
Extragradient Method for (L0, L1)-Lipschitz
Variational Inequalities

Anonymous Author(s)
Affiliation
Address
email

Abstract

Introduced by Korpelevich in 1976, the extragradient method (EG) has become a1

cornerstone technique for solving min-max optimization problems and variational2

inequalities problems (VIPs). Despite its longstanding presence and significant at-3

tention within the optimization community, most works focusing on understanding4

its convergence guarantees assume the strong L-Lipschitz condition. In this work,5

building on the proposed assumptions by Zhang et al. [2019] for minimization6

and Vankov et al. [2024] for VIPs, we focus on the more relaxed α-symmetric7

(L0, L1)-Lipschitz condition. This condition generalizes the standard Lipschitz8

assumption by allowing the Lipschitz constant to scale with the operator norm,9

providing a more refined characterization of problem structures in modern machine10

learning. Under the α-symmetric (L0, L1)-Lipschitz condition, we propose a novel11

step size strategy for EG and establish sublinear convergence rates for monotone12

operators and linear convergence rates for strongly monotone operators. Addition-13

ally, we prove local convergence guarantees for weak Minty variational inequality14

problems. We supplement our analysis with experiments validating our theory and15

demonstrating the effectiveness and robustness of the proposed step sizes for EG.16

1 Introduction17

Min-max optimization problems have recently attracted significant interest due to their widespread18

applications in machine learning, such as reinforcement learning [Brown et al., 2020], distribu-19

tionally robust optimization [Namkoong and Duchi, 2016], and generative adversarial network20

training [Goodfellow et al., 2020]. These problems are often studied using a variational inequality21

problem perspective [Ryu and Yin, 2022, Gidel et al., 2018]. In the unconstrained case, the variational22

inequality problem (VIP) is defined as follows [Gorbunov et al., 2022b]:23

find x∗ ∈ Rd such that F (x∗) = 0, (1)

where F : Rd → Rd is an operator. One of the well-known algorithms for solving variational inequal-24

ity problems is the extragradient (EG) method [Korpelevich, 1977] due to its superior convergence25

guarantees [Gorbunov et al., 2022b]. The algorithm is defined as follows26

x̂k = xk − γkF (xk),

xk+1 = xk − ωkF (x̂k) (2)

where γk > 0 and ωk > 0 are the extrapolation step size and update step size, respectively. Since its27

original inception by Korpelevich, the EG method was revisited and extended in various ways, e.g.,28

non-monotone VIPs [Diakonikolas et al., 2021, Fan et al., 2023] stochastic [Mishchenko et al., 2020,29

Gorbunov et al., 2022a, Choudhury et al., 2024, Li et al., 2022], distributed [Beznosikov et al., 2022].30

Despite a rich literature for analysing EG and its variants, most of the existing convergence guarantees31
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heavily rely on the L-Lipschitz assumption of the operator F [Korpelevich, 1977, Diakonikolas et al.,32

2021], i.e.33

∥F (x)− F (y)∥ ≤ L∥x− y∥ (3)

for all x, y ∈ Rd. However, this assumption can be restrictive; for instance, the operator F (x) = x234

for x ∈ R does not satisfy (3) for any finite L [Zhang et al., 2019]. The primary goal of this work is35

to relax this assumption and establish convergence guarantees under a more general framework.36

37

Relaxing the L-Lipschitz Assumption. Recently, Zhang et al. [2019] introduced the (L0, L1)-38

smoothness assumption for the minimization problems. Specifically, for minx∈Rd f(x), Zhang et al.39

[2019] assume ∥∇2f(x)∥ ≤ L0 + L1∥∇f(x)∥ (when f is twice differentiable) and later [Chen40

et al., 2023] proved that this is equivalent to:41

∥∇f(x)−∇f(y)∥ ≤ (L0 + L1∥∇f(x)∥)∥x− y∥. (4)

Zhang et al. [2019] demonstrated that modern neural networks, such as LSTMs (Long Short-Term42

Memorys) [Hochreiter and Schmidhuber, 1997], align with (L0, L1)-smoothness assumption rather43

than the traditional L-smoothness assumption (i.e. ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥). Moreover, they44

used this assumption to justify why gradient clipping speeds up neural network training. Later, Ahn45

et al. [2023] showed that similar trends hold for the transformer [Vaswani et al., 2017] architecture.46

47

In Figure 1, we present an example demonstrating the
validity of the (L0, L1)-smoothness condition (4) for the
iterates of the EG. Similar plots have been presented for
gradient descent methods [Zhang et al., 2019, Gorbunov
et al., 2024], but to the best of our knowledge, this lin-
ear connection between ∥∇2f(xk)∥ and ∥∇f(xk)∥ for
EG iterates was never reported before. Following Gor-
bunov et al. [2024], we consider the minimization prob-
lem minx∈Rd f(x) := log

(
1 + exp(−a⊤x)

)
, and plot

the values of ∥∇2f(xk)∥ on the y-axis against ∥∇f(xk)∥
on the x-axis. Each point is colored according to the itera-
tion index k, as indicated by the accompanying colorbar.
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Figure 1: Scatter plot of ∥∇2f(xk)∥ on y-axis
and ∥∇f(xk)∥ on x-axis.

The resulting plot reveals an approximately linear relationship between ∥∇2f(xk)∥ and ∥∇f(xk)∥,48

thereby supporting the modeling of this function within the ∥∇2f(x)∥ ≤ L0 + L1∥∇f(x)∥ or49

(L0, L1)-smoothness framework.50

In min-max optimization problem minw1∈Rd1 maxw2∈Rd2 L(w1, w2), finding the equilibrium (i.e.,51

find x∗ = (w1∗, w2∗)
⊤ ∈ Rd where d = d1 + d2 such that L(w1∗, w2) ≤ L(w1∗, w2∗.) ≤52

L(w1, w2∗), for every w1 ∈ Rd1 and w2 ∈ Rd2) is equivalent to solving the VIP (1) when L is53

convex-concave and F is defined as F (x) :=
(
∇w1L(w1, w2)

⊤,−∇w2L(w1, w2)
⊤)⊤ [Gorbunov54

et al., 2022b]. If the operator F is L-Lipschitz, then its Jacobian matrix J(x), defined in (10), satisfies55

∥J(x)∥ ≤ L for all x = (w⊤
1 , w

⊤
2 )

⊤(follows from Theorem 2.1 with L1 = 0). For example, consider56

the quadratic min-max objective minw1
maxw2

L(w1, w2) = 1
2w

2
1 + w1w2 − 1

2w
2
2 . In this case,57

implementing the EG method and plotting the Jacobian norm ∥J(xk)∥ (on the y-axis) against the58

operator norm ∥F (xk)∥ (on the x-axis) yields a horizontal line parallel to x-axis (check Appendix59

A).60

However, this behaviour does not persist for more com-
plex problems. For instance, for the cubic objective

minw1 maxw2 L(w1, w2) =
1
3w

3
1 + w1w2 − 1

3w
3
2, (5)

∥J(xk)∥ increases with the ∥F (xk)∥. This observation
suggests that the standard Lipschitz assumption may
be overly restrictive for capturing the structure of such
problems (check Figure 2).

To better model this relationship, we investigate a relaxed
condition of the form ∥J(x)∥ ≤ L0 + L1∥F (x)∥α with
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Figure 2: Scatter plot of ∥J(xk)∥ on y-axis and
∥F (xk)∥ on x-axis.
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α ∈ (0, 1] which generalizes the standard Lipschitz bound (for L1 = 0, this boils down to ∥J(x)∥ ≤61

L0, which is the Lipschitz property). Note that, instead of α = 1, our formulation permits α to lie62

in the broader interval (0, 1]. This condition is motivated by the plot in Figure 2, which suggests a63

sublinear relationship, resembling the form h(r) = L0 + L1r
α for some α ∈ (0, 1), rather than a64

linear trend.65

As we will prove later (in Theorem 2.1), for any doubly differentiable min-max optimization problem66

minw1 maxw2 L(w1, w2), the condition ∥J(x)∥ ≤ L0 + L1∥F (x)∥α is equivalent to the operator67

F satisfying the α-symmetric (L0, L1)-Lipschitz condition (see Assumption 1.1). The equivalent68

α-symmetric (L0, L1)-Lipschitz condition does not rely on second-order information and applies69

to a broader class of problems (no need for double differentiability). Therefore, in the remainder of70

this work, we focus on analyzing the convergence of EG under the α-symmetric (L0, L1)-Lipschitz71

assumption [Vankov et al., 2024] on the operator F , defined below.72

Assumption 1.1. F is called α-symmetric (L0, L1)-Lipschitz operator if for some L0, L1 ≥ 0 and
α ∈ (0, 1],

∥F (x)− F (y)∥ ≤
(
L0 + L1 maxθ∈[0,1] ∥F (θx+ (1− θ)y)∥α

)
∥x− y∥ ∀x, y ∈ Rd. (6)

Instead of a fixed Lipschitz constant in (3), Assumption 1.1 allows the Lipschitz-like quantity to73

depend on the norm of the operator itself along the path from x to y. This assumption generalizes the74

standard L-Lipschitz condition (3), corresponding to the special case where L0 = L and L1 = 0.75

Moreover, the α-symmetric (L0, L1)-Lipschitz condition provides a more refined characterisation of76

operators whose Lipschitz constant depends on their norm, offering a tighter bound by balancing77

L0 ≪ L and L1 ≪ L. Additionally, (6) provides a more relaxed bound compared to (4) with α = 1.78

79

Classes of VIPs. Apart from the condition (6), we will also assume additional structure on80

the operator F to prove convergence. We say the operator F is monotone or strongly monotone if it81

satisfies the following assumption.82

Assumption 1.2. F is called monotone if

⟨F (x)− F (y), x− y⟩ ≥ 0 ∀x, y ∈ Rd (7)

and strongly monotone if there is some µ > 0 such that

⟨F (x)− F (y), x− y⟩ ≥ µ∥x− y∥2 ∀x, y ∈ Rd. (8)

This captures convex minimization and convex-concave min-max optimization problems as a special83

case. Apart from the monotone operators, we are also interested in some non-monotone operators,84

weak Minty operators [Diakonikolas et al., 2021], which satisfy the following assumption.85

Assumption 1.3. Operator F is called weak Minty if for some ρ ≥ 0,

⟨F (x), x− x∗⟩ ≥ −ρ∥F (x)∥2 ∀x ∈ Rd. (9)

1.1 Main Contributions86

We summarize the main contributions of our work below.87

• Tighter analysis for strongly monotone: We establish linear convergence guarantees for strongly88

monotone (8) α-symmetric (L0, L1)-Lipschitz problems (see Theorem 3.2, 3.4). In contrast to89

the results in Vankov et al. [2024] for α = 1, our analysis shows that linear convergence can be90

achieved without incurring exponential dependence on the initial distance to the solution ∥x0−x∗∥91

(see Corollary 3.3).92

• First analysis for monotone and weak Minty: We provide the first convergence analysis of EG93

for solving monotone (7) and weak Minty (9) variational inequality problems under α-symmetric94

(L0, L1)-Lipschitz assumption. We establish global sublinear convergence for monotone problems95

(see Theorem 3.5, 3.7) and local sublinear convergence for weak Minty problems (see Theorem96

3.8, 3.9).97

• Novel step size for EG: We propose a novel adaptive step-size strategy for the EG method designed98

to handle α-symmetric (L0, L1)-Lipschitz operators. Specifically, all our step-size schemes adopt99
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Table 1: Summary of step size selection for EG under the L-Lipschitz and α-symmetric (L0, L1)-Lipschitz assumptions. Our proposed
step size strategy is of the general form γk = 1

c0+c1∥F (xk)∥α , tailored for solving problems involving α-symmetric (L0, L1)-Lipschitz
operators.

Setup Assumption α γk ωk

Strongly
Monotone (1)

L-Lipschitz (2)

[Mokhtari et al., 2020] - 0.25
L γk

α-symmetric (L0, L1)-Lipschitz
[Vankov et al., 2024] 1 min

{
1
4µ ,

1
2
√
2eL0

, 1
2
√
2eL1∥F (xk)∥

}
γk

α-symmetric (L0, L1)-Lipschitz
(Theorem 3.2) 1 0.21

L0+L1∥F (xk)∥ γk

α-symmetric (L0, L1)-Lipschitz
(Theorem 3.4) (0, 1) 0.61

2K0+(2K1+21−αK1−α
2 )∥F (xk)∥α

(2) γk

Monotone (1)

L-Lipschitz
[Gorbunov et al., 2022b] - 1

L
γk

2

α-symmetric (L0, L1)-Lipschitz
(Theorem 3.5) 1 0.45

L0+L1∥F (xk)∥ γk

α-symmetric (L0, L1)-Lipschitz
(Theorem 3.7) (0, 1) 1

2
√
2K0+(2

√
2K1+23(1−α)/2K1−α

2 )∥F (xk)∥α
γk

Weak Minty (1)

L-Lipschitz
[Diakonikolas et al., 2021] - 1

L
γk

2

L-Lipschitz
[Pethick et al., 2023] - 1

L ρ+ ⟨F (x̂k),xk−x̂k⟩
∥F (x̂k)∥2

α-symmetric (L0, L1)-Lipschitz
(Theorem 3.8) 1 0.56

L0+L1∥F (xk)∥
γk

2

α-symmetric (L0, L1)-Lipschitz
(Theorem 3.9) (0, 1) 1

2
√
2K0+(2

√
2K1+23(1−α)/2K1−α

2 )∥F (xk)∥α

γk

2

(1) Convergence measure • strongly monotone: ∥xK − x∗∥2, • monotone: min0≤k≤K ∥F (xk)∥2, • weak minty: min0≤k≤K ∥F (x̂k)∥2.
(2) For K0, K1, K2, check Proposition 3.1. Note that, for L1 = 0 we have K1 = K2 = 0.

the general form γk = 1
c0+c1∥F (xk)∥α , where c0, c1 > 0 are constants determined by the problem-100

dependent parameters L0, L1, and α. In Table 1 we included a detailed summary of our proposed101

step size selection for different classes of VIPs and compared it with closely related works.102

• Numerical experiments: Finally, in Section 4, we present experiments validating different aspects103

of our theoretical results. We compare our proposed step size selections with existing alternatives,104

demonstrating the effectiveness and robustness of our approach.105

2 On the α-Symmetric (L0, L1)-Lipschitz Assumption106

We divide this section into two parts. In the first subsection, we present an equivalent reformulation107

of the α-symmetric (L0, L1)-Lipschitz condition (6) in the context of min-max optimization. In108

the second subsection, we provide some examples of operators that satisfy (6) and highlight its109

significance.110

2.1 Equivalent Formulation of α-Symmetric (L0, L1)-Lipschitz Assumption111

In this subsection, we consider the min-max optimization problem minw1
maxw2

L(w1, w2). The112

corresponding operator F and Jacobian J are defined as113

F (x) =

[
∇w1

L(w1, w2)
−∇w2

L(w1, w2)

]
and J(x) =

[
∇2

w1w1
L(w1, w2) ∇2

w2w1
L(w1, w2)

−∇2
w1w2

L(w1, w2) −∇2
w2w2

L(w1, w2)

]
, (10)

where x = (w⊤
1 , w

⊤
2 )

⊤. Assuming that F is α-symmetric (L0, L1)-Lipschitz, we obtain the following114

theorem.115

Theorem 2.1. Suppose F is the differentiable operator associated with the problem
minw1

maxw2
L(w1, w2). Then F satisfies the α-symmetric (L0, L1)-Lipschitz condition (6)

if and only if
∥J(x)∥ ≤ L0 + L1∥F (x)∥α. (11)

Here J(x) is the Jacobian defined in (10) and ∥J(x)∥ = σmax(J(x)) i.e. maximum singular value
of J(x). In particular, we have ∥J(x)∥ ≤ L when operator F is L-Lipschitz.
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This result provides an equivalent characterization of the α-symmetric (L0, L1)-Lipschitz condi-116

tion (6) for min-max optimization problems. In practice, it is often easier to verify (11) than to117

directly check (6). In Appendix D, we provide an example where we use Theorem 2.1 to verify if an118

operator satisfies (6).119

2.2 Examples of α-Symmetric (L0, L1)-Lipschitz Operators120

To motivate the significance of this relaxed assumption (6), we present a few instances of121

α-symmetric (L0, L1)-Lipschitz operators that highlight its advantages over the conventional122

L-Lipschitz assumption.123

124

Example 1[Gorbunov et al., 2024]: We start with an example from the minimization set-125

ting. Consider the logistic regression loss function f(x) = log
(
1 + exp

(
−a⊤x

))
. Then the126

corresponding gradient operator F = ∇f satisfies the L-Lipschitz assumption with L = ∥a∥2 and127

α-symmetric (L0, L1)-Lipschitz assumption with L0 = 0, L1 = ∥a∥, α = 1. Therefore, when128

∥a∥ ≫ 1, the bound provided by 1-symmetric (L0, L1)-Lipschitz can be significantly tighter than the129

one imposed by the L-Lipschitz condition. This example emphasizes the benefit of the α-symmetric130

(L0, L1)-Lipschitz framework in scenarios where standard Lipschitz constants are overly pessimistic.131

Example 2: Consider the operator F (x) = (u21, u
2
2) for x = (u1, u2) ∈ R2 with x∗ = (0, 0). Then132

we can show that133

∥F (x)− F (y)∥ ≤ 2
∥∥F (

x+y
2

)∥∥1/2 ∥x− y∥ ≤ 2
∥∥maxθ∈[0,1] F (θx+ (1− θ)y)

∥∥1/2 ∥x− y∥.

This establishes that F is 1/2-symmetric (0, 2)-Lipschitz operator. However, this operator F does not134

satisfy the standard L-Lipschitz assumption for any finite choice of L. We add the related details135

to Appendix B. Therefore, this example highlights the need for relaxed assumptions on operators136

beyond standard L-Lipschitz (3).137

We provide additional examples in Appendix B to illustrate cases where the operator associated with138

a bilinearly coupled min-max optimization problem or an N -player game satisfies the α-symmetric139

(L0, L1)-Lipschitz condition.140

3 Convergence Analysis141

In this section, we present the convergence guarantees of EG for solving monotone, strongly mono-142

tone, and weakly Minty operators. For strongly monotone operators, we have linear convergence,143

while for monotone and weak Minty operators, we provide sublinear convergence guarantees. To144

prove these results, we rely on the similar expression presented in Chen et al. [2023] for the (L0, L1)-145

smooth minimization problem. For completeness, we include the proof for α-symmetric (L0, L1)-146

Lipschitz operators in the Appendix.147

Proposition 3.1. Suppose F is α-symmetric (L0, L1)-Lipschitz operator. Then, for α = 1

∥F (x)− F (y)∥ ≤ (L0 + L1∥F (x)∥) exp (L1∥x− y∥)∥x− y∥, (12)

and for α ∈ (0, 1) we have

∥F (x)− F (y)∥ ≤
(
K0 +K1∥F (x)∥α +K2∥x− y∥α/1−α

)
∥x− y∥ (13)

where K0 = L0(2
α2/1−α + 1), K1 = L1 · 2α2/1−α and K2 = L

1/1−α

1 · 2α2/1−α · 3α(1− α)α/1−α.

Proposition 3.1 eliminates the maximum over θ ∈ [0, 1] in (6) and provides a simpler upper bound on148

the ∥F (x)− F (y)∥. We divide the rest of the section into three subsections based on the structure of149

operators. Moreover, each of these subsections is divided into two parts depending on the value of α,150

i.e. α = 1 and α ∈ (0, 1).151

3.1 Convergence Guarantees for Strongly Monotone Operators152

In case of strongly monotone operators (8), we achieve linear convergence rates, analogous to those153

obtained under standard L-Lipschitz assumptions [Tseng, 1995, Mokhtari et al., 2020]. For α = 1,154

5



operator F satisfies the condition (12). To guarantee convergence for this class of operators, we use155

the EG with step size γk = ωk = ν/(L0+L1∥F (xk)∥) and ν > 0. Gorbunov et al. [2024] used similar156

step sizes for the Gradient Descent algorithm to solve convex minimization problems.157

Theorem 3.2. Suppose F is µ-strongly monotone and 1-symmetric (L0, L1)-Lipschitz operator.
Then EG with step size γk = ωk = ν

L0+L1∥F (xk)∥ satisfy

∥xk+1 − x∗∥2 ≤
(
1− νµ

L0 (1 + L1 exp (L1∥x0 − x∗∥)∥x0 − x∗∥)

)k+1

∥x0 − x∗∥2

where ν > 0 satisfy 1− 2ν − ν2 exp 2ν = 0.

The equation 1− 2ν − ν2 exp (2ν) = 0 admits a positive solution, approximately ν ≈ 0.363. Specif-158

ically, to ensure ∥xK −x∗∥2 ≤ ε, we require K = O
((

L0

µ + L0L1∥x0−x∗∥ exp (L1∥x0−x∗∥)
µ

)
log 1

ε

)
159

iterations. When L1 = 0, we recover the best-known results for the strongly monotone L-Lipschitz160

setting [Tseng, 1995, Mokhtari et al., 2020]. Vankov et al. [2024] also studied constrained strongly161

monotone problems and obtained similar guarantees with an alternative step size scheme.162

However, using a refined proof technique, we can eliminate the exp(L1∥x0 − x∗∥) term from the163

convergence rate and establish a tighter bound. One of the intermediate steps of Theorem 3.2 is164

proving a lower bound on the step size γk, which can be very loose for large k. We now show that165

after a certain number of iterations K ′ (31), the operator norm satisfies ∥F (xk)∥ ≤ L0/L1 for all166

k ≥ K ′, which implies γk = ωk ≥ ν/2L0 for all k ≥ K ′.167

Corollary 3.3. Suppose F is a µ-strongly monotone and 1-symmetric (L0, L1)-Lipschitz operator.
Then, EG with step sizes γk = ωk = ν

L0+L1∥F (xk)∥ guarantees ∥xK+1 − x∗∥2 ≤ ε after at most

K =
2L0

νµ
log

(
∥x0 − x∗∥2

ε

)
︸ ︷︷ ︸

Term I

+
1

ζµ
log

(
2L1∥x0 − x∗∥2

ζ2L0

)
︸ ︷︷ ︸

Term II

(14)

iterations, where we have ζ := ν/L0(1+L1 exp(L1∥x0−x∗∥)∥x0−x∗∥), and ν > 0 satisfies 1 − 4ν −
2ν2 exp(2ν) = 0.

This result shows that to reach an accuracy of ε > 0, we need (14) iterations. Importantly, Term II in168

(14) is independent of ε, and the Term I of (14) no longer depends on exp(L1∥x0−x∗∥). Technically,169

Term II corresponds to the number of iterations required for the step sizes γk and ωk to exceed ν/2L0,170

while Term I captures the iteration complexity of EG with a fixed step size ν/2L0.171

Now, we investigate the behavior of α-symmetric (L0, L1)-Lipschitz operators for 0 < α < 1. In172

this regime, we adopt a step size of the order O (∥F (xk)∥−α) and prove the following result.173

Theorem 3.4. Suppose F is µ-strongly monotone and α-symmetric (L0, L1)-Lipschitz operator
with α ∈ (0, 1). Then EG with γk = ωk = ν

2K0+(2K1+21−αK1−α
2 )∥F (xk)∥α

satisfy

∥xk+1 − x∗∥2 ≤
(
1− νµ

2K0+(2K1+21−αK1−α
2 )(K0+K2∥x0−x∗∥α/1−α)α∥x0−x∗∥α

)k+1

∥x0 − x∗∥2

where ν ∈ (0, 1) is a constant such that 1− ν − ν2 = 0.

This result establishes linear convergence. In particular, to ensure ∥xK − x∗∥2 ≤ ε, it suffices to run174

K = O
((

K0

µ +
(K1K

α
2 +K2)∥x0−x∗∥

α/1−α

µ

)
log 1

ε

)
iterations. Compared to the L-Lipschitz setting,175

the bound here includes an additional dependence on ∥x0 − x∗∥α/1−α, which grows larger as α→ 1.176

3.2 Convergence Guarantees for Monotone Operators177

In this subsection, we focus on the monotone operators (7). Here we provide the first analysis for the178

monotone 1-symmetric (L0, L1)-Lipschitz operators.179
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Theorem 3.5. Suppose F is monotone and 1-symmetric (L0, L1)-Lipschitz operator. Then EG
with step size γk = ωk = ν

L0+L1∥F (xk)∥ satisfy

min
0≤k≤K

∥F (xk)∥2 ≤ 2L2
0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥)2 ∥x0 − x∗∥2

ν2(K + 1)
. (15)

where ν exp ν = 1/
√
2.

Note that the solution of ν exp ν = 1/
√
2 is approximately 0.45. Hence, this result proves180

sublinear convergence of EG when F is monotone. Moreover, (15) implies, EG will need181

K = O
(

L2
0∥x0−x∗∥2

ε +
L2

0L
2
1 exp (2L1∥x0−x∗∥)∥x0−x∗∥4

ε

)
iterations to get ∥F (xk)∥2 ≤ ε for some182

k ≤ K. Therefore the convergence rate exponentially depends on ∥x0 − x∗∥ when L1 > 0. This183

shows that 1-symmetric (L0, L1)-Lipschitz operators potentially require more iterations of EG com-184

pared to L-Lipschitz operators when initialization x0 is far from x∗. However, (15) recovers the185

best known dependence on ∥x0 − x∗∥ as a special case when L1 = 0, i.e. F is a standard Lipschitz186

operator [Gorbunov et al., 2022b].187

Theorem 3.5 shows that the EG’s convergence rate has an extra term exp (L1∥x0 − x∗∥) compared188

to the results of the Lipschitz setting. One of the intermediate steps in this proof involves an upper189

bound on
∑K

k=0 γ
2
k∥F (xk)∥2 (see (35) in Appendix C). Then the simple approach is to get a lower190

bound on γ2k for all k and derive (15). This lower bound on γ2k involves the exp (L1∥x0 − x∗∥) term191

(see (34) in Appendix C) and can be potentially very small. However, it is possible to eliminate this192

exponential dependence using a refined proof technique.193

Theorem 3.6. Suppose F is monotone and 1-symmetric (L0, L1)-Lipschitz operator. Then EG
with step size γk = ωk = ν

L0+L1∥F (xk)∥ satisfy

min
0≤k≤K

∥F (xk)∥ ≤
√
2L0∥x0 − x∗∥

ν
√
K + 1−

√
2L1∥x0 − x∗∥

where ν exp ν = 1/
√
2 and K + 1 ≥ 2L2

1∥x0−x∗∥2

ν2 .

Note that to obtain this convergence guarantee, a sufficiently large number of iterations is required,194

specifically K + 1 ≥ (2L2
1∥x0−x∗∥2)/ν2. Gorbunov et al. [2024] employed a similar proof technique195

to eliminate the exponential dependence on the initial distance exp(L1∥x0 − x∗∥) in the context of196

the Adaptive Gradient method.197

Next we state our result for α-symmetric (L0, L1)-Lipschitz monotone operator with α ∈ (0, 1).198

Theorem 3.7. Suppose F is monotone and α-symmetric (L0, L1)-Lipschitz operator with α ∈
(0, 1). Then EG with γk = ωk = 1

2
√
2K0+(2

√
2K1+23(1−α)/2K1−α

2 )∥F (xk)∥α
satisfy

min0≤k≤K ∥F (xk)∥2 ≤
16

(
K0+(K1+2

−3/2K1−α
2 )(K0+K2∥x0−x∗∥

α/1−α)α∥x0−x∗∥α
)2

∥x0−x∗∥2

K+1 .

This theorem establishes a sublinear convergence rate for α ∈ (0, 1). In the special case where199

L1 = 0 (i.e., the standard L-Lipschitz setting), we have K1 = K2 = 0 by Proposition 3.1. Thus, our200

result recovers the best-known rate O
(
L2

0∥x0−x∗∥2
/K+1

)
from Gorbunov et al. [2022b]. On the other201

hand, when L1 > 0, we obtain a convergence rate of O
(

∥x0−x∗∥
2+4α−2α2

1−α /K+1

)
. Furthermore,202

as α→ 0—which corresponds again to the L-Lipschitz setting—our step sizes γk and ωk become203

constant, and we recover the standard convergence rate O
(
∥x0−x∗∥2

/K+1
)
. This matches the classical204

result for monotone L-Lipschitz operators up to constants, emphasizing the tightness of our analysis.205

3.3 Local Convergence Guarantees for Weak Minty Operators206

Beyond the monotone operators, it is also possible to provide convergence for weak Minty opera-207

tors (9) under some restrictions on ρ > 0. In contrast to the monotone problems where we used the208

same extrapolation and update step γk, ωk, here we use smaller update step size ωk. Specifically,209
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we employ ωk = γk/2, similar to Diakonikolas et al. [2021] for handling weak Minty L-Lipschitz210

operators.211

Theorem 3.8. Suppose F is weak Minty and 1-symmetric (L0, L1)-Lipschitz assumption. More-
over we assume

∆1 :=
ν

L0

(
1 + L1∥x0 − x∗∥eL1∥x0−x∗∥

) − 4ρ > 0. (16)

Then EG with step size γk = ν
L0+L1∥F (xk)∥ and ωk = γk/2 satisfies

min
0≤k≤K

∥F (x̂k)∥2 ≤ 4L0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥) ∥x0 − x∗∥2

ν∆1(K + 1)
(17)

where ν exp ν = 1.

To the best of our knowledge, this is the first result establishing convergence guarantees for weak212

Minty, α-symmetric (L0, L1)-Lipschitz operators. Similar to the monotone case, we obtain a213

sublinear convergence rate for weak Minty operators. However, the condition in (16) indicates that214

the initialization point x0 must be sufficiently close to the solution x∗ in order to ensure convergence.215

Consequently, Theorem 3.8 only provides a local convergence guarantee.216

In the special case where L1 = 0—i.e., the standard L-Lipschitz setting—condition (16) reduces to217

the simpler requirement ρ < ν/4L0. Similar assumptions on ρ have been made in prior works such218

as Diakonikolas et al. [2021] and Pethick et al. [2023] for the L-Lipschitz weak Minty setting. Finally,219

we extend our analysis to the case α ∈ (0, 1), and present a corresponding theorem establishing220

sublinear convergence under analogous restrictions on ρ.221

Theorem 3.9. Suppose F is weak Minty and α-symmetric (L0, L1)-Lipschitz operator with
α ∈ (0, 1). Moreover we assume

∆α :=
1

2
√
2K0 + 2

√
2(K1 + 2−3/2K1−α

2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α
− 4ρ > 0.

(18)
Then EG with step size γk = 1

2
√
2K0+(2

√
2K1+23(1−α)/2K1−α

2 )∥F (xk)∥α
and ωk = γk/2 satisfy

min0≤k≤K ∥F (x̂k)∥2 ≤
4
(
K0+

(
K1+2

−3/2K1−α
2

)
(K0+K2∥x0−x∗∥

α/1−α)α∥x0−x∗∥α
)
∥x0−x∗∥2

∆α(K+1) .

4 Numerical Experiments222

In this section, we conduct experiments to validate the efficiency of our proposed step size strategy223

γk = 1
c0+c1∥F (xk)∥α with α = 1. In the first experiment, we compare our step size choice with that224

of Vankov et al. [2024] on a strongly monotone problem, and in the second experiment, we make a225

comparison with the constant step size strategy for solving a monotone problem. Finally, we evaluate226

our scheme for solving the GlobalForsaken problem from Pethick et al. [2023]. All experiments in227

this work were conducted using a personal MacBook with an Apple M3 chip and 16GB of RAM.
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Figure 3: In Figures 3a and 3b, we compare our proposed adaptive step size strategy with that of
Vankov et al. [2024]. In Figures 3c and 3d, we evaluate the performance of the EG method on the
problem in (19), using both a constant step size and the (L0, L1)-adaptive step size. For both sets of
experiments, we report the relative error and the magnitude of the step size over iterations.

228
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Performance on a Strongly Monotone Problem. In this experiment, we compare our theoretical229

step sizes with those from Vankov et al. [2024]. Here, we implement EG for solving the operator230

F (x) = (sign (u1) |u1|+ u2, sign (u2) |u2| − u1). This problem has constants L0 = 1 + 2
√
2 and231

L1 = 2
√
2. For our method, we use γk = ωk = ν

L0+L1∥F (xk)∥ while for EG [Vankov et al., 2024]232

we use stepsize γk = ωk = min
{

1
4µ ,

1
2
√
2eL0

, 1
2
√
2eL1∥F (xk)∥

}
. In Figure 3a, we plot the relative233

error ∥xk−x∗∥2

∥x0−x∗∥2 on the y-axis while number of iterations on the x-axis. We find that our proposed step234

size outperforms that of Vankov et al. [2024]. Moreover, in Figure 3b, we compare the magnitude of235

the step size and how it evolves over the iterations. We find that the step size of Vankov et al. [2024]236

remains constant at approximately 0.02, whereas our proposed step size increases to a value larger237

than 0.032. These experiments highlight the efficiency of our proposed step size.238

Performance on a Monotone Problem. Here we consider the following min-max optimization239

problem240

minw1∈Rd maxw2∈Rd L(w1, w2) =
1
3

(
w⊤

1 Aw1

)3/2
+ w⊤

1 Bw2 − 1
3

(
w⊤

2 Cw2

)3/2
. (19)

where A,B,C ∈ Rd×d are positive definite matrices. Note that, when d = 1, and A,B,C are just241

scalars equal to 1, this problem reduces to (5). The corresponding operator of this problem is given242

by243

F (x) =

[
∇w1L(w1, w2)
−∇w2L(w1, w2)

]
=

[ (
w⊤

1 Aw1

)1/2
Aw1 +Bw2(

w⊤
2 Cw2

)1/2
Cw2 −B⊤w1

]
.

Furthermore, we show that L is convex-concave and has an equilibrium only at w1, w2 = 0 ∈ Rd244

(check Appendix E). To solve (19), we implement the EG method using two types of step size strate-245

gies: (1) a constant step size γk = ωk = 1/c, and (2) an adaptive step size γk = ωk = 1/(c0+c1∥F (xk)∥).246

For the constant step size EG, we perform a grid search over c ∈ {102, 103, 104, 105, 106, 107}.247

We find that c = 105 yields the best performance: larger values lead to slower convergence, while248

smaller values cause divergence. Figures 3c and 3d present the relative error and step size for the249

case c = 105. For our adaptive EG method, we perform a grid search over c0 ∈ {10, 100, 1000} and250

c1 ∈ {0.1, 1, 10}, evaluating all 9 possible combinations. The performance of all adaptive variants is251

plotted in Figures 3c and 3d. We observe that most combinations outperform the constant step size252

EG, with (c0, c1) = (10, 10) achieving the best results (see Figure 3c).253

Interestingly, while the adaptive EG starts with smaller step sizes compared to the constant step size254

EG, its step sizes increase over time and eventually surpass those of the constant step size approach255

(see Figure 3d). This highlights the practical effectiveness of our proposed method in handling256

non-Lipschitz operators such as the one in (19).257

Performance on a Weak Minty Problem. Here we consider the unconstrained GlobalForsaken258

problem from Pethick et al. [2023] given by259

min
w1∈R

max
w2∈R

L(w1, w2) := w1w2 + ψ(w1)− ψ(w2), (20)

where ψ(w) = 2w6

21 − w4

3 + w2

3 . As shown in Pethick et al. [2023], the saddle-point problem in (20)260

admits a global Nash equilibrium at (w1, w2) = (0, 0) and satisfies the weak Minty condition (9)
with parameter ρ ≈ 0.119732. We implement Adap-
tiveEG+, EG+ and EG with our step size strategy to solve
this problem. For each algorithm, we perform step size tun-
ing on a a grid of {10−5, 10−4, · · · , 102}. We observe that
both AdaptiveEG+ and EG+ perform best with a fixed step
size of γk = 0.1. For our method, we set the step size parame-
ters as (c0, c1) = (1, 1). In Figure 4, we present the trajectory
plots of these algorithms, all initialized at (w1, w2) = (1, 1).
Our findings indicate that all algorithms eventually converge
to the equilibrium (0, 0), but the convergence of our method
is significantly faster. This demonstrates the advantage of
our step-size strategy in solving challenging problems that
satisfy only weak Minty conditions.
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w
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Figure 4: Trajectories of algorithms for
solving problem (20).
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Answer: [Yes]428
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• Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/432

guides/CodeSubmissionPolicy) for more details.433
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guides/CodeSubmissionPolicy) for more details.439

13

https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy


• The authors should provide instructions on data access and preparation, including how to access440
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how they were chosen, type of optimizer, etc.) necessary to understand the results?451

Answer: [Yes]452

Justification: see Section 4.453

Guidelines:454
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Supplementary Material627

The supplementary material is organized as follows. Section A presents several technical lemmas used in our628

theoretical analysis. Section B provides illustrative examples of α-symmetric (L0, L1)-Lipschitz operators,629

while Section C contains the detailed proofs of the main convergence theorems presented in the paper. Next,630

in Section D, we discuss an equivalent formulation of the α-symmetric (L0, L1)-Lipschitz condition. Finally,631

Section E offers additional details on the experimental setup and results.632

Contents633

1 Introduction 1634

1.1 Main Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3635

2 On the α-Symmetric (L0, L1)-Lipschitz Assumption 4636

2.1 Equivalent Formulation of α-Symmetric (L0, L1)-Lipschitz Assumption . . . . . . . . . . . 4637

2.2 Examples of α-Symmetric (L0, L1)-Lipschitz Operators . . . . . . . . . . . . . . . . . . . . 5638

3 Convergence Analysis 5639

3.1 Convergence Guarantees for Strongly Monotone Operators . . . . . . . . . . . . . . . . . . . 5640

3.2 Convergence Guarantees for Monotone Operators . . . . . . . . . . . . . . . . . . . . . . . 6641

3.3 Local Convergence Guarantees for Weak Minty Operators . . . . . . . . . . . . . . . . . . . 7642

4 Numerical Experiments 8643

A Technical Lemmas 19644

B Further Examples of α-Symmetric (L0, L1)-Lipschitz Operators 20645

C Convergence Analysis 23646

C.1 Proof of Proposition 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23647

C.2 Convergence Guarantees for Strongly Monotone Operators . . . . . . . . . . . . . . . . . . . 24648

C.2.1 Proof of Theorem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24649

C.2.2 Proof of Corollary 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25650

C.2.3 Proof of Theorem 3.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26651

C.3 Convergence Guarantees for Monotone Operators . . . . . . . . . . . . . . . . . . . . . . . 28652

C.3.1 Proof of Theorem 3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28653

C.3.2 Proof of Theorem 3.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29654

C.3.3 Proof of Theorem 3.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29655

C.4 Local Convergence Guarantees for Weak Minty Operator . . . . . . . . . . . . . . . . . . . . 31656

C.4.1 Proof of Theorem 3.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31657

C.4.2 Proof of Theorem 3.9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32658

D Equivalent Formulation of α-Symmetric (L0, L1)-Lipschitz Assumption 34659

D.1 Proof of Theorem 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34660

D.2 Computation of α,L0, L1 for L(w1, w2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35661

E Additional Details on Numerical Experiments 36662

18



A Technical Lemmas663

In this section, we present some technical lemmas, which will be used to prove the main results of the work in664

subsequent sections.665

Lemma A.1. For a, b ∈ Rd, we have

2 ⟨a, b⟩ = ∥a∥2 + ∥b∥2 − ∥a− b∥2. (21)

Lemma A.2. For a, b ∈ Rd, we have

−∥a∥2 ≤ −1

2
∥a+ b∥2 + ∥b∥2. (22)

Lemma A.3. [Chen et al., 2023] Operator F is α-symmetric (L0, L1)-Lipschitz if and only if

∥F (x)− F (y)∥ ≤
(
L0 + L1

∫ 1

0

∥F (θx+ (1− θ)y)∥α dθ

)
∥x− y∥ ∀x, y ∈ Rd. (23)

Lemma A.4. For a 2× 2 symmetric matrix, the maximum eigenvalue is given by

λmax

([
a b
b d

])
=

(a+ d) +
√

(a− d)2 + 4b2

2
(24)

where a, b, d ∈ R.

Proof. Let A be a symmetric 2× 2 matrix given by666

A =

[
a b
b d

]
where a, b, d ∈ R. Since A is symmetric, it has real eigenvalues. The eigenvalues of A are the roots of its667

characteristic polynomial:668

det(A− λI) = det

([
a− λ b
b d− λ

])
= (a− λ)(d− λ)− b2.

Expanding the determinant, we obtain the characteristic equation:669

λ2 − (a+ d)λ+ (ad− b2) = 0.

This is a quadratic equation in λ, and its solutions are:670

λ =
(a+ d)±

√
(a− d)2 + 4b2

2
.

Thus, the maximum eigenvalue is the larger of the two roots:671

λmax(A) =
(a+ d) +

√
(a− d)2 + 4b2

2
.

This completes the proof.672

Lemma A.5. For the quadratic problem minw1 maxw2 L(w1, w2) =
1
2
w2

1 + w1w2 − 1
2
w2

2 , the Jacobian
J(x) is given by

J(x) =

[
1 1
−1 1

]
.

In this case we get ∥J(x)∥ = σmax (J(x)) =
√
2.

Proof. Note that673

J(x)⊤J(x) =

[
2 0
0 2

]
= 2I.

which has maximum eigenvalue
√
2. Hence, ∥J(x)∥ = σmax(J(x)) = λmax(J(x)

⊤J(x)) =
√
2.674
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B Further Examples of α-Symmetric (L0, L1)-Lipschitz Operators675

In this section, we provide further examples of operators that satisfy the α-symmetric (L0, L1)-Lipschitz676

assumption. We first start with the details of Example 2 from Section 2.2, then we provide two more examples677

for the min-max optimization problem and N -player game that satisfy the assumption.678

679

Example 2: Here we consider the operator F (x) = (u2
1, u

2
2) for x = (u1, u2). Then for y = (v1, v2), we have680

∥F (x)− F (y)∥ =
∥∥(u2

1 − v21 , u
2
2 − v22

)∥∥
=

((
u2
1 − v21

)2
+

(
u2
2 − v22

)2)1/2

=
(
(u1 − v1)

2 (u1 + v1)
2 + (u2 − v2)

2 (u2 + v2)
2)1/2

≤
(
(u1 − v1)

4 + (u2 − v2)
4)1/4 ((u1 + v1)

4 + (u2 + v2)
4)1/4

≤
(
(u1 − v1)

2 + (u2 − v2)
2)1/2 ((u1 + v1)

4 + (u2 + v2)
4)1/4

=
(
(u1 + v1)

4 + (u2 + v2)
4)1/4 ∥x− y∥

= 2

((u1 + v1
2

)4

+
(u2 + v2

2

)4
)1/4

∥x− y∥

= 2

∥∥∥∥(u1 + v1
2

)2

,
(u2 + v2

2

)2
∥∥∥∥1/2

∥x− y∥

= 2
∥∥∥F (x+ y

2

)∥∥∥1/2

∥x− y∥

≤ 2 max
θ∈[0,1]

∥F (θx+ (1− θ)y)∥1/2 ∥x− y∥.

Here, the first inequality follows from the Cauchy-Schwarz inequality. This completes the proof of 1
2

-symmetric-681

(0, 2) Lipschitz property of F . Now, we consider the vectors x = α12 and y = 12 where 12 = (1, 1). Then we682

have683

∥F (x)− F (y)∥
∥x− y∥ =

√
(α2 − 1)2 + (α2 − 1)2√
(α− 1)2 + (α− 1)2

=

√
2(α2 − 1)2√
2(α− 1)2

=

√
(α− 1)2(α+ 1)2

(α− 1)2

= |α+ 1|.

Therefore,684

lim
α→∞

∥F (x)− F (y)∥
∥x− y∥ = lim

α→∞
|α+ 1|

= ∞

Example 3: Min-max optimization problems can be studied using variational inequality formulations. Here we685

consider one such example, the bilinearly coupled min-max optimization [Chambolle and Pock, 2016] problem686

min
∥w1∥≤R

max
∥w2∥≤R

L(w1, w2) := f(w1) + w⊤
1 Bw2 − g(w2)

for matrix B ∈ Rd×d and functions f, g : Rd → R. The associated operator for this problem is given by687

F (x) = H(x) +Mx where688

H(x) =

[
∇f(w1)
∇g(w2)

]
and M =

[
0 B

−B⊤ 0

]
.

If f, g are individually (L0, L1)-smooth [Zhang et al., 2019], we show that689

∥F (x)− F (y)∥ ≤
(
2L0 + (1 + 2L1R)∥M∥+

√
2L1∥F (x)∥

)
∥x− y∥.

Thus, F is 1-symmetric
(
2L0 + (1 + 2L1R)∥M∥,

√
2L1

)
-Lipschitz. We add the details of this example to690

Appendix ??.691
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Consider the min-max problem692

min
∥w1∥≤R

max
∥w2∥≤R

L(w1, w2) := f(w1) + w⊤
1 Bw2 − g(w2).

where f, g are (L0, L1)-smooth. Then for x = (w1, w2) we have693

F (x) =

(
∇f(w1)
∇g(w2)

)
+

(
0 B

−B⊤ 0

)(
w1

w2

)
= H(x) +Mx

where M is a matrix and H is an operator. Now note that for x = (w1, w2) and y = (v1, v2) we get694

∥H(x)−H(y)∥ =

∥∥∥∥[∇f(w1)−∇f(v1)
∇g(w2)−∇g(v2)

]∥∥∥∥
=

(
∥∇f(w1)−∇f(v1)∥2 + ∥g(w2)− g(v2)∥2

)1/2
≤

(
(L0 + L1∥∇f(w1)∥)2 ∥w1 − v1∥2 + (L0 + L1∥∇g(w2)∥)2 ∥w2 − v2∥2

)1/2
≤

(
(L0 + L1∥∇f(w1)∥)4 + (L0 + L1∥∇g(w2)∥)4

)1/4 (∥w1 − v1∥4 + ∥w2 − v2∥4
)1/4

≤
(
(L0 + L1∥∇f(w1)∥)2 + (L0 + L1∥∇g(w2)∥)2

)1/2 (∥w1 − v1∥2 + ∥w2 − v2∥2
)1/2

≤
(
4L2

0 + 2L2
1

(
∥∇f(w1)∥2 + ∥∇g(w2)∥2

))1/2 (∥w1 − v1∥2 + ∥w2 − v2∥2
)1/2

=
(
4L2

0 + 2L2
1∥H(x)∥2

)1/2 ∥x− y∥

≤
(
2L0 +

√
2L1∥H(x)∥

)
∥x− y∥

Therefore, using the above inequality, we derive695

∥F (x)− F (y)∥ ≤ ∥H(x)−H(y)∥+ ∥Mx−My∥

≤
(
2L0 +

√
2L1∥H(x)∥

)
∥x− y∥+ ∥M∥∥x− y∥

≤
(
2L0 + ∥M∥+

√
2L1∥H(x)∥

)
∥x− y∥

Now using ∥H(x)∥ = ∥H(x) +Mx−Mx∥ ≤ ∥F (x)∥+ ∥M∥∥x∥ ≤ ∥F (x)∥+
√
2R∥M∥ we get696

∥F (x)− F (y)∥ ≤
(
2L0 + (1 + 2L1R)∥M∥+

√
2L1∥F (x)∥

)
∥x− y∥.

Example 4: In this example, we consider an N -player game [Balduzzi et al., 2018, Loizou et al., 2021, Yoon697

et al., 2025], where each player i ∈ [N ] selects an action wi ∈ Rdi , and the joint action vector of all players is698

denoted as x = (w1, w2, · · · , wN ) ∈ Rd1+···dN . Each player i aims to minimize their loss function fi for their699

action wi. The objective is to find an equilibrium x∗ = (w1∗, w2∗, · · · , wN∗) such that700

wi∗ = argminwi∈Rdi fi(wi, w−i∗).

Here we abuse the notation to denote w−i = (w1, · · · , wi−1, wi+1, · · · , wN ) and fi(wi, w−i) =701

fi(w1, · · · , wN ). When the functions fi are convex, this equilibrium corresponds to solving F (x∗) = 0,702

where the operator F is defined as703

F (x) = (∇1f1(x),∇2f2(x), . . . ,∇NfN (x)) .

If each partial gradient ∇ifi satisfies the (L0, L1)-smoothness condition [Zhang et al., 2019], i.e.,704

∥∇ifi(x)−∇ifi(y)∥ ≤ (L0 + L1 ∥∇ifi(x)∥) ∥x − y∥, then we can show that the operator F satisfies705

the 1-symmetric (
√
2NL0,

√
2L1)-Lipschitz condition:706

∥F (x)− F (y)∥ ≤
(√

2NL0 +
√
2L1∥F (x)∥

)
∥x− y∥.

Here we consider the operator707

F (x) = (∇1f1(x),∇2f2(x), · · ·∇NfN (x)).

In case each of these partial gradients ∇ifi are (L0, L1)-Lipschitz i.e.708

∥∇ifi(x)−∇ifi(y)∥ ≤ (L0 + L1∥∇ifi(x)∥)∥x− y∥
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then we obtain709

∥F (x)− F (y)∥2 =

N∑
i=1

∥∇ifi(x)−∇ifi(y)∥2

≤
N∑
i=1

(L0 + L1 ∥∇ifi(x)∥)2 ∥x− y∥2

≤ ∥x− y∥2
N∑
i=1

(2L2
0 + 2L2

1∥∇ifi(x)∥2)

= ∥x− y∥2(2NL2
0 + 2L2

1∥F (x)∥2)
≤ ∥x− y∥2(

√
2NL0 +

√
2L1∥F (x)∥)2.

This completes the proof.710
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C Convergence Analysis711

In this section, we present the missing proofs from Section 3. We start with the proof of Proposition 3.1 and then712

provide the results related to strongly monotone, monotone and weak Minty problems.713

C.1 Proof of Proposition 3.1714

Proposition C.1. Suppose F is α-symmetric (L0, L1)-Lipschitz operator. Then, for α = 1

∥F (x)− F (y)∥ ≤ (L0 + L1∥F (x)∥) exp (L1∥x− y∥)∥x− y∥,

and for α ∈ (0, 1) we have

∥F (x)− F (y)∥ ≤
(
K0 +K1∥F (x)∥α +K2∥x− y∥α/1−α

)
∥x− y∥

where K0 = L0(2
α2/1−α + 1), K1 = L1 · 2α2/1−α and K2 = L

1/1−α

1 · 2α2/1−α · 3α(1− α)
α/1−α.

Proof. For proving this theorem, we follow the proof technique similar to [Chen et al., 2023]. We start with
α = 1 case. Let x, y ∈ Rd and define xθ := θx+ (1− θ)y. Since F is 1-symmetric (L0, L1)-Lipschitz , we
have for all θ ∈ [0, 1],

∥F (xθ)− F (y)∥
(23)
≤

(
L0 + L1

∫ 1

0

∥F (xθτ )∥dτ
)
∥xθ − y∥.

Note that
xθτ = τxθ + (1− τ)y = τ(θx+ (1− θ)y) + (1− τ)y = θτx+ (1− θτ)y.

Let us define a function

H(θ) := L0θ + L1

∫ θ

0

∥F (xu)∥du.

Then, note that H ′(θ) = L0 + L1∥F (xθ)∥. Moreover, we have715

∥F (xθ)− F (y)∥ ≤
(
L0 + L1

∫ 1

0

∥F (xθτ )∥dτ
)
∥xθ − y∥

=

(
L0 + L1

∫ 1

0

∥F (xθτ )∥dτ
)
∥θx+ (1− θ)y − y∥

=

(
L0 + L1

∫ 1

0

∥F (xθτ )∥dτ
)
∥θx− θy∥

=

(
L0θ + L1

∫ 1

0

∥F (xθτ )∥θdτ
)
∥x− y∥

=

(
L0θ + L1

∫ 1

0

∥F (θτx+ (1− θτ)y)∥θdτ
)
∥x− y∥

=

(
L0θ + L1

∫ θ

0

∥F (ux+ (1− u)y)∥du
)
∥x− y∥

=

(
L0θ + L1

∫ θ

0

∥F (xu)∥du
)
∥x− y∥

= H(θ)∥x− y∥.
Therefore we obtain716

H ′(θ) = L0 + L1∥F (xθ)∥
≤ L0 + L1 (∥F (xθ)− F (y)∥+ ∥F (y)∥)
≤ L0 + L1 (H(θ)∥x− y∥+ ∥F (y)∥)
= aH(θ) + b,

where a = L1∥x− y∥, b = L0 + L1∥F (y)∥. Then we integrate both sides for θ ∈ [0, θ′] to get

H(θ′) ≤ b

a
(eaθ

′
− 1).

Here, we set θ′ = 1 to obtain717

H(1) ≤ b

a
(ea − 1)

=
L0 + L1∥F (y)∥

L1∥x− y∥ (eL1∥x−y∥ − 1).
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Now, put this back into the original inequality718

∥F (x)− F (y)∥ ≤ H(1)∥x− y∥

≤ (L0 + L1∥F (y)∥) · e
L1∥x−y∥ − 1

L1

=

(
L0

L1
+ ∥F (y)∥

)
(eL1∥x−y∥ − 1).

Finally, using the inequality ez − 1 ≤ zez for z ≥ 0, we get719

∥F (x)− F (y)∥ ≤
(
L0

L1
+ ∥F (y)∥

)
L1∥x− y∥eL1∥x−y∥

≤ (L0 + L1∥F (y)∥)eL1∥x−y∥∥x− y∥
This completes the proof for α = 1. The proof for α ∈ (0, 1) follows similarly from [Chen et al., 2023].720

C.2 Convergence Guarantees for Strongly Monotone Operators721

C.2.1 Proof of Theorem 3.2722
Theorem C.2. Suppose F is µ-strongly monotone and 1-symmetric (L0, L1)-Lipschitz operator. Then
Extragradient method with step size γk = ν

L0+L1∥F (xk)∥
satisfy

∥xk+1 − x∗∥2 ≤
(
1− νµ

L0 (1 + L1 exp (L1∥x0 − x∗∥)∥x0 − x∗∥)

)k+1

∥x0 − x∗∥2

where ν > 0 root of 1− 2ν − ν2 exp 2ν = 0.

Proof. From the update step of the Extragradient method, we obtain723

∥xk+1 − x∗∥2 = ∥xk − γkF (x̂k)− x∗∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), xk − x∗⟩+ γ2
k∥F (x̂k)∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), x̂k − x∗⟩ − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2
k∥F (x̂k)∥2

(7)
≤ ∥xk − x∗∥2 − 2γkµ∥x̂k − x∗∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2

k∥F (x̂k)∥2

(22)
≤ ∥xk − x∗∥2 − γkµ∥xk − x∗∥2 + 2γkµ∥xk − x̂k∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩

+γ2
k∥F (x̂k)∥2

= (1− γkµ)∥xk − x∗∥2 + 2γkµ∥xk − x̂k∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2
k∥F (x̂k)∥2

= (1− γkµ)∥xk − x∗∥2 + 2γ3
kµ∥F (xk)∥2 − 2γ2

k ⟨F (x̂k), F (xk)⟩+ γ2
k∥F (x̂k)∥2

(21)
= (1− γkµ) ∥xk − x∗∥2 + 2γ3

kµ∥F (xk)∥2

−γ2
k

(
∥F (x̂k)∥2 + ∥F (xk)∥2 − ∥F (xk)− F (x̂k)∥2

)
+ γ2

k∥F (x̂k)∥2

= (1− γkµ) ∥xk − x∗∥2 − γ2
k(1− 2γkµ)∥F (xk)∥2 + γ2

k∥F (xk)− F (x̂k)∥2

(12)
≤ (1− γkµ) ∥xk − x∗∥2 − γ2

k(1− 2γkµ)∥F (xk)∥2

+γ2
k(L0 + L1∥F (xk)∥)2 exp (2L1∥xk − x̂k∥)∥xk − x̂k∥2

= (1− γkµ)∥xk − x∗∥2

−γ2
k

(
1− 2γkµ− γ2

k(L0 + L1∥F (xk)∥)2 exp (2γkL1∥F (xk)∥)
)
∥F (xk)∥2. (25)

Now we set γk = ν
L0+L1∥F (xk)∥

. Then we want to choose ν such that724

1− 2νµ

L0 + L1∥F (xk)∥
− ν2 exp 2ν ≥ 0.

Note that µ ≤ L0 + L1∥F (xk)∥ for any xk. Therefore, we get 1− 2νµ
L0+L1∥F (xk)∥

− ν2 exp 2ν ≥ 1− 2ν −725

ν2 exp 2ν and it is enough to choose ν such that726

1− 2ν − ν2 exp 2ν ≥ 0.

This inequality holds for any ν ≤ 0.22. Hence, for this choice of ν we get the following inequality from (25).727

∥xk+1 − x∗∥2 ≤ (1− γkµ)∥xk − x∗∥2. (26)
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This proves that the distance of the iterates xk from x∗ are bounded by ∥x0 − x∗∥. Now note that using (12)728

with x = xk, y = x∗ with ∥xk − x∗∥ ≤ ∥x0 − x∗∥ we get729

∥F (xk)∥
(12)
≤ L0 exp (L1∥xk − x∗∥)∥xk − x∗∥
(26)
≤ L0 exp (L1∥x0 − x∗∥)∥x0 − x∗∥. (27)

Therefore, we have the following lower bound on the step-size730

γk =
ν

L0 + L1∥F (xk)∥
(27)
≥ ν

L0 (1 + L1 exp (L1∥x0 − x∗∥)∥x0 − x∗∥)
. (28)

Hence, we get731

∥xk+1 − x∗∥2
(26),(28)
≤

(
1− νµ

L0 (1 + L1 exp (L1∥x0 − x∗∥)∥x0 − x∗∥)

)
∥xk − x∗∥2

≤
(
1− νµ

L0 (1 + L1 exp (L1∥x0 − x∗∥)∥x0 − x∗∥)

)k+1

∥x0 − x∗∥2.

732

C.2.2 Proof of Corollary 3.3733

Corollary C.3. Suppose F is µ-strongly monotone and 1-symmetric (L0, L1)-Lipschitz operator. Then
Extragradient with step size γk = ν

L0+L1∥F (xk)∥
satisfy ∥xK+1 − x∗∥2 ≤ ε after

K =
2L0

νµ
log

(
∥x0 − x∗∥2

ε

)
+

1

γµ
log

(
2L1∥x0 − x∗∥2

γ2L0

)
many iterations, where ν > 0 satisfy 1− 4ν − 2ν2 exp 2ν = 0 and

γ :=
ν

L0 (1 + L1 exp (L1∥x0 − x∗∥)∥x0 − x∗∥)
.

Proof. We set γk = ν
L0+L1∥F (xk)∥

and we choose ν ∈ (0, 1) such that 1− 4ν − 2ν2 exp 2ν = 0. Then we734

have735

1− 2γkµ− γ2
k(L0 + L1∥F (xk)∥)2 exp (2γkL1∥F (xk)∥) ≥ 1− 2νµ

L0 + L1∥F (xk)∥
− ν2 exp 2ν

≥ 1− 2ν − ν2 exp 2ν

=
1

2
. (29)

Therefore, from (25) and (29) we get736

∥xk+1 − x∗∥2 ≤ (1− γkµ)∥xk − x∗∥2 −
γ2
k

2
∥F (xk)∥2. (30)

In (28), we found that a lower bound of γk is737

γk ≥ γ :=
ν

L0 (1 + L1 exp (L1∥x0 − x∗∥)∥x0 − x∗∥)
.

Then from (30) we get738

γ2

2
∥F (xk)∥2 ≤ (1− γµ)∥xk − x∗∥2 ≤ (1− γµ)k+1∥x0 − x∗∥2 (31)

This can be rearranged to write739

∥F (xk)∥2 ≤ 2(1− γµ)k+1

γ2
∥x0 − x∗∥2.

This implies ∥F (xk)∥2 ≤ L0
L1

after740

K′ =
1

γµ
log

(
2L1∥x0 − x∗∥2

γ2L0

)
(32)
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many iterations. Hence for k ≥ K′ we have741

γk =
ν

L0 + L1∥F (xk)∥

≥ ν

2L0
.

In the last inequality we used ∥F (xk)∥2 ≤ L0
L1

for k ≥ K′. Therefore for k ≥ K′ we obtain742

∥xk+1 − x∗∥2 ≤
(
1− νµ

2L0

)
∥xk − x∗∥2

≤
(
1− νµ

2L0

)k+1−K′

∥xK′ − x∗∥2

≤
(
1− νµ

2L0

)k+1−K′

∥x0 − x∗∥2

Thus we conclude that, ∥xK+1 − x∗∥2 ≤ ε after atmost743

K =
2L0

νµ
log

(
∥x0 − x∗∥2

ε

)
+K′

many iterations.744

C.2.3 Proof of Theorem 3.4745

Theorem C.4. Suppose F is µ-strongly monotone and α-symmetric (L0, L1)-Lipschitz operator with α ∈
(0, 1). Then Extragradient method with γk = ν

2K0+(2K1+21−αK1−α
2 )∥F (xk)∥α

satisfy

∥xk+1 − x∗∥2 ≤
(
1− νµ

2K0+(2K1+21−αK1−α
2 )(K0+K2∥x0−x∗∥α/1−α)α∥x0−x∗∥α

)k+1

∥x0 − x∗∥2.

where ν ∈ (0, 1) is a constant such that 1− ν − ν2 ≥ 0.

Proof. Using the update steps of the Extragradient method, we have746

∥xk+1 − x∗∥2 = ∥xk − γkF (x̂k)− x∗∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), xk − x∗⟩+ γ2
k∥F (x̂k)∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), x̂k − x∗⟩ − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2
k∥F (x̂k)∥2

(7)
≤ ∥xk − x∗∥2 − 2γkµ∥x̂k − x∗∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2

k∥F (x̂k)∥2

(22)
≤ ∥xk − x∗∥2 − γkµ∥xk − x∗∥2 + 2γkµ∥xk − x̂k∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2

k∥F (x̂k)∥2

= (1− γkµ)∥xk − x∗∥2 + 2γkµ∥xk − x̂k∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2
k∥F (x̂k)∥2

= (1− γkµ)∥xk − x∗∥2 + 2γ3
kµ∥F (xk)∥2 − 2γ2

k ⟨F (x̂k), F (xk)⟩+ γ2
k∥F (x̂k)∥2

(21)
= (1− γkµ) ∥xk − x∗∥2 + 2γ3

kµ∥F (xk)∥2 − γ2
k

(
∥F (x̂k)∥2 + ∥F (xk)∥2 − ∥F (xk)− F (x̂k)∥2

)
+ γ2

k∥F (x̂k)∥2

= (1− γkµ) ∥xk − x∗∥2 − γ2
k(1− 2γkµ)∥F (xk)∥2 − γ2

k∥F (xk)− F (x̂k)∥2

(13)
≤ (1− γkµ) ∥xk − x∗∥2 − γ2

k(1− 2γkµ)∥F (xk)∥2

−γ2
k

(
K0 +K1∥F (xk)∥α +K2∥xk − x̂k∥α/1−α

)2

∥xk − x̂k∥2

= (1− γkµ)∥xk − x∗∥2 − γ2
k

(
1− 2γkµ− γ2

k

(
K0 +K1∥F (xk)∥α + γ

α/1−α

k K2∥F (xk)∥α/1−α
)2

)
∥F (xk)∥2.

Here we will choose γk > 0 such that747

1− 2γkµ− γ2
k

(
K0 +K1∥F (xk)∥α + γ

α/1−α

k K2∥F (xk)∥α/1−α
)2

≥ 0
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Let us choose γk = ν

2K0+(2K1+21−αK1−α
2 )∥F (xk)∥α

for some ν ∈ (0, 1). Then we observe that748

γk (K0 +K1∥F (xk)∥α) + γ
1/1−α

k K2∥F (xk)∥α/1−α ≤ ν (K0 +K1∥F (xk)∥α)
2K0 +

(
2K1 + 21−αK1−α

2

)
∥F (xk)∥α

+
ν

1/1−αK2∥F (xk)∥α/1−α(
2K0 +

(
2K1 + 21−αK1−α

2

)
∥F (xk)∥α

)1/1−α

≤ ν

2
+

ν
1/1−α

2
≤ ν.

The last inequality follows from ν ∈ (0, 1). Therefore it is enough to choose ν ∈ (0, 1) such that749

1− 2νµ

2K0 +
(
2K1 + 21−αK1−α

2

)
∥F (xk)∥α

− ν2 ≥ 0

However, note that, we always have µ ≤ K0, thus it is enough to choose ν ∈ (0, 1) such that750

1− ν − ν2 ≥ 0.

Hence, for this choice of ν we get751

∥xk+1 − x∗∥2 ≤ (1− γkµ)∥x0 − x∗∥2.

Here we lower bound the step size γk with752

γk ≥ ν

2K0 + (2K1 + 21−αK1−α
2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α

.

Hence we obtain753

∥xk+1 − x∗∥2 ≤
(
1− νµ

2K0 + (2K1 + 21−αK1−α
2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α

)
∥xk − x∗∥2

≤
(
1− νµ

2K0 + (2K1 + 21−αK1−α
2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α

)k+1

∥x0 − x∗∥2.

This completes the proof of the theorem.754
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C.3 Convergence Guarantees for Monotone Operators755

C.3.1 Proof of Theorem 3.5756
Theorem C.5. Suppose F is monotone and 1-symmetric (L0, L1)-Lipschitz operator. Then EG with step
size γk = ωk = ν

L0+L1∥F (xk)∥
satisfy

min
0≤k≤K

∥F (xk)∥2 ≤ 2L2
0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥)2 ∥x0 − x∗∥2

ν2(K + 1)
.

where ν exp ν = 1/
√
2.

Proof. From the update rule of the Extragradient method, we have757

∥xk+1 − x∗∥2 = ∥xk − γkF (x̂k)− x∗∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), xk − x∗⟩+ γ2
k∥F (x̂k)∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), x̂k − x∗⟩ − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2
k∥F (x̂k)∥2

(7)
≤ ∥xk − x∗∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2

k∥F (x̂k)∥2

= ∥xk − x∗∥2 − 2γ2
k ⟨F (x̂k), F (xk)⟩+ γ2

k∥F (x̂k)∥2

(21)
= ∥xk − x∗∥2 − γ2

k∥F (x̂k)∥2 − γ2
k∥F (xk)∥2 + γ2

k∥F (xk)− F (x̂k)∥2 + γ2
k∥F (x̂k)∥2

= ∥xk − x∗∥2 − γ2
k∥F (xk)∥2 + γ2

k∥F (xk)− F (x̂k)∥2

(12)
≤ ∥xk − x∗∥2 − γ2

k∥F (xk)∥2 + γ2
k(L0 + L1∥F (xk)∥)2 exp (2L1∥xk − x̂k∥)∥xk − x̂k∥2

= ∥xk − x∗∥2 − γ2
k

(
1− γ2

k(L0 + L1∥F (xk)∥)2 exp (2γkL1∥F (xk)∥)
)
∥F (xk)∥2

≤ ∥xk − x∗∥2 − γ2
k

(
1− γ2

k(L0 + L1∥F (xk)∥)2 exp (2γk(L0 + L1∥F (xk)∥))
)
∥F (xk)∥2.

Here we use γk = ν
L0+L1∥F (xk)∥

for some ν ∈ (0, 1) to get758

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − γ2
k

(
1− ν2 exp (2ν)

)
∥F (xk)∥2

Then we choose ν such that ν exp ν = 1/
√
2 to obtain759

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 −
γ2
k

2
∥F (xk)∥2. (33)

In particular the distance of the iterates xk from x∗ are bounded i.e. ∥xk+1 − x∗∥ ≤ ∥xk − x∗∥ ≤ ∥x0 − x∗∥.760

Therefore, using (12) with y = x∗ and x = xk, we get761

∥F (xk)∥ ≤ L0 exp (L1∥xk − x∗∥)∥xk − x∗∥
≤ L0 exp (L1∥x0 − x∗∥)∥x0 − x∗∥.

Then we have the lower bound on step-size given as follows762

γk =
ν

L0 + L1∥F (xk)∥
≥ ν

L0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥)
. (34)

Rearranging (33) we have763

γ2
k

2
∥F (xk)∥2 ≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥2.

Summing up the above inequality for k = 0, 1, · · · ,K and dividing by K + 1 we get764

1

K + 1

K∑
k=0

γ2
k

2
∥F (xk)∥2 ≤ ∥x0 − x∗∥2 − ∥xK+1 − x∗∥2

K + 1
≤ ∥x0 − x∗∥2

K + 1
. (35)

Here we will use the lower bound on step-size γk given in (34) to get765

1

K + 1

K∑
k=0

∥F (xk)∥2 ≤ 2L2
0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥)2 ∥x0 − x∗∥2

ν2(K + 1)
.

Finally, note that min0≤k≤K ∥F (xk)∥2 ≤ 1
K+1

∑K
k=0 ∥F (xk)∥2. Therefore we have766

min
0≤k≤K

∥F (xk)∥2 ≤ 2L2
0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥)2 ∥x0 − x∗∥2

ν2(K + 1)
.

This completes the proof of the Theorem.767
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C.3.2 Proof of Theorem 3.6768

Theorem C.6. Suppose F is monotone and 1-symmetric (L0, L1)-Lipschitz operator. Then Extragradient
method with step size γk = ν

L0+L1∥F (xk)∥
satisfy

min
0≤k≤K

∥F (xk)∥ ≤
√
2L0∥x0 − x∗∥

ν
√
K + 1−

√
2L1∥x0 − x∗∥

where ν exp ν = 1/
√
2 and K + 1 ≥ 2L2

1∥x0−x∗∥2

ν2 .

Proof. From (35), we know steps of Extragradient method satisfy769

1

K + 1

K∑
k=0

γ2
k

2
∥F (xk)∥2 ≤ ∥x0 − x∗∥2

K + 1
.

Taking the minimum on the left-hand side we have770

min
0≤k≤K

γ2
k∥F (xk)∥2 ≤ 2∥x0 − x∗∥2

K + 1
,

or equivalently,771

min
0≤k≤K

ν2∥F (xk)∥2

(L0 + L1∥F (xk)∥)2
≤ 2∥x0 − x∗∥2

K + 1
.

Taking the square root on both sides we have772

min
0≤k≤K

ν∥F (xk)∥
L0 + L1∥F (xk)∥

≤
√
2∥x0 − x∗∥√

K + 1
.

Therefore, for some 0 ≤ k0 ≤ K we have773

∥F (xk0)∥
L0 + L1∥F (xk0)∥

≤
√
2∥x0 − x∗∥
ν
√
K + 1

.

Therefore, rearranging these terms, we get774 (
ν
√
K + 1−

√
2L1∥x0 − x∗∥

)
∥F (xk0)∥ ≤

√
2L0∥x0 − x∗∥.

When we have K + 1 ≥ 2L2
1∥x0−x∗∥2

ν2 then we can rearrange the terms to obtain775

∥F (xk0)∥ ≤
√
2L0∥x0 − x∗∥(

ν
√
K + 1−

√
2L1∥x0 − x∗∥

) .
for some 0 ≤ k0 ≤ K. Hence, we complete the proof of the theorem776

min
0≤k≤K

∥F (xk)∥ ≤
√
2L0∥x0 − x∗∥

ν
√
K + 1−

√
2L1∥x0 − x∗∥

.

777

C.3.3 Proof of Theorem 3.7778

Theorem C.7. Suppose F is monotone and α-symmetric (L0, L1)-Lipschitz operator with α ∈ (0, 1). Then
Extragradient method with step size γk = 1

2
√
2K0+(2

√
2K1+23(1−α)/2K1−α

2 )∥F (xk)∥α
satisfy

min0≤k≤K ∥F (xk)∥2 ≤
16

(
K0+

(
K1+2

−3/2K1−α
2

)
(K0+K2∥x0−x∗∥

α/1−α)α∥x0−x∗∥α
)2

∥x0−x∗∥2

K+1
.
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Proof. Here operator F is α-symmetric (L0, L1)-Lipschitz i.e. it satisfies (13). For the update steps of the779

Extragradient method, we have780

∥xk+1 − x∗∥2 = ∥xk − γkF (x̂k)− x∗∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), xk − x∗⟩+ γ2
k∥F (x̂k)∥2

= ∥xk − x∗∥2 − 2γk ⟨F (x̂k), x̂k − x∗⟩ − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2
k∥F (x̂k)∥2

(7)
≤ ∥xk − x∗∥2 − 2γk ⟨F (x̂k), xk − x̂k⟩+ γ2

k∥F (x̂k)∥2

= ∥xk − x∗∥2 − 2γ2
k ⟨F (x̂k), F (xk)⟩+ γ2

k∥F (x̂k)∥2

(21)
= ∥xk − x∗∥2 − γ2

k∥F (x̂k)∥2 − γ2
k∥F (xk)∥2 + γ2

k∥F (xk)− F (x̂k)∥2 + γ2
k∥F (x̂k)∥2

= ∥xk − x∗∥2 − γ2
k∥F (xk)∥2 + γ2

k∥F (xk)− F (x̂k)∥2

(13)
≤ ∥xk − x∗∥2 − γ2

k∥F (xk)∥2 + γ2
k

(
K0 +K1∥F (xk)∥α +K2∥xk − x̂k∥α/1−α

)2

∥xk − x̂k∥2

= ∥xk − x∗∥2 − γ2
k

(
1− γ2

k

(
K0 +K1∥F (xk)∥α + γ

α/1−α

k K2∥F (xk)∥α/1−α
)2

)
∥F (xk)∥2.(36)

Here we want to choose γk such that781

γk (K0 +K1∥F (xk)∥α) + γ
1/1−α

k K2∥F (xk)∥α/1−α ≤ 1√
2
.

For this, it is enough to make sure782

γk (K0 +K1∥F (xk)∥α) ≤
1

2
√
2

and γ
1/1−α

k K2∥F (xk)∥α/1−α ≤ 1

2
√
2
.

Therefore, we choose γk = 1

2
√

2(K0+K1∥F (xk)∥α)+23(1−α)/2K1−α
2 ∥F (xk)∥α

and we get the following from (36)783

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 −
γ2
k

2
∥F (xk)∥2. (37)

Rearranging this inequality, we have784

γ2
k

2
∥F (xk)∥2 ≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥2.

Then we sum up this inequality for k = 0, 1, · · ·K to get785

1

K + 1

K∑
k=0

γ2
k∥F (xk)∥2 ≤ 2∥x0 − x∗∥2

K + 1
. (38)

For this step size, we also have ∥xk − x0∥2 ≤ ∥x0 − x∗∥2 from (41). Now note that from (13) we obtain the786

following bound with x = xk and y = x∗787

∥F (xk)∥α ≤ (K0 +K2∥xk − x∗∥α/1−α)α∥xk − x∗∥α

(41)
≤ (K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α.

We use this to lower bound the step size γk as follows788

γk =
1

2
√
2(K0 +K1∥F (xk)∥α) + 23(1−α)/2K1−α

2 ∥F (xk)∥α

≥ 1

2
√
2K0 + 2

√
2(K1 + 2−3/2K1−α

2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α
.

Therefore from (42) we obtain789

min
0≤k≤K

∥F (xk)∥2 ≤
16

(
K0 + (K1 + 2

−3/2K1−α
2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α

)2

∥x0 − x∗∥2

K + 1
.

790
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C.4 Local Convergence Guarantees for Weak Minty Operator791

C.4.1 Proof of Theorem 3.8792
Theorem C.8. Suppose F is weak Minty and 1-symmetric (L0, L1)-Lipschitz assumption. Moreover we
assume

∆1 :=
ν

L0 (1 + L1∥x0 − x∗∥eL1∥x0−x∗∥)
− 4ρ > 0. (39)

Then EG with step size γk = ν
L0+L1∥F (xk)∥

and ωk = γk/2 satisfies

min
0≤k≤K

∥F (x̂k)∥2 ≤ 4L0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥) ∥x0 − x∗∥2

ν∆1(K + 1)
(40)

where ν exp ν = 1.

Proof. From the update rule of the Extragradient method, we have793

∥xk+1 − x∗∥2 =
∥∥∥xk − γk

2
F (x̂k)− x∗

∥∥∥2

= ∥xk − x∗∥2 − γk ⟨F (x̂k), xk − x∗⟩+
γ2
k

4
∥F (x̂k)∥2

= ∥xk − x∗∥2 − γk ⟨F (x̂k), x̂k − x∗⟩ − γk ⟨F (x̂k), xk − x̂k⟩+
γ2
k

4
∥F (x̂k)∥2

(9)
≤ ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 − γk ⟨F (x̂k), xk − x̂k⟩+

γ2
k

4
∥F (x̂k)∥2

= ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 − γ2
k ⟨F (x̂k), F (xk)⟩+

γ2
k

4
∥F (x̂k)∥2

(21)
= ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 −

γ2
k

2
∥F (x̂k)∥2 −

γ2
k

2
∥F (xk)∥2 +

γ2
k

2
∥F (xk)− F (x̂k)∥2

+
γ2
k

4
∥F (x̂k)∥2

= ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 −
γ2
k

4
∥F (x̂k)∥2 −

γ2
k

2
∥F (xk)∥2 +

γ2
k

2
∥F (xk)− F (x̂k)∥2

(12)
≤ ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 −

γ2
k

4
∥F (x̂k)∥2 −

γ2
k

2
∥F (xk)∥2

+
γ2
k

2
(L0 + L1∥F (xk)∥)2 exp (2L1∥xk − x̂k∥)∥xk − x̂k∥2

= ∥xk − x∗∥2 −
γk
4

(γk − 4ρ) ∥F (x̂k)∥2

−γ2
k

2

(
1− γ2

k(L0 + L1∥F (xk)∥)2 exp (2γkL1∥F (xk)∥)
)
∥F (xk)∥2

≤ ∥xk − x∗∥2 −
γk
4

(γk − 4ρ) ∥F (x̂k)∥2

−γ2
k

2

(
1− γ2

k(L0 + L1∥F (xk)∥)2 exp (2γk(L0 + L1∥F (xk)∥))
)
∥F (xk)∥2.

Similar to the proof of Theorem 3.5, we have794

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 −
γk
4
(γk − 4ρ)∥F (x̂k)∥2

for γk = ν
L0+L1∥F (xk)∥

and ν exp ν = 1. Again similar to Theorem 3.5, step size γk is lower bounded with795

γk =
ν

L0 + L1∥F (xk)∥
≥ ν

L0 (1 + L1 exp (L1∥x0 − x∗∥) ∥x0 − x∗∥)
.

Hence from (16) we get796

γk∆1

4
∥F (x̂k)∥2 ≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥2

Then we sum up this inequality for k = 0, 1, · · · ,K to get797

1

K + 1

K∑
k=0

γk∆1

4
∥F (x̂k)∥2 ≤ ∥x0 − x∗∥2

K + 1
.
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Therefore, we get798

min
0≤k≤K

∥F (x̂k)∥2 ≤ 4∥x0 − x∗∥2

γ∆1(K + 1)
.

799

C.4.2 Proof of Theorem 3.9800
Theorem C.9. Suppose F is weak Minty and α-symmetric (L0, L1)-Lipschitz with α ∈ (0, 1). Moreover
we assume

∆α :=
1

2
√
2K0 + 2

√
2(K1 + 2−3/2K1−α

2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α
− 4ρ > 0.

Then EG with step size γk = 1

2
√
2K0+(2

√
2K1+23(1−α)/2K1−α

2 )∥F (xk)∥α
and ωk = γk

2
satisfy

min0≤k≤K ∥F (x̂k)∥2 ≤
4
(
K0+

(
K1+2

−3/2K1−α
2

)
(K0+K2∥x0−x∗∥

α/1−α)α∥x0−x∗∥α
)
∥x0−x∗∥2

∆α(K+1)
.

Proof. From the update rule of the Extragradient method, we have801

∥xk+1 − x∗∥2 =
∥∥∥xk − γk

2
F (x̂k)− x∗

∥∥∥2

= ∥xk − x∗∥2 − γk ⟨F (x̂k), xk − x∗⟩+
γ2
k

4
∥F (x̂k)∥2

= ∥xk − x∗∥2 − γk ⟨F (x̂k), x̂k − x∗⟩ − γk ⟨F (x̂k), xk − x̂k⟩+
γ2
k

4
∥F (x̂k)∥2

(9)
≤ ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 − γk ⟨F (x̂k), xk − x̂k⟩+

γ2
k

4
∥F (x̂k)∥2

= ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 − γ2
k ⟨F (x̂k), F (xk)⟩+

γ2
k

4
∥F (x̂k)∥2

(21)
= ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 −

γ2
k

2
∥F (x̂k)∥2 −

γ2
k

2
∥F (xk)∥2 +

γ2
k

2
∥F (xk)− F (x̂k)∥2

+
γ2
k

4
∥F (x̂k)∥2

= ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 −
γ2
k

4
∥F (x̂k)∥2 −

γ2
k

2
∥F (xk)∥2 +

γ2
k

2
∥F (xk)− F (x̂k)∥2

(12)
≤ ∥xk − x∗∥2 + γkρ∥F (x̂k)∥2 −

γ2
k

4
∥F (x̂k)∥2 −

γ2
k

2
∥F (xk)∥2

+
γ2
k

2

(
K0 +K1∥F (xk)∥α +K2∥xk − x̂k∥α/1−α

)2

∥xk − x̂k∥2

= ∥xk − x∗∥2 −
γk
4

(γk − 4ρ) ∥F (x̂k)∥2

−γ2
k

2

(
1− γ2

k

(
K0 +K1∥F (xk)∥α + γ

α/1−α

k K2∥F (xk)∥α/1−α
)2

)
∥F (xk)∥2.

Here we choose γk = 1

2(K0+K1∥F (xk)∥α)+23(1−α)/2K1−α
2 ∥F (xk)∥α

and we get the following from (36)802

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 −
γk
4

(γk − 4ρ) ∥F (x̂k)∥2. (41)

Rearranging this inequality, we have803

γk
4

(γk − 4ρ) ∥F (x̂k)∥2 ≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥2.

Then we sum up this inequality for k = 0, 1, · · ·K to get804

1

K + 1

K∑
k=0

γk
4

(γk − 4ρ) ∥F (x̂k)∥2 ≤ 2∥x0 − x∗∥2

K + 1
. (42)

For this step size, we also have ∥xk − x0∥2 ≤ ∥x0 − x∗∥2 from (41). Now note that from (13) we obtain the805

following bound with x = xk and y = x∗806

∥F (xk)∥α ≤ (K0 +K2∥xk − x∗∥α/1−α)α∥xk − x∗∥α

(41)
≤ (K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α.
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We use this to lower bound the step size γk as follows807

γk =
1

2
√
2(K0 +K1∥F (xk)∥α) + 23(1−α)/2K1−α

2 ∥F (xk)∥α

≥ 1

2
√
2K0 + 2

√
2(K1 + 2−3/2K1−α

2 )(K0 +K2∥x0 − x∗∥α/1−α)α∥x0 − x∗∥α
.

Therefore from (42) we obtain808

min
0≤k≤K

∥F (xk)∥2 ≤ 4∥x0 − x∗∥2

γ∆(K + 1)
.

809
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D Equivalent Formulation of α-Symmetric (L0, L1)-Lipschitz Assumption810

In this section, we consider the min-max optimization problem given by minw1 maxw2 L(w1, w2) and provide811

an equivalent formulation of α-symmetric (L0, L1)-Lipschitz operator. Next, we provide an example where we812

use this formulation to compute the constants α,L0, L1.813

D.1 Proof of Theorem 2.1814

Theorem D.1. Suppose F is the operator for the problem

min
w1

max
w2

L(w1, w2).

Then F satisfies α-symmetric (L0, L1)-Lipschitz assumption if and only if

∥J(x)∥ = sup
∥u∥=1

∥J(x)u∥ ≤ L0 + L1∥F (x)∥α

where

J(x) =

[
∇2

w1w1
L(w1, w2) ∇2

w2w1
L(w1, w2)

−∇2
w1w2

L(w1, w2) −∇2
w2w2

L(w1, w2)

]
.

Here ∥J(x)∥ = σmax(J(x)) i.e. maximum singular value of J(x).

Proof. Following (23), we have the equivalent characterization of F given by815

∥F (y)− F (x)∥ ≤
(
L0 + L1

∫ 1

0

∥F (θy + (1− θ)x)∥α dθ

)
∥y − x∥ ∀x, y ∈ Rd.

As this inequality holds for any x, y ∈ Rd, we choose y = x+ θ′u where ∥u∥ = 1 and θ′ ∈ (0, 1). Then we816

get817

∥F (x+ θ′u)− F (x)∥ ≤
(
L0 + L1

∫ 1

0

∥∥F (x+ θ′θu)
∥∥α

dθ

)
∥θ′u∥ ∀x ∈ Rd.

The right-hand side of this inequality can be rewritten as818 (
L0 + L1

∫ 1

0

∥∥F (x+ θ′θu)
∥∥α

dθ

)
∥θ′u∥ = θ′

(
L0 + L1

∫ 1

0

∥∥F (x+ θ′θu)
∥∥α

dθ

)
= L0θ

′ + L1

∫ 1

0

∥∥F (x+ θ′θu)
∥∥α

θ′dθ

= L0θ
′ + L1

∫ θ′

0

∥F (x+ φu)∥α dφ.

In the last line, we used the change of variable with φ = θ′θ. Therefore, we get819

∥F (x+ θ′u)− F (x)∥
θ′

≤ L0 +
L1

θ′

∫ θ′

0

∥F (x+ φu)∥α dφ.

Then we take θ′ → 0 and use L’Hôpital’s rule and Leibniz Integral rule to obtain820

lim
θ′→0

∥F (x+ θ′u)− F (x)∥
θ′

≤ L0 + L1 ∥F (x)∥α .

Moreover, note that the left-hand side is given by ∥J(x)u∥ where821

J(x) =

[
∇2

w1w1
L(w1, w2) ∇2

w2w1
L(w1, w2)

−∇2
w1w2

L(w1, w2) −∇2
w2w2

L(w1, w2)

]
.

Therefore, for any ∥u∥ = 1 we have822

∥J(x)u∥ ≤ L0 + L1∥F (x)∥α.

Hence we get823

∥J(x)∥ = sup
∥u∥=1

∥J(x)u∥ ≤ L0 + L1∥F (x)∥α.

Now we want to show the other way, i.e. suppose we have ∥J(x)∥ ≤ L0 + L1∥F (x)∥α. For this we define,824

q(θ) := F (θx+ (1− θ)y).
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Then q(1) = F (x) and q(0) = F (y) and we have825

∥F (x)− F (y)∥ = ∥q(1)− q(0)∥

=

∥∥∥∥∫ 1

0

dq(θ)

dθ
dθ

∥∥∥∥
=

∥∥∥∥∫ 1

0

dF (θx+ (1− θ)y)

dθ
dθ

∥∥∥∥
=

∥∥∥∥∫ 1

0

J(θx+ (1− θ)y)(x− y)dθ

∥∥∥∥
≤

∫ 1

0

∥J(θx+ (1− θ)y)∥ ∥x− y∥ dθ

=

(∫ 1

0

∥J(θx+ (1− θ)y)∥ dθ
)
∥x− y∥

≤
(∫ 1

0

L0 + L1∥F (θx+ (1− θ)y)∥αdθ
)
∥x− y∥

=

(
L0 + L1

∫ 1

0

∥F (θx+ (1− θ)y)∥αdθ
)
∥x− y∥ .

Then, using Lemma A.3, we have the result.826

D.2 Computation of α,L0, L1 for L(w1, w2).827

We now revisit the min-max problem defined in (5). Note that, the operator corresponding to this problem is828

given by829

F (x) =

[
w2

1 + w2

w2
2 − w1

]
Then the norm of operator is ∥F (x)∥ =

√
(w2

1 + w2)
2 + (w2

2 − w1)
2. Moreover, the Jacobian matrix is given830

by831

J(x) =

[
2w1 1
−1 2w2

]
.

Then the maximum singular value at any point x is given by832

∥J(x)∥ = λmax

(
J(x)⊤J(x)

)
= λmax

([
4w2

1 + 1 2(w1 − w2)
2(w1 − w2) 4w2

2 + 1

])
(24)
=

√
2(w2

1 + w2
2) + 1 + 2

√
(w1 − w2)2 + (w2

1 − w2
2)

2 (43)

To validate whether the operator F satisfies the condi-
tion (6), we examine whether the following function is
non-negative:

g(w1, w2) = L0 + L1∥F (x)∥ − ∥J(x)∥. (44)

In Figure 5, we plot g(w1, w2) using L0 = 10 and L1 =
10. We observe that g(w1, w2) has no real solution and re-
mains positive for allw1, w2 ∈ R, confirming that the func-
tion (5) satisfies (11) with (α,L0, L1) = (1, 10, 10). Thus,
the corresponding operator F is 1-symmetric (10, 10)-
Lipschitz. w1

10007505002500 2505007501000

w 2

1000
750

500
250

0
250

500
750
1000

g(
w

1,
w

2)
1e

7

0.2
0.4
0.6
0.8
1.0
1.2
1.4

Figure 5: Plot of g(w1, w2) (44).
Here, the z-axis is in 107 scale.

833

35



E Additional Details on Numerical Experiments834

In this section, we provide additional details on the second experiment related to the monotone problem. First,
we show that

L(w1, w2) =
1

3

(
w⊤

1 Aw1

)3/2

+ w⊤
1 Bw2 −

1

3

(
w⊤

2 Cw2

)3/2

is convex-concave, and then we find the equilibrium point of L.835

Convex-Concave L(w1, w2). Note that for L(w1, w2) in (19) we have ∇w1L(w1, w2) =836 (
w⊤

1 Aw1

)1/2
Aw1 + Bw2 and ∇w2L(w1, w2) = B⊤w1 −

(
w⊤

2 Cw2

)1/2
Cw2. Then the second-order837

derivatives are given by838

∇2
w1w1

L(w1, w2) = ∥A1/2w1∥A+
Aw1w

⊤
1 A⊤

∥A1/2w1∥
Here, A is positive definite and Aw1w

⊤
1 A⊤ is a positive semidefinite matrix. Hence, ∇2

w1w1
L(w1, w2) is a839

positive definite matrix as well and L(·, w2) is convex for any w2. Similarly, we show that840

−∇2
w2w2

L(w1, w2) = ∥C1/2w2∥C+
Cw2w

⊤
2 C⊤

∥C1/2w2∥

and −∇2
w2w2

L(w1, w2) is positive definite. Therefore, L(w1, ·) is concave for any w1. This proves that841

L(w1, w2) is convex with respect to w1 and concave with respect to w2. Thus, we conclude that the correspond-842

ing operator F is monotone.843

Equilibrium of L(w1, w2). To find the equilibrium points, we solve the set of equations given by844

∇w1L(w1, w2) = 0 and ∇w2L(w1, w2) = 0, i.e. solve for845 (
w⊤

1 Aw1

)1/2

Aw1 +Bw2 = 0,

B⊤w1 −
(
w⊤

2 Cw2

)1/2

Cw2 = 0.

Now multiplying the first equation with w⊤
1 and second one with w⊤

2 , we have846 (
w⊤

1 Aw1

)1/2

w⊤
1 Aw1 + w⊤

1 Bw2 = 0

w⊤
2 B⊤w1 −

(
w⊤

2 Cw2

)1/2

w⊤
2 Cw2 = 0

Combining these two equations, we get847 (
w⊤

1 Aw1

)1/2

w⊤
1 Aw1 +

(
w⊤

2 Cw2

)1/2

w⊤
2 Cw2 = 0

which can be equivalently written as848 ∥∥∥A1/2w1

∥∥∥3

+
∥∥∥C1/2w2

∥∥∥3

= 0

which implies w1 = w2 = 0 as both A,C are positive definite matrices (hence A
1/2,C

1/2 are invertible).849
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