For similar reason, we also have the number of features lower bound for linear regression over
feature mappings:

log log d

Theorem 0.3 (feature mappmg lower bound). For every d > 1, every L < ,everyd > 0,

every ap, < 0.1, every D < 1000 (2Ld,1), and every feature mapping ¢: R¢ — RD, the following

holds for at least 99% of the target functions G*(x) in the aforementioned class (over the choice in
Sp). For all linear regression functions

§(z) = w' (),
where weights w € RP can depend on oy, - - -, ar, and ¢, it must suffer population risk

16" (@) = §(@)]I3 = @ (o} log ™" ()

Remark O.4. In the same setting as Remark O.2, we see that neural network achieves for in-
stance 1/d*%° regression error with poly(d) time complexity, but to achieve even just 1/d°-°! error,

E _oL+2
z~N(0,I)
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Theorem O.3 says that any linear regression over feature mappings must use at least D = ¢«(1)
features. This usually needs Q(D) = d“(") time complexity.*®

0.2 LOWER BOUND: CERTAIN TWO-LAYER POLYNOMIAL NEURAL NETWORKS

We also give a preliminary result separating our positive result (for L-layer quadratic DenseNet)
from two-layer neural networks with polynomial activations (of degree 2%). The lower bound relies
on the following technical lemma which holds for some absolute constant C' > 1:

Lemma O.5. For 1 < d; < d, consider inputs (x,7y) where x € R% follows from N'(0,14, xa,)
and y € RN follows from an arbitrary distribution independent of x. We have that for every
p=1

llzl

p
o for every function f(x,y) = < 4 ) + g(z,y) where g(x,y) is a polynomial and its degree

over x is at most 4p — 1, and

r ~

o for every function h(z,y) = > ._, a;o;((w;, (z, 22, y) + b)) with r = L(d,/p)? and each &;
i=1 C
is an arbitrary polynomial of maximum degree 2p,

it must satisfy E, ,(h(z,y) — f(2,y))? > -2

Z 0@

Before we prove Lemma O.5 in Section O.2.1, let us quickly point out how it gives our lower bound

theorem. We can for instance consider target functions with ks = d, ks = --- =k = 1, Wgyl =
_ (1 1 . .
I;xq and WZO’WZDWZ2 = (ﬁ’ e 7>, and other sz] = 1forj > 2.

For such target functions, when L = o(loglogd), our positive result Theorem 1 shows that the
(hierarchical) DenseNet learner considered in our paper only need poly(d/e) time and sample com-
plexity to learn it to an arbitrary £ > 0 error (where the degree of the poly(d/<) does not depend on
L).

On the other hand, since the aforementioned target G*(x) can be written in the form

N 2L—2
ay, (%) + g(x) for some g(x) of degree at most 2 — 1, Lemma O.5 directly implies the

following:
Theorem O.6. For any two-layer neural network of form h(z) = Y _7_, a;0;((w;, (z, S1(x))+b:)),
with r < d>""” and each ; is any polynomial of maximum degree 2-~1, we have that

2
* 2 ar
.”L'N./\I[E(O,I)(h(x) -~z 2200 -

(Since G; is degree 2X=1 over S1(x), the final degree of h(z) is 2% in x; this is the same as our
L-layer DenseNet in the positive result.)

To compare this with the upper bound, let us recall again (see Section 3) that when L = o(loglog d),
parameter o, can be as large as for instance d~°-%°! in order for Theorem 1 to hold. When this
holds, neural network achieves for instance 1/d*% error with poly(d) samples and time complexity.

Q(L)
In contrast, Theorem O.1 says, unless there are more than d> = d*W) neurons, the two-layer
polynomial network cannot achieve regression error of even 1/d%!. To conclude, the hierarchical
neural network can learn this function class more efficiently.

Finally, we also remark here after some simple modifications to Lemma O.5, we can also obtain

the following theorem when ky = k3 = --- =k = 1, W; |, W}, = (%, e ,ﬁ) and other

30One might argue that feature mapping can be implemented to run faster than O(D) time. However, those
algorithms are very complicated and may require a lot of work to design. It can be unfair to compare to them
for a “silly” reason. One can for instance cheat by defining an infinitely-large feature mapping where each
feature corresponds to a different neural network; then, one can train a neural network and just set the weight
of the feature mapping corresponding to the final network to be 1. Therefore, we would tend to assume that a
linear regression over feature mapping requires at least 2(D) running time to implement, where D is the total
number of features.
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Wi =1

Theorem O.7. For every function of form h(z) = >_._; a;0;((w;, x + b;)) with r < a>""” and
each &' is any polynomial of maximum degree 2-, we have
2

* aL
B () = @ @) 2

0.2.1 PROOF OF LEMMA 0.5

Proof of Lemma O.5. Suppose by way of contradiction that for some sufficiently large constant C' >
1 )

—

[ (h(aj?y) - f(xay))Q =

T,y

bS]
Q
S

This implies that

2
1

E(Eh(z,y) - E f(z,y) | < 0.1

e (Eh(e) ~Ef0) < ©1)

We break x into p parts: x = (z(1), 2 ... 2(P)) where each (/) € R%/P. We also decompose

w; into (w; ) §2), c ™), w}) accordingly. We can write

1 14
dy B dy ’

Since o; is of degree at most 2p, we can write for some coefficients a; 4:

5w (. 22 V) = , G) @ @) @
Eadi((wi, (2% p) + b)) = Y aig | 2 @D w0 +((a?) wl) 03)

q€(2p] JE[P]

Let us now go back to (O.1). We know that E,, f(x,y) and E, h(z,y) are both polynomials over
r € R% with maximum degree 4p.

* The only 4p-degree monomials of E, f(x,y) come from (0.2) which s 7155 (3¢, @47

Among them, the only ones with homogeneous degree 4 for each z(9) is ﬁ [em lzO)||3.
e The only 4p-degree monomials of E,h(xz,y) come from (0.3) which is

. A0\ 2P
Qi2p (Zje[p]«x(”)Q w(J )>) . Among them, the only ones with homogeneous degree
4 for each 2U) can be written as (dl) [Licn (((x(j))2 ,ng)>)2.

Applying the degree-preserving Property D.4 for Gaussian polynomials:
2p
®) (@)y2 ) (d1)
= | D ad H(j) = IT 112913 < o1
@ Jj€lpl Jj€lp]

Let us denote [T, <(x(j)) wy = (i, ) where T, @; € R(41/P)” are given as:

AN 2 .
i=II (=) and @ = | J] w1,
J€(p] i1, ip€[d1 /D] Jjelp] i1, ,ip€[d1 /D)

Under this notation, we have

I 1@ =133 S af [T (=) w2 =573 afin(in) 5"

J€lp] ( JE[P]
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This implies that for M = 3" alw; (w;) T € R(@1/P)"*(d1/p)" e have

~T ~T (d1)?
By the special structure of M where M ;, i) (iy,i3), - (i) = Myi,iny finiy ), FORA does not
depend on the order of (i, i) (since each w;(w;) " has this property), we further know that

2 (d1)2p p P
IT-M|% = H(C=10)p < (d1/p)” x (di/p)

This implies that the rank r of M must satisfy » = Q((d1/p)P) using (Allen-Zhu & Li, 2019a,
Lemma E.2). L]

P MATHEMATICAL PRELIMINARIES

P.1 CONCENTRATION OF GAUSSIAN POLYNOMIALS

Lemma P.1. Suppose f: R™ — R is a degree q homogenous polynomial, and let C(f) be the sum
of squares of all the monomial coefficients of f. Suppose g ~ N(0,1) is standard Gaussian, then
forevery e € (0, 15),

g~/€(ro,1) [|f(g)| g C(f)} < 0O(q) -/

Proof. Recall from the anti-concentration of Gaussian polynomial (see Lemma P.2a)

— Lel/a
P [1f(0)~t < =/ Varlf(9)]] < O(a) -
Next, one can verify when f is degree-q homogenous for ¢ > 1, we have Var[f(g)] > C(f). This
can be seen as follows, first, we write Var[f(g)] = E[(f(g) — E f(g))?]. Next, we rewrite the
polynomial f(g) — E f(g) in the Hermite basis of g. For instance, g7 g5 is replaced with (Hs(g;) +
-+ )(Hz(g2) +- - - ) where Hy(x) is the (probabilists’) k-th order Hermite polynomial and the “ - - ”
hides lower-order terms. This transformation does not affect the coefficients of the highest degree
monomials. (For instance, the coefficient in front of H;(g1)H2(g2) is the same as the coefficient in
front of g7 g2. By the orthogonality of Hermite polynomials with respect to the Gaussian distribution,

we immediately have E[(f(g) — E f(g))?] > C(f). ]
Lemma P.2. Let f: R™ — R be a degree q polynomial.
(a) Anti-concentration (see e.g. (Lovett, 2010, Eq. (1))): for everyt € Rand e € (0, 1),

Pr [|f(g) — 1| < =y/Var[f(g)]| < O(q) ="/

g~N(0.T)

(b) Hypercontractivity concentration (see e.g. (Schudy & Sviridenko, 2012, Thm 1.9)): there exists
constant R > 0 so that

L Pr(1f(0) ~Elf(9)] 2 N < ¢ o (mritran)

P.2 RANDOM INITIALIZATION

Lemmal.6. Let R, € R("2)xke be a random matrix such that each entry is i.i.d. from N (0,

then with probability at least 1 —p, Ry* Ry has singular values between | s, O(1+ 1%2 log
14

O(kjp?)’
lo
and | Ryl < O(1 + V2EL/2),

)

)l

S

As a result, with probability at least 0.99, it satisfies for all { = 2,3, ..., L, the square matrices
R * Ry have singular values between [W, o1+ W)] and |Ry|l2 < O(1 + LgfL)
4
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Proof. Let us drop the subscript ¢ for simplicity, and denote by m = (*1'). Consider any unit

vector u € R™. Define v(¥) to (any) unit vector orthogonal to all the rows of R except its i-th row.
We have

" (Rox R | = Ju; (R Ri o] = ] Y ap R pRi g0l
r<q

Now, we have that (@ ig independent of the randomness of R; ., and therefore, by anti-concentration
of Gaussian homogenous polynomials (see Lemma P.1),

i % 1
Pr||> ap RipRigof| <o) 1| <O@E?) .

p<q

Therefore, given any fixed i, with probability at least 1 — O(£!/?), it satisfies that for every unit
vector u ,

T (R R)o®| > %|ui| .
By union bound, with probability at least 1 — O(kel/ 2), the above holds for all 4 and all unit vectors

u. Since max; |u;| > % for any unit vector u € R(k?), we conclude that oin (R * R) > & with
probability at least 1 — O(ke'/?).

As for the upper bound, we can do a crude calculation by using |R * R[> < |R *R||F.

2
2 2 2 2 2
IR+R|E = > a2 RZR2, =D | Y R?,
pE[k]

1,p<q i

By concentration of chi-square distribution (and union bound), we know that with probability at

least 1 — p, the above summation is at most O(k?) - (1 + log‘é%)z.

Finally, the bound on ||R||2 can be derived from any asymptotic bound for the maximum singular
value of Gaussian random matrix: Pr[||kR |2 > tk] < e~ 2R for every t > Q(1). [

P.3 PROPERTY ON SYMMETRIC TENSOR

Lemma L5. I[f U € RP*P is unitary and R € R**P for s > (p'gl), then there exists some unitary
p+1 p+1

matrix Q e R("2)*("2Y) 50 that RU « RU = (R*xR)Q.

Proof of Lemma 1.5. For an arbitrary vector w € R?, let us denote by w " (R *R) = (b; j)1<i<j<p-
Let g € N(0,1,x,) be a Gaussian random vector so we have:

w'o(Rg) = Z w;(Rig)? = Z wi(R; * Rj, g xg) = Z biig? + V2 Z bi jgig; -

i€[s] i€(s] i€[p] 1<i<j<p

Therefore,
) 2
E [(wTU(Rg)) :| =E [(Zie[p] bi,ig? + ﬁ21§i<j§p bi,jgigj) :|
=23 1cici<p b7, +2 Di<icj<p bisibig 32 ey b,
2
=2 Zl§i<j§p bzz,j + (Zie[p] bw) +2 Zie[p] b?z .
On the other hand, we have E [w' o (Rg)] = 3, bii- Therefore, we have
Var [w'o(Rg)] =2[w" (R*R)|3 .
Note that Var[w " o(Rg)] = Var[w " ¢(RUg)] for a unitary matrix U, therefore we conclude that
[w"(RU+RU)|3 = [w" (R*R)|3
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for any vector w. Which implies that there exists some unitary matrix Q € R("E)*("2Y) 50 that
RU*RU = (R*R) Q. ]

P.4 PROPERTIES ON HOMOGENEOUS POLYNOMIALS

Given any degree-g homogenous polynomial f(z) = > cnn. 7y,2¢ @1 [1; €ln] xﬁ" , recall we have

defined
Cu(f) == Z a%

IeN™: || I]li=q
When it is clear from the context, we also denote C(f) = C,(f).
Definition P.3. Given f: R™ — R and vector y € R", define the directional derivative
(Ayf)(@) := flz +y) — flz)
and given vectors y\V ..., y9 € R", define Ay, g f =800, ... Ayw.

Lemma P4. Suppose f: R™ — R is a degree-q homogeneous polynomial. Then, the finite-
differentiate polynomial

f(y(l)v s 7y(q)) = Ay(1)7_“7y(q)f(1')
is also degree-q homogenous over n. X q variables, and satisfies

c C(f) gt <C(f) <e(f)- (@)

* By yomnon, (FGM, .y )

Proof. Suppose f(x) = Y oy, ITll=q @1 Hje[n] ac;’ Then, we have (see (Lovett, 2010, Claim

3.2))
W,y )= > a, H v

J€[n]e j€la
where Gy = ay(yy - [[r_y (Ix(J))! and I(J) = |{j € [¢]: J; = k}\

On the other hand, for every I* € N? with ||I*||; = g, there are Hqi'(l), different choices of
k=1\"k/"
J € [n]? that maps I(J) = I'*. Therefore, we have

N N n 5 n 5 q'
c(fy= > ai= > du ([IT@) = > o (J]uw)) T, ()
JE[n)e JE[n)e k=1 IeN": ||Il1=q k=1 k=1\"k/:
As a result,
Soooai-h<eH<s D> d-(@)
IeN™: ||I||1=¢q IeN™: ||I||l1=¢q
As for the second bullet, it is simple to verify. U]

Lemma P.5. Suppose f: R™ — R is a degree-q homogeneous polynomial.

e Ifg(x) = f(Uz) for U € R"*™ being row orthonormal (withn < m), then C(g) > C(,) .

s Ifg(z) = f(Wz) for W € R™™ withn < m and omin(W) > %, then C(g) > el

Proof.
* Forevery y1), ... 4@ e R™,

o~

g(y(1)7 ) y(q)) - Ay(l),...,y(q)g(x) = AUy(l),...,Uy(q)f(Ux) (Uy(l Uy(q))
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Since Gaussian is invariant under orthonormal transformation, we have
2 o~

c(f) = E Fly®, ..y @) = E Uy, .. Uy @) = ¢
(f) ymMy(q)NN(O’IW)[(f(y ¥ )7 y<1>7...,y<q>~N(o,1,,,bx,,n>[(( y y' )1 =C(9)

* Suppose W = UXV is its SVD decomposmon Deﬁne filz) = f(Uz) fa(x) = f1(2x), so
that g(z) = fo(Vz). We have C(g) > ;:C(f2) > 57mC(f1) = gz C(f)-

L]

Lemma P.6. Suppose f,g: R™ — R are two homogeneous polynomials of degree p and q respec-
tively, and denote by h(x) = f(z)g(x). Then C,(h) < (p;q)Cm(f)Cz (9) -

Proof. Let us write
Js
flx) = Z ay H:E and g(x) = Z bJHacj]
IeNk: |Illy=p  j€[K] JENE: || Jlli=q  jEK]

On one hand, we obviously have 3 ek, 7j,=p Sosens . | s]1=q @707 = C(f)C(g). On the other
hand, when multiplied together, each monomial in the multiplication f(x)g(x) comes from at most
(* +q) pairs of (I, J). If we denote this set as .S, then

2
(Z(I,J)ES ale) < (p;q) Z(I,J)ES azby .

Putting the two together finishes the proof. U]

Lemma P.7. Suppose fV), f2): R" — R* are degree-p homogeneous polynomials and g: R* —
R is degree q homogenous. Denote by h(z) = g(f®P(z)) — g(f®(z)). Then,

Calh) < kq"Q'Qq_l'(p - p) Clg)-(maxC(£Y— 1) (mase £V max (0 - )

Proof. Let us write
sy = > a]lv
IENk: ||I|hi=q  jE[K]
For each monomial above, we need to bound C, (h;(z)) for each
1 ; 2 (2
hi(@) = [T 0@ = T2 @) =[5 @ - [1 7@
JE[k] J€E[k] jes jes

where S C [k] is a multiset that contains exactly I, copies of j. Using the identity that a;asazas —
b1b2b3b4 = (a1 — bl)a2a3a4 + bl(ag — bg)a3a4 + blbg(ag — b3)(l4 + blbgbg(a4 — b4), as well as
applying Lemma P.6, one can derive that

cty < () tmaxc(r - 1) Gmax(e(s) s et

<ot ) = ) GmasCU) (1) = £

Summing up over all monomials finishes the proof. ]

P.5 PROPERTIES ON MATRIX FACTORIZATION
Claim P.8. Suppose we have matrices A, C € R¥*™ and B, D € RF*™2 for some my, ma > k
and |ATB — C'D||r < &. Then, there exists some matrix P € R¥** so that:

* AT -CTP|r < gmm(B)’

1 2¢- (0 max (B))>
* B-PC|Fr < a,,,,,,(Bf)am,,,(C)amiu(D)’"”d
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Imin (D) me(D)]
Omax(B)? omin(B) 1

* the singular values of P are within [
Proof of Claim P.8. We also refer to (Allen-Zhu & Li, 2016) for the proof.

Suppose A =U;3,V;, B=U33,V,, C=U3¥3V3, D =U,3,V, are the SVD decomposi-
tions. We can write

Vi =] U U3 Vo — VI U UsS, Vy|r < e
= V3V Z[U[UpB VoV, - 2J U5 UsS||r < e
Now note that 2;U£U424 is of dimension m; X ms and only its top left £ x k block is non-zero.

Let us write 34 = (X4,0) for ; € RF*¥, Let us write UsXo Vo V)] = (E,F) for E € REXK,
Then, the above Frobenius bound also implies (by ignoring the last mo — k& columns)

[VsV{Z/U/E -] U] UZy|r <e
Finally, using |[MN/|| 7 < [|[M||F : 0max(IN), we have
3 3
Tmin(B)  Omin(B)

Let us define P = U,;X,E~!, so we have 0. (P) < % and oy (P) > %.

VIS U] - VB Uy USE|p <

From the above derivation we have

max B
JATB - CTPB|y < |AT - CTPp - oy (B) < “22x(B)

Umin(B)
By triangle inequality, this further implies

€0max(B) E0max(B) 1

[CTPB-C'PP'D|p<c+ = |[B-P 'D|r < (e—l—

Omin(B) ) . Omin(C)omin(P)

]

Umin(B)

Claim P9. Suppose we have matrices A, C € R¥*™ and B, D € R¥*™2 for some my, mo > k
and |ATB—C'D|/r < & < 0pmin(C)omin(D). Then, there exists some matrix P € R*** 5o that:

. . T €0max(A)
|[AT —C P||F§m’

_ 2 (0max (B)) omax (A
* |B - PC||p < Tl 2 tmeel) and

* the singular values of P are within | == ((1;% ; UU’T‘HE‘((;])D;UT"?’]‘D(QS].

Proof of Claim P.9. Without loss of generality (by left/right multiplying a unitary matrix), let us
assume that C = (C,0) and D = (D,0) for C,D € RF*F Let us write A = (A, *) and
B = (B, %) for A, B € R*** We have the following relationships

Umin(é) = Umin(C) 5 Umin(ﬁ) = Umin(D) 3 Umax(A) < Umax(A) 5 Umin(B) < Umin(B) .
Now, the bound [ATB — CTD||r < ¢ translates to (by only looking at its top-left k x k block)
HKTE — éTﬁHf < e. Since these four matrices are square matrices, we immediately have

Omin(B) > % Plugging in the above relationships, the similar bound holds without
the hat notion: t
Umin(c)amin(D) — €

Omax (A)
Plugging this into the bounds of Claim P.8, we finish the proof. ]

Omin (B) 2
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Claim P.10. Suppose we have matrices A, C € R**™ for some m > k and ||ATA — CTC||p <
£ < 2(omin(C))? then there exists some unitary matrix U € R¥*¥ so that
7e(0max(A) + Tmax(C))*(Tmax(C))?

(Umin(c))6 ’

IAT - CTU|F <

Proof of Claim P.10. Applying Claim P.9, we know there exists matrix P € R¥*¥ so that:

20 max (A
- |AT - CTP|p < EZ2lS),

* the singular values of P are within [Z“a“((i)) ; 20‘“{“;‘59)(%“33’5(A) ]

They together imply

260 max(A) o - -

(O'min(c))2 ( max<A) - maX(C> maX(P))

< 2e0max(A) ) B(UmaX(C))QamaX(A) < 65(0maX(A))2(0maX(C))2
B (‘7min(c))2 (Umin(c))2 o (Umin(c))4

By triangle inequality we have

|IATA-C™PP'C|r <

(omax(A) + CTmaX(C))Q(Urnax(c))2
(Umin (C))4

Putting C into its SVD decomposition, one can easily verify that this implies

7e(0max(A) + 0max(C))* (Tmax (C))?

(omin(C))8

Putting P into its SVD decomposition, one can easily verify that this implies the existence of some
unitary matrix U so that*

[CTC-C"PP'C|r < !

IT-PPTF <

75(Umax(A) + Urnax(c))2 (Urnax(c))Q
U—-PlF < .
(0min(C))°
Finally, we replace P with U in the bound ||[AT — CTP||p < %, and finish the proof. [

P.6  NONCONVEX OPTIMIZATION THEORY

Fact P.11. For every B-second-order smooth function f : R? — R, every e > 0, every fixed vectors
x € RY, suppose for every sufficiently small ) > 0, there exists vector 1 € R® and a random vector
xo € R% with E[zy] = 0 satisfying ||z1]]2 < Q1, E[||x2]3] < Q2 and

}E[f (x4 nz1 + Vnxe)] < fx) —ne .

Then, either ||V f(z)|| = 55, or Amin (V2 f(2)) < — 55 Where Amin is the minimal eigenvalue.

Proof of Fact P.11. We know that
[ (@ +nwy + /nas)
= f(x) + (Vf(2),nz1 + Vnwe) + % (nz1 + V/1w2) " V2 f(@) (ney + /i) + O(By'®).
Taking expectation, we know that
E[f (z + Vnz2)] = f(2) + n(Vf(2), 21) + 77% E [w3 V?f(z)x2] £ O(Bn"?)

Thus, either (V f(z), 1) < —¢/2 or E [z5 V2 f(x)z2] < —&, which completes the proof. []

¥Indeed, if the singular values of P are p1, ..., px, then |[I — PP " ||z < dsays 3°,(1 — p7)? < &2, but
this implies >, (1 — p;)* < 6%

&3
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