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Abstract

We study the problem of multiclass learning with bandit feedback in both the1

i.i.d. batch and adversarial online models. In the uniform learning framework,2

it is well known that no hypothesis class H is learnable in either model when3

the effective number of labels is unbounded. In contrast, within the universal4

learning framework, recent works by Hanneke et al. [2025b] and Hanneke et al.5

[2025a] have established surprising exact equivalences between learnability under6

bandit feedback and full supervision in both the i.i.d. batch and adversarial online7

models, respectively. This raises a natural question: What happens in the non-8

uniform learning framework, which lies between the uniform and universal learning9

frameworks? Our contributions are twofold: (1) We provide a combinatorial10

characterization of learnable hypothesis classes in both models, in the realizable11

and agnostic settings, within the non-uniform learning framework. Notably, this12

includes elementary and natural hypothesis classes, such as a countably infinite13

collection of constant functions over some domain that is learnable in both models.14

(2) We construct a hypothesis class that is non-uniformly learnable under full15

supervision in the adversarial online model (and thus also in the i.i.d. batch model),16

but not non-uniformly learnable under bandit feedback in the i.i.d. batch model17

(and thus also not in the adversarial online model). This serves as our main18

novel technical contribution that reveals a fundamental distinction between the19

non-uniform and universal learning frameworks.20

1 Introduction21

Learnability lies at the core of learning theory. Intuitively, it explores the conditions under which22

there exists an algorithm that can accurately predict unseen instances based on a finite set of examples.23

To rigorously study this phenomenon, various abstract learning frameworks, including uniform,24

non-uniform, and universal learning frameworks, have been proposed in the literature so far. This25

manuscript focuses on the non-uniform learning framework.26

The classical work of Benedek and Itai [1988] introduced the non-uniform learning framework.27

Moreover, they gave a combinatorial characterization of non-uniform PAC learnability for the binary28

classification setting. The recent contribution of Lu [2024] gave a combinatorial characterization of29

non-uniform online learnability also for the binary classification setting. However, many important30

tasks involve a large prediction space. For instance, consider a quantum experiment with n ∈ N31

qubits, where the goal is to predict measurement outcomes, each of which can be one of 2n possible32

states. Meanwhile, many significant tasks involve bandit feedback, where the only information33

that can be received is whether the prediction is correct. For example, a physicist might propose a34

prediction based on a discovered law of nature and then observe only whether it holds true.35
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In response, we consider the framework called “Non-Uniform Multiclass Learning under Bandit36

Feedback”. Roughly speaking, in this framework, a learner aims to infer an unknown hypothesis h⋆37

from a known hypothesis class H consisting of functions from some instance space X (e.g., space of38

images) to some label space Y (e.g., categories of images), through an interaction with nature, with a39

guarantee that may depend on h⋆.40

Subsequently, we provide a more precise, yet still informal, description of the framework. In the41

i.i.d. batch model, nature initially selects an unknown data distribution similar to classical multiclass42

learning, but the learner does not directly observe the correct labels of the i.i.d. training examples.43

Instead, during each round, the learner first receives an unlabeled example, makes a prediction for44

its label, and receives bandit feedback. Despite this restriction, the goal remains the same as in45

classical multiclass PAC learning, where the primary objective is to output a function that correctly46

classifies most future examples generated by the same underlying data distribution. In addition, in47

the adversarial online model, during each round, nature first presents an instance to the learner. Next,48

the learner must predict a label for the given instance. After making a prediction, nature reveals the49

bandit feedback. Crucially, this setting differs from the full supervision setting, where, at the end of50

each round, the true label is revealed by nature. Again, despite this restriction, the goal remains the51

same as in classical multiclass online learning, where the primary objective is to correctly predict52

in most rounds. Furthermore, in the realizable setting, we assume that the data distribution or the53

sequence of instance-label pairs played by the adversary is consistent with some h⋆ ∈ H. On the54

other hand, in the agnostic setting, we do not make such an assumption. Moreover, the non-uniform55

learning framework allows for error or regret bounds, possibly depending on h⋆, in the i.i.d. batch56

and adversarial online models, respectively.57

In this manuscript, our first main contribution is to algorithmically addressing the following question58

in the non-uniform multiclass learning under bandit feedback framework across both the i.i.d. batch59

and adversarial online models, in both the realizable and agnostic settings:60

What is the necessary and sufficient condition for a hypothesis class H ⊆ YX that admits61

non-uniform learnability?62

In particular, we provide a combinatorial characterization of hypothesis classes for which learnability63

is possible. We note that, for simplicity at this stage of the introduction, several details about the64

definitions in the framework have been omitted, such as the possibility of allowing randomized65

learners in the adversarial online model. For more details, see subsection 1.1 and section 3.66

Previous research on the problem of multiclass learning under bandit feedback mostly considered67

the uniform learning framework. In essence, the uniform learning framework seeks a theoretical68

guarantee that is true for all data distributions or all adversarial sequences, without any dependence on69

the distribution or sequence itself. This line of study was initiated by the seminal work of Daniely et al.70

[2011] and continued by Erez et al. [2024b,a] in the PAC model, and by Daniely and Helbertal [2013],71

Long [2017], Geneson [2021], Raman et al. [2023], Hanneke and Yang [2023] in the adversarial72

online model. If the effective label space is infinite—that is, there exists at least one instance in73

the instance space for which hypotheses in the hypothesis class can assign infinitely many distinct74

labels—no deterministic online learning algorithm can guarantee a uniformly bounded number of75

mistakes against the worst-case realizable adversary. To see this, consider a scenario in which the76

adversary repeatedly selects the same specific instance in every round. In this case, the predictions77

of the online learning algorithm can be consistently incorrect, even though a hypothesis within the78

hypothesis class remains consistent with all previous feedback. In particular, this happens because the79

feedback received only indicates whether the prediction was correct or not. Moreover, this conclusion80

can be easily generalized to randomized algorithms as well. In addition, a similar limitation arises in81

the PAC model due to the need to guess an unknown natural number while keeping the number of82

guesses uniformly bounded over the choices of the target number. Notably, this limitation applies83

even to elementary and natural hypothesis classes, such as a countably infinite collection of constant84

functions over some domain.85

The recent contributions by Hanneke et al. [2025b] and Hanneke et al. [2025a] are the only works86

that diverge from the uniform learning framework by considering the universal learning framework87

of Bousquet et al. [2021]. This framework enables the study of theoretical guarantees that are still88

true for all data distributions or all adversarial sequences, but crucially without placing a uniform89

bound on the error rate in the i.i.d. batch model or regret in the adversarial online model. In particular,90

the error rate may depend on the distribution itself, and the number of mistakes may depend on the91
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infinite sequence of instance-label pairs. These works demonstrated surprising exact equivalences92

between learnability under bandit feedback and full supervision in the i.i.d. batch and adversarial93

online models, respectively. As a result, it is possible to learn the hypothesis class of a countably94

infinite collection of constant functions over some domain in the universal multiclass learning under95

bandit feedback framework in both i.i.d. batch and adversarial online models as opposed to the96

uniform learning framework.97

This raises a natural question: what happens in the non-uniform learning framework, which lies98

between the uniform and universal learning frameworks? In particular, in the former, learnability99

is essentially impossible under bandit feedback, whereas in the latter, there is an exact equivalence100

between learnability under full supervision and learnability under bandit feedback.101

The non-uniform learning framework also allows one to escape the aforementioned theoretical102

limitation in the uniform learning framework. To illustrate this, we again focus on the hypothesis103

class of countably infinite constant functions over some domain. Suppose that we are in the adversarial104

online model and in the realizable setting. Now, consider the following online learning algorithm:105

In each round i ∈ N, it predicts the label i unless it receives feedback confirming the prediction is106

correct, once the correct label is identified, it consistently predicts that label in all subsequent rounds.107

This online learning algorithm makes a finite number of mistakes, depending on h⋆, against any108

realizable adversary. It is not hard to see that this class is non-uniform online learnable in the agnostic109

setting as well as non-uniform PAC learnable in both realizable and agnostic settings. However, we110

construct a hypothesis class that is non-uniformly learnable under full supervision in the adversarial111

online model (and thus also in the i.i.d. batch model), but not non-uniformly learnable under bandit112

feedback in the i.i.d. batch model (and thus also not in the adversarial online model). This serves as113

our main novel technical contribution that reveals a fundamental distinction between the non-uniform114

and universal learning frameworks.115

To summarize, our main contributions in the current manuscript are as follows. Therefore, we116

complete the picture of the problem of multiclass learning.117

• We provide a combinatorial characterization of hypothesis classes that are non-uniformly118

multiclass learnable under bandit feedback in both PAC and adversarial online models, in119

the realizable and the agnostic settings, in section 4 and section 5, respectively.120

• In addition, we provide a combinatorial characterization of hypothesis classes that are non-121

uniformly multiclass learnable under full supervision in both PAC and adversarial online122

models, in the realizable and agnostic settings, in Appendix D and Appendix E, respectively.123

This generalizes the results of Benedek and Itai [1988] and Lu [2024] to the multiclass124

setting.125

• We construct a hypothesis class that is non-uniformly learnable under full supervision in the126

adversarial online model (and thus also in the i.i.d. batch model), but not non-uniformly127

learnable under bandit feedback in the PAC model (and thus also not in the adversarial128

online model), in Appendix C.129

• We give two examples of hypothesis classes to show other separations between uniform,130

non-uniform, and universal learning frameworks for the problems of multiclass learning131

under bandit feedback and full supervision Appendix C.132

1.1 Overview of the Main Results133

In the following subsection, we provide a detailed summary of the key results and findings presented134

in our paper.135

1.1.1 Non-Uniform Multiclass Online Learning136

We define the problem as a repeated game between the learner and the adversary. At each round137

t ∈ N, the adversary selects an instance Xt from an arbitrarily non-empty instance space X and a138

label Yt from a possibly countably infinite non-empty label space Y 1; then, reveals Xt to the learner.139

Subsequently, the learner predicts a (potentially randomized) label Ŷt from Y . Following this, the140

1If we consider randomized learning algorithms, the associated σ-algebra is of little consequence, except that
singleton sets {y} should be measurable.
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learner receives feedback. If we are in the full supervision setting, the feedback is Yt; and if we are in141

the bandit feedback setting, the feedback is I{Ŷt ̸= Yt}, only indicating whether the prediction is142

correct. Following standard learning theory conventions, we define a hypothesis class H as a set of143

functions from X to Y . This class is known to the learner before the game begins. For additional144

details, see section 3.145

In the realizable setting, we assume that the sequence {(Xt, Yt)}∞t=1, chosen by the adversary, is146

consistent with at least one hypothesis in H. In this setting, we focus on the standard notion of the147

expected number of mistakes made by the learner over time. We say that a hypothesis class H ⊆ YX148

is realizable non-uniform multiclass online learnable under bandit feedback if there exists an online149

learning rule A receiving bandit feedback setting’s feedback such that for every h⋆ ∈ H there exists150

a constant c ∈ N such that for every sequence {(Xt, Yt)}∞t=1 consistent with h⋆, the online learning151

algorithm A only makes c number of mistakes in expectation. We have a similar definition for the152

full supervision setting. See section 3 for further details. The main result of this part is the following153

theorem.154

Theorem 1.1. Let H ⊆ YX be a hypothesis class. Then, the following statements are equivalent.155

• H can be represented as a countable union of hypothesis classes with finite bandit Littlestone156

dimension.157

• H is realizable non-uniform multiclass online learnable under bandit feedback.158

To prove the upper bound of the above theorem, we design a novel online learning algorithm called159

the non-uniform bandit standard optimal algorithm. Furthermore, the proof of the lower bound is160

based on the original work of Benedek and Itai [1988]. As an immediate implication, consider the161

hypothesis class of a countably infinite collection of constant functions over some domain. Indeed,162

one can view each hypothesis in this class as part of the countable union of hypothesis classes with163

finite bandit Littlestone dimension. Thus, this hypothesis class is realizable non-uniform multiclass164

online learnable under bandit feedback. See subsection 5.1 for further details. Notably, we also prove165

a similar theorem for the full supervision setting. The proof of this theorem is based on the arguments166

of the recent work of Lu [2024]. See Appendix E for further details.167

In the agnostic setting, we make no assumptions about the sequence {(Xt, Yt)}∞t=1, chosen by the168

adversary. In this setting, our focus shifts to minimizing the standard notion of expected regret, which169

compares the expected number of mistakes made by the learner to those made by the best hypothesis170

in the hypothesis class H over the sequence. We say that the hypothesis class H ⊆ YX is agnostic171

non-uniform multiclass online learnable under bandit feedback if there exists an online learning rule172

A receiving bandit feedback setting’s feedback such that for every h⋆ ∈ H there exists a constant173

c ∈ N such that for every T ∈ N and every sequence {(Xt, Yt)}Tt=1, the online learning algorithm A174

has o(c T ) expected regret. We have a similar definition for the full supervision setting. See section 3175

for further details. The main result of this part is the following theorem.176

Theorem 1.2. Let H ⊆ YX be a hypothesis class. Then, the following statements are equivalent.177

• H can be represented as a countable union of hypothesis classes with finite bandit Littlestone178

dimension.179

• H is agnostic non-uniform multiclass online learnable under bandit feedback.180

To establish the upper bound of the above theorem, we comprise several components. First, we prove181

a structural lemma for bandit Littlestone classes. Second, we adopt the technique from the original182

work of Benedek and Itai [1988]. Third, we use an ingredient from the recent work of Raman et al.183

[2023]. Finally, we employ the standard doubling trick. As an immediate implication, again consider184

the hypothesis class of a countably infinite collection of constant functions over some domain. Based185

on a similar argument as before, this hypothesis class is agnostic non-uniform multiclass online186

learnable under bandit feedback. See subsection B.1 for further details, including the exact rate,187

which is Õ(
√
T ). Notably, we also prove a similar theorem for the full supervision setting. The proof188

of this theorem is similar to the proof of Theorem 1.2. See Appendix E for further details.189

1.1.2 Non-Uniform Multiclass PAC Learning190

Here, initially, nature selects an unknown data distribution D over X × Y . Fix a sample size n ∈ N.191

Subsequently, the learner and nature interact sequentially in n rounds. In particular, during each192
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round t ∈ {1, 2, . . . , n}, nature first independently samples an example (xt, yt) ∼ D and reveals xt193

to the learner. The learner is then tasked with predicting ŷt ∈ Y for the received instance. Upon the194

learner’s prediction, nature only reveals whether the prediction is correct. Eventually, the learner must195

output a function from instance space to label space that correctly classifies most future examples196

generated by the same unknown data distribution. Roughly speaking this is called PAC learnability.197

Again, following standard learning theory conventions, we consider a hypothesis class H, consisting198

of functions mapping X to Y . We assume standard measurability assumptions on X and C as well.199

We say that a data distribution D is realizable by a hypothesis class H if there exists h∗ ∈ H such200

that the samples are consistent with it almost surely. For additional details, see section 3.201

Theorem 1.3. Let H ⊆ YX be a hypothesis class. Then, the following statements are equivalent.202

• H can be represented as a countable union of hypothesis classes with finite effective label203

space and finite Natarajan dimension.204

• H is realizable non-uniform multiclass PAC learnable under bandit feedback.205

• H is agnostic non-uniform multiclass PAC learnable under bandit feedback.206

To prove the above theorem, we generalize the argument of the work of Benedek and Itai [1988] for207

the binary classification setting under full supervision using the results of Daniely et al. [2011] on208

PAC learnability under bandit feedback. As an immediate implication, consider the hypothesis class209

of a countably infinite collection of constant functions over some domain. Indeed, one can view each210

hypothesis in this class as part of the countable union of hypothesis classes with finite effective label211

space and finite Natarajan dimension. Thus, this hypothesis class is realizable non-uniform multiclass212

online learnable under bandit feedback. See section 4 for further details. Notably, we also prove a213

similar theorem for the full supervision setting. See Appendix D for further details.214

1.1.3 Examples215

We present three examples of hypothesis classes that demonstrate the separation between related216

learnability notions. Formally, we have the following results.217

Proposition 1.4. There exists a hypothesis class H ⊆ YX that is uniform multiclass online learnable218

under full supervision, but not non-uniform multiclass PAC learnable under bandit feedback.219

The above proposition reveals a fundamental distinction between the non-uniform and universal220

learning frameworks, where in later we have surprising exact equivalences between multiclass221

learnability under bandit feedback and full supervision. Indeed, if a hypothesis class is uniform222

multiclass online learnable under full supervision, it is also uniform multiclass PAC learnable under223

full supervision, non-uniform multiclass online learnable under full supervision, and non-uniform224

multiclass PAC learnable under full supervision. In addition, if a hypothesis class is not non-uniform225

multiclass PAC learnable under bandit feedback, it is not also non-uniform multiclass online learnable226

under bandit feedback, uniform multiclass PAC learnable under bandit feedback, and uniform227

multiclass online learnable under bandit feedback. As a result, our theorem is stated in the most228

extreme case.229

This serves as our main novel technical contribution. To prove it, the idea is as fol-230

lows: Let X be the set of all non-empty countable sequences of distinct real numbers.231

Also, let Y = N ∪ {⋆}. In addition, let H = {hy | hy : X → Y, y ∈232

R,∀S∈X hy(S) = ⋆ if y isn’t in the sequence S; otherwise hy(S) = i, where S[i] = y}. The cru-233

cial observation that we prove is that any countable representation of this class contains a class with234

infinite effective label space.235

Proposition 1.5. There exists a hypothesis class H1 ⊆ YX that is universal multiclass online236

learnable under bandit feedback, but not non-uniform multiclass PAC learnable under full supervision.237

Also, there exists a hypothesis class H2 ⊆ YX that is non-uniform multiclass online learnable under238

bandit feedback but not uniform multiclass PAC learnable under full supervision.239

The above proposition demonstrates a separation between uniform, non-uniform, and universal240

learning frameworks, particularly under bandit feedback and full supervision.241
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2 Related Work242

PAC Learning. The Probably Approximately Correct (PAC) learning framework, introduced by243

Valiant [1984], has been a cornerstone in the field of statistical learning theory. Blumer et al. [1989],244

Vapnik and Chervonenkis [2015], Valiant [1984], Vapnik [2006] characterizes learnable classes within245

the binary PAC learning framework in the realizable setting via a combinatorial parameter called the246

VC dimension. This result was later extended to the agnostic setting by Haussler [1992]. Since then,247

PAC learning has been extensively studied in various learning theoretic settings.248

Online Learning. Online learning has been a subject of study for over half a century. The seminal249

work of Littlestone [1988] marked the beginning of its formal exploration within the computer science250

community. Since then, online learning has been studied across diverse settings, including learning251

under bandit feedback Daniely et al. [2011], Daniely and Helbertal [2013], Long [2017], Geneson252

[2021], Raman et al. [2023], Hanneke and Yang [2023]. Additionally, it is closely linked to a wide253

set of fundamental problems, such as differential privacy, as explored in Alon et al. [2019], Bun et al.254

[2020], Alon et al. [2022]. Given its foundational nature, it is not surprising that online learning has255

also found many practical applications.256

Bandit Feedback. The bandit setting plays a pivotal role in statistical decision-making. Its conceptual257

foundation was first established by Thompson [1933]. Later, the field was popularized by the258

mathematician and statistician Herbert Robbins, whose seminal work Robbins [1952] introduced the259

multi-armed bandit problem. In recent years, bandit scenarios have attracted substantial attention,260

driven by foundational contributions such as Auer et al. [2002a,b]. For a comprehensive review of261

the literature, the reader may refer to the recent work of Foster et al. [2021].262

Multiclass Learning. A substantial body of theoretical research has explored multiclass classification263

in various frameworks, with notable contributions from Natarajan and Tadepalli [1988], Natarajan264

[1989], Ben-David et al. [1992], Haussler and Long [1995], Rubinstein et al. [2006], Daniely et al.265

[2011, 2012], Daniely and Shalev-Shwartz [2014], Brukhim et al. [2021]. However, a combinatorial266

characterization of multiclass classification within Valiant’s PAC learning framework, particularly267

when the number of labels is unbounded, remained unresolved until recently, even in the realizable268

setting. This gap was addressed in the seminal work of Brukhim et al. [2022], which also extended to269

the agnostic setting as well David et al. [2016]. The study of multiclass classification with unbounded270

label spaces is motivated by several factors. First, in multiclass settings, it is preferable for guarantees271

to remain independent of the number of labels, even when finite. Second, mathematical frameworks272

involving infinity mostly provide clearer insights.273

3 Notations, Definitions, and Preliminaries274

In this section, we provide the model setting and formal definition of the problem. We first provide275

the PAC learning model as follows.276

PAC Learning. In this paper, we investigate the PAC learning with bandit feedback, which is277

defined in the work of Daniely et al. [2011], in a non-uniform setting. Formally, X is a non-empty278

instance space and Y is a non-empty label space. H ⊆ YX is the hypothesis class, which is a279

non-empty set of functions from X to Y . In this paper, we focus on learning under the 0-1 loss. In280

other words, the loss function is I[y ̸= y′] defined in Y × Y and I[·] is the indicator function. For281

a distribution D over X × Y , we define the error of a concept h with respect to the distribution282

D as errD(h) = Pr(x,y)∼D[h(x) ̸= y]. We also denote errD(H) = infh∈H MD(h). A learning283

algorithm A under this setting is a function A : ∪∞
n=1(X × Y)n → YX . It takes multiple samples,284

i.i.d. sampled from distribution D, Sm, then outputs a concept ĥ. For the PAC learning with bandit285

feedback version, we first generate multiple samples, i.i.d. sampled from distribution D, then the286

learner sees the instance sequence without labels and makes a prediction for each instance. After287

that, whether this prediction is correct is sent to the learner as feedback. Then the learner can use that288

information to output the concept ĥ. To unify the definitions, we also use Sm to stand for the samples289

and feedback in the bandit feedback setting.290

If there is a concept h ∈ H, such that errD(h) = 0, we say the distribution D is realizable by H.291

Then we can define the non-uniform PAC learnability as follows.292
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Definition 3.1 (Non-Uniform PAC Learnability). If for every h∗ ∈ H, there is a number m(h∗, ϵ, δ),293

such that for every m > m(h∗, ϵ, δ), we have PrSm∼Dm [errD(A(Sm)) > ϵ] ≤ δ. We say H is294

non-uniform (ϵ, δ)-PAC learnable.295

Then similarly, for the agnostic case,296

Definition 3.2 (Agnostic Non-Uniform PAC Learnability). If for every h∗ ∈ H,297

there is a number m(h∗, ϵ, δ), such that for every m > m(h∗, ϵ, δ), we have298

PrSm∼Dm [errD(A(Sm)) > errD(H) + ϵ] ≤ δ. We say H is agnostic non-uniform (ϵ, δ)-PAC299

learnable.300

Then, we provide the model setting of online learning.301

Online Learning. In this paper, we investigate multiclass online learning in a non-uniform setting.302

Here, the definition of X , Y and H keeps the same as previous. We also focus on the 0-1 loss in this303

setting. X = {Xt}t∈N is a sequence of instances and Y = {Yt}t∈N is a sequence of labels.304

Online learning is a sequential game between the learner and the adversary. In round t, the adversary305

reveals an instance Xt to the learner and the learner makes a prediction Ŷt based on the history306

(X≤t−1, Ỹ≤t−1) = {(Xi, Ỹi)}i≤t−1, where Ỹi is the feedback given to the learner. After that,307

the adversary gives the learner feedback Ỹt of its prediction, which may be used to inform future308

predictions. In this paper, we focus on two types of feedback: full supervision and bandit feedback.309

In the full supervision setting, the learner receives the true label Yt of the instance Xt and incurs a310

loss I
[
Yt ̸= Ŷt

]
. In the bandit feedback setting, the learner only receives the loss I

[
Yt ̸= Ŷt

]
and311

does not observe the true label Yt.312

In the realizable setting, the adversary chooses a concept h∗ ∈ H, which is unknown to the learner,313

and generates the labels Yt = h∗(Xt). The learner aims to minimize the cumulative number of314

mistakes,315

MA(h∗, X, T ) :=

T∑
t=1

I
[
Ŷt ̸= h∗(Xt)

]
.

We use MA(h∗, X) to stand for MA(h∗, X,∞).316

Unlike the classic online learning problem, we aim to build a mistake bound for each concept instead317

of a uniform mistake bound for the whole concept class. Formally speaking,318

Definition 3.3 (Non-uniform Online Learnability.). We say a concept class H is non-uniform online319

learnable in the realizable setting, if there exists an online learning algorithm A, such that320

∃m : H → N,∀h∗ ∈ H,∀X,MA(h∗, X) ≤ m(h∗).

In the agnostic setting, we release the restriction that the adversary chooses a target concept from the321

concept class. Instead, the adversary can choose any sequence of labels Y ∈ Y∞. In this case, we322

use the notion of regret to measure the performance of the learner. The regret of the learner compared323

to a concept h∗ is defined as the difference between the total loss of the learner and the total loss of324

the function h∗. Formally speaking,325

regretA(h∗, X, Y, T ) :=

E

[
T∑

t=1

I
[
Ŷt ̸= Yt

]
−

T∑
t=1

I[h∗(Xt) ̸= Yt]

]
.

Remark. Here the expectation is taken over the randomness of the learner. We do not need to326

consider the randomized learner for the realizable cases.327

Then, we can define online learnability in the agnostic setting as follows.328

Definition 3.4 (Agnostic Non-Uniform Online Learnability.). We say a concept class H is agnostic329

non-uniform online learnable, if there exists an online learning algorithm A, such that330

∃m : H× N → N,m(h∗, T ) = o(T ),

∀h∗ ∈ H,∀X, and ∀Y, regretA(h∗, X, Y, T ) ≤ m(h∗, T ).

We introduce several useful combinatorial dimensions to describe our characterization in Appendix A.331
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4 PAC Learning332

In this section, we investigate the non-uniform PAC multiclass learning with bandit feedback. Basi-333

cally, we combine the tools from the work of Benedek and Itai [1988] and the work of Daniely et al.334

[2011] to get a non-uniform PAC learner for the bandit feedback setting.335

First, we have the following property of the Natarajan dimension and the size of the effective label336

space. The proof appears in Appendix B.337

Lemma 4.1. If H1 has the size of effective label space k1 and dN (H1) = d1, and H2 has the size of338

effective label space k2 and dN (H2) = d2. Let H = H1 ∪H2, the size of the effective label space of339

H is at most k1 + k2 and dN (H) ≤ (d1 + d2)
2 + 1.340

In addition, in order to prove the main theorem in this section, Theorem 1.3, we need the following a341

result form [Daniely et al., 2011] Theorem B.1 that also appears in Appendix B. Now, we prove the342

main result.343

Proof of Theorem 1.3. In this proof, we provide a way to transform a uniform PAC learning algorithm344

to a non-uniform PAC learning algorithm. As this method can be used to realizable algorithms and345

agnostic algorithms, we use the realizable case as an example in the proof.346

First, we show that if H is non-uniform PAC learnable, H can be represented as a countable union of347

hypothesis classes with finite effective label space and Natarajan dimension. By definition, for every348

h∗ ∈ H, there is a number m(h∗, ϵ, δ), such that if we have more than that number of samples, we349

can learn that concept. Therefore, by taking ϵ = 1
100 and δ = 1

100 , we can set the following concept350

classes:351

Hi = {h∗ : m(h∗,
1

100
,

1

100
) ≤ i}

For every i, we know that there is a learning algorithm which only takes finite samples and can learn352

h ∈ Hi with ϵ = 1
100 and δ = 1

100 . Due to Theorem B.1, we know Hi has finite Natarajan dimension353

and finite size of effective label space. And also we know that for every h ∈ H, there is an i, h ∈ Hi,354

thus, H =
⋃

i Hi.355

Then we show how to non-uniformly learn a concept class H if it is a countable union of hypothesis356

classes with finite effective label space and Natarajan dimension. Assume H =
⋃

i Hi. Due to357

Lemma 4.1, we assume the size of effective label space of
⋃j

i=1 Hi is kj and dN (
⋃j

i=1 Hi) = dj .358

Then we describe the non-uniform learning algorithm. If we are given m samples, compute the359

largest j, such that m ≥ kj · j(dj log kj · ln j + ln j), then we run the uniform learner on
⋃j

i=1 Hi360

with m samples, if there is a concept consistent with all samples, output it. Otherwise, output a361

prescribed concept h0.362

Then we show the algorithm works. For every concept h∗ ∈ H, we know there is a j such that h∗ ∈363

Hj . According to the algorithm above, we have m(h∗, ϵ, δ) = O(kj′ · j′(dj′ log kj′ · ln j′ + ln j′)),364

where j′ = max j, 1
ϵ ,

1
δ .365

That finishes the proof.366

5 Adversarial Online Learning367

5.1 Realizable Setting368

In this section, we investigate the non-uniform online multiclass learning in the realizable setting.369

By using the generic non-uniform learning algorithm and the bandit standard optimal algorithm370

(BSOA) from the work of Daniely et al. [2011], we prove that a concept class H is non-uniform371

online learnable if and only if it can be represented as a countable union of bandit Littlestone classes.372

Proof of Theorem 1.1. We first prove that if H can be represented as a countable union of bandit373

Littlestone classes, then H is non-uniform online learnable with bandit feedback by using the374

following generic non-uniform online learning algorithm (Algorithm 1). Recall the result from the375

work of Daniely et al. [2011] that if a concept class H has BLdim(H) = d, the BSOA has a mistake376

bound of d. Then we can prove that Algorithm 1 has a mistake bound of m(h∗) is O((k + dk)
2),377
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Algorithm 1 Generic Non-uniform Online Learning Algorithm
1: Input: A concept class H =

⋃
n∈N+ Hn with dn = BLdim(Hn) < ∞, ∀n ∈ N+.

2: Initialize a BSOA An for each bandit Littlestone class Hn, and number of mistakes for each
algorithm en = 0.

3: for t = 1, 2, . . . do
4: Receive instance Xt.
5: Compute Jt = argminn{en + n}.
6: Predict Ŷt as AJt .
7: Receive feedback I

[
Yt ̸= Ŷt

]
.

8: if I
[
Yt ̸= Ŷt

]
= 1 then

9: eJt
= eJt

+ 1.
10: end if
11: end for

if h∗ ∈ Hk and BLdim(Hk) = dk. Notice that for all t, Jt + eJt
≤ k + dk. Also, notice that the378

number of mistakes made by Algorithm1 is equal to the sum of the number of mistakes made by each379

An. That is,380

MA(h
∗, X) =

∞∑
i=1

ei =

k+dk∑
i=1

ei +

∞∑
i=k+dk+1

ei ≤ (k + dk)
2 + 0 = (k + dk)

2.

That finishes the proof.381

We then prove that if H is non-uniform online learnable with bandit feedback, then H can be382

represented as a countable union of bandit Littlestone classes. Because H is non-uniform online383

learnable with bandit feedback, there exists an online learning algorithm A such that for all h∗ ∈ H,384

MA(h∗, X) ≤ m(h∗). Then we can define385

Hn = {h ∈ H : m(h) = n}.
Because H is non-uniform online learnable with bandit feedback, we know that for every h ∈ H,386

m(h) is finite, and we can assume that the learning algorithm is A. Thus, H =
⋃

n∈N Hn. We then387

prove that Hn is a bandit Littlestone class. In order to do this, we need the result from the work of388

Daniely et al. [2011] that any deterministic algorithm makes at least BLdim(H) mistakes against the389

worst adversary for concept class H. Notice that for any concept h∗ ∈ Hn, A can learn it with at390

most n mistakes, thus, BLdim(Hn) ≤ n. Therefore, Hn is a bandit Littlestone class. That finishes391

the proof.392

We provide the results for the agnostic setting, which is more technical in Appendix B.393

6 Conclusion, Discussion, and Future Directions394

In this manuscript, we study the fundamental problem of multiclass learning under bandit feedback395

when the number of labels can be unbounded within the non-uniform learning framework in both396

PAC and online models, in the realizable and the agnostic settings. We have shown a first theoretical397

result in this context, stating that PAC learnability is possible if and only if the hypothesis class can398

be represented as a countable union of classes with finite effective label space and finite Natarajan399

dimension, and online learnability is possible if and only if the hypothesis class can be represented as400

a countable union of classes with finite bandit Littlestone dimension. This includes elementary and401

natural hypothesis classes, such as the class of a countably infinite collection of constant functions402

over some domain, which is not learnable in the uniform learning framework. In addition, we403

provide a construction of a hypothesis class that is uniform online learnable under full supervision404

but not non-uniform PAC learnable under bandit feedback. This implies a key distinction between405

the non-uniform and universal learning frameworks.406

At this point, we outline a suggestion for future research. We believe exploring alternative forms of407

feedback beyond bandit feedback in multiclass learning within the non-uniform learning framework408

is an avenue for future research. Do we have such a difference between uniform, non-uniform, and409

universal learning frameworks in any of them?410
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A Combinatorial Complexity Parameters501

In this paper, we define H|S = {(y1, . . . , yn) : ∃h ∈ H,∀i ≤ n, yi = h(xi)}, where S =502

(x1, . . . , xn).503

Definition A.1 (Pseudo-cube[Brukhim et al., 2022]). A class H ⊆ Yd is called a pseudo-cube of504

dimension d if it is non-empty, finite and for every h ∈ H and i ∈ [d], there is an i-neighbor g ∈ H505

of h (i.e., g(i) ̸= h(i) and g(j) = h(j) for all j ̸= i).506

Definition A.2 (DS dimension [Daniely and Shalev-Shwartz, 2014]). We say that S ∈ Xn is DS-507

shattered by H ⊆ YX if H|S contains an n-dimensional pseudo-cube. The DS dimension dDS(H)508

is the maximum size of a DS-shattered sequence.509

Definition A.3 (Natarajan dimension [Natarajan, 1989]). We say that S ∈ Xn is N-shattered by
H ⊆ YX if there exist f, g : [n] → Y such that for every i ∈ [n] we have f(i) ̸= g(i), and

H|S ⊇ {f(1), g(1)} × {f(2), g(2)} × . . .× {f(n), g(n)}.

The Natarajan dimension dN (H) is the maximum size of an N-shattered sequence.510

Definition A.4 (Multiclass Littlestone Tree and Littlestone Dimension [Daniely et al., 2011]). A511

multiclass Littlestone tree for a concept class H is a perfect binary tree with depth d ≤ ∞. The512

internal nodes of that tree are labeled with elements of X and the edges connecting a node and its two513

children are labeled by two different labels from Y , so that each finite path emanating from the root514

is consistent with a concept h ∈ H. (Meaning that for each non-leaf node on the path, the concept h515

labels the corresponding element of X with the label of the edge the path follows from that node.)516

We say the Littlestone dimension of a concept class H, Ldim(H) = d, if there exists a multiclass517

Littlestone tree of depth d shattered by H, but there is no multiclass Littlestone tree of depth d+ 1518

shattered by H.519

Definition A.5 (Bandit Littlestone Tree and Bandit Littlestone Dimension [Daniely et al., 2011]).520

A bandit Littlestone tree (BL-tree for brevity) for a concept class H is a perfect tree T , with depth521

d < ∞. The internal nodes of that tree are labeled with elements of X and the edges connecting a522

node and its children are labeled with elements of Y , without repetition. By saying a tree “perfect”,523

we mean that for every element y ∈ Y , there exists an edge labeled y. We say that a BL tree T is524

shattered by a concept class H, if for every path P from the root to any leaf of T , there exists a525

concept h ∈ H such that for every internal node v in P , h(xv) is not equal to the label of the edge526

connecting v and its child.527

The bandit Littlestone dimension of a concept class H, BLdim(H) = d, if there exists a bandit528

Littlestone tree of depth d for H, but there is no bandit Littlestone tree of depth d+ 1 for H.529

If a concept class H has a finite (bandit) Littlestone dimension, we call it a (bandit) Littlestone class.530

B Remaining Proofs531

Proof of Lemma 4.1. First, it is obvious that the size of the effective label space of H is smaller532

than or equal to k1 + k2, because otherwise, there is a function h ∈ H and a instance x such that533

h(x) ̸= h′(x) for every h′ ∈ H1 and h′ ∈ H2. Here is an obvious contradiction.534

Then we prove the statement about Natarajan dimension by contradiction. Suppose dN (H) >535

(d1 + d2)
2 + 1. Thus, we have a sequence S = (x1, x2, . . . , x(d1+d2)2+1, x(d1+d2)2+2) that is N-536

shattered by H. Therefore, there are at least 2(d1+d2)
2+2 different label sequences in the intersection537

of H|S and {y01 , y11} × {y02 , y12} × . . . × {y0(d1+d2)2+2, y
1
(d1+d2)2+2}, where y0i ̸= y1i for all i.538

However, there are at most
(
(d1+d2)

2+2
≤d1

)
different label sequences in the intersection of H1|S and539

{y01 , y11}×{y02 , y12}× . . .×{y0(d1+d2)2+2, y
1
(d1+d2)2+2}, and there are at most

(
(d1+d2)

2+2
≤d2

)
different540

label sequences in the intersection of H2|S and {y01 , y11}×{y02 , y12}×. . .×{y0(d1+d2)2+2, y
1
(d1+d2)2+2}.541

Notice that
(
(d1+d2)

2+2
≤d1

)
+
(
(d1+d2)

2+2
≤d2

)
≤ ((d1 + d2)

2 +2)d1 +((d1 + d2)
2 +2)d2 < 2(d1+d2)

2+2.542

Therefore, it is a contradiction.543

12



Theorem B.1 ([Daniely et al., 2011]). Let H ⊆ YX be a hypothesis class. H is uniformly PAC544

learnable with bandit feedback, if and only if H has finite Natarajan dimension and finite size of545

effective label space. More specifically, if the size of the effective label space of H is k. Then,546

mr
b(ϵ, δ) = O

(
k ·

dN (H) log k · ln
(
1
ϵ

)
+ ln( 1δ )

ϵ

)
and ma

b (ϵ, δ) = O

(
k ·

dN (H) log k + ln( 1δ )

ϵ2

)
.

Here, mr
b(ϵ, δ) is the number of samples required for the realizable case, and ma

b (ϵ, δ) is the number547

of samples required for the agnostic case.548

B.1 Agnostic Setting549

In this section, we discuss the result for the agnostic setting. We use the uniform online multiclass550

learning algorithm with bandit feedback from the work of Raman et al. [2023] to design a non-uniform551

online learning algorithm with bandit feedback. We then prove that a concept class H is non-uniform552

online learnable in the agnostic setting if and only if it can be represented as a countable union of553

bandit Littlestone classes. Formally,554

Theorem B.2. The following two statements are equivalent:555

• H is non-uniform online learnable with bandit feedback in the agnostic setting.556

• H can be represented as a countable union of bandit Littlestone classes.557

In order to prove this theorem, we need the following theorem from the work of Raman et al. [2023]:558

Theorem B.3 ([Raman et al., 2023], Theorem 2). For any H ⊆ YX , there exists an agnostic online559

learner whose expected regret, under bandit feedback, is at most560

8
√

Ldim(H)BLdim(H)T log T .

To simplify this upper bound, we want to show Ldim(H) ≤ BLdim(H) for all H. This is true561

because we can transfer a Littlestone tree to a bandit Littlestone tree using the following method. For562

each node v in the Littlestone tree, if its two children are v1 and v2 and the label of the two edges563

are y1 and y2, we can create a node v in the bandit Littlestone tree and then add nodes vy for every564

y ∈ Y and label edge (v, vy) with y. Then we label vy1
= v1 and vy2

= v2, for other y ∈ Y , we565

label vy = v1. Then we can prove that this bandit Littlestone tree can be shattered by H. Thus, we566

have Ldim(H) ≤ BLdim(H) for all H. Therefore, the regret bound for the agnostic online learner567

with bandit feedback is upper bounded by 8BLdim(H)
√
T log T .568

Then we need the following lemma:569

Lemma B.4. If BLdim(H1) = d1, BLdim(H2) = d2, BLdim(H1 ∪H2) ≤ d1 + d2 + 2.570

Proof. Suppose for sake of contradiction that BLdim(H1 ∪H2) ≥ d1 + d2 + 3. Then there exists a571

bandit Littlestone tree T of depth d1 + d2 + 3 that can be shattered by H1 ∪H2. Then consider all572

subtrees at depth d1 + 1, all of those subtrees have depth d2 + 2. Then because the bandit Littlestone573

dimension of H2 is d2, the version space at the root of the subtree must contain some h ∈ H1.574

Therefore, the subtree from the root to every node at the depth d1 + 1 can be shattered by H1, which575

contradicts the fact that BLdim(H1) = d1. That finishes the proof.576

Then we can use the above lemmas and theorems to prove Theorem B.2.577

Proof of Theorem B.2. We first show that if H can be represented as a countable union of bandit578

Littlestone classes, then H is non-uniform online learnable with bandit feedback in the agnostic579

setting. First, as H can be represented as a countable union of bandit Littlestone classes, we can580

represent it as the following way: H =
⋃∞

i=1 Hi, such that BLdim(
⋃k

i=1 Hi) ≤ k. Then we can581

use the doubling trick to handle the changing time horizon. Set Tk =
∑k

j=1 2
j−1, then run the582

non-uniform online learning algorithm with bandit feedback in the agnostic setting with reference583

concept class
⋃k

i=1 Hi in the time slot [Tk, Tk+1].584
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Then we analyze this algorithm A, notice that for every h∗, there is a k, such that h∗ ∈ Hk. In585

the meanwhile, by using Theorem B.3, we can get a regret bound for each time slot. Thus, we can586

compute the regret of the algorithm as follows:587

regretA(h∗, X, Y, T )

= E

[
T∑

t=1

I
[
Ŷt ̸= Yt

]
−

T∑
t=1

I[h∗(Xt) ̸= Yt]

]

=

log T∑
j=1

E

 Tj+1∑
t=Tj+1

I
[
Ŷt ̸= Yt

]
−

Tj+1∑
t=Tj+1

I[h∗(Xt) ̸= Yt]


≤ Tk +

⌊log T⌋∑
j=k

E

 Tj+1∑
t=Tj+1

I
[
Ŷt ̸= Yt

]
− I[h∗(Xt) ̸= Yt]


+ E

 T∑
t=T⌊log T⌋+1

I
[
Ŷt ̸= Yt

]
− I[h∗(Xt) ̸= Yt]


≤ Tk +

⌊log T⌋∑
j=k

8BLdim

(
j⋃

i=1

Hi

)√
j2j

+ 8BLdim

⌊log T⌋+1⋃
i=1

Hi

√(T−2⌊log T⌋)log(T−2⌊log T⌋)

= Tk +

⌊log T⌋∑
j=k

8j
√
j2j

+ 8(⌊log T ⌋+ 1)
√

(T − 2⌊log T⌋) log(T − 2⌊log T⌋)

≤ Tk + 8(⌊log T ⌋) 5
2

√
2⌊log T⌋+1 + 8(⌊log T ⌋+ 1)

3
2

√
T

≤ Tk + 8(⌊log T ⌋+ 1)
5
2

√
T

Notice that Tk is a constant related to h∗, thus, we have m(h∗, T ) = O(
√

T log5 T ), which is o(T ).588

Therefore, this algorithm is a non-uniform online learning algorithm with bandit feedback in the589

agnostic setting.590

Then we need to prove that if H cannot be represented as a countable union of bandit Littlestone591

classes, no non-uniform online learning algorithm with bandit feedback can learn H in the agnostic592

setting. It is equivalent to prove that if H cannot be represented as a countable union of bandit593

Littlestone classes, no non-uniform online learning algorithm with bandit feedback can learn H with594

a o(T ) mistake bound, that is, for all h∗ ∈ H, m(h∗, T ) = o(T ). We prove the contrapositive of595

this statement. In other words, if there is a non-uniform online learner A for a concept class H with596

mistake bound o(T ), H can be represented as a countable union of bandit Littlestone classes. By597

definition, we define598

Hi = {h ∈ H : ∀X,∀T ≥ i,E[MA(h,X, T )] ≤ T

3
}.

Notice that i ∈ N and H =
⋃∞

i=1 Hi. Define Ci = supx |{h(x) : h ∈ Hi}|. Then refer to the599

Lemma 18 in the work of Raman et al. [2023] and notice that we have E[MAA(h,X, T )] ≤ T
3 for all600

T ≥ i and all X . Thus, by taking T = i, we have the following two inequalities:601

i

3
≥ Ci − 1

2
i

3
≥ BLdim(Hi)

4Ci logCi

14



Therefore, we have BLdim(Hi) ≤ 4i(2i+1)
9 log( 2i+1

3 ), which is finite. So, Hi is a bandit Littlestone602

class for all i, which implies that H can be represented as a countable union of bandit Littlestone603

classes. That finishes the proof.604

C Examples605

In this section, we provide three examples of hypothesis classes revealing separations between related606

learnability notions. The main innovation is constructing the first example. The second example is607

based on the work of Bousquet et al. [2021]. Also, the third example uses ideas from the second608

example.609

Proposition C.1 (Uniform Multiclass Online Learnable but not Non-Uniform Multiclass PAC610

Learnable under Bandit Feedback). There exists a hypothesis class H ⊆ YX such that can be611

represented as a countable union of classes with finite Littlestone dimension, but cannot be represented612

as a countable union of classes with finite effective label space.613

Proof. Let X be the set of all non-empty countable sequences of distinct real numbers. Also,614

let Y = N ∪ {⋆}. In addition, let H =
{
hy | hy : X → Y, y ∈ R, ∀S∈X hy(S) =615

⋆ if y isn’t in the sequence S; otherwise hy(S) = i, where Si = y
}

. First, we claim that H616

cannot be represented as a countable union of classes with finite effective label space. Suppose by617

contradiction that H = ∪∞
i=1Hi such that for every i ∈ N, we have: the effective label space of618

Hi is finite. Then, there exists i⋆ ∈ N such that |Hi⋆ | = ∞. This is because H is uncountable as619

R is uncountable. Now, we claim that the effective label space of Hi⋆ is infinite. To see this, let620

H′ = {hz1 , hz2 , . . . } ⊆ Hi⋆ such that H′ is countable. Based on that, let S′ = (z1, z2, . . . ). Then,621

observe that the set {y | y ∈ R, ∃h∈H′ h(S′) = y} is infinite. As a result, we should have: the622

effective label space of Hi⋆ is infinite. This is a contradiction. Second, we claim that Ldim(H) = 1.623

To show this, we prove that the following online learning algorithm makes at most one mistake624

against any realizable adversary. The algorithm predicts ⋆ until the first mistake, after which there is625

only one concept consistent with the true label. This is because if the mistake was made on (S, i),626

then the target function is hz , where z = Si. This finishes the proof.627

Proposition C.2 (Universal Multiclass Online Learnable under Bandit Feedback but not Non-Uni-628

form Multiclass PAC Learnable). There exists a hypothesis class H ⊆ YX such that it does not have629

an infinite Littlestone tree, but cannot be represented as a countable union of classes with finite VC630

dimension.631

Proof. Let X = {S | S ⊂ R, |S| < ∞}. Also, let Y = {0, 1}. In addition, let H = {hy | hy : X →632

Y, y ∈ R,∀S∈X hy(S) = I[y ∈ S]}. First, we claim that H cannot be represented as a countable633

union of classes with finite VC dimension. Suppose by contradiction that H = ∪∞
i=1Hi such that634

for every i ∈ N, we have: VC(H′) < ∞. Then, there exists i⋆ ∈ N such that |Hi⋆ | = ∞. This is635

because H is uncountable as R is uncountable. Now, we claim that VC(Hi⋆) = ∞. This is because636

the dual class of Hi⋆ is the class of all finite subsets of an uncountable set. In particular, note that637

for every hypothesis class H′ ⊆ {0, 1}X ′
, we have: VC(H′) < ∞ if and only if VC⋆(H′) < ∞.638

This is a contradiction. Second, we claim that H does not have an infinite Littlestone tree. This is639

because once we fix a root S ∈ X of a Littlestone tree, the class {h | h ∈ H, h(S) = 1} is finite, so640

the corresponding subtree must also be finite. This finishes the proof.641

Proposition C.3 (Non-Uniform Multiclass Online Learnable under Bandit Feedback but not Uniform642

Multiclass PAC Learnable). There exists a hypothesis class H ⊆ YX such that it can be represented643

as a countable union of classes with finite bandit Littlestone dimension, but VC(H) = ∞.644

Proof. Let X = {S | S ⊂ N, |S| < ∞}. Also, let Y = {0, 1}. In addition, let H = {hy | hy : X →645

Y, y ∈ N,∀S∈X hy(S) = I[y ∈ S]}. First, we claim that VC(H) = ∞. This is because the dual646

class of H is the class of all finite subsets of N. In particular, note that for every hypothesis class647

H′ ⊆ {0, 1}X ′
, we have: VC(H′) < ∞ if and only if VC⋆(H′) < ∞. Second, we claim that H648

can be represented as a countable union of classes with finite bandit Littlestone dimension. This is649

because H is countable. In particular, note that each single hypothesis has both Littlestone dimension650

and bandit Littlestone dimension equal to zero. This finishes the proof.651
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We note that, above, we use VC⋆(.) as the dual VC dimension. We refer the readers to the work of652

Assouad [1983] for the proof of the result that we used.653

D Non-Uniform Multiclass PAC Learning654

In this section, we investigate the non-uniform PAC multiclass learning. Basically, we combine655

the tools from the work of Benedek and Itai [1988] and the work of Brukhim et al. [2022] to get a656

non-uniform PAC learner.657

First, we have the following property of the DS dimension.658

Lemma D.1. If dDS(H1) = d1, dDS(H2) = d2, dDS(H1 ∪H2) ≤ d1 + d2 + 1.659

Proof. We can prove this by contradiction. Suppose dDS(H1 ∪ H2) ≥ d1 + d2 + 2. We have660

S = {x1, . . . , xd1+d2+2}, such that H|S contains a d1 + d2 + 2-dimension pseudo-cube. Without661

loss of generality, assume S1 = {x1, . . . , xd1} such that H1|S1 contains a d1-dimension pseudo-cube.662

However, for any i = d1+1, . . . , d1+d2+2, let S′
1 = S1∪{xi}, then H1|S′

1
does not contain a d1+1663

pseudo-cube. Therefore, for all h ∈ H1, they all agrees on the label of S2 = {xd1+1,...,d1+d2+2}.664

However, H|S2
contains a d2 + 2 dimension pseudo-cube. Therefore, H2|S2

= H|S2
\ H1|S2

,665

which must contains a d2 + 1-dimension pseudo cube. Here is a contradiction, and that finishes the666

proof.667

In order to prove the main theorem in this section, Theorem 1.3. We need the following results about668

the uniform PAC learnability with bandit feedback.669

Theorem D.2 ([Brukhim et al., 2022]). Let H ⊆ YX be a hypothesis class. H is uniformly PAC670

learnable, if and only if H has finite DS dimension.671

Then we have the main theorem here.672

Theorem D.3. The following three statements are equivalent:673

• H can be represented as a countable union of hypothesis classes whose DS dimension is674

finite.675

• H is non-uniform PAC learnable in the realizable setting.676

• H is non-uniform PAC learnable in the agnostic setting.677

Recall the proof of Theorem 1.3, we only need Lemma D.1, and the rest of the proof is exactly the678

same.679

E Non-Uniform Multiclass Adversarial Online Learning680

In this section, we provide the results for non-uniform multiclass online learning with full supervision.681

The results here are new, but can easily be obtained by extending the methods in the work of Lu682

[2024].683

E.1 Realizable Setting684

In the realizable setting, a concept class H is non-uniformly online learnable, if and only if H is a685

countable union of Littlestone classes. The proof extends the algorithm from the work of Lu [2024]686

to a multiclass setting. Formally,687

Theorem E.1. The following two statements are equivalent:688

• H is non-uniform online learnable with full supervision.689

• H can be represented as a countable union of Littlestone classes.690

Proof. We first prove that if H can be represented as a countable union of Littlestone classes, then691

H is non-uniform online learnable with full supervision by using the following non-uniform online692
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Algorithm 2 Non-uniform Online Learning Algorithm with Full Supervision
1: Input: A concept class H =

⋃
n∈N+ Hn with dn = BLdim(Hn) < ∞, ∀n ∈ N+.

2: Initialize an SOA An for each bandit Littlestone class Hn, and number of mistakes for each
algorithm en = 0.

3: for t = 1, 2, . . . do
4: Receive instance Xt.
5: Compute Jt = argminn{en + n}.
6: Predict Ŷt as AJt .
7: Receive true label Yt.
8: for n = 1, 2, . . . do
9: if The prediction of An is not equal to Yt then

10: en = en + 1.
11: end if
12: end for
13: end for

learning algorithm (Algorithm 2). Recall that the SOA algorithm has a mistake bound of d for a693

Littlestone class H with Ldim(H) = d. Then if the target concept h∗ ∈ Hk, where Ldim(Hk) = dk.694

Then notice that for all t, we have Jt ≤ dk + k. Thus, the algorithm will stick to the Ak after at most695

(dk + k)2 rounds and will make no more mistakes. So we have m(h∗) ≤ (dk + k)2 and that finishes696

the proof of the first part.697

Then we prove that if H is non-uniform online learnable with full supervision, then H can be698

represented as a countable union of Littlestone classes. Because H is non-uniform online learn-699

able with full supervision, there exists an online learning algorithm A such that for all h∗ ∈ H,700

MA(h∗, X) ≤ m(h∗). Then we can define701

Hn = {h ∈ H : m(h) = n}.

Because H is non-uniform online learnable with full supervision, we know that for every h ∈ H,702

m(h) is finite, and we can assume that the learning algorithm is A. Thus, H =
⋃

n∈N+ Hn. We then703

prove that Hn is a Littlestone class. In order to do this, we need the result from the work of Daniely704

et al. [2011] that any deterministic algorithm makes at least Ldim(H) mistakes against the worst705

adversary for concept class H. Notice that for any concept h∗ ∈ Hn, A can learn it with at most n706

mistakes, thus, Ldim(Hn) ≤ n. Therefore, Hn is a Littlestone class. That finishes the proof.707

E.2 Agnostic Setting708

In the agnostic setting, a concept class H is non-uniformly online learnable, if and only if H is a709

countable union of Littlestone classes. We use the doubling trick on the uniform online learning710

algorithm to show this result. Formally,711

Theorem E.2. The following two statements are equivalent:712

• H is non-uniform online learnable with full supervision in the agnostic setting.713

• H can be represented as a countable union of Littlestone classes.714

In order to prove this theorem, we need the uniform online learning algorithm in the agnostic setting715

and the following theorem from the work of Hanneke et al. [2023].716

Theorem E.3 ([Hanneke et al., 2023], Theorem 4). For any concept class H and T > 2Ldim(H),717

we have an agnostic online learning algorithm, whose regret is at most718

O(
√

Ldim(H)T log T ).

We can use the doubling trick and the uniform online learning algorithm above to design the non-719

uniform online learning algorithm. To do this, we need to notice that the property of having a720

finite Littlestone dimension is closed under finite union. This is true due to the same reasoning as721

Lemma B.4. Then we can prove Theorem E.2.722
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Proof. We first show that if H can be represented as a countable union of Littlestone classes, H is723

non-uniform online learnable in the agnostic setting. Because H can be represented as a countable724

union of Littlestone classes, we can write H =
⋃∞

i=1 Hi, such that Ldim(
⋃k

i=1 Hi) ≤ k. Let725

Tk =
∑k

j=1 2
j−1. Run the uniform agnostic online learning algorithm on

⋃k
i=1 Hi in time slot726

[Tk + 1, Tk+1], we restart the algorithm at time Tk + 1 for every k.727

Notice that for every h∗, there is a k such that h∗ ∈ Hk, and use Theorem E.3, we can analyze the728

regret of the algorithm above:729

regretA(h∗, X, Y, T ) = E

[
T∑

t=1

I
[
Ŷt ̸= Yt

]
−

T∑
t=1

I[h∗(Xt) ̸= Yt]

]

=

log T∑
j=1

E

 Tj+1∑
t=Tj+1

I
[
Ŷt ̸= Yt

]
−

Tj+1∑
t=Tj+1

I[h∗(Xt) ̸= Yt]


≤ Tk+

⌊log T⌋∑
j=k

E

 Tj+1∑
t=Tj+1

I
[
Ŷt ̸= Yt

]
−I[h∗(Xt) ̸= Yt]

+E

 T∑
t=T⌊log T⌋+1

I
[
Ŷt ̸= Yt

]
−I[h∗(Xt) ̸= Yt]


≤ Tk +

⌊log T⌋∑
j=k

c

√√√√Ldim

(
j⋃

i=1

Hi

)
j2j + c

√√√√√Ldim

⌊log T⌋+1⋃
i=1

Hi

 (T − 2⌊log T⌋) log(T − 2⌊log T⌋)

≤ Tk +

⌊log T⌋∑
j=k

cj
√
2j + c(⌊log T ⌋+ 1)

√
(T − 2⌊log T⌋)

≤ Tk + c(⌊log T ⌋+ 1)2
√
T

This inequality holds for some constant c. Thus, we notice that m(h∗, T ) = Tk + c(log T )2
√
T ,730

which is o(T ). Therefore, this is a non-uniform agnostic online learning algorithm.731

To prove the necessity, it is equivalent to show that if there is a non-uniform online learner A can732

learn a concept class H with expected mistake bound m(h, T ) = o(T ), H can be represented as a733

countable union of Littlestone classes.734

By definition, we define735

Hi = {h ∈ H : ∀X,∀T ≥ i,E[MA(h,X, T )] ≤ T

3
}.

Notice that i ∈ N and H =
⋃∞

i=1 Hi. Referring to the work of Ben-David et al. [2009], we know736

there exists a sequence X , such that E[MA(h,X, T )] ≥ Ldim(Hi)
2 for all algorithm A. Then we take737

T = i, we can get i
3 ≥ Ldim(Hi)

2 . Thus, Ldim(Hi) ≤ 2i
3 , which is finite. So, Hi is a Littlestone class738

for all i, which implies that H can be represented as a countable union of Littlestone classes. That739

finishes the proof.740
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Guidelines:944

• The answer NA means that there is no societal impact of the work performed.945

• If the authors answer NA or No, they should explain why their work has no societal946

impact or why the paper does not address societal impact.947
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• Examples of negative societal impacts include potential malicious or unintended uses948

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations949

(e.g., deployment of technologies that could make decisions that unfairly impact specific950

groups), privacy considerations, and security considerations.951

• The conference expects that many papers will be foundational research and not tied952

to particular applications, let alone deployments. However, if there is a direct path to953

any negative applications, the authors should point it out. For example, it is legitimate954

to point out that an improvement in the quality of generative models could be used to955

generate deepfakes for disinformation. On the other hand, it is not needed to point out956

that a generic algorithm for optimizing neural networks could enable people to train957

models that generate Deepfakes faster.958

• The authors should consider possible harms that could arise when the technology is959

being used as intended and functioning correctly, harms that could arise when the960

technology is being used as intended but gives incorrect results, and harms following961

from (intentional or unintentional) misuse of the technology.962

• If there are negative societal impacts, the authors could also discuss possible mitigation963

strategies (e.g., gated release of models, providing defenses in addition to attacks,964

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from965

feedback over time, improving the efficiency and accessibility of ML).966

11. Safeguards967

Question: Does the paper describe safeguards that have been put in place for responsible968

release of data or models that have a high risk for misuse (e.g., pretrained language models,969

image generators, or scraped datasets)?970

Answer: [NA]971

Justification: This paper is theoretical and poses no such risks.972

Guidelines:973

• The answer NA means that the paper poses no such risks.974

• Released models that have a high risk for misuse or dual-use should be released with975

necessary safeguards to allow for controlled use of the model, for example by requiring976

that users adhere to usage guidelines or restrictions to access the model or implementing977

safety filters.978

• Datasets that have been scraped from the Internet could pose safety risks. The authors979

should describe how they avoided releasing unsafe images.980

• We recognize that providing effective safeguards is challenging, and many papers do981

not require this, but we encourage authors to take this into account and make a best982

faith effort.983

12. Licenses for existing assets984

Question: Are the creators or original owners of assets (e.g., code, data, models), used in985

the paper, properly credited and are the license and terms of use explicitly mentioned and986

properly respected?987

Answer: [NA]988

Justification: This paper does not use existing assets.989

Guidelines:990

• The answer NA means that the paper does not use existing assets.991

• The authors should cite the original paper that produced the code package or dataset.992

• The authors should state which version of the asset is used and, if possible, include a993

URL.994

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.995

• For scraped data from a particular source (e.g., website), the copyright and terms of996

service of that source should be provided.997

• If assets are released, the license, copyright information, and terms of use in the998

package should be provided. For popular datasets, paperswithcode.com/datasets999

has curated licenses for some datasets. Their licensing guide can help determine the1000

license of a dataset.1001
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• For existing datasets that are re-packaged, both the original license and the license of1002

the derived asset (if it has changed) should be provided.1003

• If this information is not available online, the authors are encouraged to reach out to1004

the asset’s creators.1005

13. New assets1006

Question: Are new assets introduced in the paper well documented and is the documentation1007

provided alongside the assets?1008

Answer: [NA]1009

Justification: This paper does not release new assets.1010

Guidelines:1011

• The answer NA means that the paper does not release new assets.1012

• Researchers should communicate the details of the dataset/code/model as part of their1013

submissions via structured templates. This includes details about training, license,1014

limitations, etc.1015

• The paper should discuss whether and how consent was obtained from people whose1016

asset is used.1017

• At submission time, remember to anonymize your assets (if applicable). You can either1018

create an anonymized URL or include an anonymized zip file.1019

14. Crowdsourcing and research with human subjects1020

Question: For crowdsourcing experiments and research with human subjects, does the paper1021

include the full text of instructions given to participants and screenshots, if applicable, as1022

well as details about compensation (if any)?1023

Answer: [NA]1024

Justification: This paper does not involve crowdsourcing nor research with human subjects.1025

Guidelines:1026

• The answer NA means that the paper does not involve crowdsourcing nor research with1027

human subjects.1028

• Including this information in the supplemental material is fine, but if the main contribu-1029

tion of the paper involves human subjects, then as much detail as possible should be1030

included in the main paper.1031

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1032

or other labor should be paid at least the minimum wage in the country of the data1033

collector.1034

15. Institutional review board (IRB) approvals or equivalent for research with human1035

subjects1036

Question: Does the paper describe potential risks incurred by study participants, whether1037

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1038

approvals (or an equivalent approval/review based on the requirements of your country or1039

institution) were obtained?1040

Answer: [NA]1041

Justification: This paper does not involve crowdsourcing nor research with human subjects.1042

Guidelines:1043

• The answer NA means that the paper does not involve crowdsourcing nor research with1044

human subjects.1045

• Depending on the country in which research is conducted, IRB approval (or equivalent)1046

may be required for any human subjects research. If you obtained IRB approval, you1047

should clearly state this in the paper.1048

• We recognize that the procedures for this may vary significantly between institutions1049

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1050

guidelines for their institution.1051

• For initial submissions, do not include any information that would break anonymity (if1052

applicable), such as the institution conducting the review.1053
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16. Declaration of LLM usage1054

Question: Does the paper describe the usage of LLMs if it is an important, original, or1055

non-standard component of the core methods in this research? Note that if the LLM is used1056

only for writing, editing, or formatting purposes and does not impact the core methodology,1057

scientific rigorousness, or originality of the research, declaration is not required.1058

Answer: [NA]1059

Justification: We only use LLM for writing, and editing purposes.1060

Guidelines:1061

• The answer NA means that the core method development in this research does not1062

involve LLMs as any important, original, or non-standard components.1063

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1064

for what should or should not be described.1065
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