
Supplementary information for “Limiting fluctuation and trajectorial stability of multilayer neural networks with mean field
training”:

• Appendix A introduces several preliminaries: new notations and known results from [17].

• Appendix B studies the Gaussian component G̃ and proves Theorem 2.

• Appendix C presents the proof of Theorem 3 for well-posedness of R.

• Appendix D proves Theorem 5 that connects the neural network with the second-order MF limit at the fluctuation level.

• Appendix E proves Theorem 6 that establishes a central limit theorem for the output fluctuation.

• Appendix F studies the asymptotic width-scaled output variance and proves that it eventually vanishes under different condi-
tions, i.e. Theorems 9 and 10.

• Appendix G describes the experimental details for Section 5.

A Preliminaries

We introduce notations that are not in the main paper. For convenience, for each index i 2 [L], we use i to refer to either i or the pair
(i� 1, i), which depends on the context, and we let |i| = 1 and |i| = 2 respectively in each case. For instance, when we write Ci, we
refer to either Ci or (Ci�1, Ci). A statement that is stated for i should hold in both cases.

For the MF limit:
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With this, we write the dynamics (3) for the second-order MF limit R in its complete form as follows:
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@ŷ (t,X)

@wr (Cr�1, Cr)

�◆�

� EZ


@2L (Y, ŷ (t,X))EC

 LX

r=1

Rr (G, t, Cr�1, Cr)
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where we take by convention that R0 = RL+1 = 0. We also define secondary quantities, similar to those in Section 3.1 e.g.
@
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, in a similar fashion, by taking their MF counterparts and replacing ECi being replaced by an empirical av-
erage over {Ci (ji)}ji2[Ni]

.

We also recall the following bounds from [17].
Lemma 11. Under Assumption 1, for any T � 0,
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Boundedness of moments of several other MF quantities at any time t  T are consequences of this lemma and Assumption 1. We omit
the details.

B CLT for the Gaussian component G̃: Proof of Theorem 2

We recall the process G̃ defined in Section 3.1. Recall that for each ji 2 [Ni], we sample Ci(ji) 2 ⌦i independently at random from
Pi. Let Si = {Ci(1), . . . , Ci(Ni)}. We denote by Ei for the expectation over the random choice of Si. We also recall that E is the
expectation over the random choice of Si, i = 1, . . . , L.
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We will use the following notation throughout. Let � be a function of t 2 T, z 2 Z, c1 2 ⌦1, c2 2 ⌦2, . . . , cL 2 ⌦L, and j1 2 [N1], j2 2

[N2], . . . , jL 2 [NL] (where � may not necessarily depend on all those variables). For oN decreasing in N , we write � = OT (oN ) if for
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We define additional processes as follows
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@ỹ(t, x)

@H̃i(ci)
�
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The next lemma is a key tool in the argument.
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We proceed in several sections.

B.1 A priori moment estimates
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@ỹ(t, x)

@H̃L(1)
�
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We bound each term. We have for i < L,
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The same of course holds in the case i = L since G̃@H

L�1(t, cL�1, x) = 0. By Lemma 13,
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and by noticing that EEJi�1
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We also have:

EECi�1


EJi

h
wi(t, Ci�1, Ci(Ji))G̃

@H̃

i
(t, Ci(Ji), x)

i2p�

 EECi�1EJi

���wi(t, Ci�1, Ci(Ji))G̃
@H̃

i
(t, Ci(Ji), x)

���
2p
�

 EECi�1EJi

h
|wi(t, Ci�1, Ci(Ji))|

4p
i1/2

EEJi

���G̃@H̃

i
(t, Ci(Ji), x)

���
4p
�1/2

 KT,p
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This completes the proof.

B.2 Relation among G̃ quantities

Lemma 15. Under Assumption 1, we have for t  T ,

G̃H̃

1 (t, c1, x) = 0,
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i
(t, ci, x) = G̃H
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Proof. We have
G̃H̃

1 (t, c1, x) =
p

N(H̃1(t, x, c1)�H1(t, x, c1)) = 0,

and
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⇣
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⇣
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⇣
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.

We note that by the mean value theorem, for some hi�1 (t, x, Ci�1(Ji�1)) between Hi�1(t, x, Ci�1(Ji�1)) and H̃i�1(t, x, Ci�1(Ji�1)):
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
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
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 KT /N,

by Lemmas 11 and 13. Thus, it remains to show that
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� ECi�1

h
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0
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i◆2�
= OT (1/N).

This is shown by applying Lemma 12, where we take i = i� 1, i0 = i, S0
= {Ck (jk) : jk 2 [Nk] , k < i� 1} and

f (S, ci�1, ci) = wi(t, ci�1, ci)'
0
i�1(Hi�1(t, x, ci�1))G̃
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i�1(t, x, ci�1).

Observe that f (S, ci�1, ci) is independent of Ci�1 (ji�1). In addition:
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f
�
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from Lemma 13. This shows the claim.

Lemma 16. Under Assumption 1, we have for any t  T ,

G̃@H̃

L
(t, cL, x) = G̃H̃

L
(t, x, cL)'

00
L
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),
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i�1(Hi�1(t, x, ci�1))ECi
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Proof. We have

G̃@H̃

i�1(t, ci�1, x)
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=

p

N

✓
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
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0
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
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N
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⌘
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⇣
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⌘
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i
.

We proceed with analyzing each term.

First estimate. Firstly we claim that

EECi�1
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N
⇣
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Indeed, this is obvious for i = L, and for i < L, we verify the condition of Lemma 12 for i = i, i0 = i � 1, S0
=

{Ck (jk) : jk 2 [Nk] , k < i} and

f(S, ci, ci�1) =
p
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⇣
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@ŷ(t, x)

@Hi(ci)
.

Observe that f is independent of Ci (ji). In this case, we only need to bound the following:
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by Lemmas 11 and 13. This proves the claim.

Next, we extend this claim. In particular,
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by Lemmas 11 and 13. Therefore,
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Second estimate. We have:
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This is again obvious for i = L. For i < L, by applying Lemma 12 for i = i, i0 = i� 1 and
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we have the claim since firstly it is easy to see that by Lemma 11,
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and secondly
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Last estimate. Finally we have:
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Combining estimates. Combining all above estimates, we obtain
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Note that the claim for G̃@H̃

L
follows by the same argument.

Lemma 17. Under Assumption 1, we have for any t  T ,
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Proof. We prove the second statement; the claims for G̃w
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Here, we have used that by Lemmas 11 and 13,
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and that by Lemmas 13 and 14,
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B.3 Structure of the limiting Gaussian process and the proof of Theorem 2

Each process G̃@H

i
, G̃H

i
, G̃@H̃

i
, G̃H̃

i
, G̃w

i
, G̃y on t  T can be viewed as an element of GT = C([0, T ], L2

(X⇥ P̃ )) where P̃ is Pi or
Pi�1 ⇥ Pi. Equip GT with the norm
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E
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We define the following Gaussian processes G@H , GH with zero mean and covariance given by
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As a side remark, note that the covariance of G@H and GH can be recognized through the following simple rule: for functions f(Ci)

and g(Cj), we have
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Define GH̃ , G@H̃ , Gw, Gy by the following linear combination of GH and G@H :
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i
,

Gw

1 (t, 1, c1, x) = G@H̃

1 (t, c1, x)x,

Gw

i
(t, ci�1, ci, x) = G@H̃

i
(t, ci, x)'i�1(Hi�1(t, x, ci�1)) + '0

i�1(Hi�1(t, x, ci�1))
@ŷ(t, x)

@Hi(ci)
GH̃

i�1(t, ci�1, x),

Gy
(t, x) = '0

L
(HL(t, x, 1))G

H̃

L
(t, x, 1).

Recall that we say G̃ converges G-polynomially in moment to a Gaussian process G if for any square-integrable fj : T ⇥ ⌦i(j)�1 ⇥

⌦i(j) ⇥ X ! R which is continuous in time,

sup
tjT

����E
Y

j

hfj , G̃
↵j

i(j)i
�j

tj

�
�E

Y

j

hfj , G
↵j

i(j)i
�j

tj

����� = OD,T

�
sup
tT

max
j

kfjk
D

t

�
·N�1/8,

where D =
P

j
↵j�j . (For G̃H , G̃H̃ , G̃@Hand G̃@H̃ , we take fj : T⇥ ⌦i(j) ⇥ X ! R.) We restate and prove Theorem 2.

Theorem 18 (Theorem 2 restated). We have G̃ converges G-polynomially in moment to G, where G is the Gaussian process with mean
and covariance structure as given above.

Proof. First, we show the following:
�����E

"
Y

`

D
f`,

⇣
G̃⌧(`)

i(`)

⌘↵`
E�`

t`

#
�E

"
Y

`

D
f`,

⇣
G⌧(`)

i(`)

⌘↵`
E�`

t`

#����� = OD(max
`

kf`k
D

t`
) ·N�1/2,

where for each `, ⌧(`) is either H or @H . By independence of Ci(ji) for distinct i’s, it suffices to consider the case where i(`) = i for
all `.

Consider the case ⌧(`) = H and i (`) = i, we have
D
f`,

⇣
G̃H

i

⌘↵`
E

t`

= EZ,Ci

h
f`(t`, Ci, X)

⇣p
NEJi�1 [Zi (t`, Ji�1, Ci, X)]

⌘↵`
i
,

where we denote

Zi(t`, ji�1, ci, x) = wi(t`, Ci�1(ji�1), ci)'i�1(Hi�1(t`, x, Ci�1(ji�1)))� ECi�1 [wi(t`, Ci�1, ci)'i�1(Hi�1(t`, x, Ci�1))].

One can write
Q

`

D
f`,

⇣
G̃H

i

⌘↵`
E�`

t`

as a sum of terms of the form:

N�D/2
Y

`

Y

r�`

EZ,Ci


f`(t`, Ci, X)

Y

h↵`

Zi(t`, j`,r,h, Ci, X)

�
.

Note that EEJi�1 [Zi(·, Ji�1, Ci, ·)] = 0. Thus, if there is any index ji�1 for which ji�1 appears exactly once among j`,r,h, then the
above term after taking E vanishes. The number of terms with each ji�1 appearing either zero or exactly twice among j`,r,h is ⇥(ND/2

).

Notice that these terms make up the quantity E

Q
`

D
f`,

⇣
G⌧(`)

i(`)

⌘↵`
E�`

t`

�
, which is to be subtracted away. The number of remaining

terms where no ji�1 appears exactly once is at most O(N (D�1)/2
). Thus we are done upon bounding

E

����
Y

`

Y

r�`

EZ,Ci


f`(t`, Ci, X)

Y

h↵`

Zi(t`, j`,r,h, Ci, X)

�����

�
.
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By Lemma 11, it is easy to see that
EEX,Ci

⇥
|Zi(t`, j`,r,h, Ci, X)|

D
⇤
 KT,D.

Then:

E

����
Y

`

Y

r�`

EZ,Ci


f` (t`, Ci, X)

Y

h↵`

Zi (t`, j`,r,h, Ci, X)

�����

�



Y

`

Y

r�`

EZ,Ci

���f` (t`, Ci, X)

���
2
�1/2

E


EZ,Ci

 Y

h↵`

����Zi (t`, j`,r,h, Ci, X)

����
2�1/2�

 max
`

kf`k
D

t`

Y

`

Y

r�`

E


EZ,Ci

 Y

h↵`

����Zi (t`, j`,r,h, Ci, X)

����
2�1/2�

 max
`

kf`k
D

t`

Y

`

Y

r�`

E

 Y

h↵`

EZ,Ci

����Zi (t`, j`,r,h, Ci, X)

����
2↵`

�1/(2↵`)�

 max
`

kf`k
D

t`

Y

`

Y

r�`

Y

h↵`

EEZ,Ci

����Zi (t`, j`,r,h, Ci, X)

����
2↵`

�1/(2↵`)

 max
`

kf`k
D

t`
·KT,D.

This completes the proof for the case ⌧(`) = H and i (`) = i.

The involvement of terms with ⌧(`) = @H can be dealt with similarly. To deal with the case ⌧ (`) 2 {H, @H}, we note that the same
argument holds with an appropriate modification of the definition of Zi; in particular, this function now depends on ` via ⌧ (`), but this
detail does not affect the argument since all we need is that EEJi�1 [Zi(·, Ji�1, Ci, ·)] = 0 and EEX,Ci

⇥
|Zi(t, ·, Ci, X)|

D
⇤
 KT,D.

This completes the argument that (G̃@H , G̃H
) ! (G@H , GH

) in G-polynomial moment.

Finally, observe that G̃H̃

i
, G̃@H̃

i
, G̃w

i
, G̃y can be written as a linear combination of G̃H

i
and G̃@H

i
by Lemmas 15, 16 and 17, from

which it is easy to verify that G̃ ! G in G-polynomial moment.

B.4 Dynamical form of the limiting Gaussian process

We also have the following property of the limiting process G that will be useful later. Define further auxiliary processes:

G̃@t(@H)
i�1 (t, ci�1, x)

=

p

N

✓
EJi


wi(t, ci�1, Ci(Ji))

@ŷ(t, x)

@Hi(Ci(Ji))

�
� ECi


wi(t, ci�1, Ci)

@ŷ(t, x)

@Hi(Ci)

�◆
'00
i�1(Hi�1(t, x, ci�1))@tHi�1(t, x, ci�1),

+

p

N

✓
EJi


@twi(t, ci�1, Ci(Ji))

@ŷ(t, x)

@Hi(Ci(Ji))

�
� ECi


@twi(t, ci�1, Ci)

@ŷ(t, x)

@Hi(Ci)

�◆
'0
i�1(Hi�1(t, x, ci�1))

+

p

N

✓
EJi


@twi(t, ci�1, Ci(Ji))@t

✓
@ŷ(t, x)

@Hi(Ci(Ji))

◆�
� ECi


@twi(t, ci�1, Ci)@t

✓
@ŷ(t, x)

@Hi(Ci)

◆�◆
'0
i�1(Hi�1(t, x, ci�1)),

and
G̃@tH

i
(t, ci, x)

=

p

N
�
EJi�1 [@twi(t, Ci�1(Ji�1), ci)'i�1(Hi�1(t, x, Ci�1(Ji�1)))]� ECi�1 [@twi(t, Ci�1, ci)'i�1(Hi�1(t, x, Ci�1))]

�

+

p

N
⇣
EJi�1 [wi(t, Ci�1(Ji�1), ci)'

0
i�1(Hi�1(t, x, Ci�1(Ji�1)))@tHi�1(t, x, Ci�1(Ji�1))]

� ECi�1 [wi(t, Ci�1, ci)'
0
i�1(Hi�1(t, x, Ci�1))@tHi�1(t, x, Ci�1)]

⌘
,

with G̃@t(@H)
L�1 = G̃@t(@H)

L
= G̃@tH

1 = 0. As above, we can show that jointly with previously defined processes G̃H , G̃@H , G̃@t(@H), G̃@tH

converges to Gaussian processes G@t(@H), G@tH whose covariance structure (jointly with the previously defined processes G) can be
deduced by following the rule (7).
Theorem 19. The limiting Gaussian process (GH , G@H

) is the solution to the ODE

@tG
H

i
(t, ci, x) = G@tH

i
(t, ci, x),
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@tG
@H

i
(t, ci, x) = G@t(@H)

i
(t, ci, x).

Similarly we can express @tGH̃

i
and @tG

@H̃

i
in terms of @tGH

i
, @tG@H

i
using the expression of GH̃ and G@H̃ in terms of GH and G@H .

Finally, we have
@tG

y
(t, x) = '0

L
(HL(t, 1, x))@tG

H̃

L
(t, x) + @tHL(t, 1, x)'

00
L
(HL(t, 1, x))G

H̃

L
(t, x).

Proof. Defining G
H

i
(t, ci, x), G

@H

i
(t, ci, x) as solutions to

@tG
H

i
(t, ci, x) = G@tH

i
(t, ci, x),

@tG
@H

i
(t, ci, x) = G@t(@H)

i
(t, ci, x),

it is straightforward to verify that G has the same covariance structure as G. Since GH̃ , G@H̃ , Gw, Gy are linear combinations of
GH , G@H , the conclusions for @tG easily follow.

Remark 20. We can in fact show that jointly with G̃H and G̃@H , we have (@tG̃H , @tG̃@H
) converges in G-polynomial moment to

(@tGH , @tG@H
), and this extends by linearity to @tG̃H̃ , @tG̃@H̃ , @tG̃w, @tG̃y , by following the procedure leading to Theorem 18. Since

we will not need to use this fact, we omit the details of the proof.

C Existence and uniqueness of R: Proof of Theorem 3

For G 2 G and p � 1, define

kGk
2p
T,2p = sup

tT

EZ,C

"
|Gy

(t,X)|
2p

+

LX

i=1

|Gw

i
(t, Ci�1, Ci, X)|

2p

#
.

Theorem 21. Under Assumption 1, for any ✏ > 0 and all G 2 G with kGkT,2+✏ < 1, there exists a unique solution Ri(G, ·, ·, ·) 2

L2
(Pi�1 ⇥ Pi) which is continuous in time. Furthermore, for each t  T , R(G, t) is a continuous linear functional in G and

kR (G) kT,2  KT,✏kGkT,2+✏. In fact, for each B sufficiently large in T , there exists a sequence in B of processes RB which is a
continuous linear functional in G with

kRB
(G)k

2
T,2  exp(KTB)kGk

2
T,2

for all G with kGkT,2 < 1, and for G with kGkT,2+✏ < 1,

kR(G)�RB
(G)k

2
T,2  kGk

2
T,2+✏

exp(�KT ✏B
2/ (2 + ✏)).

Here we define

kR (G)k
2
T,2 = sup

tT

EC

"
LX

i=1

|Ri (G, t, Ci�1, Ci)|
2

#
,

and similar for kR(G)�RB
(G)k

2
T,2.

The main technical difficulty in the following proof lies in the fact that the weights wi(t, ci�1, ci) could be unbounded, in which case
the linear operator R 7! @tR is unbounded. Our proof of both existence and uniqueness follows from a delicate truncation scheme.
This scheme requires careful treatment: there is no a priori bound on R again due to the unboundedness problem, and as such, usual
truncation argument does not work. We remark that this problem is unique to the multilayer structure; we do not encounter the same
problem for shallow networks.

Proof of Theorem 21. Let us define:

�F (1)
i

(R)(G, t, ci�1, ci) = EZ


@ŷ(t,X)

@wi(ci�1, ci)
@2
2L (Y, ŷ (t,X))

LX

r=1

EC


Rr (G, t, Cr�1, Cr)

@ŷ (t,X)

@wr (Cr�1, Cr)

��

+ EZ


@2L (Y, ŷ (t,X))EC

 LX

r=1

Rr (G, t, Cr�1, Cr)
@2ŷ (t,X)

@wr (Cr�1, Cr) @wi (ci�1, ci)

��

+ EZ


@2L (Y, ŷ (t,X))EC


Ri�1 (G, t, Ci�2, ci�1)

@2ŷ (t,X)

@⇤wi�1 (Ci�2, ci�1) @wi (ci�1, ci)

��
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+ EZ


@2L (Y, ŷ (t,X))EC


Ri (G, t, Ci�1, ci)

@2ŷ (t,X)

@⇤wi (Ci�1, ci) @wi (ci�1, ci)

��

+ EZ


@2L (Y, ŷ (t,X))EC


Ri+1 (G, t, ci, Ci+1)

@2ŷ (t,X)

@⇤wi+1 (ci, Ci+1) @wi (ci�1, ci)

��
,

�F (2)
i

(R)(G, t, ci�1, ci) = EZ


@ŷ(t,X)

@wi(ci�1, ci)
@2
2L (Y, ŷ (t,X))Gy

(t,X)

�

+ EZ


@2L (Y, ŷ (t,X))Gw

i
(t, ci�1, ci, X)

�
,

�Fi(R)(G, t, ci�1, ci) = �F (1)
i

(R)(G, t, ci�1, ci) +�F (2)
i

(R)(G, t, ci�1, ci).

In this notation, @tRi(G, t, ci�1, ci) = ��Fi(R)(G, t, ci�1, ci). Let

|R|
2p
t,2p =

LX

j=1

EC [|Rj(G, t, Cj�1, Cj)|
2p
],

|Ri+1(ci)|
2p
t,2p = ECi+1 [|Ri+1(G, t, ci, Ci+1)|

2p
],

|Ri(ci)|
2p
t,2p = ECi�1 [|Ri(G, t, Ci�1, ci)|

2p
].

We define |wi+1(ci)|t,2p, |wi(ci)|t,2p, |Gw

i
(ci)|t,2p, |Gw

i
(ci�1)|t,2p, |Gy

i
|t,2p similarly (where the last three should include EZ in

addition). We define

|Gw

i
|
2p
t,2p = EC

h
|Gw

i
(Ci)|

2p
t,2p + |Gw

i
(Ci�1)|

2p
t,2p

i
, |G|

2p
t,2p = |Gy

|
2p
t,2p +

LX

i=1

|Gw

i
|
2p
t,2p .

When we drop the subscript 2p, we implicitly assume that 2p = 2.

Step 1: truncated process RB . For each threshold B > 1, let

BB
(t, ci�1, ci) = I(max(|wi+1(ci)|t, |wi(ci)||t, |wi(ci�1)|t, |wi�1(ci�1)|t)  B)

BB
(t, ci) = I(max(|wi+1(ci)|t, |wi(ci)|t)  B).

We define RB as the solution to

@tR
B

i
(G, t, ci�1, ci)] = ��Fi(R

B
)(G, t, ci�1, ci) · BB

(t, ci�1, ci).

We can rewrite – with an abuse of notations – in the following form:

@tR
B
(G, t, ·, ·) = AB

t
(RB

(G, t)) +H(G, t),

for AB

t
a linear operator. (One may easily recognize that the first term corresponds to �F (1)

i
and the second one corresponds to �F (2)

i
.)

By Lemma 11, we have the bound:
��AB

t
(RB

(G, t))(ci�1, ci)
��  KT |R

B
|t|wi+1(ci)|t +KT |R

B
|t|wi(ci)|t|wi+1(ci)|t

+KT |R
B

i
(ci)|t|wi+1(ci)|t +KT |R

B

i+1(ci)|t +KT |R
B

i�1(ci�1)|t|wi(ci)|t.

Note that by Lemma 11,
ECi

⇥
|wi(Ci)|

2
t
|wi+1(Ci)|

2
t

⇤
 KT .

Thus,
EC

h��AB

t
(RB

(G, t))(Ci�1, Ci)
��2
i
 KTB

2
|RB

|
2
t
.

Existence and uniqueness of RB follows immediately from boundedness of AB . Also RB is a bounded linear functional in G.

Step 2: bounds for RB . We obtain a bound on |RB
|t. Observe that

|H (G, t) (ci�1, ci)|  KT |wi+1 (ci) |t |G
y
|
t
+KEZ [|Gw

i
(t, ci�1, ci, X)|]

and as such,

@t(|R
B

i
|
2
t
) = @tEC

h��RB

i
(G, t, Ci�1, Ci)

��2
i
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 2|RB

i
|tEC

h��@RB

i
(G, t, Ci�1, Ci)

��2
i1/2

 KT |R
B
|
2
t
+KTB|RB

i
|
2
t
+KT |G|

2
t
.

This implies
@t(|R

B
|
2
t
)  KTB|RB

|
2
t
+KT |G|

2
t
,

so by Gronwall’s lemma, for any t  T ,

|RB
|t  exp(KTB) sup

sT

|G|s = exp(KTB) kGk
T,2 .

Now let us zoom into RB

i+1(ci) and RB

i
(ci). From the bounds on

��AB

t
(RB

(G, t))(ci, ci+1)
�� and |H (G, t) (ci, ci+1)|, we deduce:
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B
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2
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⇥
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B
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⇤
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B
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�
|RB
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i
(ci)|t + |Gy

|
t
+ |Gw
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�
,

which yields
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B

i+1(ci)|t  KT

⇣
exp(KTB) kGk

T,2 + |RB

i
(ci)|t + |Gy

|
t
+ |Gw

i+1(ci)|t
⌘
.

Similarly:
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B

i
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2
t
) = 2ECi�1

⇥
RB

i
(G, t, Ci�1, ci)@tR

B

i
(G, t, Ci�1, ci)

⇤

 KT |R
B
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⇣
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B

i
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y
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⌘
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B

i
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�
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i
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i+1(ci)|t + |Gw

i
(ci)|t + |wi+1(ci)|t|G

y
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�
,

which yields

@t|R
B

i
(ci)|t  KT

⇣
exp(KTB) kGk

T,2 +B|RB

i
(ci)|t + |RB

i+1(ci)|t + |Gw

i
(ci)|t +B|Gy

|t

⌘
.

Therefore,

@t
�
|RB

i
(ci)|t + |RB

i+1(ci)|t
�
 KT

⇣
exp(KTB) kGk
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�
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i
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�
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.

By Gronwall’s lemma,

|RB

i
(ci)|t + |RB

i+1(ci)|t 

✓
kGk

T,2 +

Z
t

0

�
|Gw

i
(ci)|s + |Gw

i+1(ci)|s + |Gy
|s

�
ds

◆
exp (KTB) .

Step 3: taking B ! 1. Next we compare RB and RB
0

for B0 > B. Let us define

�Ri(G, t, ci�1, ci) = RB
0

i
(G, t, ci�1, ci)�RB

i
(G, t, ci�1, ci).

We have that if BB
(t, ci�1, ci) = 1, then

@t�Ri(G, t, ci�1, ci) = ��F (1)
i

(�R)(G, t, ci�1, ci).

If BB
0
(t, ci�1, ci) = 1 but BB

(t, ci�1, ci) = 0, we have

@t�Ri(G, t, ci�1, ci) = ��Fi(R
B

0
)(G, t, ci�1, ci).

Finally, if BB
0
(t, ci�1, ci) = 0, then

@t�Ri(G, t, ci�1, ci) = 0.

With DB,B0(t, ci�1, ci) = I(BB
0
(t, ci�1, ci) = 1, BB

(t, ci�1, ci) = 0), we obtain:
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Using Lemma 11 and the bounds in Step 2, we get:
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Similarly,
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We thus get:
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The term where BB
(t, ci�1, ci) = 1 can be bounded as in the bound for RB :

@tEC
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i
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The last two displays give:
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Hence,
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In particular, for all B sufficiently large, we have |�R|
2
t
 kGk

2
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exp(�KT ✏B2/(2 + ✏)) for all B0
 2B. Thus, we can easily

deduce that RB converges in L2 to a limit, which is the process R, as B ! 1. Since |�R|
2
t

decays exponentially with B2 while
|RB

|t  exp(KTB) kGk
T,2, we deduce that:
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|R|
2
t
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2
T,2+✏

.

We can also deduce for fixed ci�1, ci, RB
(G, t, ci�1, ci) converges, as B ! 1, to R(G, t, ci�1, ci), and R satisfies Eq. (6).

Step 4: uniqueness. Next, we show uniqueness of R. Assume that R,R0 are two solutions to the equation in L2, we have U = R�R0

satisfies
@tUi(G, t, ci�1, ci) = ��F (1)

i
(U)(G, t, ci�1, ci)

We then have

|@tUi(G, t, ci�1, ci)|  K|U |t|wi+1(ci)|t +K|U |t|wi(ci)|twi+1(ci)|t
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+K|Ui(ci)|t|wi+1(ci)|t +K|Ui+1(ci)|t +K|Ui�1(ci�1)|t|wi(ci)|t.

Let  = maxtT (|R|t, |R0
|t) < 1. Then
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2
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�
.

In particular
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2
t
 K|UL(cL)|t ((1 + |wL(cL)|t) + |UL(cL)|t) ,

from which we obtain |UL(cL)|t  K,T (1+sup
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2
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From this we obtain
|Ui(ci)|t  K,T exp(K,T |wi+1(ci)|t)(1 + max(|wi+1(ci)|t, |wi(ci)|t))

2
).

Note that we still have
ECi
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2
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4
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by Lemma 11. By induction, we obtain bounds
max
tT

max(|Ui+1(ci)|t, |Ui(ci)|t)  exp (K,T (1 + max(|wi+1(ci)|t, |wi(ci)|t))) ,

for all i and ci. From here we can easily obtain a similar bound on Ui(t, ci�1, ci),
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tT

|Ui(t, ci�1, ci)|  exp (K,T (1 + max(|wi(ci�1)|t, |wi�1(ci�1)|t, |wi+1(ci)|t, |wi(ci)|t))) .

This also implies all moments of U are finite again by Lemma 11.

Using those bounds, we have, for any B > 0, that
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Our bound on |Ui(Ci)|t together with Lemma 11 gives
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⇥
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2
t
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2
t
I(|wi+1(Ci)|t � B)

⇤
 exp(K,TB � cB2
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This implies
@t|U |
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2
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+ exp(K,TB � cB2
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Thus,
sup
tT

|U |
2
t
 exp(K(1 +B)T ) exp(K,TB � cB2

).

Sending B to infinity, we immediately obtain that |U |t = 0 for all t  T . Thus, the solution R is unique.

Repeating the proof of Theorem 21 identically gives the following.
Lemma 22. If kGkT,2p+✏ < 1, then Ri(G, t, ·, ·) 2 L2p

(⌦i�1 ⇥ ⌦i), and

kR(G)k
2p
T,2p  KT,✏kGk

2p
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.

30



D Connecting finite-width neural network fluctuations with the limit system: Proof of Theorem 5

Let us recall that
Ri(t, ji�1, ji) =

p

N(wi(t, ji�1, ji)� wi(t, Ci�1(ji�1), Ci(ji)).
Our goal is to prove Theorem 5. A major technical difficulty here lies in establishing suitable a priori moment bounds for R that are
independent of N . This task suffers from similar unboundedness issues that are encountered in the proof of Theorem 21. Again this is
a problem unique to the multilayer structure. Yet it requires a delicate argument that is different from the one in the proof of Theorem
21. In particular, Lemma 23 below plays a crucial role and computes very high moments (of order increasing with N ) of the neural
network’s weights under GD evolution and randomized initialization. It is also a result of independent interest, which we expect to have
applications beyond the current pursuit.

In the following, we denote

kRi(t)�Ri(t)k
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2p =
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EJ
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�
.

For brevity, let us write
w̃i(t, ji�1, ji) = wi(t, Ci�1(ji�1), Ci(ji)).

Similar to the development in Appendix B, define
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.

We define similarly kRi(t, ji)k2p, kRi(t, ji)k2p, kRi+1(t, ji+1)k2p, kRi+1(t, ji+1)k2p, kRi(t)k2p, kRi(t)k2p (where quantities involv-
ing R should be computed w.r.t. R(G̃, t)). We also let
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In all of these, when we drop the subscript 2p, we implicitly take 2p = 2. For B > 0, define

B̃B,2k
i
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(t, ji�1)BB,2k
(t, ji).

We drop the superscripts B and 2k if they are clear from context. Note that these are random variables due to the randomness of sampling
{Ci(ji) : ji 2 [Ni], i 2 [L]}, whose expectation is denoted by E.

D.1 High moments of neural network’s weights under GD

We obtain the following estimate, which is important for our development.
Lemma 23. For k � 1 and B > 0, we have:
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and for all N � (kL)6,
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As an immediate corollary, for a fixed constant C and B  NKC ,

E
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2
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Proof. The first equality is trivial. For the second bound, we consider i � 2; the case i = 1 can be done identically. We have
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In particular,
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where pi is a polynomial of degree at most L� i, and furthermore, in each monomial in pi there is at most one term of degree one from
the variables
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Let us analyze the term in the last display:
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 KkL.

On the other hand, if some index appears at least twice, let d(a) be the number of times a appears among {↵s}, and we similarly define
d(b). We have by Finner’s inequality3 that
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the number of positive values in {d(a)} and Mb the number of positive values of {d(b)}. Let Ha be the number of values at least 2 in
{d(a)} and similarly for Hb. The number of unlabeled bipartite graphs for which the degrees on one part are given by {d(a)} and the
degrees of the other part are given by {d(b)} is at most (Hb + 1)

Ha(Ha + 1)
Hb (each half-edge from a vertex of degree at least 2 on

the a-side is chosen to match to a half-edge of a vertex of degree at least 2 on the b-side or a vertex of degree 1, for a total of Hb + 1

choices). After choosing the unlabeled bipartite graph, there are at most NMa+Mb ways to label the vertices of the graph with indices in
[Nj0�1] or [Nj0 ]. Let Q be the number of edges between vertices both having degree 1. We have at most (kL)!/Q! ways to assign index
t 2 [kL] to edges of the labeled bipartite graph. We have that Q � kL�
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where we use the shorthands � = {ma,mb 2 [kL], ha, hb  kL/2, ha  kL�ma, hb  kL�mb}. Hence, for N > (kL)6, we have
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Remark 24. The same argument shows that for any ` � 1 and N � (K`kL)16,
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3Helmut Finner, "A generalization of Holder’s inequality and some probability inequalities", The Annals of probability (1992), pp. 1893--1901.
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D.2 A priori estimates at the fluctuation level

Lemma 25. We have for any t  T :
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@ỹ(t, x)

@H̃i(Ci(Ji))
�
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Proof. Let us drop t and x from the notations for brevity. We also recall Lemma 11. We prove claim by claim:
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Using backward induction:
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@ŷ

@Hi(Ci(Ji))

◆◆2k
#

 KkEEJi

2

4ECi+1

"����
@ŷ
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Combining the previous claims, it is then easy to see that
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@ŷ

@wi(Ci�1(Ji�1), Ci(Ji))

◆◆2k
#
 KT,k.
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Lemma 26 (Lipschitz bounds). We have for any t  T :
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In the above, we have dropped the notational dependency on t on the right-hand side for brevity.
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Proof. Let us consider the first claim:
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The remaining claims can be obtained similarly.

Lemma 27 (A-priori moment estimate of R). We have for any t  T ,
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Proof. In the following, let us drop the dependency on t for brevity. From the bounds in Lemmas 26 and 25, we can obtain the estimate
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@ŷ (X)

@wi (ji�1, ji)
� @2L (Y, ŷ (X))
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@ŷ (X)

@wi (Ci�1 (ji�1) , Ci (ji))

�����
2k

+Kk

����
p

NEZ


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The key property of X is that for all t, ji�1, ji, we have:

|Ri(t, ji�1, ji)|  |Xi(t, ji�1, ji)|.

For B > 0, define
@tX

B

i
(t, ji�1, ji) = KkF [XB

](t, ji�1, ji)BB
(t, ji�1, ji) +Ak (t, ji�1, ji) .

We have the estimate:
@tkX

B
(t)k2k2k  Kk

Y

j0L

(1 + kw̃B

j0 (t)k
4k
4k)(1 +B2k

)kXB
(t)k2k2k + kAk(t)k

2k
2k.

Here, we denote kw̃B
kp = min(B, kw̃kp). Furthermore, for solutions XB , X 0B to the equation, by the triangle inequality, we have

��@t
�
XB

�X 0B�
(t, ji�1, ji)

��  KkF [
�
XB

�X 0B�
](t, ji�1, ji)BB

(t, ji�1, ji).

Existence and uniqueness of XB follows easily from the above Lipschitz estimate, and we furthermore have the bound

kXB
(t)k2k  Kk exp(KkB

Y

j0L

(1 + sup
st

kw̃B

j0 (t)k
4k
4k)

1/2kt) · kAk(t)k2k,

and similar to the proof of Theorem 21, the bounds (for sufficiently large B)

kXB

i
(t, ji�1)k2k  K(1 + kw̃i(t, ji�1)k

2k
2k)(1 + kw̃i�1(t, ji�1)k

2k
2k) exp

⇣
KkB

Y

j0L

(1 + sup
st

kw̃B

j0 (t)k
4k
4k)

1/2kt
⌘
kAk(t)k2k,

kXB

i
(t, ji)k2k  K(1 + kw̃i(t, ji)k

2k
2k)(1 + kw̃i+1(t, ji)k

2k
2k) exp

⇣
KkB

Y

j0L

(1 + sup
st

kw̃B

j0 (t)k
4k
4k)

1/2kt
⌘
kAk(t)k2k.

37



Notice that XB is positive and monotonically increasing in B. For B0 > B and DB,B0(t, ji�1, ji) = I(BB
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Finally, for � > 0 consider the event E that maxi maxji max(kw̃i(ji)kKk, kw̃i+1(ji)kKk, kwi(ji)kKk, kwi+1(ji)kKk)  �. This event
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Thus
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We can thus conclude that
E[kRk
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2k] < Kk,T .

D.3 Comparison bounds and concentration estimates

Let us recall the notation OT (·) from Appendix B.
Lemma 28. We have for any t  T ,
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Proof. This is a consequence of Lemmas 25, 26, 27 and 23.

Lemma 29. We have for t  T ,
p
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where the last step follows easily from Lemma 28.
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Lemma 30. We have for t  T ,
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@ŷ(t, x)

@wi(Ci�1(Ji�1), Ci(Ji))

�
+OT (1/

p

N).

Again the same argument applied to each of the summands leads to:

E

"✓
EJ


Ri(t, Ji�1, Ji)
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by Lemmas 27 and 28.

Lemma 31. We have for t  T ,
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which – similar to the previous second moment bound – amounts to proving

E

���Ri(G̃, t, Ci(ji))�Ri(G̃
ji , t, Ci(ji))

���
4
�
 KT /N

2.

The proof is complete upon having this bound.

By linearity from Theorem 18,
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@2L(Y, ŷ(t,X)) · EC

0
i�1

⇢
Ri(G̃� G̃ji , t, C 0

i�1, ci)
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Note that
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We bound their expected 2p-powers. We have that for ` � i+ 1,
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For ` = i, by Lemma 11,
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As such, all these expected 2p-powers are bounded by KT,pN�p. We derive similar bounds for G̃@H̃
� G̃ji,@H̃ , G̃w

� G̃ji,w.

The estimates in Theorem 21 imply that
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Similarly, letting
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All of these estimates give a final bound:
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Lemma 32. We have for t  T and any B > 1,
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Therefore, by Lemmas 11, 27 and Theorem 21:
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for a suitable finite constant B = B (T ). The conclusion again follows from Lemma 31.
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Proof. By Lemma 28, we have:
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and similarly for the rest of the terms.

D.4 Proof of Theorem 5
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Comparing with Eq. (6):
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⌘ @2ŷ (t,X)

@⇤wi (Ci�1, Ci(ji)) @wi (Ci�1(ji�1), Ci(ji))

�

� EC


Ri+1

⇣
G̃, t, Ci(ji), Ci+1
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✓
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To analyze A2, we have from Lemmas 29, 30 and 32:

A2,1 (z) = KTEJ

⇣
Ri(t, Ji�1, Ji)�Ri(G̃, t, Ci�1(Ji�1), Ci(Ji))

⌘2
�1/2

+OT (N
�1/2

).

44



Furthermore, for any B > 1, by Lemma 11, Theorems 18 and 21,
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Hence with a suitable choice of B,
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The treatment of A1 is similar via Lemma 33:
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Finally for A3, by Lemmas 28,
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Therefore,
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By Gronwall’s inequality, we have

EEJ

⇣
Ri(t, Ji�1, Ji)�Ri(G̃, t, Ci�1(Ji�1), Ci(Ji)

⌘2
�


KT

N
.

This completes the proof.

E CLT for the output fluctuation: Proof of Theorem 6

E.1 Joint convergence in moment: Proof of Proposition 8

Proof of Proposition 8. In the following, let R̃ denote R(G̃, ·) and – with an abuse of notations – R denote R(G, ·). By Theorem 21 —
and recalling the norms defined in its statement — there exists a sequence in B of processes R̃B with R̃B
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where (LB

t
)
⇤ is the adjoint of LB

t
, which has operator norm at most exp(KTB). A similar bound applies to
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i
. Since G̃ converges G-polynomially in moment to G, we have:
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Then choosing B = c0
p
logN for a suitable constant c0, for sufficiently large N , we have:
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In particular, (R(G̃, ·), G̃) converges G-polynomial-moment and R-linear-moment to (R(G, ·), G).

E.2 CLT for the output function: Proof of Theorem 6

Proof of Theorem 6. By Lemma 30, Lemma 32 and Theorem 5, we have:
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For U = U(Z) and V = V (G̃, Z), we have for m � 1 and 1-bounded h,
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Recalling Lemmas 11, 28, Theorems 21 and 18, we obtain:
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Finally using Proposition 8 and Theorem 18, we obtain:
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This also proves the desired weak convergence.
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F Asymptotic variance of the output fluctuation: Proof of Theorems 9 and 10

F.1 Variance decomposition of the limiting output fluctuation Gy

The goal of this section is to show that Gy
(t, ·) lies in the span of @ŷ(t,·)

@wi(Ci�1,Ci)
. This is done by decomposing the covariance structure

of Gy in a suitable layer-wise fashion.
Proposition 34. Let f be any square-integrable function of X for which
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In particular,
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F.2 Variance reduction under GD: Proof of Theorem 9

We prove the variance reduction effect of GD in the case of idealized initialization.

Proof of Theorem 9. By Theorem 6, the fluctuation
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@ŷ(t, x)

@wi(Ci�1, Ci)
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which is non-negative. This completes the proof of the first part.
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ŷ(t, x) = ŷ(x),
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@ŷ(x)

@wi(Ci�1, Ci)
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By Proposition 34, almost surely, Gy
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This proves the second part of the theorem.
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F.3 Variance reduction under GD: Proof of Theorem 10

We prove the variance reduction effect of GD in the case of sufficiently fast convergence to global optima. In particular, we recall from
Theorem 10 that we assume for some ⌘ > 0,
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2
]ds < 1. (8)

The dependency on time will be important in this section, therefore we remind that KT denotes a constant depending on time, and K
denotes a constant that does not.
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In particular, for i = L,
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so we get
sup
t�0
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]
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This proves the claim.

Under the assumption (8), the MF limit wi(t, ·, ·) converges in L2 to a limit wi, as shown in the corollary below.
Corollary 36. Under the setting of Lemma 35, we have
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This suggests that one should have convergence to a limit as t ! 1 at the fluctuation level. Should we have that, we would obtain
Theorem 10 as a consequence of Theorem 9. The caveat is that the convergence must satisfy certain uniform-in-time properties. This is
the bulk of the work.
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2L(Y, ŷ(t,X)) ·

0

@Gy
(t,X) +

LX

j=1

EC
0
j�1,C

0
j

(
Rj(G, t, C 0

j�1, C
0
j
)
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@ŷ(X)

@wj(C 0
j�1, C

0
j
)

)1

A

3

5 ,

where @2
2L > 0 denotes the positive constant at global optima as in Assumption 2. Whenever the context is clear, we write R for R(G, ·).

We also recall from Theorem 6 that the limiting output fluctuation Ĝ is described via R(G, ·).

51



Let us rewrite these dynamics in the following form:
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which implies
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4@2L(Y, ŷ(t,X)) ·

0

@
LX

j=1

EC
0
j�1,C

0
j

(
Sj(C

0
j�1, C

0
j
)
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@2L(Y, ŷ(t,X)) · EC

0
i�2

⇢
Si(C

0
i�2, ci�1)
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2L(Y, ŷ(t,X)) ·Gy
(t,X)

�
� EZ [@2L(Y, ŷ(t,X)) ·Gw
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Using uniform boundedness of W (t) in t, we have

ECi�1,Ci,Z

"✓
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Proof. We have that R is the solution to
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@ŷ(t,X)

@wi(Ci�1, Ci)
· @2

2L(Y, y)

⇥

0

@
LX

j=1

EC
0
j�1,C

0
j

(
(RB

j
�RB

0

j
)(G, t, C 0

j�1, C
0
j
)
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Again using our convergence assumption, we can conclude that
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In particular, RB converges (uniformly in time t) in L2 to the limit R, whose norm is uniformly bounded in time.

An identical argument shows that upon having finite moment kHtk
2k+� , we have that RB converges (uniformly in time) in L2k to a

limit R, whose L2k norm is uniformly bounded in time. This is guaranteed for all k sufficiently close to 1 (in terms of ⌘) by the remark
following Lemma 37.
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@2L(Y, ŷ(s,X))

2
⇤
ds

◆
.

Proof. We have
@tEkR(t)�Rk

2
2 = 2EhR(t)�R, (At � A)R(t) + (Ht �H) + A(R(t)�R)i.

We now bound

EhR(t)�R,Ht �Hi  K�

✓Z 1

t

s1+�EZ

⇥
@2L(Y, ŷ(s,X))
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We can now finish the proof of Theorem 10.

Proof of Theorem 10. We have from Theorem 6:
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The conclusion immediately follows from the assumption
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together with Theorem 9.

G Experimental details

We give a full description of the experimental setup in Section 5.

Overall setup. We consider a training set of 100 randomly chosen MNIST images of digits 0, 4, 5 and 9, where we encode the label
y = +1 if the image is digit 5 or 9 and y = �1 otherwise. This small scale allows us to run full-batch GD in reasonable time and avoid
stochastic algorithms which create extra fluctuations that are not the focus of our study, as mentioned in Section 1.

We use a neural network of 3 layers and tanh activations in the hidden layers (i.e. '1 = '2 = tanh and '3 = identity). We include
the bias in the first layer’s weight, and there is no bias elsewhere. The network has constant widths N which we vary in the plots of Fig.
1. We train it with full-batch (discrete-time) GD, a Huber loss L(y, y0) = Huber(y � y0) and a constant learning rate 7 ⇥ 10

�3. This
learning rate is sufficiently small so that we obtain smooth evolution plots in Fig. 1(a), suggesting a behavior close to the continuous-time
GD. We also define

Huber(u) =

⇢
u2/2, |u|  1,
|u|� 1/2, otherwise.

All the training is run with one NVIDIA Tesla P100 GPU.

Initialization. In Fig. 1(a)-(c), we initialize the network randomly as follows. We generate w1(0, ·, ·) ⇠ N (0, 1/785), w2(0, ·, ·) ⇠
N (0.1, 1) and w3(0, ·, ·) ⇠ N (0.1, 1) all independently. In Fig. 1(e), we first train a big network which has width N⇤

= 5000 and has
the same configuration as described for Fig. 1(a)-(c). We stop the training of this width-N⇤ network at iteration 10

5, which ensures that
it has found a global optimum. Then we consider a network which has width N 2 {50, 100, 200, 400} and is initialized as follows:

• Let w⇤
i
(Te, ·, ·) be the i-th layer’s weight of the width-N⇤ network at Te corresponding to iteration 10

5.
• For each i = 1, 2, we draw at random `i,1, ..., `i,N from [N⇤

] independently. Let `0,· = `3,· = 1.
• We set the initial weight wi(0, ji�1, ji) = w⇤

i
(Te, `i�1,ji�1 , `i,ji) for the width-N network.

In other words, the width-N network at initialization is a result of subsampling the neurons of the width-N⇤ network at time Te. The
width-N⇤ network is essentially an approximation of the MF limit. Ideally when N⇤

! 1 then N ! 1, following [17], we have that
the width-N network is initialized at a global optimum. Here this holds approximately at finite widths, but is sufficient for our purpose.

Estimation for the plots. For Fig. 1(a), we run once for each N and plot the training loss over time.

For Fig. 1(b), we draw at random a single test image xtest (which is not among the 100 training images and happens to be a digit 5 in
this plot). For each N , we train the network till time Tb, which corresponds to iteration 10

3, and we repeat M = 1000 times with M
different randomization seeds. Let ŷk

N
(Tb, xtest) be the prediction of xtest of the k-th repeat, for k 2 [M ]. Let
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N
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Then we plot the histogram of
�
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N
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k2[M ]

.

For Fig. 1(c), we follow a procedure similar to that of Fig. 1(b), but with M = 10. For each N and each x from the training image set,
we obtain ŷk

N
(t, x) for k 2 [M ]. Then we compute:

vN (t) =
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x2training set
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N
(t, x)|2.

We take vN (t) as an estimate for the output variance EEZ

⇥��pN(ŷ(t,X)� ŷ(t,X))
��2⇤.
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For Fig. 1(e), we follow the same procedure as Fig. 1(c), except that we train a single width-N⇤ network that is used for all M repeats
and all N 2 {50, 100, 200, 400}.

For Fig. 1(d), we recall the initialization procedure for Fig. 1(e). Here instead of using one value of the terminal time Te, we shall let it
vary. Following this procedure, for each Te and each N , we obtain an untrained width-N network. For each Te, we repeat the procedure
for M = 10 times, but we fix the same width-N⇤ network (terminated at time Te) for all M repeats. Let ỹk

N
(Te, x) be the prediction

of the untrained width-N network at the training image x, in the k-th repeat with the terminal time Te. Using these predictions, one
computes:
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We take ṽN (Te) as an estimate for EEZ [|G̃y
(Te, X) |

2
].

Reproducibility. The experiments can be repeated using the codes in this link: https://github.com/npminh12/nn-clt
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