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Abstract

Can an AI agent discover reusable computational
structure from examples and turn it into exe-
cutable code? We study this question through
distribution-aware program learning, where the
learned object is not a predictor but a solver eval-
uated on fresh instances by both solution quality
and runtime. Our central abstraction is a solver
hint: reusable structure inferred from samples and
compiled into specialized solver code.

We give theory showing that samples can improve
computation when they identify a shortcut shared
by future instances. In fixed solver libraries, the
empirically fastest sample-consistent solver gen-
eralizes in correctness and runtime; for struc-
tured hint classes, identifiable hints can be recov-
ered from polynomially many samples and com-
piled into faster solvers. Empirically, we instan-
tiate this view with an LLM code agent that pro-
poses hypotheses, writes analysis programs, ex-
tracts reusable summaries, and compiles deploy-
ment solvers. Across 21 structured combinatorial-
optimization target distributions, the synthesized
solvers reach mean normalized quality 0.971, im-
prove by +0.224 over the average heuristic pool
and by +0.098 over the highest-quality heuris-
tic, and are 336.9×, 342.8×, and 16.1× faster
than the quality-best heuristic, Gurobi, and the
selected time-limited exact backend, respectively.
On released PACE 2025 Dominating Set private
instances, the synthesized solver is valid on all
100 graphs and runs about two orders of magni-
tude faster than top competition solvers, with a
moderate quality gap. These results provide a
concrete testbed for AI-driven discovery, where
success is measured by whether inferred structure
becomes useful, verifiable computation.

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.

Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

1. Introduction
Scientific discovery often means finding reusable structure.
Scientists do not merely explain one observation; they iden-
tify mechanisms, decompositions, laws, or shortcuts that
apply to future cases. We study an algorithmic version of
this process: can examples from an unknown structured
distribution enable an AI agent to infer a reusable computa-
tional principle and turn it into solver code?

This gives a controlled setting for studying AI-driven dis-
covery. The agent must do more than generate a plausible
explanation or solve isolated instances. It must propose a
structural hypothesis, test it on samples, turn the resulting
summary into an executable artifact, and improve future
computation. The final artifact is therefore a measurable
form of discovery: a solver whose quality and runtime can
be evaluated on held-out instances.

We formalize this setting as distribution-aware program
learning. The learner receives samples from an unknown
deployment distribution and returns solver code for future
instances from the same distribution. Unlike standard predic-
tion problems, success is not measured only by correctness
or quality. When the learned object is an executable proce-
dure, computation itself must generalize. Two solvers may
both return valid solutions on the deployment distribution
while differing substantially in runtime; in that case, they
have not learned equally useful procedures.

Our central abstraction is a solver hint: reusable struc-
ture inferred from samples and compiled into specialized
solver code. A hint may encode a SAT backdoor, a graph
decomposition, an active-resource pattern in a packing
problem, a local repair rule, or geometric structure in a
routing problem. The sample-to-solver map factors as
S 7−→ ĥS 7−→ ĉS = Comp(ĥS). This factorization is
also how we interpret LLM synthesis. The agent is not best
viewed as writing a solver in one shot. Rather, it proposes
a distributional hypothesis, writes an analysis program to
estimate a reusable summary from the sample, and writes a
deployment solver conditioned on that summary.

Solver hints are computational shortcuts. In SAT, for exam-
ple, the hint might be a reusable backdoor set. Correctness
need not be learned: a complete solver can always be used
as fallback. What the sample learns is which shortcut to
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AI Agents for Distribution-Specific Algorithm Discovery

compile so that future instances are solved faster. This
separation between correctness and learned computation is
central to both our theory and our experiments.

The framing connects to a long-standing question in com-
plexity theory: what does it mean for a problem to be hard on
average? Worst-case complexity has a clean primary object,
the language, but average-case complexity (Levin, 1986; Im-
pagliazzo, 1995; Bogdanov & Trevisan, 2006) also requires
a distribution. In practice, deployment distributions often
lack closed-form descriptions amenable to classical analysis.
Smoothed analysis (Spielman & Teng, 2004), parameter-
ized complexity (Downey & Fellows, 2013), and structural
backdoors (Williams et al., 2003) each give hand-designed
routes to distribution-specific tractability. We propose a
complementary sample-driven route: treat the distribution
as accessible only through examples, use an AI agent to
discover reusable structure, and evaluate the learned solver
as a constructive witness of distribution-specific tractability.

Contributions. This paper makes four contributions.

1. A setting for AI-driven algorithmic discovery. We in-
troduce distribution-aware program learning, where an
AI agent receives examples from an unknown structured
distribution and must produce executable solver code for
future instances. The setting isolates a core capability
of AI scientists: converting repeated observations into a
reusable, verifiable computational artifact.

2. Solver hints as reusable discoveries. We formalize
the intermediate object of discovery as a solver hint:
distribution-specific structure inferred from samples
and compiled into specialized solver code. This sep-
arates learning correctness from learning computation.
Correctness can be preserved by fallback, while sam-
ples identify which shortcut, decomposition, or low-
dimensional structure should be used.

3. Theory for when samples improve computation. We
prove that, for fixed solver libraries, the empirically
fastest sample-consistent solver generalizes in both cor-
rectness and runtime. For structured hint classes, identi-
fiable hints can be recovered from polynomially many
samples and compiled into specialized solvers. A hid-
den SAT-backdoor model makes the mechanism con-
crete: recovering the backdoor preserves correctness
through fallback while yielding exponential per-instance
speedup on the deployment distribution.

4. An LLM-agent instantiation and empirical evidence.
We instantiate the sample-to-hint-to-solver view with an
LLM synthesis loop. Each candidate consists of a struc-
tural hypothesis, an analysis program, and a deployment
solver. Across 21 structured combinatorial-optimization
target distributions, the synthesized solvers reach mean

access to D

learned
representation

deployed solver

Worst-case
algorithm design

Average-case
complexity This paper

none
(worst case over D)

algorithm with
worst-case guarantee

analyze

D specified
analytically

algorithm tuned
to D

analyze

sample S ∼ Dn

solver hint ĥS ∈ H

solver ĉS ∈ C

learn

compile Comp

effective
class Comp(H) ⊆ C

Figure 1. Three access models for designing solvers against a
distribution D. Worst-case design assumes no distributional infor-
mation, while average-case complexity assumes an analytic spec-
ification of D. We study the intermediate sample-access regime:
from S ∼ Dn, the learner infers a solver hint ĥS ∈ H and
compiles it into a deployed solver ĉS = Comp(ĥS). Thus the
effective search space is the structured subfamily Comp(H) ⊆ C.
Our agents approximate this sample-to-hint-to-solver map.

normalized quality 0.971, improve by +0.224 over the
average heuristic pool and by +0.098 over the highest-
quality heuristic, and are 336.9×, 342.8×, and 16.1×
faster than the quality-best heuristic, Gurobi, and the
selected time-limited exact backend, respectively. In-
spection shows that many gains come from changing
the computational scale: generated code replaces ambi-
ent search or full optimization with distribution-specific
sorting, scoring, repair, kernelization, or structured con-
struction.

2. Related Work
Our work connects three themes: AI systems that discover
reusable scientific or algorithmic artifacts, classical views
of distribution-specific tractability, and program-learning
systems whose outputs are executable code. The common
thread is that computation can improve when structure is
discovered and reused. We study this in a sample-access
setting: examples from an unknown deployment distribu-
tion are used to infer a reusable solver hint, which is then
compiled into solver code and evaluated on fresh instances
by both quality and runtime.

AI scientists and autonomous discovery agents. Recent
work on AI scientists studies systems that can propose hy-
potheses, design experiments, execute code, analyze results,
and produce scientific artifacts (Lu et al., 2026; Yamada
et al., 2025). Our setting gives a concrete algorithmic ver-
sion of this agenda. The agent proposes a structural hy-
pothesis, writes code to measure it, compiles the resulting
summary into a solver, and is evaluated by held-out quality
and runtime. Thus, discovery is not assessed only by the
plausibility of an explanation, but by whether the inferred
structure becomes useful executable computation.

AI-driven algorithm discovery. A growing line of work
uses learning or search to discover algorithms and programs.
AlphaTensor discovers efficient matrix-multiplication algo-
rithms (Fawzi et al., 2022), AlphaDev discovers low-level
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AI Agents for Distribution-Specific Algorithm Discovery

sorting routines (Mankowitz et al., 2023), FunSearch com-
bines language models with systematic evaluation to search
over programs for mathematical and algorithmic problems
(Romera-Paredes et al., 2024), and AlphaEvolve uses LLM-
driven evolutionary code search for scientific and algorith-
mic discovery (Novikov et al., 2025). These works show
that AI systems can discover useful computational artifacts
when candidate programs can be evaluated. Our focus is
distribution-specific solver discovery from samples: the
goal is to infer reusable structure of a deployment distribu-
tion and compile it into a solver whose quality and runtime
generalize to fresh instances.

Average-case and beyond-worst-case analysis. Average-
case complexity (Levin, 1986; Impagliazzo, 1995; Bog-
danov & Trevisan, 2006) asks when problems become
tractable under input distributions. Smoothed analy-
sis (Spielman & Teng, 2004), parameterized complexity
(Downey & Fellows, 2013), and SAT backdoor analyses
(Williams et al., 2003) provide influential ways to explain
why hard worst-case problems may become easier on struc-
tured instances. These traditions typically rely on an ana-
lytic distribution, a perturbation model, a parameter, or a
hand-specified structural property. We study a complemen-
tary sample-access regime: the deployment distribution is
observed through examples, and the learned solver serves
as a constructive witness that the sampled regime admits
specialized computation.

Algorithm selection, portfolios, and hyper-heuristics.
Algorithm selection (Rice, 1976) and feature-based port-
folios such as SATzilla, Hydra, and AutoFolio (Xu et al.,
2008; 2010; Lindauer et al., 2015; Kotthoff, 2014; Kerschke
et al., 2019) choose among solvers based on instance or dis-
tributional features. This is close to our fixed-library regime,
where empirical runtime identifies a fast solver that remains
correct on the deployment distribution. Hyper-heuristics
and automated heuristic design similarly use data to select,
compose, or generate heuristics for optimization problems.
Our hint-based regime moves beyond selection from a pre-
defined library: the learner infers reusable structure from
samples and compiles it into solver code, potentially pro-
ducing a solver not present in the original portfolio.

Learning-augmented algorithms, adaptive computation,
and amortization. Our deployment criterion aligns with
work arguing that worst-case complexity is often too coarse
for practical performance (Roughgarden, 2019), and with
learning-augmented algorithms, where predictions or advice
improve the behavior of an algorithm while robustness is
preserved when advice is inaccurate (Lykouris & Vassil-
vitskii, 2018; Mitzenmacher & Vassilvitskii, 2022). The
shared theme is that learned information can improve com-
putation. In our setting, the learned object is not only advice
to a fixed algorithmic template; it is a solver hint that can

compile into a different executable solver. This also gives
an amortization view: synthesis pays a one-time cost on
samples so that future instances can be solved with lower
per-instance computation.

Program synthesis, sketches, and code agents. Our syn-
thesis regime connects to program synthesis from examples
or natural language (Gulwani, 2011; Balog et al., 2017; De-
vlin et al., 2017), and to work that learns intermediate guides
for search, such as sketches (Nye et al., 2019). It is also
related to code-generation and agentic coding benchmarks
(Hendrycks et al., 2021; Li et al., 2022; Jimenez et al., 2024;
Huang et al., 2024). In contrast to benchmarks that primar-
ily evaluate whether code solves a given task instance or
issue, our benchmark evaluates whether an agent can use
samples to infer structure that improves future computa-
tion. Runtime is therefore part of the deployment objective,
the intermediate object is a solver hint, and the recovered
hypothesis can be inspected after synthesis.

3. Problem Setup
We now formalize the sample-access solver-learning prob-
lem introduced above. Let D be an unknown deployment
distribution over instances. A learner observes samples
S = (x1, . . . , xn) ∼ Dn and returns executable solver
code for future instances drawn from the same distribution.

The key difference from standard statistical learning is that
the learned object is an executable procedure. Classical
learning theory evaluates generalization by accuracy: a hy-
pothesis is good if it performs well on fresh draws from
D (Valiant, 1984; Vapnik & Chervonenkis, 1971; Vapnik,
1998). For solvers, accuracy alone is incomplete. Two
solvers may both return valid solutions on the deployment
distribution while differing substantially in runtime. We
therefore evaluate whether samples can identify a solver
whose computation, not only its output quality, is special-
ized to D.

This places the problem between worst-case and average-
case analysis. Worst-case algorithm design assumes no
distributional information, while average-case complexity
assumes an analytic description of the input distribution.
We study the intermediate sample-access regime: the distri-
bution is unknown but observed through examples, and the
learner must produce solver code that generalizes in both
solution quality and runtime.

Formally, let X be the instance space, and let V(x, z) ∈
{0, 1} indicate whether z is a valid solution for x. A solver
c ∈ C is a program mapping x 7→ c(x), with execution
time T(c, x) ∈ R≥0. We evaluate c by its deployment
error ErrD(c) := Prx∼D[V(x, c(x)) = 0] and expected
deployment runtime RunD(c) := Ex∼D[T(c, x)].
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Correctness is a feasibility constraint: among solvers
with ErrD(c) = 0, two solvers may differ arbitrarily in
RunD(c). For a solver class C, define the class-relative
distribution-aware runtime optimum as Run⋆D(C) :=
infc∈C: ErrD(c)=0 RunD(c). This is the best expected de-
ployment runtime achievable by a correct solver in C. Un-
like worst-case runtime, it depends on D, and the role of the
sample is to discover which fast correct solver the present
D admits.

Selection from a fixed library. When C is
given in advance, a natural rule is the runtime-
aware analogue of empirical risk minimization. Let
ÊrrS(c) := 1

n

∑n
i=1 1{V(xi, c(xi)) = 0} and

R̂unS(c) := 1
n

∑n
i=1 T(c, xi). We select ĉS ∈

argmin
c∈C: ÊrrS(c)=0

R̂unS(c), the empirically fastest
sample-consistent solver. Thus fixed-library selection em-
pirically minimizes the sample analogue of Run⋆D(C). This
rule is appropriate when the solver library is enumerated,
but it does not address richer settings where the useful spe-
cialization is not already present in C.

Synthesis via solver hints. To move beyond enumerated li-
braries, we factor the learner through a solver hint: reusable
structure inferred from samples and compiled into solver
code. A hint spaceH and compilation map Comp : H → C
split learning into S 7→ ĥS 7→ ĉS = Comp(ĥS). The hint
may encode a backdoor, decomposition, active-resource pat-
tern, local repair rule, or other distribution-specific shortcut.
We focus on the regime in which Comp(h) is correct for
every h ∈ H, typically because the compiled solver falls
back to a generic complete solver. The sample is then not
used to learn correctness, but to identify which shortcut to
compile.

4. Method
The setup above defines the object we want to learn: a
reusable solver hint compiled into executable solver code.
In realistic synthesis, however, the hint space, evidence
statistics, and compilation map are unknown. The learner
must propose what structure to look for, measure it from
samples, and write code that exploits the resulting summary
on future instances.

Our method implements this sample-to-hint-to-solver factor-
ization with an LLM code agent. Each candidate contains
a hypothesis about the hidden structure, an analysis pro-
gram that estimates it from public training instances, and a
deployment solver conditioned on the resulting summary.
Validation selects among candidate factorizations by quality,
optimality, and runtime. Additional implementation details,
prompt schemas, validation checks, and failure handling
appear in Appendix C.

1. hypothesis 2. analysis 3. solverpublic
samples
Spub

Hc Ac sc

hint ac

evaluate
sc(·, ac)

rank by
(Q,O,−T )val

deploy ĉS

execute
condition on ac

refine (refine / fork / replace / push runtime / push quality)

Figure 2. Method pipeline. Each candidate contains a hypothesis
Hc, an analysis program Ac, and a deployment solver sc. Ex-
ecuting Ac on the public training sample produces a summary
ac = Ac(S

pub
tr ), which serves as the recovered hint. The solver

sc(·, ac) is evaluated on public splits, ranked by validation qual-
ity, optimality, and runtime, and refined in a diversity-preserving
beam.

Candidate representation. Each candidate has the form
c = (Hc, Ac, sc). The hypothesis Hc is a structured natural-
language description of a suspected distributional rule. The
analysis program Ac maps the public training sample to a
compact JSON-serializable summary, ac = Ac(S

pub
tr ), and

the deployment solver maps a new public instance and this
summary to a solution, z = sc(x

pub, ac). Thus ac is the
empirical solver hint, while sc(·, ac) is the compiled solver.
Neither the hint space nor the compilation map is fixed in
advance; both are generated separately for each candidate.

Public instances are stripped of evaluator-only fields, includ-
ing family identity, hidden-rule metadata, optimum solu-
tions, and optimum objective values. The agent sees only
the public instance format, the problem specification, the
scoring rule, and samples from the unknown structured dis-
tribution.

Three-stage construction. Candidates are generated by
three sequential LLM calls. The first produces Hc: the
suspected rule, evidence to measure, solver strategy, ex-
pected failure modes, and diversity key. The second writes
Ac, which measures this evidence and compresses it into a
reusable summary. The third is conditioned on Hc, Ac, and
the executed summary ac, and writes the deployment solver
sc. Thus synthesis is sample-conditioned: the solver is writ-
ten against an actual estimate of distributional structure, not
merely a plan to compute one.

Search and selection. Because the relevant hypothesis
class is unknown, we search over a beam of candidates. The
initial beam is seeded with broad structural directives, such
as latent subtypes, separators, bottlenecks, decompositions,
higher-order interactions, objective-aware marginal rules,
and shortcut-plus-repair strategies. Later rounds refine sur-
viving candidates, fork them into different diversity classes,
replace brittle hypotheses, or push them toward higher qual-
ity or lower runtime. Each child is conditioned on the parent
hypothesis, analysis output, code, validation metrics, and
representative public failure cases.

Candidates are ranked lexicographically by
(Qval, Oval, −Tval), where Qval is average normal-
ized quality, Oval is optimality rate, and Tval is average
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runtime. Beam survivors are chosen in two passes: first,
the best candidate for each diversity key is retained; then
remaining slots are filled by the top-ranked candidates
overall. Failed candidates receive zero quality and a large
failure runtime. After the final iteration, we select the best
candidate among all evaluated candidates, rerun its analysis
on Spub

tr , and deploy the resulting solver.

5. Why Can Samples Improve Computation?
The method above treats algorithm design as learning: from
samples of an unknown distribution, the agent identifies
reusable structure and compiles it into solver code. We
now abstract this mechanism and ask when such sample-
conditioned design generalizes beyond the observed in-
stances.

We study two regimes. First, the learner selects from a
fixed solver library, using empirical runtime to identify a
fast correct solver for the deployment distribution. Second,
the useful specialization is not enumerated in advance; the
learner must recover a reusable structural hint and compile
it into a solver. The results use standard concentration and
union-bound arguments (Shalev-Shwartz & Ben-David,
2014). Their purpose is to formalize the core principle: sam-
ples can improve computation when they identify a shortcut
shared by future instances. Proofs appear in Appendix F.

5.1. Runtime-Aware ERM Over a Fixed Solver Class

When the solver library is fixed, the empirically fastest
sample-consistent solver approaches the best correct
distribution-specialized solver in the class.
Theorem 5.1 (Runtime-aware generalization for library
selection). Assume 0 ≤ T(c, x) ≤ Tmax for every
c ∈ C and x ∈ X , and assume C contains at least
one solver that is correct almost surely under D. Let
π be a prior on C with

∑
c∈C π(c) ≤ 1, and write

Γ(c) := log(1/π(c)). Let Cfeas = {c ∈ C : ErrD(c) = 0}.
For every δ ∈ (0, 1), with probability at least 1 − δ over

S ∼ Dn, ErrD(ĉS) ≤
Γ(ĉS)+log(

2
δ )

n and RunD(ĉS) ≤

infc∈Cfeas

{
RunD(c) + 2Tmax

√
max{Γ(ĉS),Γ(c)}+log(

4
δ )

2n

}
.

For a finite uniform library with π(c) = 1/|C|, Theo-
rem 5.1 says that ĉS approaches Run⋆D(C) up to an additive
O(Tmax

√
log |C|/n) term, while sample consistency con-

trols deployment error. Thus runtime-aware ERM is not
merely choosing a fast solver on the sample; it estimates
the best correct distribution-specialized solver available in
the class. The guarantee is class-relative: it does not say
that the library contains the right specialization, only that
if such a solver is present, empirical runtime minimization
can identify it from samples. This motivates the hint-based

synthesis regime below, where the specialization itself must
be constructed.

5.2. Synthesis via Learnable Hints

In the rich domains we ultimately care about, no fixed library
contains the right specialized solver. To make the search
tractable, we shift it from full solvers to a smaller space of
reusable structure. LetH be a finite hint space, where each
h ∈ H induces a distribution Dh over instances sharing that
structure. We assume a realizable setting: D = Dh⋆ for
some unknown h⋆ ∈ H, and both training and deployment
instances are drawn from Dh⋆ .

Given a score family with a margin separation, hint re-
covery reduces to a finite-class estimation problem. Sup-
pose score functions {ψh : X → [0, 1]}h∈H satisfy
Ex∼Dh

[ψh(x)] ≥ Ex∼Dh
[ψg(x)] + γ for every h ∈ H

and every g ∈ H \ {h} for some γ > 0. Given S =

(x1, . . . , xn), the learner returns ĥ ∈ argmaxh∈H µ̂S(h)
with µ̂S(h) :=

1
n

∑n
t=1 ψh(xt).

Theorem 5.2 (Exact recovery under identifiable structure).
If |H| = N and the margin is γ > 0, then n ≥ 2

γ2 log
2N
δ

samples suffice for ĥ = h⋆ with probability at least 1− δ.

The sample complexity is logarithmic in |H| and inverse-
quadratic in the margin, after which the learner compiles
ĥ into a specialized solver. The theorem is intentionally
idealized: in realistic domains the hard part is not estimating
ĥ for a known score family but discovering what the hint
should be, what statistic reveals it, and how to compile it into
code. This is precisely the regime our experiments target.
We use an LLM agent as an approximate procedure for these
three sub-tasks and evaluate whether the resulting solvers
improve in deployment runtime and quality on structured
task distributions. Before turning to that empirical study, we
give a formal example where the score family is known and
Theorem 5.2 applies directly.

5.3. A Formal Example: Hidden SAT Backdoors

SAT illustrates the point cleanly because correctness never
requires learning: a complete solver is always available. The
value of learning is computational, recovering a reusable
backdoor that makes future solving faster. Fix variables
[d] and backdoor size k. The hint space is H =

(
[d]
k

)
, and

an unknown B ∈ H indexes a distribution DB over CNF
formulas on d variables. We assume B is a strong back-
door into a tractable class T : for every F in the support of
DB and every α ∈ {0, 1}B , the restricted formula F |B=α

lies in T . The learner observes F (1), . . . , F (m) ∼ DB

but not B. Assume membership in B is identifiable from
a bounded variable-level salience statistic σi(F ) ∈ [0, 1]
with EF∼DB

[σi(F )] ≥ q1 for i ∈ B and ≤ q0 for
i /∈ B, with margin γ = q1 − q0. The learner estimates

5
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σ̂i =
1
m

∑
t σi(F

(t)) and sets B̂ to the top-k variables. The
compiled solver enumerates assignments to B̂, solves the
residual if it lies in T , and otherwise falls back to a com-
plete base solver—preserving correctness for every B̂ while
gaining speed when B̂ = B.

Theorem 5.3 (Learning a hidden SAT backdoor from sam-
ples). If m ≥ 8 γ−2 log 2d

δ , then B̂ = B with probability
at least 1− δ.

On the event B̂ = B, the learned solver runs in
O(2kpoly(|F |)) on formulas from DB , with learner-side
cost O(md) for the salience scores. The sample is not used
to learn SAT correctness; it identifies which structural short-
cut to compile. A concrete planted Horn-backdoor family
satisfying the separation assumption is given in Appendix B.

6. Experiments
We evaluate whether the synthesis procedure of Section 4
extracts reusable structure from samples and improves
the quality–runtime tradeoff over heuristic and solver-
backed baselines. The appendices give the full imple-
mentation details (Appendix C), benchmark distributions
(Appendix D.1), baseline protocols (Appendix D.3), ad-
ditional setup details (Appendix D), full per-target results
(Appendix E.1), distributional-complexity diagnostics (Ap-
pendix E.3), perturbation ablations (Appendix E.6), and
our results on the PACE Dominating Set competition (Ap-
pendix E.2).

6.1. Experimental setup

Benchmarks. The benchmark contains structured com-
binatorial optimization tasks. Each target pairs a problem
class with a hidden distribution family. The learner observes
sampled public instances, but not the family identity, hid-
den rule, optimum solutions, optimum objective values, or
hidden-rule metadata, which are retained only by the eval-
uator. The benchmark spans seven problem classes and
21 hidden families, three per class; the full target list is in
Table 5 of Appendix D.1. We report aggregate results over
all 21 targets. Each family is designed so that recurring
cross-instance structure, rather than per-instance heuristic
search alone, is the relevant signal.

Baselines. We compare the LLM synthesis agent of
Section 4 with the full benchmark baseline catalog, eval-
uating all methods under the same public-instance pro-
tocol. The catalog includes problem-specific heuristics,
time-limited optimization backends, and exact or certify-
ing methods when available. The heuristic pool includes
DSATUR-style coloring (Brélaz, 1979), greedy set-cover
and graph rules for dominating set and independent set vari-
ants (Chvátal, 1979), density and relaxation-based rules
for packing and knapsack (Dantzig, 1957), and insertion

or local-search heuristics for TSP, including two-opt and
LKH (Lin, 1965; Rosenkrantz et al., 1977; Helsgaun, 2000).
The optimization-backed pool includes time-limited Gurobi
formulations (Gurobi Optimization, LLC, 2026), OR-Tools
CP-SAT/GLOP formulations (Perron & Furnon, 2025; Per-
ron et al., 2023), PySAT/RC2 MaxSAT solvers (Ignatiev
et al., 2019), branch-and-bound routines (Land & Doig,
1960), Held–Karp dynamic programming for TSP (Held &
Karp, 1962), and external solvers including SCIP, HiGHS,
CBC, Open-WBO, and UWrMaxSAT (Bestuzheva et al.,
2023; HiGHS Development Team, 2024; Forrest & Lougee-
Heimer, 2005; Martins et al., 2014; Piotrów, 2020). The
exhaustive per-problem catalog appears in Table 7 of Ap-
pendix D.3.

Heuristic baselines have no access to the hidden family
rule. We report Gurobi separately because it uses a 10-
second, single-thread budget and may return incumbents
rather than certified optima. When several time-limited
exact or certifying backends are available, we report the
fastest method among those that attain the best certified or
validated quality, denoted the time-limited exact baseline.

Evaluation. The primary metric is average normalized
quality, scaled so that 1.0 is optimal and larger is better; in-
valid or infeasible outputs receive quality zero. We also
report optimality rate, feasibility rate, and average per-
instance wall-clock runtime. Per-problem quality defini-
tions appear in Table 6 of Appendix D. Each per-target
value averages 10 repeated evaluations per solver and split.

For aggregate quality, optimality, feasibility, and quality-
lift values, we compute one value per target distribution by
averaging over held-out test instances and repeated runs,
and then take the arithmetic mean over the 21 target distri-
butions. For aggregate runtime comparisons, we compute
per-target speedup ratios and report their geometric mean.
This treats speedup as a multiplicative quantity and avoids
having a few high-runtime targets dominate the aggregate.
Synthesis methods may use training and validation instances,
including representative failure cases from those splits, for
refinement. Test instances are never used during synthesis,
selection, or refinement.

6.2. Results

Main quality–runtime results. The relevant comparison
is the quality–runtime tradeoff: a useful distribution-aware
solver should recover high-quality solutions without treating
each instance as worst case. Table 1 summarizes this trade-
off over all 21 benchmark target distributions; full per-target
results appear in Appendix E.1.

LLM synthesis reaches mean normalized quality 0.971, im-
proving by +0.224 over the average heuristic pool and by
+0.098 over the quality-best heuristic. Using geometric
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Family QLLM ∆Qavg ∆Qbest TLLM (ms) Tbest/TLLM TGurobi/TLLM Texact/TLLM

Coloring 0.868 +0.217 +0.121 2.7 1326.3× 2285.6× 23.1×
MAXSAT 1.000 +0.122 +0.074 17.1 217.4× 328.8× 1.0×
MIS 0.992 +0.218 +0.106 18.8 530.8× 155.8× 39.7×
MDS 0.973 +0.148 +0.122 13.3 718.9× 443.0× 17.4×
Packing LP 0.994 +0.301 +0.259 3.3 3004.2× 2829.1× 37.2×
MDKP 0.973 +0.215 +0.009 94.0 46.4× 33.8× 12.4×
TSP 0.993 +0.348 −0.007 15.3 32.1× 112.1× 36.6×

All (21) 0.971 +0.224 +0.098 12.8 336.9× 342.8× 16.1×

Table 1. Headline quality–runtime summary over 21 target dis-
tributions. Quality is normalized so higher is better. Quality lifts
compare the synthesized solver to the average and best heuristic.
TLLM and speedups are geometric means over target distributions;
speedups above 1× mean the synthesized solver is faster. Heuristic
runtimes are clipped at 10 seconds before ratio computation. Full
per-target results, including optimality rates, appear in Table 9.
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Figure 3. Runtime speedup relative to the zero-shot generated
solver across synthesis iterations. The bar at t = 0 is the zero-
shot reference. For t > 0, each bar reports the best generated
candidate found up to iteration t, with speedup computed as zero-
shot runtime divided by candidate runtime. Values above 1×
indicate faster execution than zero-shot, while values below 1×
indicate slower execution. Tasks are ordered by final speedup.

means of per-target runtime ratios, it is 336.9× faster than
the quality-best heuristic, 342.8× faster than Gurobi, and
16.1× faster than the selected time-limited exact backend.
The gains are strongest on families where the synthesized
solver finds a distribution-specific shortcut, such as Packing
LP, MDS, and TSP.

The exceptions are also informative. On TSP, LLM synthe-
sis is much faster but slightly trails the quality-best heuristic
by 0.007. On MAXSAT, the synthesized solver matches
optimal quality but does not improve over the selected time-
limited exact backend in runtime. Thus, the method im-
proves the average quality–runtime frontier, but does not
always recover the cheapest or most accurate specialized
procedure for every problem family.

Iteration ablation. We next examine how much of the
runtime gain comes from iterative synthesis, rather than
from the first generated proposal alone. After each iteration,
we measure the test-time speedup of the best generated
candidate found so far, using the zero-shot generated solver
as the reference point. This isolates the effect of search
depth on the efficiency of the synthesized solver.

Figure 3 shows that later synthesis iterations often improve
runtime beyond the first proposal. Some gains appear im-
mediately, as in MIS, while others require refinement: TSP
improves from about 8.7× after the first iteration to 40.6×
by iteration 4, and Packing LP recovers from initially slower
candidates to about 2.1× speedup. MDKP and MDS also
improve after the initial proposal.

Thus, the loop is not merely selecting among equivalent
first-pass proposals. Later iterations can recover from poor
specializations or refine useful ones into faster implemen-
tations. The MaxSAT case is a counterexample: under this
search budget, generated candidates remain slower than
zero-shot. Iterative synthesis is therefore not uniformly ben-
eficial, but can produce substantial runtime gains when the
family contains exploitable structure.

What did the LLM compile? The speedups in Table 1
are not just implementation effects. In many cases, the se-
lected solver changes the effective computation: it replaces
an ambient worst-case search or generic optimization call
with a distribution-specific procedure inferred from samples.
Table 2 gives a compact summary of these computation pat-
terns, while Appendix E.3 (specifically Table 12) gives the
full per-distribution expressions and notation.

The main pattern is that synthesis often compiles a struc-
tural shortcut. For MAXSAT, the generated solvers exploit
latent Boolean rules and bounded local repair instead of
searching over all assignments. For graph problems, they
use planted palettes, motif decompositions, hubs, gateways,
or small residual kernels instead of treating each graph as
an arbitrary coloring, MIS, or MDS instance. For Packing
LP and MDKP, they exploit active resources or bottleneck
structure, replacing full LP or exponential knapsack search
with sorting, scoring, fractional filling, and bounded repair.
For TSP, they exploit clustered or latent geometric struc-
ture to construct and improve tours without running full
Held–Karp-style dynamic programming.

Thus, the empirical speedups reflect the intended mecha-
nism of distribution-aware program learning: the LLM is
not merely producing faster code for the same computa-
tion, but often compiling sampled regularities into a lower-
dimensional or smaller-residual computation.

External PACE Dominating Set comparison. To test
whether the synthesis procedure produces useful solvers
beyond our controlled benchmark families, we also evaluate
on the PACE 2025 Dominating Set heuristic track. PACE
released 100 public instances and, after the competition,
100 private instances generated in a similar way (Grobler &
Siebertz, 2025; PACE Challenge, 2025). We split the public
set into 50 training and 50 validation instances, and report
on the released private set. This comparison is not an official
PACE score, but it provides an external test against highly
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Structure Ambient computation Generated-solver computation

MAXSAT: latent Boolean rules O∗(2v) O(|F |+R(|F |+Bℓ2∆occ))
Coloring: planted palettes O∗(κn) O(R(n2 +m+ nκ) + Trecolor)
MIS: motif structure O∗(2n) O(P (n+m) + Tlocal + Ttiny)
MDS: coverage kernels O∗(2n) O(n+m+

∑
j cj2

tj + Tprune)

Packing / MDKP: resource bottlenecks TLP(N, r, L) or O∗(2N ) O(P (Nr +N logN) + Trepair)
TSP: latent geometry O(n22n) O(n2 logn+Btspn

2)

Table 2. Representative computation patterns discovered by LLM synthesis. Bounds show dominant runtime terms; full expressions
and notation appear in Appendix E.3.

Table 3. PACE 2025 Dominating Set comparison. Lower size
and runtime are better. The synthesized solver is valid on all private
instances and much faster, while PACE solvers find smaller domi-
nating sets. This is a local comparison using released instances and
solvers, not an official PACE score; setup and official results are
described in (Grobler & Siebertz, 2025; PACE Challenge, 2025).
Full results appear in Appendix E.2.

Solver Valid LLM/solver size Runtime LLM speedup

LLM 100/100 1.000 2.89s 1.0×
Fontan–Verger (Fontan & Verger, 2025) 100/100 1.033 286.01s 98.8×
Root (Luo et al., 2025) 100/100 1.033 300.37s 103.8×
Swats (Swat, 2025) 75/100 1.028† 287.41s† 130.2×†

Shadoks (da Fonseca et al., 2025) 100/100 1.033 315.89s 109.2×

†Computed only on the 75 instances for which Swats returned verified-valid solutions.
“LLM/solver size” is the matched total-size ratio; values above 1 mean the agent returns a larger
dominating set.

engineered competition solvers. We compare against the
top released Dominating Set heuristic submissions: Fontan–
Verger, Root, Swats, and Shadoks (Fontan & Verger, 2025;
Luo et al., 2025; Swat, 2025; da Fonseca et al., 2025).

On the private instances, the synthesized solver returns
verified-valid solutions on all 100 graphs and runs about
two orders of magnitude faster than the released PACE
solvers. The tradeoff is quality: the PACE solvers return
smaller dominating sets on every matched instance. The ag-
gregate gap, however, is moderate: the synthesized solver’s
total solution size is about 3.3% larger than Fontan–Verger,
Root, and Shadoks, while its average runtime is roughly
99×–109× lower. Thus, the PACE experiment shows a
fast-but-lower-quality operating point on a large external
benchmark; full details appear in Appendix E.2.

7. Discussion and Limitations
We study learning when the output is executable solver code
rather than a prediction rule. The main lesson is that sam-
ples can improve computation when they reveal structure
reused across future instances. A solver hint captures this
structure: it is not a solution to one instance, but information
that changes the algorithm used for many later instances.
Empirically, LLM synthesis sometimes performs this amor-
tized algorithm design. The generated solvers often change
the computational scale, replacing broad search or full opti-

mization with distribution-specific sorting, scoring, bounded
repair, kernelization, or structured construction. Thus, the
learned object is closer to a specialized algorithm for the
deployment regime than to a tuned heuristic for isolated
instances.

The same view explains the limitations. The one-time syn-
thesis cost is useful only when amortized over enough future
instances. The resulting solver is specialized to the sampled
regime, so its advantage may degrade under certain distribu-
tion shifts. Finally, because the multi-agent system searches
over a rich program space, different runs may recover differ-
ent hints, useful proxies, or brittle shortcuts. As future work,
it would be interesting to understand how to improve stabil-
ity while preserving the discovery of distribution-specific
computation.
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A. Broader Impacts
This work studies methods for learning distribution-specific solvers from examples. Potential positive impacts include
reducing the computational cost of repeated optimization workloads, making specialized solvers easier to construct, and
improving access to efficient algorithmic tools in scientific, engineering, and logistics settings. Potential negative impacts
arise if synthesized solvers are deployed outside the distributions for which they were inferred, where brittle specialization
may lead to incorrect or inefficient decisions. More broadly, automated solver synthesis could also reduce the barrier to
optimizing objectives in harmful or poorly governed applications. We therefore view validation on held-out instances,
explicit distributional assumptions, fallback mechanisms, and human review of generated code as important safeguards.

B. A Planted Horn-Backdoor Family
We give a concrete distribution satisfying the separation assumption in Section 5.3. Fix an unknown set B ⊆ [d] of size k,
and generate a CNF formula F ∼ DB as a conjunction of M independently sampled clauses. Each clause is Horn with
probability 1− ρ. With probability ρ, it is a non-Horn clause of the form

xi ∨ xj ∨
∨
ℓ∈T

¬xℓ,

where i ∼ Unif(B), j ∼ Unif([d] \B), and T ⊆ [d] \ (B ∪ {j}) is sampled by any fixed rule. For every assignment to the
variables in B, each non-Horn clause is either satisfied or reduced to a Horn clause over the remaining variables. Thus B is
a strong backdoor to Horn-SAT.

Define the salience statistic

σi(F ) =
1

M

∑
C∈F

1{C is non-Horn and xi appears positively in C}.

Then

E[σi(F )] =

{
ρ/k, i ∈ B,
ρ/(d− k), i /∈ B.

Hence the variable-level separation assumption holds with q1 = ρ/k, q0 = ρ/(d− k), and γ = ρ(1/k − 1/(d− k)), which
is positive whenever k < d/2.

C. Additional Method Details
This appendix records the experimental protocol behind Section 4. The goal is to make clear what information was available
to the synthesis agent, how candidates were represented and selected, and how invalid candidates were handled. The protocol
enforces a separation between distribution-level inference and deployment-time solving: the analysis program may use the
public training sample to estimate a reusable summary, while the deployed solver must solve new public instances using
only that summary and the instance itself.

A single LLM-generated candidate is not treated as the learned algorithm. Instead, the synthesis loop is a proposal-and-
selection procedure over solver hints and implementations. Different proposals may encode different structural explanations
of the same sample, and some may be brittle, slow, or incorrect. The deterministic evaluator converts this high-variance
proposal process into a selected deployed solver by filtering candidates on public validation quality, optimality, and runtime.

Public information and leakage boundary. For each target, the synthesis agent receives public training and validation
instances, together with a small task manifest. The manifest specifies the problem type, the required solution format, the
normalized-quality metric, and basic instance-size information. It also states that the instances are drawn from a shared but
unknown structured distribution.

The public view excludes all fields used to define or score the hidden family. In particular, it does not include the distribution-
family identity, the planted rule, optimum solutions, optimum objective values, or evaluator-only metadata. This boundary
is intended to model deployment: the learner knows the ambient optimization problem and the scoring rule, but not the
generative mechanism that produces the deployment instances.
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Stage Elicited content

Hypothesis A short title; a concrete rule summary describing the suspected reusable structure; evidence that should be
measured from public samples; the solver strategy implied by the rule; expected failure modes; and a
diversity key identifying the broad explanation class.

Analysis A train-time procedure applied to Spub
tr ; a description of what the procedure estimates; a compact output

requirement, so that the summary is reusable rather than a copy of the training set; and a robustness note
favoring aggregate evidence over brittle per-instance artifacts.

Solver A deployment-time procedure applied to a new public instance; a description of how the recovered summary
is used; a fallback for weak or ambiguous inferred structure; and a runtime constraint discouraging repetition
of train-time analysis during deployment.

Table 4. Stage contracts used by the synthesis procedure. The diversity key is used only for beam selection and is not part of the
validation score.

All synthesis stages use a shared instruction emphasizing that the goal is to infer reusable structure from public samples and
compile it into a fast solver. The instruction states that validation quality is the primary selection signal, and that runtime
matters once quality is high. It does not reveal hidden-rule metadata or test performance.

Candidate representation and stage contracts. Each candidate has the form c = (Hc, Ac, ac, sc), where Hc is a
structured hypothesis, Ac is a train-time analysis program, ac = Ac(S

pub
tr ) is the recovered summary, and sc is the

deployment-time solver. The analysis program performs distribution-level inference from the public training sample. The
solver then maps a new public instance and the recovered summary to a candidate solution, z = sc(x

pub, ac). Thus ac is the
empirical analogue of the solver hint in Section 3.

The fields elicited at each stage are summarized in Table 4. These stage contracts prevent hypothesis formation, evidence
extraction, and solver construction from collapsing into a single opaque generation step. They also make the recovered hint
explicit and inspectable after synthesis.

Synthesis loop. Algorithm 1 gives the full synthesis loop. Each round constructs a batch of candidate hint–solver pairs,
executes their analysis programs on the public training sample, evaluates their solvers on the public train and validation
splits, and updates a diversity-preserving beam. After the final round, the selected candidate is the best evaluated candidate
across all rounds, not necessarily the best member of the final beam. Thus the deployed solver is validation-selected from a
portfolio of generated candidates rather than taken from a single LLM proposal.

Beam selection and refinement. Each hypothesis includes a diversity key identifying its broad explanation class, such
as a separator-based explanation, a bottleneck-resource explanation, a latent-cluster explanation, or a geometric-template
explanation. After each round, candidates are ranked by the validation-aware score in Algorithm 1. The next beam is then
formed in two passes. First, the best candidate for each diversity key is retained. Second, any remaining slots are filled by
the highest-scoring candidates overall.

This rule encourages exploration early in synthesis without preventing a strong candidate from surviving once diversity has
been exhausted. Refinement prompts include the parent hypothesis, the recovered summary, aggregate train and validation
metrics, and representative failure cases. They do not include hidden-rule metadata or test performance. The refinement
action asks the agent to refine the current explanation, fork to a different explanation, improve quality, reduce runtime, or
replace a hypothesis that appears to rely on an accidental shortcut.

This design is important because LLM synthesis is stochastic. The search loop is not only an optimization over code
implementations; it is also an exploration over competing explanations of the distribution. Diversity keys keep multiple
structural hypotheses alive, while validation selection determines which hypothesis actually compiles into a reliable and fast
solver.

Recovered summaries. The recovered summary ac is not restricted to a fixed representation. Its form depends on the
structure inferred by the candidate. In graph problems, summaries may contain vertex-role scores, cluster assignments,
separator candidates, or recurring motif statistics. In MaxSAT, they may contain variable-salience scores, polarity statistics,
backbone estimates, or clause-position signals. In packing and knapsack problems, they may contain estimated resource
bottlenecks, item-class prototypes, or active-constraint patterns. In TSP-like tasks, they may contain geometric prototypes,
coarsened tour skeletons, or detected coordinate transformations.
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Algorithm 1 LLM-based distribution-to-algorithm synthesis

Require: Public train/validation sets Spub
tr , Spub

val ; iterations R, beam width B, candidate budget K
Ensure: Learned solver ŝ and recovered summary â

1: Initialize beam B0 with diverse hypothesis directives
2: Initialize evaluated set E ← ∅
3: for r = 0, . . . , R− 1 do
4: Build K candidate prompts from Br {seed / refine / fork / replace / push runtime / push quality}
5: for each prompt p do
6: Generate hypothesis Hc

7: Generate analysis program Ac

8: Execute analysis ac ← Ac(S
pub
tr )

9: Generate solver sc conditioned on (Hc, Ac, ac)

10: Evaluate sc(·, ac) on Spub
tr and Spub

val

11: Add c = (Hc, Ac, ac, sc) to E
12: end for
13: Score each c ∈ E by

Score(c) =
(
Qval(c), Oval(c), −Tval(c)

)
.

14: Beam update : set Br+1 using a diversity-preserving rule: keep the best candidate per diversity key, then fill remaining
slots by score

15: Extract summaries , scores, and failure cases from Br+1 for the next refinement round
16: end for
17: Select c⋆ ∈ E with highest Score(c⋆)
18: Re-run analysis â← Ac⋆(S

pub
tr )

19: Return ŝ := sc⋆ and â

These summaries are not directly supervised or scored. They matter only through the quality and runtime of the solver that
uses them. Their role is to amortize distribution-level inference: the analysis program may spend computation once on the
public training sample, while the deployed solver should use the resulting summary cheaply on each new instance. This
separation is what distinguishes the method from per-instance prompting or repeated test-time reasoning: the expensive
distribution-level inference happens before deployment, and the deployed solver is ordinary executable code conditioned on
the recovered summary.

Failure handling. A candidate can fail during analysis, solver construction, or instance-level execution. If the analysis
program Ac raises an error or exceeds its time budget, the candidate receives zero quality on every instance and is assigned a
large failure runtime. The same convention applies if the solver sc fails to load, for example because of a syntax error or
unavailable dependency.

If both Ac and sc load successfully but the solver returns an invalid output on some instances, only those instances receive
normalized quality zero. The remaining instances are scored normally. This convention keeps the synthesis loop fully
automatic: malformed candidates are not manually repaired, and partial failures degrade the validation score rather than
requiring special-case intervention.

Connection to the theoretical framework. The protocol implements the hint-learning decomposition from Section 3. The
hypothesis Hc proposes a possible family of reusable structure, the analysis program Ac estimates a hint from samples,
and the solver sc compiles the estimated hint into an executable algorithm. Unlike the idealized theory, the hint space
and evidence statistics are not fixed in advance. They are proposed by the LLM, and the resulting candidates are selected
by deterministic train-validation evaluation. Thus the method is better viewed as search over a proposal distribution of
candidate hints and solvers, rather than as a deterministic sample-to-solver map. Candidates survive only when their inferred
summaries yield high-quality solutions with low deployment runtime on public validation instances.
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Problem Distribution family Instance size Objective

Coloring Ring-template
Overlapping-palette
Separator-trap

169 vertices
340 vertices
238 vertices

minimize colors

MAXSAT Community-parity
Last-clause signal
Latent-backdoor

240 variables / 960 clauses
280 variables / 1120 clauses
128 variables / 512 clauses

maximize satisfied clauses

MIS Clique-path
Core-fringe trap
Motif-bridge

190 vertices
1000 vertices
195 vertices

maximize set size

MDS Gateway-hub
Geometric-anchor
Star-kernel

2800 vertices
1600 vertices
2800 vertices

minimize set size

Packing LP Block-coupled
Active-resource
Single-bottleneck

1200 items / 40 resources
1200 items / 40 resources
1200 items / 40 resources

maximize value

MDKP Decoy-complement
Latent-class
Single-resource

1040 items / 48 resources
520 items / 32 resources
1040 items / 48 resources

maximize value

TSP Clustered Euclidean
Latent-metric
Paired-ribbon zigzag

120 cities
120 cities
320 cities

minimize tour length

Table 5. Benchmark target distributions. The benchmark contains 21 targets: seven problem classes with three hidden distribution
families per class. Each target contains 64 training instances, 32 validation instances, and 500 held-out test instances. Sizes are listed in
the same order as the distribution families.

D. Additional Experimental Details
D.1. Benchmark Distributions

Table 5 summarizes the benchmark targets. The benchmark contains 21 designed targets, spanning seven problem classes
with three hidden distribution families per class. The benchmark contains 21 target distributions, each with 64 training
instances, 32 validation instances, and 500 held-out test instances. Each target defines a distribution over structured
optimization instances, rather than a collection of arbitrary worst-case instances. The goal is to test whether a synthesis
procedure can infer reusable regularities from a small sample and compile them into a specialized solver. Each completed
target contains 64 training instances, 32 validation instances, and 500 held-out test instances.

The distributions are designed to cover several kinds of exploitable structure: planted assignments, latent classes, recurring
bottlenecks, geometric layouts, motif decompositions, and hidden resource constraints. We briefly describe each family
below.

Graph coloring. The coloring targets contain graphs with planted low-color structure. In Ring-template, vertices are
partitioned into local blocks with compatible palette assignments and ring-style bridges between neighboring blocks. In
Overlapping-palette, blocks share shifted and overlapping palettes, so a solver must recover the global palette rather than
color each block independently. In Separator-trap, separator vertices create long-range color-reuse constraints, making local
coloring rules unreliable unless the global palette structure is inferred.

MAXSAT. The MAXSAT targets contain formulas with hidden assignments induced by small latent rules. In Community-
parity, variables are partitioned into communities whose values are controlled by parity-style functions of a few anchor bits.
In Last-clause signal, the final clause reveals an anchor pattern, while the remaining variables copy or negate anchor bits
according to a hidden rule table. In Latent-backdoor, each instance comes from one of several regimes in which variable
blocks are governed by anchor-dependent Boolean rules, with additional noise and bridge clauses.

Maximum independent set. The MIS targets are block-structured graph distributions. In Clique-path, blocks alternate
between clique-like and path-like motifs, with sparse bridge edges between adjacent blocks. In Motif-bridge, each instance

16
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Problem Normalized quality

Coloring χ(G)/kalg
MAXSAT satalg / satopt
MIS | ISalg |/| ISopt |
MDS |DSopt |/|DSalg |
Packing LP, MDKP objalg / objopt
TSP lenopt / lenalg

Table 6. Normalized quality metrics used for evaluation. Higher is better, and optimal solutions have quality 1. For maximization
problems, quality is the algorithm value divided by the optimum value; for minimization problems, it is the optimum value divided by the
algorithm value. Invalid or infeasible outputs receive quality 0.

samples a latent sequence of motifs, including cliques, cycles, bicliques, and crown-like gadgets. Good solvers should
decompose the graph into motifs and account for bridge conflicts.

Minimum dominating set. The MDS targets emphasize different coverage structures. In Gateway-hub, clusters contain
hubs and gateways, where gateways provide overlapping coverage across neighboring clusters. In Geometric-anchor,
vertices come from geometric clusters with heterogeneous density and connector edges. In Star-kernel, each cluster has a
stable hub that dominates most local vertices, with sparse connectors between hubs. These targets test whether the solver
can identify high-coverage vertices rather than relying only on generic degree heuristics.

Packing LP. The packing LP targets contain continuous packing problems with recurring resource structure. In Block-
coupled, items belong to latent resource blocks, but a shared coupling resource limits the combination of otherwise attractive
block-local items. In Active-resource, each instance has a hidden active-resource regime with recurring dual-price patterns.
In Single-bottleneck, one resource is consistently much tighter than the others, so the LP optimum is largely governed by
value per unit of the hidden bottleneck resource.

Multidimensional knapsack. The MDKP targets are integer packing problems with latent item and resource structure. In
Decoy-complement, high-value decoy items look attractive locally but consume a scarce hidden resource, while complemen-
tary item classes combine better across resources. In Latent-class, items come from hidden resource-consumption classes,
and the active bottleneck changes across instances. In Single-resource, one hidden resource is typically tight, making density
with respect to that resource a strong but not always exact rule.

Traveling salesperson problem. The TSP targets contain Euclidean or Euclidean-like geometric structure. In Clustered
Euclidean, cities are sampled from balanced clusters arranged around a ring, so good tours combine short intra-cluster paths
with the correct inter-cluster order. In Latent-metric, each instance comes from one of several geometric regimes, including
ring clusters, paired ribbons, and barrier-bridge layouts. This target tests whether the solver can classify the latent geometry
and choose an appropriate tour construction strategy.

Together, these targets test the central hypothesis of the benchmark: sampled instances can reveal distribution-specific
algorithmic structure, and a solver that identifies this structure can improve the quality–runtime tradeoff relative to generic
heuristics and off-the-shelf optimization backends.

D.2. Evaluation Metrics

We evaluate each solver on held-out instances using three quantities: normalized quality, optimality rate, and runtime. The
goal is to compare solvers across problem classes with different objective scales and directions. Some tasks are maximization
problems, such as MAXSAT, MIS, Packing LP, and MDKP. Other tasks are minimization problems, such as Coloring, MDS,
and TSP. We therefore convert all objective values to a common normalized quality score in [0, 1], where larger is better.
Table 6 summarizes the normalization used for each problem class.

Normalized quality. For each instance x, let qA(x) denote the normalized quality of solver A. For maximization problems,
if A(x) is feasible and the optimum value is positive, we set

qA(x) =
valA(x)

valopt(x)
.
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For minimization problems, if A(x) is feasible and the returned cost is positive, we set

qA(x) =
costopt(x)

costA(x)
.

Thus qA(x) = 1 means that the solver attains the optimum objective value, while qA(x) < 1 measures the multiplicative
gap from optimum. Invalid, malformed, or infeasible outputs are assigned qA(x) = 0. In the benchmark distributions used
here, optimum objective values are positive, so the normalizations in Table 6 are well-defined.

For Coloring, χ(G) is the chromatic number of the instance graph G, and kalg is the number of colors used by the returned
coloring. For MAXSAT, satalg is the number of clauses satisfied by the returned assignment, and satopt is the maximum
satisfiable number of clauses. For MIS, ISalg and ISopt are the returned and maximum independent sets. For MDS, DSalg
and DSopt are the returned and minimum dominating sets. For Packing LP and MDKP, objalg and objopt are the returned
and optimal objective values. For TSP, lenalg is the length of the returned tour and lenopt is the optimal tour length.

Optimality rate. The optimality rate measures the fraction of held-out instances on which a solver attains the optimum
value. Equivalently, for a test set Dtest, we report

1

|Dtest|
∑

x∈Dtest

1{qA(x) = 1}.

In practice, the equality check is implemented using the benchmark verifier and the stored optimal objective value, with
the appropriate numerical tolerance for continuous Packing LP objectives. Invalid or infeasible outputs are not counted as
optimal.

Runtime. Runtime is measured per instance in milliseconds and averaged over the held-out test set. The runtime includes
the deployed solver computation on the instance, including any verification, repair, fallback, or local-search steps used by
the selected generated program. It does not include the earlier synthesis process that produced the solver, since synthesis
is an offline training-time cost. When we report aggregate rows over several benchmark distributions, we first compute
the mean metric for each distribution and then average across distributions, so each distribution contributes equally to the
reported problem-level or overall aggregate.

Aggregation protocol. All reported aggregate quantities are computed over the 21 benchmark target distributions.
For each target distribution, we first average over held-out test instances and repeated runs to obtain a single quality,
optimality, feasibility, and runtime value for each method. Quality lifts are then computed at the target level, for example
QLLM −Qavg heur and QLLM −Qbest heur.

For additive quantities such as quality, optimality, feasibility, and quality lift, aggregate values are arithmetic means over the
completed target distributions. Runtime comparisons are aggregated as speedup ratios. For each completed target τ , we
compute

Tbaseline(τ)

TLLM(τ)
,

so that values larger than 1 indicate that the LLM-synthesized solver is faster. Because runtime ratios are multiplicative, we
aggregate them using geometric means, equivalently by averaging log-speedups and exponentiating. All aggregate speedups
are computed over the same 21 target distributions.

D.3. Baseline Catalog and Reporting Protocol

The main text summarizes the baseline families used in our experiments. Here we give the complete per-problem baseline
catalog used in the benchmark. Each entry specifies the problem class, solver family, backend, category, aliases when
applicable, and implementation notes. The benchmark protocol also specifies the execution details, including formulations,
solver wrappers, time limits, thread settings, external-solver requirements, and alias mappings.

Table 7 lists all baseline entries used by the benchmark. The catalog contains 78 registered baseline entries across the seven
problem classes, corresponding to 72 unique implementations after removing registry aliases. We nevertheless list aliases
explicitly because they are executable entries in the registry. In particular, several problems include an exact entry that
aliases a problem-local exact implementation, such as an OR-Tools formulation or the Held–Karp dynamic program.
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Problem Heuristic baselines Solver-backed and exact baselines

Coloring DSATUR and greedy coloring variants, including largest-degree,
random-order, and smallest-last orderings (Brélaz, 1979)

OR-Tools CP-SAT coloring (Perron & Furnon, 2025; Perron et al., 2023);
exact alias; DSATUR branch-and-bound coloring (Brélaz, 1979; Land
& Doig, 1960); Gurobi timed coloring (Gurobi Optimization, LLC, 2026);
HiGHS coloring MIP (HiGHS Development Team, 2024; Huangfu & Hall,
2018); PySAT SAT-based coloring; SCIP coloring MIP (Bestuzheva et al.,
2023)

MaxSAT Greedy flip local search; literal-majority polarity assignment; random
Boolean assignment

EvalMaxSAT (Avellaneda, 2020); Gurobi timed MaxSAT (Gurobi Op-
timization, LLC, 2026); MaxHS (Davies & Bacchus, 2013a;b); Open-
WBO (Martins et al., 2014); PySAT RC2 with CaDiCaL 1.9.5, Glucose4,
MiniSat 2.2, and the default RC2 backend (Ignatiev et al., 2019); UWr-
MaxSAT (Piotrów, 2020); WMaxCDCL (Coll et al., 2025)

MDKP LP-relaxation rounding, redundancy-improved greedy, and value-
density greedy heuristics (Dantzig, 1957)

Custom MDKP branch-and-bound (Land & Doig, 1960); CBC MDKP
MIP (Forrest & Lougee-Heimer, 2005); OR-Tools CP-SAT MDKP (Per-
ron & Furnon, 2025; Perron et al., 2023); exact alias; Gurobi timed
MDKP (Gurobi Optimization, LLC, 2026); HiGHS MDKP MIP (HiGHS
Development Team, 2024; Huangfu & Hall, 2018); SCIP MDKP
MIP (Bestuzheva et al., 2023)

MDS High-degree, marginal-gain, and redundancy-aware greedy dominating-
set heuristics (Chvátal, 1979)

CBC MDS MIP (Forrest & Lougee-Heimer, 2005); OR-Tools CP-SAT
MDS (Perron & Furnon, 2025; Perron et al., 2023); exact alias;
Gurobi timed MDS (Gurobi Optimization, LLC, 2026); HiGHS MDS
MIP (HiGHS Development Team, 2024; Huangfu & Hall, 2018); SCIP
MDS MIP (Bestuzheva et al., 2023); set-cover branch-and-bound exact
MDS (Chvátal, 1979; Land & Doig, 1960)

MIS Local-improvement, minimum-degree, random greedy, and ratio-based
greedy MIS heuristics

Clique branch-and-bound exact MIS (Land & Doig, 1960); OR-Tools
CP-SAT MIS (Perron & Furnon, 2025; Perron et al., 2023); exact
alias; Gurobi timed MIS (Gurobi Optimization, LLC, 2026); HiGHS MIS
MIP (HiGHS Development Team, 2024; Huangfu & Hall, 2018); KaMIS
exact via vertex cover (Lamm et al., 2019); SCIP MIS MIP (Bestuzheva
et al., 2023)

Packing LP Density-based fractional packing and uniform-fraction LP heuris-
tics (Dantzig, 1957)

CLP LP (Forrest et al., 2022); OR-Tools GLOP simplex (Perron & Furnon,
2025); exact alias; Gurobi timed LP (Gurobi Optimization, LLC, 2026);
HiGHS simplex and interior-point LP (HiGHS Development Team, 2024;
Huangfu & Hall, 2018); SCIP LP (Bestuzheva et al., 2023)

Euclidean TSP Random tour; nearest neighbor; nearest insertion; farthest insertion;
multi-start two-opt; nearest-neighbor plus two-opt; farthest-insertion
plus two-opt (Lin, 1965; Rosenkrantz et al., 1977); LKH (Helsgaun,
2000)

CBC MTZ TSP MIP (Forrest & Lougee-Heimer, 2005); Concorde (Apple-
gate et al., 2006); OR-Tools CP-SAT TSP (Perron & Furnon, 2025; Perron
et al., 2023); Held–Karp dynamic programming (Held & Karp, 1962);
exact alias; Gurobi timed TSP (Gurobi Optimization, LLC, 2026); SCIP
MTZ TSP MIP (Bestuzheva et al., 2023)

Table 7. Baseline catalog used in the benchmark registry. The catalog includes lightweight problem-specific heuristics, time-limited
solver-backed baselines, and exact or certifying backends when available. The exact entries are registry aliases for problem-local exact
implementations. Citations for heuristic variants refer to the closest classical heuristic family or solver framework; exact implementation
details are defined in the registry.

We distinguish three categories of baselines. Heuristic baselines are problem-specific procedures implemented locally in the
benchmark, such as greedy, local-search, insertion, rounding, and randomized rules. Solver-backed baselines are calls to
general-purpose optimization software under the benchmark protocol. In particular, Gurobi is reported separately because it
is run with a fixed 10-second, single-thread budget and may return an incumbent solution rather than a certified optimum.
Exact and external exact baselines are used as certified exact comparisons when they return certified optima under the
evaluation protocol.

In the aggregate result tables, “best heuristic” denotes the strongest heuristic baseline for that problem, “Gurobi (10s)”
denotes the time-limited Gurobi baseline, and “best exact” denotes the fastest certified exact solver available for that problem.
All baselines are evaluated under the same public-instance protocol as the LLM synthesis agent. The baselines are given the
benchmark instances but not direct access to the hidden family-generation rule.

D.4. Compute and API Usage

Solver synthesis was performed with GPT-5.2 Thinking through remote API calls. We used fixed high reasoning effort
and structured outputs. Temperature, top-p, and maximum output length were left at service defaults. Across the 21 target
distributions, synthesis used 463 successful API calls and 16.1M total tokens, where total tokens are prompt plus completion
tokens. This amounts to 22.0 calls and 767K tokens per distribution on average. Of the 16.1M total tokens, 5.95M were
prompt tokens and 10.16M were completion tokens; the recorded 8.05M reasoning tokens are a subset of the completion
tokens.

All generated solvers and benchmark baselines were executed locally on CPUs. No local GPU inference, GPU-backed
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Quantity Value

Target distributions 21
Total API calls 463
Mean API calls per distribution 22.0
Prompt tokens 5.95M
Completion tokens 10.16M
Reasoning tokens 8.05M
Total tokens 16.11M
Mean tokens per distribution 767K
Aggregate synthesis-stage time 73.4 h
Aggregate baseline pre-synthesis time 417.3 h
Additional local work inside synthesis 0.6 h
CPU 2× AMD EPYC 9554
Physical / logical CPUs 128/256
RAM 1.1 TiB
Stored benchmark artifacts 83 GB
GPU training or fine-tuning None

Table 8. Compute summary. API usage is for solver synthesis. Timing values are aggregate recorded per-target stage times. Generated
solvers and baselines were evaluated locally on CPUs.

solver, model training, or fine-tuning was used. Experiments were run on a dual-socket AMD EPYC 9554 machine with
128 physical cores, 256 logical CPUs, and approximately 1.1TiB of RAM. The main benchmark was parallelized across
target distributions. Summed over target distributions, the recorded synthesis-stage time was 73.4 hours, while baseline
pre-synthesis evaluation took 417.3 hours. Additional local work inside synthesis, including analysis execution, solver
construction, training evaluation, and validation evaluation, took approximately 0.6 hours. These times are aggregate
recorded per-target stage times rather than raw calendar elapsed time.

E. Additional Empirical Results
E.1. Full Per-Target Results

Table 9 reports the full held-out test results for all 21 benchmark target distributions. Unlike the headline summary in
Table 1, this table gives the per-target normalized quality, optimality rate, and mean wall-clock runtime for each baseline
group. Runtime is reported in milliseconds.

For each target distribution, “Quality-best heuristic” denotes the heuristic baseline with the highest normalized quality,
breaking ties by optimality rate and then runtime. “Avg. heuristic” averages over all heuristic baselines for that target.
“Time-limited exact” denotes the strongest exact-formulation or certifying backend under the benchmark time limit, selected
by the same quality-first rule. The aggregate statistics in Table 1 are computed from these 21 target-level results.

E.2. PACE 2025 Dominating Set Comparison

We also evaluate on instances from the PACE 2025 Dominating Set heuristic track. The task is to output a dominating
set in an undirected graph, with smaller solution size corresponding to higher quality. PACE released a public set of 100
heuristic instances and, after the competition, the private evaluation set of 100 instances. The organizers state that the private
instances are similar to the public instances. We therefore use the public set as our development distribution, split into
50 training instances and 50 validation instances, and report final results on the released private set of 100 instances. We
emphasize that this is a local comparison against released PACE solvers and instances, not an official PACE score.

The private test graphs are large and sparse. Table 10 summarizes their sizes. The graphs range from tens of thousands to
several million vertices, with median size about 6.5× 105 vertices and 9.4× 105 edges.

For each test instance, we run our synthesized solver and compare it with the released PACE heuristic solvers Fontanf, Root,
Shadoks, and Swats. We verify validity of every returned solution. Since this is a minimization problem, a solver has better
quality when it returns a smaller dominating set. Runtime is measured locally. Root uses the parallel rerun for instances
private_heuristic_001–046 and the original completed run for private_heuristic_047–100.
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Quality-best heuristic Avg. heuristic Gurobi (10s) Time-limited exact LLM synthesis

Problem Target distribution Q opt. T (ms) Q opt. T (ms) Q opt. T (ms) Q opt. T (ms) Q opt. T (ms)

Coloring Ring-template 0.746 0.002 3698.89 0.655 0.001 3634.70 0.976 0.882 4136.04 1.000 1.000 31.13 1.000 1.000 0.21

Overlapping-palette 0.747 0.004 3476.27 0.651 0.001 3587.13 0.878 0.392 8365.97 1.000 1.000 79.93 0.804 0.022 24.25

Separator-trap 0.749 0.000 3615.68 0.648 0.000 3587.68 0.933 0.666 6876.72 1.000 1.000 98.68 0.800 0.000 3.91

MAXSAT Community-parity 0.914 0.000 3732.89 0.862 0.000 4367.53 1.000 0.992 8711.96 1.000 1.000 26.38 1.000 0.876 23.81

Last-clause signal 0.932 0.000 3645.47 0.880 0.000 4491.54 1.000 1.000 8325.44 1.000 1.000 7.76 1.000 1.000 5.58

Latent-backdoor 0.931 0.000 3791.20 0.891 0.000 3614.69 1.000 0.996 2461.24 1.000 1.000 27.02 1.000 0.896 37.80

MIS Clique-path 0.876 0.040 10000.00 0.833 0.018 10000.00 1.000 1.000 2404.74 1.000 1.000 1355.27 0.991 0.594 15.29

Core-fringe trap 0.908 0.908 10000.00 0.664 0.451 10000.00 1.000 1.000 1555.43 1.000 1.000 144.56 1.000 1.000 7.67

Motif-bridge 0.874 0.044 10000.00 0.826 0.018 10000.00 0.998 0.890 6756.90 0.994 0.994 2136.32 0.986 0.384 57.00

MDS Gateway-hub 0.839 0.000 10000.00 0.811 0.000 10000.00 1.000 1.000 8098.52 1.000 1.000 112.77 0.920 0.000 5.46

Geometric-anchor 0.784 0.298 8706.31 0.748 0.199 8725.88 1.000 1.000 3082.80 1.000 1.000 2093.16 1.000 1.000 129.61

Star-kernel 0.930 0.930 10000.00 0.918 0.918 10000.00 1.000 1.000 8162.42 1.000 1.000 52.26 1.000 1.000 3.31

Packing LP Block-coupled 0.792 0.000 10000.00 0.718 0.000 10000.00 1.000 1.000 8627.91 1.000 1.000 125.33 1.000 1.000 1.51

Active-resource 0.610 0.000 10000.00 0.572 0.000 10000.00 1.000 1.000 12675.99 1.000 1.000 124.13 0.981 0.000 17.49

Single-bottleneck 0.803 0.000 10000.00 0.788 0.000 10000.00 1.000 1.000 7635.97 1.000 1.000 121.99 1.000 1.000 1.40

MDKP Decoy-complement 0.967 0.016 5329.50 0.558 0.005 6498.60 1.000 1.000 2498.77 1.000 1.000 1083.96 0.951 0.000 40.54

Latent-class 0.966 0.010 3660.12 0.867 0.003 3792.81 1.000 0.746 4955.21 1.000 0.544 6306.12 0.968 0.000 116.31

Single-resource 0.960 0.666 4263.46 0.851 0.222 5585.39 1.000 1.000 2593.35 1.000 1.000 232.50 1.000 1.000 176.39

TSP Clustered Euclidean 1.000 0.910 1543.61 0.653 0.114 8942.95 1.000 0.930 1552.81 1.000 0.662 135.53 0.987 0.002 66.68

Latent-metric 1.000 0.848 1490.05 0.657 0.228 8936.26 1.000 0.966 1565.87 1.000 0.758 117.86 0.992 0.306 232.10

Paired-ribbon zigzag 1.000 1.000 51.39 0.626 0.402 8756.42 1.000 1.000 2071.28 0.499 0.000 10992.61 1.000 1.000 0.23

Table 9. Per-target held-out test results for all 21 benchmark target distributions. Here Q denotes normalized quality, scaled so that
higher is better; opt. is the fraction of instances solved to optimality; and T is average wall-clock runtime per instance in milliseconds.
“Quality-best heuristic” selects, within each target, the heuristic with highest normalized quality, breaking ties by optimality and then
runtime. “Avg. heuristic” reports the arithmetic average over the heuristic baselines for that target. For the two heuristic columns, reported
runtimes are clipped at 10,000 ms before averaging or reporting. “Time-limited exact” selects the strongest exact backend under the
benchmark time limit using the same quality-first rule. The Gurobi and exact backends are run with a 10 second solver limit, but the
reported T values are measured wall-clock runtimes and may include wrapper overhead. The headline speedups in Table 1 are computed
from these per-target runtime ratios using geometric means.

Quantity Min. 25th perc. Median 75th perc. Max.

Number of vertices |V | 18,046 21,400 653,867 1,261,963 4,221,675
Number of edges |E| 54,138 382,083 939,263 1,831,990 10,356,300
Average degree 2|E|/|V | 2.28 2.57 3.74 13.00 48.00

Table 10. PACE private-test graph statistics. Statistics are computed over the 100 released private Dominating Set heuristic instances
used for evaluation.

The comparison shows a clear speed–quality tradeoff. The synthesized solver is not competitive with the strongest PACE
submissions in solution quality: every valid PACE baseline returns a smaller dominating set on every matched instance.
However, the gap is moderate in aggregate. Against Fontanf, Root, and Shadoks, the agent’s total solution size is about 3.3%
larger, while its average runtime is roughly 99×–109× smaller. Thus, on this benchmark the synthesized solver discovers a
very fast distribution-specific heuristic, but not one that matches the quality of highly engineered competition solvers.

E.3. Distributional Algorithmic Complexity

This appendix explains the computational mechanisms behind the generated solvers in Table 12. The comparison is
distributional. We do not claim that the generated programs improve the worst-case complexity of MaxSAT, graph coloring,
minimum dominating set, maximum independent set, Packing LP, multidimensional knapsack, or TSP as abstract problem
classes. Instead, the generated programs exploit regularities of the benchmark distributions and replace an ambient generic
computation by a smaller distribution-specific computation on instances drawn from the same distribution.

The central contrast is between an ambient solver and a distribution-aware solver. A generic exact baseline must remain
valid for arbitrary instances of the problem class. It therefore searches over color assignments for graph coloring, Boolean
assignments for MaxSAT, vertex subsets for MIS and MDS, multidimensional item subsets for MDKP, or tours for TSP. For
Packing LP, the ambient problem is polynomial-time solvable, but a generic LP backend still solves the full N -variable,
r-constraint linear program. By contrast, a generated solver is selected after seeing samples from a fixed distribution. When
it identifies reusable structure, it can verify a template, seed a local search, restrict a candidate set, use a surrogate score, or
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Table 11. PACE 2025 Dominating Set comparison. Lower solution size and lower runtime are better. The synthesized solver is valid on
all instances and is roughly two orders of magnitude faster than the PACE baselines, but the PACE solvers return consistently smaller
dominating sets. Ratios are computed on matched verified-valid instances.

Solver Valid Total size ↓ Avg. size ↓ Agent/solver size Avg. runtime ↓ Agent speedup Quality wins vs. agent

Agent 100/100 23.16M 231,594.7 1.000 2.89s 1.0× –
Fontanf 100/100 22.41M 224,103.9 1.033 286.01s 98.8× 100/100
Root 100/100 22.41M 224,123.7 1.033 300.37s 103.8× 100/100
Shadoks 100/100 22.43M 224,275.6 1.033 315.89s 109.2× 100/100
Swats 75/100 15.77M 210,235.7 1.028 287.41s 130.2× 75/75

Table 12. Distribution-aware computation for all benchmark distributions.

Problem Distribution Generic ambient computation Generated-solver computation

Coloring Ring-template O∗(κn) O(m); O(n2 + m + Brep∆max).
Overlapping-
palette

O∗(κn) O(n + m + Rds(n
2 + m) + Pelimκ(n + m)).

Separator-trap O∗(κn) O(n + m + Rds(n
2 + m) + Brecolor).

MAXSAT Community-
parity

O∗(2v) O(|F |ℓ + RwsBflipℓ∆occ).

Last-clause sig-
nal

O∗(2v) O(|F |ℓ + RwsBflipℓ∆occ + Bpatchℓ∆occ).

Latent-backdoor O∗(2v) O(|F |ℓ + RwsBflipℓ∆occ).

MIS Clique-path O∗(2n) O(n + m + Pordn logn + Pgr(n + m) + TARW).
Core-fringe trap O∗(2n) O(n + m +

∑
j 4tj + kq).

Motif-bridge O∗(2n) O(n + m + Pgr(n + m) + Bloc(n + m) + Bkick(n + m) + Ttiny).

MDS Gateway-hub O∗(2n) O(n + m + Theap-greedy + Tprune).
Geometric-
anchor

O∗(2n) O(n + m); O((1 + Bgeo)(n + m)).

Star-kernel O∗(2n) O(n + m +
∑

j cj2
tj + Tgreedy + Tprune).

Packing LP Block-coupled TLP(N, r, L) O(Nr + N logN).
Active-resource TLP(N, r, L) O(Nr + PLP(Nr + N logN)).
Single-
bottleneck

TLP(N, r, L) O(Nr + N logN).

MDKP Decoy-
complement

O∗(2N ) O(Nr + Pscore(Nr + N logN) + Tadd/drop + Trepair).

Latent-class O∗(2N ) O(Nr + N logN + PpriceTiter(Nr + N logN + Trepair)).
Single-resource O∗(2N ) O(Nr + N logN + KcandCb + Trepair).

TSP Clustered Eu-
clidean

O(n22n) O(n2 logn + Bcandn
2 + Bfulln

2).

Latent-metric O(n22n) O(n2 + F (kn2 + n logn) + S(2kk + kn) + PimpBimpn
2).

Paired-ribbon
zigzag

O(n22n) O(n logn); O((1 + B2opt)n
2).

construct a small set of structured candidates. This changes the effective deployed computation, even though it does not
change the worst-case complexity of the ambient problem.

Notation. For graph problems, n is the number of vertices, m is the number of edges, and ∆max is the maximum degree.
For Coloring, κ denotes the number of colors considered by the ambient exact search. For MaxSAT, v is the number of
variables, |F | is the number of clauses, ℓ is the maximum clause width, and ∆occ is the maximum variable occurrence count.
For Packing LP and MDKP, N is the number of items, r is the number of resource constraints, and L is the input bit length.
For TSP, n is the number of cities.

The symbols B, R, P , F , S, and K in Table 12 denote fixed implementation budgets: repair steps, restarts, local-search
rounds, coordinate frames, candidate families, pricing variants, improvement passes, or bounded candidate pools. These
quantities are fixed by the generated program or by the benchmark analysis file, not by the asymptotic input size. We keep
them visible because they identify the bounded computation that replaces the ambient search.

More specifically, Brep is the bounded coloring-repair budget; Rds is the number of DSATUR-style restarts; Pelim is the
number of color-elimination passes; and Brecolor is the capped local recoloring budget. For MaxSAT, Rws is the number
of WalkSAT-style restarts, Bflip is the flip budget per restart, and Bpatch is the bounded patch-search budget. For MIS,
Pord is the number of vertex-ordering rules, Pgr is the number of greedy candidate constructions, Bloc is the local-search
budget, Bkick is the number of kick-repair attempts, and TARW and Ttiny denote bounded ARW-style and tiny time-limited
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improvement subroutines. In the Core-fringe trap row, tj is the size of residual fringe component j, k is the number of core
choices considered, and q is the number of candidate configurations scored.

For MDS, Theap-greedy, Tgreedy, and Tprune denote the bounded heap-greedy, greedy-completion, and pruning subroutines;
Bgeo is the bounded geometric-anchor completion budget. In the Star-kernel row, tj is the number of residual target vertices
in component j, and cj is the number of candidate cover vertices for that component. For Packing LP, PLP is the number
of density or active-resource rules evaluated. For MDKP, Pscore is the number of surrogate scoring rules, Pprice is the
number of resource-price vectors, Titer is one bounded price-update and repair iteration, Kcand is the restricted candidate-set
size, and Cb is the effective one-dimensional bottleneck capacity used by the guarded DP. For TSP, Bcand and Bfull are
bounded candidate-2-opt and full-2-opt budgets, F is the number of coordinate frames, k is the number of stripes or groups
in the latent-metric construction, S is the number of selected stripe frames, Pimp is the number of candidate tours sent to
improvement, Bimp is the improvement budget per candidate, and B2opt is the bounded 2-opt budget in the paired-ribbon
fallback.

For Coloring, the DSATUR implementation used by the generated solvers scans all uncolored vertices at each step. Thus

TDSATUR(n,m, κ) = O(n2 +m+ nκ),

and TDSATUR(n,m, κ) = O(n2 +m) when κ ≤ n. This is the main polynomial term replacing the ambient O∗(κn) search
in the DSATUR-based coloring rows.

Graph coloring. A generic exact coloring solver must handle arbitrary graphs and therefore faces an ambient O∗(κn)
assignment space, even if practical solvers use pruning, SAT encodings, or branch-and-bound. The generated solvers exploit
the fact that the benchmark graphs are not arbitrary.

In the Ring-template distribution, the dominant fast path is template checking: the solver verifies a learned coloring
pattern against the edge set in O(m). If this path fails or leaves conflicts, the solver uses bounded repair or falls back to
a polynomial-time greedy coloring routine, summarized in Table 12 by O(n2 +m + Brep∆max). The gain is that most
instances can be handled by verification and bounded repair rather than by color-assignment search.

In the Overlapping-palette and Separator-trap distributions, the selected solvers do not reduce to pure template checking.
They run a bounded number of DSATUR-style attempts and cleanup passes. For Overlapping-palette, the cleanup includes
bounded color-elimination passes, yielding

O(n+m+Rds(n
2 +m) + Pelimκ(n+m)).

For Separator-trap, the cleanup is capped recoloring repair, yielding

O(n+m+Rds(n
2 +m) +Brecolor).

These rows are bounded polynomial-time heuristics rather than exact reductions, but they still replace ambient exponential
search by a small number of structured attempts.

MaxSAT. For MaxSAT, a generic exact backend must reason over the full 2v Boolean assignment space and certify
optimality without assuming planted structure. The generated solvers instead use distributional statistics to construct strong
initial assignments, then run bounded local repair. Building occurrence lists, initializing scores, and evaluating the seed
costs O(|F |ℓ). A flip updates clauses incident to the flipped variable, which costs O(ℓ∆occ) with maintained clause counts.

The Community-parity and Latent-backdoor rows therefore have dominant cost

O(|F |ℓ+RwsBflipℓ∆occ),

where Rws is the number of restarts and Bflip is the flip budget per restart. The Last-clause signal row adds a bounded patch
term,

O(Bpatchℓ∆occ),

because it explicitly repairs variables around remaining unsatisfied clauses. In all three cases, the computational advantage
is not a new MaxSAT algorithm for arbitrary formulas. The advantage is that the distributional seed moves the solver close
enough to a high-quality assignment that bounded local search is often sufficient.
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Maximum independent set. For MIS, an exact generic solver must handle arbitrary vertex subsets, giving an ambient
O∗(2n) search space. The selected generated solvers are not certified exact MIS algorithms. They build small pools of
candidate independent sets using orderings or decompositions suggested by the distribution, then apply bounded local
improvement or small residual enumeration.

In the Clique-path distribution, the solver constructs candidates from analysis-guided vertex orders, greedy maximal
independent sets, randomized restarts, and bounded ARW-style local improvement. This gives

O(n+m+ Pordn logn+ Pgr(n+m) + TARW).

The benefit is that the solver spends its budget on a small set of distributionally promising independent sets rather than on
the full subset space.

In the Core-fringe trap distribution, the solver uses the high-degree core and low-degree fringe structure. On the structured
path, it decomposes the fringe into tiny components, enumerates exact choices inside each component, and scores a bounded
set of candidate core decisions. This gives

O(n+m+
∑
j

4tj + kq),

where tj is the size of residual fringe component j, k is the number of core choices considered, and q is the number of
candidate configurations scored. The exponential term is over tiny residual pieces, not over the full graph.

In the Motif-bridge distribution, the solver uses multiple greedy constructions, bounded local improvement, bounded kick
moves, and an optional tiny time-limited exact improvement step:

O(n+m+ Pgr(n+m) +Bloc(n+m) +Bkick(n+m) + Ttiny).

This is again a bounded heuristic, but its search is restricted to a small set of distributionally meaningful candidates.

Minimum dominating set. For MDS, a generic exact solver faces an ambient O∗(2n) subset-selection problem. The
generated solvers exploit distribution-specific structure in how domination is achieved.

In Gateway-hub, the main computation is graph processing, greedy completion, and redundant-vertex pruning:

O(n+m+ Theap-greedy + Tprune).

The advantage is that high-degree hubs and leaf or isolate structure make much of the dominating set apparent without
enumerating subsets.

In Geometric-anchor, the fast path is O(n+m), because the solver checks a small anchor pattern induced by a residue-class
structure. If the pattern fails, it uses bounded greedy completion, giving

O((1 +Bgeo)(n+m)).

In Star-kernel, the solver uses forced leaf-neighbor structure, then solves only tiny residual components. The residual exact
work is ∑

j

cj2
tj ,

where tj is the number of residual target vertices in component j, and cj is the number of candidate cover vertices relevant
to that component. This is exponential only in the tiny residual size, not in the original graph size n.

Packing LP. Packing LP is different from the discrete NP-hard families. The ambient problem is already polynomial-
time solvable, so the comparison is not exponential versus polynomial. The comparison is between a generic LP solve,
TLP(N, r, L), and a specialized sorting-based computation. The generated solvers exploit the fact that the benchmark LP
distributions often have a small number of dominant or active resources.

In the Block-coupled and Single-bottleneck distributions, the solver identifies a bottleneck or effective resource score and
sorts items by density, giving

O(Nr +N logN).
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The Nr term comes from evaluating feasibility and resource usage across constraints, while N logN comes from sorting.
In Active-resource, the solver evaluates a small portfolio of PLP density rules, giving

O(Nr + PLP(Nr +N logN)).

The advantage over TLP(N, r, L) is not a worst-case complexity improvement in the abstract LP model, but a deployment
advantage on these distributions: a small portfolio of density rules captures the active-resource structure without invoking a
full general-purpose optimizer.

Multidimensional knapsack. For MDKP, a generic exact baseline is a MIP or branch-and-bound solver over 2N possible
item subsets. The generated solvers replace this ambient search by surrogate scoring, candidate restriction, bounded dynamic
programming, add/drop improvement, and repair.

In Decoy-complement MDKP, the solver evaluates a small portfolio of surrogate scores, greedily packs feasible candidates,
applies bounded add/drop improvement, and repairs violations:

O(Nr + Pscore(Nr +N logN) + Tadd/drop + Trepair).

In Latent-class MDKP, the solver uses adaptive price vectors and iterated surrogate packing:

O(Nr +N logN + PpriceTiter(Nr +N logN + Trepair)).

In Single-resource MDKP, the solver identifies a dominant resource, filters or sorts items, and runs one-dimensional DP on a
bounded candidate set:

O(Nr +N logN +KcandCb + Trepair),

where Kcand is the candidate-set size and Cb is the effective one-dimensional capacity used by the guarded DP. These rows
are bounded heuristics or restricted dynamic programs rather than exact reductions for general MDKP. Their advantage is
that they search over a small number of distributionally meaningful item orders or candidates instead of exploring the full
subset space.

Traveling salesman problem. For TSP, a generic exact dynamic program such as Held-Karp has cost O(n22n), and exact
branch-and-bound solvers must still be prepared for arbitrary tour structure. The generated solvers do not implement exact
TSP dynamic programming. They exploit geometric structure to generate a small set of candidate tours and then improve
them by bounded local search.

In Clustered Euclidean TSP, the solver builds geometric or nearest-neighbor candidate tours and candidate neighborhoods.
Sorting neighborhoods contributes the O(n2 log n) term, while bounded candidate 2-opt and bounded full 2-opt cleanup
contribute quadratic improvement terms:

O(n2 log n+Bcandn
2 +Bfulln

2).

Thus the effective computation is structured candidate generation plus bounded quadratic local improvement, rather than
exponential tour search.

In Latent-metric TSP, the solver builds several structured candidate families. The term F (kn2 + n logn) comes from
evaluating F coordinate frames and computing stripe or projection structure with k groups. The term S(2kk + kn) comes
from using the top S stripe frames and solving the small stripe-order subproblem over k stripes. Since k is fixed and small
in the selected program, this is not an exponential dependence on the number of cities. Finally, PimpBimpn

2 summarizes
improving at most Pimp candidate tours for a bounded number Bimp of local improvement passes:

O(n2 + F (kn2 + n logn) + S(2kk + kn) + PimpBimpn
2).

In Paired-ribbon zigzag TSP, the solver has a fast structured path based on the two-rail geometry of the distribution. It
detects the rail structure, sorts points along the rails, and pairs endpoints, giving

O(n log n).

If the structured path is not used, it falls back to nearest-neighbor construction and bounded 2-opt improvement:

O(n2 +B2optn
2).
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Problem Target distribution Q0 Q64 ∆Q×103 T0 (ms) T64 (ms) T0/T64

Coloring Cluster-ring mix 1.0000 1.0000 +0.00 0.101 0.072 1.40×
Coloring Planted-palette overlap 1.0000 0.9999 −0.08 0.076 0.077 0.99×
Coloring Separator-palette trap 1.0000 1.0000 +0.00 0.603 0.097 6.23×

MDS Gateway-overlap cover 1.0000 1.0000 +0.00 0.103 0.102 1.00×
MDS Geometric-cluster cover 1.0000 0.9997 −0.33 0.130 0.104 1.26×
MDS Star-cluster cover 1.0000 1.0000 +0.00 0.086 0.080 1.08×

MDKP Decoy-complement 0.9990 0.9995 +0.57 90.792 251.347 0.36×
MDKP Latent-class 0.9993 0.9992 −0.07 116.035 97.130 1.19×
MDKP Single-resource 1.0000 1.0000 +0.00 7.916 0.220 35.95×

TSP Clustered Euclidean 1.0000 1.0000 +0.00 6.082 1.601 3.80×
TSP Latent-metric 1.0000 1.0000 +0.00 6.113 4.312 1.42×
TSP Paired-ribbon zigzag 1.0000 1.0000 +0.00 0.652 0.037 17.53×

Table 13. Zero-sample versus sample-conditioned synthesis. The zero-sample variant uses no public training instances. The sample-
conditioned variant uses the default training size, n = 64. We report mean normalized quality Q and mean runtime T in milliseconds
over 10 paired synthesis seeds. The speedup column is the ratio of mean runtimes, T0/T64; values above 1× indicate that using samples
produced a faster deployed solver.

The ambient comparison remains O(n22n), since a generic exact TSP solver must remain valid for arbitrary instances. The
gain is therefore distributional: for instances matching the ribbon structure, the generated solver avoids general tour search
and most quadratic local-search work.

Summary. Across the benchmark families, the generated solvers win when the training samples reveal reusable low-
dimensional, local, or template structure. Coloring can become template verification plus bounded repair. MaxSAT can
become seeded local search. MIS and MDS can become greedy construction plus tiny residual enumeration or bounded
local improvement. Packing LP can become density sorting over active resources. MDKP can become surrogate pricing,
restricted one-dimensional DP, or bounded repair. TSP can become structured candidate generation plus bounded quadratic
local search, and in the paired-ribbon case even a near-sorting computation on the fast path.

The limitation is equally important. These programs do not establish new worst-case algorithms for the ambient problem
classes. Several rows are bounded heuristics, and some include fallback or repair. The faithful claim is distributional and
mechanistic: on these benchmark distributions, the generated programs often replace generic exact optimization over a large
ambient space by the smaller computations summarized in Table 12.

E.4. Zero-Sample versus Sample-Conditioned Synthesis

We use a focused ablation to test whether public samples help the synthesis procedure compile better deployment solvers.
The zero-sample variant uses the same synthesis pipeline but provides no public training instances. The sample-conditioned
variant uses n = 64 public training instances, matching the default setting in our main experiments rather than selecting the
best sample size. Results are averaged over 10 paired synthesis seeds, so each row compares the two variants under matched
randomness.

Table 13 shows that normalized quality is near-saturated in both variants. Thus, in these target distributions, the main
observable effect of sample access is not feasibility or final quality, but deployment runtime. Sample-conditioned synthesis
is at least as fast on 10/12 targets and strictly faster on 9/12, with large gains on Single-resource MDKP, Separator-palette
Coloring, and Paired-ribbon zigzag TSP. The only substantial regression occurs on Decoy-complement MDKP, where the
sample-conditioned solver is slower despite a small quality gain.

We interpret this experiment as evidence for sample-conditioned compilation: public samples often help the synthesis
process discover faster deployment code, even when zero-sample synthesis already finds high-quality solutions. The effect
is distribution-dependent, however, rather than a monotone consequence of providing more samples.
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Problem family QLLM TLLM (ms) Shortcut rate Fallback rate Residual size Repair iters.

Coloring 0.868 14.6 67.4% 0.0% 0.00 0.00
MAXSAT 1.000 55.9 88.1% 7.4% 26.24 0.00
MIS 0.992 32.1 66.7% 0.0% 235.92 0.33
MDS 0.973 75.6 86.4% 13.6% 441.72 0.00
Packing LP 0.994 32.0 100.0% 0.0% 346.78 0.00
MDKP 0.973 123.5 100.0% 0.0% 321.03 2.67
TSP 0.993 100.3 100.0% 0.0% 906.74 0.00

All 21 distributions 0.971 62.0 86.9% 3.0% 325.49 0.43

Table 14. Diagnostic traces for the synthesized solvers over held-out test instances. QLLM is normalized quality and TLLM is average
wall-clock runtime per instance in milliseconds. The columns use a common logging interface, but their concrete interpretation is
solver-dependent. Shortcut rate is the fraction of instances on which the solver used its learned fast path, which may correspond to
different computations in different problem families. Fallback rate is the fraction routed to a generic safety routine when such a routine is
present. Residual size is the solver-reported size of the remaining subproblem after specialization and is meaningful only within a problem
family. Repair iters. is the average number of bounded local repair iterations. Values are first averaged within each target distribution and
then averaged across the three targets in each problem family. The final row averages over all 21 target distributions.

E.5. Diagnostic Traces for Synthesized Solvers

The preceding section summarized the distribution-specific computations used by the generated solvers. These computations
are heterogeneous: depending on the problem family and selected program, a synthesized solver may verify a template,
seed a local search, restrict a candidate set, solve a small residual subproblem, sort by an active-resource score, construct a
structured tour, or invoke bounded repair or fallback. We therefore record diagnostic traces during held-out evaluation to
understand which parts of the synthesized computation are actually used at test time.

The diagnostics use a common logging interface, but they should not be read as saying that every solver implements the same
mechanisms. A shortcut denotes the solver’s learned fast path, whose concrete meaning is problem-dependent. For example,
it may correspond to template checking in Coloring, seeded assignment construction in MAXSAT, density sorting in Packing
LP, surrogate scoring or restricted dynamic programming in MDKP, or structured candidate generation in TSP. A fallback
records whether the solver routed the instance to a generic safety routine, when such a routine is present. Residual size
records the solver-reported size of the remaining subproblem after applying the learned specialization, when the generated
solver creates such a residual. Its scale depends on the native problem representation and should be interpreted within,
not across, problem families. Finally, repair iterations records the amount of bounded local repair used after the initial
construction or reduction.

These traces are not intervention ablations: we do not disable shortcutting, fallback, residual solving, or repair and rerun
the benchmark. Instead, they provide a behavioral diagnosis of the deployed synthesized solver under the same held-out
evaluation protocol used for the headline quality and runtime results. For each target distribution, we average the diagnostic
traces over held-out test instances. Family rows average over the three target distributions in that problem family, and the
final row averages over all 21 target distributions.

Table 14 should therefore be read as a mechanism-use diagnostic, not as evidence that every synthesized solver uses the
same algorithmic components. The dominant aggregate pattern is the use of a learned fast path: the average shortcut rate is
86.9%, and it reaches 100% for Packing LP, MDKP, and TSP. The concrete fast path differs across families. In Packing
LP it corresponds to specialized density or active-resource rules; in MDKP, to surrogate scoring, candidate restriction, or
restricted dynamic programming; and in TSP, to structured candidate generation or geometric tour construction. Thus,
the high shortcut rate supports the interpretation from Table 12: the synthesized solvers often replace generic search by a
distribution-specific computation.

Fallback is rare overall. The average fallback rate is only 3.0%, which indicates that the reported speedups are not primarily
obtained by calling a generic backend on most instances. Instead, fallback acts as a safety mechanism for slices of the
distribution not covered by the learned hint. The largest fallback rates occur in MDS and MAXSAT, matching the qualitative
picture that these solvers often use useful but incomplete structure, such as seeded local search, hub or anchor rules, or
bounded cleanup.

Repair is also usually limited. The average number of repair iterations is 0.43, and most families have essentially zero repair.
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Problem Targets Qorig Qpert ∆Q Qual. changed Opt. changed Feas. changed Runtime ratio

Coloring 3 0.868 0.791 −0.077 0.342 0.342 0.000 1.38×
MDS 3 0.973 0.819 −0.155 0.419 0.333 0.000 1.39×
MIS 3 0.992 0.992 −0.001 0.258 0.191 0.000 1.31×

All 9 0.945 0.867 −0.077 0.340 0.289 0.000 1.36×

Table 15. Aggregate graph-relabeling perturbation ablation. The perturbation preserves each graph instance up to isomorphism, but
changes the vertex identifiers and input order seen by the generated solver. The changed columns report the fraction of test instances
whose quality, optimality, or feasibility value changes under relabeling. Runtime ratios are geometric means of tpert/torig across target
distributions.

The main exception is MDKP, where repair is part of the synthesized packing strategy: the solver first constructs a candidate
solution using surrogate scores or restricted dynamic programming, then performs bounded add/drop or feasibility repair.
Thus, MDKP is more repair-mediated, whereas Packing LP and TSP are more directly fast-path-mediated.

The residual-size column gives a complementary but problem-dependent view. In some families, the solver does not solve
the ambient instance directly; it first reduces the instance to a structured residual and then applies enumeration, repair, or a
backend routine to that residual. This is the distributional computation pattern described in the previous section. However,
because “residual size” has different native meanings across problem families, it should not be used for cross-family
comparisons.

Overall, the diagnostic traces strengthen the mechanistic interpretation of the benchmark while clarifying its limits. The
synthesized solvers are not merely faster implementations of the same generic algorithms, nor are they mostly wrappers
around exact solvers. They usually execute a learned distribution-specific fast path, occasionally use fallback as a safety
mechanism, and perform bounded repair only when the generated strategy leaves small violations or residual choices.

E.6. Perturbation Robustness Ablation

We include a graph-relabeling perturbation ablation as a diagnostic for presentation dependence. The perturbation randomly
relabels the vertices of each graph instance. This preserves the underlying graph up to isomorphism, but changes the vertex
identifiers and the input order seen by the generated solver. Thus, if a generated solver relies only on isomorphism-invariant
structure, its quality and runtime should remain similar after relabeling. If it relies on incidental identifiers or ordering
artifacts, its behavior may change.

For each selected generated solver, we evaluate the solver on the original held-out test instances and on relabeled copies of
the same instances. This perturbation is applied only as a post-hoc diagnostic and is not used during solver selection. We
report the original normalized quality Qorig, the perturbed normalized quality Qpert, and

∆Q = Qpert −Qorig.

We also report the fraction of test instances for which the quality value, optimality indicator, or feasibility indicator changes
after relabeling. Finally, we report the runtime ratio tpert/torig. Runtime ratios are aggregated by geometric mean, since
runtime effects are multiplicative.

Table 15 shows that feasibility is fully stable under relabeling: the feasibility-changed fraction is zero for every problem class
and every tested target distribution. Thus, the generated solvers continue to return feasible solutions under an isomorphic
presentation of the same graph instances.

Quality is more mixed. Across the nine graph target distributions, mean normalized quality decreases from 0.945 to 0.867.
This drop is concentrated in two target distributions: Ring-template in Coloring and Geometric-anchor in MDS. The
remaining seven graph targets have nearly unchanged mean quality under relabeling. This suggests that many generated
solvers capture reusable distribution-specific structure, but that some selected solvers also depend on presentation-specific
regularities.

Runtime is also presentation-sensitive. Across the nine graph targets, relabeling increases runtime by a geometric mean
factor of 1.36×. Most targets remain within a small constant factor, but there are notable outliers: Ring-template slows
down by 9.65×, while Core-fringe trap slows down by 2.19× despite unchanged quality. Thus, relabeling probes not only
solution robustness but also computational robustness. A generated solver may preserve feasibility and quality while still
taking a different, slower execution path under an isomorphic presentation.
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Problem Target distribution Qorig Qpert ∆Q Qual. changed Opt. changed Feas. changed Runtime ratio

Coloring Ring-template 1.000 0.772 −0.228 1.000 1.000 0.000 9.65×
Overlapping-palette 0.804 0.801 −0.004 0.026 0.026 0.000 0.28×
Separator-trap 0.800 0.800 0.000 0.000 0.000 0.000 0.98×

MDS Gateway-hub 0.920 0.920 −0.000 0.256 0.000 0.000 1.10×
Geometric-anchor 1.000 0.536 −0.464 1.000 1.000 0.000 2.18×
Star-kernel 1.000 1.000 0.000 0.000 0.000 0.000 1.11×

MIS Clique-path 0.991 0.991 −0.001 0.386 0.350 0.000 1.01×
Core-fringe trap 1.000 1.000 0.000 0.000 0.000 0.000 2.19×
Motif-bridge 0.986 0.985 −0.001 0.388 0.224 0.000 1.02×

Table 16. Target-level graph-relabeling perturbation ablation. The aggregate quality drop is concentrated in Ring-template and
Geometric-anchor, while feasibility remains unchanged on all tested targets.

Overall, the perturbation ablation is best viewed as a diagnostic test of presentation dependence. The results are consistent
with the synthesis agent often extracting reusable distribution-specific structure: feasibility is invariant, and quality is nearly
unchanged on most graph targets. At the same time, the brittle cases show that some generated solvers depend on incidental
presentation details such as vertex identifiers or ordering. Graph relabeling is therefore a useful stress test for separating
invariant distributional structure from presentation-specific shortcuts.

F. Proofs for Section 5
Theorem 5.1 (Runtime-aware generalization for library selection). Assume 0 ≤ T(c, x) ≤ Tmax for every c ∈ C and x ∈ X ,
and assume C contains at least one solver that is correct almost surely under D. Let π be a prior on C with

∑
c∈C π(c) ≤ 1,

and write Γ(c) := log(1/π(c)). Let Cfeas = {c ∈ C : ErrD(c) = 0}. For every δ ∈ (0, 1), with probability at least 1− δ

over S ∼ Dn, ErrD(ĉS) ≤
Γ(ĉS)+log(

2
δ )

n and RunD(ĉS) ≤ infc∈Cfeas

{
RunD(c) + 2Tmax

√
max{Γ(ĉS),Γ(c)}+log(

4
δ )

2n

}
.

Proof. For c ∈ C, write e(c) := ErrD(c). If ÊrrS(c) = 0, then Pr[ÊrrS(c) = 0] = (1− e(c))n ≤ e−ne(c). Hence

Pr

(
ÊrrS(c) = 0 and e(c) >

Γ(c) + log(2/δ)

n

)
≤ π(c)δ

2
.

A union bound gives, with probability at least 1− δ/2,

ErrD(c) ≤ Γ(c) + log(2/δ)

n
for all c ∈ C with ÊrrS(c) = 0.

Since ĉS is sample-consistent, this proves the error bound.

For runtime, set

r(c) := Tmax

√
Γ(c) + log(4/δ)

2n
.

By Hoeffding’s inequality and another union bound, with probability at least 1− δ/2,

|R̂unS(c)− RunD(c)| ≤ r(c) for all c ∈ C.

On the intersection of the two events, fix any c ∈ Cfeas. Since ErrD(c) = 0, c is sample-consistent almost surely, so the
selection rule gives R̂unS(ĉS) ≤ R̂unS(c). Therefore

RunD(ĉS) ≤ R̂unS(ĉS) + r(ĉS) ≤ R̂unS(c) + r(ĉS) ≤ RunD(c) + r(c) + r(ĉS).

Taking the infimum over c ∈ Cfeas and using

r(c) + r(ĉS) ≤ 2Tmax

√
max{Γ(ĉS),Γ(c)}+ log(4/δ)

2n

gives the stated runtime bound. The two events together hold with probability at least 1− δ.

29



1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610
1611
1612
1613
1614
1615
1616
1617
1618
1619
1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649

AI Agents for Distribution-Specific Algorithm Discovery

Theorem 5.2 (Exact recovery under identifiable structure). If |H| = N and the margin is γ > 0, then n ≥ 2
γ2 log

2N
δ

samples suffice for ĥ = h⋆ with probability at least 1− δ.

Proof. Fix the true hint h⋆ ∈ H, and for each h ∈ H let µ(h) := EX∼Dh⋆ [ψh(X)]. By assumption, µ(h⋆) ≥ µ(g) + γ for
every g ̸= h⋆. Since ψh(X) ∈ [0, 1], Hoeffding’s inequality gives Pr(|µ̂S(h)− µ(h)| > γ/2) ≤ 2e−nγ2/2 for each h, and
a union bound overH yields

Pr
(
∃h ∈ H :

∣∣µ̂S(h)− µ(h)
∣∣ > γ

2

)
≤ 2|H|e−nγ2/2.

For n ≥ 2
γ2 log

2|H|
δ , the right-hand side is at most δ, so with probability 1 − δ we have |µ̂S(h) − µ(h)| ≤ γ/2 for all

h ∈ H. On this event, for every g ̸= h⋆,

µ̂S(h
⋆) ≥ µ(h⋆)− γ

2 ≥ µ(g) +
γ
2 ≥ µ̂S(g),

so ĥ = h⋆.

Theorem 5.3 (Learning a hidden SAT backdoor from samples). If m ≥ 8 γ−2 log 2d
δ , then B̂ = B with probability at least

1− δ.

Proof. Set ε := γ/4. For each variable i ∈ [d], the random variables σi(F (1)), . . . , σi(F
(m)) are IID and lie in [0, 1], with

mean µi := EF∼DB
[σi(F )]. By Hoeffding’s inequality,

Pr(|σ̂i − µi| > ε) ≤ 2e−2mε2 .

A union bound over all i ∈ [d] yields

Pr

(
max
1≤i≤d

|σ̂i − µi| > ε

)
≤ 2d e−2mε2 .

Therefore, if m ≥ 8
γ2 log

2d
δ , then with probability at least 1− δ we have |σ̂i − µi| ≤ ε for all i ∈ [d].

On this event, if i ∈ B then σ̂i ≥ q1 − ε, while if j /∈ B then σ̂j ≤ q0 + ε. Since γ = q1 − q0 and ε = γ/4, we get
q1 − ε > q0 + ε. Hence every variable in B has strictly larger empirical score than every variable outside B, so the top k
empirical scores are attained exactly on the variables in B. Therefore B̂ = B.
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