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A  Proofs

A.1 Preliminaries

In the following, = € Q° so that p(z) > 0, and we will assume for simplicity that the distribution p
is continuous at x.

For the proof of our results, we will often exploit the following integral relation, valid for 5 > 0,

1 oo
m/ tﬂ_le_tz dt = Z_'B. (36)
0
In addition, we define
vlait) = [ plo-+y)e T dy, 37)

which will play a central role. We note that ¢)(z,0) = 1, and that ¢t — (z,t) is a continuous and
strictly decreasing function of ¢. It is even infinitely differentiable at any ¢ > 0, but not necessarily at
t = 0. In fact, for a fixed z, controlling the behavior of 1 — ¢(z, ) when ¢ — 0 will be essential to
obtain our results.

We show in Fig. [T] an example of the Hilbert kernel regression estimator in one dimension. Both
the bias and the variance of the estimator can be visually seen, as well as the extrapolation behavior
outside the data domain. Note that in higher dimensions, the sharp peaks would have rounded tops.

1 Hilbert kernel regression example n=>50
.5 T T T

= =Sin(2rx) xe€ [0.25 0.75]
— Hilbert kernel estimator

0.5

-0.5

1.5 | | | |
0 0.2 0.4 0.6 0.8 1

Figure 1: An example is shown of the Hilbert kernel regression estimator in one dimension, both
within and outside the input data domain. A total of 50 samples x; were chosen uniformly distributed
in the interval [0.25 0.75] and y; = sin(27z;) + n; with the noise n; chosen i.i.d. Gaussian
distributed ~ N (0,0.1). The sample points are circled, and the function sin(27x) is shown with a
dashed line within the data domain. The solid line is the Hilbert kernel regression estimator. Note the
interpolation behavior within the data domain and the extrapolation behavior outside the data domain.
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A.2 Moments of the weights: large n behavior

In this section, we provide a complete proof of Theorem[3.1] Several other theorems will use the very
same method of proof and some basic steps will not be repeated in their proof.

Using Eq. for 8 > 0, we can express powers of the weight function as

wl@)=—>+ L /+°° (B—1 gt [lz—aol| =t TI, |le—ail|~¢ g (38)
’ [z = 2ol[P T'(B) Jo '
By taking the expected value over the n + 1 independent random variables X;, we obtain
B 1 e B—1
]E[w a:]:—/ 15=1 (2, )b (x, ) dt, (39)
@) =15 (&, )5 (a, 1)
with .
e wi?
bp(w,t) = /P(JH'ZU)Wd Y, (40)

which is also a strictly decreasing function of ¢, continuous at any ¢ > 0 (in fact, infinitely differen-
tiable for t > 0).

Note that the exchange of the integral over ¢ and over & = (x¢, x1, ..., T,) used to obtain Eq.

is justified by the Fubini theorem, by first noting that the function Z wg (z) [Ti—y p(z;) is in

LY(RY), since 0 < wg (z) < 1, and since p is obviously in L*(R%). Moreover, the function
t > P71 (2, t)pp(x,t) > 0is also in L(R). Indeed, we will show below that it decays fast
enough when ¢t — +oo (see Eqs. (#2}50)), ensuring the convergence of its integral at +o0, and that it
is bounded (and continuous) near ¢ = 0 (see Eqs. (63}{68)), ensuring that this function is integrable at
t=0.

For 8 = 1, 1 = —041), and we obtain E [wo (x)] = n-ls-l , as expected. In the following, we first
focus on the case § > 1, before addressing the cases 0 < 8 < 1 and § < 0 at the very end of this
section.

We now introduce ¢; and ¢ (to be further constrained later) such that 0 < ¢; < t5. We then express
the integral of Eq. (39) as the sum of corresponding integrals I; + I12 + I5. I; is the integral between
0 and t1, I the integral between ¢ and to, and 5 the integral between t5 and +o00. Thus, we have

I <E [wg(l‘)] < I + Lo + I, 41)

provided these integral exists, which we will show below, by providing upper bounds for I5 and I,
and tight lower and upper bound for the leading term 1.

Bound for I,
For any R > 1, we can write the integral defining ¢ (x, t)

,t) = 42
vet) AySR—’—/yIZR @2

. 2
< e w4 / p(x+y)”y|2| d%y, 43)
llyll>R R
_+ O,
< e R4 (44)

with C,, = 0’% + ||z — p1,|? depending on the mean 1, and variance aﬁ of the distribution p. Similarly,
for ¢s(x,t), we obtain the bound

1 Cy
pp(x,t) < A re A R2tBd’ (45)

valid for t > max(1, ) and R < r;, where r; = (t/3)*/% > 1 is the location of the maximum of

. ~d
the function r — <.
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We now set R = td, with 0 < s < 1, and take T} > max(1, 3, 3/ ~*)) (sothat 1 < R < 1) is

large enough such that the following conditions are satisfied for ¢t > to > T3,

e Rt =t < tc;;’
%efﬁ = tﬁise_tlﬂ < 775%56:02%.
Hence, for ¢t > t5 > T4, we obtain
viat) < 2%,
op(z,t) < t;%

(46)

(47)

(48)

(49)

In addition, we also impose t, > T4 = (4C,)%(2%), so that 2§= < i foranyt > T, =
td

max(Ty,T5). Finally, exploiting the resulting bounds for ¢ (z,t) and ¢g(z,t) for s = 1/2, we
obtain the convergence of I (which, along with the bounds for I; and ;5 below, justifies our use of

Fubini theorem to obtain Eq. (39)) and the exact bound

15:/+wWWW@tM(wwdt< d !
r8) )i, PR ET=TB) T et (g 1)

for any given to > T5.

Bound for 1,2

(50)

Again, exploiting the fact that ¢(z, t) and ¢g(z, t) are strictly decreasing functions of ¢, we obtain

éﬁ(x7t1)t§
Iis < 7“@

where we note that ¢(z,¢1) < 1, for any ¢; > 0.

X wn(xatl)a

Bound for I,

(G

We first want to obtain bounds for 1 — ¢(x,t), where 0 < ¢ < ¢, with ¢; > 0 to be constrained
below. In addition, exploiting the continuity of p at 2 and the fact that p(z) > 0, we introduce
e satisfying 0 < € < 1/4, and define A > 0 small enough so that the ball B(x,d) C Q°, and
lyl| <A = |p(x +y) — p(x)] < ep(x). Exploiting this definition, we obtain the following lower

and upper bounds

L t) > <1—e>p<x>/”m (1= ) at,
1—(z,t) < (1+5)p(a:)/” o (1—e_l;d> dy
+/ZI|Z>\ plwty) <1 _e_ﬁ) &'y,
¢
<

(1+2)p() /Hy|<A (1 - e‘ufd> dy+ o

The integral appearing in these bounds can be simplified by using radial coordinates:

t >\ t
/ <1 - elyd> dy, Sd/ (1 - 6771) r=tdr,
[ylI<A 0

+o0 —u
1 _
Vit / °  du,

t ’U,2

d
Sa

(52)

(53)

(54)

(55)

(56)

(57

where Sy and Vy = = are respectively the surface and the volume of the d-dimensional unit sphere

and we have used the change of variable u = Tid
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‘We note that for 0 < z < 1, we have

teo ] e '1—u—e o] e
/Z " du = —1In(z2) +/Z — du +/1 3 du. (58)
Exploiting this result and now imposing ¢; < A%, we have, for any ¢t < ¢,
- +oo 1—e v
In (C> < / ° _du<ln (C+) , (59)
t t u? t
N
too 1 e U
In(C_) = dn(A)+ / 3 du, (60)
1
Ty —e v
0

Combining these bounds with Eq. (52)) and Eq. (53], we have shown the existence of two z-dependent
constants Dy such that, for 0 < ¢ < ¢; < A%, we have

(1 —¢&)Vap(x)tin <Dt> <1 —(x,t) < (1+¢€)Vap(x)tin (Dt+> . (62)

Dy
t
strictly increasing for 0 < ¢ < ¢;. ¢; is also taken small enough such that the two bounds in Eq.

are always less than 1/2, for 0 < ¢ < ¢; (both bounds vanish when ¢t — 0).

In addition, we will also chose t; < D4 /3, such that the two functions ¢ In ( ) are positive and

We now obtain efficient bounds for ¢g(z,t), for 0 < ¢ < t;. Proceeding in a similar manner as
above, we obtain

T
z,t) > (1—¢)p(x uddy, (63)
B Bd
yli<x 11l
ei\lyt\ld
saat) < (o) [ Tty (64)
’ gl llyl17? APd
Again, the integral appearing in these bounds can be rewritten as
eil\ytHd d A d(1-B)—1 — 4
/ Wdy:Sd/ r e rd dr. (65)
lyli<x 1] 0

For 0 < 3 < 1, the integral of Eq. is finite for ¢ = 0, ensuring the existence of ¢g(z, 0) and the

fact that t — t#~14p(z, t)ds(z, t) belongs to L (IR) (hence, justifying our use of Fubini theorem for
0 < B < 1). For g > 1, we have

eiw 18 “+o0 5o —u
/ oy 18d = Vat / U e “du. (66)
nwii<x Nyl -
~to Val(B =1t F. (67)

This integral diverges when ¢ — 0 and the constant term A~?¢ in Eq. can be made as small
as necessary (by a factor less than €) compared to this leading integral term, for a small enough ¢;.
Similarly, we can choose ¢; small enough so that the integral Eq. (65) is approached by the asymptotic
result of Eq. @ up to a factor €. Thus, we find that for 0 < ¢ < ¢;, one has

(1 —2e)Vap(z)T(B — D' P < ¢p(x,t) < (14 3¢)Vap(z)T(B — 1)1 7P, (68)
This shows that t*~1¢(z, t) has a smooth limit when ¢ — 0 so that, combined with the finite upper

bound for Iy, t — t#~14(z, t)ps(z, t) belongs to L*(R), for 3 > 1, and hence for all 3 > 0. Hence,
the use of the Fubini theorem to derive Eq. (39) has been justified.

Now combining the bounds for ¢(z, t) and ¢g(x,t), we obtain

I (1—2e¢) ! Vdp(x)/o 1 (1 — (1 +¢)Vap(x)tin (D;)) dt, (69)
D_
ot

B—1
)) dt. (70)

Y

1

L .

IN

(14 3¢)

Vdp(a:)/o 1 (1 —(1—e)Vyp(z)tln (
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Asymptotic behavior of I, and E {wg (:c)}

‘We will show below that

t Da\ ) 1
1—Eitln| — dt ~ — 71
/0 ( = < t )) n—+oo Eyinln(n)’ D

where E4 = (1 F €)Vyp(x). For a given x, and for ¢; and ¢, satisfying the requirements mentioned
above, the upper bounds for I15 (see Eq. (51))) and I (see Eq. (50)) appearing in Eq. (4I)) both
decay exponentially with n and can hence be made arbitrarily small compared to I; which decays as

1/(n In(n)).
Finally, assuming for now the result of Eq. (to be proven below), we have obtained the exact

asymptotic result

1
Elwf@] B=Dnn(n)’ (72)

Proof of Eq.

We are then left to prove the result of Eq. . First, we will use the fact that, for 0 < z < z; < 1,
one has

e <l —2<e?, (73)
where p = —In(1 — 21)/z;. We can apply this result to the integral of Eq. , using 2§ =
Eit;In(D+/t;) > 0. Note that 0 < t; < D+ /3 and hence 2 > 0 can be made as close to 0 as
desired, and the corresponding p4- > 1 can be made as close to 1 as desired. Thus, in order to prove
Eq. (7I), we need to prove the following equivalent

h D 1
I - /0 onEtn(2) 4 e B’ (74)
for an integral of the form appearing in Eq. (74). Let us mention again that ¢; has been taken small
enough, so that the function ¢ — ¢ In % is positive and strictly increasing (with its maximum at
tmax = D/e < t1), for 0 <t < t;.

We now take n large enough so that @ < t1 and E'ln(n) > 1. One can then write

1 In(n) D t1 D
In = 7/ e—Euln(T) du +/ e—nEtln(T) dt = Jn + K’I’L7 (75)
nJo i
1/E In(n) n
Jn < l/ efEuln(DEn) du + l/ eiEu hl(lnD(")) du, (76)
n Jo nJi/E
1 In(n)
< 77
- Enln(DEn)+DEn21n<lD(n))’ 7n
+oo
K, < / o Bt (E) gy < 1D . (78)
) EnlJrEln(W) In (g)
When n — +o00, we hence find that the upper bound [T of I,, satisfies
1 1

+ ~ —_— ~ _. 79
" no+too Enln(DEn) ns+oc Enln(n) (7)
Let us now prove a similar result for a lower bound of I,, by considering n large enough so that
nEt; > 1, and by introducing ¢ satisfying 0 < § < 1/e:

1 nEt1
I, = — / euIn(DEn)uln(u) gy, (80)
nk 0 7
1 §
S 7/ e_uln(DEn)+61n(6)du (81)
- nkE 0 7
o3 In(8) ) DEn)-? I-(§ 82
> - _ = - .
> nEln(DEn)( (DEn)™") = I () (82)
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Hence, for any 0 < § < 1/e which can be made arbitrarily small, and for n large enough, we find
that I,, > I, (9), with
eé In(d) eé In(d)

O Fta (DER) ~ Bl (n)

Eq. (83)) combined with the corresponding result of Eq. for the upper bound I finally proves
Eq. (74), and ultimately, Eq. (72) and Theorem [3.1] for the asymptotic behavior of the moment

E [wg(x)}, for 5 > 1.

(83)

Moments of order 0 < 8 < 1

The integral representation Eq. (36) allows us to also explore moments of order 0 < 3 < 1. In that
case kg(x) = ¢g(x,0) < oo is finite, with

+
ra(r) = / dey. (84)

By retracing the different steps of our proof in the case § > 1, it is straightforward to show that

B ~ Kp (.’E) /t1 8—1 —nVyp(z)tin D%
E [wo (ZC)} nTree T(B) Jo t" e ( > dt, (85)
kg () 6

n—:-.;-OO (Vd,o(x)n ln(n))ﬂ ,

where the equivalent for the integral can be obtained by exploiting the very same method used in our
proof of Eq. (71)) above, hence proving the second part of Theorem [3.1]

We observe that contrary to the universal result of Eq. for (3, the asymptotic equivalent for the
moment of order 0 < 3 < 1 is non universal and explicitly depends on x and the distribution p.
Moments of order B < 0

Finally, moments of order 3 < 0 are unfortunately inaccessible to our methods relying on the integral
relation Eq. (36), which imposes 3 > 0. We can however obtain a few rigorous results for these
moments (see also the heuristic discussion just after Theorem [3.).

Indeed, for 8 = —1, we have

1 - 1
—— =14z —xo|*)  —— (87)
wo () ; l — |
But since we have assumed that p(z) > 0, E[||z — z;|| 7% = [ pl(m}{) d?y is infinite and moments

of order 8 < —1 are definitely not defined.
As for the moment of order —1 < § < 0, it can be easily bounded,

+
Bluf@)] <10 [ ool aty [HECH dty (3

and a sufficient condition for its existence is r5(z) = [ p(z + y)||y||!?!¢ d?y < oo (the other integral,
equal to k)| (), is always finite for |3| < 1), which proves the last part of Theorem 3.1

Numerical distribution of the weights

In the main text below Theorem 3.1} we presented an heuristic argument showing that the results of
Theorem [3.1]and Theorem [3.2] (for the Lagrange function; that we prove below) were fully consistent
with the weight W = wq () having a long-tailed scaling distribution,

1 W
PuW) = o p(W ) (89)

The scaling function p was shown to have a universal tail p(w) ~ w~2 and the scale W,, was
shown to obey the equation —W,, In(W,,) = n~!. To the leading order for large n, we have
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W, ~

W ~ gt
variable w = W/W,,, for n = 65536, using the estimate W,, ~ m We observe that p(w)

#(n), and we can solve this equation recursively to find the next order approximation,

. In Fig [2| we present numerical simulations for the scaling distribution p of the

is very well approximated by the function p(w) = m, confirming our non rigorous results. The
0
10 IIIIIII ) ) IIIIIII ) ) IIIIIII ) ) IIIIIII ) LI
E -
21 ]
10
E E
E“\ = =
af ]
~— 10 B |
i
E 5
6 ]
10

-SEIIIIIII L L ||||||I L L ||||||I L L ||||||I L L |||II§
10° 10’ 10° 10° 10"
w

10

Figure 2: We plot the results of numerical simulations for the distribution p of the scaling variable
w = WK, with W,, ~ m, and for n = 65536 (black line). This is compared to p(w) =
1

{iTaye (red line), which has the predicted universal tail p(w) ~ w2 for large w.
data were generated by drawing random values of r¢ = ||z — ;|| using (n + 1) i.i.d. random
variables a; uniformly distributed in [0, 1], with the relation 7; = [a;/(1 — a;)]*/¢, and by computing
the resulting weight W = ¢/ Z?:O rj_d. This corresponds to a distribution of ||z — x;|| given by
ple — @) = 1/Va/(1+ [Jz — zi]|)*.

A.3 Lagrange function: scaling limit

In this section, we prove Theorem for the scaling limit of the Lagrange function Lo(z) =
E x|z, [wo(z)]. Exploiting again Eq. (36), the expected Lagrange function can be written as

+oo 4
Lo(z) = ||z — 2ol P (z, t)e el g, (90)
0

where v (x, t) is again given by Eq. (37).

For a given ¢; > 0, and remembering that v¢(z,t) is a strictly decreasing function of ¢, with
¥(x,0) = 1, we obtain

Ly < Ly(z) < Ly + Lo, 1)
with
t1 —d
Ly = | —on_d/ Y (x, t)e ezl ™" gy (92)
0
Ly, = e—tillz—woll = (93)
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570 Fore > 0 and a sufficiently small ¢; > 0 (see section , we can use the bound for ¢(x, t) obtained
571 in section[A2] to obtain

1 h D, " -t
(1- 2€)|x—x0||d/0 1—(1+¢e)Vap(z)tin <t> e ll===0l® dt,  (94)

1+ 3e)¥ /tl 1—(1-¢)Vap(z)tin (D‘) ’ o Teral® dt.  (95)
|z —zoll¢ Jo t

572 Then, proceeding exactly as in section[A.2] it is straightforward to show that L; can be bounded (up
573 to factors 1 4 O(g)) by the two integrals L;"

t1 —-n x n D—i -t
L? _ 1 / o Vap(z) t1 ( 7 ) Te—eol? ¢ (96)
[z — 2ol Jo

Ly

IV

Ly

IN

574 Like in section we impose t; < D /3, such that the two functions ¢ In (%) are positive and
575  strictly increasing for 0 < ¢ < ¢;.

576 We now introduce the scaling variable z(n, zo) = Vap(z)||z — 20||%n log(n), so that

1n(Dy /t)

1n(Dinfzo||*d/u)

t t

N 1 b e <1+Z () ) To—aoi@ “<1+Z B ) I

Li=—"—+¢ e dt = e du,
0

[l — o[ 0
7

577 where we have used the shorthand notation z = z(n, o).

s78  For a given real Z > 0, we now want to study the limit of Lo(z) when n — oo, ||z — 2¢]| =% — +o0
579 (i.e., xg — x), and such that z(n,zo) — Z, which we will simply denote limz Lo(x). We note
se0 that limy Ly = 0 (see Eq. and Eq. ), so that we are left to show that lim; LT = — =

1z
ss1  limy Lo(x), which will prove Theorem

sz Exploiting the fact that u In(u) > —1/e, for v > 0, we obtain

In( Dy fle—=zql ~%
. u<1+2“(i1§(njfi)>
. pe—
L > e emm / e du, (98)
0

- (1 _eﬁiod)> , (99)

1+ 2

ss3  which shows that L7 is bounded from below by a term for which the lim is 1—|+Z

ss4 Anticipating that we will take the limz and hence the limit o — x, we can freely assume that
585 ||l — x| <land K = m > 1, so that we also have K < ”til We then obtain

T—x0]|4"

ln(Di Ha:—zOH_d/u)

K —u <1+Zln(n)> 400
/ e du + / e “du, (100)
0

Ly <
K
= / e dU+/ e du + e ¥ (101)
0 1
(D fe—wg ) ~4) L in(Dpllz—sol ~4/K)
1l—e 77  mm P a— Y () E— X
S Te K, (102)
In(D|lz—wo~) In(Dt e—ao|~4/K)
= — 1+= ()
n(||lz—zol =4 In(||z—zo| ~%/? )
s86 For Z > 0, limy % = limy % = 1, and the limy of the upper bound in

nfllz—zal—9 In(||lz—=zo|~%/?
ss7  Eq. |b is also HLZ For Z = 0, we have lim z% = limy ZM =0, s0

In(n)

sss that the limy of the upper bound in Eq. (I02) is 1. Finally, since limz L, = 0, we have shown
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that for any real Z > 0, limy Lli =limy Lo(z) = H%, which proves Theorem Note that the
two bounds obtained suggest that the relative error between Lg(z) and H% for finite large n and
large ||z — xg|| =% with z(n, o) remaining close to Z is of order 1/ In(n), or equivalently, of order
1/In([|z = zol]).

Numerical simulations for the Lagrange function at finite n

. Average Lagrange function n=400
1007 ‘ ‘ ‘

1073 | |
0.4 0.45 0.5 0.55 0.6

Figure 3: A numerical simulation is shown of the expected value of the Lagrange function of the
Hilbert kernel regression estimator in one dimension for a uniform distribution like in Fig.[I] A total
of n = 400 samples x; were chosen uniformly distributed in the interval [0, 1] for 100 repeats and
the Lagrange function evaluated at zy = 0.5 was averaged across these 100 repeats (blue curve). The
black curve shows the asymptotic form (1 + Z)~! with Z = 2|z — x¢|/W,,. Since n = 400 is not
too large, we used the implicit form for the scale W), given by W, In(1/W,,) = 1/n (see main text
below Theorem leading to W, = 3232.39 (compare with 400 In(400) = 2396.59).

A.4 The variance term

We define the variance term V(x) as
V(@) = B[} wl@)yi—f@)]?] = Ex | Y wi@)o?(@)] = (41 E [w(@)o*(x0)] . (103)
i=0 1=0

If we first assume that o2 (z) is bounded by o3, we can readily bound V(z) using Theorem [3.1| with
B =2:

V(@) < (n+1)02E {wg(x)} . (104)
Hence, for any ¢ > 0, there exists a constant N, ., such that forn > N, ., we obtain Theorem

2

V(z) < (1+¢) m"(‘;).

(105)

However, one can obtain an exact asymptotic equivalent for V() by assuming that o is continuous
at x (with o2(x) > 0), while relaxing the boundedness condition. Indeed, we now assume the growth

20



601

602
603

605

606
607

608
609
610
611

612

613
614

615
616

617

618

619

621

622
623

624
625

626
627
628

629

630

. .
condition C&,..ih

o(y) d
/p(y)l—i—HyHQdd y < 00. (106)

Note that this condition can be satisfied even in the case where the mean variance [ p(y)o?(y) d%y is
infinite.

Proceeding along the very same line as the proof of Theorem [3.1]in section[A2] we can write

—+o00
E[u}w)@)] = [ 0@ o a, (107)
with L
o, t) = / ol +y)o*(z + y)% dy, (108)

which as a similar form as Eq. (0), with 8 = 2. The condition of Eq. (I06) ensures that the integral
defining ¢(x,t) converges for all ¢ > 0.

The continuity of o2 at 2 (and hence of po?) and the fact the p(z)o?(z) > 0 implies the existence
a small enough A > 0 such that the ball B(z,\) C Q° and ||y|| < A = |p(z + y)o?(z +y) —
p(z)o?(z)| < ep(x)o?(x), a property exploited for p in the proof of Theorem 3.1|(see Eq. and
the paragraph above it), and which can now be used to efficiently bound ¢(x,t). In addition, using
the method of proof of Theorem (see Eq. ) also requires that fl|y|\> N p(y)% d%y < oo,

which is ensured by the condition C'¢, .1, of Eq. @ Apart from these details, one can proceed
strictly along the proof and Theorem [3.1] leading to the proof of Theorem [3.4}

V(x) o (z)

oo In(n)

: (109)

Note that if 0%(2) = 0, one can straightforwardly show that for any ¢ > 0, and for n large enough,
one has

€
V(z) < m,

while a more optimal estimate can be easily obtained if one specifies how o2 vanishes at .

(110)

A.5 The bias term
This section aims at proving Theorem [3.3] [3.6] and[3.7]

Assumptions

We first impose the following growth condition CZ ., for f(z) := E[Y | X = z]:
2 (y) d
p(y) g 4y < o0, (111)
/ (1 +[[yll*)?
which is obviously satisfied if f is bounded. Since p is assumed to have a second moment, condition

C’émwth is also satisfied for any function satisfying | f(z)| < Af||y| |+1 for all y, such that ||y|| >
f

Ry, for some Ry > 0. Using the Cauchy-Schwartz inequality, we find that the condition C¢, .1,
also implies that
/(W)

/ P d%y < oc. (112)

In addition, for any x € Q° (so that p(z) > 0), we assume that there exists a neighborhood of x such
that f satisfies a local Holder condition. In other words, there exist 6, > 0, K, > 0, and o, > 0,
such that the ball B(0,¢,,) C 2, and

[yl < 6. = |f(z+y) — f@)] < Kallyl|*, (113)

which defines condition C’{;Ol der-

Definition of the bias term and preparatory results

21



631

632

633

634
635

636

638

639

640

641

642
643
644

645

646
647

649

650

We define the bias term B(x) as

n

Bw) = Ex[(Dw@lste) — 1)) ] = (0 DB +nn DB(), (114)

=0
Bil) = —Ex[> k@i - f@)P], (115)
=0
= Ex[wd(@)[f(x0) — f(@)]2], (116)
Ba(z) = n(%H)Ex[ > wil@uwy @) @) ~ @) - f@)]], a1
0<i<j<n
= Ex[wo(@)uwi (@)[f(z0) = f(@)][f(21) = f(@)]]- (118)

Exploiting again Eq. (36) for 5 = 2 like we did in section[A.2] we obtain
Bi(x) = /+oot1/)”(x,t)xl(x,t) dt, (119)

where ¢ (z, t) is again the function deﬁnec;) in Eq. (37), and where
xia,1) = / oo+ yye T LEED = S@) ja

[ly[[>4
For any ¢ > 0, and under condition C’érowth, the integral defining x (x, t) is well defined. Moreover,

X1(z,t) is a strictly positive and strictly decreasing function of ¢ > 0.

(120)

Now, defining u; = ||x — x;||~%, 4 = 0, ..., n and exploiting again Eq. for § = 2, we can write

wo(z)ws () = uoul/ t e~ (otun)t= (i, wi)t gy (121)
0
Now taking the expectation value over the n + 1 independent variables, we obtain
“+oo
Bs(x) :/ tp"(x, t)xa(x, t) dt, (122)
0

where

X2(z,t) = /p(x+y)e_|;vind

Again, for any ¢ > 0, and under condition C’érowth, the integral defining x(x,t) is well de-
fined. Note that, the integral defining x2(x,0) is well behaved at y = 0 under condition CI{Iol der

Indeed, for ||y|| < 0., we have W < K,||ly||~%*=, which is integrable at y = 0

in dimension d. Note that, if f(x + y) — f(x) were only decaying as const./In(||y||), then
Ix2(z,t)| ~ const.In(|In(t)|) — 400, when ¢ — 0, and x2(x,0) would not exist (see the end of
this section where we relax the local Holder condition).

y. (123)

From now, we denote
Fety) = 1@) o

() = (2, 0) = / ol + )

Also note that x(z) = 0 is possible even if f is not constant. For instance, if €2 is a sphere centered
at x or Q = R%, if p(x + y) = p(||y||) is isotropic around x and, if f, : y — f(x + y) is an odd
function of y, then we indeed have x(x) = 0 at the symmetry point .

(124)

Upper bound for By (x)
For ¢ > 0, we define A like in section[A.2]and define 7 = min(], §,), so that
xi(w,t) < (1+e)Kqp(x) / e T [Jy] 2= dty + A, (125)
lyll<n
_ 2
[E 1yl
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where the constant A, < oo under condition Cémwth. The integral in Eq. |i can be written as

_ t n t
/ e 7‘|y‘|d|‘y|‘2(az—d) ddy — Sd/ efdeQam—d—l d7’7 (127)
[lyll<n 0
+o00o
- thzd“l/ w2 e du, (128)

d

Hence, we find that x; (x, t) is bounded for o, > d/2. For o, < d/2, and for ¢ < ¢; small enough,
there exists a constant M (2, /d) so that x1(z,t) < M(2a,/ d)t%_l. Finally, in the marginal
case a; = d/2 and for ¢ < t1, we have x1(z,t) < M(1)In(1/¢), for some constant M (1).

Now, exploiting again the upper bound of ¢ (x, t) obtained in section and repeating the steps
to bound the integrals involving " (z,t), we find that, for o, # d/2, By (x) is bounded up to a
multiplicative constant by

t : ag) —nVgp(x)tin o= — min(2, 22z
/ pmin(1, 252 )  ~Vap(e)t ( ’ >dt ~ M (20/d) (Vap(a)nIn(n)) (2541 (129
0 n——+0oo

where M’ (2, /d) is a constant depending only on 2c,./d. In the marginal case, o, = d/2, B1(x) is
bounded up to a multiplicative constant by n =2 In(n).

In summary, we find that

0 (n’%m (In(n))~ 1% ) , ford > 2a,
(n+1)Bi(z) =4 O (n(In(n)™Y), for d = 2a, (130)
O (n"(In(n))~?), for d < 2,

Asymptotic equivalent for Ba(x)

Let us first assume that £(z) = x2(z,0) # 0. Then again, as shown in detail in section[A.2] the
integral defining Bo () is dominated by the small ¢ region, and will be asymptotically equivalent to

+oo
By(z) = / " (s t)x3 (2, 1) dt, (131)
0
1 —nVap(x n D—i
~ 52(:10)/ te vapte)t! ( ‘ >dt, (132)
n——+oo 0
R )
ntos (vdmx)nln(n)) | (139

On the other hand, if x(z) = 0, one can bound x2(z, ) (up to a multiplicative constant) for ¢ < ¢;
by the integral

[ (e ) ety
[lyll<n

n t
Sd/ (1 — e_Td) roe=dpd=1 gy (134)
0

“+oo
th%/ uwE (1—e) du. (135)

t

nd

Hence, for k(z) = 0, we find that

20y

n(n+ 1)Bz(z) = O (n_ d (ln(n))_z_%) . (136)

Asymptotic equivalent for the bias term B(x)

In the generic case x(z) # 0, we find that (n + 1)B; () is always dominated by n(n + 1)Bz(z), and
we find the following asymptotic equivalent for B(x) = (n 4+ 1)B;1(z) + n(n + 1)Ba(z):

K(z) ?
B(z) oo (Vdp(m) 111(71)) ' (137)
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In the non-generic case «(x) = 0, the bound for (n + 1)B; (x) in Eq. (130) is always more stringent
than the bound for n(n + 1)Bz(z) in Eq. (136)), leading to

o) (ni xa (ln(n))*l’z?) , ford > 2a,
B(z) =14 O(n *(n(n))7), ford = 20, (138)
O (n~!(In(n))~2), for d < 2a,

which prove the statements made in Theorem 3.5}

Interpretation of the bias term B(x) for k(x) # 0

Here, we assume the generic case x(z) # 0 and define f(z) = E [f(x)] . We have

Alz) = E D wi@)(f(z:) - f@)| = f) = f(x), (139)
=0
fl@) = E D wi@)f(x:)| = (n+1E [wo(z)f(xo)] - (140)
=0
By using another time Eq. (36), we find that
+o0
A@) = (n+1)/ W (1) (2, 1) dt, (141)
0
~_ nr(@) /tl efnvdp(m)“n(%) dt, (142)
wz) (143)

Comparing this result to the one of Eq. (137)), we find that the bias B(x) is asymptotically dominated
by the square of the difference A?(x) between f(z) = E [f(x)] and f(x):

2
Bla) (E [f@)] - f(rc)) : (144)
a statement made in Theorem

Relaxing the local Holder condition

We now only assume the condition Céont_ that f is continuous at x (but still assuming the growth
conditions). We can now define d, such that the ball B(z,d) C Q° and ||y|| < §, = |f(z+y) —
f(x)| < e. Then, the proof proceeds as above but by replacing K, by €, a,, by 0, and by updating
the bounds for 1 (x, t) (for which this replacement is safe) and x2(x,t) (for which it is not). We
now find that for 0 < ¢ < ¢;, with ¢; small enough

0<xa(et) < e(l+2e)Vap(a)t™, (145)
1
el < 42V (7). (146
As already mentioned below Eq. (I23) where we provided an explicit counterexample, we see that
relaxing the local Holder condition does not guarantee anymore that lim;_,q |x2(z, 0)| < oco. With

these new bounds, and carrying the rest of the calculation as in the previous sections, we ultimately
find the following weaker result compared to Eq. (I37) and Eq. (I38):

B(x) = o (mém) , (147)
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or equivalently, that for any ¢ > 0, there exists a constant N, . such that, for n > N, ., we have

g
B(x) < ok (148)

The bias term at a point where p(x) =0

This section aims at proving Theorem expressing the lack of convergence of the estimator f(z)
to f(x), when p(x) = 0, and under mild conditions. Let us now consider a point x € 952 for which
p(x) = 0, let us assume that there exists constants 7, v, > 0, and G, > 0, such that p satisfies the
local Holder condition at

Iyl < ne = plz+y) < Gollyl™. (149)

We will also assume that the growth condition of Eq. (IT2) is satisfied. With these two conditions,
k(z) defined in Eq. (124) exists. The vanishing of p at x strongly affects the behavior of ¢(x,t) in
the limit ¢ — 0, which is not singular anymore:

L=vet) oyt [ o=yl d, (150)

where the convergence of the integral A(z) := [ p(y)||z — y|| =@ d?y is ensured by the local Holder
condition of p at x.

Let us now evaluate f(z) = lim,_, . E[f(2)], the expectation value of the estimator f(z) in the
limit n — +o0, introduced in Eq. (140). First assuming, x(x) = x2(z,0) # 0, we obtain

+oo
f@) - @) = lm 1) [0ty sy
n o0 0
ty1
= lim nxg(x,O)/ e to(.0) gy (152)
n—-+oo 0
r(x)
= 153
Nz’ (153)
which shows that the bias term does not vanish in the limit n — +oco. Eq. (I53) can be straight-
forwardly shown to remain valid when x(z) = 0. Indeed, for any ¢ > 0 chosen arbitrarily

small, we can choose ¢; small enough such that |y2(z,t)| < e for 0 < ¢t < ¢, which leads to
[f(z) = f(z)] <e/A(x).

Note that relaxing the local Holder condition for p at = and only assuming the continuity
of f at x and k(z) # 0 is not enough to guarantee that f(x) # f(x). For instance, if
plx 4+ y) ~y—=o0 po/In(1/]|yl]), and there exists a local solid angle w, > 0 at z, one can show
that 1 — ¢(x,t) ~¢—0 wSapo tIn(In(1/t)), and the bias would still vanish in the limit n — +o0,

with f(z) — f(2) ~nospoo £(2)/[weSapo In(In(n))].

A.6 Asymptotic equivalent for the regression risk

This sections aim at proving Theorem Under conditions C&, . C’érowth, and Céont) the
results of Eq. (109) and Eq. (147) show that for p(z)o?(z) > 0 and p and o continuous at z, the
bias term B(x) is always dominated by the variance term V() in the limit n — +o00. Thus, the

excess regression risk satisfies
o*(z)

n—sto0 In(n) "

E[(f(2) - f(2))?]

(154)

As a consequence, the Hilbert kernel estimate converges pointwise to the regression function in
probability. Indeed, for § > 0, there exists a constant Ny s, such that
; o*()
E - <146
(F() = 7)) < @+ T,
for n > N, 5. Moreover, for any ¢ > 0, since E[(f(z) — f(x))?] > 2 P[|f(z) — f(z)] > €], we
deduce the following Chebyshev bound, valid for n > N, 5

PlLf(2) ~ f(a)| 2 o) < 5 (fn((n))

(155)

(156)
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A.7 Rates for the plugin classifier

In the case of binary classification Y € {0,1} and f(z) =P[Y =1 | X = 2]. Let F': R? — {0,1}
denote the Bayes optimal classifier, defined by F'(z) := 6(f(z) — 1/2) where 6(-) is the Heaviside
theta function. This classifier minimizes the risk R /1 (h) := E[1{,(x)2y1] = P[h(X) # Y] under

zero-one loss. Given the regression estimator f, we consider the plugin classifier F'(z) = 0(f(z)— ),
and we will exploit the fact that

0 < E[Ro/1 (F(2))] - Ropn(F(x)) < 2E[|f(2) — ()] < 2(/El(f(@) — f(=))?]  (157)

Proof of Eq. (I57)

For the sake of completeness, let us briefly prove the result of Eq. (I57). The rightmost inequality is
simply obtained from the Cauchy-Schwartz inequality and we hence focus on proving the first inequal-

ity. Obviously, Eq. l) is satisfied for f(x) = 1/2, for which E[Ro/l(ﬁ(x))] =Ro/1(F(x)) =
1/2.

If f(z) > 1/2, we have F'(z) = 1, Rg;1(F(z)) =1 — f(x), and
) <

(
E[Ro/1(F(x)] = f(@)P[f(x) <1/2+ (1— f(2))P[f(x) > 1/2], (158)
= Ropn(F(z) + (2f(z) - DP[f(z) < 1/2], (159)

which implies E[R,1 (F(z))] > Ro,1(F (). Since P[f(x) < 1/2] = E[0(1/2— f(z))], and using

0(1/2 — f(z)) < %, valid for any 1/2 < f(z) < 1, we readily obtain Eq. tb

Similarly, in the case f(z) < 1/2, we have F'(z) = 0, Ro,1(F(z)) = f(x), and

E[Ro1 (F())] = Rojs (F(x)) + (1 — 2 (@)l (x) > 1/2). (160)
Since P[f(x) > 1/2] = E[0(f(x) — 1/2)], and using 6(f(z) — 1/2) < % valid for any
0 < f(x) < 1/2, we again obtain Eq. in this case.

In fact, for any o > 0, the inequalities 6(1/2 — f(z)) < <W) and 0(f(z) — 1/2) <

Jm) hold, respectively for f(x) > 1/2 and f(z) < 1/2. Combining this remark with the
use of the Holder inequality leads to

E[RO/I(F(x))] - R0/1(F($))

IN

20f(@) = 1/2/E [|f(x) - f@)*] ., a6
20f(e) ~ 1/2"E [If ()~ 1@)[7]". a2

for any 0 < 8 < 1. In particular, for 0 < o < 1 and 5 = /2, we obtain

IN

o3
2

0 < E[Ropn(P(@))] = Rojt (F(x)) < 21f(2) = 1/2 B [|f(@) - f@)P] . (63)

The interest of this last bound compared to the more classical bound of Eq. (I57) is to show explicitly
the cancellation of the classification risk as f(x) — 1/2, while still involving the regression risk

E {|f(33) - f(:c)|2} (to the power /2 < 1/2).

Bound for the classification risk

Now exploiting the results of section[A.6|for the regression risk, and the two inequalities Eq. (I57)
and Eq. (I63), we readily obtain Theorem 3.9]

A.8 Extrapolation behavior outside the support of p

This section aims at proving Theorem characterizing the behavior of the regression estimator f
outside the closed support €2 of p (extrapolation).
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Extrapolation estimator in the limit n — 0o

We first assume the growth condition f o(y ﬁ’j;)ﬂld dy < oco. For x € R? (i.e., not necessarily in

), we have quite generally

—+oo

E|f@)] =+ DE [wo@)f @) = (1) [ 0" oo d (6d
where 1(z, t) is again given by Eq. and

__t
lyll4

x(@,t) = /p(:z:+y)f(x+y)e||y|d

which is finite for any ¢ > 0, thanks to the above growth condition for f.

dy, (165)

Let us now assume that the point x is not in the closed support €2 of the distribution p (which excludes
the case 2 = R?). Since the integral in Eq. is again dominated by its ¢ — 0 behavior, we have
to evaluate ¢ (x, t) and x(z, t) in this limit, like in the different proofs above. In fact, when z ¢ (2,
the integral defining ¢(z, t) and x(z, t) are not singular anymore, and we obtain

L=0et) ¢ [ ol -yl d, (166)
W(@,0) = L/mmfwmx—mrdwy (167)

Note that ¢(x, t) has the very same linear behavior as in Eq. (150), when we assumed = € 99 with
p(z) = 0, and a local Holder condition for p at .

Finally, by using the same method as in the previous sections to evaluate the integral of Eq. (T64) in
the limit n — 400, we obtain

+00 t1
™ (x, t)x(x,t) dt ~ X(x,O)/ e tov(.0) gy (168)
0 n—-+00 0
1 x(z,0)
~ = ) 169
n—+oo  n |Optp(z,0)|’ (169)
which leads to the first result of Theorem [3.10}
: a1 el =yl ddy
fol@)i= lim E [f(x)] - (170)
- n¥oo [ o)z —yl=4dy

Note that since the function (z,y) — ||z — y||=¢ is continuous at all points = ¢ 2, y € Q, and

thanks to the absolute convergence of the integrals defining foo (z), standard methods show that foo
is continuous (in fact, infinitely differentiable) at all ¢ €Q.

Extrapolation far from §Q

Let us now investigate the behavior of f.,(z) when the distance L := d(z, Q) = inf{||z — y||, y €
0} > 0 between x and €2 goes to infinity, which can only happen for certain €, in particular, when )
is bounded. We now assume the stronger condition, (| f]) := [ p(y)|f(y)] )| d%y < oo, such that the p-
mean of f, (f) := [ p(y)f(y) d%y, is finite. We consider a point yo E Q so that ||z — yo|| > L > 0,
and we will exp101t the followmg inequality, valid for any y € Q satisfying ||y — yo|| < R, with
R >0:

L lz—yll!=L! _ (L+R) —L! _ i

0<1—- <erL —1. 171
I 7 A R T R a7

Now, for a given £ > 0, there exist R > 0 large enough such that f\ly—yo\|>R p(y)dly < /2 and

fl\y—yolIZR p(y)|f(y)|d%y < e/2. Then, for such a R, we consider L large enough such that the
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above bound satisfies e Z° — 1 < emin(1/(|f|),1)/2. We then obtain

= ol =ity =) < (F 1) [ swlswlaty amy

/ PW)If ()| d, (173)
ly—yoll =R
< g < (fh+5<e (174)
- 2D 277
which shows that under the condition (| f|) < co, we have
li d* (2,9 —yll~*d%y = (f). 175
odim a2 [ p)rw)le -l dty = (5) 175)

Similarly, one can show that

lim  di(z,Q) / p(w)llz — yl| =% diy = / ply) diy = 1. (176)
d(z,Q2)—+o0

Finally, we obtain the second result of Theorem [3.10]

lim  foo(x) = (f). (177)

d(z,Q)—+o0

Continuity of the extrapolation

We now consider ¢ € and yo € 952, but such that p(y) > 0 (i.e., yo € I2 N Q), and we note
[ := |z — yo|| > 0. We assume the continuity at yo of p and f as seen as functions restricted to
Q, ie., limyecay, p(y) = p(yo) and limycq_y, f(y) = f(yo). Hence, for any 0 < ¢ < 1, there
exists 6 > 0 small enough such that y € Q and ||y — yo|| < 6 = |p(yo) — p(y)| < € and
lo(yo) f(yo) — p(y) f(y)| < €. Since we intend to take [ > 0 arbitrary small, we can impose [ < §/2.

We will also assume that OS2 is smooth enough near yo, such that there exists a strictly positive local
solid angle wq defined by

. 1 d . 1 d
wo = lim 7/ p(y) d%y = lim —/ d%y, (178)
r=0 Vap(yo)r® Jjy—yol <r =0 Var® Jyeo/y-yoll<r

where the second inequality results from the continuity of p at yo and the fact that p(yo) > 0. If yo €
Q°, we have wy = 1, while for yy € 02, we have generally 0 < wg < 1. Although we will assume
wp > 0 for our proof below, we note that wy = 0 or wy = 1 can happen for yy € 0f2. For instance,
we can consider Qg, Q1 C R? respectively defined by Qo = {(z1,22) € R?/z; > 0, |2o| < 23}
and Q1 = {(z1,72) € R?/z; <0} U {(21,22) € R?/21 >0, |z2| > 22}, Then, it is clear that the
local solid angle at the origin O = (0, 0) is respectively wo = 0 and wy = 1. Also note that if  is on
the surface of a sphere or on the interior of a face of a hypercube (and in general, when the boundary
near z is locally an hyperplane; the generic case), we have w, = % If z is a corner of the hypercube,

we have w, = 7.

Returning to our proof, and exploiting Eq. (I78)), we consider § small enough such that for all
0 <r <4, we have

<ewyVyrd. (179)

/ ddy —woVy rd
yeQ/lly—yoll<r

We can now use these preliminaries to obtain
(p(yo)f(yo) —€)J(x) = C < /p(y)f(y)llw —yl = d% < (p(yo) f(yo) +¢)J () + C, (180)

(p(yo) —)J(z) = C" < /p(y)llr —yl™*d% < (p(yo) +€)J(z) + ', (181)
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with

@ = [ e — Il d%, (182)
yeQ / |ly—yol| <L
2 2
¢ = (5) / P)lf ()l d%, (183)
[ly—yol||>d
2 2
c = (5)' (184)

Let us now show that lim;_,¢ J(x) = +oo. We define N := [§/l] > 2, where [.] is the integer part,
and we have N > 2, since we have imposed | < §/2. Forn € N > 1, we define,

I, = d%y, (185)

/yeﬂ/ ly—yol|<8/n
and note that we have

_ _ d
In = In Aeﬂ/uy—yonsa/m @y, (186)
llu—vol|>6/(n+1)

5\ ¢
I, —woVa ()
n

5\ ¢
<ewVy (n) . (187)

We can then write

N
1
J(x) > Y (I — L), (188)
n=1 (l+%)
N
1 1 I Inia
> ) T | P e - (189
A\ ) (v )
We have
I I 1 1
z 15‘17 M > wVa |- ——g (At — | ,(190)
N+1)1
(t+9) (Z+Ni+1) (1+§) (1+%)
2d
> woVa (1_5)@_(1+5) =:C", (191)

which defines the constant C”. Now using Eq. (187), I < §/2, N = [4/l], and the fact that
(14 u)? —1 > du, for any u > 0, we obtain

ol 1 l+% 1
J(x) > (1-e)weVay —a i) e (192)
n=1 (1 + %) n+1
N
> (1-— S ;l c” 193
> (1-¢g)wo dz oy d+1n+ ) (193)
n=1 (]_ + nT)
1—
( 5) wo Sj+1 IH(N . 1) + C//7 (194)
(1 n (N-(;—l)l)
d+1
2
> (1-¢e)wp (5> Sy1n (f — 2) +C”. (195)
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We hence have shown that lim;_,¢ J(z) = +00. Note that we can obtain an upper bound for J(z)
similar to Eq. (I93) in a similar way as above, and with a bit more work, it is straightforward to show

that we have in fact J(z) ~;_0 wo Sqln (%) , a result that we will not need here.

Now, using Eq. (180) and Eq. (181)) and the fact that lim;_,¢ J(z) = +o00, we find that
[ o))l =yl %y~ plo) F0) ), (196)
[ owlie = ol aty 1~ plan) @) (197)

for f(yo) # O (remember that p(yo) > 0), while for f(yo) = 0, we obtain [ p(y)f(y)|z —
y||=% d%y = o(J(x)). Finally, we have shown that

lim  foo(x) = f(30), (198)

2¢Q,x—yo

establishing the continuity of the extrapolation and the last part of Theorem 3.10]
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