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Abstract

Recent methods for aligning large language models (LLMs) with human feedback
predominantly rely on a single reference model, which limits diversity, model
overfitting, and underutilizes the wide range of available pre-trained models. Incor-
porating multiple reference models has the potential to address these limitations
by broadening perspectives, reducing bias, and leveraging the strengths of diverse
open-source LLMs. However, integrating multiple reference models into rein-
forcement learning with human feedback (RLHF) frameworks poses significant
theoretical challenges, where achieving exact solutions has remained an open
problem. This paper presents the first exact solution to the multiple reference
model problem in reverse KL-regularized RLHF. We introduce a comprehen-
sive theoretical framework that includes rigorous statistical analysis and provides
sample complexity guarantees. Additionally, we extend our analysis to forward
KL-regularized RLHF, offering new insights into sample complexity requirements
in multiple reference scenarios. Our contributions lay the foundation for more
advanced and adaptable LLM alignment techniques, enabling the effective use of
multiple reference models. This work paves the way for developing alignment
frameworks that are both theoretically sound and better suited to the challenges of
modern Al ecosystems.

1 Introduction

Large language models (LLMs) have revolutionized natural language processing (NLP) by demon-
strating remarkable capabilities in understanding and generating human language. Powered by vast
datasets and advanced neural architectures, these models have set new benchmarks across various
NLP tasks, including machine translation and conversational agents. Despite these advancements,
aligning LLMs with human values and preferences remains a critical challenge. Such misalignment
can lead to undesirable behaviors, including the generation of biased or inappropriate content, which
undermines the reliability and safety of these models [Gehman et al., 2020].

Reinforcement Learning from Human Feedback (RLHF) has emerged as a pivotal framework for
addressing alignment challenges in LLMs. By fine-tuning LLMs based on human feedback, RLHF
steers models towards more human-aligned behaviors, enhancing truthfulness, helpfulness, and
harmlessness while maintaining their ability to generate accurate and high-probability outputs [Wirth
et al., 2017, Christiano et al., 2017]. In RLHF, reward-based methods use a trained reward model to
evaluate (prompt, response) pairs. These methods treat the language model as a policy that takes a
prompt = and generates a response y conditioned on x, optimizing this policy to generate responses
with maximum reward. Typically, a reference policy (usually the pretrained model before fine-tuning)
is used as a baseline to regularize training, preventing excessive deviation from the original behavior.
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An inherent limitation of most works on LLM alignment is their reliance on a single reference model
[Wang et al., 2024b]. First, this restricts the diversity of linguistic patterns and inductive biases
available during training. In that, it is over restrictive - potentially leading to a model that inherits the
limitations or cultural biases of a single pretrained source. Second, such an approach is inefficient in
utilizing the wealth of pre-trained models available in modern Al ecosystems, which excel in different
domains and capture unique nuances, leaving valuable collective intelligence untapped. Therefore,
incorporating multiple LLMs as reference models produces a model that reflects the characteristics of
all reference models while satisfying human preferences. This approach is particularly relevant as
the open-source community continues to release diverse pre-trained and fine-tuned LLMs of varying
scales, trained on a wide range of datasets [Jiang et al., 2023, Penedo et al., 2023].

A solution is to extend the RLHF training to utilize multiple reference models. While RLHF
with multiple reference models has demonstrated practical utility [Le et al., 2024], its theoretical
underpinnings remain largely unexplored. A critical gap in current understanding is the lack of an
exact solution for reverse KL-regularized RLHF when incorporating multiple reference models. This
theoretical limitation has prevented the study of sample complexity of bounds on both optimality and
sub-optimality gaps in the reverse KL-regularized framework. Addressing this problem is crucial
for advancing the alignment of LLMs with human preferences in increasingly complex and diverse
settings.

In this work, we provide the solutions for RLHF with multiple reference models when regularized via
Reverse KL divergence (RKL) or forward KL divergence (FKL). In addition, we provide a statistical
analysis of these scenarios. Our main contributions are as follows:

e We propose a comprehensive mathematical framework for reverse KL-regularized RLHF with
multiple reference models and provide the exact solution for this problem and calculate the
maximum objective value.

e We provide theoretical guarantees for the proposed multiple reference models scenario under
reverse KL-regularization. In particular, we study the sample complexity' of reverse KL-regularized
RLHF under multiple reference models.

e We also study the multiple reference models scenario under forward KL-regularized RLHF and
analyze its sample complexity.

2 Related Works

Multiple References: Inspired by model soups [Wortsman et al., 2022], Chegini et al. [2024]
propose a reference soup policy, achieved by averaging two independently trained supervised fine-
tuned models, including the reference model. However, their approach lacks theoretical guarantees,
particularly regarding its applicability to alignment tasks. More recently, Le et al. [2024] introduced
the concept of multiple reference models for alignment. Due to the challenges in deriving a closed-
form solution for the RLHF objective under multiple referencing constraints, the authors proposed a
lower-bound approximation. In this work, we address this gap by deriving the closed-form solution
for the multiple reference model scenario under reverse KL-regularization.

Theoretical Foundation of RLHF: Several works have studied the theoretical underpinnings of
reverse KL-regularized RLHF, particularly in terms of sample complexity [Zhao et al., 2024, Xiong
et al., 2024, Song et al., 2024, Zhan et al., 2023, Ye et al., 2024]. Among these, Zhao et al. [2024]
analyze reverse KL-regularized RLHF, demonstrating the effect of reverse KL-regularization and
establishing an upper bound on sub-optimality gap with O(1/n) sample complexity (convergence
rate) where n represents the size of preference dataset. More detailed comparison with these works is
provided in Section 7. However, to the best of our knowledge, the RLHF framework incorporating
multiple reference models has not yet been studied.

Forward KL-regularization and Alignment: The forward KL-regularization for Direct Preference
Optimization (DPO) proposed by Wang et al. [2024a]. The application of forward KL-regularization
for alignment from demonstrations is shown in [Sun and van der Schaar, 2024]. The forward KL-
regularization in stochastic decision problems is also studied by Cohen [2017]. To the best of our
knowledge, the forward KL-regularized RLHF is not studied from a theoretical perspective.

'The sample complexity provides insight into how quickly bounds converge as the dataset size increases.



87

88
89
90
91
92

93

94
95

96
97

98
99

100

101
102
103

104

105
106

107

108
109
110
111
112
113
114
115
116
117
118
119

120

121
122
123

3 Preliminaries

Notations: Upper-case letters denote random variables (e.g., Z), lower-case letters denote the
realizations of random variables (e.g., ), and calligraphic letters denote sets (e.g., Z). All logarithms
are in the natural base. The set of probability distributions (measures) over a space X with finite
variance is denoted by P (). The KL-divergence between two probability distributions on R? with
densities p() and ¢(x), so that g(x) > 0 when p(x) > 0,is KL(p||q) := [z p(z)log(p(x)/q(x))dz
(with 0/0 := 0). The entropy of a distribution p(x) is denoted by H(p) = — [ p(z) log(p(z)).
We define the Escort and Generalized Escort distributions [Bercher, 2012] (a.k.a. normalized
geometric transformation).

Definition 3.1 (Escort and Generalized Escort Distributions). Given a discrete probability measure
P defined on a set A, and any \ > 0, we define the escort distribution (P)* for all a € A as

(P(a)
2zealP(@))?
Given two discrete probability measures P and Q defined on a set A, and any A € [0, 1], we define
the generalized escort distribution (P, Q) as the following tilted distribution:

Pa)Q'~*(a)
Yrea PA@)Q @)

Next, we introduce the functional derivative, see Cardaliaguet et al. [2019].

Definition 3.2. [Cardaliaguet et al., 2019] A functional U : P(R™) — R admits a functional
derivative if there is a map % : P(R™) x R™ — R which is continuous on P(R™) and, for all
m,m’ € P(R™), it holds that

(PY(a) :=

(P.Q)*a) =

U(m') —U(m) :/0 /n g—:;(mMa) (m’ —m)(da) d\,
where my = m + X(m/ —m).

We also define the sensitivity of a policy 7,.(y|x), which is a function of reward function r(x, y),
with respect to the reward function as

or o v mr(ylr) — Trrar(yle)
or (r) = Aliri)lo Ar '

ey

4 Problem Formulation

Following prior works [Ye et al., 2024, Zhao et al., 2024], we consider the problem of aligning a
policy 7 with human preferences. Given an input (prompt) = € X’ which is samples from p(z), is
the finite space of input texts, the policy m € II, where II is the set of policies, models a conditional
probability distribution 7 (y|z) over the finite space of output texts y € ). From a given 7 and x, we
can sample an output (response) y ~ 7(-|x).

Preference Dataset: Preference data is generated by sampling two outputs (y, y’)|x from 7. as the
reference policy (model), and presenting them to an agent, typically a human, for rating to indicate
which one is preferred. For example, y > y’ denotes that y is preferred to y’. A preference dataset is
then denoted as D = {y}", y,ﬁ, x*}1_,, where n is the number of data points, y,, and y; denote the
preferred (chosen) and dispreferred (rejected) outputs, respectively.

We assume that there exists a true model of the agent’s preference p*(y = y’|x), which assigns the
probability of y being preferred to ¢’ given x based on the latent reward model which is unknown.

4.1 RLHF from One Reference Model

Using the dataset D, our goal is to find a policy 7 that maximizes the expected preference while being
close to a reference policy m¢. In this approach, Bradley-Terry model Bradley and Terry [1952] is
employed as the preference model, p(y = y/|z) = o (ro(z,y) — ro(z,v)),
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where o denotes the sigmoid function and 7y : X x ) — R is a reward model parameterized by 6,
which assigns a scalar score to indicate the suitability of output y for input 2. In Christiano et al.
[2017], the reward model is trained on D to maximize the log-likelihood (MLE) estimator:
n
1 X .
Lr(0,D) = —1 i Yu) — i Y))- 2

w0.0) =3 Clogorafaial) ~ro(riaf) @
Given a trained reward model r5(x,y) where b = arg maxyco Lr(0, D), we can consider the
regularized optimization objective which is regularized via reverse KL-regularized or forward KL-
regularized.

Reverse KL-regularized RLHF: A crucial component of RLHF is the use of a reference model to
compute a Reverse Kullback-Leibler (KL) divergence penalty. This penalty ensures that the process
does not deviate excessively from the original model, mitigating the risk of generating nonsensical
responses [Ziegler et al., 2019]. The reverse KL-regularized optimization objective for (v > 0) can
represented as:

1
mEX]EYNTF('l.’L') [Té\(m7 Y)} - ;KL(W(M.) ’|7Tref('|x))a (3)

Note that the solution of (3) is,

et (y]2) exp(y75(2, y))
Z(x) ’
where Z(z) = Ey ..\, [exp(775(2, Y))] is the normalization factor. Similarly, we can define

7y« (y|) using ro« (x, y) instead of r5(x, y) in (4). This RLHF objective is employed to train LLMs
such as Instruct-GPT Ouyang et al. [2022] using PPO Schulman et al. [2017].

“

1 (yl) ==

We define J (mg+ (:|2)) = Ey r,. (.|z) [To+ (2, Y)] (ak.a. value function’) and provide an upper bound
on optimal gap,

T (mg. (), 73 (-[z)) = J(mg. (]x)) — J (77 (-|2)). (5)
Furthermore, inspired by [Song et al., 2024, Zhao et al., 2024], we consider the following RLHF
objective function based on the true reward function,
1
Iy (mret (-|2), 7o (-[2)) := Ey g (o) [0+ (Y, )] = gKL(ﬂe(~lx)llmef(~lx))~ (6)
As studied by Zhao et al. [2024], Song et al. [2024], Zhan et al. [2023], we also aim to study the
following sub-optimality gap,
TV (g (o), w3 (Ja)) = Iy (mree (-|2), g, ([2)) = T (et (+]2), w2 (-|2)). @)

Forward KL-regularized RLHF: Inspired by [Wang et al., 2024a], we can consider the forward
KL-regularized optimization objective as,

1
maxBy (o) 73, ¥) | = SR (mee(la) (1) ). ®)
As discussed in [Wang et al., 2024a], this optimization problem has an implicit solution given by:
Trer(y[2)
V(Zg(x) = rgle,y))

where Zg(gc) is normalization constant ensuring that [}, 7 (y|x)dy = 1. Some properties of Zg(x)
are discussed in App. E.

Similar to (5) and (7), for forward KL-regularized RLHF, we can define,

©))

#(yla) ==

Ty (et (1), 70 (1)) = By oy (o) [ro- (Y, )] — %KL(Wref(Ix)Hﬂe('Iw))? (10)
T (73 (|2), 72 ([2)) = T, (mret (|2), 75 () = T (mre (-|2), 7L (-|2)). (1)

*We can also consider Ex,()[J(7(:|X))]. All of our results also holds for expected version of value
function.
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4.2 Assumptions

For our analysis, the following assumptions are needed.

Assumption 4.1 (Bounded Reward). We assume that the true and parametrized reward functions,
g+ (x,y) and rz(x,y), are non-negative functions and bounded by Ry ax.

Assumption 4.2 (Finite Class). We assume that the reward function class, R, is finite,

R| < oo

The assumption of bounded rewards (Assumption 4.1) and Finite class (Assumption 4.2) are common
in the literature [Song et al., 2024, Zhan et al., 2023, Zhao et al., 2024, Chang et al., 2024, Xiong
et al., 2024]. More discussion regarding these assumptions are provided in App. C.

Coverage conditions play a fundamental role in understanding the theoretical guarantees of RLHF
algorithms. We first introduce the most stringent coverage requirement, known as global coverage
[Munos and Szepesvari, 2008]:

Assumption 4.3 (Global Coverage). For all policies w, we require maxy y.,(z)>0 % < Cac,

where Tt denotes the reference model and Cqc € R is a finite constant.

A key implication of Assumption 4.3 is that it requires substantial coverage: specifically, for any

prompt x and token sequence y in the support of p, we must have 7o (y|z) > Too

While global coverage has been extensively studied in the offline RL literature [Uehara and Sun, 2021,
Zhan et al., 2022], it imposes strong requirements that may be unnecessarily restrictive for RLHF. A
key insight from recent work [Zhao et al., 2024, Song et al., 2024] is that RLHF algorithms inherently
employ reverse KL-regularization, which ensures learned policies remain within a neighborhood of
the reference model. This observation motivates a more refined coverage condition:

Assumption 4.4 (Local Reverse KL-ball Coverage). Consider €, < 0o and any policy w satisfying

m(y|2) C where C... € R*

Epr[KL(TF('W)||%ref('|$))] < &k, We require maXy 4:p(x)>0 Fret (Y]2) < Cepas Erkl

depends on the KL threshold ,y.

Similar to Assumption 4.4, we consider the forward KL-ball coverage assumption.

Assumption 4.5 (Local Forward KL-ball Coverage). Consider € < oo and any policy  satisfying
Egrp[KL(Tret (|2)]|7(-|2))] < €1, we require maxg . p(z)>0 ?ﬂe(fflflzﬂ < Cepy, where Cep, € RT
depends on the KL threshold e¢.

The local reverse or forward KL-ball coverage condition offers several advantages. Focusing only
on policies within a reverse KL-ball of the reference model provides sharper theoretical guarantees
while imposing weaker requirements. This localization aligns naturally with RLHF algorithms,
which explicitly constrain the learned policy’s divergence from the reference model. For any fixed
reference model 7..¢, the reverse or forward KL local coverage constant is always bounded by the
global coverage constant: max(Cs,,,, Ce,,) < Cac. This follows from the fact that KL-constrained
policies form a subset of all possible policies.

5 RLHF from Multiple Reference Models via Reverse KL divergence

In this section, inspired by Le et al. [2024], we are focused on situations involving K reference
K
policies {ﬂrefﬂ-} where the latent reward model among all reference policies is the same. All

=1
proof details are deferred to Appendix D.
5.1 Exact Solution of RLHF under multiple reference models via RKL
Inspired by [Le et al., 2024], our objective can be formulated as a multiple reference models RLHF

objective,

7Y~ Jx)

K
max B [r(fvaﬂ—%(ZaiKL(w(-lx)IImef,z-<-|x>)), (12)

where «; are weighting coefficients for each reference policy and Zfil a; = 1. This objective was
explored in previous studies, leading to enhancements in pure RL problems Le et al. [2022].



194 However, addressing this optimization problem in LLMs through reward learning and RL finetuning
195 pose similar challenges to (3). Our goal is to derive a closed-form solution for the multi-reference
196 RLHF objective in (12). Note that in [Le et al., 2024, Proposition 1], a lower bound on RLHF
197 objective in (12) is proposed, and the solution for this surrogate objective function is derived as

198 follows,
%ref (ylx)

7 (ylz) = W exp (’yr(a:,y)), (13)

1 N _
190 where Tref(y]z) = (Zfil #Eylm)) and Z)(x) = 3°, Tret (y|2) exp (yr(z,y)).

200 In contrast, in the following theorem, we provide the exact solution of the objective function for the
201 multiple reference model (12).

202 Theorem 5.1. Consider the following objective function for RLHF with multiple reference models,
K
1
max{ E [ro(2,¥)] = = (D aiKL(n(2)l|meri(l2) ) }-
4 Y~7r(-|x) Y i=1

203 where Zfil a; = land o; € (0,1) fori € [K]. Then, the exact solution of the multiple reference
204 model objective function for RLHF is,

%a,ref (y|l'>

T (ylz) = —=——"exp (77‘9* T,y )7 (14)
(i) = =5 )
205 where X «
~ Hi: 7T§f§ (ylz) @
Faser(yl) = == Fale) = 3 [T miiatola), (15)
yeyi=1
206 and Z(z) = >y Ta et (y|2) exp (77"9* (z, y)) The maximum objective value is

2r Log (50, TTIS, mike (vle) exp (v7(, 1))

208 Note that this result does not rely on the assumptions stated in Subsection 4.2 and in fact holds in
209 greater generality. Using Theorem 5.1, we can consider the following optimization problem for the
210 multiple reference models scenario.

By n () lrer @9)] = %KL(wnlx)lI%a,ref(-lx)), (16)

211 where T ref (y|) is defined in (15) as generalized escort reference policy. The algorithm of reverse
212 KL-regularized RLHF with two reference models is presented in App. A.

213 5.2 Main Results for RLHF via RKL

214 In this section, we provide our main theoretical results for the RLHF algorithm with multiple reference
215 models based on reverse KL-regularization. Using the convexity of reverse KL divergence, we can
216 provide an upper bound on the sub-optimality gap. Furthermore, we assume that Assumption 4.4
217 holds under 7o ref (-|2) as reference policy with Cy c,,,. First, we can derive the following upper
218 bound on the sub-optimality gap of the RLHF algorithm with multiple reference models.
219 Theorem 5.2. Under Assumption 4.1, 4.2 and 4.4, the following upper bound holds on the sub-
220 optimality gap with probability at least (1 — 0) for 6 € (0,1/2),
log(|R|/d
T (5. (), 72 (|e)) < Y Co e 12868 2, OEURID)

max :

n

7

221 Using Theorem 5.2, we can provide the upper bound on the optimal gap under the RLHF algorithm.

222 Theorem 5.3. Under Assumption 4.1, 4.2 and 4.4, there exists constant C' > 0 such that the following
223 upper bound holds on optimality gap of reverse KL-regularized RLHF with probability at least (1 —§)
224 ford € (0,1/2),

I 2 I
(53 (), L)) < 7 Cl e 1286 e 12, BRI CSRW&RW\/ Cace 108(RI/9)

n
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Remark 5.4 (Sample Complexity). We can observe sample complexity of O(1/n) for the sub-
optimality gap and O(1/+/n) for the optimality gap from Theorem 5.2 and Theorem 5.3, respectively.

6 RLHF from Multiple Reference Models via Forward KL Divergence

In this section, inspired by [Wang et al., 2024a], we extend the RLHF from multiple reference

models based on reverse KL-regularization Le et al. [2024] to forward KL-regularization. Similar, to
K

Section 5, we are focused on situations involving K reference policies {'/Tref,i} ~ where the latent

1=1
reward model among all reference policies is the same. All proof details are deferred to Appendix E.

6.1 Solution of RLHF under multiple reference models via FKL

Inspired by [Le et al., 2024, Wang et al., 2024a], our objective can be formulated as a multiple
reference models RLHF objective,

K
max, £ [r(@¥)] = 2 (L AKL(rer (o)) ). 19)

™Y (:[2)

where [3; are weighting coefficients for each reference policy and Z7K:1 B: = 1. This objective was
explored in previous studies, leading to enhancements in pure RL problems Le et al. [2022]. However,
addressing this optimization problem in LLMs through reward learning and RL finetuning poses
similar challenges to (3). Our goal is to derive a closed-form solution for the multi-reference RLHF
objective in (18).

We now provide the exact solution of the RLHF with multiple references.

Theorem 6.1. Consider the following objective function for RLHF with multiple reference models,

K
max E  [rg:(2,Y)] - %(ZBZKL(Wref1(|x)H7r(|x)))7
i=1

T Yer |z

where Zfil B: = 1 and B; € (0,1) fori € [K]|. Then, the implicit solution of the multiple reference
models objective function for RLHF is,

7_Tﬂ,ref(y‘x>
2 (ylz) = —= , 19
o (vlo) v(Z(z) = ro- (2, y)) 4

where Tg ver (y|z) = Zfil BiTret.i(y|z), and Z () is the solution to fyey 7y (y|lz) = 1 for a given
re X

Using Theorem 6.1, we can consider the following optimization problem for forward KL-regularized
RLHF under multiple reference model scenario,

By (1) 00 @.9)] = KL (Fp ) k). 0

where 7g rof(y|7) is defined in Theorem 6.1 as weighted reference policy. The algorithm of forward
KL-regularized RLHF with two reference models is presented in App. A.

6.2 Main Results for RLHF with FKL

This section presents our core theoretical analysis of forward KL-regularized RLHF under the
multiple reference model setting. We begin by leveraging KL divergence’s convex properties
to establish an upper bound on the sub-optimality gap. Throughout this section, we consider
ﬁZ(ym) _ jr,s,mf(ylm) _ g ref (y]T) )
g v(Zg(z)—rg(.y)) Y(Zox (x)—Tox (z,y))
Assumption 4.5 holds under 7g ;¢ (y|) as reference policy with Cg ., . First, we derive an upper
bound for the sub-optimality gap in the multiple reference forward KL-regularized RLHF setting.

and 7). (y|z) = Furthermore, we assume that



Table 1: Comparison of Various Works in Theoretical Foundation of RLHF: Key features include
support for RKL sub-optimality gap, RKL optimality gap, FKL sub-optimality gap, and FKL
optimality gap and their Sample Complexities for each scenario.

RKL Sub-optimality Gap RKL Optimality Gap FKL Sub-optimality Gap FKL Optimality Gap

Work (Sample Complexity)  (Sample Complexity)  (Sample Complexity)  (Sample Complexity)
Song et al. [2024] O(l‘//\/ﬁ) X X x
Zhao et al. [2024] O({/n) X X X
Chang et al. [2024] X 0(1‘//\/5) X X
Xiong et al. [2024] 0(1‘//\/77) X X X
v v v v
Our Work O(1/n) o(1/vin) o(1/Vi) o1/ Vi)

257 Theorem 6.2. Under Assumption 4.1, 4.2 and 4.4, the following upper bound holds on the sub-
258 optimality gap with probability at least (1 — 0) for § € (0, 1),
= _ log(|R[/6)
T (o), FYCN) < 160 0,0 R | 25222 1)
259 Using Theorem 6.2, we can provide the upper bound on the optimal gap under the multiple reference
260 forward KL-regularized RLHF setting.

261 Theorem 6.3. Under Assumption 4.1, 4.2 and 4.4, the following upper bound holds on optimality gap
262 of the multiple reference forward KL-regularized RLHF algorithm with probability at least (1 — §)
263 ford € (0,1),

log(|R|/0) + max (‘ 10g(C,c0a)]; 10g(YRmax + 1))
n 8

264 Remark 6.4 (Sample Complexity). Choosing v = n, we have sample complexity O(1/+/n) on
265 optimality gap from Theorem 6.3. We can also observe the sample complexity of O(1/\/n) for the
266 sub-optimality gap.

T3 ([2), FL(|e)) < 1608 00 Rina

267 7 Discussion

268 Theoretical Comparison with Single-Reference Models: Our theoretical results extend to the
269  single-reference model setting, enabling comparison with existing work in this domain. The RKL-
270 regularized RLHF framework and its sub-optimality gap have been investigated by Song et al. [2024]
271 and Zhao et al. [2024], who established sample complexity bounds. Song et al. [2024] derived a
272 sub-optimality gap sample complexity of O(1/+/n), which Zhao et al. [2024] later improved to
273 O(1/n), demonstrating the effectiveness of RKL regularization. Note that, in [Zhao et al., 20247, it is
274 shown that when the error tolerance € is sufficiently small, the sample complexity follows an O(1/€)
275 relationship. This corresponds to O(1/n), where n represents the dataset size. In comparison with
276 [Zhao et al., 2024], we proposed an approach based on functional derivative and convexity of KL
277 divergence. Our approach is more general and can be applied to the forward KL-regularized RLHF
278 framework. There are also some works on similar algorithms to RLHF. Additionally, Chang et al.
279 [2024] proposed an algorithm integrating offline and online preference datasets in RLHF, analyzing
280 its optimality gap sample complexity under RKL regularization. The general reverse KL-regularized
281 RLHF framework under general preference models is studied by Xiong et al. [2024] and a sample
282 complexity of O(1/+/n) for sub-optimality gap is derived. To the best of our knowledge, the sample
283 complexity of the optimality gap and sub-optimality gap for forward KL-regularization have not been
284 studied in the literature. Furthermore, in [Huang et al., 2024], KL-divergence and X2 -divergence are
285 considered as regularizers, and the sample complexity on optimality gap for x2-DPO are studied. We
286 summarized our comparison with different works related to the theoretical study of RLHF in Table 1.
287 Furthermore, we discuss the extension of multiple reference models scenario to DPO, where we
288 propose the DPO objective function for reverse and forward KL-regularization under multiple
289 reference models and derive optimality gap under bounded implicit reward assumptions App. F.
290 Further discussion, e.g., coverage assumption and comparison of RKL with FKL, are provided in
291 App. G.
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Figure 1: In both online and offline RL, our analytical RKL objective outperforms both the MRPO
approximation and single reference objective (o = 0).

8 Experiments

To support our theoretical findings, we conducted two sets of experiments: one using an online policy
gradient algorithm, and another using an offline RLHF algorithm. Together, these experiments are
designed to cover the primary use cases of KL-constrained RL optimization in the LLM post-training
setting. Our experiments address two goals:

1. Evaluating the benefits of using multiple reference models versus a single reference.
2. Comparing our exact analytical solution to the approximation proposed by Le et al. [2024].

Online RL. Since our theory applies to general KL-constrained RL - not only to settings with learned
reward models, as in standard RLHF - we ran an experiment on the GSMS8K dataset [Cobbe et al.,
2021] using GRPO [Shao et al., 2024], a policy gradient method. This setup uses a solution verifier
as the reward model, avoiding complications from learned rewards and letting us focus on the effect
of multiple reference models during training. We trained the instruction-tuned 0.5B model from
the Qwen 2.5 family [Yang et al., 2024], and used the 1.5B math-specialized model from the same
family as a second reference. For each value of « € {0.0,0.3,0.5,0.7, 1.0}, for FKL we consider
B = «a, we trained models using the following regularization: (1) Normalized geometric mean as in
our multi-reference RKL objective, (2) Arithmetic mean as an approximation of our multi-reference
FKL objective, and (3) MRPO approximation [Le et al., 2024] of the multi-reference RKL objective.

Offline RL. This experiment compares our exact analytical solution to MRPO [Le et al., 2024] in an
offline RLHF setting. We trained the instruction-tuned 0.5B Qwen 2.5 model using the UltraFeedback
dataset [Cui et al., 2023], with the 1.5B Qwen 2.5 model as the second reference. This can be seen as
a combination of knowledge distillation [Gu et al., 2023] and RLHF. Evaluation was performed using
the Skywork-Reward-Llama-3.1-8B-v0.2 reward model [Liu et al., 2024]. Here again we compared
three training algorithms: (1) DPO [Rafailov et al., 2023] using the normalized geometric mean of
reference policies, (2) DPO based on FKL divergence as proposed by [Wang et al., 2024a] using the
arithmetic mean, and (3) MRPO version of DPO [Le et al., 2024].

For more details on the experimental setting and discussion on the computational aspects of using
multi-reference, see Appendix H.

9 Conclusion and Future Works

This work develops theoretical foundations for two Reinforcement Learning from Human Feedback
(RLHF) frameworks: reverse KL-regularized and forward KL-regularized RLHF. We derive solutions
for both frameworks under multiple reference scenarios and establish their sample complexity bounds.
Our analysis reveals that while both algorithms share identical sample complexity for the optimality
gap, the reverse KL-regularized RLHF achieves superior sample complexity for the sub-optimality
gap.

The main limitation of our work lies in the assumption of bounded reward functions where some
solutions are proposed to solve this limitation in App C. Two promising directions for future research
emerge:(a) Extending our analysis to multiple-reference KL-regularized RLHF with unbounded
reward or sub-Gaussian functions, (b) following [Wang et al., 2024a], investigating multiple-reference
RLHF regularized by general f-divergences, (c) following [Sharifnassab et al., 2024], we can extend
our analysis to general preference models beyond Bradley-Terry (BT) model.
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A Algorithms

The RLHF algorithm with two reference models is shown in Algorithm 1. Furthermore, the forward
KL-regularized RLHF algorithm with two reference models is shown in Algorithm 2.

Algorithm 1 Reverse KL-regularized RLHF with Two Reference Models

ReqUIre Vs O Tref,15 Tref,2 ()
1: fori=1,...,mdo
2: Sample prompt #; ~ p and 2 responses with their preference §%, 5! ~ Toref(-|7) o
//Tref,l( ‘xl) ref,z( |1’2)
end for
4: Compute the MLE estimator of the reward function based on D,, = {(Z;, 7%, 9!) }q:

ol

0« arg max L6, D,,),

5: Compute the RLHF output based on (16): ﬂ'g(\) X Ta,ret (-|7) exp(y75(-, -)).

Algorithm 2 Forward KL-regularized RLHF with Two Reference Models

Require: v, 3, Tyer 1, Tref,2 ©

1: for:=1,...,mdo

2: Sample prompt Z; ~ p and 2 responses with their preference
G2, Gt~ 7gret(-|7) = Brrver 1 (|3) + (1 — B) et 2(+| %)

3: end for

4: Compute the MLE estimator of the reward function based on D,, = {(Z;, 7%, 9})}™,
0« arg max L£(6,D,,)

5: Compute the RLHF output based on (20).

B Technical Tools

In this section, we introduce the following technical tools and Lemmata.

Lemma B.1 (Lemma C.2 from [Chang et al., 2024]). Under Assumptions 4.1 and 4.2, we have with
probability at least 1 — § that

w2
Eyt ywmms mees [(7’9* (z, Yl) — 7o+ (2, Y") — rg(, Yl) +r5(z,Y )) ]

_ 128R2, exp(4Rmas) log([R)/0) @)
< - .
Lemma B.2 ([Boucheron et al., 2013]). Assume that function f(z) € [0, B] is bounded. Then, we
have,
KL(p(X)||q(X
By F(X)] ~ Byl £0)] < 2y SE0), e3)

Lemma B.3. Assume that 7, (y|z) < mret(y|x) exp(yr(z,y)). Then, Tria(y|z) = 7 (y|z), where
A is constant.

Proof.
et (y|2) exp(y(r(x,y) + A))
Ey e (v]2) [ XP(7(r(2,9) + A))]

_ _ metlylzr) exp(yr(z,y))
Ey e (v]z) | €XP(77 (2, )]

Tria(yle) =
(24)

13



57 C  Assumption 4.1 and Assumption 4.2 Discussion

458 These Assumptions are common literature are common in the literature [Song et al., 2024, Zhan
459 et al, 2023, Zhao et al., 2024, Chang et al., 2024, Xiong et al., 2024]. In particular, Assumption 4.1
460 1s primarily to enable the use of concentration inequalities like Freedman’s inequality [Boucheron
461 et al.,, 2013], which require bounded differences (as in Lemma B.1). However, this assumption can be
462 relaxed under certain growth conditions, as discussed in [Freedman, 1975]. Moreover, even when the
463 original reward function is unbounded or sub-Gaussian—as is often the case in human preference
464 modeling—it is possible to apply a monotonic, bounded transformation to the rewards. For instance,
465 one can use the cumulative distribution function (CDF) of the reward under a reference model to
466 normalize the rewards into a bounded range, as proposed in [Balashankar et al., 2025]. This approach
467 also retains the essential ordering of preferences and supports handling sub-Gaussian behavior in the
468 transformed space. Regarding finite class, we can apply covering number and relax this assumption
469 as utilized in [Zhao et al., 2024]

a0 D Proofs and Details of Section 5

Lemma D.1. Let o; € [0, 1] for all i € [k] and E _, o = 1. For any distributions Q; for
all i € [k] and P over the space X, such that P < Q;, we have

k
3" aiKL(PIQ) = KL(PI({@QiH)®) - log<ZH 19 (e )

i=1 z€A

471

472 Proof. We have

S aKL(P|Q) Z% (Z Pz (c];(())»

i=1 z€A

S

P(x)
= P(xz)lo _
2P g(H?ﬂ?i(w))

=KL (P||({Qi}r,)™) — log (ZH )

zeA
473 ]

Lemma D.2. Let A be an arbitrary set and function f : A — R be such that

/meA = (_f()\x)> Qx(z)dz < co.

Then for any Px defined on A such that X ~ Px, we have

E[f(X)]+ KL(Px[|Qx) = AKL (Px || P{™") —Alog </ n (f(;”)) QX(x)dx> ,

where

exp (—@) Qx(x)
f(/\w)) Qx (z)dz

PG (z) := , zEA

f zeA €xp (7
is the Gibbs—Boltzmann distribution.

474




475

476

477

Proof. We have

E[f(X)] + MKL(Px ||Qx) = /f(ﬂC)Px(x)dx + )‘/Px(x) log (PX(:E))

Qx ()
Px (x)

:)\/PX(;U) log o (77)>
— AKL (Px || ") — Alog (/ exp( fx))QX( )d )

Theorem 5.1. Consider the following objective function for RLHF with multiple reference
models,

K
maxd B [ror(o,Y)] = = (X @KL (o) ImeraC10)) 1

Yoor ||z i=1

where Z _,o; = land a; € (0,1) fori € [K]. Then, the exact solution of the multiple
reference models objective function for RLHF is,

%a,ref (ylx)

. o) = — == exp (0 @19). 25)
where x
~ Hz 1 ref z(y|x)
7roz,ref(y|33) = F—(x)’
(o7
Z H Trref @ y|.T,
yeyi=1
and

= Z %a,rcf(y|x) €xXp (’YT(:L’, y)) °
Yy
The maximum objective value is

log <ZH%“ ylz) exp (yr(z, y)))

y 1=1
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478 Proof. We can write

E [re(3,Y)] - 1(iaiKL(ﬂ(~|x)||7rref,i(-x)))

Y~z =1
1
=5 |7, B @) (ZazKL (o) e i) 26)
-1 E [ro+ (2,Y)] = KL(r(-|2) |[Taret (y|2)) + log Fa () 27)
v Y~ |z
= = (~KLr( o). (1)) + lor Z(2) +log Fa(a)) 29)
K
-2 (—Kuwux)nwg* (v12)) + los <2wagf,i<y|x>exp (vr(%y)))) e
y =1

479 where (27) follows from Lemma D.1 and (28) follows from Lemma D.2. Clearly, the
480 right side of (29) is maximized when the KL divergence is set to zero. Thus, the max-
481 imizing distribution 7(-|z) is identical to . (y|33), and the maximum objective value is

we Llog (30, TTIS, 7l s(0le) exp ((z.9)) ) .

Corollary D.3. Weighted multiple single reverse KL-regularized RLHF problem is an upper
bound on multiple references reverse KL-regularized RLHF problem, i.e.,

max E [re«(z,Y)] - %(ZaiKL(Tr(~|.’I})||7Tref’i(-|x)))

Yz —
(30)

E [ro (2,Y)] %(KL(W(-meref,i(.m)))

Y~ |z

I
i

=}

=

483

484 Proof. Tt can be shown that the maximum of objective function in Theorem 5.1 is,

maxd B o (5.)] = = (30 akL{n( o) (o))

T ()

1 1
= ; log (Ey,\,ﬁaymf(mz) [exp (’)/’I“‘g* (aj, Y))]) + ; log Fy (2)

(Zﬁﬁre“ (y|z) exp( aiYTen (x y)))

y =1

%t (3 el e (o (1))

(3D

MN Q\'—‘

<

i=1

485 where the last inequality follows from Holder’s inequality. Note that,

CE

max {YNW (1o« (z,Y)] — ’y(KL(W(.\x)H7rref7i(.|$)))
_ 1
~

g (- merayle) exp (7m0 (2. Y)) ) (32)
Yy
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486

487

489
490

491

492

494

495

496

497

498

Then, we have,

max{ E [rg*(a:,Y)]—1(ZaiKL(W(-|x)\|7Tref7i(~|x))>

YNTF("I i=1

(33)

IN

;aimax E [7“9* (m,Y)] — %(KL(wa)ere“(‘x)))

4 Yr~ml |z

Therefore, multiple single RLHF problem is an upper bound on multiple reference models RLHF
problem. O

Remark D.4 (Choosing «). The optimum a for a given x, can be derived from the following
optimization problem,

K
max % log ( Z H wf;fz(y|x) exp (ai'yrg* (ac, y))) . (34)

y 1=1

Proposition D.5. For a given response, x € X, the following upper bound holds,

T (mg. (|2), 5 (-])) < /y(?‘e*(%y) — 15, ) (w4 (yla) — 75 (yla)) (dy).

Proof. Note that KL(7(+|2)||Ta.ret(-|2)) is a convex function with respect to 7(-|x). Therefore,
Jy(Ta,ret (-|), m(+|x)) is a concave function with respect to 7 (-|x). First, we compute the functional
derivative of J., (Ta ref (-|z), 7(-|z)) with respect to 7 (-|x),
0 (Taret (-|2), (- |2))
om

= 19 (@,1) = 108(r (o) oy (1) + - (35)
Therefore, we have,

T () m) () =

Iy (Fawet (), g () = T (Faret (+]2), 73 (] 7))

.1, (Ravwet (1), 72 (y]2))
<],

- (3 (yle) — 73 wl)) ()
= [ (o @) = S 1083 010 R + ) (. k) = m3 o) GO
= [ (o) =t ) + S 108200 ) 5. 0le) — 3 o) )

- /y (ro-(2,9) = r5(,9) ) (73 (9l2) — 72 (9o (dp).

It completes the proof. O

Lemma D.6. Consider the softmax policy, m) (y|x) X Ta ret (y|z) exp(yr(x,y)). Then, the
sensitivity of the policy with respect to reward function is,

O (r) = vl W) (1 — I ().

Proof. We have 77 (y|z) = Ey’:‘;:i ii’(‘ﬂﬁ’;i&:%f%)] . Using Chain rule, we have,
O (1) = o TaretWlz) expOyr(z,y) VTaret (y]2)? exp(2yr(x, )
87" EYN%a,ref("x) [exp(’yr(x’ Y))] EYN%a,x'ef('lx) [eXp(’YT(x7 ))]2 (37)

=m (ylz)(1 — 7} (ylz)).
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512

Theorem 5.2. Under Assumption 4.1, 4.2 and 4.4, the following upper bound holds on the
sub-optimality gap with probability at least (1 — 0) for 6 € (0,1/2),

T (mgs (-|2), 73 ()

log(|R]|/4)
< YOy e,y 128 max anax?-

Proof. Using Proposition D.5, we have,

T (w3, (), 72 |))

(38)
< /y (ro- (2, ) — r5(@, ) (W3- (yl) — 72 (yla)) (dy).
Note that, as the integral in (38) is over ), therefore, we have,
T (g (), w3 (-|2))
(39

< /y(re* (@, y) = rg(w,y) — h(x))(mg. (yle) — 77 (y|2))(dy),

where h(z) is an arbitrary function over X'. Note that 7. (y|z) and Wg(y|x) are function of r¢« (z, y)
and rg(x, y), respectively. Furthermore, softmax policies are shift invariant, Lemma B.3, i.e.,

7. (y|x) X Taret (-|2) exp(y(r}(x, y) — h(x))) where h(x) is a function dependent on z. Therefore,
we can apply the mean-value theorem to (7. (y|z) — wg(y|x)) (dy) with respect to reward function

r(x,y). Therefore, we have for a given h(x),

(13- 0le) — m2(01)) = T (1) 0 (2,) = 73(,) — () w0

= 7, (|2) (1 = 7005 (-|2) (ro- (2, y) = r5(2, ) — h(2)),

where ry = A(rg«(z,y) — h(z)) + (1 — N)rg(z,y) for some X € [0,1] and 7., (-]z) o<
Taret(-]) exp(yra(z,y)). Applying (40) in (39), we have,

T (mg. (-|2), w3 (-]))

<y /y (ro- (2, ) — 75, 1)) 270 (|2 (1 = 7y (-2)) (dy)

4
<4 /yw (2,9) — o, )P, (1) (dy) @D

< Corrr /y (ro- () — 75(2, ) — h(2))*Ravet (|2)(dy).

Choosing h(x) = Byt z,  i(.x) [+ (2, Y')—rg(x,Y")], applying Jensen inequality and Lemma B.1,
we have,

T (w3, (), 72 |2))
< Cacon? /y (roe (2,4) = 15(2.5"™) = roe (2.8) + 75(2.41))Rer et (-12) (A e et (-12) (")

< ACy 1284 Rmax 2 log(|R|/0)
— sErkl max .

n
(42)

This completes the proof. O

18



Theorem 5.3. Under Assumption 4.1, 4.2 and 4.4, there exists constant C' > 0 such that the
following upper bound holds on the optimality gap of the reverse KL-regularized RLHF with
probability at least (1 — §) for § € (0,1/2),

J(ﬂ—g* ( |‘T)’ ”Tg‘( ‘.’E)) < 'Yca,srkl 128¢4 imax anaxw

+ C8R eQRmax \/2Ca7€rk1 10g(|R|/6) i
n

513 - J

514 Proof. We have the following decomposition of the optimality gap,

KL(7). (-|) [T ret (-|)) — KL(7L(:|2) | F,ret (|
0 U 3009 = 7,y KT )~ KL 1) i)

~
(43)

515 Now, we provide an upper bound on the second term using Lemma D.6 and a similar approach for
st6  choosing h(x) in the proof of Theorem 5.2, we have for some A € [0, 1],

KL (g, (-[2) | R rer () — KL(w5 (-]2) [T, ret (+]2))

= [ G (108 () 1) 0 o) = r5(0.0) i) )

)+
_ / Ty ( |:c - B
= || mes () (1= () (Tog (72 75) 1) (o (0) = 750, ) = b)) (dy)
<v\/ =m0 (log(wzrjei(@))+1)2(dy)

X \//y ey (+|2)2(re- (2, y) — r5(, y) — h(z))?(dy),

(44)

517 where, in the last inequality, we applied the Cauchy—Schwarz inequality. Using the fact that 7, o
518 T ref(-|%) exp(yry) and Lemma B.1, we have,

KL(m7 (- |2) e vet (+]2)) = KL(mg. (-|2) R vet (+]2))

2Cq . 10g(|R]/9) “5)
o .

<98 <2vaax + 1) Rinax exp(2Rmax)\/

s19  The final result holds by applying the union bound. O

520 In the following, we compare the RLHF objective function under the multiple reference model policy,
521 Tq ref(-|Z), with i-th reference model, myef ;(-|). For this purpose, we bound the difference between
s22  these two RLHF objective functions in different scenarios.

Proposition D.7. Under Assumption 4.1, the following upper bound holds,

= = exp(YRmax) — 1
J’y(ﬂ—a refy 7‘—9*) J (Wref,i>7rg*7i) S T\/KL(ﬂ'a,ref('hi)||7Tref,i(‘|$))-

523

524  Proof. Note that, for a policy ..t we have,

~ 1
Iy (Trvef, Mg ) = ;log Er.. lexp(yre-(z,v))]|- (46)
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s25 Therefore, using the functional derivative, we have,
7 ot 7 0l
Jy(Tavet, Tgs ) — Joy(Tref,is 779*71-)

. log {Ewa ot [€XD(Y70+ (7, y))}] - %log [Ew,i[exp(’yre*(%y))ﬂ

= / / exp(176- (. 9)) (Wa,ref - Wref,i)(dy)d)\

Er,oex [exp(yros (z,y))] (47)
== exp(yro« (@, Y)) (Ta,vet — Tref,i) (dy)dA
v /o Erver s [exp(vre*(x,y))] /y (e )
< exp(YRmax) — 1\/KL(Wa,rcf('|x)||7Trcf,i(’|x))
— ,y 2 )
526 Where Tyef, \ = Tref,i + )\(7Ta7ref — 7rref7¢) and the last inequality holds due to Lemma B.2. O
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532
533

534
535

E

~

Proofs and Details of Section 6

Lemma E.1. Let 5; € [0,1] forall i € [k] and Zle B: = 1. For any distributions Q; for
all i € [k] and R such that Q; < P, we have

Z@KLQZHP (Z@Q) Zﬂz +KL(Z/31QZ||P)

Proof. We have,

k
> BKL(Q:|P) (48)

i=1

Qi log(Q;) — B:Q; log(P)

||M»

k k k k
—Z&-H(@-H(Z&Qi)log(zjﬁi@i)—(ZﬁiQi)log(ZmQ Zﬁz i) log(P
=1 =1 =1 1=1 =1

(49)
k k k k k
H(ZBiQi) - ZﬁiH(Qi) + (Zﬂi@z’) log(z BiQi) — (Z BiQq) log(P) (50)
i=1 ' : ; i=1
k

H(Z Q:) - Zﬂz +KL(ZB2Q1||P) 51)

Theorem 6.1. Consider the following objective function for RLHF with multiple reference
models,

1 K
wpx B[ (@.7)] - 7(;ML(M<~|ac>||7r<~|ac>)),

where Efil Bi; = 1and B; € (0,1) for i € [K]. Then, the implicit solution of the multiple
reference models objective function for RLHF is,

B 7Trﬂ,rcf (y|x>
g (ylo) = —= :

v(Zor (x) — ro- (2, y))

where

TB ref y'-’lj Zﬁlﬂ-ref i ylx

and Zg» () is the solution to fyey . (y|x) = 1foragivenx € X.

Proof. Using Lemma E.1, the objective function of forward KL-regularization under multiple refer-
ence model can be represented as,

max E[rg- (2,Y)] = LKL (7 et (1) 7)),
T Yer |z v

where g yer (y]z) = Zfil Bimret i (y|x). As the function is a concave function with respect to 7 (-|z),
we can compute the derivative with respect to 7(:|z). Therefore, using the functional derivative
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543
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545

546
547

548
549

550

551

552
553

554

under the constraint that 7(-|z) is a probability measure with Lagrange multiplier, Zg« (), we have
at optimal solution that,

T+ (:c, y) + = g, — Zg«(xz) = 0. (52)

7 T (ylo)
Solving (52) results in the final solution, 7). (y|x). O

Corollary E.2. Weighted multiple single forward KL-regularized RLHF problem is an upper bound
on multiple references forward KL-regularized RLHF problem, i.e.,

max E [7"9* (x,Y)] — %(ZBiKL(Wref,i('|x)||7T('|x)))

™

Yor |z i=1
(53)
s 1
<Y fmax{ E [rg(a.Y)] - S (KL (rot il (-[2)) )
i=1 i Yr~ml |z
Proof. 1t holds due to maximum function property. O

Assuming,
ﬁ-ﬁ,ref (y‘(E)
W(Ze*(if) - T@*(may» 7

we can provide the following property of Zgs (2), inspired by [Cohen, 2017].

Tg. (ylz) =

Lemma E.3. The following property holds for Zg- (z),
* Forany x € X where p(z) > 0, we have sup, ¢y, 79+ (2,y) < Zo« ().

)
* Under Assumption 4.1, we have sup,,c o () € Rpax + %

Proof. Using the following representation,

B 7Trﬁ,rcf (y‘x)
To- (ylo) = —= 7
V(Zo+ () — 1o+ (2, y))
we can conclude that for a given z € X, sup, ¢y 79+ (2,y) < Zg- (x). Otherwise, 7}, (ylz) will be
negative.

For the second part, let’s proceed by contradiction. Suppose there exists some z € X such that:
26%(z) > supy € Vro-(z,y) + =

Under this assumption, we can show that:

/ 72, (ylz)(dy) < 1.

Y

This contradicts the fundamental requirement that
ﬁ-g* (y|x)7

must be a probability distribution. Therefore, our initial assumption must be false. Consequently, for
all x € X', we must have:

_ 1
Z0*(x) < supro-(z,y) + —.
yey Y

Taking the supremum of both sides with respect to « completes the proof. O
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Proposition E.4. For a given response, © € X, the following upper bound holds,
T (7. (J2), 71 (|e)) <
/y (1o~ (,9) = r5(, 1) (7 (9l) — 72(y1) (dy).

555

556 Proof. The proof is similar to Proposition D.5. Note that KL(7g ve (-|2)||7(-|)) is a convex function
557 with respect 7 (-|x). Therefore, J (7 ref(-|z), 7(:|2)) is a concave function with respect to 7(-|z).
ss8  First, we compute the functional derivative of .J, (7g yef (-|2), 7(-|z)) with respect to 7(+|z),

5j’7(7_7ﬂ,ref('|1’)7 7T(|£U))

lﬁﬂ,ref(‘m)
om '

54
Y () oD

= Tg* (.’I,',y) +

s59 Therefore, we have,

F (77 ~y 1 7gret (Yl2) Y ~y
P () wy ) < (1ot + S B ) G2 le) = kol 655

. ~y _ _ Tpares(l®)
se0  Using the fact that ﬁg(y|x) = S ) s’

T3 (o), 7 (1) < /y (ro- (2.9) =yl ) + Z2(2)) (5. (o) — 75 (w) ()
(56)
- /y (7o (2.9) = rg(. ) ) (7. (yl2) = 7 (yl)) (),

ss1  where the last equality follows from the fact that Z (z) is just dependent on x. O

Theorem 6.2. Under Assumption 4.1, 4.2 and 4.4, the following upper bound holds on the
sub-optimality gap with probability at least (1 — §) for § € (0, 1),
log(R|[/9)

T (73 (12), T(12)) < 160,01, Ry | 22

562

s63 Proof. From Proposition E.4, we have,
T (. (a) 72 (Je)) < /y (ro- (2,9) = r5(,9) ) (53 (9l2) — 72 (91 (dy)
= /y (7"9* (z,y) — ra(z,y) — h(x)) (3. (yla) — 72 (yl=)) (dy)

(79 (ylz) — 72(y|z))
- /y (re* (z,y) —rg(z,y) — h(z ))ﬂﬁ ret (y]) T vet (y2)

g (yl) — 73 (y|a))?
< \/‘/y <7’9*(5C,y) —Tg(il',y) - h(l’)) (71—/3 ref y|x dy \// 77/3 rei y|§:)) (dy)

< \//y (ro*(z,y)frg(x,y) h(x )) 78.ref (y]) (dy) \// Ty iLxref—yw;)(yx)) )

1 1)
< 1GCB7€fkle2RmameaX %’

(dy)

(57)

se4 where the first, second, and last inequalities follow from the Cauchy-Schwarz inequality,
565 (T ref(y]7))? < 7 rer(y|2) and using Assumption 4.5 and Lemma B. 1, respectively. O
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Theorem 6.3. Under Assumption 4.1, 4.2 and 4.4, there exists constant D > 0 such that
the following upper bound holds on optimality gap of the multiple reference forward KL-
regularized RLHF algorithm with probability at least (1 — 0) for § € (0, 1),

T (Jo), 7o)
log(([RI/8) , m (108(Cpicna): 10B(y R + 1)

2Rmax
S 1603,6&16 Rmax n v

566

567 Proof. We have the following decomposition of the optimality gap,
J (7. (|2), @) (|2)) = T (7. (), 75 (-|z))
N KL(7p vt (-|2) |77 (-|2)) — KL(7g vt (|2) | 75 (1)) (58)
5 .

ses  For second term, using the fact that, %g(y|x) = Tp.rer (U]2)

~ _ T8, rot (Y] T)
o) —rp(agy) 204 To- (ylz) = 5

(Zox (x)—7ox (z,))’
s69  we have,

KL(7g et (2) 175 (-|2)) — KL (g ver (+]) |75 (+]))

v
_ Eyrrgutln) l08(1(Z5(x) — (2, 9)))] — By nag s (1) 108(7(Zo () — 16+ (2,9)))]
v
By ~rp0er 10y 108 (V(Z(2) — (. )| + By~ er 1) 108 (1(Zo+ (2) — 79+ (2, 9)))]|
- v

< max (| log(CE,fkl)|a log(’yRmax + 1))

Y
(59)

s70 where the last inequality follows from Lemma E.3. The final result holds by combining Theorem 6.2
s71 with (59). O
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F Extension to DPO

Our current results for reverse KL-regularized RLHF and forward KL-regularized RLHF can be
extended to the DPO framework [Rafailov et al., 2023]. In particular, we can derive the following DPO
function for reverse KL-regularized under multiple reference models scenario using Theorem 5.1,

- 1 o (y;"|7:) 1 o (yi|i)

RKL i [

™ ~ = arg max E log [a(flog — ) — —log(——F7"—~ )} (60)
DPO,§ me€ll T v (ﬂ'a,ref(yi |xz)) Y (Wa,ref(y“xi))

For forward KL-regularized DPO, we can combine Theorem 6.1 with the approach outlined in [Wang
et al., 2024a], to derive the DPO function,

aPKL argmaxzn:log {U(EWﬂ’mf(yﬂzi) - lﬁﬁ’ref(yﬂxi)ﬂ (61)
PPOG Tren v omolyile) v me(yPlai)

However, as discussed in [Song et al., 2024], DPO can not guarantee any performance under some
conditions. In particular, The reverse KL-regularized case can fail under partial coverage conditions,
necessitating the Global Coverage Assumption (Assumption 4.3). The forward KL-regularized case
requires an even stronger condition: the ratio of reference to policy must be bounded from below
away from zero. Specifically, we should have 0 < inf(, ) ,(2)>0 %y(ﬁﬁf) which is a stronger
assumption. For this purpose, we consider the implicit bounded reward assumptions.

Our theoretical results for reverse KL-regularized RLHF and forward KL-regularized RLHF can be
applied DPO problems (60) and (61) under the following assumptions.

Assumption F.1 ((Bounded implicit RKL reward). For all y*,y' € Y and x € X, there exists a
constant B« such that,

w l
’110 mo (y*|) )_110 mo(y'|)

g g )| < Bunas. (62)
Y 7Toz,ref(yw|w) v Wa,ref(y”x) *

Assumption F.2 ((Bounded implicit FKL reward). For all y*,y' € Y and x € X, there exists a
constant D, .« such that,

lﬂﬂﬁef(yﬂmi) L mgre (] 0)

< Dpax- (63)
v ome(yiles) v me(ylw)

Lemma F.3 (Lemma E.5 from [Huang et al., 2024]). Under Assumptions 4.1, F.I and 4.2, we have
with probability at least 1 — § that

w w 2
Byt v s et |:(T9* (z, Yl) — 7o (2, Y") — Tg(x, Yl) + T@(.’L‘,Y )) :|

_ 12883, exp(4Rimax) log(IR]/9)
- n

(64)

The same results also holds under Assumption F.2.

Theorem F.4. Under Assumptions F.1, 4.1, 4.2 and 4.4, there exists constant C > 0 such
that the following upper bound holds on the optimality gap of DPO based on reverse KL-
regularization with probability at least (1 — 0) for 6 € (0,1/2),
log(|R|/6
T (5. (1), KL(12)) < 7Cin g 12868 52, [BURI)
n

max

+ C8B e2Rmax\/26"13"75“«1 10g(|R|/§) )
n

Proof. The proof is similar to Theorem 5.3 using Lemma F.3. O
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Theorem F.5. Under Assumptions F:2, 4.1, 4.2 and 4.4, the following upper bound holds on
optimality gap of DPO based on forward KL-regularization with probability at least (1 — §)
ford € (0,1),

G log(|R|/é
j(ﬂ-g*(h:) g( |1‘)) S 16Cﬂ76fk162RmaxDmax w
+ Mg (| log(CE,ﬂ{l)L IOg(’YRmax T 1))
24
Proof. The proof is similar to Theorem 6.3 by using Lemma F.3. 0

G Further Discussion

Coverage Assumption Discussion: The coverage assumptions for multiple references can differ from
the single reference scenario. For the reverse KL-regularized case with reference policy e ref (-|Z),

we have:
m(ylz) H( 7(y|z) )“ (65)

Ta ref( ‘JJ j—1 \Tref, z y|$
where Fy () is defined in (15). Therefore, we have HZK 1 Cret i as the global coverage assumption,
where Cler; < oo is the global coverage with respect to the i-th reference. Note that, using
Holder’s inequality, we can show that F,(z) < 1. A similar discussion applies to the forward
KL-regularization scenario with reference policy 7g e (y|2). Regarding the local reverse KL-ball
coverage assumptions (Assumption 4.4), as Ty ver(-|) is defined on common support among all
reference models, then the set of policies with bounded

B p [KL(7 (+]2) |y, et (+|2))] < €at,110 (66)

is smaller than each reference model separately. Similarly to global coverage, we can assume that
C _ HK Coq
Q,Erkl i=1 “ref,i,ep11 "

Comparison of RKL with FKL: The RKL and FKL exhibit fundamentally different characteristics
in their optimization behavior. RKL between the reference model and target policy, defined as
Er,. [log(mes /Tref)], demonstrates mode-seeking behavior during optimization. When mg~ represents
the output policy of RLHF for language model alignment, it may assign zero probability to regions
where 7, is positive. Conversely, FKL, expressed as E,__, [log(7yet /g~ )], exhibits mass-covering
properties. Its mathematical formulation requires 7y~ to maintain non-zero probability wherever m..¢
is positive. This constraint naturally leads FKL to produce distributions that cover the full support of
the reference model, thereby promoting diverse outputs.

Reference policy in multiple reference model scenario under FKL and RKL: In the multiple
reference model setting, the generalized escort distribution under reverse KL-regularization covers the
intersection of the supports of all reference models. Specifically, responses receive zero probability
if they lack positive probability in any single reference model. This leads the generalized escort
distribution to assign non-zero probabilities only to responses supported by all reference models
simultaneously. In contrast, when using the average distribution as the reference model in the forward
KL scenario, the resulting distribution covers the union of supports across all reference models,
encompassing a broader range of possible responses.

Comparison in terms of other parameters: In Table 1, we compared different methods in terms
of their sample complexity bounds. Regarding the dependency on Rp.x, We observe that all
existing bounds for RLHF with RKL regularization scale as O(exp(Rmax)) [Song et al., 2024, Zhao
et al., 2024, Chang et al., 2024, Xiong et al., 2024]. This exponential dependency arises directly
from Lemma B.1, reflecting the inherent non-linearity introduced by the sigmoid function in the
Bradley—Terry model. Additionally, concerning the coverage constant, the upper bounds under RKL
regularization scale as O(Cqy,c,,, ), highlighting the significant impact of coverage parameters on
optimal and suboptimal regret bounds.
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H Experiment Details

Implementation code is provided at https://anonymous.4open.science/r/multi_ref-AB25/
README . md.

To ensure fair comparison across algorithms, we began by conducting an independent hyperparameter
search for each method. For the GRPO experiment, we explored learning rates of {1e-3, le-4, 1le-5}
and KL coefficients of {0.05,0.1,0.2}. For the DPO experiments, we explored learning rates of
{1e-6, 1e-7, 1e-8}. We also tried different -y values but found that the default one works the best in
all cases. After selecting the best configuration for each algorithm, we trained each setup three times
with different random seeds to estimate variability and compute confidence intervals.

In the case of GRPO, using the full FKL objective would require sampling from the reference model,
which roughly doubles training time. To reduce this cost, we instead approximated the FKL term by
sampling from the trained model and computing a per-token objective—striking a balance between
efficiency and fidelity to the theoretical objective.

Our data splits were chosen to reflect standard practice where possible. For GSM8K, we used the
official train-test split. Since UltraFeedback does not provide an official split, we randomly withheld
10% of the dataset and used the corresponding prompts for evaluation.

All experiments were conducted on A100 GPUs. Offline RLHF training used a single GPU, while
online training required two. Although multi-reference RL introduces some additional computational
requirements—specifically, evaluating logits from another policy—the cost is modest. In offline
settings such as DPO, reference model logits can be precomputed and stored, avoiding memory
overhead during training. In online settings like GRPO, the reference policy must reside in memory,
but placing it on a separate GPU resulted in only a 10% slowdown.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: See Section | and Abstract.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: See Conclusion and future works section (Section 9).

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: See Section 4.2
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: All necessary details are listed in Appendix H.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: All code needed to reproduce the experiments will be released.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Yes, the training algorithms are detailed in the paper and all the necessary
information is discolosed.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: All experiments include 95% CI,
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We explicitly mentioned the type and amount of compute that was required for
our experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We reviewed the Code of Ethics and made sure we conform to it.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: Our main contribution is theoretical.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our main contribution is theoretical.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: Yes, all code that was used in this work was mentioned and cited appropriately.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We did not introduce any new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data

collector.
Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification:[NA |
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification:[NA |
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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