A Proof of Lemma[d.4; The first stage of Algorithm 1 outputs an entity-level
coreset

For preparation, we first introduce an importance sampling framework for coreset construction, called
the Feldman-Langberg framework [27, [13].

A.1 The Feldman-Langberg framework

We first give the definition of query space and the corresponding coresets.

Definition A.1 (Query space [27,/13]). Let X be a finite set together with a weight functionu : X —
R>q. Let P be a set called queries, and f, : P — R>q be a given loss function w.r.t. v € X. The
total cost of X with respect to a query 6 € P is f(0) := >y u(x) - fo(0). The tuple (X, u,P, f)
is called a query space. Specifically, if u(z) = 1 for all x € X, we use (X, P, f) for simplicity.

Intuitively, f represents a linear combination of weighted functions indexed by &', and P represents
the ground set of f. Due to the separability of f, we have the following coreset definition.
Definition A.2 (Coresets of a query space [27,13]). Ler (X, u, P, f) be a query space and £ €

(0,1) be an error parameter. An e-coreset of (X,u, P, f) is a weighted set S C X together with a
weight function w : S — Rxq such that forany 6 € P, Y _qw(z) - fo(0) € (1%£¢)- f(0).

Remark A.3. For instance, we set X = [N], u = 1, P = Ay X 73’; and f = f' in the GMM
time-series clustering problem. Then by Definition Lemma represents that (Ig,w) is an
e-coreset for the query space ([N],1, A, x PX, f').

Another example is to set X = [T;], u =1, P = Py and f = ;. Then Lemmarepresents that
(Js.i,w ) is an e-coreset for the query space ([Ti], 1, Py, ;).

Now we are ready to give the Feldman-Langberg framework.

The Feldman-Langberg framework. Feldman and Langberg [27]] show how to construct coresets
by importance sampling and the coreset size has been improved by [13]]. For preparation, we first
give the notion of sensitivity which measures the maximum influence for each point z € X.
Definition A.4 (Sensitivity [27,13]). Given a query space (X,u, P, f), the sensitivity of a point
x € X is s(x) == supyep %. The total sensitivity of the query space is ) » ().

We also introduce a notion which measures the combinatorial complexity of a query space.
Definition A.5 (Pseudo-dimension [27, [13]). For a query space (X,u,P,f), we define
range(0,r) = {x € X 1 u(x) - f.(0) <1} forevery 0 € P andr > 0. The (pseudo-)dimension of
(X, u, P, f) is the largest integer t such that there exists a subset A C X of size t satisfying that
| {ANrange(0,7): 0 € P,r > 0}| =214l

Pseudo-dimension plays the same role as VC-dimension [56]. Specifically, if the range of f is {0,1}
and v = 1, pseudo-dimension can be regarded as a generalization of VC-dimension to function
spaces. Now we are ready to describe the Feldman-Langberg framework.

Theorem A.6 (Feldman-Langberg framework [27,[13])). Let (X, u, P, f) be a given query space
and €, € (0,1). Let dim be an upper bound of the pseudo-dimension of every query space
(X,u, P, f) over u'. Suppose s : X — R is a function satisfying that for any x € X, s(x) >

SUPgep %, and define G := ) 1 5(x) to be the total sensitivity. Let S C X be constructed
by taking O (¢72G(dim-InG + In(1/6))) samples, where each sample x € X is selected with
probability % and has weight w(x) = EEOE Then, with probability at least 1 — 0, S is an
e-coreset of (X, u, P, f).

A.2 Bounding the pseudo-dimension of f’

Our proof idea is similar to that in [48]]. For preparation, we need the following lemma which is
proposed to bound the pseudo-dimension of feed-forward neural networks.
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Lemma A.7 (Restatement of Theorem 8.14 of [4]). Let (X, u,P, f) be a given query space where
f2(0) € {0,1} forany x € X and 0 € P, and P C R™. Suppose that | can be computed by an
algorithm that takes as input the pair (x,0) € X x P and returns f,(0) after no more than l of the
following operations:

* the exponent function a — e® on real numbers.

* the arithmetic operations +, —, X, and | on real numbers.

e jumps conditioned on >, >, <, <, =, and # comparisons of real numbers, and
* output 0,1.

If the | operations include no more than q in which the exponential function is evaluated, then the
pseudo-dimension of (X, u, P, f) is at most O(m?q> + mq(l + Inmq)).

Note that the above lemma requires that the range of functions f; is [0, 1]. We have the following

lemma which can help extend this range to R.

Lemma A.8 (Restatement of Lemma 4.1 of [58]]). Let (X, u, P, f) be a given query space. Let

gz : P x R — {0, 1} be the indicator function satisfying that for any x € X, 0 € P andr € R,
92(0,7) = I'lu(z) - f(x,0) = 7].

Then the pseudo-dimension of (X, u, P, [) is precisely the pseudo-dimension of the query space

(X, u,P xR, gy).

Now we are ready to prove bound the pseudo-dimension of f’ by the following lemma.

Lemma A.9 (Pseudo-dimension of f'). The pseudo-dimension of ([N],u, A x P¥, f') over weight
functions u : [N] — Rsq is at most O(k*d* + k3d®).

Proof. Our argument is similar to that in [37, Lemma 5.9]. Fix a weight function u : [N] — Rx.
We only need to consider the following indicator function g; : A x P¥ x R>q — {0, 1} where for
any o € Ay, 0 € Pﬁf and r € R,

1
gi(a,0,r) =1 Z a ~exp(—2—Ti77/1,-(u(l>, 2O A >
l€[k]
Note that the parameter space is Ag X ’P/}\C which consists of at most m = O(kd?) parameters.
For any (u,X,A) € Py, function t;(u, >, A) can be represented as a multivariate polynomial
that consists of O(d®) terms pft pl2 A% . Als (E’l)i;% where ¢1, ¢, ¢3,¢4,¢5,¢6 € [d], and
b1, ba, b3, ba, by € {0,1}. Thus, g; consists of | = O(kd®) arithmetic operations, ¢ = k exponential
functions, and k jumps. By Lemmas and[A.8] we complete the proof. O

A.3 Bounding the total sensitivity of f’

Next, we prove that function s (Line 6 of Algorithm[I)) is a sensitivity function w.r.t. f’; summarized
as follows.
Lemma A.10 (s is a sensitivity function w.r.t. f'). For each i € [N], we have
/
(o, 0
s(1) > max fz/(oz, ) .
aeng6ePt [, 0)

Moreover, ),y 5(i) < (16D + 12Dk) /.

To prove the lemma, we will use a reduction from general X to Iy and from A to 04 (without
both covariances and autocorrelations), which upper bounds the affect of the covariance matrix and

autocorrelation matrices. We define wl(o) : R? — R to be

() =3 i — 3 3)

te[T;]
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for any ;1 € R?, and define f(O) : A;, x R¥*F — Ry to be

FO0,09) = 3" {0

1€[N]
1 0)(,
- ZIHZ“Z exp( : Y (u”))
i€[N] ek 27, - minge ] Amin(2¢))

for any a € Ay, and #(O) = (u(l))le[k] e R¥*F_ Compared to f’, we note that f(©) does not contain
covariance and autocorrelation matrices.

Clustering cost of entities. By the definition of 1/)2(0), we have that for any p € RY,

Ztem I EtE[T] virll3

1 0
Tiwi (1) = I—"— 4)

||2+* > Mzl ~

te[T]

0)

Next, we introduce another function s(©) : [N] — R>¢ as a sensitivity function w.r.t. f (©) ie., for

any ¢ € [N],

s©) () := max M
a€n,, 000 eraxkt f(O)(a, 0(O))

Define G(©) := > ielN] 5(9) (i) to be the total sensitivity w.r.t. f(©). We first have the following
lemma.

Lemma A.11 (Relation between sensitivities w.r.t. fi(o) and f/). Foreachi € [N}, we have

!
©)(5) < Ji@:0)  ypy. @ (i),
s “)*aeﬁ%’épf 0, 0) = s9(1)/

Proof. It is easy to verify s(9) (i) < MaX, A, 0ePr % since

/

max fie0)

Q€A 0EPE (e, 0)
f(a,0) o

- 04 €D\, IgeS

B aeAk,eer&%}ildxod)k ', 0) (0a xodd )
- £9(a,00) o
- et 00 eraxk fO)(a, HlO)) (Defn. of £(©))

= s(O(5).
For the other side, we have the following claim that for any ¢ € [N] and 0 = (i, 3, A) € Py,

A

A
) ¢+ ). 5)

(0) ,
: @/h (,LL) < d)l(ua E7A) < )\min(z)
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Then for any o € Ay and 0 = (u®, O A,y € PE, letting ) = (1)1 € RT*F and
B = miny ¢ Amin (5¢ )) , we have

file,0) —In 3 - exp(— g i (n©, 20, A)) (by definition)
(. 0) = ey In e @ - exp(— g ¢y (u0, 5O, AD))
—In Yy - exp(— gyt (1)
7 min ( ) (Ineq. @)

O
= Y jem 10 Xiepm @ - exp(= gy - P8 ()

(0) (0)
4f. 0
< fi (e, ) 5 (Defn. of fi(o))
o max (S
- Zje[N] In (Zle[k} o -exp(— 15 '1/’§ )(N(l)))) Fmex (0
4fL
< fi (e, ) (Assumption [4.))

o \/D
~ Ve 10 (Siep - exp(- 15~w§ ()

4D - fi(o)(a79(0)) N
T X fO)(q,000)) (by definition)

Consequently, we have max,en, peph }t EZ zg < 4D - 5(9)(3) /A, which completes the proof.

Proof of Claim (3). It remains to prove Claim (). For any i € [N] and 6 = (u, 3, A) € Py, we
have

¢i(U7ZaA)
= (zig— ) S @i —p) — (Alzin — )" 27 (Azag — p)

+Z it = 1) = Mip1 — ) S (@i — p) = Awi o — )
© [Amai(z)’ Am:,(z)] ' (Wl — )" (@i — ) — (Mwig — )" (A — u)))
+ : i (it — Azi—1 — N))T (it — p) = Mxip—1 — )

Amax(2) " Amin
Hence, it suffices to prove that
(@i =) "= @i — ) = (M — )" =71 (A@ig — p))
+ Z Tt — AMaigor — )" (i — ) — Aigmr — )
e W4l
Since A € Df, we suppose A = (Aq,...,Ay). Then we have
(zin — ) (@in — p) — (Alzin — p) " (Azig — p)
+ Z it =) = M1 — ) (@i — p) = Mwig1 — p)

= Z(l—A)(xm )’

re[d]

+ Z Titr — r AT'(mi,t—l,T' - NT))T (( Litr N7) Ar(xi,t—l,r - U7)) .
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On one hand, we have

T;

(1 - A )((Ezlr /147")2 + Z ((xitr - /J“r‘) - Ar(xi,tflm - /147"))2

t=2
T;
(1 - A )( Ti1r ,U'r) + Z 2 ((xitr - ,UT')2 + Az(xi,t—l,r - ,ur)z) (Arithmetic Ineq')

IN

IN

4 Z Litr — ,UJr . (Ar S 1)

te TL

On the other hand, we have

T;
(]- - A )(mzlr r 2 + xztr r - Ar(xi,tfl,r - Nlr))z
t=2

i

T;
= (xilr - r 2 + 1 + A xztr MT)Q - ZAT(xitr - Mr)(xi,t—l,r - Mr)

> )? Z Tigr — ir)?  (Arithmetic Ineq.)
te[T;)
> A Z (Titr — ). (Assumption 4.T])
te[T;]
This completes the proof. O

By the definition of s and the above lemma, it suffices to prove the following lemma that provides an
upper bound for 5(©),

Lemma A.12 (Sensitivities w.r.t. f(9)). The following holds:

1. Foreachi € [N], we have

4l|b; — 2
b= ol e

©)
S
@)= OPT@ 4 4

2. GO < 4+ 3k.

For preparatlon we introduce some notations related to the clustering problem (Definition[4.2). For
any 1 € RY, we define
h§ (1) = llcp — nll3,

and for any a € Ay, 0(0) € RIxF,

fila, 6(©)) .= —1In Z ay - exp(—

le[k]

hs(ph)),

B

where 3 = ming ¢y )\min(Z(l/))Q. Let f¢:= Zie[]\’] f£. Then similarly, we can prove that s (Line
5 of Algorithm[I) is a sensitivity function w.r.t. f¢; summarized as follows.
Lemma A.13 (s° is a sensitivity function w.r.t. f°). For eachi € [N],
ofs ff(a,09)
S > max S———=
(i) > acard© fe(a, 000)°

Moreover, 3, ny 5°(i) < k.

Proof. This lemma is a direct corollary by the fact that there are only k different centers C}, which
implies that there are at most & different functions f{ accordingly. We partition [N] into at most
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k groups A; where each element ¢ € A; satisfies that c;(i) = [. Then we observe that f{ = f7 if
i,j € A;. Then for any o, (©) € Ay, x RE¥F,

(o, 0O <(q, 0O 1
/ (04,9 ) ZjeAl fj (O‘aa ) ‘Al|
which implies the lemma. O

To prove Lemma |[A.12} the main idea is to relate 57 (i) to 5°(i). The idea is similar to [48]. For
preparation, we also need the following key observation.

Lemma A.14 (Upper bounding the projection cost). For a fixed number L > 0 and a fixed
0 = (o, 0(O>) € Ap x R¥* and a fixed value a > 0, define 7,9 : RY — R>¢ as

1
muosln) =~ Y arexp (<57 (Iy - w0l +a) ).
le[k]

Then, for every y,y' € R% it holds that

2
ma0(y) < Ty — Y115+ Ta0.0(y)-

Proof. Use the relaxed triangle inequality for /2-norm, we have

1
Fanal) =~ oo (5 (o= w013 + )

le[k]
200wz, L "2
< =) aew(—zly —pVl5+ 57 (ly =yl +a)
le[k]
(relaxed triangle ineq.)
< 1 22 . R RO
< n{exp(—=lly—vl3)- Y or-exp ly' = uV15 +a
L oL
l€[k]
< zIIy—y’IIQ—hlZozz-eXp L (Ily’—u(l)||2+a)
- L 2 2L 2
l€[k]
2
< -y [ X aesp (o (I~ O3 +a)
- L ’ le[k] 2L ’

2
= 7l Y115+ Ta0,. ().

Recall that b; <+ M

= . Now we are ready to prove Lemmal|A.12
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Proof of Lemma[A12) For each i € [N] and § = (a,0©)) € A, x R¥*F, letting B =

ming e ) Amin (202, we have

1)
= Ta;.0.8(bi)
2 N N
= B”bi = i1z + Tar0.8(ch) (LemmalA.14)
2 (&
< BH p(z)||2 + ¢ Z Ta;,0,6( p(]) (Defns. of s°)
J€E[N]
< b=l C'Z2b-—*2 b; L [A14)
= B” i Cp(i)”Z + s(i) - B - [[b Cp(j)”Z + 7a,,0,5(b;) (Lemma
JEIN]
2 . o 2-0PT©
< BHbz - Cp(i)||g +5°(i) - (T + £©))). (Defns. of OPT(©))
Let OPT := ming ) ;v £ (). We have that
OPT
= min Z f}o)(e)
i€[N]
= min Z —lnzal-exp i(”b _ (l)||2+a<)
0 28 2T
1€[N] l€[k]
1
> Hgn Z —In Z Q- €xXp ( 5 <m1n ||b; — ul )||2 —|—az>)
1€[N] l€[k]
1
> mein Z —1In Z Qp - exp (5 <m1n ||b; — ,u(l )H2 +a; >)
i€[N] le[k]
= 1 mlnz min ||b; — (l)|| + a;
2p3 l/e[k] 2 ’
1
> 25 (OPT(O) + A) . (Defns. of OPT(?) and A)

Hence, we have

©)
o 190)
s 00) penyxrixr fO)(0)

2-|bi — C;(i)H% n s¢(i) - OPT©

5-0PT 5 0PT + 5°(7) (Ineq. (6))
4-1b;i — C;(i)H% e/
S OPT(—O)—|—A + 3s (Z) (Ineq. @))

The second property is a direct conclusion.

Now we are ready to prove Lemma[A.T0]

(6)

)

Proof of Lemma Lemmal[A.T0]is a direct corollary of Lemmas[A.TT]|and [A.T12]since for each

i€ [N],
fila,0) () (:
a . < A LemmalATT)
OKEE,HXGP;\C f/(a79) = S (’L)/ (
< 4D M +3s°(4) | /A (Lemma[A12])
- OPT@ + 4
= s(7). (Line 6 of Algorithm [I]
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O

By the Feldman-Langberg framework (Theorem[A.6)), we note that Lemma[d.4]is a direct corollary
of Lemmas[A.9and

B Proof of Lemma[4.5: The second stage of Algorithm [I|outputs a time-level
coreset

The proof idea is similar to that in Lemma[4.4] i.e., to bound the pseudo-dimension and the total
sensitivity for the query space ([T;], 1, Px, 1;).

B.1 Bounding the pseudo-dimension of v);

We have the following lemma.

Lemma B.1 (Pseudo-dimension of ;). The pseudo-dimension of ([T;], 1, Px, ;) over weight
functions u : [N] — Rxq is at most O(d®).

Proof. The argument is almost the same as in Lemma[A.9] The parameter space of 1; consists of at
most m = O(d?) parameters and v; can be represented by at most [ = O(d°) arithmetic operations.

By Lemmas and[A.§] it completes the proof. O

B.2 Bounding the total sensitivity of v);

Next, we again focus on proving s; (Line 12 of Algorithm |1)) is a sensitivity function w.r.t. ;;
summarized as follows.

Lemma B.2 (s; is a sensitivity function for ;). For eachi € [N], we have that for each t € [T;]

wit(/’[‘a Ev A)
ilt) = Ty A
5 ( ) HEREI?/??PT,)\ 1/11'(#72,/\)

Moreover, 3,1,y si(t) = O(D/A).

(0)

Similar to Section we introduce another function s, : [T;] — R as a sensitivity function w.r.t.

1/)1(0), i.e., for any t € [T;],

(0)
SZ(-O)(t) = max 1/)”0 (H)
ner (O (1)
Define gfo) =2 e sgo) (t) to be the total sensitivity w.r.t. 1/)1(0). We first have the following
lemma, whose proof idea is simply from Lemma[A.TT|and [37, Lemma 4.4].
Lemma B.3 (Relation between sensitivities w.r.t. w;o ) and Vi), Foreacht € [T;), we have

min{t—1,1}
si(t) <4DAL SO0+ Y s )

i=1
Proof. By the same argument as in Lemma[A.TT] we have that

() < DAY. max  LulInd)
n€ERY, AeDY ¢Z(O) (u)
By a similar argument as in [37, Lemma 4.4], we have that

min{t—1,1}

Yl o, ) <00 () + >0 i ().

Jj=1

Combining the above two inequalities, we complete the proof. O
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Then we have the following lemma that relates SZ(-O) and s{ (Line 11 of Algorithm , whose proof
follows from [57, Theorem 7] for the case that kK = 1.

Lemma B.4 (Sensitivities w.r.t. w§0>). For each i € [N], the following holds:
1. Foreacht € [T;], we have
i (t) < se(1).

2. 69 <y,
Note that Lemma [B.2]is a direct corollary of Lemmas [B.3]and [B.4]

C Proof of Theorem

Proof. Note that the coreset size |S| = M L matches the bound in Theorem We first prove the
correctness. For any ¢ € Ig, we have

—1In Z oy - exp(—

wO(8) - (u 0,50, 40))

le[k] ter i
1

< —In) a-exp _7(1+5) (D, 2O ALY (Lemma&3)

le[k]

1 1+e

< —In Z (al ~exp(—ﬁ¢i(,u(l), »®), A(l)))> (z'T¢ is convex when z € [0, 1])

le[k] i
< (14¢) —1nz Qp - exp ——w( @ E(l),A(l)))

l€[k]

Symmetrically, we can also verify that

—1In Z oy - exp(—

le[k] tEJs i

w? (1) - i (D, 20, AD))

> (1—g)-[-In> a-exp ——zp( M, 50, A0))
le[k]

Consequently, we have

—In Z ay - exp(— T Z w(t) -y (D, 5O ADY)

le[k] te€s,i

®)
€ (1+e)- —anal exp ——w( O 5O ADY)
le[k]

Combining with Lemma 4.4} we have that

f5(e,0)
= Z .In Z 78 exp 'LU(Z) (t) . wit(/'l'(l)v Z:(l)7 A(l)))
i€lg le[k] th]S’L
e (1xe)-|- Z -In Z Qg - exp ——1/) (u®, 2O ALY (Ineq. (B))
icls le[k]
€ (1£e)? f(a,0). (Lemma [£.4])

By replacing ¢ with O(g), we prove the correctness.
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For the computation time, the computation in Line 2 costs O(d Zie[ N] T;) time since each b;
and a; can be computed in O(dT;) time, and A can be computed in O(N) time. In Line 3, it
costs O(NdkIn Nlnk) time to solve the k-means clustering problem by k-means++. Line 4
costs O(Ndk) time since each p(i) costs O(dk) time to compute. Lines 5-6 cost O(Nd) time for
computing sensitivity function s. Lines 7-8 cost O(N) time for constructing Ig. Overall, it costs
O(d> ez Ti + NdkIn N In k) at the first stage. Line 10 costs at most O(d1}) time to compute

OPTZ(-O). Lines 11-12 cost O(T;) time to compute s;. Lines 13-14 cost O(T;) time to construct Jg ;.
Since |Ig| < N, we have that it costs at most O(d Zie[ N] T;) time at the second stage. We complete

the proof. O

D Discussion on lower bounds

There is no provable lower bound result for our GMM coreset with time series data. We conjecture
that without the first condition in Assumption[4.1] the coreset size should depend exponentially in &
and logarithmic in n. The motivation is from a simple setting that all 7; = 1 (GMM with static data),
in which [26] reduces the problem to projective clustering whose coreset size depends exponentially
in k£ and logarithmic in n. Moreover, [26]] believes that these dependencies are unavoidable for GMM
coreset.
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