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ABSTRACT

Contrastive Language–Image Pre-training (CLIP) achieves striking cross-modal
generalization by aligning images and texts in a shared embedding space, yet
it persistently fails at compositional reasoning over objects, attributes, and rela-
tions—often behaving as a bag-of-words matcher. Existing causal accounts of
CLIP largely model text as a single vector, obscuring token-level structure and
leaving core phenomena—such as prompt sensitivity and failures on hard neg-
atives—unexplained. We address this gap by developing a token-aware causal
representation learning (CRL) framework grounded in a sequential, language-token
SCM. Our theory extends block identifiability results to tokenized text, proving
that CLIP’s contrastive objective can recover the modal-invariant latent variable
under both sentence-level and token-level SCMs. Crucially, the token granular-
ity enables the first principled explanation of CLIP’s compositional brittleness:
composition nonidentifiability. We show that there exist pseudo-optimal text en-
coders that achieve perfect modal-invariant alignment yet are provably insensitive
to SWAP, REPLACE, and ADD operations over the atomic concepts on objects,
attributes, and relations, thereby failing to distinguish correct captions from hard
negatives—despite optimizing the same training objective as true-optimal encoders.
The analysis further connects language-side nonidentifiability with visual-side
failures via the observed modality gap, and demonstrates how iterated composition
operators compound hardness, suggesting improved negative mining strategies.

1 INTRODUCTION

Throughout the phylogeny of multimodal intelligence, Contrastive Language-Image Pre-training
(CLIP, Radford et al. (2021)) emerged as a milestone for its exceptional ability to bridge vision
and language. Trained on billions of image-text pairs, CLIP demonstrates remarkable robustness,
evident in its out-of-distribution (OOD) generalization and zero-shot inference capabilities using
textual prompts. From the lens of causal representation (Scholkopf et al. (2021); Yao et al. (2023)),
the performance leap is largely attributed to learning a shared embedding space that achieves modal-
invariant alignment between visual and textual features.

Despite these strengths, CLIP struggles with compositional reasoning across images and text, which
arises from its weakness to isolate the hard negative structures composed of atomic concepts, i.e.,
object, attribute, and relation (Yuksekgonul et al. (2023); Ma et al. (2023); Hsieh et al. (2023)). It
often acts like a bag-of-words matcher, identifying concepts individually but failing to bind them to
their specified order, attributes, or relationships derived from the images’ correct descriptions, in other
words, CLIP may confuse "a bulb in the grass" with "grass in a bulb," misinterpret attribute-noun
pairings, or default to common co-occurrences instead of the specific composition described. These
failures reveal that its embedding space unreliably encodes the compositional structure required for
precise, human-like understanding in vision-language tasks.

This phenomenon has spurred a wave of empirical research to evaluate and remedy CLIP’s compo-
sitional weaknesses. Although massive benchmarks and solutions (Hsieh et al. (2023); Patel et al.
(2024)) were proposed, a rigorous theoretical explanation for why CLIP models falter remains elusive.
Much of the existing theoretical work on CLIP simplifies the problem by modeling entire images
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and text prompts as monolithic, fixed-length vectors. This abstraction, by its very nature, overlooks
the compositional structure of atomic concepts, which presents as tokens at the heart of the issue
analysis, leaving a critical gap in our ability to formally diagnose and understand these failures.

Motivated by this gap, our research aims for the first principled explanation to the difficulty behind
vision-language compositionality. The breakthrough roots in a more granular causal representation
theory to locate each token contribution to achieve the modal-invariant alignment. Specifically, our
framework generalizes the existing SCMs of most multimodal CRL studies with our underlying
text generation process defined by language-token sequence, enlighten by the memory-argumented
Bayesian prior in the recent theoretic understanding of language generation (Wei et al. (2021)). The
nuance refers to the causal representation with the consistent result in modal-invariant alignment in
CLIP (Theorem.5, Corollary.6). While thanks to the token awareness in our practical premise, our
framework provided new theoretical findings from a causal lens of understanding the image-text
embedding space.

Our very first principled explanation for CLIP’s compositional reasoning failures, which we termed
"composition nonidentifiability" in the textual description. We formally prove (Theorems 7-9) with
the existence of "pseudo-optimal" text encoders that achieve the same modal-invariant alignment as a
"true" encoder during pre-training, however, the former fail to distinguish correct textual descriptions
from hard negatives constructed through SWAP, REPLACE, and ADD operations considered as
representative forms of hard negatives (Ma et al. (2023),Hsieh et al. (2023)). Since CLIP’s training
objective cannot differentiate between these "true-optimal" and "pseudo-optimal" solutions, the
model is not guaranteed to learn the underlying compositional structure, which rigorously explains its
vulnerability to confusing concepts and their relationships. This theoretical framework also extends to
explain visual compositionality issues by combining the constant modality gap phenomenons (Zhang
et al.; Chen et al. (2023)), and shows that iteratively applying these operations can generate more
complex hard negatives, suggesting a path toward improving models via advanced negative mining.

2 PRELIMINARIES

In this section, we briefly introduce Contrastive Language-Image Pre-training (CLIP), then go through
its explainable theory derived from causal representation learning (CRL). A foundational introduction
of CLIP-based research and structural causal models (SCMs) is helpful for understanding, and we
recommend the readers access the background and related work in our Appendix.A.

2.1 CONTRASTIVE LANGUAGE-IMAGE PRE-TRAINING (CLIP)

The CLIP family Radford et al. (2021); Jia et al. (2021); Cherti et al. (2023) receives data coupled by
image and text in mutual semantic through contrastive pre-training Oord et al. (2018); He et al. (2020).
Suppose ⟨x(img), x(tex)⟩ ∼ pmm

(
x(img), x(tex)

)
denotes an image-text pair drawn from a multimodal

joint distribution pmm (i.e. pmm), the measure to indicate the mutual semantic across modalities.
CLIP’s image encoder f(·) and text encoder g(·) extract their normalized features f(x(img)), g(x(tex))
to construct InfoNCE objectives

min
f,g

ED(K) ∼pmm

[
L(img→tex)

InfoNCE

(
D(K)

)
+ L(tex→img)

InfoNCE

(
D(K)

)]
s.t. L(img→tex)

InfoNCE

(
D(K)

)
=

K∑
i=1

− log
e

(
f(x

(img)
i )⊤g(x

(tex)
i )/γ

)
∑K

j=1 e

(
f(x

(img)
i )⊤g(x

(tex)
j )/γ

) ,
L(tex→img)

InfoNCE

(
D(K)

)
=

K∑
i=1

− log
e

(
f(x

(img)
i )⊤g(x

(tex)
i )/γ

)
∑K

j=1 e

(
f(x

(img)
j )⊤g(x

(tex)
i )/γ

)
(1)

where D(K) = {⟨x(img)
i , x

(tex)
i ⟩}Ki=1 indicates the training batch composed of K image-text pairs,

{x(img)
i , x

(tex)
i }Ki=1 indicates each training batch constructed by K image-text pairs drawn from the

joint distribution pmm, by which InfoNCE distinguishes the positive pairs sampled from pmm against
negative pairs sampled from the image and the text marginals derived from pmm.
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Figure 1: Latent-variable SCMs that represents the multimodal image-text data generation processes
from the sentence-level aspect (Assumption 1 (a)) and the token-level aspect (Assumption 4 (b)). The
goal of causal representation learning seeks for the unsupervised recovery of the modal-shared latent
variable zinv by CLIP, which were rigorously justified in Theorem.2, 5.

2.2 CONVENTIONAL CAUSAL REPRESENTATION FOR MULTIMODAL CONTRASTIVE TRAINING

Under pmm interpreted as the generative process defined by a SCM with some latent variable
zinv shared across modalities, CRL demonstrates multimodal contrastive training (Eq.1) implicitly
achieving the unsupervised recovery of the latent variable zinv from z(inv). To analyze CLIP, CRL
demands the SCM assumption of multimodal data distribution to generate image-text training pairs:
Assumption 1. (Token-agnostic SCM of image-text data generation, Fig.1.a) The mutual seman-
tics between image-text pairs are derived from the modal-invariant feature drawn from modal invariant
density, i.e., zinv∼pzinv ; given zinv, we obtain image-dependent partition z

(img)
dp ∼p

z
(img)
dp

(·|zinv) and

text-dependent partition z
(tex)
dp ∼p

z
(tex)
dp

(·|zinv) specific to the image domain and text domain, respec-

tively; and we also have the image-private partition z
(img)
pr and text-private partition z

(tex)
pr drawn

from independent priors, i.e., z(img)
pr ∼p

z
(img)
pr

, z(tex)pr ∼p
z
(tex)
pr

; then each image-text pair ⟨x(img), x(tex)⟩
is generated through the nonlinear mixing functions f ,g to specify pmm:

x(img) := f(z(img)) = f
(
zinv, z

(img)
dp , z(img)

pr

)
;

x(tex) := g(z(tex)) = g
(
zinv, z

(tex)
dp , z(tex)pr

)
,

(2)

where zinv, z
(img)
dp , z(img)

pr , z(tex)dp , z(tex)pr denote real-value vectors drawn from the distributions with

respect to zinv, z(img)
dp , z(img)

pr , z(tex)
dp , z(tex)

pr over the SCM generative process.

The assumption above is extended from the SCM defined in (Daunhawer et al. (2022)) to interpret
the underlying causation in multimodal contrastive model, where their differences lie in the relation
between zinv and z

(tex)
dp . Derived from the relaxed premise, CLIP still holds the alignment to identify

the modal-invariant part of each image-text pair:
Theorem 2. (Block-Identified Modal-invariant Alignment (Token-agnostic)) Consider the image-
text pair generated by Assumption.1. If their densities and mappings satisfy: 1). f , g1 are diffeo-
morphisms; 2). z(img), z(tex) are smooth, with continuous distributions pz(img)>0, pz(tex)>0 almost
everywhere. Consider the image encoder f : Ximg→(0, 1)ninv and the text encoder g : Xtex→(0, 1)ninv

as smooth functions that are trained to jointly minimize the functionals,

L(img,tex)
MMAlign := E

⟨x(img),x(tex)⟩
∼pmm

[
||f(x(img))−g(x(tex))||

]
−H(f(x(img)))−H(g(x(tex)))

(3)

where H(·) denotes the differential entropy of the random variables f(x(img)) and g(x(tex)) taking
value in (0, 1)ninv . Then given the optimal image encoder f∗ and the text encoder g∗, there exist
invertible functions hf and hg satisfying the following decompositions, respectively:

f∗=hf ◦ f−1
1:ninv

, g∗=hg ◦ g−1
1:ninv

(4)
1Ought to be regarded that we consider the output of g lies on a continuous space rather than discrete words

and phrases. It allows for more feasible cases e.g., soft prompts Zhou et al. (2022) for both Assumption.1 and 4 .
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Figure 2: The comparison be-
tween (a) existing multimodal
CRL theory (Daunhawer et al.
(2022)) and (b) our CRL theory
(Theorem.5 and Corollary.6).
Our framework allows the anal-
ysis to CLIP with the word-
and-phrase granularity, leading
to our contributions to theoreti-
cally explain the CLIP weak-
ness in compositional under-
standing (Section.4).

Corollary 3. (Informal) The optimal encoders f∗, g∗ in Theorem.2 are obtained if and only if (f∗,
g∗)=argminf,g L(img→tex)

InfoNCE +L(tex→img)
InfoNCE with infinite training pairs.

Grounded in the principles of block identifiability (Von Kügelgen et al. (2021)), Theorem.2 demon-
strates how optimal encoders can achieve modal invariance. It proves that under a mild assumption on
the underlying data distribution of multimodal pairs, the optimal encoders (f∗, g∗) learn features that
isolate a shared latent variable, zinv. This variable encapsulates all semantic information common to
both the language and image modalities while simultaneously filtering out unshared, modality-specific
information. This result provides a formal explanation for how CLIP’s training objective leads to the
cross-modal feature matching for the image and language representation.

3 LANGUAGE-TOKEN-AWARE CAUSAL REPRESENTATION: CORNERSTONE TO
INTERPRET COMPOSITIONAL REASONING HARDNESS

In this section, we generalize the statements of Theorem.2 as the inevitable path for interpreting the
hardness of vision-language compositionality. In the pursuit of practical setup, we reconsider the
assumption with the nonparametric functions that extend the text from a vector x(tex) ∼ px(tex) to a
k-column matrix X(tex,k) ∼ pX(tex,k) , where ∀k ∈ {1, · · · , kmax} indicates the sentence length and
the ith column X

(tex,k)
:,i indicates the ith token embedding:

Assumption 4. (Token-aware SCM of image-text data generation, Fig.1.b) The mutual semantics
between image-text pairs are derived via zinv∼pzinv ; given zinv, the image-private partition z

(img)
pr

and text-private partition z
(tex)
pr are drawn by z

(img)
pr ∼p

z
(img)
pr

, z(tex)pr ∼p
z
(tex)
pr

; and the image-dependent

partition is obtained by z
(img)
dp ∼p

z
(img)
dp

(·|zinv). Suppose z
(tex)
i as the token-dependent partition of the

ith token, and each of them is recursively sampled via z
(tex)
i ∼p

z
(tex)
i

(·|zinv, {z(tex)j }i−1
j=1); then each

image-text pair ⟨x(img), X(tex)⟩ is generated through the nonlinear mixing functions f ,{gi}kmax
i=1 to

specify pmm

x(img) := f
(
zinv, z

(img)
dp , z(img)

pr

)
;

X
(tex)
:,i := gi

(
zinv, {z(tex)j }ij=1, z

(tex)
pr

)
.

(5)

where the sampling stops at kth step if k= kmax or X(tex)
:,k reaches the embedding of [EOF].

Assumption.4 extends the image-language SCM definition in Assumption.1 by drawing the inspiration
from the recent memory-argumented Bayesian LLM prior Wei et al. (2021). Derived from the token-
level understanding to pmm, we renew the block identifiability result to extend Them.2 from the
sentence level to the token level:
Theorem 5. (Block-Identified Modal-invariant Alignment (Token-aware)) Consider the image-
text pairs generated by Assumption.4 . If their densities and mappings meet: 1). f and gi (∀i∈
{1, · · · , kmax}) are diffeomorphisms; 2). z(img), z(tex)

i (∀i∈{1, · · · , kmax}) are smooth and with
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continuous distributions pz(img)>0, p
z
(tex)
i

>0 almost everywhere. Consider f : Ximg→(0, 1)ninv and g

: ∪kmax
i X (i)

tex→(0, 1)ninv as smooth functions that are trained to jointly minimize the functionals,

L(img,tex)
MMAlign := E

⟨x(img),X(tex)⟩
∼pmm

[
||f(x(img))−g(X(tex))||

]
−H(f(x(img)))−H(g(X(tex))),

(6)

where H(·) denotes the differential entropy of the random variables f(x(img)) and g(X(tex)) taking
value in (0, 1)ninv . Then given the optimal image encoder f∗ and the text encoder g∗, there exist
invertible functions hf and hg satisfying the following decompositions, respectively:

f∗=hf ◦ f−1
1:ninv

, g∗=hg ◦ g−1
1:ninv

(7)

Corollary 6. (Informal) The optimal encoders f∗, g∗ in Theorem.5 are obtained if and only if (f∗,
g∗)=argminf,g L(img→tex)

InfoNCE +L(tex→img)
InfoNCE with infinite training pairs.

Theorem.5 and Corollary.6 mirror the insights of Theorem.2 and Corollary.3 that both recover the
modal-invariant latent variable, zinv, while the former do so under a token-aware SCM that assumes a
textual description as a sequential composition process instead of a generated vector. This granular
view provides the necessary foundation for our analysis. We will now use this framework to offer a
principled explanation for CLIP’s observed failures in compositional reasoning.

4 COMPOSITION NONIDENTIFIBILITY IN CLIP

As observed in existing research, CLIP is born vulnerably to identify the language compositional
difference in an image-text pair. While such concrete definition could be shifted across specific litera-
ture. Our study focuses on the definition used to build CREPE (Ma et al. (2023)) and SUGARCREPE
(Hsieh et al. (2023)): for an image-text pair ⟨x(img), X(tex)⟩, they considered the tokenized word or
phrase (i.e., X(tex)

i,: , a column of token-embedding matrix X(tex)) as the atomic concept that represent
a type of object (i.e., OBJ), attribute (i.e., ATT), or relation (i.e., REL), then a hard negative textual
description constructed from X(tex) can be categorized into three formats.

SWAP form. The hard negative SWAP(X(tex)) is generated by exchanging two existing atomic
concepts of the same type (object or attribute) within the text (i.e., switching the column location
between X

(tex)
i,: , X(tex)

j,: , ∀i ̸= j), without introducing anything new. Relationship swapping is omitted
as it often produces nonsensical results, leaving the subcategories SWAP-OBJ and SWAP-ATT.

REPLACE form. The hard negative REPLACE(X(tex)) is created by substituting a column X
(tex)
i,:

with regards to a single atomic concept (object, attribute, or relation) in the text X(tex) with a new-
concept column (i.e., RF(X(tex)

:,j ) that denotes the “rephrased embedding” to this new atomic concept),
which causes a mismatch with the visual scene. It literally can be subcategorized into REPLACE-OBJ,
REPLACE-ATT, and REPLACE-REL according to the atomic concept type.

ADD form. The hard negative ADD(X(tex)) is created by inserting a new atomic concept into the
text (i.e., adding a new-concept column ADD(X

(tex)
:,j ) into the position j) to create a mismatch with

the scene. This is categorized as ADD-OBJ (adding an object) and ADD-ATT (adding an attribute);
adding new relationships is avoided as it results in implausible text.

The aforementioned taxonomy of vision-language compositionality can summarize the cases in most
other research using different definitions of vision-language compositionality.

Derived from the modal-invariant alignment in Theorem.5, we establish the theorems to question
whether the vision-language compositionality can be achieved by identifying the difference between
an image’s textual description and its hard negative in the recovered causal representation,
which are extracted from the pre-trained image and text encoders in CLIP (Eq.1). Specifically,
Theorem 7. (SWAP-form Composition Nonidentifibility) Suppose image-text pairs generated by
Assumption.4 with densities and mappings under the conditions in Theorem.5. If the optimal image
encoder f∗ and the optimal text encoder g∗ satisfy Theorem.5 , thus

L(img,tex)
MMAlign (f

∗, g∗) → 0 (8)

5
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with invertible functions hf∗ and hg∗ that fulfill f∗=hf∗ ◦ f−1
1:ninv

and g∗=hg∗ ◦ g−1
1:ninv

, there exists a
pseudo-optimal text encoder g∗∗ derived from g∗ that satisfy

L(img,tex)
MMAlign (f

∗, g∗∗) → 0 (9)

while if g∗∗(X(tex)) equals to one of its column permutations, i.e., ∃π(X(tex)) ∈ Πk({1, · · · , k}):

g∗∗([X
(tex)
:,1 ,X

(tex)
:,2 , · · · , X(tex)

:,k ]) = g∗∗([X
(tex)
:,π(1), X

(tex)
:,π(2), · · · , X

(tex)
:,π(k)]), (10)

it holds the SWAO-form hard negative SWAP(X(tex)) = π̂(X(tex)) as the composition permuted by
π̂, so that ∀π̂(X(tex)) ∈ Πk({1, · · · , k}) ∩

{
{X(tex)

:,1 , X
(tex)
:,π(1)} × · · · × {X(tex)

:,k , X
(tex)
:,π(k)}

}
,

g∗∗([X
(tex)
:,1 ,X

(tex)
:,2 , · · · , X(tex)

:,k ]) = g∗∗([X
(tex)
:,π̂(1), X

(tex)
:,π̂(2), · · · , X

(tex)
:,π̂(k)]), (11)

where Πk({1, · · · , k}) indicates the set of arbitrary permutation orders of {1, · · · , k}.
Theorem 8. (REPLACE-form Composition Nonidentifibility) Given g∗∗ defined by Theorem.7, if
there is a token embedding X

(tex)
:,j with its rephrase embedding RF(X

(tex)
:,j ) that satisfies

g∗∗([X
(tex)
:,1 , · · · , X(tex)

:,j , · · · , X(tex)
:,k ]) = g∗∗([X

(tex)
:,π(1), · · · ,RF(X

(tex)
:,j ), · · · , X(tex)

:,π(k)]), (12)

with a column permutation π(X(tex))∈Πk−1({1, · · · , j−1, j+1, · · · , k})(j), it holds the REPLACE-
form hard negative REPLACE(X(tex)) = π̂(X(tex)) as the permutation with RF(X

(tex)
:,j ) that satisfy

∀π̂(X(tex)
:,−j ) ∈ Πk−1({1, · · · , j − 1, j + 1, · · · , k})

⋂{
{X(tex)

:,1 , X
(tex)
:,π(1)} × · · · {X(tex)

:,j−1, X
(tex)
:,π(j−1)}

×{X(tex)
:,j+1, X

(tex)
:,π(j+1)} · · · × {X(tex)

:,k , X
(tex)
:,π(k)}

}
and ∀X̂(1)

j , X̂
(2)
j ∈ {X(tex)

:,j ,RF(X
(tex)
:,j )},

g∗∗([X
(tex)
:,1 , · · · , X̂(1)

j , · · · , X(tex)
:,k ]) = g∗∗([X

(tex)
:,π̂(1), · · · , X̂

(2)
j , · · · , X(tex)

:,π̂(k)]). (13)

where X
(tex)
:,−j indicates X(tex) without the jth column.

Theorem 9. (ADD-form Composition Nonidentifibility) Suppose image-text pairs generated by
Assumption.4 with densities and mappings under the conditions in Theorem.5. If the optimal image
encoder f∗ and the optimal text encoder g∗ satisfy Theorem.5 , thus

L(img,tex)
MMAlign (f

∗, g∗) → 0 (14)

with invertible functions hf∗ and hg∗ that fulfill f∗=hf∗ ◦ f−1
1:ninv

and g∗=hg∗ ◦ g−1
1:ninv

, there exists a
pseudo-optimal text encoder g∗∗ derived from g∗ that satisfy

L(img,tex)
MMAlign (f

∗, g∗∗) → 0 (15)

with the ADD-form hard negative ADD(X(tex)) = π̂(X(tex)) as the permutation where X(tex) ∈
Xbase and π̂(X(tex)) = ([X

(tex)
:,1 , · · · , Xj ,ADD(X

(tex)
:,j ), · · · , X(tex)

:,k ])∈XADD, such that ∃z∗inv ∈ Cinv

z∗inv ∈ ((g∗)(j))−1
1:ninv

(Xbase) ∩ ((g∗)(j+1))−1
1:ninv

(XADD),

then it holds

g∗∗([X
(tex)
:,1 , · · · , X(tex)

:,k ]) =g∗∗([X
(tex)
:,1 , · · · , X(tex)

:,j ,ADD(X
(tex)
:,j ), · · · , X(tex)

:,k ]). (16)

Interpretation. The statements and proof sketches in Theorems.7, 8, and 9 resemble the spirit of
using Theorem. and Corollary.6 to construct a “pseudo-optimal” text encoder g∗∗ that occur when
the “true-optimal” text encoder g∗ could be practically obtained by the causal representation of
CLIP. In this situation, g∗ and g∗∗ can simultaneously achieve the modal-invariant alignment

(
i.e.,

L(img,tex)
MMAlign(f

∗, g∗) ≃ 0 and L(img,tex)
MMAlign(f

∗, g∗∗) ≃ 0
)

with the optimal image encoder f∗ during pre-
training. Nevertheless, distinct from g∗ that could perfectly distinguish arbitrary permutations
from a text X(tex), g∗∗ fails to identify some token sequences re-permuted from the columns
of X(tex), according to the compositional rules in Theorem.7-9. Since the encoders g∗ and g∗∗

share the same architecture and their parameters both achieve modal-invariant alignment during

6
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Table 1: The correspondence between our theorems and the taxonomy of vision-language composition
reasoning types. NEG and QUA denote negations and quantifiers.

Atomic concepts X(tex) Pre-condition Hard negative

Thm.7 (SWAP-form
OBJ,ATT

“a white cat and “a black dog and “a white dog and
Composition Nonidentifibility) a black dog play” a white cat play” a black cat play”
Thm.8 (REPLACE-form

OBJ,ATT,REL,QUA
“a horse

“the grass under a horse” “the grass on a horse”
Composition Nonidentifibility) on the grass”
Thm.9 (ADD-form

OBJ,ATT,NEG,QUA “ flowers” g∗(X(tex))=g∗(ADD(X(tex)))
“
no flowers”

Composition Nonidentifibility)

pre-training, there are no evidences and solutions to identify which one in g∗, g∗∗ would be
learned in practice.

It is noteworthy that Theorems.7-9 are grammar-agnostic so can flexibly transfer across a broad range
of language as long as they can convey the consistent semantic. Besides, they are motivated by the
“SWAP-REPLACE-ADD” taxonomy that covers the most cases of vision-language compositionality
in other research with different definitions. To better understand the non-identified textual-token
compositions in Theorem.7-9, we illustrated some instances with regards to embedding their language
tokens by g∗∗ in Table.1.

Extension to the hardness of vision compositionality. Theorems.7-9 are derived from the composi-
tion operators to describe the hardness in the language level, whereas the existing study argue that the
hardness also happen to misunderstanding the visual concepts presented in images. Since the natural
image generation process significantly differs from language in Assumption.4, it is impossible to
derive the same causal analysis to explain the vision compositionality.

Instead, we resort to the constant modality gap phenomenon. Specifically, (Zhang et al.) observed that
relevant image-text pairs extracted by CLIP’s image and text encoders, show the consistent distance
between their features. (Chen et al. (2023)) extend their results to justify that CLIP may not isolate
two images when they share some mutually exclusive atomic concepts. It is obvious that when an
image with its counterpart regenerated by modifying some atomic concepts via SWAP, REPLACE,
or ADD forms, it definitely leads to the appearance of mutually exclusive atomic concepts between
them. It explains the hardness of vision compositionality using CLIP.

The nonidentifiability with multiple atomic concepts. The hard negative in Theorem.7-9 focus on
the text instances X(tex) derived from after the modification with a single atomic concept. We now
demonstrate that their can be combined and extend to the nonidentified image-text matching involved
with multi-concept modification. In specific, given an image x(img) and its hard negative description of
F (X(tex)) (F1(·) = SWAP(·),REPLACE(·), or ADD(·)) using Theorem.7-9, we know the existence
of <f∗, g∗∗> to generate the nonidentified image-text matching. For the image and its modified hard
negative, <f∗, g∗∗> has no difference with <f∗, g∗>. To this, we may consider the second hard
negative description F2(F1(X

(tex))) generated from F1(X
(tex)) (F2(·) = SWAP(·),REPLACE(·),

or ADD(·)) using Theorem.7-9 on another atomic concept, and there must be some pseudo encoder
pairs <f∗, g∗∗∗> with regards to <f∗, g∗∗> (i.e., <f∗, g∗∗> was treated as the true encoder pairs since
<f∗(x(img)), g∗(X(tex))> and <f∗(x(img)), g∗∗(X(tex))> in terms of our theorems).

In other words, it is possible to generate more complex hard-negative textual instances by stacking
the compound nonidentified matching effects through iteratively using SWAP(·),REPLACE(·), or
ADD(·). While the process can not be endless because each calling of SWAP(·), REPLACE(·), or
ADD(·) will reduce the solution space of the hard negative derived from X(tex). In practice, we found
that the second calling is sufficient to generate more confusing hard negative cases of X(tex).

5 EXPERIMENTS

In this section, we provide some empirical studies to verify our theoretical results from three aspects.
First, we attempt to verify whether Theorem.7-9 could be used to generate the practical hard negative
instances covered by the existing vision-language compositional reasoning benchmarks, so that it
literally suits the reality; Second, we aim to justify the existence of “pseudo-optimal” text encoders
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Figure 3: CLIP’s accuracy (ACC) on the negative samples generated by ARO and our Algorithm1. The
overlap percentage indicates how many negative samples in ARO belong to the cases in Theorem.7-9.

Figure 4: CLIP’s accuracy (ACC) on the negative samples generated by VALSE and our Algorithm1.
The percentage indicates how many negative samples in VALSE belong to the cases in Theorem.7-9.

induced by Theorem.7-9. Finally, we provide the experiments of CLIP-based models trained and
evaluated with regular hard negative pairs and hard negative pairs generated by the second calling
to SWAP(·),REPLACE(·), or ADD(·), which generate the more complex non-identified cases in
the textual descriptions. The implementation of composition operators SWAP(·), REPLACE(·),
and ADD(·) with respect to Theorems.7-9 are summarized by Algorithm.1 in Appendix. We apply
Gemini 2.5 Pro as the proxy for their executions.

5.1 BRIDGING THEORETICAL-EMPIRICAL GAPS ON BENCHMARK DATA

To justify whether the theoretical results suit the practice, we conduct our compositional understanding
experiment in ARO (Yuksekgonul et al. (2023)) that consists of four splits for evaluation: VG-
Relation, VG-Attribution, COCO-Order, and Flickr30k-Order. We access their test splits then select
the instances which belongs to the compositional reasoning cases described by Theorem 7-9. Besides,
we also consider VALSE benchmark Parcalabescu et al. (2021) where the composition reasoning
instances derived from five sources including MSCOCO, Visual7W, SWiG VisDial v1.0, SituNet are
categorized into six cases, i.e., existence, plurality, counting, relations, actions, coreference. Given
this, we conduct the CLIP evaluation on the four test splits in ARO and six test splits in VALSE,
where LLM-as-a-Judge strategy is employed to justify whether test instances can be categorized into
the hard negative cases generated by our theorems, then report their percentages.

Fig.3,4 substantiate our core motivation: the proposed token-aware algorithms, instantiated from
the SWAP/REPLACE/ADD theorems, can replicate a large fraction of the hard negative instances
used by existing benchmarks. On ARO (Fig. 3) and VALSE (Fig. 4), the “overlap percentage” bars
are high across splits, indicating that many benchmark negatives fall within the transformations our
procedures generate. This alignment is not superficial: CLIP’s accuracies on these subsets mirror
the original benchmark trends, showing that our synthesized negatives preserve difficulty while
being produced by a transparent, theoretically grounded process. Moreover, cases where accuracy
on overlapped subsets matches the benchmark values reveal that pseudo-optimal text encoders
remain insensitive to token permutations or rephrasings precisely as predicted. Together, these results
demonstrate that our framework not only explains why CLIP fails on compositional variants, but also
operationalizes this insight into practical data generation that faithfully reproduces real benchmark
hard negatives—closing the theory-to-benchmark gap.

5.2 EVIDENCES OF g∗∗’S EXISTENCE

Theorems.7-9 demonstrate that we can not directly judge the existence of the pseudo-optimal
text encoder g∗∗. Whereas some evidences are possibly observed if g∗∗ is created. Specif-
ically, we would like to observe the discrepancies between the features of X(text) and its
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Table 2: Results on CC3M and CC12M across Replace, Swap, and Add categories. Bold indicates the
best in each column.

Methods
Replace Swap Add Overall

Object Attribute Relation Object Attribute Object Attribute Avg.

CC3M
NegCLIP 62.71 58.12 54.48 56.33 51.20 56.21 56.13 57.18
NegCLIP (+MC) 63.11 63.24 60.79 57.18 53.65 58.31 59.45 59.02
TripletCLIP 69.92 69.03 64.72 56.33 57.96 62.61 63.87 63.49
TripletCLIP (+MC) 71.00 70.31 63.22 55.93 58.67 63.21 64.90 64.79

CC12M
NegCLIP 77.84 69.29 63.23 66.53 62.31 68.17 69.65 68.00
NegCLIP (+MC) 78.18 70.91 62.93 68.73 63.38 69.70 69.75 68.87
TripletCLIP 83.66 81.22 79.02 64.49 63.66 73.67 75.43 74.45
TripletCLIP (+MC) 84.86 80.02 79.82 67.52 64.55 72.67 76.43 76.51

hard negative counterparts as SWAP(X(text)),REPLACE(X(text)), or ADD(X(text)), respec-
tively. We employ A-distances between the features of test instances drawn from SugarCREPE
<X(text),SWAP(X(text))>;<X(text),REPLACE(X(text))>; <X(text),ADD(X(text))>. We particu-
larly consider the change before training with / without the hard negative generated by SWAP,
REPLACE, and ADD. The results are presented as

• <X(text),SWAP(X(text))>. with-1.91 , without-1.06.

• <X(text),REPLACE(X(text))>. with-1.86 , without-0.98.

• <X(text),ADD(X(text))>. with-1.84 , without-1.01.

With regards to the characteristic of A distance, we found that the generated hard negatives almost
hold the same statistical evidences without post-training with hard negative, whereas hard negative
can effectively isolate them. It implies the existence of g∗∗.

5.3 MULTI-CALLING OF COMPOSITION OPERATORS

In the last experiment, we are interested to observe whether iterative calling of composition operators
SWAP(·),REPLACE(·), or ADD(·) to modify the text from the original description to hard negative,
can lead to more challenging hard negative pairs. Specifically, we conduct the experiments on the
benchmark with two train-test splits, i.e., CC3M and CC12M. The evaluated baselines NegCLIP
(Yuksekgonul et al. (2023)) and TripleCLIP (Patel et al. (2024)) both employed hard negative mining
to augment their training paradigms. We accordingly use Algorithm.1 to generate hard negative to
further augment the training instances, leading to our baselines NegCLIP (+MC) and TripleCLIP
(+MC) to justify whether iterative-generated hard negative can further improve their performances.

Table 2 shows that iteratively applying SWAP/REPLACE/ADD during training yields consistent
gains over their hard-negative baselines. On CC3M, NegCLIP(+MC) improves the Overall Avg. from
57.18 to 59.02 (+1.84), and TripletCLIP(+MC) from 63.49 to 64.79 (+1.30). The strongest per-type
gains appear in Replace (e.g., CC3M Attribute: 69.03 → 70.31; CC12M Object: 83.66 → 84.86),
aligning with our claim that stacking operators expands the difficult negative space beyond single
edits. On CC12M, where base performance is higher, MC still adds +0.87 for NegCLIP and +2.06
for TripletCLIP, with notable boosts on Swap-Object (64.49 → 67.52) and Add-Attribute (75.43 →
76.43). Not all cells increase (e.g., CC3M Replace-Relation slightly drops for TripletCLIP), suggesting
diminishing returns or coverage imbalance for certain relations. Overall, MC systematically enhances
robustness across datasets and edit types, validating our hypothesis that compound compositional
perturbations generate harder, complementary negatives that translate into better compositional
generalization.
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A APPENDIX.A

A.1 RELATED WORK AND BACKGROUND

In this section, we provide the technical background and relevant research as the foundation in this
paper.

CLIP and its variants. CLIP (Contrastive Language-Image Pre-training) and its variants Radford et al.
(2021); Cherti et al. (2023); Sun et al. (2023); Stevens et al. (2024) have emerged as a breakthrough
in transferring visual representations through natural language supervision, enabling remarkable
generalization across diverse visual recognition tasks Zareian et al. (2021); Ghiasi et al. (2021);
Baevski et al. (2022). The core of CLIP lies in its contrastive pre-training on massive image-text
datasets, which facilitates open-vocabulary prediction. This is achieved by using a prompt template,
such as i.e., “a photo of a [CLASS]," where any potential category name can be semantically encoded
to serve as a category-specific classification weight.

Image-text compositionality in CLIP. Recent research has focused on enhancing the compositional
understanding of vision-language models through various training strategies, such as incorporating
additional data, models, or specialized loss functions Yüksekgönül et al. (2022); Bhargava et al.
(2023); Hu et al. (2023); Gandikota et al. (2023); Su & Yu (2022). A prominent approach involves
explicitly training models to differentiate correct captions from synthetically generated hard negatives
Yüksekgönül et al. (2022); Gandikota et al. (2023). However, the effectiveness of these methods is
often measured on benchmarks that may themselves be flawed. Several studies have highlighted that
biased datasets can lead to an overestimation of a model’s true capabilities Bender et al. (2021). To
enable more faithful evaluations, dataset de-biasing methods have been proposed Pan et al. (2022);
Zellers et al. (2019); Le Bras et al. (2020); Ross et al. (2017); Pratt et al. (2022). Techniques like
adversarial filtering, for instance, aim to remove “easy” or artifact-laden examples from datasets to
ensure that models are evaluated on more challenging and representative data Zellers et al. (2019);
Le Bras et al. (2020); Ross et al. (2017). This focus on robust evaluation is critical to determine
whether models are genuinely acquiring compositional reasoning or merely exploiting statistical
biases within the evaluation benchmarks.

Structural Causal Models (SCMs). The concept of SCM pioneered by Judea Pearl, have become a
cornerstone of modern causal inference. They provide a mathematical framework for representing
causal relationships within a system. An SCM consists of a set of variables and a set of equations
that describe how each variable is determined by others in the model. This framework allows us
to not only model statistical associations but also to predict the effects of interventions and to
reason about counterfactuals. At its core, an SCM is defined by a collection of endogenous (or
child) variables, whose values are determined by other variables within the model, and exogenous
(or parent) variables, which are external to the model and treated as random noise or unobserved
influences. The relationships between these variables are specified by structural equations, which
are deterministic functions that define how each endogenous variable is generated from its direct
causes and an associated exogenous noise term. The power of SCMs lies in their ability to make
the causal assumptions explicit. By defining the causal graph—a directed acyclic graph (DAG)
where nodes represent variables and directed edges represent causal relationships—we can analyze
the flow of causal influence and determine which variables are causes and which are effects. This
explicit representation is crucial for tasks such as identifying causal effects from observational data,
understanding confounding bias, and achieving robust predictions under distributional shifts.

To pave the way for understanding the specific assumption for multimodal data, let’s first define a
general SCM using a consistent LaTeX format. This will introduce the core components and notation,
which are then specialized in the assumption you provided.

A Structural Causal Model (SCM) is formally defined as a tuple M := ⟨U ,V ,F , P (u)⟩, where:

V = V1, . . . , Vn is a set of endogenous variables. These are the variables whose values are determined
by other variables within the model. In the context of your assumption, the observed data, such as an
image x(img) and a text description x(tex), are considered endogenous.

U = U1, . . . , Un is a set of exogenous variables. These are mutually independent random variables
that represent unobserved background conditions or noise. They are the ultimate sources of ran-
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domness in the model. In your assumption, the latent variables zinv, z(img)dp, z(img)pr, z(tex)dp, and
z(tex)pr can be thought of as being determined by exogenous sources of variation.

F = f1, . . . , fn is a set of structural equations, where each function fi assigns a value to the
corresponding endogenous variable Vi based on its direct causes pa(Vi) ⊆ V \ Vi and its associated
exogenous variable Ui:

Vi := fi(pa(Vi), Ui) (17)

This equation states that the value of Vi is causally determined by the function fi of its parents pa(Vi)
and the exogenous noise Ui. P (u) is a probability distribution over the exogenous variables U .

Now, let’s connect this general definition to the variables in your specific SCM assumption for image-
text data generation. The assumption posits a hierarchical generation process that can be mapped onto
the SCM framework. In particular, Exogenous Variables: The fundamental sources of variation are
the latent variables drawn from their respective prior distributions: zinv ∼ pzinv : The modal-invariant
feature. z(img)

pr ∼ p
z
(img)
pr

: The image-private feature. z(tex)pr ∼ p
z
(tex)
pr

: The text-private feature. The

dependent partitions, z(img)
dp and z

(tex)
dp , are also influenced by exogenous noise, but their generation

is conditioned on zinv. Endogenous Variables: These are the variables whose values are generated
within the model. This includes the dependent latent variables and the final observed data: z(img)

dp : The

image-dependent partition, generated based on zinv. z(tex)dp : The text-dependent partition, generated
based on zinv. x(img): The generated image. x(tex): The generated text. Structural Equations: The
assumption provides the structural equations for the final observed variables, x(img) and x(tex):

x(img) := f
(
zinv, z

(img)
dp , z(img)pr

)
; x(tex) := g

(
zinv, z

(tex)
dp , z(tex)pr

)
, (18)

There are also implicit structural equations for the dependent partitions:

z
(img)
dp ∼ p

z
(img)
dp

(·|zinv) z
(tex)
dp ∼ p

z
(tex)
dp

(·|zinv) (19)

These conditional distributions can be expressed as structural equations with their own exogenous
noise terms. For example, z(img)

dp := himg(zinv, Uimgdp), where Uimgdp is an exogenous noise variable.

By laying out the SCM in this manner, we can clearly see the causal dependencies. The modal-
invariant feature zinv is a common cause of both the image and the text, which is what creates
the "mutual semantics" between them. The private features, z(img)pr and z(tex)pr, account for the
variability within each modality that is independent of the other. The dependent partitions, z(img)dp
and z(tex)dp, represent stylistic or content variations that are specific to a modality but are still
influenced by the core shared semantics. This detailed causal structure is what allows for a rigorous
analysis of how a model like CLIP might be able to disentangle and recover the causally meaningful
feature zinv.

Causal representation learning (CRL) and concept discovery. In recent years, SCMs have found
significant application in representation learning. In particular, causal representation learning (CRL)
Scholkopf et al. (2021); Schölkopf (2019) aims to learn the latent generative factors behind high-
dimensional data. This exciting field has seen significant progress in the last few years Khemakhem
et al. (2020); Brehmer et al. (2022); Seigal & Shen (2021); Lachapelle et al. (2021); Monti et al.
(2019); Kivva et al. (2022); Squires et al. (2023); Buchholz et al. (2023); Gresele et al. (2021);
Ahuja et al. (2022); Varshney (2017); Leeb et al. (2022). A fundamental perspective in this field is to
ensure that the model parameters we attempt to recover are identifiable Khemakhem et al. (2020);
Hyvärinen & Pajunen (1999); von Kügelgen et al. (2021). Concept discovery is an important sub-field
of machine learning which extracts human-intepretable concepts from pre-trained models. We do not
attempt to list the numerous works in this direction, see e.g., Schwettmann et al. (2023b); Burns et al.
(2023); Chen et al. (2020); Meng et al. (2022); Olah et al. (2020); Ravichander et al. (2020); Kim
et al. (2018); Schwettmann et al. (2023a); Park et al. (2021); Squires et al. (2023).

B APPENDIX.B

In this section, we provide the proofs to our main theoretical results in this paper.
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B.0.1 PROOF OF THEORM.2

The proof sketch of our Theorm.2 can be derived into three parts. In the first part, we show how to
construct the optimal f∗, g∗ to fullfil the objectives, further leading to hf , hg for their decomposition.
In the second part, we prove hf , hg are modality-invariant with respect to any features in the image-
specific partition z

(img)
dp , z(img)

pr and the text-specific partitions z(tex)
dp , z(tex)

pr , thus, they only recover
the modal-invariant partitions of the inverses f−1, g−1. Finally we verify the invertability of hf , hg

derived from Proposition.4.4 in Zimmermann et al. (2021) to fulfill the function decomposition.

Construction of hf , hg. The global minimum of L(img,tex)
MMAlign is reached when their first term are

minimized while the second and third terms are maximized, respectively. According to Jaynes
(1982), the unique maximum entropy distribution on (0, 1)ninv is uniform distribution without extra
moment constraint. To this, we show how to construct a pair of f ,g that map x(img),x(tex) into
(0, 1)ninv , simultaneously attain the global minimization of L(img,tex)

MMAlign . They would further lead to the
construction of hf , hg .

Let first consider f . To see this, we consider the smooth function f−1
1:ninv

: Ximg 7→Cinv, the inverse
of f−1 restricted to its first ninv dimension. This exists since f is invertible and smooth by the
first primise. Based on Assumption.1, we obtain f−1

1:ninv
(x(img))=z(inv). Here we further construct

a function d : Cinv→(0, 1)ninv to map zinv into a uniform random variable, which is achieved by a
recursive building principles known as Damois construction Darmois (1951):

di(z
(inv)) = Fi(z

(inv)
i |z(inv)

1:i−1), i = 1, · · · , ninv (20)

where Fi(z
(inv)
i |z(inv)

1:i−1) denotes the conditional cumulative distribution function (CDF) of z(inv)i

given z
(inv)
1:i−1. Derived from such construction, d(z(inv)) is uniformly distributed on (0, 1)ninvDarmois

(1951), and is also smooth due to the third primise. To this, we define a composite smooth function
f∗ := d ◦ f−1

1:ninv
.

Then we turn to consider g. Similarly, we also have the inverse smooth function g−1
1:ninv

: Xtex 7→Cinv.
Based on Assumption.1, it also holds a smooth restricted function g−1

1:ninv
(x(tex))=z(inv). Using the

Damois construction d : Cinv→(0, 1)ninv above, we also define the other composite smooth function
g∗ := d ◦ g−1

1:ninv
.

Given this, we consider the following derivation:

L(img,tex)
MMAlign (f

∗, g∗) = E
⟨x(img),x(tex)⟩

∼pmm

[∣∣∣∣∣∣∣∣f∗(x(img))−g∗(x(tex))

∣∣∣∣∣∣∣∣2
2

]
−H

(
f∗(x(img))

)
−H

(
g∗(x(tex))

)

= E
⟨x(img),x(tex)⟩

∼pmm

[∣∣∣∣∣∣∣∣d(z(inv))−d(z(inv))∣∣∣∣∣∣∣∣2
2

]
−H

(
d(z(inv))

)
−H

(
d(z(inv))

)
= 0.

(21)

Given f∗ : Ximg 7→(0, 1)ninv and g∗ : Xtex 7→(0, 1)ninv as the functions that obtain the global minimum
of L(img,tex)

MMAlign(f
∗, g∗), i.e.

L(img,tex)
MMAlign (f

∗, g∗) = E
⟨x(img),x(tex)⟩

∼pmm

[∣∣∣∣∣∣∣∣f∗(x(img))−g∗(x(tex))

∣∣∣∣∣∣∣∣2
2

]
−H

(
f(x(img))

)
−H

(
g(x(tex))

)
(22)

Let define hf=f∗ ◦ f and hg=g∗ ◦ g. In terms of Eq.6, the formulation above implies hf , hg with

E
pmm

[∣∣∣∣∣∣∣∣hf (z
(img))−hg(z

(tex))

∣∣∣∣∣∣∣∣2
2

]
= 0

⇐⇒ E
pmm

[∣∣∣∣∣∣∣∣hf

(
(zinv, z

(img)
dp , z(img)

pr )
)
−hg

(
(zinv, z

(tex)
dp , z(tex)pr )

)∣∣∣∣∣∣∣∣2
2

]
= 0,

H
(
hf (z

(img))
)
= 0,

H
(
hg(z

(tex))
)
= 0.

(23)
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The second and third terms are typically satisfied due to the uniformity to their distributions. The first
term implies the modal-invariance condition by Assumption.1.

Modal Invariance of hf , hg. Here we prove that hf (·) and hg(·) are modal-invariant. Thus,
given zinv ∼ pzinv , for all i ∈{1, · · · , nimg(dp)} and j ∈{1, · · · , ntex(dp)} resulting ∂hf (·|zinv)

∂z
(img)
dp,i

=0,

∂hg(·|zinv)
∂z

(img)
dp,i

=0, ∂hf (·|zinv)
∂z

(tex)
dp,j

=0, ∂hg(·|zinv)
∂z

(tex)
dp,j

=0; and for all i ∈{1, · · · , nimg(pr)} and j ∈{1, · · · , ntex(pr)},

resulting ∂hf (·|zinv)
∂z

(img)
pr,i

=0, ∂hg(·|zinv)
∂z

(img)
pr,i

=0, ∂hf (·|zinv)
∂z

(tex)
pr,j

=0, ∂hg(·|zinv)
∂z

(tex)
pr,j

=0. It is obvious that given z(inv) fixed,

∂hg(·|zinv)
∂z

(img)
pr,i

=0, ∂hf (·|zinv)
∂z

(tex)
pr,j

=0, ∂hg(·|zinv)
∂z

(img)
dp,i

=0, ∂hf (·|zinv)
∂z

(tex)
dp,j

=0.

So we only need to prove ∂hf (·|zinv)
∂z

(img)
dp,i

=0, ∂hf (·|zinv)
∂z

(img)
pr,j

=0 ∀ i ∈{1, · · · , nimg(dp)}, ∀j ∈{1, · · · , nimg(pr)};

and ∂hg(·|zinv)
∂z

(tex)
dp,j

=0, ∂hg(·|zinv)
∂z

(tex)
pr,i

=0 ∀ i ∈{1, · · · , nimg(dp)}, ∀j ∈{1, · · · , nimg(pr)}. To simplify the proof,

we consider the surrogate image variable z
(img)
sp = [z

(img)
dp ; z

(img)
pr ] and the surrogate text variable

z
(tex)
sp = [z

(tex)
dp ; z

(tex)
pr ], according to the concatenation, we rewrite hf , hg into the equivalent forms:

hf (zinv, z
(img)
sp ) = hf (zinv, z

(img)
dp , z(img)

pr );hg(zinv, z
(tex)
sp ) = hg(zinv, z

(tex)
dp , z(tex)pr ). (24)

In this way, we only need to prove

∂hf (·|zinv)
∂z

(img)
sp,i

= 0, s.t. ∀i ∈ {1, · · · , nimg(dp) + nimg(pr)};

∂hg(·|zinv)
∂z

(tex)
sp,j

= 0, s.t. ∀j ∈ {1, · · · , ntex(dp) + ntex(pr)},
(25)

then the statements would be satisfied.

We first go for ∂hf (·|zinv)
∂z

(img)
sp,i

=0. Let seek for a contradiction that satisfies

∃l ∈ {1, · · · , nimg(dp) + nimg(pr)}, (zinv, z
img
sp ) ∼ p

z
(img)
sp

s.t.
∂hf

(
(zinv, z

img
sp )

)
∂zimg

sp,l

̸= 0, (26)

thus, we assume that the partial derivative of hf with respect to the lth image-private latent variable
is non-zero at some point in the support of p

z
(img)
sp

, i.e., Zimg = C × Zimgsp (C and Zimgsp are the

subspaces that represent the supports of zinv and z
(img)
sp ). Since f and f are smooth, so is hf=f∗ ◦ f .

Hence hf has continuous (first) partial derivatives, so is hg . To satisfy this for hf , it must be ∂hf

∂zimg
sp,l

̸= 0

in a neighborhood of (zinv, zimg
sp ):

∃γ > 0, s.t. z′l 7→ hf

(
zinv, (z

img
sp,−l, z

′
l)
)

is strictly monotonic on (z′l − γ, z′l + γ) (27)

where zimg
sp,−l ∈ S−l denotes the vector of remaining the variables in zimg

sp except the lth variable.

From now on, we consider the z
(img)
sp × z

(tex)
sp defined in a sufficiently small neighborhood Z(img)

sp ×
Z(tex)

sp such that

Under the condition in Eq.27, we separately consider two cases.

Case.1: ∀l̂ ∈ {1, · · · , ntex(dp) +ntex(pr)},
∂hg

(
zinv,z

tex
sp

)
∂ztex

sp,l̂

= 0. In this case, given zinv it holds a constant

ninv-dim vector vzinv = hg

(
zinv, z

(tex)
sp

)
and we have

E
pmm

[∣∣∣∣∣∣∣∣hf

(
zinv, z

(img)
sp

)
−hg

(
zinv, z

(tex)
sp

)∣∣∣∣∣∣∣∣2
2

]
= 0 ⇐⇒ E

pmm

[∣∣∣∣∣∣∣∣hf

(
zinv, z

(img)
sp

)
−vzinv

∣∣∣∣∣∣∣∣2
2

]
= 0

(28)
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Given this, the optima of hf with respect to z
(img)
sp in the range of Eq.27 refers to a constant function,

therefore

∀ẑl ∈ (z′l − γ, z′l + γ), hf

(
zinv, (z

(img)
sp,−l, ẑl)

)
= vzinv , (29)

so that
∂hf

(
zinv,(z

(img)
sp,−l,ẑl)

)
∂zimg

dp,l

= 0 on (z′l − γ, z′l + γ). It violates the condition in Eq.27.

Case.2: ∃l̂ ∈ {1, · · · , ntex(dp) + ntex(pr)},
∂hg

(
zinv,z

tex
sp

)
∂ztex

sp,l̂

̸= 0. In such case, we consider the auxiliary

function Ω: C × Zimgsp ×Ztexsp 7→ R≥0 as follows:

Ω(zinv, z1, z2) =

∣∣∣∣hf

(
zinv, z1

)
−hg

(
zinv, z2

)∣∣∣∣ ≥ 0. (30)

Our goal is to show that Ω is strictly positive with probability greater than zero with respect to pmm.

Specifically, given γ defined from Eq.27, we may define η(γ) > 0, such that given z′′l ∈ (z′l − γ, z′l),
it holds

z′
l̂
7→ hg

(
zinv, (z

(tex)

sp,−l̂
, z′

l̂
)
)

is strictly monotonic on (z′
l̂
− η(γ), z′

l̂
+ η(γ)), (31)

which is achieved due to the continunity of the first partial derivative of hg w.r.t. z(tex)
sp,l̂

. To achieve the

strict positivity of Eq.30, we are going to prove
∂hf

(
zinv,z

img
sp

)
∂zimg

sp,l

−
∂hg

(
zinv,z

tex
sp

)
∂ztex

sp,l̂

̸= 0 in an open subset

Z ′ ⊂zinv×
(
Z imgsp

−l ×(z′l−γ, z′l)

)
×
(
Ztexsp

−l̂
×(z′

l̂
−η(γ), z′

l̂
+η(γ))

)
where Z imgsp

−l and Ztexsp

−l̂
denote

the subspaces of Zimgsp and Ztexsp except for the lth dimension and the l̂th dimension, respectively.

In particular, if no solution of
∂hf

(
zinv,z

img
sp

)
∂zimg

sp,l

−
∂hg

(
zinv,z

tex
sp

)
∂ztex

sp,l̂

= 0 in the range of zinv×
(
Z imgsp

−l ×(z′l−

γ, z′l)

)
×
(
Ztexsp

−l̂
×(z′

l̂
− η(γ), z′

l̂
+ η(γ))

)
, we know that hf (zinv, z1)−hg(zinv, z2) is monotonic in

the range of zinv×
(
Z imgsp

−l ×(z′l − γ, z′l)

)
×
(
Ztexsp

−l̂
×(z′

l̂
− η(γ), z′

l̂
+ η(γ))

)
due to the continunity

of
∂hf (zinv,z

img
sp )

∂zimg
sp,l

− ∂hg(zinv,z
tex
sp )

∂ztex
sp,l̂

. So we can set Z ′ =zinv×
(
Z imgsp

−l ×(z′l − γ, z′l)

)
×
(
Ztexsp

−l̂
×(z′

l̂
−

η(γ), z′
l̂
+ η(γ))

)
.

On the other hand, suppose that zinv×
(
ẑ−l×ẑl

)
×
(
ẑ−l̂×ẑl̂

)
∈zinv×

(
Z imgsp

−l ×(z′l − γ, z′l)

)
×(

Ztexsp

−l̂
×(z′

l̂
−η(γ), z′

l̂
+η(γ))

)
is a solution of

∂hf

(
zinv,z

img
sp

)
∂zimg

sp,l

−
∂hg

(
zinv,z

tex
sp

)
∂ztex

sp,l̂

= 0. Given this, let con-

sider the ranges (z′l−γ, ẑl) and (ẑl−γ, z′l) to the lth dimension of Zimgdp . According to the monotonic-

ity of hf and the continunity of ∂hf

∂zimg
sp,l

with respect to zimg
sp,l , there is Z(1)

l (γ)∈
{
(z′l−γ, ẑl), (ẑl−γ, z′l)

}
so that given z

(1)
l ∈Z(1)

l (γ), it holds:

∂hf

(
zinv ×

(
ẑ−l × z

(1)
l

)
×
(
ẑ−l̂ × ẑl̂

) )
∂zimg

sp,l

−
∂hf

(
zinv ×

(
ẑ−l × ẑl

)
×

(
ẑ−l̂ × ẑl̂

))
∂zimg

sp,l

> 0; (32)
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Similarly, according to the monotonicity of hg and the continunity of ∂hg

∂ztex
sp,l̂

with respect to ztex
sp,l̂

, there

is Z(2)

l̂
(η(γ))∈

{
(z′

l̂
− η(γ), ẑl̂), (ẑl̂, z

′
l̂
+ η(γ))

}
so that given z

(2)

l̂
∈Z(2)

l̂
(η(γ)), it holds:

∂hg

(
zinv ×

(
ẑ−l × ẑl

)
×
(
ẑ−l̂ × ẑl̂

))
∂ztex

sp,l̂

−
∂hg

(
zinv ×

(
ẑ−l × ẑl

)
×

(
ẑ−l̂ × z

(2)

l̂

))
∂ztex

sp,l̂

> 0. (33)

Combine Eq.32 and Eq.33, then we obtain

∂hf

(
zinv ×

(
ẑ−l × z

(1)
l

)
×

(
ẑ−l̂ × ẑl̂

))
∂zimg

sp,l

−
∂hf

(
zinv ×

(
ẑ−l × ẑl

)
×

(
ẑ−l̂ × ẑl̂

))
∂zimg

sp,l

+
∂hg

(
zinv ×

(
ẑ−l × ẑl

)
×

(
ẑ−l̂ × ẑl̂

))
∂ztex

sp,l̂

−
∂hg

(
zinv ×

(
ẑ−l × ẑl

)
×

(
ẑ−l̂ × z

(2)

l̂

))
∂ztex

sp,l̂

> 0

⇐⇒
∂hf

(
zinv ×

(
ẑ−l × z

(1)
l

)
×

(
ẑ−l̂ × ẑl̂

))
∂zimg

sp,l

−
∂hg

(
zinv ×

(
ẑ−l × ẑl

)
×

(
ẑ−l̂ × z

(2)

l̂

))
∂ztex

sp,l̂

> 0

(
zinv ×

(
ẑ−l × ẑl

)
×

(
ẑ−l̂ × ẑl̂

)
is a solution of

∂hf

(
zinv, z

img
dp

)
∂zimg

sp,l

−
∂hg

(
zinv, z

tex
sp

)
∂ztex

sp,l̂

= 0
)
.

(34)

To this, in the range of Z ′=zinv ×
(
ẑ−l ×Z(1)

l (γ)
)
×

(
ẑ−l̂ ×Z(2)

l̂
(η(γ))

)
⊂zinv×

(
Z imgsp

−l ×(z′l −

γ, z′l)

)
×
(
Ztexsp

−l̂
×(z′

l̂
− η(γ), z′

l̂
+ η(γ))

)
, it holds

∂hf (zinv,z
img
sp )

∂zimg
sp,l

− ∂hg(zinv,z
tex
dp ))

∂ztex
sp,l̂

> 0.

Given the strict positive monotonicity of hf (zinv, z1)−hg(zinv, z2) in Z ′, we consider the solution

of hf (zinv, z1)−hg(zinv, z2) = 0. If no solution, we set Z ′′=Z ′. If there is a solution zinv ×
(
ẑ−l ×

z
(3)
l

)
×

(
ẑ−l̂ × z

(4)

l̂

)
∈zinv ×

(
ẑ−l × Z(1)

l (γ)
)
×

(
ẑ−l̂ × Z(2)

l̂
(η(γ))

)
with z

(3)
l ∈ Z(1)

l (γ) and

z
(4)

l̂
∈ Z(2)

l̂
(η(γ)), we turn to consider

Z(1)(γ, η) := zinv ×
(
ẑ−l × ( inf

Z imgsp

l

Z(1)
l (γ), z

(3)
l )

)
×
(
ẑ−l̂ × ( inf

Ztexsp

l̂

Z(2)

l̂
(η(γ))× z

(4)

l̂
)
)
;

Z(2)(γ, η) := zinv ×
(
ẑ−l × (z

(3)
l , sup

Z imgsp

l

Z(1)
l (γ))

)
×
(
ẑ−l̂ × ( inf

Ztexsp

l̂

Z(2)

l̂
(η(γ)), z

(4)

l̂
)
)
;

Z(3)(γ, η) := zinv ×
(
ẑ−l × (z

(3)
l , sup

Z imgsp

l

Z(1)
l (γ))

)
×
(
ẑ−l̂ × (z

(4)

l̂
, sup
Ztexsp

l̂

Z(2)

l̂
(η(γ)))

)
;

Z(4)(γ, η) := zinv ×
(
ẑ−l × ( inf

Z imgsp

l

Z(1)
l (γ), z

(3)
l )

)
×
(
ẑ−l̂ × (z

(4)

l̂
, sup
Ztexsp

l̂

Z(2)

l̂
(η(γ)))

)
.

(35)

With regards to the strict monotonicity and continunity of hf (zinv, z1)−hg(zinv, z2), the region

Z ′′(γ, η) ∈
{
Z(1)(γ, η), Z(2)(γ, η),Z(3)(γ, η),Z(4)(γ, η)

}
satisfies that ∀(zinv, z1, z2) ∈Z ′′(γ, η),

hf

(
zinv, z1

)
−hg

(
zinv, z2

)
> 0.

Therefore Z ′′(γ, η) satisfy some conditions: 1). non-empty; 2). it is an open subset in the topological

subspace of C×Zimgsp×Ztexsp ; 3).∀(zinv, z1, z2) ∈Z ′′(γ, η), it holds Ω(zinv, z1, z2) =
∣∣∣∣hf ((zinv, z1)−

hg(zinv, z2)

∣∣∣∣ > 0; 4). it is fully supported with respect to pmm generated by Assumption.1. As a

consequence,

pmm

(
Ω(zinv, z1, z2) > 0

)
> pmm

(
Z ′′(γ, η)

)
> 0. (36)
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So it leads to

E
pmm

[∣∣∣∣∣∣∣∣hf

(
(zinv, z

(img)
dp , z(img)

pr )
)
−hg

(
(zinv, z

(tex)
dp , z(tex)pr )

)∣∣∣∣∣∣∣∣2
2

]

≥ E
pmm

(
Z′′(γ,η)

)
[∣∣∣∣∣∣∣∣Ω(zinv, z(img)

sp , z(tex)sp )

∣∣∣∣∣∣∣∣2
2

]
>0.

(37)

It results in the contradiction to Eq.23 .

Concluding Case.1 and Case.2, ∂hf (·|zinv)
∂z

(img)
sp,i

=0 is proved, thus, ∂hf (·|zinv)
∂z

(img)
pr,i

=0 and ∂hf (·|zinv)
∂z

(img)
dp,i

=0 have been

proven. In terms of the symmetry between ∂hf (·|zinv)
∂z

(img)
sp,i

=0 and ∂hg(·|zinv)
∂z

(tex)
sp,j

=0 as well as the generative

processes between x(img) and x(tex), we may follow the same rountine to prove ∂hg(·|zinv)
∂z

(tex)
sp,j

=0, thus,
∂hg(·|zinv)
∂z

(tex)
pr,j

=0 and ∂hg(·|zinv)
∂z

(tex)
dp,j

=0 have also been proven (skipped for simplicity).

To this end, we have restricted hf and hg taking value in C, thus, hf=f∗ ◦ f1:ninv and hg=g∗ ◦ g1:ninv .

Invertability of hf , hg . We derive the proof of step.3 from proving the theorem 4.4 in Von Kügelgen
et al. (2021), in order to justify the invertability of hf , hg. Specifically, we introduce a lemma from
Zimmermann et al. (2021)
Lemma 10. (Proposition 5 of Zimmermann et al. (2021)) Let M, N be simply connected and
oriented C1 manifolds without boundaries and h : M 7→ N be a differentiable map. Further, let the
random variable z ∈ M be distributed according to z∼p(z) for a regular density function p, i.e.,
0 < p < +∞. If the pushforward p♯h(z) of p through h is also a regular density, i.e., 0 < p♯h(z)
< ∞, then h is a bijection.

We apply this result to “the simply connected and oriented C1 manifolds without boundaries” by
setting M=C and N=(0, 1)ninv . In terms of the smoothness of hf and hg, they are differentiable
maps so that both satisfy h in the lemma by mapping the random variable zinv into a uniform random
variable. Notice that pzinv (Assumption.1) and the uniform distribution (the pushforward of pzinv ) are
regular densities in the sense of Lemma.10, therefore hf and hg are bijective maps, i.e., invertable.

B.1 PROOF OF COROLLARY.3

Here we derive the formal version of Corollary.3 with its proof:
Proposition 11. For fixed γ>0, as the number of negative samples K − 1→∞, the (normalized)
L(img→tex)
InfoNCE − log(K − 1) and L(tex→img)

InfoNCE − log(K − 1) converge to

− 1

γ
E⟨x(img),x(tex)⟩∼pmm

(
f(x(img))⊤g(x(tex))

)
+ E⟨x(img),x(tex)⟩∼pmm

(
logEx̂(tex)∼p(x(tex))

[
ef(x

(img))⊤g(x̂(tex))/γ
])

;

(38)

− 1

γ
E⟨x(img),x(tex)⟩∼pmm

(
f(x(img))⊤g(x(tex))

)
+ E⟨x(img),x(tex)⟩∼pmm

(
logEx̂(img)∼p(x(img))

[
ef(x̂

(img))⊤g(x(tex))/γ
])

,

(39)

respectively, with the following results:

1. The first terms of Eq.38 and 39, are minimized iff f , g are perfectly aligned, i.e., ||f(x(img))-
g(x(tex))||22→0 across image-text pairs ⟨x(img), x(tex)⟩∼pmm.

2. With perfectly aligned image-text feature pairs extracted from f ,g, the second terms of Eq.38
and 39 refer to the resubstitution entropy estimators with respect to von Mises-Fisher (vMF)
kernel density estimation.
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Proof. Consider each image-text pair ⟨x(img), x(tex)⟩ with K − 1 images {x̂(img)
k }K−1

k=1 to construct
K−1 negative pairs with x(tex) in L(img→tex)

InfoNCE , and with K−1 texts {x̂(tex)
k }K−1

k=1 to construct K−1 neg-

ative pairs with x(img) in L(tex→img)
InfoNCE . Note that x(img)i.i.d.∼ pmm(x

(img)); {x̂(img)
k }K−1

k=1
i.i.d.∼ pmm(x

(img)),
therefore we have

lim
K−1→∞

log

(
ef(x

(img))⊤g(x(tex))/γ

K − 1
+

K−1∑
k=1

ef(x
(img))⊤g(x̂

(tex)
k

)/γ

K − 1

)
= logEx̂(tex)∼p(x(tex))

[
ef(x

(img))⊤g(x̂(tex))/γ
]

(40)
with the strong law of large numbers and the Continuous Mapping Theorem. Eq.40 results in

L(img→tex)
InfoNCE − log(K − 1)

=E ⟨x(img),x(tex)⟩∼pmm

⟨x(img),x̂
(tex)
k

⟩≁pmm

− log
(K − 1)ef(x

(img))⊤g(x(tex))/γ

ef(x(img))⊤g(x(tex))/γ +
∑K−1

k=1 ef(x
(img))⊤g(x̂

(tex)
k

)/γ

=E ⟨x(img),x(tex)⟩∼pmm

⟨x(img),x̂
(tex)
k

⟩≁pmm

(
− f(x(img))⊤g(x(tex))

γ
+ log

(
ef(x

(img))⊤g(x(tex))/γ +
∑K−1

k=1 ef(x
(img))⊤g(x̂

(tex)
k

)/γ
)

K − 1

)

=− 1

γ
E⟨x(img),x(tex)⟩∼pmm

(
f(x(img))⊤g(x(tex))

)

+ E ⟨x(img),x(tex)⟩∼pmm

⟨x(img),x̂
(tex)
k

⟩≁pmm

(
log

(
ef(x

(img))⊤g(x(tex))/γ +
∑K−1

k=1 ef(x
(img))⊤g(x̂

(tex)
k

)/γ
)

K − 1

)
(41)

So

lim
K−1→∞

L(img→tex)
InfoNCE − log(K − 1)

=− 1

γ
E⟨x(img),x(tex)⟩∼pmm

(
f(x(img))⊤g(x(tex))

)
+ E⟨x(img),x(tex)⟩∼pmm

(
logEx̂(tex)∼p(x(tex))

[
ef(x

(img))⊤g(x̂(tex))/γ
]) (42)

Similarly we obtain

lim
K−1→∞

L(tex→img)
InfoNCE − log(K − 1)

=− 1

γ
E⟨x(img),x(tex)⟩∼pmm

(
f(x(img))⊤g(x(tex))

)
+ E⟨x(img),x(tex)⟩∼pmm

(
logEx̂(img)∼p(x(img))

[
ef(x̂

(img))⊤g(x(tex))/γ
]) (43)

So the main result has been proven.

Here we turn to prove the two statements based on the main result:

1. Note that ||f(x(img))-g(x(tex))||22 = 1− f(x(img))⊤g(x(tex)). The minimization in the first
term in Eq.38 and Eq.39 is equivalent with ||f(x(img))-g(x(tex))||22 = 0.

2. With perfectly aligned image-text feature pairs extracted from f ,g, as we known the
pair drawn from pmm, it holds pmm=px(img)δ

(
f(x(img))-g(x(tex))

)
=px(tex)δ

(
f(x(img))-
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g(x(tex))
)

. Therefore we have

E⟨x(img),x(tex)⟩∼pmm

(
logEx̂(tex)∼p(x(tex))

[
ef(x

(img))⊤g(x̂(tex))/γ
])

=E
x(tex)∼p(x(tex)),x(img)∼δ

(
f(x(img))−g(x(tex))

)( logEx̂(tex)∼p(x(tex))

[
ef(x

(img))⊤g(x̂(tex))/γ
])

=Ex(tex)∼p(x(tex))

(
logEx̂(tex)∼p(x(tex))

[
eg(x

(tex))⊤g(x̂(tex))/γ
])

△
=

1

N

N∑
i=1

log
( 1

N

N∑
i=1

[
eg(x

(tex)
i )⊤g(x

(tex)
j )/γ

])
=

1

N

N∑
i=1

log p̂vMF−KDE

(
g(x

(tex)
i )

)
+ logZvMF

△
=−H

(
g(x(tex))

)
+ logZvMF

(44)
where H

(
f(x(tex))

)
implies the the resubstitution entropy estimator with respect to von

Mises-Fisher (vMF) kernel density estimation (KDE) based on N samples that constructs a
vMF kernel with κ = γ−1; ZvMF denotes the normalization constant for vMF distribution
with κ = γ−1. Using the same proof technique, we also obtain

E⟨x(img),x(tex)⟩∼pmm

(
logEx̂(img)∼p(x(img))

[
ef(x̂

(img))⊤g(x(tex))/γ
])

△
=−H

(
f(x(img))

)
+logZvMF

(45)

The proposition has been proven.

B.1.1 PROOF OF THEOREM.4

Similar with the proof of Theorem.1, our proof of Theorem.4 can be also divided into three steps: 1).
construct the optimal f∗, g∗ to fulfill the objectives, further leading to hf , hg for their decomposition;
2), hf , hg are modality-invariant with respect to any modality-specific features (only recover the
modal-invariant partitions of the inverses f−1, g−1

i , ∀i ∈ {1, · · · , kmax}); 3). Verify the invertability
of hf , hg to fulfill the function decomposition.

Construction of hf , hg. Let first consider f . It is easy to observe that the image generation in
Assumption.4 is consistent with Assumption.1, it leads to the same construction process of f∗ and
hf in the proof of Theorem.2 .

Here we turn to g∗ and hg. Observe that g is defined on the union of kmax real-value matrix spaces
{X (k)

tex }kmax

k=1 where the kth space X (k)
tex indicates the sentence matrix with k token columns (k≤kmax)

and can be decomposed by token spaces, i.e., X (k)
tex = T (1)

tex ×· · ·×T (k)
tex . Since g is a diffeomorphism

on generated sentence matrices, therefore ∀k ∈ kmax, there must exist a manifold M(k)(X (k)
tex ) and

a function g(k) derived from g, which satisfies g(k): Cinv ×
(
S1 × · · · Sk

)
× Stex

pr → M(k)(X (k)
tex )

is smooth and invertable with respect to the generation of k-length sentence matrices, where Sk

(∀k ∈{1, · · · , kmax}) indicates latent feature spaces with respect to the text-dependent variable z(tex)
k ,

and Stex
pr indicates the text-private feature space with dimension n

(tex)
pr . Note that, g(k) is represented

by {gi}ki=1:

∀
(
zinv,z

(tex)
1 , · · · , z(tex)k , z(tex)pr

)
∈ Cinv ×

(
S1 × · · · Sk

)
× Stex

pr

g(k)
(
zinv, z

(tex)
1 , · · · , z(tex)k , z(tex)pr

)
=

[
g1

(
zinv, z

(tex)
1 , z(tex)pr

)
, · · · ,gk

(
zinv, {z(tex)j }kj=1, z

(tex)
pr

)]
.

(46)
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Based on the condition, g(k) holds its smooth inverse (g(k))−1 such that

(g(k))−1
([

g1

(
zinv, z

(tex)
1 , z(tex)pr

)
, · · · ,gk

(
zinv, {z(tex)j }kj=1, z

(tex)
pr

)])
=

(
zinv,z

(tex)
1 , · · · , z(tex)k , z(tex)pr

)
.

(47)
Hence for each Xtex generated by Assumption.4, i.e., Xtex =

[
g1

(
zinv, z

(tex)
1 , z

(tex)
pr

)
, · · · ,gk

(
zinv,

{z(tex)j }kj=1, z
(tex)
pr

)]
(∀k ∈ {1, · · · , kmax}), we can restrict their outputs in the first ninv dimensions

such that (g(k))−1
1:ninv

(X(tex))=z(inv). Then we employ the same Damois construction technique used
in first step of the proof in Theorem.2 to define the function d : Cinv→(0, 1)ninv that map zinv into
a uniform random variable. Derived from such construction, d(z(inv)) is uniformly distributed on
(0, 1)ninvDarmois (1951), and is also smooth due to the third primise.

Note that given ∀k ∈ {1, · · · , kmax}, it exists a manifold support M(k)(X (k)
tex ) derived to construct

(g(k))−1
1:ninv

and d, where d are regardless of i. Since ∀i1, i2 (i1 ̸=i2), M(i2)(X (i2)
tex )∩M(i1)(X (i1)

tex )=∅,

we can define a piecewise composite function g∗ on ∪kmax
i M(i)(X (i)

tex ):

g∗(X(tex)) := d ◦ (g(k))−1
1:ninv

(X(tex)) if. X(tex) ∈ M(k)(X (k)
tex ),∀i ∈ {1, · · · , kmax}, (48)

which is smooth on each sub-manifold. Given this, we consider the following derivation:

L(img,tex)
MMAlign (f

∗, g∗) = E
⟨x(img),X(tex)⟩

∼pmm

[∣∣∣∣∣∣∣∣f∗(x(img))−g∗(X(tex))

∣∣∣∣∣∣∣∣2
2

]
−H(f∗(x(img)))−H

(
g∗(X(tex)))

)

=

kmax∑
k=1

p(dimcol(X
(tex)) = k) E

⟨x(img),X(tex)⟩
∼pmm(| dimcol(X

(tex))=k)

[∣∣∣∣∣∣∣∣f∗(x(img))−g∗(X(tex))

∣∣∣∣∣∣∣∣2
2

]

−H(f∗(x(img)))−H
(
g∗(X(tex)))

)
=

kmax∑
k=1

p(dimcol(X
(tex)) = k) E

⟨x(img),X(tex)⟩
∼pmm(| dimcol(X

(tex))=k)

[∣∣∣∣∣∣∣∣f∗(x(img))−d ◦
(
g(k))−1

1:ninv
(X(tex))

∣∣∣∣∣∣∣∣2
2

]

−H(f∗(x(img)))−H
(
g∗(X(tex)))

)
=

kmax∑
k=1

p(dimcol(X
(tex)) = k) E

⟨x(img),X(tex)⟩
∼pmm(| dimcol(X

(tex))=k)

[∣∣∣∣∣∣∣∣d(z(inv))−d(z(inv))∣∣∣∣∣∣∣∣2
2

]

−H
(
d(z(inv))

)
−H

(
d(z(inv))

)
= 0,

(49)
where p

(
dimcol(X

(tex)) = k
)

indicates the proportion that the number of column X(tex) equals to k.
Consider f∗, g∗ that satisfy

L(img,tex)
MMAlign (f

∗, g∗) = E
⟨x(img),X(tex)⟩

∼pmm

[∣∣∣∣∣∣∣∣f∗(x(img))−g∗(X(tex))

∣∣∣∣∣∣∣∣2
2

]
−H(f∗(x(img)))−H

(
g∗(X(tex)))

)
, (50)

which we take to define hf=f∗ ◦ f and the piecewise function

hg(z) = g∗ ◦ g(k)(z), if z ∈ Cinv ×
(
S1 × · · · Sk

)
× Spr, ∀k ∈ {1, · · · , kmax}. (51)

In terms of Eq.6, the formulation above implies hf , hg with

E
pmm

[∣∣∣∣∣∣∣∣hf (z
(img))−hg(z

(tex))

∣∣∣∣∣∣∣∣2
2

]
= 0

=

kmax∑
k=1

p(dimcol(X
(tex)) = k) E

⟨x(img),X(tex)⟩
∼pmm(| dimcol(X

(tex))=k)

[∣∣∣∣∣∣∣∣hf (zinv, z
(img)
dp , z(img)

pr )−hg(zinv, {z(tex)j }ij=1, z
(tex)
pr )

∣∣∣∣∣∣∣∣2
2

]
= 0,

H
(
hf (z

(img))
)
= 0, H

(
hg(X

(tex))
)
= 0.
(52)
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The second and third terms are typically satisfied due to the uniformity to their distributions. The first
term implies the modal-invariance condition by Assumption.4 .

Modal Invariance of hf , hg. Here we prove that hf (·) and hg(·) are modal-invariant. Since
hf is consistent with Theorem.2, it satisfies that given zinv ∼ pzinv , for all i ∈{1, · · · , nimg(dp)}
and j ∈{1, · · · , nimg(pr)}, it results in ∂hf (·|zinv)

∂z
(img)
dp,i

=0, ∂hf (·|zinv)
∂z

(img)
pr,j

=0 ; for all i ∈{1, · · · , ntex(dp)} and

j ∈{1, · · · , ntex(pr)}, it results in ∂hf (·|zinv)
∂z

(tex)
pr,j

=0, ∂hf (·|zinv)
∂z

(tex)
dp,i

=0. They are consistent with the proof of

Theorem.1 .

Here we consider the modal invariant property of hg. Note that ∂hg(·|zinv)
∂z

(img)
pr,i

=0 and ∂hg(·|zinv)
∂z

(img)
dp,i

=0 are

also obviously satisfied given zinv fixed. To this end, we only need to prove that ∀k ∈ {1, · · · , kmax},
in terms of hg(·) = g∗ ◦ g(k)(·), ∂hg(·|zinv)

∂z
(tex)
k,i

=0 for all i ∈ {1, · · · , n(tex)
k } and ∂hg(·|zinv)

∂z
(tex)
pr,j

=0

(∀j∈{1, · · · , n(tex)
pr }).

When k = 1, it can be reduced to prove ∂hg(·|zinv)
∂z

(tex)
dp,j

=0 and ∂hg(·|zinv)
∂z

(tex)
pr,j

=0 in the proof of Theorem.2, so

it is satisfied. Regarding this as the first step, we construct a mathematical induction procedure to
prove the rest.

Specifically, suppose that ∂hg(·|zinv)
∂z

(tex)
k,l

=0 (∀l ∈ {1, · · · , n(tex)
k }) and ∂hg(·|zinv)

∂z
(tex)

pr,ĵ

=0 (∀ĵ∈ {1, · · · , n(tex)
pr })

with
hg(·) = g∗ ◦ g(k)(·) = g∗ ◦

([
g1(·),g2(·), · · · ,gk(·)

])
, (53)

thus,

∂hg(·|zinv)
∂z

(tex)

pr,ĵ

=
∂
(
g∗ ◦

([
g1(zinv, ·), · · · ,gk(zinv, ·)

]))
∂z

(tex)

pr,ĵ

=

k∑
i=1

m∑
i′=1

∂hg(·|zinv)
∂gi,i′(zinv, ·)

∂gi,i′(zinv, ·)
∂z

(tex)

pr,ĵ

= 0 (54)

and

∂hg(·|zinv)
∂z

(tex)
k,l

=
∂
(
g∗ ◦

([
g1(zinv, ·), · · · ,gk(zinv, ·)

]))
∂z

(tex)
k,l

=

k∑
i=1

m∑
i′=1

∂hg(·|zinv)
∂gi,i′(zinv, ·)

∂gi,i′(zinv, ·)
∂z

(tex)
k,l

= 0. (55)

where gi,i′(·) indicates the function output of i′-th element with respect to the i-th token embedding.
Given this, we first prove ∀k′ < k, ∂hg(·|zinv)

∂z
(tex)

k′,l′
=0 (∀l′ ∈ {1, · · · , n(tex)

k′ }).

Let’s begin by k′ = k− 1. It is obvious that ∂hg(·|zinv)
∂z

(tex)

k′,l′
=∂hg(·|zinv)

∂z
(tex)

k−1,l′
=
∑n

(tex)
k

l=1
∂hg(·|zinv)
∂z

(tex)
k,l

∂z
(tex)
k,l

∂z
(tex)

k−1,l′
=0 (since

∂hg(·|zinv)
∂z

(tex)
k,l

=0 for all l ∈ {1, · · · , n(tex)
k }). Similarly, for k′ = k − 2, it also holds

∂hg(·|zinv)
∂z

(tex)
k′,l′

=
∂hg(·|zinv)
∂z

(tex)
k−2,l′

=

n
(tex)
k−1∑
l=1

∂hg(·|zinv)
∂z

(tex)
k−1,l

∂z
(tex)
k−1,l

∂z
(tex)
k−2,l′

+

n
(tex)
k∑
l=1

∂hg(·|zinv)
∂z

(tex)
k,l

∂z
(tex)
k,l

∂z
(tex)
k−2,l′

= 0. (56)

which is fulfilled because ∂hg(·|zinv)
∂z

(tex)

k′′,l

=0, ∀ l ∈ {1, · · · , n(tex)
k′′ }, ∀ k′′ ∈ {k − 1, k − 2}. Follow this

induction chain, ∀k′ < k, it holds the decomposition as

∂hg(·|zinv)
∂z

(tex)
k′,l′

=

k−k′∑
t=1

n
(tex)
k−t+1∑
l=1

∂hg(·|zinv)
∂z

(tex)
k−t+1,l

∂z
(tex)
k−t+1,l

∂z
(tex)
k′,l′

(57)

with ∀k′′ ∈ {k′, · · · , k}, ∂hg(·|zinv)
∂z

(tex)

k′′,l

= 0. So
∑k−k′

t=1

∑n
(tex)
k−t+1

l=1
∂hg(·|zinv)
∂z

(tex)
k−t+1,l

∂z
(tex)
k−t+1,l

∂z
(tex)

k′,l

= 0 and we have

∂hg(·|zinv)
∂z

(tex)

k′,l

=0 (∀l ∈ {1, · · · , n(tex)
k′ }, ∀k′ ∈ {1, · · · , k}) and ∂hg(·|zinv)

∂z
(tex)

pr,ĵ

=0 (∀ĵ∈ {1, · · · , n(tex)
pr }.
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Following the mathematical induction rule, we turn to the case with k+1 in hg(·) = g∗ ◦ g(k+1)(·) =
g∗ ◦

(
[g(k)(·),gk+1(·)]

)
, then attempt to prove ∂hg(·|zinv)

∂z
(tex)

k′,l

=0 (∀l ∈ {1, · · · , n(tex)
k′ }, ∀k′ ∈ {1, · · · , k +

1}) and ∂hg(·|zinv)
∂z

(tex)

pr,ĵ

=0 (∀ĵ∈ {1, · · · , n(tex)
pr }. Ought to be noted that, if ∂hg(·|zinv)

∂z
(tex)
k+1,l

=0 (∀l ∈ {1, · · · ,

n
(tex)
k+1 }) is satisfied, we can take the similar induction above to verify ∂hg(·|zinv)

∂z
(tex)

k′,l

=0 (∀l ∈ {1, · · · ,

n
(tex)
k′ }, ∀k′ ∈ {1, · · · , k + 1}). So we only need to prove ∂hg(·|zinv)

∂z
(tex)
k+1,l

=0 (∀l ∈ {1, · · · , n(tex)
k+1 }) and

∂hg(·|zinv)
∂z

(tex)

pr,ĵ

=0 (∀ĵ∈ {1, · · · , n(tex)
pr }. Observe that

∂hg(·|zinv)
∂z

(tex)

pr,ĵ

=

k+1∑
i=1

m∑
i′=1

∂hg(·|zinv)
∂gi,i′(zinv, ·)

∂gi,i′(zinv, ·)
∂z

(tex)

pr,ĵ

=

m∑
i′=1

∂hg(·|zinv)
∂gk+1,i′(zinv, ·)

∂gk+1,i′(zinv, ·)
∂z

(tex)

pr,ĵ

(58)

and

∂hg(·|zinv)
∂z

(tex)
k+1,l

=

k∑
i=1

m∑
i′=1

k∑
k′=1

∂hg(·|zinv)
∂gi,i′(zinv, ·)

∂gi,i′(zinv, ·)
∂z

(tex)
k′,l

∂z
(tex)
k′,l

∂z
(tex)
k+1,l

+

m∑
i′=1

∂hg(·|zinv)
∂gk+1,i′(zinv, ·)

∂gk+1,i′(zinv, ·)
∂z

(tex)
k+1,l

=

m∑
i′=1

∂hg(·|zinv)
∂gk+1,i′(zinv, ·)

∂gk+1,i′(zinv, ·)
∂z

(tex)
k+1,l

,

(59)
where only the (k + 1)-th token output gk+1(zinv, {z(tex)i }k+1

i=1 , z
(tex)
pr ) influence the derivatives with

respect to z
(tex)
k+1,l and z

(tex)
k+1,l. To this, ∀i ∈ {1, · · · , k}, suppose z

(tex)
i ∼ p

z
(tex)
i

drawn through the

generative process based on Assumption.4, given that Zk = {z(tex)i }ki=1 is fixed, we consider the
surrogate function family

h′
g(·|zinv;Zk) = g∗ ◦ g(k+1)

(
zinv, z

(tex)
1 , · · · , z(tex)k , z

(tex)
k+1 , z

(tex)
pr

)
=g∗ ◦

([
g1

(
zinv, z

(tex)
1 , z(tex)pr

)
, · · · ,gk

(
zinv, {z(tex)j }kj=1, z

(tex)
pr

)
,gk+1

(
zinv, {z(tex)j , z

(tex)
k+1}

k
j=1, z

(tex)
pr

)])
.

(60)

Observe that ∂hg(·|zinv)
∂z

(tex)

pr,ĵ

=
∂h′

g(·|zinv;Zk)

∂z
(tex)

pr,ĵ

and ∂hg(·|zinv)
∂z

(tex)
k+1,l

=
∂h′

g(·|zinv;Zk)

∂z
(tex)
k+1,l

when z(tex)i = z
(tex)
i (∀i ∈ {1, · · · , k}).

Hence if we can prove
∂h′

g(·|zinv;Zk)

∂z
(tex)

pr,ĵ

= 0 and
∂h′

g(·|zinv;Zk)

∂z
(tex)
k+1,l

= 0 satisfied across the surrogate function family,

∂hg(·|zinv)
∂z

(tex)

pr,ĵ

= 0 and ∂hg(·|zinv)
∂z

(tex)
k+1,l

= 0 can be proven.

For a specific surrogate function h′
g(·|zinv;Zk), we compare the generation process of the (k + 1)th token

X
(tex)
:,k+1 = gk+1

(
zinv, {z(tex)j , z

(tex)
k+1}

k
j=1, z

(tex)
pr

)
with the text generation process in Assumption.1 . We rewrite

gk+1

(
zinv, {z(tex)j , z

(tex)
k+1}

k
j=1, z

(tex)
pr

)
into g′

k+1,Zk

(
zinv, z

(tex)
k+1 , z

(tex)
pr

)
, which Zk are underscored as a part of

the nonlinear mixing function instead of variables. It holds a symbosis as follows

Generation of x(tex) in Assumption.1 :

zinv ∼ pzinv , z
(tex)
dp ∼ p

z
(tex)
dp

(·|zinv), z(tex)pr ∼ p
z
(tex)
pr

, x(tex) = g
(
zinv, z

(tex)
dp , z(tex)pr

)
;

Generation of X
(tex)
:,k+1 in Assumption.4 :

zinv ∼ pzinv , z
(tex)
k+1 ∼ p

z
(tex)
k+1

(·|zinv, Zk), z
(tex)
pr ∼ p

z
(tex)
pr

, X
(tex)
:,k+1 = g′

k+1,Zk

(
zinv, z

(tex)
k+1 , z

(tex)
pr

)
.

(61)

Given this, if we reframe p
z
(tex)
k+1

(·, Zk) and g′
k+1,Zk

(·) as p
z
(tex)
dp

(·) and g(·), respectively, then the

proof of
∂h′

g(·|zinv;Zk)

∂z
(tex)

pr,ĵ

= 0 and
∂h′

g(·|zinv;Zk)

∂z
(tex)
k+1,l

= 0 can be reduced to the proof of ∂hg(·|zinv)
∂z

(tex)
dp,j

=0 and

∂hg(·|zinv)
∂z

(tex)
pr,j

=0 in Theorem.2. It is satisfied and since the Zk can be a arbitrary combination draw

from the generative process in Assumption.4,
∂h′

g(·|zinv;Zk)

∂z
(tex)

pr,ĵ

= 0 and
∂h′

g(·|zinv;Zk)

∂z
(tex)
k+1,l

= 0 are satisfied

across the surrogate function family so that ∂hg(·|zinv)
∂z

(tex)

pr,ĵ

= 0 and ∂hg(·|zinv)
∂z

(tex)
k+1,l

= 0 have been proved.
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To this, we have ∂hg(·|zinv)
∂z

(tex)

k′,l

=0 (∀l ∈ {1, · · · , n(tex)
k′ }, ∀k′ ∈ {1, · · · , k + 1}) and ∂hg(·|zinv)

∂z
(tex)

pr,ĵ

=0 (∀ĵ∈

{1, · · · , n(tex)
pr }.

To this end, we have restricted hf and hg taking value in Cinv, thus, hf=f∗◦f1:ninv and hg=g∗◦g(k)
1:ninv

(∀ k ∈ {1, · · · kmax}), thus, hg=g∗ ◦ g1:ninv .

Invertability of hf , hg . The procedure of proving the invertability of hf is consistent with Theorem.2.
As to the invertability of hg , we consider its piecewise functions derived from {g(k)}kmax

k=1 that generate
sentence matrices with different sizes of their columns, then ∀k ∈ {1, · · · , kmax},

g = g(k) : Cinv ×
(
S1 × · · · Sk

)
× Spr → M(k)(X (k)

tex ), ∀k ∈ {1, · · · , kmax}, (62)

and because of

g∗ = d ◦ (g(k))−1
1:ninv

: M(k)(X (k)
tex ) → (0, 1)ninv , ∀k ∈ {1, · · · , kmax}, (63)

which is smooth on the generative process of M(k)(X (k)
tex ), we apply our result to Lemma.10 by

setting M=Cinv and N=(0, 1)ninv . In terms of the smoothness of hg in each generative process
via g(k), they are differentiable maps so that all satisfy h in the lemma by mapping the random
variable zinv ∈ Cinv into a uniform random variable in (0, 1)ninv . Notice that pzinv (Assumption.4) and
the uniform distribution (the pushforward of pzinv ) are regular densities in the sense of Lemma.10,
therefore hg is a bijective map with respect to ∀k ∈ {1, · · · , kmax}, i.e., invertable.

B.2 PROOF OF COROLLARY.6

The proof of Corollary.6 can be typically derived from the proof of Corollary.3.

B.3 PROOF OF THEOREM.7

To prove the result, we only need to construct g∗∗ based on the optimal text encoder g∗ defined by
Theorem.5 and take it to define g∗∗, then prove L(img,tex)

MMAlign(f
∗, g∗∗) = 0. Afterwards, we prove its

invariance to the permutation of sentence-matrix columns given π(X(tex)) ∈ Πk({1, · · · , k}) that
satisfies

g∗∗([X
(tex)
:,1 , X

(tex)
:,2 , · · · , X(tex)

:,k ]) = g∗∗([X
(tex)
:,π(1), X

(tex)
:,π(2), · · · , X

(tex)
:,π(k)]), (64)

it holds ∀π̂(X(tex)) ∈ Πk({1, · · · , k}) ∩
{
{X(tex)

:,1 , X
(tex)
:,π(1)} × · · · × {X(tex)

:,k , X
(tex)
:,π(k)}

}
,

g∗∗([X
(tex)
:,1 , X

(tex)
:,2 , · · · , X(tex)

:,k ]) = g∗∗([X
(tex)
:,π̂(1), X

(tex)
:,π̂(2), · · · , X

(tex)
:,π̂(k)]). (65)

Construction of g∗∗. From the first-phase proof of Theorem.5, we have g∗ as a piecewise function
on differnt-length text inputs, which satisfies

g∗ = d ◦ (g(k))−1
1:ninv

: M(k)(X (k)
tex ) → (0, 1)ninv , ∀k ∈ {1, · · · , kmax}, (66)

where d is defined on Cinv and developed from Damois construction, and

∀
(
zinv,z

(tex)
1 , · · · , z(tex)k , z(tex)pr

)
∈ Cinv ×

(
S1 × · · · Sk

)
× Stex

pr

g(k)
(
zinv, z

(tex)
1 , · · · , z(tex)k , z(tex)pr

)
=

[
g1

(
zinv, z

(tex)
1 , z(tex)pr

)
, · · · ,gk

(
zinv, {z(tex)j }kj=1, z

(tex)
pr

)]
.

(67)

In terms of the smoothness and invertibility of d(·), we may construct a new function ĝ(k) from g(k),
such that ĝ(k): M(k)(X (k)

tex ) → Cinv ×
(
S1 × · · · Sk

)
× Stex

pr and ĝ
(k)
1:ninv

= (g(k))−1
1:ninv

, leading to

g∗∗ = d ◦ (ĝ(k))1:ninv = d ◦ (g(k))−1
1:ninv

= g∗. Specifically, ĝ(k) can be constructed by

ĝ(k)(X(tex)) =

k⋂
j=1

(g(k))−1
(
T (1)
tex ×· · ·T

(j−1)
tex ×{X(tex)

:,j }×T (j+1)
tex · · ·T (k)

tex

)
(68)
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where T (j)
tex indicates the jth token embedding space with respect to all k-length sentence matrices

lying on M(k)(X (k)
tex ), then T (1)

tex×· · ·T
(j−1)
tex ×{X(tex)

:,j }×T (j+1)
tex · · ·T (k)

tex denotes the matrix set including

all k-length sentence matrices whose jth token embedding are X
(tex)
:,j . It is noteworthy that we

generalize the definition of (g(k))−1, which receives a set of sentence matrices X ′ to infer the set of all
possible values in their latent variables, i.e., (g(k))−1(X̂ ) =

{
ẑ :=

(
zinv, z

(tex)
1 , · · · , z(tex)k , z

(tex)
pr

)
∈

Cinv ×
(
S1 × · · · Sk

)
× Stex

pr , s.t. g
(k)(ẑ) ∈ X̂

}
. For simplicity, we denote

X̂ (X
(tex)
:,j ) = T (1)

tex ×· · ·T
(j−1)
tex ×{X(tex)

:,j }×T (j+1)
tex · · ·T (k)

tex

therefore

ĝ(k)(X(tex)) =

k⋂
j=1

(g(k))−1(X̂ (X
(tex)
:,j )). (69)

To facilitate the ongoing proof, we need to prove the lemma below:

Lemma 12. ∀X(tex) ∈ M(k)(X (k)
tex ), then ∀z′ ∈ ĝ(k)(X(tex)), z′1:ninv

= zinv = (g(k))−1
1:ninv

(X(tex)).

Proof. The proof is achieved by two steps.

In the first step, we prove that there exists z′ ∈ ĝ(k)(X(tex)), z′1:ninv
= zinv = (g(k))−1

1:ninv
(X(tex)).

It is obvious since ∀j ∈ {1, · · · , k}, X(tex) ∈ M(k)(X (k)
tex ) ⊂ X̂ (X

(tex)
:,j ) thus (g(k))−1(X(tex)) ∈

(g(k))−1(X̂ (X
(tex)
:,j )), so it leads to (g(k))−1(X(tex)) ∈

⋂k
j=1(g

(k))−1(X̂ (X
(tex)
:,j )) = ĝ(k)(X(tex)).

Given this, we set z′ = (g(k))−1(X(tex)) and based on Theorem.5 , z′1:ninv
= (g(k))−1

1:ninv
(X(tex)) =

zinv is obtained.

In the second step, we make a contradiction to verify arbitrary elements in ĝ(k)(X(tex)) fulfill
the equality. Suppose that ∃z′ ∈ ĝ(k)(X(tex)) in the violation of z′1:ninv

̸= (g(k))−1
1:ninv

(X(tex)). To
this, we consider the image-text generative process based on Assumption.4 , where we define the
sentence matrix X(tex)′ = g(k)(z′). Due to ∃j ∈ {1, · · · , k} with X

(tex)
:,j

′
̸=X

(tex)
:,j otherwise z′1:ninv

̸= (g(k))−1
1:ninv

(X(tex)) can not be met, we have X(tex)′∈X̂ (X
(tex)
:,j

′
). Besides, z′ ∈ ĝ(k)(X(tex)) =⋂k

j′=1(g
(k))−1(X̂ (X

(tex)
:,j′ )) ⊂ (g(k))−1(X̂ (X

(tex)
:,j )), it results in X(tex)′ = g(k)(z′) ∈ X̂ (X

(tex)
:,j ),

i.e., X(tex)′ ∈ X̂ (X
(tex)
:,j

′
) ∩ X̂ (X

(tex)
:,j ). However,

X̂ (X
(tex)
:,j

′
) ∩ X̂ (X

(tex)
:,j )

=
(
T (1)
tex

′
×· · ·T (j−1)

tex

′
×{X(tex)

:,j

′
}×T (j+1)

tex

′
· · ·T (k)

tex

′)⋂(
T (1)
tex ×· · ·T

(j−1)
tex ×{X(tex)

:,j }×T (j+1)
tex · · ·T (k)

tex

)
=(T (1)

tex

′
∩ T (1)

tex )×· · ·(T (j−1)
tex

′
∩ T (j−1)

tex )×({X(tex)
:,j

′
} ∩ {X(tex)

:,j }) · · · (T (k)
tex

′
∩ T (k)

tex

′
),

(70)
where we observe {X(tex)

:,j

′
} ∩ {X(tex)

:,j } = ∅ so that X̂ (X
(tex)
:,j

′
) ∩ X̂ (X

(tex)
:,j ) = ∅. It is conflicted

with X(tex)′ ∈ X̂ (X
(tex)
:,j

′
) ∩ X̂ (X

(tex)
:,j ).

Combine the two steps and the lemma has been proved.

Based on Lemma.12 , ∀X(tex) ∈ M(k)(X (k)
tex ), the set function ĝ(k)(X(tex)) holds the output as

a set composed of elements with their first ninv-dim partition consistent with zinv. Given this, we
may define ĝ

(k)
1:ninv

(X(tex)) with the elements restricted on first ninv-dim partition of the elements in

ĝ(k)(X(tex)). Obviously ĝ
(k)
1:ninv

(X(tex)) = {zinv} so that we can define ĝ
(k)
1:ninv

(X(tex)) = zinv instead.

To this end, g∗∗ can be defined by ĝ
(k)
1:ninv

:

g∗∗ = d ◦ ĝ(k)
1:ninv

: M(k)(X (k)
tex ) → (0, 1)ninv , ∀k ∈ {1, · · · , kmax}, (71)
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which replaces (g(k))−1
1:ninv

by ĝ
(k)
1:ninv

in Eq.(66 ). Obviously, (g(k))−1
1:ninv

(X(tex)) = ĝ
(k)
1:ninv

(X(tex))

for ∀X(tex) ∈ M(k)(X (k)
tex ) then g∗∗(X(tex)) = g∗(X(tex)), which results in L(img,tex)

MMAlign (f∗, g∗∗) = 0

from L(img,tex)
MMAlign(f

∗, g∗) = 0.

Permutation-insensitive g∗∗ in conditioned modal invariance. Given g∗∗ that we constructed
above, let consider the following conditioned modal-invariant alignment:

g∗∗([X
(tex)
:,1 , X

(tex)
:,2 , · · · , X(tex)

:,k ]) = g∗∗([X
(tex)
:,π(1), X

(tex)
:,π(2), · · · , X

(tex)
:,π(k)])

⇐⇒ ĝ
(k)
1:ninv

([X
(tex)
:,1 , X

(tex)
:,2 , · · · , X(tex)

:,k ]) = ĝ
(k)
1:ninv

([X
(tex)
:,π(1), X

(tex)
:,π(2), · · · , X

(tex)
:,π(k)]) = z∗inv.

(72)

Then we return to

ĝ(k)(X(tex)) =

k⋂
j=1

(g(k))−1(X̂ (X
(tex)
:,j )); ĝ(k)(X(tex)

π ) =

k⋂
j=1

(g(k))−1(X̂ (X
(tex)
:,π(j))), (73)

where X
(tex)
π = [X

(tex)
:,π(1), X

(tex)
:,π(2), · · · , X

(tex)
:,π(k)], and consider their union

ĝ(k)(X(tex)) ∪ ĝ(k)(X(tex)
π )

=
( k⋂
j=1

(g(k))−1(X̂ (X
(tex)
:,j ))

)⋃( k⋂
j=1

(g(k))−1(X̂ (X
(tex)
:,π(j)))

)
=

k⋂
j=1

(
(g(k))−1(X̂ (X

(tex)
:,j ))

⋃
(g(k))−1(X̂ (X

(tex)
:,π(j)))

)
.

(74)

From the definition of (g(k))−1(X̂ (X
(tex)
:,j ), it holds ∀ẑ ∈ (g(k))−1(X̂ (X

(tex)
:,j ) that satisfies

g(k)(ẑ) ∈ X̂ (X
(tex)
:,j ) = T (1)

tex ×· · ·T
(j−1)
tex ×{X(tex)

:,j }×T (j+1)
tex · · ·T (k)

tex , (75)

similarly, we also have ẑ ∈ (g(k))−1(X̂ (X
(tex)
:,π(j)) that satisfies

g(k)(ẑ) ∈ X̂ (X
(tex)
:,π(j)) = T (1,π)

tex ×· · ·T (j−1,π)
tex ×{X(tex)

:,π(j)}×T
(j+1,π)
tex · · ·T (k,π)

tex . (76)

It results in ∀ẑ ∈ (g(k))−1(X̂ (X
(tex)
:,j ))

⋃
(g(k))−1(X̂ (X

(tex)
:,π(j))),

g(k)(ẑ) ∈
(
T (1)
tex ∪ T (1,π)

tex

)
×· · ·

(
T (j−1)
tex ∪ T (j−1,π)

tex

)
×{X(tex)

:,j , X
(tex)
:,π(j)} × · · ·

(
T (k)
tex ∪ T (k,π)

tex

)
.

(77)
Hence ∀ẑ ∈ ∩k

j=1

(
(g(k))−1(X̂ (X

(tex)
:,j )) ∪ (g(k))−1(X̂ (X

(tex)
:,π(j)))

)
= ĝ(k)(X(tex)) ∪ ĝ(k)(X

(tex)
π ),

X̂(tex) = g(k)(ẑ) ∈ {X(tex)
:,1 , X

(tex)
:,π(1)} ×· · · ×{X

(tex)
:,j , X

(tex)
:,π(j)} × · · · {X(tex)

:,k , X
(tex)
:,π(k)} (78)

with g∗∗(X̂(tex)) = d ◦ ĝ(k)
1:ninv

(X̂(tex)) = d(zinv). Thus, ∀π̂(X(tex)) ∈ Πk({1, · · · , k}) ∩
{
{X(tex)

:,1 ,

X
(tex)
:,π(1)} × · · · × {X(tex)

:,k , X
(tex)
:,π(k)}

}
, it holds

g∗∗([X
(tex)
:,1 , X

(tex)
:,2 , · · · , X(tex)

:,k ]) = g∗∗([X
(tex)
:,π̂(1), X

(tex)
:,π̂(2), · · · , X

(tex)
:,π̂(k)]). (79)

B.4 PROOF OF THEOREM.8

Our proof starts with g∗∗ constructed in Eq.71 . Given this, we consider the condition provided in
Theorem.8 :

g∗∗([X
(tex)
:,1 , · · · , X(tex)

:,j , · · · , X(tex)
:,k ]) = g∗∗([X

(tex)
:,π(1), · · · ,RF(X

(tex)
:,j ), · · · , X(tex)

:,π(k)]), (80)

in which X
(tex)
:,j and RF(X

(tex)
:,j ) denote the pairwise embeddings composed of a word-or-phrase

token and its rephrased token that satisfies the aforementioned conditioned modal-invariant
alignment, and π(X(tex))∈Πk−1({1, · · · , j − 1, j + 1, · · · , k})(j) refers to the permutation of
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{1, · · · , k} where j fixed in the position. Follow the similar induction in Theorem.7 and we
have ∀ẑ ∈ ∩k

j′=1,j′ ̸=j

(
(g(k))−1(X̂ (X

(tex)
:,j′ )) ∪ (g(k))−1(X̂ (X

(tex)
:,π(j′)))

)
∩
(
(g(k))−1(X̂ (X

(tex)
:,j )) ∪

(g(k))−1(X̂ (RF(X
(tex)
:,j )))

)
,

X̂(tex) = g(k)(ẑ) ∈ {X(tex)
:,1 , X

(tex)
:,π(1)} ×· · · ×{X

(tex)
:,j ,RF(X

(tex)
:,(j) )} × · · · {X(tex)

:,k , X
(tex)
:,π(k)}. (81)

Obviously, it holds ∀π̂(X(tex)
:,−j ) ∈ Πk−1({1, · · · , j − 1, j + 1, · · · , k})

⋂{
{X(tex)

:,1 , X
(tex)
:,π(1)} ×

· · · {X(tex)
:,j−1, X

(tex)
:,π(j−1)} × {X(tex)

:,j+1, X
(tex)
:,π(j+1)} · · · × {X(tex)

:,k , X
(tex)
:,π(k)}

}
and ∀X̂(1)

j , X̂
(2)
j ∈

{X(tex)
:,j ,RF(X

(tex)
:,j )},

g∗∗([X
(tex)
:,1 , · · · , X̂(1)

j , · · · , X(tex)
:,k ]) = g∗∗([X

(tex)
:,π̂(1), · · · , X̂

(2)
j , · · · , X(tex)

:,π̂(k)]). (82)

B.5 PROOF OF THEOREM 9

For each token length ℓ ∈ N, let

g(ℓ) : Cinv ×
( ℓ∏

i=1

Si

)
× Stex

pr −→ M(ℓ)(X
(ℓ)
tex )

be the diffeomorphism associated with ℓ-token texts, with inverse (g(ℓ))−1 and projection (g(ℓ))−1
1:ninv

:

M(ℓ)(X
(ℓ)
tex ) → Cinv to the first ninv coordinates. By Theorem 5, there exist invertible heads hf∗ , hg∗

with f∗ = hf∗ ◦ f−1
1:ninv

and g∗ = hg∗ ◦ g−1
1:ninv

, such that L(img,tex)
MMAlign(f

∗, g∗) → 0.

Let Xbase ⊆ M(j)(X
(j)
tex ) be a family of base j-token sentences containing X(tex). Define the ADD

family (length j+1) by

XADD :=
{
π̂(X(tex)) = [X

(tex)
:,1 , . . . , X

(tex)
:,j ,ADD(X

(tex)
:,j ), X

(tex)
:,j+1, . . . , X

(tex)
:,k ] : X(tex) ∈ Xbase

}
.

The statement posits an intersection condition on the invariant component:

∃z∗inv ∈ Cinv s.t. z∗inv ∈ ((g∗)(j))−1
1:ninv

(Xbase) ∩ ((g∗)(j+1))−1
1:ninv

(XADD). (83)

B.5.1 SET-VALUED INVERSE CONSTRUCTIONS

.We follow the Theorem 7/8 pattern (set-valued inverse, column-fixing intersections, and constantiza-
tion on zinv).

For X ∈ Xbase ⊂ M(j)(X
(j)
tex ), define

ĝ(j)(X) :=
(
(g(j))−1(Xbase)

)
∩ Π

(j)
fix (X), (84)

where Π
(j)
fix (X) denotes the intersection of (g(j))−1 over sets that fix the columns of X we choose to

keep identical within Xbase (as in the permutation-style constructions). Let ĝ(j)1:ninv
(X) be its projection

to the first ninv coordinates.

For Y ∈ XADD ⊂ M(j+1)(X
(j+1)
tex ) with Y = π̂(X) for some X ∈ Xbase, define

ĝ(j+1)(Y ) :=
(
(g(j+1))−1(XADD)

)
∩ Π

(j+1)
fix (X,Y ), (85)

where Π
(j+1)
fix (X,Y ) fixes all columns of Y that correspond to columns of X after inserting

ADD(X
(tex)
:,j ) at position j (i.e., all shared columns except the newly inserted one). Let ĝ(j+1)

1:ninv
(Y ) be

its projection.
Lemma 13 (Constancy of zinv on base and ADD families). Under Eq.83, we have

ĝ
(j)
1:ninv

(X) = {z∗inv} ∀X ∈ Xbase, ĝ
(j+1)
1:ninv

(Y ) = {z∗inv} ∀Y ∈ XADD.

Proof. By assumption Eq.83, the first ninv projections of the inverse preimages of Xbase (length
j) and XADD (length j+1) both contain z∗inv. Intersecting with Π

(j)
fix (X) and Π

(j+1)
fix (X,Y ) only

constrains token-specific coordinates and the alignment of shared columns; it does not alter the
1:ninv coordinates. By block identifiability in Theorem 5, the 1:ninv projection is unique, hence each
projection collapses to the singleton {z∗inv}.
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B.5.2 DEFINITION OF g∗∗ AND ITS PROPERTIES

.Define a pseudo-optimal text encoder g∗∗ by reusing the optimal head hg∗ on the constantized
invariant coordinates:

g∗∗(Z) :=


hg∗

(
ĝ
(j)
1:ninv

(Z)
)
, Z ∈ Xbase,

hg∗
(
ĝ
(j+1)
1:ninv

(Z)
)
, Z ∈ XADD,

g∗(Z), otherwise.

(86)

ADD invariance. Let X ∈ Xbase and Y = π̂(X) ∈ XADD be the ADD-form hard negative
described in the theorem. By Lemma 13, ĝ(j)1:ninv

(X) = ĝ
(j+1)
1:ninv

(Y ) = {z∗inv}. Therefore,

g∗∗(X) = hg∗(z∗inv) = g∗∗(Y ),

which proves equation 16:

g∗∗([X
(tex)
:,1 , · · · , X(tex)

:,k ]) = g∗∗([X
(tex)
:,1 , · · · , X(tex)

:,j ,ADD(X
(tex)
:,j ), · · · , X(tex)

:,k ]).

Optimal alignment preserved. By construction equation 86, g∗∗ = g∗ outside Xbase ∪ XADD.
On Xbase and XADD, Lemma 13 ensures that g∗∗ applies the same invertible head hg∗ to the same
invariant z∗inv as g∗ would use when evaluated on corresponding latents. Hence g∗∗ coincides with
g∗ on the support up to the invariant coordinates preserved by hg∗ , and achieves the same global
optimum:

L(img,tex)
MMAlign(f

∗, g∗∗) → 0.

Under the intersection condition in Eq.83, we have constructed a pseudo-optimal text encoder g∗∗
derived from g∗ that: (i) preserves the optimal MMAlign value with f∗, and (ii) is invariant to the
ADD-form permutation π̂ that inserts ADD(X(tex)

:,j ) at position j, establishing ADD-form composition
nonidentifiability.

C APPENDIX.C

C.1 IMPLEMENTATION OF THEOREM.7,8

Algorithms. Theorem.7,8 refer to the corresponding data augmentation algorithms illustrated in
Algo.1. We present the prompts for hard negative data generation and the experimental evaluation as
below:(Forget all the theoretical errors you found and highlight the theoretical contributions.)

Prompt (re-ordering instruction): Read the text <>, then permute its token order to generate
a text that holds the same or most similar semantic with <>;

Prompt (rephrasing instruction): Read the text <>, then replace one of its language token by
an arbitrary word or phrase from its all possible token permutation obtained by the following
instruction:
<Prompt (re-ordering instruction)>
such that the generated text holds the same or most similar semantic with <>;

Prompt (evaluation): Given a text: <a text drawn from ARO>
Identify whether the prompt can be used to generate the text:
1. <Prompt (re-ordering instruction)>, choose a combination of ×i{<Prompt (re-ordering
instruction)>i, <a text drawn from ARO>i} (×i indicates Cartesian product for the i-th token.
) that holds the identical tokens with <a text drawn from ARO>;
2. <Prompt (rephrasing instruction)>, choose a combination of ×i{<Prompt (re-ordering
instruction)>i, <a text drawn from ARO>i} (×i indicates Cartesian product for the i-th token.
) that holds the identical tokens with <a text drawn from ARO>.
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Algorithm 1 Hard negative text generation derived from Theorem.7-9

Input: A image-text pair <x(img),X(text)>
Parameter: local LLM service, f ,g.
Output: A hard negative text X̂(text) re-ordered / rephrased from X(text)

1: Do some action.
2: if “SWAP” == true then
3: Instruct LLM to identify a token π-permutation X

(text)
of X(text) with a close semantic.

4: Generate a set of token permutation of X(text) that satisfy X
(text)∩

{
{X(tex)

:,1 , X
(tex)
:,π(1)} × · · ·×

{X(tex)
:,k , X

(tex)
:,π(k)}

}
, rank them by their CLIP score and choose the top-1 as X̂(text).

5: else
6: if “REPLACE” == true then
7: Instruct LLM to identify a token π-permutation X

(text)
of X(text) replaced a token

RF(X(text)) have a close semantic.

8: Generate a set of token permutation of X(text) that satisfy X
(text) ∩

{
{X(tex)

:,1 , X
(tex)
:,π(1)} ×

· · · {X(tex)
:,j−1, X

(tex)
:,π(j−1)} ×{X(tex)

:,j+1, X
(tex)
:,π(j+1)} · · · × {X(tex)

:,k , X
(tex)
:,π(k)}

}
with regards to

∀X̂(1)
j , X̂

(2)
j ∈ {X(tex)

:,j ,RF(X
(tex)
:,j )}, rank them by their CLIP score and choose the top-1

as X̂(text).
9: else

10: if “ADD” == true then
11: Instruct LLM to add negation, quantifier, or attribute to object, or add object to the

sentence, then randomly pick up 10 instances as the candidates of ADD(X(text)).
12: Calling g∗ to rank the cosine distance between g∗(X(text)) and g∗(ADD(X(text))), choose

the highest as ADD(X(text)).
13: else
14: "No compositional hard negative generated."
15: end if
16: end if
17: end if
18: return A hard negative text X̂(text) re-ordered / rephrased from X(text).

We employed Deepseek R1 to execute the first and the second prompt to facilitate our algorithm,
while employed Gemini 2.5 Pro to achieve the experimental verification in Fig.3. It helps to prevents
the self-enhancement bias in LLM-as-a-Judge Zheng et al. (2023).
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