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A  RELATED WORK

Influence of Normalization on Optimization Given the straightforward way to obtain
the gradient of the normalized model, a number of works focus on how normalization
affect the learning dynamics of the model during training, and explore the mechanism from
different aspects. Bjorck et al.| (2018); [Santurkar et al. (2018) claim normalization can
improve optimization by smoothing the loss landscape; [Yang et al| (2018]) interprets the
benefit of normalization by mean field theory; Kohler et al. (2019); Cai et al. (2019); Wu et al.|
derive the convergence rate of gradient descent algorithm in normalized quadratic
model, which can be seen as variants of Rayleigh Quotient, but they do not take into account
weight decay and stochastic gradient; [Dukler et al.| (2020) gives the convergence result for
the two-layer rule network with weight normalization (Salimans & Kingma, [2016]). Based
the spherical perspective of normalized weight, [Hoffer et al.| (2018); [Wu et al.| (2018b)); [Aroral
2018) regard gradient descent algorithm with normalization as an adaptive step-size
algorithm. Some works acknowledge the joint effect of normalization and WD in SGD:
(2019) find with normalization, SGD with WD and constant learning rate is equivalent
to SGD with increasing learning rate algorithm but no WD. [Van Laarhoven| (2017)); |Chiley
let al| (2019); Kunin et al.| (2021)) discuss the concept of “equilibrium” of normalization and
WD; [Li et al.| (2020); [Wan et al.|(2021)) theoretically justify the existence of equilibrium, Wan
et al.| (2021) further proposes the concept of “spherical motion dynamics”, and empirically
shows its influence to learning dynamics of the model.

Evolution Dynamics of SGD Beyond the convergence of SGD, many works focus on
interpreting the possible benefit of gradient noise to improve the generalization of the model.
|Zhang et al.| (2019)) discuss the effect of batch size and momentum on SGD in a quadratic
model; A more popular way is approximating SGD as SDE (Li et all 2019; 2021)), then
studying the evolution of SDE instead. [Hu et al. (2017); Jastrzebski et al.| (2017); Wu et al.|
(2018a)); |Zhu et al.| (2019); Xie et al.|(2020) use diffusion model to characterize escaping the
behavior of SGD; Liu et al| (2021)); Kunin et al.| (2021) discuss the limiting dynamics of
quadratic model by deriving its stationary distribution.

B PRELIMINARIES

In this paper we relate the update of SGD to the discretized simulation of stochastic
differential equations (SDEs). Finding the explicit solution of an SDE is the most direct way
to analyze its dynamics, but is notoriously intractable in general cases. We adopt in this
paper two alternative treatments which we illustrate as follows.

B.1 FROM MARTINGALE PROPERTY TO EXPECTATION BOUNDS

Lemma B.1.1 (It6 formula). Let
dX, = A(X,,t)dt + B(X,,t)dB, (1)

be an n-dimensional Ité process. Let F(t,x) be a C* map from [0,00) x R™ to R™. Then the
process
Y (t,w) = F(t, X;) (2)

18 again an Ito process given by

1
dYi, = 0 Fydt + (Vo F;)" - dX, + §tr[B(VimFi)BT]dt, i=1,2--,m (3)
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Definition B.1.2. Given a probability space (2, F,P) and a filtration { F|t € [0,00)} on
it, let V(0,T) be the class of functions f(t,w) : [0,00) x @ = R such that

1).  fis B(]0,00)) x F-measurable.

2). f(t,w) is Fi-adapted.

3. E [fOT f(t,w)%zt} < 0.
Lemma B.1.3 (Martingale property of It6 integral). Given f € V(0,T), the Ité integral

It:/otf(r,w)dBT, 0<t<T (4)

is an Fi-martingale, which means

E { / (0B,

5| [ t sy, | -efs | [ ' (r.w)dB,

Similar results hold in multivariate cases.

}'5]20, VO<s<t<T (5)

7]} =o0 (6)

Suppose we are given an It6 process dY; = C(Y;,t)dt + D(Y;,t)dB; on a probability space
(Q, F,P), which means

and consequently

t t
Y;—YO:/ C(Ys7s)ds+/ D(Y,, s)dB, (7)
0 0

We set F; = o(Y;) and take expectation on both sides of equation [ By Lemma and
with sufficient regularity constraints, we can cancel off the diffusion term and exchange the
order of integral and expectation to obtain

£ -y =k[ [ oo = [‘Eicmse ®)

When the drift term C(Y3,t) is not linear in Y, it is generally impossible to solve EY;
explicitly from the integral equation equation [8] while upper and lower bounds for EY; may
still be given.

Following the above preliminaries, in this paper we first apply It6 formula to transform
the original dynamics of the NRQ weight X; to the dynamics of other quantities we are
interested in, such as X; = H§7:H’ M, = || X;||? and f; = (€T X;)?, and then derive bounds
for their expected value based on twe procedures in equation [7] ~ equation

Taking advantage of the martingale property of It integral, We first prove Lemma 1 of the
main paper.

Lemma B.1.4. In the evolution of

2

AX; = — [%ptAfQ + ;]WE Tr(P,SP) X, |dt — %PtiﬁdBt 9)
2 ~
AM; =[~2\nM, + < Tr(P%)dt (10)
t
, we have
Tr(P,X)n?

If Te(P.X) is constant, then
tlim Ay = +/2)n. (12)
—00
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Proof. Using It6 lemma, for given 7' > 0, and equation [9] we have

- - 2 - - - M2 . . - - 2 -

d|| X, — Xp|2 =[-~1(X, - X7)TPAX, — L (X, - X7)" X, Tr(P,3) + - Te(P,EP,))dt

Mt Mt Mt

+ - L(X, - X7)TP,$%dB,
M,
(13)
Then by Lemma we have
T s o ae 2P s s rs s -

Er|l X, = Xrlfs Br | [/ (Xe = X0)TPAX, - {15 (X = Xo)T X To(PrS) + 4 Ti(P S Py Jdr

t ) - N N t ) 2 - 5 N B
_ / B 2L(X, - Xp)"PAX Jir + / B2 (X, - X)X, To(P, D)dr
T T T T

b2 .
—HEt/ E/[-L Tr(P,XP,)]dr

B TE
(14)
Since we have the following results based on Lemma
M~ - -
lim Er[-—L (X, — X7)TP,AX.] =0 (15)
T—=T MT
lim Er| 2’72()5 X)X, To(P3)] =0 (16)
TH}% T ME T T T 1Ir\L7 -
Uk s
L - 1
Th_{% Et[M? Tr(PTEPT)] M% TY(EPT) ( 7)
Hence we have _ - )
Ep|| Xy —Xoll; 7 S
— == — T (2P, 1
- g TP (18)
i.e. - 9
Tr(XP;)n
A2 =TT 19
When Tr(i)P,.) is constant, then by equation 12 in main text, we have
Tr(ZP;)
. 2 _ T
tli>rgo My =n 2 (20)
Combining equation [I9] and equation R0 we have
tlim A =+/2M (21)
—00
O

B.2 FOKKER-PLANCK EQUATIONS PROVIDE FURTHER STATISTICS

In Appendix [BI] we illustrate how to bound the expectation of an Itd process we are
interested in. Sometimes with mere expectation information it is not enough to tell anything
further. Theoretically, all of the statistics of an It6 process can be told from the evolution of
its distribution, which is depicted by the Fokker-Planck equation.

Lemma B.2.1 (Fokker-Planck equation). Consider an Ité process X; defined as the solution

of
dX, = A(X,,t)dt + B(X,,t)dB, (22)

Denote the density function of Xy by p(a,t). Then p(x,t) is given by the Fokker-Planck
equation

00 ==Y 0ulpAle,0] +5 3 &, (B, 1)) (23)
2.V J(@,1) | (24)



Under review as a conference paper at ICLR 2023

where Ji(z,t) = pA;(z,t) — 3 ?:1 Oz, [Bij(z,t)p] is the probability current generated by
the Ito process X;.

Similar to solving an SDE, finding the explicit solution to a Fokker-Planck equation is usually

an intractable task. When dealing with Fokker-Planck equation in this paper, we consider a
simplified case under the following stronger condition.

Assumption B.2.2. Under the setting of Corollary[D.1.1, we assume additionally that that
the spectrum of matriz A takes only 2 distinct real values a1 = a; < ap, =az =az =+ = ap.

Intuitively, the above assumption states that when solving the Fokker-Planck equation,
we neglect the anisotropy of landscape along different geodesics on the unit sphere SP—!
spreading out from the polar e; .

C PROOF OF THEOREM 1
Lemma C.0.1. VT > 0, Ef; is continuous on [0,T].

Proof. This is a direct corollary of lemma O

Lemma C.0.2. Given a positive number T > 0, VK € (0,400), define hk(t) as

h ! 25
t) = ——.
K( ) fOT eKTdT ( )
Then Vf(t) € C[0,T], we have
T
dm hic () f()dt = f(T). (26)

Proof. Since f(t) is continuous in [0, T], then f(¢) is bounded on [0, T], assume IM > 0,Vt €
[0,1], | f(t)] < M. Besides, since f(t) is continuous on T, Ve > 0, 3§ > 0, when |t — T| < §,
|f(t) = f(T)| <e. Then VK > }log 2 we have:

T T
/ hie (8) F (D)t — [(T) = / hie ()(F(1) — F(T))dt
0 0

( T
= [T onOu© - 1@+ [ no - F
( T
§2M/ T— ()t +c | hu(t)dt
0 T—6
eK(Tfé) -1
M=o 0
2M

SW +e

<2
(21)

O

With the strategies introduced in Appendix [B-I] we are now able to provide non-asymptotic
bounds of Ef;.

Theorem C.0.3 (Variants of Theorem 1 in main text). Then ¥Vt > 0 we have

t

Ef, < e GO, + / g2(7)eS M alr), (28)
0
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where
n(p — 1)02 TV 1)02 2
M) 200 2 etz - DL ) = M2, (29)
2\ 2
(ap —ar)n | pn’o®
£ 2% .
o 2 2
QQ(t) é(ap al)n + n-o (31)

Further assume 3¢ € (3,1), e(t) = P(f; < &), then VT > 0, we have

B2 OOl + [ ' a(r)e® O], (33)
0
where
_ o oalag —a)né p772
aa(t) 2B ) 4 T (35)

M(t)

D
=
—~
~
~
>

= / g1(7)dr. (36)
0

Proof. When X = 02T, M? is deterministic given t:

t
M} =e=* Mg + 21 /0 e~ 0=T) Ty (P %) dr,

t
:e_‘“‘"tMg + 2772/ e~ 4An(t=7) (p — 1)o?dr, (37)
0

:77(17 —1)o? + 6—4,\7775(M2 . n(p — 1)02>

2) 0 2
therefore let M(t) denote M; when it is deterministic. It’s obvious M(t) is positive,
monotonous, and continuous on (0, +0c0), and converges to M* £ \/W. Hence,
g1 (t ) g2(t) are also positive, monotonous and continuous on (0,+o00), and converges to

2 2 — n’o
gr e ap (AR 6@5)2» e “f}wfl + (M*)2 respectively.

(16) in main text can be rewritten as

2

()

Ife = { i (1= fo)fe + ~g[0® — po? fil bt + 7\/ fi(1 = fi)dBy. (38)

M(t)

where

Li—a _ Y0 50— a)(X;")?
L= Ji P (x)

Obviously d; € [a2 — a1,ap, — a1].

6 = (39)

Given an positve real number 7 € RT, arbitarily choose a positive continous-differential
function u(t) € C1[0,T], set f; = pu(t)f;, then by Ité lemma, we can derive the evolution of
fi based on equation which is

pt) ; | nde n?
() ft + M(t)(u() Ffe+ — M{D)?

[U p(t) — ngft}}dtJri fe(u(t) — fr)dBy.

dfy = { M)
(40)
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Now derive the integration of equation 40} V1" € [0, 7] we have

N0y 2 92 2n - ~ :
= ot [ D o B ) by 0”00t 0 f(ZJ)B

where fo = 11(0) fo. Note both the dirft part and diffusion part in equation 40| are continous
and uniformly bounded on [0, T], hence we can get rid of the diffusion part by expectation:

2

0w .
Vit (W0 = Fofet plo ) —po* e (42

R R T
Efr = fo +E
0

Prove upper bound equation Notice in AZ‘Z) (u(t)=fo) fe = AZ‘E;)M(t)(l—ft), fi €10,1]

0, ke, M(t), p(t) > 0, & < ap — aq, hence we have

0 < o) ~ i < " ) - fo (43)

Bring equation [3] into equation [A2] to remove f;, then move the symbol E inside the
integration, we have

O 1m0 ) — oy o) - g

Br <ho+B [ (104 M) "

- / { '“’Eft+ M = 01) )~ By + T [o?u(t) — po®Ef ).

equation [44] can be rewritten as

2 2

B+ [ (Mt B W < o [ () T, (49

or rewritten as equation 46| using definition of g1 (t), g2(¢):

T / T
Br+ [ (000 - ‘; Djiar < o+ [ mlontoa (46)
Notice Ef; = pu(t)Ef,, hence (g (t) — u(t )Eft (g1 (®)p(t) = 1/ () Efy, let
h(t) = gi(t)u(t) — w'(1). (47)

Obviously h(t) is continous on [0, 7T]. Then equation [46| can be rewritten as
S T RS
Efr + [ —XEfidt < fo+ [ g2(t)u(t)dt. (48)
) 0

The integration inequation equation [48 has an explicit solution: by equation vT € (0,7
we have

T
siv+ [ MOgfa< o+ [ mou (49)
= ol / SEha < oI H I / e(Dp(t)dt]  (50)
d IT% Th(t) A foz(%) th(T A T
e Gl [ s fan < T o+ [ an(nay (51)
I g [T B0 () [
= S [ Mg [ B Dy e 62

T h( h(r) 4

T t
= / h(t)Efidt < e~ o) /{ef wer) 47
0

St [ ey 63
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Note [* Z ? dt =C+ [, r Z(g dt is primitive of ﬁ we will determine its base C' later. Now

let’s deal with A(t) and p(t) in equation Recall h(t) = g1(t)u(t) — p'(t), which is an
one-dimensional ODE, and has an explicit solution given h(t) € C[0, 7] and u(0) >0 :

(T = O], / h(#)e=Cr 0. (54)
To ensure u(t) > 0, we further assume V¢ € [0, 7], h(t) > 0, fo =1, and p(0) > 1. Let’s
demonstrate these assumptions are suﬁiment to ensure pu(t) > 0: since g1 (t) is always postive
regardless of ¢ € [0,00), then G(t fo g1(7)dr is strictly monotonously increasing on
[0,7), and G1(0) = 0. Therefore V¢ E [0,7]
T T T
/ h(t)e= Gt g/ h(t)e= 1O dt < / h(t)e= G Odt = 1, (55)
0 0 0
= u(t) > (u(0) —1) > 0. (56)
Using equation we can dervie the form of [ r hg)dt using h(t):
T T T —Gi(t) t T
h(t h(t h(t !
/ hit) gy — C+/ ) gy c+/ (De dt = —ln[u(O)—/ h(t)e= %1 (Ddr]| +C.
p(t) o At — Jo h(r)e=G1(Ddr 0 0

Here we can set C' = In(p(0)) to ensure

Tht) —Gi ()
/ = —n /h ). (58)

Take equation [54] equation [58|into equation . we have

' - ’ e—G1(®) ! h(t)e” “ f t T)u(T)dr
) st <o) - [ a0 [ o mf e+ [ aratraria
(e

. T
_ e—Gl(t)
<[u(0) /0 h(t) dt]/o [M(O)ffTh(T) —G1(m)dr]2
Jo h

0
— w(0) — T G} t o
_[N(O)—foTh(t)eGl(t)dt]z/o h(t) [f0+/0 g2(7)p(T)dr]dt

o+ / g () () drdt

e~ G gy

(59)
Set T =T, we have

T 1(0) — OTh(t)efGl(t)dt T G (7 T
| weares S GECGTT | v @it [ aonoiar

T T t
_— e—Gl(T) 3 o eGl(t) _ Te—Gl(T) T
— [ MDD+ [ e O - [ hre S Odrlaar

T T
- MT)e~ D fy + / g2 (1)eS1 D dt)dT
0 0

1 T T t
- h(T e*G1<T>/ t eGl(t)/ h(r)e~ S ) drdtdT
=1 e [ hr
(60)

Note we haven’t determined the speciﬁc form of h(t) and value of (0) yet. Now for a given

K € (0,400), define hg(t) = take hg (t) into equation we have

W7

T T
| haeryaress sﬂ / hae(T)e= G D [fy + /ng(wec’l“)dt]dif
0 1 0

w(0) —
T t
— T / hyc(T)e= G / ga(t)eC1®) / hi(T)e” 1) drdtdT
- 0 0
(61)
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By lemma Efr is continous on [0, T]; e~ (T)[fy + fOT g2(t)e¥1()dt] is also continous
on [0, 7] because each part in it is continous. Therefore by lemma we have

T

lim hi(T)EfrdT = Efr, (62)
K—+o0o Jg
T T T
lim hi(T)e= D[ fo + / g2 (eSO dt)dT = e~ D[ fy + / g2(1)eS1 O dt).
K—+oo 0 0 0 (63)
Next we will prove

T T t

lim hi (T)e= G (M) / g2(t)eGr® / hi(T)e” 1D drdtdT = 0 (64)
K—+oco 0 0 0

Recall g;(t), g2(t) are postive, continous and monotonous on [0, 400), and converge to fixed
values g3, then

Hence by equation [66| we have

)

T T t
’ / hi (T)e 1) / g2(t)eCr®) / h(r)e~ " drdtdT
0 0 0

T T t
- / hic(T)e=Gr(T) / 1ga()[cC1 0 / hic(F)e=C D drdidr,
0 0 0

. (. (67)
<max(g2(0), g3) / hg (T)e () / e / hi (T)e~ 1D drdtdT,
0 0 0
T T t
<max(92(0),63) | hi(T) [ OO [e(ryen O Cararar:
0 0 0
By equation for 0 <t < T we have
t t
G(t) — Gu(T) = / nmr < [ gdr=g,-7) (65)
T T
t t
_Gl(t) = —/ gl(T)dT S —/ gldT = _glt’ (69)
0 0



Under review as a conference paper at ICLR 2023

Take equation equation [69] into equation @ assume K > g we have

T T t
/ i (T) / eCrH=Ga(T) / hi (T)e” 1D drdtdT
0 0 0
T T t
< / hi (T) / 91 (=) / hi (7)e™ 4T drdtdT
0 0 0
1 T T t
= eE—g)T et | K907 qrdtdT
(fOTeK'fdt)2 0 0 0
1 7 T 1
<——— / eKg)T / et ——— K9t gtqT
(f etht 0 K — Ql

)?
1 T@(K—gl)T TeKt
f eKtd)2(K )/0 /o dtdl (70)
1
)

T 1
. / e(K—gl)TﬁeKTdT
0

<
f eKtdt 2(

1 T
= / eK=9)T g
(f) eKtan2(K — g K Jo

e(QK_Ql)T

ST
(Jo eXtdt)*(K — g, )K(2K —g,)
,ng 1

(- K722 g /K) (K —g))

Therefore, equation [64] holds. Take equation [62] equation equation [64] into equation
as K — 400, we have

— 0, K — 4o0.

-
Efr < M{Sgozlec;l(ﬁ [fo +/0 g2(t)e“ V] (71)

Notice, Vu(0) € (1, +00), equation [71| holds, which means when 1(0) — 400, we have

i
Efy < e O Mfy 4 / ()1 Ot (72)
0

Since 7T is arbitarily given, the upper bound equation [28 has been proven.

Prove lower bound equation [33] Let’s go back to see equation [I2] notice

R R T 77615 2 9 ;
Efr =fo+E ; + ()( p(t) = fi) e+ () 5[0?u(t) — po’ fi]}dt

R A T () TP :

=fo +/O ) Efidt + M) ——E6: (1 — fi) fedt +/0 W[UQM(IS) —paQEft]d(tm)
To handle Eé;(1 — f;) fi, recall 6, € [ag — a1,a, —ai1] and f; € [0,1], so we have

Eé¢ (1 — fi) fe = (a2 — a1)E(1 — f;) fi. (74)

Notice

E(1 = fo)fe =E(1 = fo) felyg,>ey + B = fo) frl(f, <y

>E(1 - ft)f]l{fpg} +E(1 = fi)lif,<ey — B = fi)(§ — fi)lf<ey

(
>£E(1 — ft) Ef]l{ft<§}
=CE(1 — f) —&P(fi <)
={(1—¢(t) —Efi)
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Take equation [75] into equation we have

T nu(t)
0 M(t)
T nu(t)
o M(t) (ag —a1)§(1 —E(t) _Eft)dt+/0 M(t)2
2

» ’(t Tnlay —a)s, ~Ef, g

T 7
Efr —fo + / CAUR Y
0

P Eét(l — ft ftdt+/ M [0' ,LL( ) p0'2]EfAt}dt

o ult) — po®EfJdr

)
T /
> fo+ /O ((f; Efdt +

(76)

which can be written as

s | "ol —ag  prte® p O p / ez —a)g )y P

M@)o M) p(t) M(t) M(t)? -
or rewritten as equation [78| using definition of g1 (t), g2(t).
. T ~ Nl(t) . . T ~
Efr + / (@n(t) = L B St > fo 4 / Ga(t)p(t)dt. (78)

Similar to the procedure from equation [I8] to equation 59} we can derive an explicit solution
of equation [7§| by auxiliary functions h(t), u(t): VT € [0,T]

—Gi(t) h(t)e=G1® ; g (P drlde:
/ WOEfdt > [ / h(t)e= 1] / T [ et | entrydrlar

(79)
where h(t), pu(t) satisfy
o Yt [0, 7], h(t), u(t) > 0:
. fOTh(t)dt =1, u(0) > 1;
o u(T)=e% f h(t)e=G1(ay].
since p(0) — fOT h(t)e=G (O dt < 1u(0), we have
T T - T h(t)e=CG1(® i b
- e~ G1(®) = o (T)p(7)dr
[ reresar 2u0) - [t [ e f i+ [ ar(rdn
g Gt T h(t)e= G b
2(u0) = [ ne @ Oay [ 2Om i+ [ ety
- foT h(t)e_él(t)dt T —Gi(t)F L
o | H0e O+ [ g .

10

[02u(t) — poEf)dt,
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Set T =T, we have

T - 1 ~
/ T hoEfar >M Q=S ML / " WGy + / " Ga(u()deldr
0 0 0

p(0)
-1 (7 s T
S [ e el [ auaar
o) —1 [T G (T} T & [ _Gi(r)
=07 . hT)e {fo+ ; ga(t)e [1(0) ; h(7)e dr)dt}dT
_ T _ T N
:“(220)1 / W(T)e G D [fy + / Go(t)eS D de]dT
0 0
_ T N T . t -
Ukt / B(T)e Gy / Ga(t) O / h(r)e ) drldtydr
14(0) 0 0 0
(81)
Similar to equation (61} set h(t) as hx (t) = Fiil;t‘rd'r in equation 81} we have
4 po)—1 7 Gt RRNCR?
/ hi (t)E fydt 27/ hi (T)e 1 )[f0+/ G2 (t)er O dt)dT
0 14(0) 0 0
_ p(0) =1 T —G4(T) T Gi(t) ' —Gy(7)
— hx(T)e {| 32(t)e [ hx(r)e dr)dt}dT.
1(0) 0 0 0
(82)
By lemma [C.0.2] we have
-
Jm i hi (T)EfrdT = Efr, (83)
T . T . ~ T N
i hi(T)e= D[ fo + / G2 (eSO dt)dT = e~ D[ fy + / G2(1)eS 1O dt].
—TJo 0 0
(84)

Similar to equation [64] we can prove

T N T ~ t ~
im [ b (T)e Gy / G () O] / hic(Pe=CrOardiydT = 0. (85)
K—+oo 0 0 0

The only difference in the proof is that unlike go(t), g2(t) is not necessarily monotonous on
[0,400), but we have 0 < ga(t) < g2(t),Vt € [0,+00), and g2(t) is uniformly bounded, so
g2(t) is uniformly bounded too.

Therefore in equation as K —, pu(0) + oo, we have
- T -
Efr > e 1 D[f, +/ Go (1)1 dt). (86)
0

Since T is arbitarily given, the lower bound equation [33] has been proven. O

Putr,=1—Ef;, A, = /T‘T(PMtiEW(equation into Theorem |C.0.3 we can get the form

of Theorem 1 in main text.

D PROOF OF THE RESULTS ON EQUILIBRIUM STATE DYNAMICS

D.1 EXPECTATION BOUNDS

The following corollary follows directly from Theorem [C.0.3]

11
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Corollary D.1.1 (Variant of Corollary 1 in main text). Given A = /2nX, assume M(0) =
M* & 4/ W, and Je > 0,1im;_, 1 o0 £(t) < € in theorem|C.0.9, then we have

- e+e*§ft<fo — [ =CO)<Efi < f e % (fo— f7). (87)

* ap—ai * A ~% ap—ay P *

where g7 = (\/70 + ELA)A, f %14(17+#A} 91 = (\/ﬁa + pflA)A} i =
e RIS
A tA

Proof. When M (0) = 4/ ’7(1’7){ based on the evolution of M (t) (equation , M(t) =

222092 then G (1), ga(t), Gh (t), Ga(t) will be

¢ 2\ 2pA ap —a "
Gl(t):/o[(ap—al) : N 2PN g (T O A P ARy g (88)

S TR
2\n 2An ap — a1 1 2
)=l —a\ | o T oo T e T =
- t 2\n 2pAn &(ag —aq) p
_ _ dr = A A?) .t =gt
G1(t) /0[f(a2 ay) (- 1)o2 (p—l)] ( p— 1o +p—1 ) ne
(90)
i 2\ 2An
t) =£(as —ay)(1 —e(t +
92( ) f( 2 1)( ( )) (p— 1)02 (p— 1) (91)
§(az — a1) L a2 8la2—a)A
— A A — t).
T ATt T e Y
Then the upper bound equation 28] can be written as
t
. - 1 :
Ef, <e 91t G — N A?)ed17d
foze ity [ (St As Loaheiar
. A SA?
:efgltfo —+ (]_ — eiglt) a _aU
P A A2
VP A (92)
=e It fo + (1 — e 91)(1 - e T N
\/1)Tlo+jA

=e Nl fo 4 (1—e ) f*
=f" e (fo - ).

The lower bound equation [33] can be written as

- t - 1 - —a)A ., [P
Ef; >e 91t f, +/ (E(a2 al)A + AQ)engdT] — 7§(a2 @) e 9 t/ eNnTe(r)dr
0 0

Vvp—1lo p—1 Vp—1o
—&* s A §(a2 — al)A = /t ~x
— git 1— git 1— _ gt g T d
e fot(d—e ) (a2—a;) +3 A) Vp—Tlo ‘ 0 erelrdr
— A P L
=e 9 fo 4+ (1 - _glt)i - €(a2,r_a11; e d t/o enTe(r)dr

(93)

Now let’s estimate the value of e 3¢ [} eJi7e(r)dr. Recall the assumptiion that
lim; o0 £(t) < &, which means 3Ty > 0,Vt > Tp,e(t) < e, then if t < Ty,

¢ ¢ o 54T
~ % o ax % 1—e 9 1 c+e 9 g 1o
e ? t/ eNTe(r)dr <e™¥ t/ ehTdr=——< —<——— (94
0 0

~ )

g* g* g*

12
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If t > Ty, then we have

~ %

t T k
et [ eive(mar = [ irenyar + [ eive(ryan]
0 0

T

T ¢
<e™9 t[/ engdT+/ eNTedr]
0 T

e~ 9"t

= (1 - )T — 1) 4 (e - 1) (95)

P

ete T (1—g)(ed T —1) — ¢
g*

SE + e—iﬁ*t-‘rf]*To

g*

Summarize the two cases above,we have V¢t € [0, +00),

£+ e 97+ T

t
efg*t/ eNTe(r)dr < —_— (96)
0 g

Take equation [06] into equation [03] we have

~ % * — A £ _|_ efg*t‘i’g*TO
Ef, > -7t 1— —gity px _ f(aQ a‘l) .
fzehr e Ol == 5, 7

>e 91t fy + (1- e—gIt)i* —(e+ e—é*t+§*To) (97)
=f*—et+e T fo— fr—el 7).
Set C' = €9 7o, Summarize equation equation equation [87| holds. O

Put r; =1 —Ef; in corollary 1 in main text, we can obtain the form of corollary 1 in main
text.

D.2 DETAILED DEPICTION BASED ON FOKKER-PLANCK EQUATION

In addition to the bounds on Ef;, the exact stationary distribution of f; can be solved
with Fokker-Planck equation under Assumption [B:2.2] Without loss of generality, we
first set A = diag(0,1,1,...,1) and then convert the results to the general case A =
diag(ay,an,an, ..., az). Let B = X; = el X. In the case that A = diag(0,1,1,...,1), the
dynamics of 37 is given by

2
g _nip=1)
dpy = Mt(ﬁl B1)dt YT Bidt
770'
a7 1— (2dB,

£ —a, (B} — B1)dt — byBrdt — g/ 1 — BEdB, (98)

We introduce the transform £, = sin @ to make the diffusion term space-homogeneous. Then
the dynamics of 6; reads

2
d6, = ? sin 20,dt — [b(t) — C(? | tan 6,dt — q(t)dB, (99)
- —%V(;Udt — q(t)dB, (100)
in which
Uu,t) = %t) cos 20 + [2b(t) — q(t)?] Insec 6 (101)

serves as a time-dependent potential function over the interval (-7, 7). We apply the
Fokker-Planck equation in Lemma to the dynamics of §; and obtain the following
theorem.

13
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Theorem D.2.1. Define p(0,t) as the density of 0; at time t. Then p is given by the
Fokker-Planck equation

Oip = 0o {(gan) + 30[(](;)2 P}} (102)
£ _0pJ(0,1) (103)

i which
J(0,t) = —gagU - @agp (104)

is the probability current generated by the dynamics of 0;.

D.3 EIGENFUNCTION EXPANSION AND STATIONARY DISTRIBUTION

In our analysis of equilibrium state, the weight norm is supposed to be initialized at its
limiting value /M,. Consequently, the coefficients a(t), b(t) and q(t) in equation [99| also
stays at their limiting value a,, b, and ¢, throughout the training process, making the
coefficients on the right-hand-side of equation independent of . We can then solve
equation by separation of variables. Set

p(0,t) = O(0)T(t) (105)
Then equation [102] can be rewritten as
e'T orT 2
or = U + —u"+ Lerp (106)
2 2 2
For convenience, we introduce V (0,t) = U(6,t)/q?, and that
V(0) =U.(0)/q (107)
= rcos20 + (p —2)Insecd (108)
where
Qs p—1
2¢2  2\/2n\o? (109)
Dividing both sides of equation [T06] by ©T, we have
2 T/ @// @/
=—+V—=—+V (110)

32T  © 2
Note that the left-hand-side of equation [I10] involves only ¢, while the right-hand-side is a
function of merely #. Thus both sides must equal to a constant, which we denote by —A:

2 T/ B @// (_)/

S =—+4V -1+ V"'==-) 111
2T @7 @8" (111)
or equivalently
e
~T' = AT (112)
Lpp® = )0 (113)
in which
d? d
Lrp=—+ -V —-V" 114
PP aer 7 de (114)
d, d
= —@(e V@ev) (115)
is the Fokker Planck operator.
The basic solution to equation [I12]is
a2
T(t)=e 2 (116)

14
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in which A is determined by the boundary value problem:

LrpO =)0, O¢ L%,(—g, g) (117)
lim e—Vi(eV@) =0 (118)
0—+Z db

in which L} (—%,%) is the Hilbert space defined by

s

/ 10(6) 26V ©db < oo} (119)

Ly(-5.5) = {p<9>

The reason for choosing this Hilbert space is that once the initial density function p(6,0)
is initialized in L%/(—g, %), the time-dependent solution p(6,t) of Fokker-Planck equation
equation will remain in it as we will show later on. In fact, most common initial
distributions including Gaussian initialization

p(6,0) o< cosP ™20 (120)
and initializing at certain fixed point

fulfill this restriction. Boundary condition equation follows from the reflecting boundary
condition of probability flow

i, J.(6) =0 (122)

since the dynamics 6; can not leave the interval [F, 7].

Based on the above analysis, we set out proving an important fact that the eigenvalues of of
boundary value problem equation and equation are i). non-negative; ii). countable.

Lemma D.3.1. The eigenvalues of boundary value problem equation[118 and equation[129 are
non-negative. Moreover, A\g = 0 is an eigenvalue. The eigenfunction of Ay = 0 proportional
to Qg =e".

Proof. Let ® = ®(0) be an eigenfunction corresponding to an eigenvalue A of the boundary
value problem equation [I18 and equation [[22] that is,

Lpp® = \® (123)

d
lim eV —(eV®) = 124
im_e dO(e )=0 (124)

Multiplying both sides of equation by ®e" and then integrating by part, we have

/\/2 1®)26V o = / FeV (Lpp®)do (125)
:_,d d
— v>,-v=/ Vv
= /_g Pe dﬁ[e d9( D) (126)
= TV VL (V)| + / 4 (V)Y (127)
d I ]
H d |4 2 _ -V

which proves the self-ajointness of the operator LF P on L%/(—%, %), and the non-negativity

of corresponding eigenvalues. Furthermore, the equality in equation [I2§ holds if and only if
4 (eV®) =0, that is, ® oc eV,

We then go on to prove the discreteness of the spectrum.

15
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Lemma D.3.2. Given a bounded interval [—A, A] C R, and a potential Vs(z) such that
Vs € C(—A4, A), inf  Vg(z) > —o0 (129)
ze(—A,A)

Then the spectrum of the Schrodinger operator H = —% + Vs(z) in L2(—A, A) is purely
discrete |Simon| (2008); |Maz’ya (2007).

Corollary D.3.3. For p > 4 boundary value problem equation[I1§ and equation[129 has at
most countable eigenvalues which can be listed in ascending order

O0=X <A <A< <Ay < -+ (130)

Proof. Define © = e~V/2¥, then equation and equation can be rewritten as

s ™

HU = \V, \IleLQ(—E,—i) (131)
lim e_Vi(eV/zlll) =0 (132)
g+1 df
in which H = —% + Vs (0) is the Schrédinger operator, Vg = V; = VQH is the corresponding

Schrédinger potential. Specifically,

Vs(0) = W tan? 6 + w?% sin® 20 + kp cos 260

1 T
Skt -2, Pe(-1.T) (13
For p > 4, condition equation [I29]in Lemma [D.3.2] holds. Then the theorem follows from
Lemma [D.3.2) O

Combining Theorem with Theorem we can expand the density p(6,t) into
Fourier series.

Theorem D.3.4. For p > 4, if the initial distribution satisfies p(6,0) € L3 (-5, %),
the evolution of density function p(6,t) over time is given by Fourier series in L3, (—%,%)

p(0,1) < > Tu(t) D CnmOnm(0) (134)

n>0 m>0
a
=cooe V@ + Z e T Ant Z Cnym©On,m (0) (135)
n>1 m>0

where ©,, m, m € N are the eigenfunctions corresponding to A, and cy ., are the coefficients
determined by the initial condition

p(0,0) = cooe™ D+ >N " ¢ 1 Onm(6) (136)
n>1m2>0
The infinite sums in equation and equatian are interpreted as the limits in L%/(—g, 7)-
Onym and O, i are orthogonal in LY, (—%, %) whenever m # k.
Corollary D.3.5 (Stationary distribution of 6;). From equation we define
pe(6) = cope™V® (137)
= coe "% . cosP720, O [g, %} (138)

where k follows the same definition in equation[I09 Then p, is the stationary distribution
in the sense that

- _ w12 T T
t—lg-noo p(97t) - p*(e), m LV( 92’ 2) (139)
Specifically, we have
[1p(6:1) = pe(0)[[72, < e™(1(6,0) — p.(O)]132 (140)

16
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Proof. Squaring both sides of initial condition equation [136| and taking integrals over 6 €

(=%, —%). For nonnegative measurable functions, we can use Tonelli’s lemma to exchange

the order of infinite sum and integral, and obtain

+o0 > |lp(6. 9)l172 (141)
3
_ / (8, 8)[2e¥ @ dp (142)
-3
=> & lnm, (143)
(orthogonality of eigenfunctions)
where

tnm = ||On,ml[72 = /2 O (0)26V @ d < o0 (144)

-3

Then we have

%
100, = 9.0Vl = [ 1616.0) = p.(0) eV a0 (145)

-3
= > 1IN anm (146)

n>1lm
<e Nt N 2 Gnm 0 (147)
n>1,m

2
= e~ =M |p(0, 1) — p(6,0)|l .2 (148)
O

To further attain the stationary distribution of f;, we change the variable with respect to
the relation f = sin®#:

de
t 0,t) - |— 14
d(+ arcsin+/f
o plo.1) | AESSVT), (150)
daf
n>0 m>0
and specifically
de
» «(0) - |— 152
() o e (0) - | (152)
d(+ arcsin /f
o pu(0) - | 2ERERVT), (153)
daf
x e "2l - p'T (1 ) e (154)
el fE1- )7, fe] (155)
As is mentioned in Section B2 in previous analysis we first assume that the NRQ matrix
A=(0,1,---,1). For a more general case with A = (a;,an,- - ,an), we define
< XTdiag(0,1,---,1)X
L= 2 XT X (156)
Hence 3
L=a+ (an —a))L (157)

17
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and
P
dX; = —n(VLdt + H;éﬁdBt) — X, (158)
=—(ap — ;) (Vﬁdt—l—&LdB)—(a —ap) X, dt (159)
Co X (an —an) 7 T =™
equation indicates that the dynamics of NRQ with general matrix A = (a;,ap, - ,ap)
is equivalent to training with A = (0,1,---,1) and rescaled learning rate, weight decay and
noise scale:
1= (an —a;)n (160)
< A
= 161
pr— (161)
0= —— 162
(ah 7 al)g ( )

Substituting the above equivalence into equation we obtain the following conclusion.
Corollary D.3.6 (Stationary distribution of f;). The stationary distribution of f: is given

by
1

(f) = et (1 ), felo,1 163
p-0) = Ty A= DL Fel (163)
in which ; ( ) -
pP— ap — Q)P —
KA = = = (164)
251/ 27) 20V2nA
N(ka,p) is the normalizing constant that equals to
L) (%5) 1 p
=22z By 1

where T'(z) is the gamma function, and M(a,b, z) is Kummer’s confluent hypergeometric
function.
Furthermore, the equilibrium expectation is given by

_ 1M(%,g+1,21€A)

Ef, 166
T M3 R ) (10
=1- vp=lo 2nA + o(\/2nX) (167)
ap — ap
Proof. For Kummer’s confluent hypergeometric function, we have
_ F(b) ! zu,,a—1 b—a—1
M(a,b,z) = (@b —a) /0 eut™ (1 — u) du (168)
whenever Re(b) > Re(a) > 0. Hence
1 .
Nwap) = [ et pda-ps (169)
0
_TEreg) , 1p
1 1 p—3
Bf = [ A= P N (ap) ()
0
_T@reg) 3 p
:lM(%,gﬁ-l,QﬁA) (173)
p M(3,5,2k4)
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Further we have

_ 22 _a-b (b) _
M(a,b,z) =e* z ) 1+ . + o(z)] (174)
and therefore
1— p—1_1 1 \/Tla
Ef, — i 24 —1-YPT 9 f V2 1
f 1+”T‘1ﬁ+0(2/m) pr— nA+ o(v/2nA) (175)
O

D.4 ESTIMATION OF TAIL PROBABILITY DECAY

From the expansion in Corollary [D.3.4] we see that the convergence behaviors of the dynamics
2
are governed by the lowest non-vanishing eigenvalue of the Fokker Planck equation p; = %*)\1.

Corollary D.4.1 (Linear decay of tail probability). Given any & € (0,1), e(t) = P(f; < &) is
defined as the tail probability of f; dynamics. It represents the probability that the trajectory

of X; stays outside certain neighbourhood of the optimal solution ey, and can be estimated
with

le(t) — e, < Cemmt (176)

where C' is a positive constant irrelevant of €.

Proof. Let § = arcsin /€. By Cauchy-Schwartz inequality and the L2, convergence of p(6,t)
to its stationary density in Corollary we have

1

()~ <.l = | [ TCanlot®nt) - o0l (ar7)
1

< [ Tcssloto.0) = po))af (178)

< {/0 e_vd9}2 . {/0 |p(6,1) —p*(9)2evd0)}2 (179)

< Cr-|lp(0,t) — pu(0)|] L2 ~e”M' by equation [T40] (180)

-0 (181)

O

2
It is generally impossible to reach an exact expression of u; = %*)\1, but certain approximation
can be made to estimate this value, as is introduced in [Risken| (1996]).

Lemma D.4.2. If k > %, the normalized potential V' is a symmetric double well potential,

with local minima + arccos 4/ % and local mazxima 0.

Proof. We have

V(—60) = kcos(—20) + (p — 2) Insec(—0) = V(0) (182)
which proves the symmetry. Also
d
@V((‘)) =tanf(p — 2 — 4r cos® 0) (183)
proves the conclusion on critical points. O

Lemma D.4.3. Given a symmetric double well potential U(x) on finite interval [—A, A]
with local minima +a, 0 < a < A. Further suppose reflecting within the potential is a related
diffusion process

1
dX; = =5 VU (x)dt + VDdB, (184)
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Then the lowest non-vanishing eigenvalue of the corresponding Fokker Planck equation can
be approximated with

1= l |U//(O)U//(a)|67[U(0)7U(a)]/D (185)
™

D
_ |V”(0)V”(a>|6_[V(0)_V(a)] (186)
T

in which V.=U/D is the normalized potential.

Remark 1. One should be cautious that the p; in Lemma [D.4.3] refers to the lowest non-
vanishing eigenvalue of the original Fokker Planck equation, while A; in is the lowest
non-vanishing eigenvalue of the variable-separated boundary value problem. This means
2
M1 = q(o20) A1
Theorem D.4.4 (Estimation of ui). If K > %, the lowest non-vanishing eigenvalue
2
w1 = %"‘/\1 of original Fokker Planck equation equatian can be approrimated by

4v/2 2 -2 p— p— p—
fin = iﬁﬁfoo) O e (187)
Proof. Since
V(0) = kcos20 + (p— 2) Insecd (188)
V"(0) = —4k cos 20 + (p — 2) sec’ O (189)
-2

a = arccos p4/{ (190)

we have the following calculations
V(0) =k (191)

p—2. p—2

V(a) = -k — 5 In P (192)
V'(0) = —4k +p — 2 (193)
V'(a) =8k —2(p—2) (194)

Then plunging equation [I91] to equation [[94] into equation [I86] we complete the proof. [J

Recall that under the equilibrium of SMD, the angular update (AU) is of fixed magnitude
2

A = 2nX. Since k x C(p,0?)A~L, the condition x > P7= means that the angular

update A is rather small. This is generally true for commonly-adopted settings such as
7 =0.1, A =0.001. For this reason, we make a further assumption

Assumption D.4.5. In commonly adopted settings, A < 1 so that % < 1.

We can simplify the expression equation with the above assumption.

Corollary D.4.6 (Small AU approximation of p1). Under Assumption the lowest
non-vanishing eigenvalue of Fokker Planck equation can be approzimated by

f~ CIA e~ % (195)
in which C1 and Cy are two constants depending only on dimension p and noise scale o2.
Proof. Since ¢, o< A, kK oc A™! and % = o(1), from equation we have
//)11 — ClA(l _ BlA) . e—%[l—BgA+B3Aln(33A)] (196)
Cy Co
=CiA-e 3 +o(A-e” %) (197)
O

The above corollary is crucial in the sense that it provides estimation of the decay rate of
the density p(f,t) together with its tail probability e(t).
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E  PROOF OF THE RESULTS BEYOND EQUILIBRIUM STATE DYNAMICS

E.1 ESCAPING BEHAVIOR

From the general bounds in Theorem [C.0.3] it is straightforward to derive the following
conclusion for the escaping behavior in non-equilibrium state.

Corollary E.1.1 (A sufficient condition for “escaping” behavior). When n, A are given, if
the following conditions hold:

1) 3e>0,Vt>0,e(t) <e<1-—f*;
2) fO:fT*;

___(=Ve®n .
3) M(0) > =5 mane’

where f* is defined as in Corollary[D.1.1 Then 3T > 0, we have

Efr > fo > lim Ef;. (198)

Proof. First of all, let’s briefly demonstrate why fy = f* > lim;_, o Ef;: Acoording to the
evolution of M(t) shown in equation M (t) will convrege to M* as t — +o00. Then by
equation when equilibrium has been achieved, as ¢ = 400, we have Ef; < f*, hence
1irnt—>oo Eft < f*

Now let’s prove 3T > 0, Efr > f*. First let’s show M* < %:

(p—1)a*n _ (p—1)o*n
(1—e—f*)(az —a1)§ (m —&)(az —a1)§
—1)o?
g (ﬁ)(a)g —nang
o (199)

which means M (0) > % > M*. Recall M (t) will continously and monotonously

converge to M* as equation implies, hence M (iwill strictly decrease to M*, and

AT >0, M(T) = %. Then by equation [33] we have

_ T _
Efr >e~ Mg, + / G (1) Dr),

) o ) (200)
=e~C1(D) [fo +/0 gjg:;@(r)eGl(T)dT].
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Let’s estimate the bound of EJZET; on [0,T]: let A(t) denote VMé;m, so A(t) will increase
from A(0) to A(T') on [0, T], then we have

- az—a 13 252
() (- e®) + fre

g1(7) farsa by pie

EEAM - e() + AR

(oA + ;2 AR)?

(az—a1)€
)¢ (1) 1 A1)
(az— a1)5+ (t)

(az— al)éE—I—A(t) (201)

(a2—a1)€ + A(t)

>1—

Efr =e~®@)[fy +/ QQ(T)ﬁl(T)eGI(T)dT]
0

) T — )
>e—G‘1(T>{fO+/ " 1)§A(T)}§1(T)ecl(7)dr}
0 2o (202)

- T -
D (fo+lL—e- @) [ (e ary

(a2 —a1)§
p—1lo
(a2 —a1)é

Note M(T) = %,SO AT) = Yt = (1—e— f*)/

€ D fo+[1—e— A(T)](eél(T) -}

, besides fo = f*,

(ag a1
hence we have

Efr >e OO 4 [1—c—(1—e— )T 1)} = f*. (203)
O

A supplementary qualitative explanation of this escaping behavior (or "pseudo-overfitting")
can be derived from the view of back-and-forth distribution shift. In the Fokker-Planck
equation equation [L02| with respect to 6; = arcsin(ej Xt) we have made the diffusion term
space—homogeneous Therefore, the dynamics can be regarded as the motion of a particle
moving in a potential well U (6, t) which changes with time. We plot below in Figure [] the
normalized potential well V' (6,t) = U(6,t)/q(t)?, the minima of which is indicated with a
dashed line. It is clear from Figure[l] that at the moment when the learning rate get decayed,
the double valleys of the potential soon jump away from each other towards 47 respectively.

Remember that the x label of the figure is 6, = arcsin(e? X;). Therefore, this sudden shift

is in favor of lower risk ry = (e{)z,g)2 and hence lower loss L;. As the training goes on,
however, the double valleys gradually moves closer to each other towards 0, which induces
higher risk and loss and leads to the so-called "pseudo-overfitting" phenomenon.
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—— t=0" before decay
—— t=0%" after decay

300 —— t=2x10° after decay
—— t= after decay

200

v(6, t)

100

—100

7
N\ [/

=15 -1.0 -0.5 0.0 0.5 1.0 15

)
(a) Double-well potential V' (,t)

Figure 1: Back-and-forth shift of potential well. Each dashed line indicates the left minima
of the corresponding double-well potential.

E.2 EQUIVALENT DYNAMICS WITH ADJUSTED HYPERPARAMETERS

Corollary E.2.1. Vk > 0, if Xg is multiplied by k, enlarge n, \ by k2, k% times respectively,
¢ remains unchanged.

)

Proof. Denote the new dynamics by Xt(2 . The adjustment implies

1
ﬁMéz) = M, (204)
1
=1 =n (205)
E2A?) =\ (206)

Then from equation [J] we have

) @) _ (2)y2 ) )
dx® = -1 PX§2)AX§2)+2§17 ) Tr(Pyg S Py ) X Pt

2 2
M M) (207)
(2)
n .
_ prt(z)det
(2)y2
2 2 () S
AM? —[—22@ @ 4 VOl Tr(Pyg ) )]dt (208)
t
that is
2
o (2) n & (2) n 3 x (2)
dX? =~ [ Py AX + —— L Tr(Pgs SPg ) XPdt
MP g2 X 2(M? /k2)2 ' ' (209)
n .
— 7P~ (2) EdBt
Mt(2)/k2 Xt
2 .
th(2)/k2 :[72>\th(2)/‘1€2 + Nl Tr(PXt@)Z)]dt (210)

M [k

Therefore, (X;, M,;) and (Xt(Q),Mt(Q)/kz) satisfies the same SDE, with identical initial
condition

X, =Xx? (211)
My = M k2 (212)
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Hence their dynamics will be identical. Since the risk r; is entirely determined by the
dynamics of X, we claim that the aforementioned adjustment of hyperparameters will
preserve the evolution of risk. O
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