Supplementary information for “Limiting fluctuation and trajectorial stability of multilayer neural networks with mean field
training””:

e Appendix A introduces several preliminaries: new notations and known results from [17].

e Appendix B studies the Gaussian component G and proves Theorem 2.

e Appendix C presents the proof of Theorem 3 for well-posedness of R.

e Appendix D proves Theorem 5 that connects the neural network with the second-order MF limit at the fluctuation level.

o Appendix E proves Theorem 6 that establishes a central limit theorem for the output fluctuation.

o Appendix F studies the asymptotic width-scaled output variance and proves that it eventually vanishes under different condi-
tions, i.e. Theorems 9 and 10.

e Appendix G describes the experimental details for Section 5.

A Preliminaries

We introduce notations that are not in the main paper. For convenience, for each index i € [L], we use i to refer to either ¢ or the pair
(i — 1,1), which depends on the context, and we let |i| = 1 and |i] = 2 respectively in each case. For instance, when we write C;, we
refer to either C; or (C;_1,C;). A statement that is stated for i should hold in both cases.

For the MF limit:
0, i <7,
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8*wi(ci_1,c§)8Hi_1(ci_1) 902_1( 1( e 1))8H1(C;)
oy(t,x .
Ec, wi(taci1;Ci)<P;‘/_1(Hi1(tvxaCi1))90i2(Hi2(t7$762_2))(9ng{€(C,i)):| , 2<i< L,
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T, 1 =1,
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82Q(t,$) _ @i—l(Hi—l(tvxaCi—l))a*wi+l(ci7C;+1)8Hi(ci)7 1> 17
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With this, we write the dynamics (3) for the second-order MF limit R in its complete form as follows:
0tRi(G, t, Ci—1, Ci) =

o ey 820650 (@0 + e @m0 T )

- L
9%y (t, X)
- K X E T y Uy r—1, L
z _82 &4 (%) _;R (6.8, Gr1, C) owy (Cr—1,C) Qw; (Cihci):”
[ 0% (t, X)
—-E 8 t, X)Ec|R;—1(G,t,Ci_o,c;_ .
7 L ? ( ( )) L ! ( 26 1) Oswi_1 (Ci727 Czel) ow; (Cifh CZ):l:l
[ >y (t, X)
—-E XN Ec i_1,C
z _82 .4 (t.X) i R (Gt Cimvs i) O0vw; (Ci—1, ¢;) Ow; (Cilaci):H
[ [ 82y(t X)
- E t X E Z 7t’ 1'/, 1 !
d _82 ¥:9 (8 X)) i +1(Grty ¢, Cint) Ovwit1 (¢, Ciyr) Ow; (-1, Ci)”
—Ez|0.L (Yay(t7X)) G;U (tvci—laci?x) (6)
where we take by convention that Ry = Rp4; = 0. We also define secondary quantities, similar to those in Section 3.1 e.g.

0%5(t,x)
Ow; (¢ _1,¢;)0wi(ci—1,¢:)’

erage over {C; (ji)};, e[,

We also recall the following bounds from [17].

in a similar fashion, by taking their MF counterparts and replacing Ec, being replaced by an empirical av-

Lemma 11. Under Assumption 1, for any T' > 0,

1/m

maxm ™~ 2E¢ |sup |w; (t,Ci_1, Ci)|™ < Kr.
i€[L] t<T

Boundedness of moments of several other MF quantities at any time ¢ < 7T are consequences of this lemma and Assumption 1. We omit
the details.

B CLT for the Gaussian component G: Proof of Theorem 2

We recall the process G defined in Section 3.1. Recall that for each j; € [N;], we sample C;(j;) € Q; independently at random from
P;. Let S; = {C;(1),...,C;(N;)}. We denote by E; for the expectation over the random choice of S;. We also recall that E is the
expectation over the random choice of S;, ¢ =1,...,L

15



We will use the following notation throughout. Let § be a function of t € T,z € Z,¢; € Qy,¢2 € Qa,...,cp € Qp,and j; € [N1],j2 €
[Na3],...,Jr € [Np] (where § may not necessarily depend on all those variables). For oy decreasing in N, we write § = O (o) if for
anyt < T,

EEJEZ7C[|(5(t, Z7 Cl, ceny CL, J1, ey JL|2] S KTO?V
for sufficiently large N. Thus, if we write
flt,z,c1,¢9,...,c0) = g(t,z,¢1,¢2,...,cr) + Or(on)
we mean )
EEJEZ,CH,]C(ta Z7 017 s aCLa le B JL) - g(t,Z, 017 s 7CL7 J17 BN} JL)' } < KTO?V

for all t < T, for sufficiently large N.

0

)

We define additional processes as follows

~OH ) = dy(t, z) _ dy(t,x
G (t, ¢y ) = \/N(aﬁi(ci) 0, c

é?ﬁl(t,cifl,l‘) = \/N (EJi [wi(t,cil,Ci(Ji))({%} — Eci [wi(t,cihci)m:|) 90271 (Hifl(t,l',cifl)),
G (t,1,2) = G2 (t,cp_q,2) =0,
GH(t Ci,x) = \/N( (t,x,c;) — Hi(t,x cz)),
(t Cux) —]V(]EJ1 1 w1<t Cl 1( 71— 1) CZ)SDZ 1(Hz 1(t x, Cz 1( 71— 1)))] _ECi_l[wi(t,CiflvCi)@ifl(Hifl(tvxaCifl))])a
(t C1,T )

The next lemma is a key tool in the argument.

Lemma 12. For an index i, let f(S, ¢i, ci/) be a function of S = {Ci(ji) : ji € [Vi]} U{S"} and ¢;, ¢y, where S’ denotes some random
variable that is independent of {Ci(ji) : Jji € [INi]}. Assume that for some o > 0,

BEc, [|7(s", it v [*] < K,

EEc, |:|f(Sv Ci(ji), Cv) — F(5%, Ci(ji), Cy)

| < wNe,
for all j;, where we define S7 similar to S except with C;(ji) in S; replaced by an independent copy C}(ji) and E denotes the expectation
w.r.t S. Then we have .
E[£(S, Ci( ), e )] = B [f (S, Ci, e )] + O(N /4 4 NHI/2),
Proof. We have

EEc, |[EAl£(S,Ci(%), Cr)] ~ Ec,[£(S, Gy, o))

= ﬁ Z EEc, [(f(S,Ci(ji), Cy) — Eq; [f(S, Cy,Cy)]) - (f(S,Ci(ji), Cv) — Eg,[f(S, Ci, Cy)])] -

Jisdi

Define S’ — with an abuse of notation — similar to .S but with the terms involving C;(j;) and C;(j{) replaced by independent copies
C{(j) and C{(j!). (In particular, S7i has the same distribution as S.) We have:

’E [(f(S, Ci(ji), cir) = By [£(S, G, e)]) (F(S, Ci(ji), e) — By [£(S, G, e)])]

—E[(f(5,Ci(Gis), cv) — By [f (971, G, e0)]) (F(S71, Ci(Gf), evr) — By [f (S, Gy ev)]) ] ‘

= |E [£(S,Ci(js), i) £(S, Ci(3i), ev) — F(S7, Ci(Gi), e ) (S, Ci(3i), e)]|

<KE [|f(S7 Ci(ji)>ci’) (f(S7 Ci(jil)7ci’) - f(Sji7Ci(jil)7Ci')) H + KE Hf(sjiﬂ Cl(]l/)ﬂ ci’) (f(S, Ci(ji)7 ci’) - f(Sji7 Ci(ji)7ci')) H

< KB[(7(5,C. )] B[(7(8, G er) — (57, o))
+KB[(f(5%, (i) e0)’] B[ (75, i en) 757, )]

16



) 971/2 ) 971/2
< KB (£(S.Ci(3).cr) = (57, CuliD). )] B [(£(S. Cali).ex) = £, Cali). )]

) 971/2 ) 971/2
+ KE [(/(8.CiliD)ex) = (57, CiliD),e0))’] B (4057, Cit) )]

) 271/2 . 2
+ KE [(f(5%, Ciif),e))’| B (408 Cili) e) = £(8%, i), )]

Furthermore,

1/2

1/2

Ec, {E [(£(5, G330, Co) = 187, G, )] B[ (£(57, CilGi), )] 1/2]

1/2

< Ee, B [(7(5.Gi().Co) — (5%, GG, Co))’] B B [ (5%, €1, )]
< K/Na/2,

and the other two terms can be bounded similarly. Now recall that S7i is independent of C;(j;) and C;(j{). Let S’i be the o-algebra
generated by S” and Cx (j) for all ji except j; and j{. Then if j; # ji,

E [(f(S7, Ci(ji): cvr) — By [f (S7, Ci, e)]) (F(S7, Ci(Gi), v ) — By [£(S7, Gy en)])]
=Es |:ECi(ji),Ci(ji’) [(f(S7,Ci(i), er) — By [f (S, Gy, e0)]) (F (ST, Ci(G1), evr) — Eci[f(sjivcbci/)})]}

=0.
Thus under the assumptions in the lemma,
2 K K
EEc, [(E41f(S, Gi(5), Co)] = Eq,[£(8, G, O] < 175 + v
O
We proceed in several sections.
B.1 A priori moment estimates
Lemma 13. Under Assumption 1, we have fort < T,
~ 2p - 2p -~ 2p -~ 2p
BEc, [ (6f ne.00) "] B8y, (620, Coa) "] B [ (6F0000) "] B [(F 000 (00) ] < K

Proof. Recall Lemma 11. The base case « = 1 easily follows. Notice that
~ 2p ~ 2p
EE,,_, [(051(@%@1(%1))) ] =EEc,_, [(Gf{1(ta$,ci1)) ] :
~ 2p - 2p
EE;,_, {(Gfl(tx,@ﬂ«hﬂ)) ] =EE¢, , [(Gfll(t,x,ciﬂ) ] :

where the second claim is because the randomness of C;’?_l(t, x,¢i—1) comes from {C (i) : jr € [Ni], k <i—1}.

Note that
Gt i)
=VN (ﬁi(t,x, c) — Hi(t,:c,ci)>
=VN (JEJi,l[wz‘(taCz'—l(Ji—l)aCz’)%—l(ﬁi—l(ta337Ci—1(Ji—1)))] - Ec,i,l[wi(tvci—l’Cz‘)%’—l(Hz'—l(tax’Ci—l))])
=Gl (t,2,¢;) + VNE,,_ [wi(t,Cima(Jim1), i) (%fl(ﬁz‘fl(tvx’ Ci1(Ji-1))) = i1 (Hi-a(t, , Ci,l(Ji,l))))].
We have

EEc, {(GH (t, z, Ci))Qp]
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< EEg, {(\/N (B, [wilt, Cica(Ji—1), Ci)pio1 (Hi—1(t, @, Ci—1(Ji=1)))] — Ec,_, [wi(t, Ci—1, Ci)pi—1 (Hi—1 (t, , Ci—1))}))2p}

K T,p

< Eg, [Vci_l[W(hCi—laCz')%fl(Hiq(ta%Cifl))]p] + N

< KT,p-

We also have:
EEc, {(\/N]Eh1 {wi(tyci—l(Ji—l)aCi) (@i—l(ﬁi—l(t%Ci—1(Ji—1))) - %—1(&—1(@5&Ci—1(Ji—1)))>])2p}
< EEc, [(EJH [wilt, Cioa (Jim1), C)GEL 1(t,x,Ci1(Ji1))D2p}

1/

) - ap11/2
<EEc¢,,s,_, [|wi(taCi—l(t]i—l)yci)|4p} EE;,_, [(G?1<taxaci—1(<]i—1))) }

. 4p 1/2
S KT,pE]EJi,l [(Gﬁl(t,x,Ci_l(Ji_l)D :| .

Hence, by the induction hypothesis, we obtain

~ T 2p
EEc, {(GZH (m,ci)) ] < Kr,.
Lemma 14. Under Assumption 1, we have for any t < T,
~ 2 - 2p
E]Eci |:(G?H(t, Oqj, 1;)) P:| , :E]EJ?F1 |:<G?_H1(t, Ci—l (J'L—l) 71‘)) :| < KTJ),
U 2 JUp 2p
EE, [(G?H(t,ci,x)) p] . EE,, {(G?H(t,cy (Ji).7)) } < Kr,.

Proof. Recall that G?# = 0. For GO

< KE {(Gf (t, 1,x)>2p}

by Lemma 13.
‘We note that

é«?fll (t7 Ci—1, l‘)

_ o(t,x) _dy(tx)
=N <6ﬁi1(0i1) 8Hi_1(Ci—1))

=VN (EL {wi(t,cil,ci(Ji))soél(ﬁfil(t,x,cil)) y(t, z) )J ~ Ec, |:wi(t7ci1,Ci)<p§1(Hi1(t’x’Ci1)) y(t, z) D

GO o)
= @;,l(Hifl(t,$7Ci,1))é?f11(t7 Cifl,x)
+VN (@2—1(1511—1(15,96,01_1)) — i1 (Hi—1(t,x, c,-_l))) E;, [wi(t7cz‘—1, Ci(Ji)) =T 2)

@ (i (b, 1) B, [wilt, cim, iU GIR (1, Cil ), )|
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‘We bound each term. We have fori < L,

EEc, | {(G?Hl(t, C“,x))zp]

(45 (o [ cmttis] -2 fmvcrerii]))|

ey |+

< KPE]ECF 1

< KPEC¢71 |:Vci l:wi(t? Oi_l’ CZ)

< KT,p7

and similarly,
- 2p
EEJi—l |:(Gzafll(t7 Ci1 (Ji—l) ,l‘)) :| < KTJ"

The same of course holds in the case i = L since G’?gl(t, ¢r—1,z) = 0. By Lemma 13,

EEc, (\/N (SD;_l(gi_l(t, 2,Ci 1)) — b1 (Hi_1(t,, C’i_l))> E;, [wi(t, Ci_1, Cz(Ji))%})w]
< KEE¢, , (é?_l(t, Ci_1,2)Ey, [wi(t,ci_l,ci(ﬂ))(%})zp]
ap]? (L, "
< rmm, [(éﬁl(t, Ciil,x)) ] /2 EEc, , |Ey, [wi(t,CihCi(Ji))miy((Ct;(J)i))r ]
< Kry,
4p

. 4 -
and by noticing that EE 5, , {(GiH_l(t, Ci—1(Jio1) ,x)) p] =EE¢,_, [(G{{l(t, Ci,hx)) }, we have similarly:

EE;, , (\/N (w;,l(ﬁiq(?ﬁ,x, Ci—1(Ji-1))) — i1 (Hi—1(t,2,Ciy (Ji71)))) Ej, |:wi(t7 Ci—1(Ji-1) ,Ci(Ji))(%}) ]

< KTyp’

We also have:

EEc, , {EJZ. [wilt, G, Ci( )G cz-(,]i),x)rp}

.

1/2 -
< EE0171EJ1 |:|wz(tacz—lyoz(‘]z))|4pi| EEJL [’G?H(t7cz(<]z)7x)

<EEq, ,E;, [ w;i(t,Ci—1, Ci(Ji))é?g(ta Ci(J;),x)

4p] 1/2

< KTJ’

by the induction hypothesis, and similarly,
U 2p
E]EJq‘,—l |:]EJ1 |:’U.)2 (t, Ci—l (Ji—l) s Cz (JZ))G?H (t, Cz (Jz), l’):| :| S KT,p.
This completes the proof.

B.2 Relation among G quantities

Lemma 15. Under Assumption 1, we have fort < T,

é{{(ta Clax) = 07
G (t,ci,x) = GH(t,¢i,2) + Eo, [wi(t Cior, )y (Hin (8,2, Ci1))GIL (8, 2, Cl-,l)} +Op(N7V2).

K2
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Proof. We have

G{:I(t7cl7x) = \/N(Hl(taxacl) - H1(t,a:‘,C1)) = Oa
and

G{:I(t,aiax)
= \/N (ﬁi(t,x, Ci) — Hi(t; :L‘,Ci)>
=VN (]EJi71[wi(t,Ci—l(Ji—l)yCi)‘ﬁi—l(gi—l(tax7Ci—1(Ji—1)))] - ECPl[wi(t,Ci—l’Ci)%—l(Hi_l(t’x’Ci_l))])
= \/ﬁéf(t,ci,x)
+VNE,,_, [wi(t,Ci—l(Ji—l)aci) (‘Pi—l(ﬁi—l(t’l‘,Ci—l(Ji—l))) - ‘Pi—l(Hi—l(t’x’Ci—l(‘]i_l))))} '

We note that by the mean value theorem, for some h; 1 (t,z,C;_1(J;_1)) between H; 1 (t,z,C;_1(J;_1)) and H; 1 (t,x, Ci_1(Ji_1)):

ECiE[EJH [x/m(t, Cica (Jim), €) (imt (Hima (b2, Cima(Ji-1)) = it (Hima (8,2, Cia (Ji1))

O OO, oG 4, G ()| |
< B B[Ea, [0, Cua (10000 (P (s (52 Oa i) = (s (65 Ca (1) G0, Coa )|
< KBGB[Ea [ 10,CosUi0), ol 1, G ()~ Hocs O Coa (e [T, Coat0 )]

- 27?2
< KEEB[Ba | fuslt, Ca (). )1 (G211, Ga(m)) | |
S KT/Na

by Lemmas 11 and 13. Thus, it remains to show that

]EciEKEJH {wi@’Ci—l(‘]i—l)’Ci)@é—l(Hi—l(tvxaCi—l(Ji—l)))ézﬁ—l(tax’Ci—1<Ji—l))]

2
e [u ot el s (Hia (1, GG (2. Cion)] ) | = 01/,
This is shown by applying Lemma 12, where we takei =14 — 1,1 =4, 5" = {Cy (jx) : jr € [Nk, k <i—1} and
f (Sa Ci—1, C’i) = wi(ta Ci—1, Ci)‘ﬁ;’—l(Hi—l(tv xZ, Ci—l))éiH—l(ta z, Ci—l)'
Observe that f (S, ¢;—1, ¢;) is independent of C;_1 (j;—1). In addition:

EEc, [(f (871, C4 (jz’71)70i))2:| < KEEc, {(wi(t,ciq (jifl)yci))ﬂ 1/2E {(Gfl(h%@ﬂjiﬁ))j . < Kr

from Lemma 13. This shows the claim. O

Lemma 16. Under Assumption 1, we have for any t < T,

GO (t,cp,x) = G (0, ep) @ (Hp(t, 3, 1)) + Op(N~Y4),

G (t,cimq,2) = GV (t, i1, ) + G (L cimr, 2) @l (Hi—i (t, 2, ¢i1))Ec, [wi(t, ¢i-1,C)

+ <,0;»_1(Hi_1 (t, x, Ci—l))]ECi wi(t, Ci—1, Cz)é?H(t, Ci, $):| + OT(N_1/4).

Proof. We have

G?Fl (t7 Ci—1, I)
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O ).
(

= w;(t, ¢ (TN (H; . 0y(t,z) _ wi(t. c: o . T 9y(t, x)
_\/N E‘]i|: ’(t7 Z_l’cl(Jl))(pz—l(Hl—l(t’ ) 1_1))81;11( z(Jz)):| ECi|: z(tv z—l,Oz)<pz—1(Hz—1(ta ) ’_1))6HZ-(C’,»)]>

- G?Hl (ta Ci—1, IZ’)
+

VN (%0271(1511‘—1(@% ci-1)) — i1 (Hi—1(t, , Cifl))) E, |:wi(t7 ci—1,Ci(Ji)) 9i(t, @) }

0H;(C;i(J:))
i (Hia (e, (it eir, Ci(I) G (1. Ci( ). )]

+ (%71(131‘71(@%01‘71)) - @271(H¢71(t7$70i71))) Ej, [wi(t,ci,hC’i(Ji))é?g(LC’i(JiLx)} :

We proceed with analyzing each term.

First estimate. Firstly we claim that

i | (VA (s (Fims (0. Cima) = s (Hima (6,0, Coma)) B, (8, Cimr, ()

- f(% V(Hioa(t 2, Cimn)) — @2_1(Hi—1(t7$’0i—1))) Ec, |:wi(tvci—1’ci) 83)(_7&,3;') ] )2]

0H;(Cy)
= Op(1/N).
Indeed, this is obvious for ¢ = L, and for ¢ < L, we verify the condition of Lemma 12 fori = 4, i’ = i — 1, &
{Ck (i) = jr € [Nk], k <i}and
. ay(t, x
f(S,ciycio1) = VN (80;_1(Hi—1(t71770i—1)) - 90;'_1(Hz’—1(taxaci—1))) wi(tyci—1,Ci)M-
Observe that f is independent of C; (j;). In this case, we only need to bound the following:
o , oy(t,x) \?
E]Eci,l,ci N (901;1(Hz‘—1(t71'7 Cifl)) - <Pi71(Hifl(t7557 Cz‘—l))) wz‘(t7 Cz‘—h Ci)m

- 4 4 4
< KEEc¢, , |:<\/N(Hi1(ta$aci1) —Hifl(t,%ciﬂ))) } + KEE¢, | ¢, l(wi(t,cihci)ay(tb@>

< Kr,
by Lemmas 11 and 13. This proves the claim.

Next, we extend this claim. In particular,

_ oy(t,
EEc, , ¢, K\/ﬁ (@2_1(Hi—1(t7$,0i—1)) — @i (Hi(t,x,Ciy |:wi(t7ci—lyci)y(x):|

0H;(C;)

)z
—el(Hima(t2,Ci))GELy (2, Cio) o, W C- 170)?((0))”2}

IN

H,

K ; 2 At ?
l FH . . .
~EEc,_, ¢, [( (G (t2,Ci0)) Eo, [th,cu,c e ] ) ]

< Br.

- N
by Lemmas 11 and 13. Therefore,
9yt )

EEc, , K\/ﬁ (wg,l(ﬁi,l(t, 2,Ci_1)) — i (Hi_1(t, z, CH))) Ej, {wi(t, Ci_1, Ci(Ji))m

— O (Hioy(t,2,Ci0))GH (t,2,Ci_1) Ec, {wi(t,C’i_l,Ci) 6@('t,a:.) } )T
= O7(1/N).
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Second estimate. We have:

EEc, , [((pé1(Hi_1(t,a:,Ci_1))IEJi |wilt, Cir, CiT) GIH (1, Ci(J1), )|

2
= @l (Hioa(t,2,Cia)Ba, [wilt, Cior, CHGI (1, )] ) }
= O(N~Y?),
This is again obvious for i = L. For ¢ < L, by applying Lemma 12 fori =14,i =i — 1 and
(S, ciyeio1) = @b (Hi—q(t, @, ci-1))wi(t, ¢i—1, ci)é?ﬁ(t7ci7x),
we have the claim since firstly it is easy to see that by Lemma 11,

EEc, , [(f(S, Ci (ji),Ciz1) — [ (87%,C; (ji)aci—l))Q} =0Or(1/N),

and secondly
! 7 ~OH 2
EEc, , ¢, |:<50i1(Hi—1(t,$7Ci—l))wi<taci—laci)Gi (t,Ci,x)) }

< KEE¢, | ¢, {(wi(t,Ci,hC’i))ﬂ + KEEq, {(é?ﬁf (t,Ci,x))j
< Kr.

by Lemmas 11 and 14.

Last estimate. Finally we have:
/ 7 / 2 ~OH 2
EEc,_, |:((Pi1(Hi1(taw7Ci1)) - <Pi71(Hi71(t7$,Ci71))> E;, [wi(tCiA,Ci(Ji))Gi (tyoi(t]i);m)} }

- = 2 JU 2
< KBEc,, |(64(00.Cion)) B [uslt, G, GG 1.t | /3
< Kr/N.
by Lemmas 11, 13 and 14.

Combining estimates. Combining all above estimates, we obtain
o N -~ oy(t, x
Gt cior,m) = G2 (t,cim1, @) + Gy (¢, i1, 2) ¢!y (Hi—1(t, 2, ¢i-1))Ec, [wi(t, Ci—1, Cz)(%
7 K3

+ @i 1 (Hi—1(t, 2, ¢i—1))E¢, [wi(t7 Ci—1, Ci)é?g(t7 C, x)} +Op(N~V4),

Note that the claim for égﬁ follows by the same argument.

Lemma 17. Under Assumption 1, we have for any t < T,

GY(t,1,e1,2) = G?H(t7 c1,2)7 + Op(N~2),

~OF oy(t, x -
Gt err, 0 w) = GOR(E, e, 2)ps 1 (Hion (b2 ci1)) + 0y (Hya (b 2, ci1)) )

S H , ~1/2
8Hi(ci)Gz—1(tacz—1ax) +OT(]V )7

GY (t,2) = ¢ (Hy (t,1,2)) G (t,1,2) + Op(N~/2).

Proof. We prove the second statement; the claims for C~¥71“ and GY can be proven similarly. We have:

G;U(ta Ci—1,Cq, 1')

_VE (G _oten) )

5wi(0i—1, Ci) a 5'101'(01'—1, Ci)
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ay(t,z)  0Oy(t,x)
N( ) - 8Hi(ci)) Yi—1(Hi—1(t,z,c¢i-1)) +\/>(<,01 V(Hia(tx,cm1)) —<Pi—1(Hi—1(t,I,Ci—1)))

+\/17<§g(? lj) - agg,;)) (% V(Hioa(t 2, cim1)) —w—l(Hz‘—l(tvx’Ci—l)))

9t x) ~a —1/2
OH: () G (t,ci—1,2) + Op(N ).

= GO (t, ci, )i 1 (Hi o (t, 2, ¢i 1)) + oy (Hi 1 (8,2, ¢ 1))

Here, we have used that by Lemmas 11 and 13,

EEc, . c K\/N (@i—l(ﬁi—l(t,l‘,ci—l)) —<Pi—1(Hi—1(t,$,Ci—1))>

Pi—11i—1\1, 2, U1 8Hi(0i) i—1\l, -1,

X i, 2h(t, ) \?
< —EE¢,_,.c - ' OH;(Cy)

< K.

- N

and that by Lemmas 13 and 14,

EEc, . c, K\/ﬁ (ggét(’gi)) (t( ))> (sﬁi—l(ffi—l(t»%@—l)) - <Pi71(Hi71(t7$7Ci71))) >2]

K ~ 7 ~ ] 2
7E]Eci—17ci |:(G2H1(taci17$>G?H(t>xvci>) :l

IN

N
Kr
<.

IN

B.3 Structure of the limiting Gaussian process and the proof of Theorem 2

Each process GO, GH, G?H, é?, G, GY ont < T can be viewed as an element of Gp = C([0, T], L*(X x P)) where P is P; or
P;,_1 x P;. Equip Gr with the norm

lallr = suw E[lg 1]

t€[0,T7]
We define the following Gaussian processes QBH , QH with zero mean and covariance given by
[GH(t Cin X )GH(t dj, )]

? ]7
— (Sijcci,—l [wi(t7Ci—laCi)(pi—l(Hi—l(taCi—hx)); wj(t/aCi—lvc;')wi—l(Hi—l(t/7Ci—lvxl))] , 1>1,
0, otherwise,

E[Q?H(t,ci,x)G (t', ¢ x)}

) ]7

oy(t, x oyt o _
{mcm[ 05t i o) g s A (0 Con) s | i< 1

0, otherwise,

E[G (t,ciyx )GaH(t c x)}

) j7

y(t, x) ,
_ {5i,j+2(ccil [%_2(1{ 2(t, @, cf))wi—1(t, ¢}, Ci 1)m; wi(t,Ci—1,c))pi—1(Hi—1(t,x,Ci1)) |, 0> 2,

0, otherwise.

As a side remark, note that the covariance of G?7 and G can be recognized through the following simple rule: for functions f (Cy)
and ¢g(C;), we have

E [\/N(EL: [F(Ci(Ji)] = Ec, [£(C]) - VN(E, [9(C(I))] = Ec, [9(C)])| = 615 (Ee, [f (Ci)g(C)]~Ec,[f(C)Ec, [9(C)]). (T
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Define QFI , QBH ,G¥, GY by the following linear combination of GH and G2

Gg(t c,z) =0,

G (t,ei,2) = Gf' (4, ci,) + B, [wilt, Cimy, @)@y (Hima (o, Cio1))GIL (b, Cia) |

GaH(t cr,x) =@l (Hp(t,x CL))GL (t,z,cr),
r) =

GI* 1(15 cii1,x) = G (t,¢iq, 1) +Q£1(t7Ci*lyx)(P;L1(Hi71(taxacifl))]ECi |:wi(t7ci170i)c

+ @i (Hima (83, ¢-1))Eo, [wilt eim1, GG (1 Ci( 1), )]
Q’iu(t 17 C1, I‘) = Q?FI (t, C1, IE) x,

w 5z 0y(t,x) g
G (tcirscinm) = GI(t e @) i (Hioa (6@, ¢01)) + @y (Hima (8, Cz‘1))ai{}'(c'30f{1(t Ci-1,),

Qy(tv :IZ) = 90/L(HL(ta X, 1))QLH(t7 &€, 1)

Recall that we say G converges G-polynomially in moment to a Gaussian process G if for any square-integrable f; : T X ;-1 X
Qi(j) x X — R which is continuous in time,

{HUJ’ z<a>>t1}_ [H<f]’Z(J)>tJ:|

J

) -1/8
sup / )
t; <T

= Op,r(supmax | f;[|7) - N
t<T I
where D = 7 a;3;. (For GH, GH GOHand GOH | we take fi + T x Q) x X = R.) We restate and prove Theorem 2.

Theorem 18 (Theorem 2 restated). We have G converges G-polynomially in moment to G, where G is the Gaussian process with mean
and covariance structure as given above.

Proof. First, we show the following:

e )] = ).

where for each ¢, 7(¢) is either H or OH. By independence of C;(j;) for distinct 4’s, it suffices to consider the case where i(¢) = i for
all 4.

Consider the case 7(¢) = H and i (¢) = 4, we have

(1o (611)"),, = Bac [fattes Cos X) (VIEy 123 (s i1, O 0]) ]

4

-E = Op(max £ ) - N~V2,

where we denote

Zi(te, ji—1,¢iyx) = wite, Cim1(Ji1), ¢i)pi—1(Hi—1(te, x, Ci—1(Ji—1))) — Ec,_, [wi(te, Ci—1, ¢i)pi—1(Hi—1(te, x, Ci—1))].

-\ e Be
One can write [, < fe, (Gfl ) > as a sum of terms of the form:
te

N*D/QH H Ezc, {f@(te,ci,X) H Zi(te, ge.r.n, Ci, X) |-

L r<pBe h<ay

Note that EE, | [Z;(-, Ji—1,C},-)] = 0. Thus, if there is any index j;_; for which j,_; appears exactly once among jg,, 5, then the
above term after taking E vanishes. The number of terms with each j;_; appearing either zero or exactly twice among jg .., is O (N E)
ag\ Be
Notice that these terms make up the quantity E [H ’ < fe, ( ((f))) > } , which is to be subtracted away. The number of remaining
te
terms where no j;_; appears exactly once is at most O(N (P-1)/ 2). Thus we are done upon bounding

E[ IT 11 Eze. |:f€(t€aciaX) I1 Zi(tﬁajé,r,haciaX)] H

L r<pB¢ h<ay
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By Lemma 11, it is easy to see that

7|

EEx ¢, [|Zi(te, jorn, Ci X)|P] < Kr.p.
Then:

I TT e [0 T 2100 |

£ r<pe h<ay

911/2 291/2
SHHEM[ (te,0i7X)j] E[Ez,ci[H Zi (te, jo.rn> Cis X) } }
L r<p h<a,
291/2
<meax||fz||£HHE{ { Z; (te, ey Ciy X) } }
£ r<pe h<ay
2a07 1/ (2ap)
§m?x||fg||£H 11 E{ H [ (te, je.rns Ciy X) } }
£ r<pe h<a
2&1{ 1/(2&[)
SIH?XHf[Ht[ZH H H [ (tes jerny Ciy X) }
£ r<peh<a

< max | fell2 - K.,

This completes the proof for the case 7(¢) = H and i (¢) = 1.

The involvement of terms with 7(¢) = OH can be dealt with similarly. To deal with the case 7 (¢) € {H,0H }, we note that the same
argument holds with an appropriate modification of the definition of Z;; in particular, this function now depends on ¢ via 7 (£), but this
detail does not affect the argument since all we need is that EE;, | [Z;(-, J;_1,C;,-)] = 0 and EEx ¢, [ i(t, -, Ci, X)| ] < K7 p.

This completes the argument that (G?# | G#) — (G°", G™) in G-polynomial moment.

Finally, observe that G’fl ) G?H , G, GY can be written as a linear combination of G and G?¥ by Lemmas 15, 16 and 17, from
which it is easy to verify that G — G in G-polynomial moment. O

B.4 Dynamical form of the limiting Gaussian process

We also have the following property of the limiting process G that will be useful later. Define further auxiliary processes:
GOt(aH )(

t,ci—1,x)

oy(t, /
—Ec, {W(t%-u@)%]) O (Hi—a(t, @, ¢im1))0 Hi—1(t,z,¢-1),

ay(t
0H;(C, OH;(Cy)

+VN (]EJi [ﬁtwi(t,cil, Ci(J:))0 (%)} — Ee, [(’)twi(t, ci1,Cy)0; (%)D O (Hi1(t, 2, ¢i1)),

5]
VN (]EJi [atwi(t, i, cz-(.]z-))@;(:?} _Ee, [atwi(t, Cin, cz-)ag(t’”“")D o (Hia(t 2, e 1)
y(t, x)

and
G (t,ciyw)
=VN (EJi_, [00w;(t, Cim1 (Ji1), ci)pim1 (Hi—1(t, 2z, Cim1(Ji=1)))] — Ecy_, [0w;(t, Civ, ¢3) i1 (Hi—1 (8, 2, Ci—1))])
+\/N(]EJM[wz'(taCz‘—l(Ji—l)aCi)¢§_1(Hz'—1(t,x»Ci—l(Ji—l)))at i—1(t, 2, Ci1(Ji-1))]

—Ec,_, [wi(t,Ci—1,¢) @i (Hi—1(t,2,Ci1))0 Hi_1(t, , Ci—l)])a

with Ga' (BH) G%(aH) = G?‘H = (. As above, we can show that jointly with previously defined processes GH GOH Go.(0H) GoH

(BH)7 GatH

converges to Gaussian processes GO whose covariance structure (jointly with the previously defined processes G) can be

deduced by following the rule (7).
Theorem 19. The limiting Gaussian process (G", e ) is the solution to the ODE

GH (t,¢iyx) = GO (t, ¢, 1),
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0,G2M (t,¢i ) = GO (1 i, ).

Similarly we can express 6,5Qf~[ and atgf.’g in terms of atG,LH, 8tG?H using the expression of GH and GO in terms of G and GH.
Finally, we have

QGY (t,x) = @ (HL(t,1,2)0, G (t, @) + O, Hy (4, 1, 2) gL (HL (8, 1,2)) G (8, ).

8H(

. =H — .
Proof. Defining G, (t,¢;,x), G, (¢, ¢, x) as solutions to

8téf[(t, Ci, a:) = G?tH(tv Cis J?),
8té?H (t, Ci, ,I) = G?t (6H) (t, Ci, ‘T)7

it is straightforward to verify that G has the same covariance structure as (. Since GH , GoH ,G*,GY are linear combinations of
GH,GPH  the conclusions for 9,G easily follow. ]

Remark 20. We can in fact show that jointly with C}‘H and GaH , we have (atéH ,0,GoH ) converges in GG-polynomial moment to
(0,GH,9,GPH), and this extends by linearity to 9,G,9,GH  9,G™, 8,GY, by following the procedure leading to Theorem 18. Since
we will not need to use this fact, we omit the details of the proof.

C Existence and uniqueness of R: Proof of Theorem 3

For G € G and p > 1, define

L
IGIZsy = supEzc (1GY(E X + 3 |G (¢t Cima, G I
t= i=1

Theorem 21. Under Assumption 1, for any € > 0 and all G € G with |G||124e < 00, there exists a unique solution R;(G,-,-,-) €
L?(P,_1 x P;) which is continuous in time. Furthermore, for each t < T, R(G,t) is a continuous linear functional in G and
IR(G) T2 < Kr.cl|GllT21e In fact, for each B sufficiently large in T, there exists a sequence in B of processes RP which is a
continuous linear functional in G with
B 2 2
IRZ(G)l72 < exp(KrB)||Gli72

for all G with ||G||7,2 < oo, and for G with ||G||1,24 < 00,
IR(G) = R%(G)l72 < |IGl721c exp(~KreB*/ (2 +€)).

Here we define
L

HR (G)”;Q = Sup]EC Z |RL (G7t7 Ci—la Oi)|2 5
t<T i=1

2

T,2°

)

and similar for | R(G) — R (G)|

The main technical difficulty in the following proof lies in the fact that the weights w; (¢, ¢;—1, ¢;) could be unbounded, in which case
the linear operator R +— 0; R is unbounded. Our proof of both existence and uniqueness follows from a delicate truncation scheme.
This scheme requires careful treatment: there is no a priori bound on R again due to the unboundedness problem, and as such, usual
truncation argument does not work. We remark that this problem is unique to the multilayer structure; we do not encounter the same
problem for shallow networks.

Proof of Theorem 21. Let us define:

dij(t, X) . L 99 (£, X)
AF®D i 1,c)=E _BA) 20y X E ; 1,0 )
DGt e, =B SR (%9 (X Y B | By (G1,Croas C) g
L
&y (t, X)
E Y, 9(t,X))E _
T Z{M( (%) c[;ma,t,a L.C) awr<cT1,cT>awi<ci1,ci>”
N &y (t, X)
+Ez {32/3 (Y,9(t, X)) Ec |:Ri—1 (G,t,Ci—2,ci—1) oo 1 (Cra,car) O (Ci—1,Ci)”
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[ X 0%y (t, X
+]EZ 82‘6 (Y7y (taX)) EC |:R1 (Gataci—lvci) ERTD (C‘,l i() aw) (C‘,l C):|:|

[ A 0%y (t, X)
+Ez| L (Y, 5 (1, X)) Eo {RM (@t Cont) g5 S5 (ci_l,ci)”’
99(t, X)

AF® tici6) =Kz | 5= ——
A (]%)(C;7 ,C 1,8) z awi(ciflaci)

GAL (V.3 (1, X)) GV (1. X)}

FEs|ohe (vip (1, X)) G (t,ci_l,ci,X)]

AFZ(R)(G, t, Ci—1, Ci) = AFZ(l)(R)(G, t7 Ci—1, Ci) + AFz(z) (R)(G, t, Ci—1, Ci).
In this notation, 9; R; (G, t,¢;—1,¢;) = —AF;(R)(G,t,¢;—1,¢;). Let

L
R[5, =Y Ecl|R;(G,t,Cj1,C)) ),

j=1
|Ris1(ci)lth, = Eoyp [|Ris (Gt i, i),
|Ri(ci) t21;p =Ec¢,_, HRi(Ga t,Ci_1, Ci)| Zp]_

We define [wii1(ci)|e,2p, |wilci)le2p, |G (ci)le2p, |GY(cim1)
addition). We define

tops |GY|t2p similarly (where the last three should include Ez in

L
w |2 w 2 w 2 2 2 w2
Gty =B [IGY (C)lth, +1GY (Cimn)ly | Gl = 1GY I, + D IGY 1Y, -
i=1
When we drop the subscript 2p, we implicitly assume that 2p = 2.

Step 1: truncated process R”. For each threshold B > 1, let
B (t, cim1, ¢i) = Hmax([wigr (¢5) s, [wi(es)||e, [wici)le, [wii(ciz1)]e) < B)
BP(t, ¢;) = I(max(jwir1(ci)le, [wi(ei)]s) < B).
We define RP as the solution to
ORB(G t,ci1,¢)] = —AF;(RP) (G, t,ci1,¢) - BB(t, i1, ¢4).
We can rewrite — with an abuse of notations — in the following form:
OHRP(G,t,-,-) = AP (RP(G,t)) + H(G,1),
for 217 a linear operator. (One may easily recognize that the first term corresponds to AFZ-(D and the second one corresponds to AFZ@) )
By Lemma 11, we have the bound:
|7 (RP (G, 1)) (ci—1, )| < Kp|RP [t|wisa(ci)le + K| R [t|wi(ci)|tJwis(ci)le
+ Kr|RP (ci)lelwiri (i)l + Kr|RE ()]s + Kr|RE (¢im1)|e|wi(ei)] -

Note that by Lemma 11,
Ec, [

wi(C)[Flwi1 (C)F] < K.
Thus,
2
Ec “QIF(RB(GJ))(CFLCD‘ } < KrB?*|RP[;.

Existence and uniqueness of RP follows immediately from boundedness of AZ. Also R is a bounded linear functional in G.

Step 2: bounds for R®. We obtain a bound on |RZ|;. Observe that
[H (G,1) (ci-1,¢)| < Krlwit (¢3) [t [GY], + KEz [|G (¢, ¢i-1, i, X)]

and as such,

O(|RPR) = D ||RP(G.t.Cimr O[]
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<2|R7|Ec UaRiB(thaCi—l,Ci)f} v

< K7|RP|} + KrB|RP|? + Kr|G|}.

This implies
0i(IR"|}) < KrBIR"[} + Kr|G[7,
so by Gronwall’s lemma, for any ¢t < T,

|RP|, < exp(KrB) sup |Gl = exp(KrB) |Gz,

Now let us zoom into RZ,; (¢;) and RP(¢;). From the bounds on |2P (R® (G, 1))(c;, ci+1)| and |H (G, t) (¢;, ¢i41)|, we deduce:

O(|RE(c))7) = 2Bc,,, [RE1(G,t,ci, Cis1)ORE (Gt ci, Cigr)]
< Kr|RP (ei)le (IRP|e + |RP (ca)le + |GV, + 1G P (ci)le)

which yields
O RE (e)le < Kr (exp(KrB) |Gl g + IR ()] +1G], +1GE (e)]r) -
Similarly:
0:(|RB(c)|?) = 2E¢, _, [ ?(G,t,Ci,l,ci)atRzB(G,uCi,l,ci)]
< KT\Rf(Ci)\t((l + |wi(e)|e) (1 + |wiga ()[R + lwigr ()| RE ()]
+ IRE s (eo)le + 1GE ()l + [wisa (e0)|1 G )
< Kr|RP (e:)l: (B2 RP|: + BIRE ()ls + |REA(e0)le + 1GE (ei)le + hwiga (e)]i]G]o)
which yields
OuRE (el < Kr (exp(KrB) |Glizz + BIRE (€0)l: + | RE (ei)l: + G (el + BIGY|:)
Therefore,

Oc (IR (ci)le + |RE (ci)le) < K (eXP(KTB) I1Gl7z + B (IRP (i)l + [RP 1 (co)le) + G (eo)le + |G (eo)le + Ble|t> :

By Gronwall’s lemma,
t
[RP (ci)le + |RE (co)le < (IIGIIT,z / (IG¥ (eo)ls + G (ea)ls +1GY]s) d8> exp (KrB).

Step 3: taking B — co. Next we compare RZ and RB' for B’ > B. Let us define
AR;(G,t,ci—1,¢) = R?/(G,t, cii1,¢) — RB(G,t,ci1,¢:).

We have that if B®(¢,¢;_1,¢;) = 1, then

AR (Gt ciiv,¢;) = —AFY(AR)(G,t, i1, ).
If BB (t,¢i1,¢;) = 1 but BB (¢, ¢;_1, ¢;) = 0, we have

AR (G, t,ci1,¢;) = —AF;(RP) (G, t, ¢i1,¢;).
Finally, if B (£, ¢;_1,¢;) = 0, then

AR (G,t,ci—1,¢,) = 0.

With D g (t, ¢i_1,¢:) = I(BE (t,¢;_1,¢;) = 1, BE(t, ¢i1,¢;) = 0), we obtain:
OEc ||AR:(G,t, Cio1, C)I* Do, (1, Ci1, Ci)]
< KE¢ [AR/(G,t,Ci—1,Ci)Dp p(t,Ci—1,C;) - O:AR; (G, t,Ci—1,C;)Dp g/ (t, Ci—1, C;)]
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2 1/2 2 1/2
< KE¢ [‘ARi(G;t7Ci—1aCi)| ]D)B,B’(tyci—laci)} Ec [|8tARi(G7t;Ci—laci)| DB,B'(taCi—l,Ci)}

1/2 ’ ’
< KrEc “ARi(G;tvCi—laOi”Q DB,B/(tvc’i—laOi)} -Ec DB,B/(t7Ci—1,Ci)(\RB Flwir1 (Co)I7 + 1R [F1wi(C) 7 |wiz1 (Cy)I7

1/2
+ [RP(Co)I|wira (Co)IF + |REL(Co)I; + |RP (Ci_1)|fwi(Ci)|f+|wi+1(C’i)|f|Gyf+|G§”(C’i_1,Cif)}

1/2 ,
} -Ec |Dp,p(t,Ci—1,C) ((3/2 +B"MR |}

< KrEc [|AR1(G7 t,Ci_1, CHI Dg,p(t,Ci—1,C)

+ BPIRE (COF + REVC + BIRY (Gl + BPIGHE +16E (G Gl ) -
Using Lemma 11 and the bounds in Step 2, we get:
Eo [DRB/(t, Ci1,Cy) (|RB’|§(B’2 n 3'4))} < |Gl exp (Kr B — K1B).
Similarly,

Ec s, (t,Cior, Ci) (B2IRF (COIF + | REL(CI + B2IRE (Cia)) |

t
< exp (KrB') Eo [DB,B'u,oi_l,ci) (naé,g + [ 16O +IGEACR + 162 (o) + GE (i) +16E) d)}
0

, eB? 2

<exp | KrB' — KTT_’_G Gl 7 24 »

Ec [Dp,p(t, Ci1,C;) (B?|GY[} + |G (Ci-1, Cil}) ]
, eB? 2

<exp | KrB' — KT2 i G724 -

We thus get:

eB?
OEc [IAR(G,t,Ci1,C) Do (t,Ci1,C) | < (1G4 xp (KTB’ - Kry ) :
The term where BZ (t,ci—1,¢;) = 1 can be bounded as in the bound for RB:

0,Ec |ARi(G,t,CZ-,1,ci)|215%3(t,ci,1,ci)} < KrB|AR)?.

The last two displays give:

BZ
O|AR[? < KrBIAR[? + ||Gl[5. 5., exp (KTB' - KT26+ 6) :

Hence,

2 €B3
|ARI? < (|G| 7,04 exp <KTBB’ _KT2+€) :

In particular, for all B sufficiently large, we have |AR|? < ||G||2T sreexp(—KreB?/(2 + €)) for all B’ < 2B. Thus, we can easily

deduce that RP converges in L? to a limit, which is the process R, as B — oo. Since |AR|? decays exponentially with B? while
|RP|; < exp(K7B) ||G||1,, we deduce that:

sup [R|} < K7 G724
t<T
We can also deduce for fixed ¢;_1, ¢;, RB(G,t,¢;_1,¢;) converges, as B — oo, to R(G,t,¢;_1,¢;), and R satisfies Eq. (6).

Step 4: uniqueness. Next, we show uniqueness of R. Assume that R, R’ are two solutions to the equation in L2, we have U = R — R’

satisfies
UGty i1, ¢) = —AF D (U) (Gt i1, ¢;)

‘We then have
|0:Ui (G, t, ci—1,¢)| < K|Ul¢lwigr(ci)le + KU e|wi(c)|ewia (ci)e
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+ K|Ui(ci)lelwiva(ci)|e + K|Uiya(ci)le + K|Ui—1(ci—1)e|wilei) e
Let k = max;<7(|R|:, |R'|¢) < co. Then

OuUi(ei-1)[} < K|Ui(eim1)le (5 + Ui (el + B lU(Co)lwi (C )

Ou|Ui(eo)[7 < K|Ui(eq)ls ((1 + max(fwiga(eq)ls, [wilei)]e))? + fwira (c)le|Us(ei)le + Uiz (ei)le) -
In particular
Ou|UL(cr)l} < K|UL(ep)le (k(1+ |wi(cp)le) + UL(er)le) ,
from which we obtain |UL (c1,)|; < Ky r(14+supgsep |wr(cr)|s) forallt < T and cf,. Note that E, [K . 7 (14sup,<r [wr(CL)|s)?] <
oo. Assume the bound on |U; 41 (ci11)¢ such that Ec,,, [|Uis1(Cis1)[Fwis2(Cis1)|?] < oo, we have

Ui (c)) I} < K|Ui(ei)le (k(1 4+ max(|wit(ci)s, [wi(ei)]e))? + [wigr (co)lelUied)le + 1Uipa(ei)lr) ,

O Uis1(ci)l} < K|Uisa(ci)le (H + [Ui(ei)le + E[|Ui+1(Ci+1)|f|wi+2(0i+1)|f]1/2)
< K|Ui+1(ci)|t (li + |Ui<Ci)‘t + Kn,T) .
Thus, |Us1(ci)|e < K r(fy [Ui(ci)|sds + 1). Hence,

WU e)le < w (1 max(wisa el o )l + i (el + [ |Ui<ci>|sds) |

From this we obtain
Ui(eo)le < K exp(Ky rlwis(ci)]e) (14 max(Jwir (c;)le, [wi(es)]e))?).
Note that we still have

Ec, [

Ui(C)[F[wi(Ci)l7] < K, rEe, [exp(Ky rlwipr (Ci)le) (1 + max(|wisa (e, [wilei)))?)?]
< 00,
by Lemma 11. By induction, we obtain bounds

r&ajz(max(\Ui+1(ci)|t, |Ui(ci)|e) < exp (K r(1+max(|wiy1(ei)le, (wilei)lt))),

for all ¢ and ¢;. From here we can easily obtain a similar bound on U;(t, ¢;—1, ¢;),

max |Ui(t, ci—1,¢:)| < exp (K (1 + max(|w;(ci—1)le, [wi—1(ci1)]e, [wita(ci)le, [wilei)t))) -

This also implies all moments of U are finite again by Lemma 11.

Using those bounds, we have, for any B > 0, that
1/2
aU; < KU+ KUY (B, [|[U(C)IF lwia (Ci)IF])

< K(1+B)[U? + K|U|: Y (e, [[U(C) w1 (Co P (Co)le = B)]) .

(3

<KQ1+B)U}+ K> Eg, |

Ui(Co)[F 1wi1 (C)[FT(|wira (Ci)|e > B)] -

Our bound on |U;(C;)|; together with Lemma 11 gives

Ec, [|U:(C) [ wis1(Co)|F1(|wit1 (Ci)|s > B)] < exp(K,rB — cB?).
This implies
HU|? < K(1+ B)|UJ? + exp(K, 1B — c¢B?).
Thus,
sup |U|? < exp(K (1 + B)T) exp(K, 7B — c¢B?).
t<T
Sending B to infinity, we immediately obtain that |U|; = 0 for all ¢ < T'. Thus, the solution R is unique. O

Repeating the proof of Theorem 21 identically gives the following.
Lemma 22. If |G| 2p+e < 00, then R;(G,t,-,-) € L*(Q;_1 x ;), and

2 2
HR(G)HT:?Qp < KT,EHG”TI,)zp-s-e'
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D Connecting finite-width neural network fluctuations with the limit system: Proof of Theorem 5

Let us recall that
R;(t,ji—1, i) = VN(Wi(t, ji—1, ji) — wi(t, Ciz1(ji1), Ci(ji))-

Our goal is to prove Theorem 5. A major technical difficulty here lies in establishing suitable a priori moment bounds for R that are
independent of N. This task suffers from similar unboundedness issues that are encountered in the proof of Theorem 21. Again this is
a problem unique to the multilayer structure. Yet it requires a delicate argument that is different from the one in the proof of Theorem
21. In particular, Lemma 23 below plays a crucial role and computes very high moments (of order increasing with ) of the neural
network’s weights under GD evolution and randomized initialization. It is also a result of independent interest, which we expect to have
applications beyond the current pursuit.

In the following, we denote
L
2p
IR (1) = R0 = D B [[Rutt s )~ RiGt Gt )| ]
i=1
For brevity, let us write

w;(t, ji-1,Ji) = wi(t, Ci—1(ji-1), Ci(ji))-
Similar to the development in Appendix B, define

i (8,335 = oy [lws(t, Cims (i), CiGDI™)
Iwit, G135 = B, [Iwilt, Ji1, 30) 7]
i1 (8, 30) 3 = By [[wilt, CilG), Cia (S
Wi (65135 = B [ 1wt i, Ji))
I (6) 135 = o, [l (e, 7135
Iwit) 35 = By, [lIwilt, J)35] -

We define similarly [[R (£, ji)l|2p, | Ri (£, ji)l|2p» [[Rit1 (£, Jir1) ll2p,
ing R should be computed w.r.t. R(G,t)). We also let

IR 15 = Z IRi(t)ll55, IR, = Z Rt

In all of these, when we drop the subscript 2p, we 1mphcltly take 2p = 2. For B > 0, deﬁne
B} 2 (¢, ji) = 1| (¢, ji) 2k, 1 @i (¢, i) o < B),
B (t, ji) = 1(|lwi(t, ji)ll2k | Wit (£ 3i) | 2r < B),
B 4(t, ji) = By * (¢, i) BY ** (¢, 5i),
BBk (¢, 4,1, 5)) = BB (¢, 5 BB, ).

We drop the superscripts B and 2k if they are clear from context. Note that these are random variables due to the randomness of sampling
{Ci(4:) : ji € [Ny], i € [L]}, whose expectation is denoted by E.

Ri(t)]l2p,

Rit1(t, Jit1)|l2ps R;(t)]|2p (where quantities involv-

D.1 High moments of neural network’s weights under GD

We obtain the following estimate, which is important for our development.
Lemma 23. For k > 1 and B > 0, we have:

EE, [[wi(t, Ci1(Jim1), Ci(J))"] = Ec [wilt, Cimr, €I
and for all N > (kL)S,
EE, [[wi(t, Ji1, Ji)|F| < K¥/2KEE.
As an immediate corollary, for a fixed constant C and B < N¥¢,
E {B?’Qc(t,yz)} < exp(—Kr,cB?).
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Proof. The first equality is trivial. For the second bound, we consider ¢ > 2; the case ¢ = 1 can be done identically. We have

OE [[wilt, Jis, J)I| = KE [wilt, Jim, J) 0wt Jir, )]

(k=1)/k 1/k
< kE; “Wi(t, Ji—1, Jz>|k] E; [|5tWi(t, Ji—1, Ji)|k .
Note that
oy (t, X 4§
k)2
ay(t,X) |?
< KE; |E _—
- N ‘5W1(Ji—1,t7i)
k/2
< KFEy [[wipa(t, 1 Jin)*] T B [wilt, Jj-1, 15)%) .
§>it2
Thus,

(k—1)/k 1/k
E; |:|Wi+1(t7 Ji7Ji+1)|k:| H Ej [w;(t, Jj—lij)g]lﬂ-

Jzit+2

O [Iwilt, Jimv, Ji)| ] < KRE, [Iwilt, Jima, J5)|"]

In particular,
OB [|wr(t, Jp—1, Jp)|"|V* < Kr,
which implies
Eyllwr(t, Jo—1, Jo)I'T/* < Eyllwe (0, o1, Jp)["]V/* + Kt.
Then inductively, we obtain that

sup EJHW’L(ta Ji—la Jz)| k]l/k
t<T

< By (w0 T 2 1Y 4 (B [y O )%) (B (w0 ) PYS) ),

where p; is a polynomial of degree at most L — ¢, and furthermore, in each monomial in p; there is at most one term of degree one from

the variables (]EJ [lw;(0,J;—1,J;)|%] Uk) . This allows us to bound
j>itl

EE;(|lw;(t, Ji—1, J;)|"] < K"EE[|w;(0, Ji_1, J;)|"]

P E[EJ[lwi(O’ T )] Y By [l (0, Ja"—1,J7")|2}kL/2]
j2it+l S

G>i+1

We have

E |Es[Iwi(0, Jima, J)E [Iwyr (0, Ty, Jy) P

< (E []EJ”Wi(O, Ji—1, Ji)|k]2])l/2 (E [EJ [Wj' (0, Jjr—1, Jj,)g]kLDUQ

< (B [Ey[wi(0, 7y, J)*M])° (E {EJ [wr(0, Jjr—1, Jj’>2]kLD1/2

< Kk pk/2 <E [EJ [wj/(O, Jj—1, Jj’)z]kL})l/Q

Let us analyze the term in the last display:

kL
kL _
EJ’ [WJ'(O7 Jj'—lij/)Q:I =N 2kL Z ij'(ovataﬁt)2'
Aty kL €[Ny _1],81,.,BrL €[N, ] =1

Furthermore, if each index appears at most once among «, (3, then

kL kL
E ij’(oaat7/8t)2‘| = HEC [wj/(O,Cj/_l,Cj/)Q]kL
t=1 t=1
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< KkL.

On the other hand, if some index appears at least twice, let d(a) be the number of times a appears among {a }, and we similarly define
d(b). We have by Finner’s inequality3 that

kL 1/ max(d(ay),d(B))

HW] (0, g, Br) 1 < HE [w] (0, at,ﬁt)Qm"*X(d(at) ,d(Bt))

< KFO+D) Hmax(d(at), d(By)).

Note that ) d(a) = >, d(b) = kL. Fixing the multisets {d(a)} = {d(a) : a € [N;;_1]}, {d(b)} = {d(b) : b € [Nj]}, let M, be
the number of positive values in {d(a)} and M, the number of positive values of {d(b)}. Let H, be the number of values at least 2 in
{d(a)} and similarly for Hj. The number of unlabeled bipartite graphs for which the degrees on one part are given by {d(a)} and the
degrees of the other part are given by {d(b)} is at most (H, + 1)H«(H, + 1)"» (each half-edge from a vertex of degree at least 2 on
the a-side is chosen to match to a half-edge of a vertex of degree at least 2 on the b-side or a vertex of degree 1, for a total of H, + 1
choices). After choosing the unlabeled bipartite graph, there are at most Na+ ways to label the vertices of the graph with indices in
[Nj/_1] or [Nj/]. Let @ be the number of edges between vertices both having degree 1. We have at most (kL)!/Q! ways to assign index
t € [kL] to edges of the labeled bipartite graph. We have that Q > kL -, d(a)l(d(a) >2)— >, d(b)I(d(b) > 2), while

M, Z]I )>1) <Z Zd >2—kL—de >2),

and similarly M, < kL — 3>, d(b)I(d(b) > 2), so M, + M, < 2kL — 5 (3, d(a)I(d(a) > 2) + >, d(b)I(d(b) > 2)). Thus, the
number of edges between vertices both having degree 1 is at least 2(M, + M,) — 3kL. We also have H, < 2> d(a)I(d(a) > 2) <
kL — M, and H, < kL — M,. Finally, note that

[ mtaton i < (it ) (satims)

Thus, using convention that z! = 1 if z < 0 and using that the number of choices of {d(a)} given M, = m,, is at most (kL !

1

3 o< ;ngWWW1);%(,%“)% G (I [ ey

o, t=1 a

ha h
< Z ety 2(kL)? 2(kL)? (kL —1\ (kL -1
(2mg + 2mb —3kL)! min(1, hg) min(1, hp) mg— 1) \imp — 1
2kL u
S KkL ZNQka’u, < 4(kL)4 >
— min(1, u)
2kL u
A(kL)*
< KkLN2k:L
- 1;0 Nmin(1,u) } ’
where we use the shorthands I' = {m,, m; € [kL], ha, hy < kL/2,hg < kL —mg, hy < kL —my}. Hence, for N > (kL)S, we have

ZHmax o), d(B)) < KFLNZRE

) we get

In particular,

EE; [w; (0,751, J;)2]"" < K*E.
Therefore,

EE[w;(t, Ji_1,Ji)*] < k*2KEL.

Remark 24. The same argument shows that for any £ > 1 and N > (K gkL)lG,

EE, [w; (0,5 1,J;)%]"" < K",
*Helmut Finner, "A generalization of Holder’s inequality and some probability inequalities", The Annals of probability (1992), pp. 1893--1901.
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D.2 A priori estimates at the fluctuation level

Lemma 25. We have foranyt < T

EE, {(\/N(Fli(t, Ci( i), ) — Hi(t,Cy(Jy), z))%] < Krop,

(v (5 y<(c U ; 0 affgj((ctw})))” < K,

(\/N <3wi(0¢1(§i71;,@(=}i)) N awi(ci?Z(}L(]j’ficiui))))zk] < Krp,

B[ (VI @uL. 31t 2) — 0uL0.9(6.40)) | < Ko

EE,

EE,

Proof. Let us drop ¢ and x from the notations for brevity. We also recall Lemma 11. We prove claim by claim:

e We have:

EE, {(\/ﬁ(ﬁl(clul)) _ Hl(Cl(Jl)))zk} _0

and using induction,
BE, | (VI (C0) - 1(C() |
=EE;, [(\/N]Ehl [wi (Ciz1 (Jiz1), Ci (i) i1 (Hi—l (Cizq (%-1)))}
— VNEc¢,_, [w; (Ci—1,C; (J:) pi1 (Hi—1 (Ci—1))] )%]
k
< KBEy, oy [l (Gt G () s (i (.G |
+ K,EE,, |:(\/NEJ7L—1 {wl (Cie1 (Jic1), Ci (J5)) (901'—1 (ﬁi_l (Ci4 (Jl-_l))) —pi—1 (Hi—1 (Ci—1 (Ji—l))))})Qk:|

< Kri+ KyEE;, [EJ,-l [|wz (Ciz1 (Ji-1),C (Ji))|2k} Es_, [N (ﬁz‘—l (Ciz1 (Jiz1)) — Hi—1 (Ciq (Jz‘—1)))2kH

< Kry.

e Next we have:

<\/N <8;Lg(1) a 81?(1)))% < Ky (‘/N (FIL(l) - Hi(1)>)2k < K.

Using backward induction:

we, | (VF (amiium ) aHz‘g(Ji”)ﬂ

k
aA 2
< K;EE,, |:EC11+1 mwiﬂ (Ci (Ji),Ciy1) ]
+ K,EE, |E {\/N % _ % lwisr (Cy (i) s Cipr (J; ))|rk
k J; Jit1 8I~{+1(C+1(Ji+1)) aHi+1(Ci+1(Ji+1)) i+1 i i)y “Yi41 i+1
8y B 2k
+ KiEEy, | By, [f \ STy | et (G (), G <Ji+1>>|]Hz-<ci<Ji>>HA@M))H

34



1/2
< KTk +Kk—EEJZ+1

9j B 0y
(\/»’QHZH (Cis1(Jix1))  OHit1(Cip1(Jiv1))

>4k]
+ KxEE, {(\/ﬁ ‘H (C: (Ji)) = Hi (Cs (Ji))‘)gk} :

< K7

e For the third claim:

<\/N <awi(2§1’ ¢) 3wi(2y170i))>2k

<5 (7 (Gt antty)) 5 (aiey) (7 (=)™

Combining the previous claims, it is then easy to see that

<m<8wi(ci_1(i?j_1),ci(Ji)) ow; (C;_ (igl) C(Ji))>>2k] < Kr .

e The fourth claim is also immediate from the first claim by observing that

EE,

VN[02L () = 2L, 9)| < K VN (5= 5)| < K VN (H (1) = H (1)) .

Lemma 26 (Lipschitz bounds). We have for anyt < T':

(VRO o) — Bt CoG,0)) < IRAGOIZE + Kl RIBECL+ () 138 H (L + [l 3
oy(t,z)  9j(t,x) 2k
(\/N (aHi(ji) af{i(ci(ji))>>
sKk|wiﬂui)n%z(an%z(H||wi<ji>||§£><1+||wi+1ii) [T a+lal30) T @+l

j<i—1 F>i+2

+ > ERlIR DI @ (I3 TT a3 + 1R:Gols* T (1+||1Dj’|§]1:)>

j>itl i+2<4",j £ +1 i+2<)!
+ [IRis1 (i) 157 H (1 + [JaI5%)
j>i42
( m( 0y(tx) 0yt v) ))k
Ow;(ji—1,Ji) Owi(Ci 1(11 1), Ci(j

o (v (8-

o . 5 . 2%
+ Killoop Gl3* T | JH : ( NMH;-1(t, ji-1,2) —Hi—l(taci—l(ﬁ—ﬁ,ﬂf)) s
j>i+2

L
VN (0:L(y, y(t, ) — 2Ly, §(t, 7)) < K| R 3 H (1 + [Jq 13

In the above, we have dropped the notational dependency on t on the right-hand side for brevity.
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Proof. Let us consider the first claim:

(VN (t, i w) = i, Cito), ”f))%

< & (B | (VR0 Coma(50). Ci0) ~ wz-(t,cz-_luz—_l),a-(m-)))ﬂ)k

k

k

# 8 (B | (VI (0 CoaUima),) = Bioa . CaUim),a)) | By [t Coma (1), i) ) )
|

< K'Ej,,_, [(m(wi(taCi—l(']i—l)aci(ji)) w;(t, Ciz1(Jiz1), C(ji))))2

2 k

k
# KB | (VR A Goa (o)) = Bia (.G (Ui, | By st Coa (). GO

Furthermore,
(VR (1)~ (O (). 2)) < K5 (VN (pr(wa (.G (0) ) — o1 (s (1, Cai) - )
< K (VN [w(t, 01 (32) — w1, O G- Jo)
< K (VA [w(t, 01 (7))~ wn (1, G G
Thus, by induction, we obtain that

(VR i) — Bt OG0, )) < IRt 50 BE + Kl RO IBEC+ () 136 ﬁ1+uwz||

The remaining claims can be obtained similarly. O
Lemma 27 (A-priori moment estimate of R). We have foranyt < T,

E|[R(t)|3% < Ki.r-

Proof. In the following, let us drop the dependency on ¢ for brevity. From the bounds in Lemmas 26 and 25, we can obtain the estimate

0:R; (i1, Ji)|**
2%

- ‘\/NEZ [azc (Y, (X)) m — 0L (Y, 5 (X))

Bran]
ow; (Ci— 1( 1),Ci (Ji)
j(

! 2k
< 8 [VNB: [anc (5 () g8 — 0 000 g T >>]
+ K |VNEz {32£ ¥.§(X)) ow; (Ci—1 (jic1), Ci (Gi)) L T,§ (X)) Ow; (Cim1 (Ji-1), Cs (JZ))]
ay(x) 9y (X) *
< Ki, |VNEg {awi (Ji—1,7i)  Ow; (Ci—1 (§i—1), C; (]z))]
: A i 05 (X) *
+ Ky |[VNEz [ (0:L (Y3 (X)) — 0L (Y, § (X)) ow; (Ci—1 (ji-1),Ci (ji)):|
- 05 (X) . %5 (X) :
+ Ky |VNEz L 0w; (Ci—1 (ji-1),Ci (4i))  Ow; (Ci—1 (ji-1),Ci (‘71))]
: ) A 95 (X) "
+ Ki, |VNEz [(0:L (Y, (X)) — 0L (Y, § (X)) ow; (Ci—1 (Ji—1),Ci (ji))}
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< Kl @i 1 (Ga) 1351+ s G I3 IRIGE TT @+ llw]36)

J<L
+ K[l G lIBE IR Ga) 35 TT U+ 105138) + Kell@ira Gllak D Eo, IR (I I051 ()13 TT (1 + Nl l135)
<L j>i+1 j'<L
+ Kl @i G 135 Ria G)lI3* TT (04 15135) + Kl Rier (2, im1)15°

j>i+2

L
+ K| i1 () 3R IRIZE (L + [ (i) 13° H 1ot [|;13%) + AR (8, Gie1,52)

where Ay (t,ji—1, j;) does not depend on R and satisfies the moment bounds in Lemma 25, i.e. EE [Aik (t, Ji—1, Ji)] < Kr.

For each k, consider the ODE, initialized at zero:

0y Xi(t, i1, i) = Kp FIX(t, ji—1,Ji) + Ax (£, Jiz1, i) »

1/2k
1+ wjzi,@)

where

FIX](t, ji—1,7i) = <|ﬁ)7+1(]z)||§]1§(1 + [ (Ga) 135) 1 X 1135

J<L
1/2k
n (nwm@i)n%zmonn%i TT0+ ||wj||%’,:>)
<L
1/2k
(an DBE S By 11550713 ||wj+1<Jj>||%’,31H<1+||wjf||§z>)
§>i+1 J'<L

1/2k
(nwzH(muklsz e T (1 + a3t ) R X (b G
j>i+2

L 1/2k
+ (Ilwm(ji)llgﬁ I XN3R + i G113 TTC 1+||wj||§k)> -
Jj=1

The key property of X is that for all ¢, j;_1, j;, we have:
IR (t, ji—1,7:)| < | Xa(t, Jie1,Ji)|-
For B > 0, define
XDt jiz1, i) = Ke FIXP](t, jiz1, 4i)BP (8, Jio1, i) + Ak (£, Jio1, Ji) -
‘We have the estimate:

QX ()35 < Ky H (1 + [[@F (0)]3%) (1 + B> X P (0)]15% + 1| Ax (1) 35
J'<L

Here, we denote ||@?|, = min(B, ||@||,). Furthermore, for solutions X ¥, X' to the equation, by the triangle inequality, we have
|00 (X7 = X'P) (¢, 5i-1,0)| < KF[(XP = XP)](t, jir, i) B (L, i1, Ji)-
Existence and uniqueness of X Z follows easily from the above Lipschitz estimate, and we furthermore have the bound

IXP(0)]l2r < Kvexp(K:B [ (1 sup o 1o (O1158)24) - 1| Ar(O)l2k,

7' <L

and similar to the proof of Theorem 21, the bounds (for sufficiently large B)

1XE (2, gim)llon < KL+ (@it jima) I28) (L + ll@imr (2, jio1)l|25) exp (KkB 11 1+Sup||w POl )IlAk(t)sz,

7'<L

IXP 030l < KO e 308+ e, 38) exp (i T 0+ sup Lo 180)2) e 0l
§'<L s<t
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Notice that X is positive and monotonically increasing in B. For B’ > B and Dp p/(t,ji—1,ji) = H(IEBB/ (t,ji—1,7i) =
1,BB(t,5,_1,7:) = 0), we have for AX = XB — XxB:

WE[|AX (t, Ji—1, J)|**Dp (L, Ji—1, Ji)]
< Ki (B [JAX(t, Ji—1, )| Dp g (t, Ji—1, J)])

x [( TT (4 DI+ BPXP (13 + ||Ak<t>|§’;)EJ[DB,B/<t, T 2]

J'<L

(2k—1)/(2k)

+ KE[ T @+ iy O + B X (0)38
j'<L

1/(2k)
(I B + I (T + X S B P e T ) |
while

EAX (L, Jioy, J) | BE (¢, Jiy, Ji)] < K [ [T @+ llay i+ B’z’“)]E[IAX(t, Jiet, J)|BE (¢, Jio, i),
§'<L

and if BB'(¢,-) = 0 then &;AX (t,-) = 0. Thus,

1/2k
A AX()]5% < K { [T a+llay @i+ B’zk)} IAX(®)]5%

§'<L
+ KiEDg.p (1 Jior, Ji)] exp (KB’ [T (1 +sup 6 () [41)/24¢).
y<L St
This gives:
t
|AX(2)3% gKk/ E[Dgp 5 (s, Ji-1,Ji) exp(KrB' ] 1+sup||w, (s)[15%)/2k) ds.
0 §'<L s
Therefore,

t 1/2 1/2
EIAX (O3 < Kir( | BEDnm (s, Jir Jlds) | Besp(irs’ T] (14 sup [ ()82
0 s<t

J'<L =
Notice that

exp (KrB' T] (1 +sup o ()" < exp (KB [T 1+ g @10 *).
A U

Furthermore Lemma 23 implies that

t 1/2
(/ EE[Dg 5 (s, Ji_1, Ji)]ds) < exp(—KrB?),
0

forall B < N'/16, while
E[exp (KrB' [[ (1 + 1107 O)K5"*)| < Elexp (KrB'(1+ Y 92 0)]15)]-
J<L J<L
Using Remark 24, and [|[w5' (0)[| %, < B'X, we have that if N > (K7B'C)!6 for some sufficiently large constant C' > 0, then
E|exp (KB’ [T 1+ 110 O)IF5)"*)] < exp(krB).
J'<L
Combining the estimates, we obtain that for all B < K7 N¢ for a sufficiently small constant ¢ > 0,

B
E||XB||%# < B| xKr |2k +Kk/ exp(Krz) exp(—Kz?)dx < Kr.
Kr
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Finally, for v > 0 consider the event £ that max; max;, max(||w; (ji)|| k&, | Wi+1(Ji) | kxs | Wi (Ji) || k%> | Wit (Ji) || k&) < 7. This event
has probability at least 1 — KN exp(—K}~v) for v < N with sufficiently small ¢;. We have for B = K N¢ that

E [|[1 X155 = IXP 35| 1(€)] < exp(—K B?) exp(Kry™).
For v = N°€ with e sufficiently small compared to ¢ and ¢, we then have
E [J[IX 1135 — X (13 1(6)] < 1.

This immediately implies
E [|R[31(E)] < E[|IX[31(E)] < Kr-.
On the other hand, i .
2k 4k11/2 1/2
E [|[R|35(1 - 1(E))] < E[R|54]/*(1 = P(€))"/>.
Recall the definition of R, and noting that the moments of w and w are finite by Lemma 23, we have the trivial bound

E[|R|24]'/? < N¥ K.

Thus
E [|R[3:(1 - L(€))] < N Krexp(—cpN*) < 1.
‘We can thus conclude that
E[|R[5}] < Kg.r-

O
D.3 Comparison bounds and concentration estimates
Let us recall the notation O (+) from Appendix B.
Lemma 28. We have foranyt < T,
2k
E]EJ [(W(Hl(t, Ji, Z‘) — Hi(t, CAJJ,JZ)) :l S Kk,T,
ay(t,z)  ayt,z) \\*
EE N s — : <K,
! (f (aHz-ui) am—(@(@-)))) ] SO
oy(t,) dy(t, ) ))%
EE; | (VN — < Kjr,
J ( <8Wz( Jic1,Ji)  0wi(Ci—1(Ji-1), Ci(J;)) i
2%k
B[ (VA @:Ll.5(0.0) 0Ll i:)) | < Kir
Proof. This is a consequence of Lemmas 25, 26, 27 and 23. O
Lemma 29. We have fort < T,
Proof. We have
\/N (82‘C(y7 S’(ta I)) - aQ‘C(y7 y(ta I))) = \/N(y(t7 I) - g(t7 x))@%ﬁ(% y/(t7 x))a
for some ¢/ (¢, x) between §(¢, x) and y (¢, z). Hence,
2
EE, [(x/ﬁ (O2L(Y, (1, X)) = LY, (1, X)) = VN(F(t, X) = (1, X)LV, (1, X)) }
< KBEx [N(F(t, X) - 3t X))* - (¥(t, X) = §(t, X))’
K R 4
< TEEx {(\/N(y(t, X) — §(t, X)) ) }
K
- N
where the last step follows easily from Lemma 28. O
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Lemma 30. We have fort < T,

VN (31,2 ZEJ[ (A S L) }+0T<1/m).

Proof. Following the same argument as Lemma 29, we get:

VN (3(t.x ZE][ (1 I g )]+ 0n1 V),

Again the same argument applied to each of the summands leads to:

(& Rt don ) g ery) B[Rt et e ) ]

N 1/2
Ay (t,x) y(t, x)
(\/N <5W¢(Ci1(Ji1)7Ci(Ji)) B 3wi(Ci1(Ji1),Ci(Ji))>) D

E

< % (EE, [Ra(t, J;—1, J)*])"* <EEJ

S KT/Na
by Lemmas 27 and 28.
Lemma 31. We have fort < T,

oy(t, x)
3w,( i— 1,0)

Ri(é’t’ci1<Ji1)’Ci(Ji))awi(Ci_??(JJ¢—1) CZ(J?))}

Proof. We verify the condition of Lemma 12 fori = (i — 1,4),i' =0, S = {Ck(jx) : jx € [Nk, k € [L]} and

=E¢ |:Ri(é7t70¢1,0) :| +OT(N_1/2).

~ 8y(t,l’)
S,ci—1,¢) = Ri(G,t,cim1,0) 7———.
(S eimn, ) = R Gt e C)awi(ci_hci)
‘We have from Lemma 22 and Theorem 18:
. 4
E {Ec U&-(G,t,ci_l,q-) H < Kr,

and therefore, with Lemma 11,
N 2
E (/5" Gili)[] < Kr.

Let Gt be obtained similar to G but with C;(j;) replaced by an independent copy C}(ji). It remains to bound

E [|£(5,Ci() - £, Gn)[*] = E

‘Ri(é,t,Ci(ji))% - Ri(éj‘7t,0i(ji))%‘ ] ;

which — similar to the previous second moment bound — amounts to proving
~ . 4
B [R(Gut,Cil0) - RGPt G| | < Ko/

The proof is complete upon having this bound.
By linearity from Theorem 18,
Ri(G,t,ci1,¢;) — Ry(GPi tei1,¢) = Ri(G — GPi t, ¢4, ¢5),
and we also have:
— 0Ri(G — G% t,ci_1,¢i)
N L N
=Ez m DIL(Y,9(t, X)) - ((é — GI)Y(t, X) + ;EC_;_UC} {Rj(é —- Gt Cé)%})

j—1
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s 92j(t, X)
+Ez |0:LY,5(t, X)) | (G—G)P(t, cica,6, X)+ Y Eor o (G -Gt Ci_ O :
z | LY 4t X)) (( Ji(tcimsyc Z < C{ 10O g (Cr, Cdwiten )

% 0%y(t, X)
E Y.y(t. X)) -Eq i — Gt ! i !
+ Kz _82‘6( 7y( ) )) Ci_y {R (G G ) 7071_1,6 )8*1111‘(01{,1,Ci)awi(ciq,ci) }:|

+Eyz 32E(Y7 9(t, X)) -Eoy,

—N

s 2?9(t, X)
. — G t.c; ! ?
Rz(G G ) 76“Cl+1)6*wi+1(ci,CZ{Jrl)awi(CiflaCi) }]

+Ez 82 ( (t X))~ECZ{72

—N

-~ = 82Q(t X)
. — Gt ! . ) .
Bi(G = G% 1, Cigyes 1)8*wi71(0£72aCifl)awz(CiflaCi) H

Note that
GH G]‘ =0, Vi <i—1,
1

éﬁ—G]“ t7 iy =
(G~ G ) =

(wi(t,cil(ji1)70i)<ﬁi1 (ﬁifl(tcz‘fl(jifl)ax))
w0 (B (0,CL i) o)) ).
~H A 1 ; 7 . i 1
(Gl = Gl v 2) = o (win (.G, i) (Balt, CilGi),2)) = walt, GG, s (B (1, LG, 0)) )
+ \/Njg werl(tvCZ(]i)achrl) (‘pl (Hl(t7cl(3i)7x)) Pi (Hz (t7cl(]i)7x>)) ’
GH | — GInty¢ ! t,Cylj Hy(t, Co( Hi(t, Cy(j VE>i+1
(G — e+1)( Cot1, T ﬁ§w£+1(, 0(je), cer1) (W( o(t, z(Je)@))*W( o(t, e(]z),x))), >+ 1.
We bound their expected 2p-powers. We have that for ¢ > i + 1,

~ 0 Zp NH _ AgnH
EE,,., ||(Gff) — Gt Conlen). )| | < KrpBEy, |[(GF - G171 CulJe), o)

)

2p+2:|

o~ 2p -~ o 2p+2
EEC£+1 |:‘(G£H G?Jrl )(t,Cg+1,$)‘ :| < KT,pEEJz |:)(G£I - G%I7H)(tvc€<°]@)7m)‘ :| .

For ¢ =i, by Lemma 11,
NFI ] 2p
BEs. [[(GEL - G4 i) )] |

~ 7 PO 2p+2
< KB, |G - G2 e, .||

+ KrpEE; .,

’Vlﬁ (wiﬂ(t’Ci(ji)70i+1(Jz‘+1))<Pi (ﬁi(t,C’i(ji),x)) —wi(t, C{(4:); Civ1(Jit1)) g (ﬁf (tci(ji)’x)))

.

+ KppyN7P.

i i ] 2p+2
< Kr,EEy, U(G{f — G O, 3| ]

Similarly,

~ 0 2p ~f ~ i ] 2p+2
By, |[(G2 - G0 Conal|”| < Kn B, {6 = G2 Cut )|+ o
Finally at £ = ¢ — 1, by the same argument:

o~ SO 2
EE,, U(G’H _ GgivH)(t,Ci(Ji),x)‘ p} < Kp, N7,

~ ~ H 2p
EEc, U(Gf = GI) @, GG )| } < Kr,N7.
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As such, all these expected 2p-powers are bounded by K7, N ~P. We derive similar bounds for GOH _ GindoH ,GY — G,

The estimates in Theorem 21 imply that

E
€500

Similarly, letting

R](é - GN'ji’t7C§_17C§)

2 ~ ~ . ~ ~ .
} < inf {exp(KrB)|G = G735 + exp(— K7 B2) |G = G|, b < KN~

Mi(c;) = tllgmaX(llwi(t, ci)llz, lwisr (¢, i) |2, [wi (8, Cim1(Gim1), )|, |wi(t, Cica (Fi—1), ¢i)]),

My(ci1) = Sggmax(||wz’(t,ci—1)||27 l[wi—1(t; cim1) |2, [wi(t, ci1, Ci(3))], [wi(t, ci—1, Ci(37))])
t<
we have
Boy, {Ri(G = G7,t,Cl_, ¢} < N7 exp(KrMi (@),
Ecr,, {Ri+1(é — Gt e, C£+1)2} < N~ exp(KpMa(cy)),
EC;—2 {Rz_l(é — é’ji, t, 02_2, Ci_l)z} S N71 exp(KTM1 (Ci—l))-
All of these estimates give a final bound:

8t ‘Rl(é — éji, t, Ci—1, Ci) S N_1/2 [KT + exp(KTMl(ci)) + eXp(KTMg(Ci)) + eXp(KTM1 (Ci—l))] .

In particular, since it is initialized at zero, we have:

~ ~ . 4
‘RI(G — Gji, t, Ci—1, Ci) S N_2 [KT + eXp(KTM1 (Cl)) + eXp(KTMQ(Ci)) + eXp(KTM1 (Ci—l))] .

Lemma 11 implies that E [exp(K7M;(C;(j;))] < K1 and similarly for other terms. We thus get:
- . 4
B [f(Gut i) - RGPt G| | < K/,

as desired.

Lemma 32. We have fort < T and any B > 1,

04(t, x) }
ow; (Ci—1(Ji-1), Ci(J;))

E; [Ri(t7 Jiz1,J5)

1z ag(t, )

— KrE; [(Ri(t, Jio, Ji) — Ri(Gt,Ciy (Jisa), Ci(Ji)))Q] FoCrr O

+E¢ [Ri(é,t, Ci—1,C;) } + Op(N7Y2),

Proof. We have:

~ d9(t, ) i
E; [(Ri(t, Ji—1,Ji) — Ri(G, 1, Cifl(Jifl)’Ci(Ji)D Owi(Ci-1(Ji1), Ci(Ji) }
- 2 8@(1&,1‘) 2
<E; |:(Ri(t, Jiz1,Ji) — Ri(G,t,Cifl(Jifl)zci(Ji)D ] E; Ow;(Ci—1(Ji—1),Ci(J)) | |
Fori = L: 2
(1,
E; ow;(Ci-1(Ji-1), Ci(Ji)) ] ="

and so the conclusion follows from Lemma 31.

For v < L, we have for any B > 1:

o4(t, )
ow;i(Ci—1(Ji-1), Cs(Jy))

E;

2
] < KEJEc,p, [[wisa (G, Cirn)]
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< KB+ KE,Ec,,, [|wi+1(Ci(Ji)7 CZ—H)E] i (E,]EQH [|wi+1(C’i(Ji)7 ci+1)|2] > B) .

Therefore, by Lemmas 11, 27 and Theorem 21:
2‘|
471/2

+ KrE [11 (EJECI.H [|wi+1(ci(Ji),cm)|2] > BQ)TM EE, [(Rl-(t, Jior, J)) + ( (Gt Ciy (Jim), C(Ji))) }

E

B | (it 1. ) = R(Got a0 G|

Ow;(Ci—1(Ji-1), Ci(J7))

< KBEE, {(Rl-(t, Jic1,Ji) — Ri(G,t,Ciy (Jiza), Ci(Ji)))2]

2
< KBEE, {(Rz‘(f, Ji—1,Ji) — Ri(G7taci—1(Ji—l)aCi(Ji))) ] + e KT BN

for a suitable finite constant B = B (T'). The conclusion again follows from Lemma 31.

Lemma 33. We have fort <T':

Iy(t,z) y(t, x)
\/N<5W(ji1,ji) 5w(0i1(ji1)70i(ji))>

< - 0% (t, z)
—Fe LZ:;RT (G’t’ Crr CT) ow, (Cr—1,Cy) Ow; (Ci—1(jJi-1), Cl(jl)):|
9%y (t, ) }
Oxwi—1 (Ci—2,Ci—1(ji—1)) Ow; (Ci—1(ji-1), Ci(ji))
[ A . 82?; (t,(ﬂ)
+E¢ _Ri (G,LQ—l,@(]i)) Bown (G, Calin)) Own (Ci1<ji1)70i(ji>):|
0% (t,x) }
Ovwit1 (Ci(Ji), Citr1) Ow; (Ci—1(ji—1), Ci(Ji))

+Ec _Ri—l (é, t,Ci_a, Ci—l(jvi—l))

+Ec |Rit1 <é7tvci(ji)vci+l>
) . 1/2

+ KrE; [(Ri(t7 Ji—1,Ji) = Ri(G,t,Ci—1(Ji-1), CZ(JZ))) }

+ OT(N_I/Q).

Proof. By Lemma 28, we have:

B Km (awaiy (f f,)J) - aw(Oi-?(Zj}itif>)7 0i<Ji>>>

- > Ep|R;(t,J; 1, J;
Z J{ - ])810]( G- 1(JJ/‘71)7C] J;

0% (t,x) }

5), Cic1(Ji—1)) Ow; (Ci—1(Ji—1), Ci(J3))
929 (t, z) ]
Ci(J3)) Ow; (Ci—1(Ji—1), Cs(Js))

— / ) / .
E; _Rz—l (t, Jz—27 Jz—l) B w;_1 (C (

— K. R tn]/ yJi
J _ ( i—1 )8w1(0i71(‘]{—1)

o ]
dewiy1 (Ci(Ji), Ciy1(Jf4,)) Ow;i (Cim1(Jia), Cil i)

—E Ri+1 (t, JZ‘, ']i/-&-l)

< KpN~1L.
Following the argument in Lemmas 31 and 32, we obtain:
J/

- ])3%‘(@‘—1(% 1

E Rj(t, J/

0%j(t, z)
(J5)

), C; )3wz(ci1(Ji1),Ci(Ji))]
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0%j(t, ) }
ow;(C5_1, C5)0wi(Ci—1(Ji-1), Ci(J))

y =1y

=Eo {R (G,t,C!_,,C")

1/2
+ KrE; {(Ri(t, Jic1, i) = Ri(G,t,Ci—y (Jimy), CZ(JZ))) ] +Or (N2,
and similarly for the rest of the terms.

D.4 Proof of Theorem 5
Proof of Theorem 5. Recall that
ORi(t, ji—1,5:) = VN (8w;(t, ji—1, ji) — Opw;(t, Ci—1(ji—1), Ci(ji)))

o o5 (t, X) 99(t, X) A
=Kz |:\/N<8Wi(ji—la.]z) Ow;i(Ci—1(ji-1), C(ii))) éb[i(Y}y(t,X))]

o _\/N(%E(Y’y(t’X)) ~ 0L(5(5 X)) awi(cialg((]i,)f)) Ci(ji))]

N (02L(Y, 3(t, X)) — LY, §i(t, X)) (a‘fy(g”f >J) e 359(22,)1()) Ci(ji)))}
- 9y (t, X) ay(t, X) )
- EZ |:\/N <awi(ji—1a]z) awz( i— 1(]z ) C (]1))) 82E(Ky<t7X)):|

~Ez [GY (1, Cia(Gimr), CG1). X) DL (Y. (2, X))

By [VR L0 5(0.0) - 2,205, X)) g e )]

ow;(Ci—1(ji-1), Ci(Ji))

By VR (GLY,5( X)) - 0L 30 X)) (8vfy<§tx?y> - awxcia{@ &)f)) ci(jm)} |

Comparing with Eq. (6):
ORi(t, jio1,7i) — O:Ri(Got,Ci_1(Jio1), Ci (i) = —Ez [A1 (Z, i1, 4i) + A2 (Z, i1, 4i) + Az (Z, i1, 50)]

in which

s e, = (Y-t ) {V (

ay(t,z) y(t, x) )
oW (Ji—1,Ji)  Ow; (Ci—1(ji—1),Ci(Ji))

= ~ 0% (t, X
ke ; fir <G,t7 ot CT) ow (Cr—1,C) 8wi((ci—)l(ji—1); Ci(ji))]
0?9 (t, X) ]
dewi—1 (Ci—2,Ci—1(ji—1)) Ow; (Ci—1(ji-1), Ci(Ji))
%y (t, X) ]
dsw; (Ci—1, C;(ji)) Ow; (Ci—1(Ji-1), Ci(Ji))

—_

- Ec¢ _Ri—l (éﬂf, Ci_a, Ci—l(ji—l))

—Eco _Ri (G‘,t, Ci—1, Cz‘(ji))

[ ~ . 0%) (t, X)
~Bo| R (Gt.Cili), Con) g S g, co,))”’

0y(t, x) Aos (=),

Az (2, Ji-1,Ji) = ow; (Ci—1(ji-1), Ci(4:))

Az (2) = VN (0Ly, §(t, 7)) — B2 Ly, (¢, ) (ZEC { (G.t,Cim, C>m
As (2,ji-1,4i) = VN (02L(y, y(t, ) — 0L (y, §(t,2))) <8V\i}(7;ff)31) B 3wz(C181?6?313; Cz(]z))) .

To analyze As, we have from Lemmas 29, 30 and 32:

1/2
A271 (Z) = KrE; |:(Ri(t, Ji—l,c]i) — Ri(G t, Cl 1(JZ 1),Cl(Jl))) :| + OT(N_l/Q).
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Furthermore, for any B > 1, by Lemma 11, Theorems 18 and 21,

EEz ; [|A2 (Z,Ji1, )| < KrEEy, {|A2 (Z)\Z]EC,Hrl [|’LU¢+1(C¢(JL‘)7C¢+1)|2H

< K7 B?EE, {|A271 (Z)ﬂ + K+EEy, [|AQ,1 (Z)|4] " []1 (ELEQH {|wi+1(C’i(Ji), ciﬂ)ﬂ > 32)} 2

< K;B*EE, [|AZ1 (Z)|2] 4 e KrBN,

Hence with a suitable choice of B,

2
EE; ; [|A2 (Z, Ji-1, Ji)ﬂ < KrE; |:(Ri(t7 Jic1,Ji) — Ri(G;t7Cifl(Ji71)7Ci(Ji))) ] + KrN~1.

The treatment of A; is similar via Lemma 33:

2
EEz ; [|A1 (Z,Ji-1, Ji)ﬂ < KrE; |:(Ri<t7 Ji—1,Ji) — Ri(G7t7Cifl(Jz?l%Ci(Ji))) ] + KNt

Finally for A3, by Lemmas 28,
As = Op(N7Y2),
Therefore,

ARty Ji1,Ji) — 0 Ri(G,t,Ci1(Ji—1), Ci(J;)

&,EE [’Ri(t Jic1Ji) — Ri(Gt, Ciy (Jimn), Ci(Ty) 2} gE]EJ{

< KrE,; [(Ri(t,Jil,J) Ri(G,t,Cioa (Jiiv), C(Ji)))z} L KN

By Gronwall’s inequality, we have

2 K
EE; |:<Ri(t7 Ji—1,Ji) — Rz‘(G7taCi—l(Ji—l)aCi(Ji)> ] < WT

This completes the proof. O

E CLT for the output fluctuation: Proof of Theorem 6

E.1 Joint convergence in moment: Proof of Proposition 8

Proof of Proposition 8. In the following, let R denote R(G, -) and — with an abuse of notations — R denote R(G, -). By Theorem 21 —
and recalling the norms defined in its statement — there exists a sequence in B of processes RZ with RB(t) = £8(G) where £; is a
linear map for all ¢t < T with |RP |72 < exp(KrB)|G| 7,2 and || R® — R| 12 < ||G| 7.2+ exp(—ceB?) for some ¢ > 0. We have:

~og o\ By 3 By
E H<fja Gi('j)>tj H<hj’ ) Ri(j)>tj/
J 7

~ ~ /87/
=E H(fja > H<h Rz(;) (Rf(j')_Ri(j’)»t]i,

| J J’

~ o ~ 51’
=B | TT05 G T (s BRIy + sl [ Gl e exp(—ce )0y (1))

| J J’

=& |[[h.G) H<hg7Rz(J>‘i' +Op(1) exp(—ceB?) Hllfg||f7|\G“’ IItJHIIh [l
L J J’

=& |[[eh. G0 TIe?) iy )Gvu))ﬁ.’}' +OD(1)eXp(—CeB2)HIIfJHt’HGaJ ”tJH”h ||ﬁ"||GHT2+E,

J J’
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where (£B)* is the adjoint of £P, which has operator norm at most exp(KrB). A similar bound applies to

E [Hj<fj, G?@)i’ [T (hyrs Rigye )> ] Since G converges G-polynomially in moment to G, we have:

[Lis. G H<h R B (T z<7>>jH<h R

J 7' ’ :
< NP0 (max | £, max [(£F)" (i) 1))
< exp(Kr B)N Y50 mawe | 1 mave [y |12).

This also shows

IG5, 18 < llG +NT 1/80D(maXHf]”tj max [ I2,)-

1(])Ht 1(1)“

Then choosing B = c¢y+/log N for a suitable constant ¢, for sufficiently large N, we have:

E H<f]v > H<h R(J)> | -E H<fj7 1(J)> H<h R(J)>

J J’ J J’
_ Bj j !
< exp(KrB)N USOD(mjaX||fj||£7nlﬁ'x||hj’”tDj,)+OD( ) exp(—ceB?) HHfJHt 1G5 It H\Ih 1)) \GIITM
< N™VEHWOp (max || f]| max ||y [|,)-
J g

In particular, (R(G, -), G) converges G-polynomial-moment and R-linear-moment to (R(G, -), G).

E.2 CLT for the output function: Proof of Theorem 6

Proof of Theorem 6. By Lemma 30, Lemma 32 and Theorem 5, we have:

VN(y(t,z) ZEC [ (G,t,C;— 1,0)%8(‘17@%] + Or(1/VN).
This implies that
VN(5(ta ZEC[ (€11,Cim1,C) 5 IR 4 6Y(0,0) 4021/ V)

=U(z)

=V (G,2)
For U = U(Z) and V = V(G, Z), we have for m > 1 and 1-bounded h,
|E[(h,U™)z — (h,V™) z]| <EEg [[U™ — V™|

<o (-]

< K, EE, [‘U|2m72 i |V|2m,2} 1/2 EE, [|U B Vﬂ 1/2'
Recalling Lemmas 11, 28, Theorems 21 and 18, we obtain:
B ([(h,U™) 7z — (h,V™) ]| < Kpm N2,
Finally using Proposition 8 and Theorem 18, we obtain:
B{h.U™) 2z~ (h.V(G. 2)") 2] < KN~

This also proves the desired weak convergence.
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F Asymptotic variance of the output fluctuation: Proof of Theorems 9 and 10

F.1 Variance decomposition of the limiting output fluctuation GY
The goal of this section is to show that GY (¢, -) lies in the span of % This is done by decomposing the covariance structure
of GY in a suitable layer-wise fashion.

Proposition 34. Let f be any square-integrable function of X for which
09(t, X) ’
Eo |Ex | m—————f(X =0.
2 Fe l < pmierney ™) | =0

Then almost surely,

Ex [GY(t, X)f(X)]* = 0.

Proof. Let us drop the notational dependency on t. Let us also write
i (Hi(x,¢;)) = @i (2, ¢5), <P§ (Hi(z,c;)) = <P; (7,¢4) .
Note that
E [Ex [GY(X)f(X)]"] = Ex,x [E[G"(X)GY(X")]f(X) f(X")].
‘We recall from the statement of Theorem 18:
GY(x) = ¢l (2)GY (x),

G (eiyz) = G (ci,2) + Eg,_, [wi(Cifl,ci)wé,l(%Ci71)Qf£1(w,Cif1)} :

G ey, ) =0,
which thus yield

L L
6"(a) = Y- eb@fe | T] w(Cson Gl Crn) )6l a )
i=1 =i+l

where we take HL = 1. We also recall:

j=L+1
E(G](z,¢;))Gi (', ¢})] = Ce,_, [wi(Ci—1,¢i)pi-1 (x,Ci1); wi(Cim1,c}) i1 (2, Ci1)],

and for 7 # 7,

E[Qfl(:c, ci)QH(a:’ )] = 0.

J &5
Combining these facts together, we obtain:

E[GY ()G (2")]

L L
> e (@)¢(a)Ecc { [T wi(C1, G (2, Cjon)wi (G, O (2, €G- E [G (0, GG (, C)]
i j=i+1

L L
Z<P'L($)90'L($’)]Eci7...,cL,c;,...,,c'L{ I wi(Ci1,C)é) 1 (2, Ci1)w;(C)_1, C)) &1 (2, C)_y)
i=1 j=it1

X (Eci,l [wi(Ci—1, Ci)wi(Ci—1, C)pi—1(x, Ci—1)pi—1(x', Ci—1)]

—Ec,_, [wi(Ci1, Ci)pi—1(x,Ci-1)] Ee,_, [wi(Ci—1,Ch)pi—1(2’,Ci—1))] )}

L L
=5 {Ee [t | TT w(Co1. Gy, Comn) - wi(Coms, Cpics (. Cim)]

i=1 j=it1
L
x @ (e )Eey,..cp { [T wi(Ci_1.C¢} (', Chy) 'wq;(C'i_l,C’{)(pi_l(z’,ci_l)”
j=it1
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XE(J;I[@:( IEC' ,,,,, { H W C; 150/ % (2 C 1)'wi(cz{—lvCz{)@i—l(x/7cz{—l):|:|}
L

_ . , 9y(z) ™ N 03(")

= 1:21 {ECil |:IEC1 [wz<0117 CZ)awi(Ci—la Cl):| EC; |:wz(Czla Ci)awi(ci_l’ Czl)

—Ec,_, []EC [wi(Cil,C’ )awz(ayl(l)’o)” Ec: | [EC; [W(Q‘ucﬁmn }

In particular,
Exx [BIGY(X)GY(X")]f(X) F(X)]

09(X) ’
—Z{Ecl , lExc |:wz(cz 1,0)8101(01_1702,)]0()()}

=1

B (Ex,cil,ci {wi(ci_l, Ci)aw?gf%f(X)Dz} .

Of course Ex x/ [E[GY(X)GY(X")]f(X)f(X")] > 0, but we also have:

~ 2 A~
Ex.c, [wi(c“,ci)m f(X)} ] <Eg, , 09(X)

Ec,_, Ec, [|wi(ci,1,ci)|2] Ec, []EX {Mf(X)} 2H —0.

Therefore it must be that
E [Ex [G"(X)f(X)] = Ex,x [EIGY(X)GY(X')]f(X){(X)] = 0.

F.2 Variance reduction under GD: Proof of Theorem 9

We prove the variance reduction effect of GD in the case of idealized initialization.

Proof of Theorem 9. By Theorem 6, the fluctuation /N (y(t,z) — 4(t, z)) converges in polynomial-moment to

ZEC |: G t, Ci_ 1,0)m:| +Qy(t71')a

where G is the limiting Gaussian process defined in Theorem 18. Furthermore, by Theorem 19,

oy(t, )
ow;(Ci—1,C;)

0y(t, x)

ZEC |:at G t, Cz 1,CZ') Ri(Q,t,Ci,l,Ci)at <W>:| +3tgy(t,m).

By the assumption on the initialization, d; (%) = 0 and 9;GY = 0. Then using Eq. (6) for 9;R;(G, t, ¢;_1, ¢;) and recalling

that Ez [02L (Y, § (0, X))|X] = 0, we obtain:

(G% X) +ZEC/ . [ (G.4,C 170’>%D]

L
E oy(t, ) 9i(t, X) )
_ 52 |
B a2£i:1]Ez,c [8“’1'(01‘—1,0)8101( Ci—1,Cy) Gt X)|,

where we denote 03L£ = Ez [03L (Y, § (0, X))|X] > 0 a finite constant. Hence,

a,V* (t) = OEEx [|G(t, X)|*]

48



_ 09t X" 09t X) A
= 20 LBEz |G (Z]E #e [5wz( Ci—1,C;) Ow;i(Ci—1,Cy) LTV(t,X)])]
L . 2
2 ay(taX) A
— 2020 EEc |Es | —2 )G x)
2 ; S {3101(01'—1,0@) }

which is non-negative. This completes the proof of the first part.
Next, since we initialize the MF limit at a stationary point, we have

Oy(t,z) _  0y(x)

awi(cifly Ci) B awi(cifla Ci) ’

g(t,x) = §(x),

independent of time ¢. Let 2 : L2(P) — L?(P) be the linear operator defined by

99 (x) d9(X)
Z]EZC [awl (Ci_1,Ch) 3wi(0¢1,0i)f(X)] .

As shown — and assuming 95 L = 1 for simplicity — we can write:

,G(t, x) = (AG (t, ) (x).

Note that 2 is self-adjoint:

E[(2g)(X)f(X)],

Elg(X)@f)(X)] = —Ezz ¢ [ Z awlay Cy) awi@(%(inl )Ci)

7,17

and 2 is compact, as it is a finite sum of integral operators with Hilbert-Schmidt kernels. By the spectral theorem, the orthogonal
complement of ker(2) has a countable orthonormal basis consisting of eigenfunctions of 2. Note that ker(2l) is a closed subspace of
L?(P) which is separable, and hence it is also separable. Similarly, the orthogonal complement of ker(2l) is a separable subspace of
L?(P). For any eigenfunction ¢ of 2 with eigenvalue )\, we have

09(X
Zam ) B | gt o0 = xota).
Thus,
2
A = E[g(x) (29) (x ZEC lIEX [awl?yfjc)d,(x)} ]

Hence, all eigenvalues of 2l are non-positive. Note that 2(f = 0 if and only if
09(X) i
Eco |Ex | 7———~f(X =0.
> o[ x| g )

By Proposition 34, almost surely, G € ker(2)* (noting that ker(2) is separable). Hence so is G(t, -). For f € ker(2)+, the solution
to the equation Oy f(x) = (Af:)(x) is given as

fi(x) = exp(t) fo ().

Let fo =5 ;T ¢; where ¢; are eigenfunctions of 2 in H with eigenvalue \; < 0, we have
x) = Z exp(tA;)T0;(x).
J
In particular, since } _ sz = ||f0||?:2(7>) is finite, as t — oo,
Ex [|ft(X)|2} =3 exp(2th))7? — 0.
J
This proves the second part of the theorem. O
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F.3 Variance reduction under GD: Proof of Theorem 10

We prove the variance reduction effect of GD in the case of sufficiently fast convergence to global optima. In particular, we recall from
Theorem 10 that we assume for some 1 > 0,

/Oo SPTIR[0,L(Y, 9(s, X))?]ds < oo. ®)
0

The dependency on time will be important in this section, therefore we remind that K1 denotes a constant depending on time, and K
denotes a constant that does not.

Lemma 35. IffoOo (E[azﬁ(Y, @(t7X))2])1/2

dt < oo, then for any p > 1, sup;~q >, Ec[w;(t, Ci—1, C;)*P] < (Kp)P.

Proof. We have

. oy(t, X
atwi(t,Ci,l,Ci) = IE:Z |:82£(Y’y(th))8w(yC(’1)C'):| ’

and hence

Ec |3twi(t,0i—170i)|2p} <E¢

<Ez [0L(Y,§(t X))*]" KEc,,, c, [wis1(t, Cy, Cis1)*] H Ec,.c;_, [w;lt, Cj—1,C;)?]".
j>ite

S EZ [82E<Y? :l)(t, X))Q]p IEC,Z

Let us consider 7 > 1; the case 7 = 1 is similar. We then have:
O (Elw;(t,Ci—1, Ci)zp}) = QPE[w?pfl(tv Ci—1,Cy)0w;(t, Ci_1, Cy)]
< 2pK (Efw;(t, Cioy, C)*)) ® ) (E[0pw, (1, Cimy, )]V P
< 2pK (Efwi(t, Ci—1, C:)*)) ® P (B [o,L(v, (2, X)) ?

X Eci+17ci I:wz'-i,-l(t, Ci7 Ci+1)2p] Yz H EC]-,CJ'71 [wj (ta Cj—la CJ)Q]
j>it2

1/2

In particular, fori = L,

0, (Efwy (t, Cr_y, CL)?]) = 2pK (E[wp (t, Cp_y, C))) * YV P (Eloa,L(v, (¢, X)) |

which implies that

1/2

t
Elwg(t,Cp—1,Cp)*])Y P < Kp'/? + K / (E[02L(Y,§(s, X))?]) '~ ds,
0

and therefore,
SupE[wL(t, CL*ly CL)Qp]l/@P) S Kpl/Q + K.

>0
(Here we note that E[wy (0, Cy,_1,C)?]Y/(?P) < Kp'/? by the sub-Gaussian initialization assumption.)

Next, by induction, assuming that

sup sup E[w; (t,Ci_1, Ci)2p}1/(2p) < Kp'? + K,
i>h t

we have
By (Ewn (t, Ch—1,Cp)?]) < 29K (Elwn(t, Ch_y, Ci)2]) * " P ®a,L(v, (1, X))

1/2
X Bcyiy.0n [whe1(t, Ch, Crgr)?”] /2 H Ec, .0, [wi(t,Cj—1, C5)*"]
i>hi2

< 2pK (Efwn(t, Ch_1,Cn)2]) 2 P (®0,L(v, (1, X))?))

1/2

1/2 1/2
/ Ec,s1.Cn [Wht1(t, Chy Chy1)™P] 2

Thus, as above,

1/2 ds

3

t
Elwp (t, Ch1,Cp)*P]Y ) < Kp'/2 4 (Kp'/? + K) / (E[2L(Y, (s, X))?])
0
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so we get
sup E[wy, (t, Cp_1, Cp) %)Y/ 2P) < Kp'/? + K.

t>0

This proves the claim. O

Under the assumption (8), the MF limit w; (¢, -, -) converges in L? to a limit w;, as shown in the corollary below.

Corollary 36. Under the setting of Lemma 35, we have

E [|U}t(t, Cifl, Cz) — Ei(cifl, CZ)|2]€:| S K(I;/ S(2k_1)(1+6)EZ [82»6(}/7 g(saX))Q}k dS
t

Proof. We have from the previous lemma that

1/(2p) 1/2

E [|9rwi(t, Cie, Ci)l) < E [J00wi(t, Coa, COPP| 7 < Ky [02L(Y, 9t X))?]

By Holder’s inequality,

[e'e) 2k—1 fe'e)
|wt(t,CZ-,1,Ci) —Ei(C’i,l,Ci)Fk S (/ 8_1_6d8> (/ S(2k_1)(1+6)|atwi(saciluci)|2kd8)
t

t
S K(I; </ s(%1)(1+5)|5‘twi(s,Ci1,Ci)|2kds) .
t
Thus,

E [\wt(t, Cifh Cz) — m‘(Ci,l, Ci)|2k:| < Kg/ S(Qk_l)(1+6)ECi,1,Ci Uat’LUz(S, Cifla Cz)‘Qk] ds
t

IA

K / SRR, [9,L(Y, (s, X))?] " ds.
t

O

This suggests that one should have convergence to a limit as ¢ — oo at the fluctuation level. Should we have that, we would obtain
Theorem 10 as a consequence of Theorem 9. The caveat is that the convergence must satisfy certain uniform-in-time properties. This is
the bulk of the work.

Now we let G, 7, R be obtained by plugging the infinite-time limit w = {w;} into w = {w; (t,,-)}. Recall that G is the limiting
Gaussian process defined in Theorem 18. We then have:

(Gotcin,e) = 00 X)  pariy ' - rer o O3(6X)
atRZ(Q,t’ C’L_l,Cl) N EZ 8wi(ci—17 Ci) 82£(Y’y(t7X)) Q (t3 X) + ;EC§*17C‘; R] (Qata Cj—l? C])awj<05717 C‘;)
—-E -8 E(Y A(t X)) Gw(t Cs Ci X) +iE R(G t.C" C/) 32Q(t,X)
£ R N~ T e U D AN
i 9%9(t, X)
— U . / . / . )
b _32£(Y,y(t7X)) Fer, {RZ(G’t7CZ1’01)8*1111‘(0;1761‘)3101‘(61‘—1,61‘) H
I 924(t, X)
—_ ] . , . . ! 9
o _32£(Y,y(t7X)) Rt {RZ(GJ’CH Z+1)8*’LUi+1(Ci7Cz{Jrl)a’LUi(Ci—l’Ci) H
' 9%t X)
— ” . , . / ) s
o _32£(Y,y(t7X)) Feis {RZ(G’LCZ%CI1)8*101‘—1(01{2701‘—1)8?1)1'(01'—1701‘) H 7
RA(G _ 317(X) 2 =Y & I — , , GQ(X)
atRz(Gytac'L—lyc’L) - ]EZ 8@7;(01*_1’61') aQE G (t,X) —+ j:ZIECJ/'—UC; R] (G’t7Cj—l7C])awj(céil’cjl) ,

where 95L > 0 denotes the positive constant at global optima as in Assumption 2. Whenever the context is clear, we write R for R(G, -).
We also recall from Theorem 6 that the limiting output fluctuation G is described via R(G, ).
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Let us rewrite these dynamics in the following form:

R =R+ H,, O, R=%2R+ H,

which implies

O(R—T0) = (A — AR+ (Hy — ) + AR — ),
(r-ms) = [ " exp(— ) (2, ~ MR + (H, — T))dt,

for linear operators 2(; and 2l defined by

V=R, | X)) Lo oL X)
WeSleimr ) = ~Ez [awxci_l,cz) LT (ZE“ { G S guricr, e
' 55(t, X)
i , , / / 5
EZ a2 Yyt X (ZEC ,10 { C] 170)8 (CJ/ 1,0;-)8’11)2‘(02‘,1701')
[ 9%9(t, X)
_ 7 . , (! . )
Bz (020,00, X)) Eer, {S:(Cle) 5o 1]
0%4(t, X)
_ . , (e O ’
EZ 82»6( (t X)) I['EC'{’+1 {SZ(C“CZ+1)8*wi+1(Ci’C£+1)6wi(ci—laci) }:|

924(t, X)
_ A . , (! .
Ey |0,£(V. (0, X)) - Ecy {sxc”,c“) R (P T e }] ,

_ a(X L 99
A5lei-s, ) = ~Ez W'aiﬁ'(ZEc;pc;{ (C)- C)a(C()C)})
i 1 1— 1y > ]:1 J

Jj—b

i

[ 9y(t, X)

Hi(eimr, 1) = —Ez Ow;(¢i—1,¢;)

CO03L(Y,9(t, X)) ~Gy(t,X)} —Ez [0:L(Y,§(t, X)) - G (t,ci—1,¢i, X)) s

F(ci_hci) = _EZ _M . 8%/5 Gy(X):| .

| 0w, (ci—1,¢;)

Lemma 37. Forany § > 0and k > 1, we have the estimate

E|H, — H||2 _E{;]EC :<IEZ [m D2L(Y, (t, X)) - Gy(t,X)] —Ez [M?g%-agccy()()])%]

L
+ Y Be (B2 [0uL(Y, 300, X)) - G (cimr. e X)) |

SKM/ sCE=DOEOE (9, L(Y, (s, X))?]" ds.
t

Proof. We have

~ ~ 2k
N 2k
< Ko, e, E[(af(y“)c) BLY, (1, X)) awfy”(,) a%ﬁ)Gy(t,X)]

52 gty - (0 -@)]
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< KipEz [Qy(tv X)ﬂ ’ Eci—hci

89(t. X) , A 99(X) >\
E, l(awwm B30 - s s o)

k]
Note that sup, Ez [GY(t, X)?] ¥ < o since W (t) is uniformly bounded in L?” for any p > 1 by Lemma 35. Furthermore,

. N 27k
Ec e [EZ l(ay(”“ LBRL(Y (X)) — ) ‘a§£> ]

8wi(Ci,1,Ci) B 8wi(ciflzci)
N 2%
(ot - @Bt X)) - 330)) ] ]

+ Rz | (@) -a') .

j(t, X) 29(X) )2’“'
C;)

< Ki Ec-, ) — E | E
= DRRCLenE <5wi(ci1,ci) 0w; (Cs_1, TR [ 7

ow;(Ci—1,C)

[/ 9t X) o9(x)  \*]
< ) ) -
< KiEeiy 002 (8%(@_1,@) ow;(C;-1,C;)

+ KiEz [(BL(Y,9(t, X)) - 95L)™ ]

a9(t, X (X 2k ) =
= Koboc.z <8wiéJC(z—1,)Ci) - awi(gz('—1), Ci)) + KBz {(y(t,X) - y(X))%} )

Using uniform boundedness of W (t) in ¢, we have

(1, X) x)  \* _ o
Roi002 [(awi(cilaci) a 0w;(Ci—1,C;) = Kkzj:Equ’Cj [(wj(t’Cj_l’Cj) ~03(C-1.G)) ] ’

and
Ez [(Q(t7X) —ﬁ(X))zk} < Ky ZECj,l,Cj [(w;(t, Cj-1,C5) —w;(Cj—1,C;))*"] .

| 1

— 2 k e’}
EE [(Gy(f,X) - Gy(X)> ] < Kk’(;/ sE-DHA+OER, [(6to(S,X))2k] ds.
t

By Lemma 36,

(ot ) speor. e, ) - 52 ope)

Ec, ¢ []EZ 0w (Ci—1,Cy)

< Kj / s(2k=D(A+HE [agﬁ(Y,g)(s,X))z]kds.

t

Next, we have

Using the covariance structure of QatH and Qat(aH )

EE, [(0,GY (1, X))*] < KiEz [0L(Y, 3t X))?]"

, we similarly deduce that

Furthermore,
L
> BEc, .0 (B2 L0 3t X)) - G (ki1 00, X))P] < KiBz [02£0Y, 3, X))
i=1

by Lemma 35. Hence,
o0
E [|[H; — H||3;] < Ky / sCRDOADE , (9, £(Y, §(s, X))?]" ds.
t

Note that under Assumption (8), Ez [02L(Y, §(s, X))?] — 0 as s — oo, and hence

/ SCEDDE, [0, £(Y, (s, X))2] ds < K + / SN, [8,£(Y, (s, X))?] ds.
0 0
Thus, under the assumption, we have that for & = 1 + ¢ with e sufficiently small, and taking ¢ sufficiently small, we conclude that

E|H; — H||2¥ — 0ast — oo for all k = k(n) sufficiently close to 1.
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Lemma 38. We have sup, ||R(t)|3/|H||3 < oo
Proof. We have that R is the solution to
HR=UAR+ H.
In the proof of Theorem 9, we observe that 2 is self-adjoint and has nonpositive eigenvalues. Hence,
R/|H|2 = exp(t2A)H/||H]|2
is bounded uniformly in time.

Lemma 39. We have the following estimate for § sufficiently small (depending on n):

E[|(2; —0R|3 < K5/ s'TOE, [02L(Y, (s, X))?] ds + KsEz [0.L(Y, (¢, X))?] .
t

Proof. We first follow the proof of Theorem 21 to give uniform-in-time estimates for R(¢) under the assumption (8). For a threshold B,

define the linear operator

23(t, X) 93¢, X)
B - N _YI\HA) ’ ’ ! D
AP S (i1, ¢;) Ey, {3%(01_1,61‘) LY, (ZEC 1,Cj{ i(C5-1,Cj )6w]( i _1,0%)
+§ltBS(C7L—17Ci)7
L
- %y(t, X)
5 ' N , , / ! )
ABS(ci 1, 1) {Ez OL(Y | LBy { 10O (@, Chowile e
_Ey |0L(v, (1, X)) - E Si 9 X)
7 - ) y C/ 7, 71— 1;C’L a wl(cl 1,Cz)awz(cl 1,01)

- EZ 62£(Y y t X ]EC’

/—"\

TIPRNI.. 1+ i)

8 wz+1(czz l+1)aw1(cl 1701)

and

Aij(t, X
Ht(Ci—l,Ci) =-Ez {&u(ﬁ_l)c)

8tRB(Q,t, *y ) = QltB(RB(Qv t)) + H(Qv t)'

S03L(Y,j(t, X)) - G¥(t, X)} —Ez [0L(Y,9(t, X)) - G (t, cim1,¢4, X)],

Following Theorem 21, we have the bound

AP (RP(G, 1)) (ciz1,c)

S K(IIRB(L‘)H||wi(taci)||||wz'+1(ta ci)ll + IR (¢, eo) lwia (¢, i)l
+RE (o)l + HRiB(t,01—1)||Hwi(t70¢)||> NO2L(Y, (¢, X)) B (¢, ci-1, c2).-

Thus
oo |[BE(RP(G.0)(Cir.C)

2
| < KIRE @I+ B, X)) P
where we have used uniform-in-time boundedness of W (¢) from Lemma 35. We then have

OIRE ()13

L
< - § :EZ7C1:71,01'
=1

HIRE (O] - KR @)1+ B)lo2L(Y, 5(t, X)) + | H(G, 1)

Bwi(Ci,l, Cz) (Cl C;)

j—1

ay(t, X L ay(t, X
RiB(Q,t,Ci_l,Oi)# ’ 8§‘C(Y7 y) ' (Z]ECJI'I’C],' {RJB(G7taC_g—1’C_;)ay()
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2
94t X)

L
< -95C ZEcg_l’C; {Rf(Gyt»Cg/'thl‘)wc,/)} + K|Jw(t) |- 105 L(Y, 9(t, X)) — O5L|[|| RP (¢)]I3

Jj=1
+ K[RP ()71 + B)|02L(Y, (¢, X))|| + [|1H (G, 1)
Thus,
O RP (G, 1)|15 < K(1+ B)|R”()|*102L(Y, §(t, X)) + Klw(t)| g“ 105L(Y §(t, X)) — O3L)3 + |1 H(G, 1)
Using that .
| 1320t x) - o3t < o,

E / |H (G, 1)|%dt < oo,
0

/OOO 10L(Y, 3(t, X)) |dt < o,

as well as Lemma 35, we can then conclude

sup B[ R%(G, 1)|3 < exp(K (1 + B)).
t

Next, we compare RB and RB' as in Theorem 21 for B’ > B. We have the bound, recalling the definition of Dp ps in Theorem 21,

OE|(R? — RP)(1)|3
L
< - ZEEZQ .

1=1

0y(t, X)

(RB F,)(Q,ta Ci_1, Ci)m <05 L(Y,y)

ZE { P Rf’xG,t,O;—vCﬁm} 1

j—1

+KE\|RB( (1 + B)|0L(Y. §(t, X))l

+K52EEQ LC [DBB/@& Ci 1,0>exp<K<1+B'>>/<|\Gl+1<s COIP + G, (5. C)I2)ds | 119L (Y, (2, X))
2

, a9(t, X)
2 B B
< —92LE Z]EC] C{ 5 — RP)G,t.C)_ 1’Cl)aw(0;1,c')}
+ K |w(t) |- 102L(Y, 4(t, X)) — 82L||.E| RF — RP'||?
+ KE|[(R? — RE)®)|2(1 + B)||9:L(Y, §(t, X))|| + exp(K (1 + B) — ¢B?)||02L(Y, §(t, X)) -

Again using our convergence assumption, we can conclude that

sup E||(R® — R®)(1)||? < exp(K(1 + B)) exp(K (1 + B') — ¢B?).

In particular, R® converges (uniformly in time ¢) in L? to the limit R, whose norm is uniformly bounded in time.

An identical argument shows that upon having finite moment || H;||2**+°, we have that R” converges (uniformly in time) in L2* to a
limit R, whose L2* norm is uniformly bounded in time. This is guaranteed for all % sufficiently close to 1 (in terms of 1) by the remark
following Lemma 37.

From Holder’s Inequality, we have the following estimate for sufficiently small §:
10 R@)II3 < K5I ROI3 1 5l10:LY. 9t X)),

and
(A — Ar) — )()H2<K<sHR()H§/ s'HRy [02L(Y, §(s, X))?] ds.

t
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Thus,
E|(2, - MR()|2 < Ks / SR, [0,L(Y, §(s, X))2] ds + Bz [0aL(Y,3(t, X))?)

Lemma 40. We have for § sufficiently small in ) that
E|R(t) — R||2 < K5 </ (870 — 2T + 1)Ey [0:L(Y, §(s, X))?] ds) .
t

Proof. We have
OE|R(t) — Rl3 = 2E(R(t) — R, (A — 0)R(t) + (H, — H) + A(R(t) — R)).

We now bound
_ o 1/2 _
E(R(t) — R, H; — H) < K; (/ sy [0:L(Y,3(s, X))?] d8> -(B[|R(t) - RI3)"?,
¢
‘We also have

(R(t) — R,A(R(t) — R)) <0.

From Lemma 39,

E[(R(t) - R, (% - MR)] < KE[|RE) - BIZ) B[ - D)R|Z) "

0o 1/2
< KE[|R(t) - R|2]"* (K(;/ sy [0,L(Y,3(s, X))?] ds + KBy [82£(Y,g7(t,X))2]) .
t
Thus,
1/2

OB R(t) ~ T3 < K; (Ez 02£(Y. (0. X)) + [ " SR, [yL(Y, (s, X)) ds) (BIR() — RI3)".

In particular,
HE|R() - R < Ky (EZ LY. 90 X)) + [ 50z [BaL(Y,i(s X)) ds) .
t

Hence,
E||R(t) — R[5 < K (/ (710 — 270 L DE [0.L(Y, 5(s, X))?] ds> :
t

We can now finish the proof of Theorem 10.

Proof of Theorem 10. We have from Theorem 6:

Jim EEy [(\/N(y(t,X) @(t,X)))Q] = EE, [(ZEC [ (G,t,C; 1,0)%} +Gy(t,X)>

For § > 0 sufficiently small in 7,

2
EE, [(Z]EC { (G,t,Ci_ 1,0)%] +Gy(t,X)> ]

_ 2
[ ]|
< KE||R(t) - R|j3 + K| w(t) — |3
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< Kjs (/ (70 — 2 L E, [02L(Y, Q(S,X))Q] ds) )
t
The conclusion immediately follows from the assumption
| oL s, ))?ds < o,

0

together with Theorem 9. O

G Experimental details
We give a full description of the experimental setup in Section 5.

Overall setup. We consider a training set of 100 randomly chosen MNIST images of digits 0, 4, 5 and 9, where we encode the label
y = +1 if the image is digit 5 or 9 and y = —1 otherwise. This small scale allows us to run full-batch GD in reasonable time and avoid
stochastic algorithms which create extra fluctuations that are not the focus of our study, as mentioned in Section 1.

We use a neural network of 3 layers and tanh activations in the hidden layers (i.e. ¢1 = @92 = tanh and 3 = identity). We include
the bias in the first layer’s weight, and there is no bias elsewhere. The network has constant widths N which we vary in the plots of Fig.
1. We train it with full-batch (discrete-time) GD, a Huber loss £(y, ') = Huber(y — %’) and a constant learning rate 7 x 1073, This
learning rate is sufficiently small so that we obtain smooth evolution plots in Fig. 1(a), suggesting a behavior close to the continuous-time
GD. We also define ,

u*/2, lul <1,
Huber(u) = {u| —1/2, otherwise.

All the training is run with one NVIDIA Tesla P100 GPU.

Initialization. 1In Fig. 1(a)-(c), we initialize the network randomly as follows. We generate w1 (0, -,-) ~ N(0,1/785), wo(0,-, ) ~
N(0.1,1) and w3(0,-,-) ~ N(0.1,1) all independently. In Fig. 1(e), we first train a big network which has width N* = 5000 and has
the same configuration as described for Fig. 1(a)-(c). We stop the training of this width-N* network at iteration 10°, which ensures that
it has found a global optimum. Then we consider a network which has width N € {50, 100, 200,400} and is initialized as follows:

e Letw}(T,,-, ) be the i-th layer’s weight of the width-N* network at 7T, corresponding to iteration 10°.

e Foreachi = 1,2, we draw at random ¢; 1, ..., ¢; y from [N*] independently. Let £y . = ¢5. = 1.

o We set the initial weight w;(0, j;—1,7;) = W} (Te, li—1,5,_, ., i ;,) for the width-N network.
In other words, the width-N network at initialization is a result of subsampling the neurons of the width-NV* network at time T,. The

width-N* network is essentially an approximation of the MF limit. Ideally when N* — oo then N — oo, following [17], we have that
the width-V network is initialized at a global optimum. Here this holds approximately at finite widths, but is sufficient for our purpose.

Estimation for the plots. For Fig. 1(a), we run once for each /N and plot the training loss over time.

For Fig. 1(b), we draw at random a single test image x5t (Which is not among the 100 training images and happens to be a digit 5 in
this plot). For each N, we train the network till time T}, which corresponds to iteration 103, and we repeat M = 1000 times with M
different randomization seeds. Let y’f\, (Tp, Ttest) be the prediction of xyes; of the k-th repeat, for k € [M]. Let

M
N N 1 Y
r;“\,(Tb, l"test) =VN (Y?v(Tb, ftest) - i I;:_lylfv (Tb, xtest)) .
Then we plot the histogram of {f"’fv (Ty, Ttest) }ke[M}.

For Fig. 1(c), we follow a procedure similar to that of Fig. 1(b), but with A/ = 10. For each N and each x from the training image set,
we obtain y%; (t,z) for k € [M]. Then we compute:

1 < ok 2
o (t) = 100 o> o)

k=1 xEtraining set

We take vy (t) as an estimate for the output variance EE » H\/N(y(t, X) —g(t, X)) |2]
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For Fig. 1(e), we follow the same procedure as Fig. 1(c), except that we train a single width-/N* network that is used for all M repeats
and all N € {50,100, 200, 400}.

For Fig. 1(d), we recall the initialization procedure for Fig. 1(e). Here instead of using one value of the terminal time 7, we shall let it
vary. Following this procedure, for each 7, and each N, we obtain an untrained width- NV network. For each T,, we repeat the procedure
for M = 10 times, but we fix the same width-N* network (terminated at time 7}) for all M repeats. Let 575“\, (T, x) be the prediction
of the untrained width-N network at the training image x, in the k-th repeat with the terminal time 7T,. Using these predictions, one
computes:

M
- 1 -
on(Te) = WZ Z \rﬁ/(Te,x)F,

k=1 xE€training set

1 &
(L) = VI (35T - 5 D 55T ).

k'=1

We take o5 (7.) as an estimate for EE,[|GY (T., X) |?.

Reproducibility. The experiments can be repeated using the codes in this link: https://github.com/npminh12/nn-clt
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