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Abstract

As part of the effort to understand implicit bias of gradient descent in over-
parametrized models, several results have shown how the training trajectory on
the overparametrized model can be understood as mirror descent on a different
objective. The main result here is a characterization of this phenomenon under
a notion termed commuting parametrization, which encompasses all the previ-
ous results in this setting. It is shown that gradient flow with any commuting
parametrization is equivalent to continuous mirror descent with a related Legendre
function. Conversely, continuous mirror descent with any Legendre function can
be viewed as gradient flow with a related commuting parametrization. The latter
result relies upon Nash’s embedding theorem.

1 Introduction

Implicit bias refers to the phenomenon in machine learning whereby the solution obtained from loss
minimization has special properties that were not implied by value of the loss function and instead
arose from the optimization’s trajectory through the parameter space. Quantifying implicit bias nec-
essarily has to go beyond the traditional black-box convergence analyses of optimization algorithms.
Implicit bias can explain how choice of optimization algorithm can affect generalization [61, 42, 41].

Many existing results about implicit bias view training (in the limit of infinitesimal step size) as
a differential equation or process {z(t)};>0 C RP. To show the implicit bias of x(¢), the idea
is to show for another (more intuitive or better understood) process {w(t)};>0 C R? that z(t) is
simulating w(t), in the sense that there exists a mapping G : RP — R? such that w(t) = G(x(t)).
Then the implicit bias of (¢) can be characterized by translating the special properties of w(t) back
to x(t) through G. A related term, implicit regularization, refers to a handful of such results where
particular update rules are shown to lead to regularized solutions; specifically, x(¢) is simulating w(t)
where w(t) is solution to a regularized version of the original loss.

The current paper develops a general framework involving optimization in the continuous-time
regime of a loss L : R? — R that has been re-parametrized before optimization as w = G(x)
for some G : RP — R?. Then the original loss L(w) in the w-space induces the implied loss
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(L o G)(x) = L(G(x)) in the x-space, and the gradient flow in the z-space is given by?
dz(t) = —V(L o G)(z(t))dt. (D)

Using w(t) = G(z(t)) and the fact that V(L o G)(x) = 0G(z) ' VL(G(x)) where 0G(z) € R4*P
denotes the Jacobian of G at x, the corresponding dynamics of (1) in the w-space is

dw(t) = 8G(x(t))dz(t) = —8G(x(t))0G (2(t)) T VL(w(t))dt. 2)

Our framework is developed to fully understand phenomena in recent papers [26, 58, 64, 4, 61, 5, 8],
which give examples suggesting that gradient flow in the x-space could end up simulating a more
classical algorithm, mirror descent (specifically, the continuous analog, mirror flow) in the w-
space. Recall that mirror flow is continuous-time limit of the classical mirror descent, written as
dVR(w(t)) = —VL(w(t))dt where R : R? — R U {oo} is a strictly convex function [49, 10],
which is called mirror map or Legendre function in literature. Equivalently it is Riemannian gradient
flow with metric tensor V2R, an old notion in geometry:

dw(t) = —V?R(w(t)) "'V L(w(t))dt. 3)

If there exists a Legendre function R such that 0G(z(t))0G(x(t))T = V2R(w(t))~! for all ¢,
then (2) becomes a simple mirror flow in the w-space. Many existing results about implicit bias
indeed concern reparametrizations G that satisfy 0G (2)0G (z) " = V2R(w)~! for a strictly convex
function R, and the implicit bias/regularization is demonstrated by showing that the convergence
point satisfies the KKT conditions needed for minimizing R among all minimizers of the loss
L. A concrete example is that w;(t) = G;(z(t)) = (x;(t))? for all i € [d], so here D = d.
In this case, the Legendre function R must satisfy (VZ2R(w(t)))™! = 0G(x(t))0G(x(t))" =
4diag((z1(t))?, ..., (xq(t))?) = 4diag(w1(t), ..., wa(t)) which suggests R is the classical negative

entropy function, i.e., R(w) = Zle w;(Inw; — 1).

However, in general, it is hard to decide whether gradient flow for a given parametrization G can
be written as mirror flow for some Legendre function R, especially when D > d and G is not an
injective map. In such cases, there could be multiple ’s mapping to the same G(z) yet having
different G (x)OG (z) T. If more than one of such z can be reached by gradient flow, then the desired
Legendre function cannot exist.’ If only one of such 2 can be reached by gradient flow, we must
decide which z it is in order to decide the value of V2R using dGOG T . Conversely, [5] raises the
following question: for what Legendre function R can the corresponding mirror flow be the result of
gradient flow after some reparametrization G? Answering the questions in both directions requires a
deeper understanding of the impact of parametrizations.

The following are the main contributions of the current paper:

* In Section 4, building on classic study of commuting vector fields we identify a notion of when a
parametrization w = G(z) is commuting (Definition 4.1) and use it to give a sufficient condition
(Theorem 4.8) and a slightly weaker necessary condition (Theorem 4.9) of when the gradient
flow in the z-space governed by —V(L o G) is simulating a mirror flow in the w-space with
respect to some Legendre function R : R? — R. This condition encompasses all the previous
results [26, 58, 64, 4, 61, 5, 8]. Moreover, the Legendre function is independent of the loss L and
depends only on the initialization z;,;; and the parametrization G.

* We recover and generalize existing implicit bias results for underdetermined linear regression as
implications of the above characterization (Corollary 4.17). We also give new convergence analysis
in such settings (Theorem 4.15), filling the gap in previous works [26, 61, 8] where parameter
convergence is only assumed but not proved.

* In the reverse direction, we use the famous Nash’s embedding theorem to show that every mirror
flow in the w-space with respect to some Legendre function R simulates a gradient flow with
commuting parametrization under some embedding x = F(w) where F' : R? — RP and the

>Two examples from recent years, where G does not change expressiveness of the model, involve (a)
overparametrized linear regression where the parameter vector w is reparametrized (for example as w =
u®2 — v®2 [61]) and (b) deep linear nets [6] where a matrix W is factorized as W = W1 W5 - - - W, where
each Wy is the weight matrix for the ¢-th layer.

3To avoid such an issue, [5] has to assume all the preimages of GG at w have the same 0G (6G)—r and a recent
paper [23] assumes that G is injective.



parametrization G is the inverse of F' (Theorem 5.1). This provides an affirmative and fully general
answer to the question of when such reparametrization functions exist, giving a full answer to
questions raised in a more restricted setting in [5].

2 Related work

Implicit bias. With high overparametrization as used in modern machine learning, there usually
exist multiple optima, and it is crucial to understand which particular solutions are found by the
optimization algorithm. Implicit bias of gradient descent for classification tasks with separable data
was studied in [55, 24, 46, 35, 45, 34] and for non-separable data in [32, 33], where the implicit bias
appears in the form of margin maximization. The implicit bias for regression problems has also been
analyzed by leveraging tools like mirror descent [61, 24, 64, 58, 4, 5], later generalized in [8].

The sharp contrast between the so-called kernel and rich regimes [61] reflects the importance of the
initialization scale, where a large initialization often leads to the kernel regime with features barely
changing during training [30, 16, 20, 19, 2, 1, 65, 7, 62, 31], while with a small initialization, the
solution exhibits richer behavior with the resulting model having lower complexity [25, 26, 39, 52,
6, 15, 41, 43, 44, 53, 56, 22]. Recently [63] gave a complete characterization on the relationship
between initialization scale, parametrization and learning rate in order to avoid kernel regime.

There are also papers on the implicit bias of other types of optimization algorithms, e.g., stochastic
gradient descent [40, 11, 29, 42, 18, 66] and adaptive and momentum methods [51, 60, 59, 36], to
name a few.

Understanding mirror descent. In the continuous-time regime, the mirror flow is equivalent to a
Riemannian gradient flow with the metric tensor induced by the Legendre function. [27] showed that
a partial discretization of the latter gives rise to the classical mirror descent. Assuming the existence
of some reparametrization function, [5] showed that a particular mirror flow can be reparametrized
as a gradient flow. Our paper shows that such reparametrization always exists by using Nash’s
embedding theorem. [23] generalized the equivalence result of [5] to discrete updates.

3 Preliminaries and notations

Notations. We denote N as the set of natural numbers. For any n € N, we denote {1,2,..., ng
by [n]. For any vector u € RP, we denote its i-th coordinate by u;. For any vector u,v € R
and o € R, we define u ® v = (ugv1,...,upvp)’ and u® = ((u1)?,..., (up)®)". For any
k € NU {oc}, we say a function f is C* if it is k times continuously differentiable, and use C* (M)
to denote the set of all C* functions from M to R. We use o to denote the composition of functions,
e.g., f o g(z) = f(g(z)). For any convex function R : R? — R U {co}, we denote its domain by
dom R = {w € R”|R(w) < oo}. For any set .S, we denote its interior by int(S) and its closure by
S.

We assume that the model has parameter vector w € R? and C! loss function L : R¢ — R. Training
involves a reparametrized vector z € RP, which is a reparametrization of w such that w = G(z)
for some differentiable parametrization function G, and the objective is L(G(x)). From now on, we
follow the convention that d is the dimension of the original parameter w and D is the dimension of
the reparametrized . We also refer to R? as the w-space and R” as the z-space.

In particular, we are interested in understanding the dynamics of gradient flow under the objective
L o G on some submanifold M C R”. Most of our results also generalize to the following notion of
time-dependent 10ss.

Definition 3.1 (Time-dependent loss). A time-dependent loss L;(w) is a function piecewise constant
in time ¢ and continuously differentiable in w & R<, that is, there exist k e N, 0 =t; <ty < -++ <
try1 = oo and C* loss functions L), L) .. L(¥) such that for each i € [k] and all ¢ € [t;,t;41),

Li(w) = LO(w),  VweR%.

We denote the set of such time-dependent loss functions by L.



3.1 Manifold and vector field

Vector fields are a natural way to formalize the continuous-time gradient descent (a good reference
is [38]). Let M be any smooth submanifold of RP. A vector field X on M is a continuous map from
M to RP such that for any z € M, X (x) is in the tangent space of M at x, which is denoted by

T, M. Formally, T, M := {‘é—”t:O | ¥ smooth curves v : R — M, ~(0) = x}.

Definition 3.2 (Complete vector field; p.215, [38]). Let M be a smooth submanifold of RP and X
be a vector field on M. We say X is a complete vector field on M if for any initialization xin;; € M,
the differential equation dz(¢) = X (x(¢))dt has a solution on (—o0, c0) with 2(0) = Zinit-

Equipping the smooth submanifold M C R with a metric tensor g, we then have a Riemannian
manifold (M, g), where for each z € M, g, : T, M x T,,M — R is a positive definite bilinear form.
In particular, the standard Euclidean metric g corresponds to g, (u,v) = u ' v for each x € M and
u,v € T, M, under which the length of any arc on M is given by its length as a curve in R”.

For any differentiable function f : M — R, we denote by V, f its gradient vector field with respect
to metric tensor g. More specifically, V, f(x) is defined as the unique vector in R? such that

Vqf(x) € T, M and WE:O = 0. (Vf(2), dzi(tt) |t:0) for any smooth curve v : R — M with

4(0) = x. Throughout the paper, we assume by default that the metric on the submanifold M C R
is inherited from (R?, g), and we will use V f as a shorthand for V5 f. If M is an open set of R”,
V f is then simply the ordinary gradient of f.

For any z € M and C! function f : M — R, we denote by gb;c(x) the point on M reached after time
t by following the vector field —V f starting at x, i.e., the solution at time ¢ (when it exists) of

de} =~V f(gp)dt,  ¢}(x) =a.
We say gb? (z) is well-defined at time ¢ when the above differential equation has a solution at time ¢.
Moreover, for any differentiable function X : M — R, we define its Jacobian by

0X (z) = (VXi(2),VXa(x),...,VXa(2)) .

Definition 3.3 (Lie bracket). Let M be a smooth submanifold of RP. Given two C' vector fields
X,Y on M, we define the Lie bracket of X and Y as [X,Y](z) := Y (z) X (x) — 0X (z)Y ().

3.2 Parametrizations

We use the term parametrization to refer to differentiable maps from a smooth submanifold of
RP (z-space) to R? (w-space). We reserve G to denote parametrizations, and omit the dependence
on G for notations of objects related to G when it is clear from the context.

The following notion of regular parametrization plays an important role in our analysis, and it is
necessary for our main equivalence result between mirror flow and gradient flow with commuting
parametrization. This is because if the null space of OG(x) is non-trivial, i.e., it contains some vector
u # 0, then the gradient flow with parametrization G obviously cannot simulate any mirror flow with
nonzero velocity in the direction of u.

Definition 3.4 (Regular parametrization). Let M be a smooth submanifold of R”. A regular
parametrization G : M — R% is a C! parametrization such that G (z) is of rank d for all z € M.

Note that a regular parametrization G can become irregular when its domain is changed. For example,
G(z) = 22 is regular on R, but it is not regular on R as 9G(0) = 0.

Given a C? parametrization G : M — R, for any z € M and ;. € R?, we define
V(s p) = ¢ 0 P, 0o 0 p () )

when it is well-defined, i.e., the corresponding integral equation has a solution. For any x € M, we
define the domain of ¢ (z;-) as

U(z) = {p € R? | ¢(; p) is well-defined }. (5)

When every VG, is a complete vector field on M as in Definition 3.2, we have U (z) = R<. However,
such completeness assumption is relatively strong, and most polynomials would violate it. For



example, consider G(z) = x©3 for x € RY, then the solution to dz;(t) = 3x;(t)?dt explodes in
finite time for each ¢ € [d]. To relax this, we consider parametrizations such that the domain of the
flows induced by its gradient vector fields is pairwise symmetric. More specifically, we define

Usj(x) = {(s,t) € R? | ¢, o ¢t () is well-defined }

forany x € M and i, j € [d], and we make the following assumption.

Assumption 3.5. Let M be a smooth submanifold of R” and G : M — R? be a parametrization.
We assume that for any x € M and i € [d], ¢, () is well-defined for ¢ € (T, T} ) such that either
lim 7, ||¢%(z)||2 = co or Ty = oo and similarly for 7_. Also, we assume that for any z € M and
i,j € [d], it holds that Uj;(z) = {(t,s) € R? | (s,t) € Usj(x)}, ie., ¢, o ¢th (x) is well-defined if

and only if gth]_ o ¢, (x) is.

Indeed, under Assumption 3.5, we can show that for any = € M, U(x) is a hyperrectangle in RY, i.e,
U(z) =T1(x) X Lo(x) X --- x Iy(x) where each Z;(x) C R is an open interval. (6)

See Lemma C.1 and its proof in Appendix C. Next, for any initialization xi,;y € M, the set of
points that are reachable via gradient flow under some time-dependent loss (see Definition 3.1) with
parametrization G is a subset of M that depends on G and iyt -

Definition 3.6 (Reachable set). Let M be a smooth submanifold of R”. For any C? parametrization
G : M — R and any initialization z,;; € M, the reachable set Q. (Zini¢; G) is defined as

O, (ini; G) = { Mok ool (wim) | VR € N,Vi € [K], L € CY(RY), 1y > o}.

It is clear that the above definition induces a transitive “reachable” relationship between points on M,
and it is also reflexive since for all L € C}(R¢) and t > 0, ¢! . o d)f_ L)oG 18 the identity map on the

domain of ¢t Loc:- In this sense, the reachable sets are orbits of the family of gradient vector fields

{V(LoG)| L € C*R%)}, i.e., the reachable sets divide the domain M into equivalent classes. The
above reachable set in the x-space further induces the corresponding reachable set in the w-space
given by Qy (Zinit; G) = G(Qu (Tinit; G))-

In most natural examples, the parametrization G is smooth (though this is not necessary for our
results), and by Sussman’s Orbit Theorem [57], each reachable set 2, (zinit; G) is an immersed
submanifold of M. Moreover, it follows that 2, (zinit; G) can be generated by {VGZ-};LI, ie.,
Qx(xinit; G) = {d)él“ o (Zséiz ©---0 QSILCL;;k (Iinit) | vk € N,Vl € [k]a]z S [d]mui > O}

3.3 Mirror descent and mirror flow

Next, we introduce some basic notions for mirror descent [49, 10]. We refer the readers to Appendix B
for more preliminaries on convex analysis.

Definition 3.7 (Legendre function and mirror map). Let R : R? — RU{oc} be a differentiable convex
function. We say R is a Legendre function when it satisfies that (1) R is strictly convex on int(dom R),
and (2) for any sequence {w; }$2, going to the boundary of dom R, lim;_, || VR(w;)|2 = co. In
particular, we call R a mirror map if R further satisfies that the gradient map VR : int(dom R) — R?
is surjective (see p.298 in [13]).

Given a Legendre function R : R? — R U {co}, for any initialization wy = wi,i; € int(dom R),
mirror descent with step size n updates as follows:

VR(wg+1) = VR(wy) — nV L(wg). (7

Usually VR is required to be surjective so that after a discrete descent step in the dual space, it can
be projected back to the primal space via (VR) 1. Nonetheless, as long as VR(wy) — nV L(wy,) is
in the range of V IR, the above discrete update is well-defined. In the limit of 7 — 0, (7) becomes the
continuous mirror flow:

AVR(w(t)) = —VL(w(t))dt. )
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Figure 1: Tllustration of commuting parametrizations. Suppose G' : M — R? is a commuting
parametrization satisfying Assumption 3.5, then starting from any « € M, first moving along —VG;
for time ¢; then moving along —V G for time t; yields the same result as first moving along —VG

for time ¢; then moving along —V G for time ¢; does, i.e., (;StG o qsg'j (x) = ¢gj o qth ().

Given a differentiable function R, the corresponding Bregman divergence Dy, is defined as
Dr(w,w') = R(w) — R(w") — (VR(w),w — w’).

We recall a well-known implicit bias result for mirror flow [24] (which holds for mirror descent as
well), which shows that for a specific type of loss, if mirror flow converges to some optimal solution,
then the convergence point minimizes some convex regularizer among all optimal solutions.

Theorem 3.8. Given any data Z € R"*¢ and corresponding label Y € R", suppose the loss L(w)

is in the form of L(w) = L(Zw) for some differentiable L : R™ — R. Assume that initialized at
w(0) = Winit, the mirror flow (8) converges and the convergence point wo, = limy_, o w(t) satisfies
ZWeo =Y, then D(Weo, o) = Miny,. zyw=y Dg(w, wo).

See Appendix C for a proof. The above theorem is the building block for proving the implicit bias
induced by any commuting parametrization in overparametrized linear models (see Theorem 4.16).

4 Every gradient flow with commuting parametrization is a mirror flow

4.1 Commuting parametrization

We now formalize the notion of commuting parametrization. We remark that M is a smooth
submanifold of R, and it is the domain of the parametrization G.

Definition 4.1 (Commuting parametrization). Let M be a smooth submanifold of R”. A C?
parametrization G : M — R? is commuting in a subset S C M if and only if for any i, j € [d], the
Lie bracket [VG;, VG,](z) = 0 for all x € S. Moreover, we say G is a commuting parametrization
if it is commuting in the entire M.

In particular, when M is an open subset of R%, {VG;}%_, are ordinary gradients in R”, and the
Lie bracket between any pair of VG; and VG; is given by [VG;, VG,|(z) = V2G;(2)VG;(z) —
V2@G;(z)VG,(z). This provides an easy way to check whether G is commuting or not.

The above definition of commuting parametrizations builds upon the differential properties of the
gradient vector fields {VG;}%_,, where each Lie bracket [VG;, VG, quantifies the change of VG
along the flow generated by VG;. Indeed, the above characterization of ‘commuting’ is further
equivalent to another characterization in the integral form (Theorem 4.2), as illustrated in Figure 1.

Theorem 4.2. Let M be a smooth submanifold of RP and G : M — R® be a C? parametrization
satisfying Assumption 3.5. For any i, j € [d], [VG;,VG;](x) = 0 for all x € M if and only if for
any x € M, it holds that ¢¢,, o gbtc;j (x) = qﬁtG], 0 ¢g, () for all (s,t) € T;(x) x T;(x), where Z;(z)
and Tj(x) are the time domains of ¢¢; () and (i)tG], (z) as defined in (6).

The commuting condition clearly holds when each G; only depends on a different subset of coordi-
nates of z, because we then have V2G;(-)VG;(+) = 0 for any distinct 7, j € [d] as V2G; and VG
live in different subspaces of R”. We call such G separable parametrizations®, and this case covers
all the previous examples [26, 58, 4, 61, 5]. Another interesting example is the quadratic parametriza-
tion: We parametrize w € R? by G : RP — R? where for each i € [d], there is a symmetric matrix

“We further discuss the existence of non-separable commuting parametrizations in Appendix A.2.



A; € RPXP such that G;(z) = 32" A;z. Then each [VG;, VG,](z) = (A;A; — A;A;)z, and thus
G is a commuting parametrization if and only if matrices {A;}¢_, commute.

For concreteness, we analyze two examples below. The first one is both a separable parametrization
and a commuting quadratic parametrization, while the second one is quadratic but non-commuting.
Example 4.3 (u©? — v©2 parametrization, [61]). Parametrize w € R% by w = u®? — v®2. Here
D = 2d, and the parametrization G is given by G(x) = u®? — v®2 for x = (Z) € RP. Since
each G;(x) involves only u; and v;, G is a separable parametrization and hence a commuting
parametrization. Meanwhile, each G;(z) is a quadratic form in x, and it can be directly verified that
the matrices underlying these quadratic forms commute with each other.

Example 4.4 (Matrix factorization). As a counter-example, consider two parametrizations for matrix
factorization: G(U) = UU" and G(U,V) = UV, where U,V € R>" and d > 2,r > 1.
These are both non-commuting quadratic parametrizations. Here we only demonstrate for the
parametrization G(U) = UU", and G(U,V) = UV follows a similar argument. For each
i,j € [d], we define E;; € R? as the one-hot matrix with the (7, j)-th entry being 1 and the rest
being 0, and denote Fij = %(El] + Ej;). Forr =1, we have G;;(U) = U;U; = UTEUU for any
1,7 € [d], so G is a quadratic parametrization. Note that E“Fij = %Eij #+ %Ej,- = EUEH for all
distinct ¢, j € [d], which implies that [VG;;, VG;;] # 0, so G is non-commuting. More generally,
we can reshape U as a vector U := [U.],...,U.)]" € R where each U.; is the j-th column of U,
and the resulting quadratic form for the (4, j)-entry of G(U) corresponds to a block-diagonal matrix:

G”(U) = (ﬁ) diag(Eij, e ,E”)ﬁ
Therefore, V2Gij does not commute with V2G;; due to the same reason as in the rank-1 case.
Remark 4.5. This non-commuting issue for general matrix factorization does not conflict with
the theoretical analysis in [26] where the measurements are commuting, or equivalently, only
involve diagonal elements, as {Gii}le are indeed commuting parametrizations. [26] is the first to

identify the above non-commuting issue and conjectured that the implicit bias result for diagonal
measurements can be extended to the general case.

4.2 Main equivalence result

Next, we proceed to present our analysis for gradient flow with commuting parametrization. The
following two lemmas highlight the special properties of commuting parametrizations. Lemma 4.6
shows that the point reached by gradient flow with any commuting parametrization is determined by
the integral of the negative gradient of the loss along the trajectory.

Lemma 4.6. Let M be a smooth submanifold of R and G : M — R? be a commuting parametriza-
tion. For any initialization i, € M, consider the gradient flow for any time-dependent loss
Ly € L as in Definition 3.1: dx(t) = —V (L o G)(x(t))dt, ©(0) = Zinit. Further define
u(t) = fot —VLi(G(x(s)))ds. Suppose u(t) € U(xinis) for all t € [0,T) where T € R U {0},
then it holds that x(t) = ¥ (Zinit; pu(t)) forall t € [0,T).

Based on Lemma 4.6, the next key lemma reveals the essential approach to find the Legendre function.

Lemma 4.7. Let M be a smooth submanifold of RP and G : M — R® be a commuting and regular
parametrization satisfying Assumption 3.5. Then for any xini, € M, there exists a Legendre function
Q : R4 — R U {oc} such that VQ(11) = G(Y(Tinie; 1)) for all p € U(winit). Moreover; let R be
the convex conjugate of Q, then R is also a Legendre function and int(dom R) = Q.,(Zinit; G) and

V2R(G((@imie; 1)) = (OG (W (wimies 1) OG (W (wimies 1) T) " for all p € Ul

Next, we present our main result on characterization of gradient flow with commuting parametrization.

Theorem 4.8. Let M be a smooth submanifold of RP and G : M — R® be a commuting and regular
parametrization satisfying Assumption 3.5. For any initialization xini, € M, consider the gradient
flow for any time-dependent loss function Ly : R — R:

dz(t) = —V(Lt o G)(x(t))dt, 2(0) = Tinit.
Define w(t) = G(x(t)) for all t > 0, then the dynamics of w(t) is a mirror flow with respect to the
Legendre function R given by Lemma 4.7, i.e.,

AVR(w(t)) = —VL (wt)dt,  w(0) = G(@imi).



Moreover, this R only depends on the initialization xiniy and the parametrization G, and is indepen-
dent of the loss function L.

Theorem 4.8 provides a sufficient condition for when a gradient flow with certain parametrization
G is simulating a mirror flow. The next question is then: What are the necessary conditions on the
parametrization G so that it enables the gradient flow to simulate a mirror flow? We provide a (partial)
characterization of such G in the following theorem.

Theorem 4.9 (Necessary condition on smooth parametrization to be commuting). Let M be a smooth
submanifold of RP and G : M — R? be a smooth parametrization. If for any xini; € M, there is a
Legendre function R such that for all time-dependent loss L, € L, the gradient flow under Ly o G
initialized at x;n;; can be written as the mirror flow under Ly with respect to R, then G must be a
regular parametrization, and it also holds that for each x € M,

LieZQ(aG)’z C ker(9G(x)), 9
where Lie=™ (0G) = span{[[[[VG},,VG},),...|, VG, ], VG| k > K,Vi € [k], j; € [d]} is
the subset of the Lie algebra generated by {VG;}?_, only containing elements of order higher than
K, and ker(OG(x)) is the orthogonal complement of span({VG;(x)}¢ ;) in RP.

Note the necessary condition in (9) is weaker than assuming that G is a commuting parametrization,
and we conjecture that it is indeed sufficient.

Conjecture 4.10. The claim in Theorem 4.8 still holds, if we relax the commuting assumption to
that Lie™?(0G)|  C ker(9G(x)) forall z € M.

With the above necessary condition (9), we can formally refute the possibility that one can use mirror
flow to characterize the implicit bias of gradient flow for matrix factorization in general settings, as
summarized in Corollary 4.11. It is also worth mentioning that [40] constructed a concrete counter
example showing that the implicit bias for commuting measurements, that gradient flow finds the
solution with minimal nuclear norm, does not hold for the general case, where gradient flow could
prefer the solution with minimal rank instead.

Corollary 4.11 (Gradient flow for matrix factorization cannot be written as mirror flow). For any
d,r € N, let M be an open set in R¥™" and G : M — R**? be a smooth parametrization given by
GU)=UU T. Then there exists a initial point Uiy € M and a time-dependent loss L, such that
the gradient flow under L, o G starting from U,,;; cannot be written as a mirror flow with respect to
any Legendre function R under the loss L.

The following corollary shows that gradient flow with non-commuting parametrization cannot be
mirror flow, when the dimension of the reachable set matches that of the w-space.

Corollary 4.12. Let M be a smooth submanifold of RP whose dimension is at least d. Let G : M —
R? be a regular parametrization such that for any Tiniy € M, (1) Qu(Tinis; G) is a submanifold of
dimension d, and (2) there is a Legendre function R such that for any time-dependent loss Ly € L,
the gradient flow governed by —V (L o G) with initialization xin;s can be written as a mirror flow
with respect to R. Then G must be a commuting parametrization.

Next, we establish the convergence of w(t) = G(x(t)) when x(¢) is given by some gradient flow with
the commuting parametrization G. Here we require that the convex function R given by Lemma 4.7
is a Bregman function (see definition in Appendix B). The proofs of Theorem 4.13, Corollary 4.14
and Theorem 4.15 are in Appendix D.

Theorem 4.13. Under the setting of Theorem 4.8, further assume that the loss L is quasi-convex,
VL is locally Lipschitz and argmin{ L(w) | w € dom R} is non-empty where R : R — R U {oo}
is the convex function given by Lemma 4.7. Suppose R is a Bregman function, then as t — oo, w(t)
converges to some w* such that VL(w*)T (w — w*) > 0 for all w € dom R. Moreover, if the loss
function L is convex, then w(t) converges to a minimizer in dom R.

Corollary 4.14. Under the setting of Theorem 4.13, if the reachable set in the w-space satisfies
Qo (Tinit; G) = RY, then Ris a Bregman function and all the statements in Theorem 4.13 hold.

Theorem 4.15. Under the setting of Theorem 4.13, consider the commuting quadratic parametrization
G : RP — R? where each Gi(z) = %Z‘TAi.’L‘, for symmetric matrices Ay, Ao, ..., Ay € RP*P
that commute with each other, i.e., A;A; — AjA; = 0 foralli,j € [d]. For any Tini € RP, if
{VG;(Tinit) g = {Aszini }& | are linearly independent, then the following holds:



(a) Forall p € RY, ah(winie; u) = exp(zgzl Wi A ) Tinit where exp(-) is the matrix exponential

oo AR
defined as exp(A) := )~ 47
(b) For each j € [d] and all u € R?, G (Y(Tinie; 1)) = %xinitT exp(z:;i:1 2 A:) A Tinie.-
(c) Q) = 2 {|¢(@init; 1) H; is a Legendre function with domain R,

(d) R is a Bregman function with dom R = range VQ where range VQ is the range of V),
and thus all the statements in Theorem 4.13 hold.

4.3 Solving underdetermined linear regression with commuting parametrization

Next, we specialize to underdetermined linear regression problems to showcase our framework.

Setting: underdetermined linear regression. Let {(z;,v;)}"; C R? x R be a dataset of size n.
Given any parametrization (G, the output of the linear model on the i-th data is z;' G(z). The goal is
to solve the regression for the label vector Y = (y1, %2, ...,y,) . For notational convenience, we
define Z = (21, 29, . . ., 2n) € RIX™,

We can apply Theorem 3.8 to show the implicit bias of gradient flow with commuting parametrization.
Theorem 4.16. Let M be a smooth submanifold of R% and G : M — R? be a commuting and regular
parametrization satisfying Assumption 3.5. Suppose the loss function L satisfies L(w) = L(Zw) for
some differentiable L : R™ — R. For any initialization xinix € M, consider the gradient flow
dz(t) = =V(L o G)(z(t))dt, 2(0) = Zinit.

There exists a convex function R (given by Lemma 4.7, depending only on iy and G), such that for
any dataset {(z;,y;)}7_y C R4 x R, ifw(t) = G(x(t)) converges as t — oo and the convergence
point Weo = limy_, o, w(t) satisfies Zws, =Y, then R(wso) = miny,. zw=y R(w), that is, gradient
flow implicitly minimizes the convex regularizer R among all interpolating solutions.

Note that the identity parametrization w = G/(z) = x is a commuting parametrization. Therefore, if
we run the ordinary gradient flow on w itself and it converges to some interpolating solution, then
the convergence point is closest to the initialization in Euclidean distance among all interpolating
solutions. This recovers the well-known implicit bias of gradient flow for underdetermined regression.

Furthermore, we can recover the results on the quadratically overparametrized linear model studied in
a series of papers [26, 61, 8], as summarized in the following Corollary 4.17. Note that their results
assumed convergence in order to characterize the implicit bias, whereas our framework enables us to
directly prove the convergence as in Theorem 4.15. The convergence guarantee here is also more
general than existing convergence results for Example 4.3 in [50, 42].

Corollary 4.17. Consider the underdetermined linear regression problem with data Z € R™™ and
Y € R". Let L : R" — R be a differentiable loss function such that L is quasi-convex, V L is locally
Lipschitz, and Y € R™ is its unique global minimizer. Consider solving min,, L(Zw) by running
gradient flow on L(w) = L(Zw) with the quadratic parametrization w = G(z) = u®? — v®2 where
x = () € R3% for any initialization winiy € R3%: da(t) = —V(L o G)(x(t))dt, 2(0) = init.
Then as t — oo, w(t) = G(x(t)) converges to some W such that Zwe, =Y and R(weo) =
min. zw—y R(w) where R is given by

_ I : Wi /2 2 2 Uo,i
R(w) = 1 Zi:l (wZ arcsinh (m) —\Jwi +4ug v5; —w;In Uo,i).

5 Every mirror flow is a gradient flow with commuting parametrization

For any smooth Legendre function R : RY — R U {co}, recall the corresponding mirror flow:
dVR(w(t)) = =V L(w(t))dt.

Note that int(dom R) is a convex open set of R4, hence a smooth manifold (see Example 1.26 in [38]),
and V2R is a continuous positive-definite metric on int(dom R). As discussed previously in (3), the
above mirror flow is the Riemannian gradient flow on the Riemannian manifold (int(dom R), V2R).
The goal is to find a parametrization G : U — R?, where U is an open set of RP, such that the
dynamics of w(t) = G(x(t)) can be induced by the gradient flow on z(¢) governed by —V (Lo G)(x).
Formally, we have the following result:



Theorem 5.1. Let R : RY — R U {00} be a smooth Legendre function. There exist a smooth
submanifold of RP denoted by M, an open neighborhood U of M and a smooth and regular
parametrization G : U — R? such that for the mirror flow under any time-dependent loss L, with
any initialization wip;, € int(dom R)

AVR(w(t)) = =V Li(w(t))dt,  w(0) = winit, (10)
it holds that w(t) = G(x(t)) for all t > 0 where x(t) is given by the gradient flow under L, o G:
dz(t) = =V (L 0 G)(x(t))dt,  z(0) = Zinit (11)

where Xyt satisfies G(Zinit) = Winit- Moreover, let G|M be the restriction of G on M, then G|y is
a commuting and regular parametrization and G = 0G|y on M, which implies x(t) € M for all
t > 0. If R is further a mirror map, then {N'G | }%_, are complete vector fields on M.

The proof of Theorem 5.1 can be found in Appendix E. To illustrate the idea, let us first suppose
such a smooth and regular parametrization G exists and is a bijection between the reachable set
Q4 (Tinit; G) € RP and int(dom R), and denote its inverse by F. It turns out that we can show
OF (w)"OF (w) = (0G(F(w))0G(F(w)) ")~ = VZR(w)

where the second equality follows from the relationship between R and G as discussed in the
introduction on (2). Note that this corresponds to expressing the metric tensor V2R using an explicit
map F, which is further equivalent to embedding the Riemannian manifold (int(dom R), V2R) into
a Euclidean space (R”, ) in a way that preserves its metric. This refers to a notion called isometric
embedding in differential geometry.

Definition 5.2 (Isometric embedding). Let (M, g) be a Riemannian submanifold of RY. An isometric
embedding from (M, g) to (RPg) is a differentiable injective map F : M — RP that preserves the
metric, i.e., for any two tangent vectors v, w € T, M it holds that g, (v, w) = §,(0F (z)v, OF (z)w).

Nash’s embedding theorem is a classic result in differential geometry that guarantees the existence of
isometric embedding of any Riemannian manifold into a Euclidean space with a plain geometry. See
Appendix A.1 for additional discussion on construction of G given a Legendre function R.

Theorem 5.3 (Nash’s embedding theorem, [47, 48, 28]). Any d-dimensional Riemannian manifold
has an isometric embedding to (RP,g) for D = max{d(d + 5)/2,d(d + 3)/2 + 5}.

As another way to understand Theorem 4.8, note that V2 R(w) 'V L(w) is the Riemannian gradient
of L on the Riemannian manifold (int(dom R), VZR). It is well-known that gradient flow is invariant
under isometric embedding, and thus we can use Nash’s embedding theorem to rewrite the Riemannian
gradient flow on (int(dom R), g*) as that on (R, ).

6 Conclusion

We presented a framework that characterizes when gradient descent with proper paramterization
becomes equivalent to mirror descent. In the limit of infinitesimal step size, we identify a notion
named commuting parametrization such that any gradient flow (i.e., the continuous analog of gradient
descent) with a commuting parametrization is equivalent to a mirror flow (i.e., the continuous analog
of mirror descent) in the original parameter space with respect to a Legendre function that depends
only on the initialization and the parametrization. Conversely, we use Nash’s embedding theorem
to show that any mirror flow can be characterized by a gradient flow in the reparametrized space
with a commuting parametrization. Using our framework, we recover and generalize results on the
implicit bias of gradient descent in a series of existing works, including a rigorous and general proof
of convergence. We also provide a necessary condition for the parametrization such that gradient
flow in the reparametrized space is equivalent to a mirror flow in the original space. However, the
necessary condition is slightly weaker than the commuting condition and it is left for future work to
close the gap.
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A Additional Results

We provide additional results summarized as follows. We discuss how to construct the parametrization
G from a given Legendre function R in Appendix A.1. We discuss the existence of non-separable
commuting parametrization in Appendix A.2.

A.1 Examples of constructing GG from a given Legendre function R

Since the construction of the isometric embedding in Nash’s embedding theorem is not explicit and
infeasible to compute in general, the corresponding parametrization G given by Theorem 5.1 does
not admit an analytic formula for general mirror map R. However, in many cases involving standard
convex functions R which are separable, it is indeed tractable to explicitly compute the corresponding
parametrization G.

For example, for Burg entropy (R(w) = — 2?21 logw;) and negative entropy (R(w) =
Zle w; logw;), it is easy to verify that we can choose w = G(z) = (e™,...,e") and
w = G(z) = (23/4,...,27%/4) respectively, where in both cases z has the same dimension as
w does. (See also Example 2 and 4 in [5].) More generally, suppose R satisfies that VZR(w) is
always diagonal, it suffices to find a F; : R — R such that F/(w;) = /0;; R(w;), Yw; € R, which
can be solved easily by integral. Once we have Fj, the parametrization G : R? — R¢ defined by
G; = F[l is the desired commuting parametrization with respect to which gradient flow can be
written as mirror flow with respect to R. (Note G; is well-defined because F; is monotone increasing)
This is because 0G(G~1(w))0G(G~H(w)) T = (0G~H(w)dG~H(w) )~ = (VER(w)) L.
Finally, we also want to remark that in our application of Nash’s embedding theorem, the Riemannian
metric is given by the Hessian of a mirror map, and it is not clear if this would endow a more explicit
and tractable construction of the isometric embedding. We are not aware of such results to the best of
our knowledge.

A.2 Existence of non-separable commuting parametrization

Despite the recent line of works on the connection between mirror descent and gradient descent [24,
4,5, 8, 23], so far we have not seen any concrete example of non-separable parametrization (in the
sense of Definition A.1) such that the reparametrized gradient flow can be written as a mirror flow. In
this subsection, we discuss how we can use Theorem 5.1 to construct non-separable, yet commuting
parametrizations.

Definition A.1 (Generalized separable parametrization). Let M be an open subset of R”. We
say a function G : M — R< is a generalized separable parametrization if and only if there
exist d projection matrices { P}, satisfying Z?:l P, = I, P,P; = 1{i = j} - P, a function
G : M — R satisfying G;(2) = G;(P;z), a matrix A € R9*? and a vector b € R?, such that

G(x) = AG(x) + b, YV e M.

Given the above definition, it is easy to check that Gisa commuting parametrization as v%?wé i =
P,V2G,P; - P;VG; = 0forall ¢ # j, so each Lie bracket [VG,;, VG,] is also 0 by the linearity.

As a concrete example, for matrix sensing with commutable measurement A, ..., A,, € R?*d

(see Example 4.4 and Remark 4.5), let V = (v1, ..., v4) € R¥*? be a common eigenvector matrix
p g

for {A;}™, such that we can write A, = VX,V = Z?:l oijvjv] for each i € [m]. For

parametrization G : R?*" — d where each G;(U) = v, UU "v;, we can write (4;,UU") =
d

Zj:l 0i,;G;(U).

However, the bad news is that separable commuting parametrizations can express only a restricted

class of Legendre functions. It is easy to see 9G (x)0G(x) T must be diagonal for every x. Thus

0G(x)0G(x) T is simultaneously diagonalizable for all x, and so is the Hessian of the corresponding
Legendre function (given by Lemma 4.7). Yet there are interesting Legendre functions whose
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Hessians are not simultaneously diagonalizable, such as

o) = St =1+ (- 35) (1) 1),

=1

where each w; > 0 and Zle w; < 1. We can check that VR(w) = Z?Zl In ﬁ and
i=1 Wi

V2R(w) = diag(w®=Y) + 141 . Indeed, it is proposed as an open problem by [5] whether we
can find a parametrization GG such that the reparametrized gradient flow in the z-space simulates the
mirror flow in the w-space with respect to the aforementioned Legendre function R.

Our Theorem 5.1 answers the open problem by [5] affirmatively since it shows every mirror flow can
be written as some reparametrized gradient flow. According to the previous discussion, every mirror
flow for Legendre function whose Hessian cannot be simultaneously diagonalized always induces a
non-separable commuting parametrization. But this type of construction has two caveats: First, the
construction of the Legendre function uses Nash’s Embedding theorem, which is implicit and hard
to implement; second, the parametrization given by Theorem 5.1, though defined on an open set in
RP, is only commuting on the reachable set, which is a d-dimensional submanifold of R”. This is
different from all the natural examples of commuting parametrizations that are commuting on an
open set, leading to the following open question.

Open Question: Is there any smooth, regular, commuting, yet non-separable (in the sense of
Definition A.1) parametrization from an open subset of R to R?, for some integers D and d?

Theorem A.2. All smooth, regular and commuting parametrizations are non-separable when D = 1.

Proof of Theorem A.2. Note that [VG,;, VG;] = 0 implies that all G; share the same set of stationary
points, i.e., {x € R | VG;(x) = 0} is the same for all i € [d]. Since D = 1, without loss of
generality, we can assume G} (z) = VG;(z) > 0 for all z € M and ¢ € [d] since G is regular. Then
it holds that sign(G7)(In |G}])" = sign(G)(In |G}])’, which implies that |G| /|G| is equal to some
constant independent of z. This completes the proof. O

Remark A.3. We note that the assumption that the parametrization is regular is necessary for the
open question to be non-trivial. Otherwise, consider the following example with D = 1 and d = 2:
Let f1, fo : R — R be any smooth function supported on (0,1) and (1,2) respectively. Define
Gi(x) = foz fi(¢)dt for all x € R. Then parametrization G is non-separable.

B Related basics for convex analysis

We first introduce some additional notations. For any function f, we denote its range (or image) by

range f. For any set S, we use S to denote its closure. For any matrix A € R¥*P and set S C RP,
we define AS = {Az | z € S} CR™L

Below we collect some related basic definitions and results in convex analysis. We refer the reader
to [54] and [9] as main reference sources. In particular, Sections 2, 3 and 4 in [9] provide a clear
summary of the related concepts.

Here we consider a convex function f : R? — R U {oo} whose domain is dom f = {w € R? |
f(w) < oco}. From now on, we assume by default that f is continuous on dom f, the interior of its
domain int(dom f) is non-empty, and f is differentiable on int(dom f).

The notions of essential smoothness and essential strict convexity defined below describe certain nice
properties of a convex function (see Section 26 in [54]).

Definition B.1 (Essential smoothness and essential strict convexity). If for any sequence {w,, }52; C
int(dom f) going to the boundary of dom f as n — oo, it holds that ||V f (w,,)|| — oo, then we say
f is essentially smooth. If f is strictly convex on every convex subset of int(dom f), then we say f
is essentially strictly convex.

The concept of convex conjugate is critical in our derivation. Specifically, given a convex function
f:RY — RU {oc}, its convex conjugate f* is defined as

[ (w) = sup (w,y) — f(y).

yeR4
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The following results characterize the relationship between a convex function and its conjugate.

Theorem B.2 (Theorem 26.3, [54]). A convex function f is essentially strictly convex if and only if
its convex conjugate f* is essentially smooth.

Proposition B.3 (Proposition 2.5, [9]). If f is essentially strictly convex, then rangedf =
int(dom f*) = dom V f*, where 0f is the subgradient of f.

Lemma B.4 (Corollary 2.6, [9]). If f is essentially strictly convex, then it holds for all w €
int(dom f) that V f(w) € int(dom f*) and V f*(V f(w)) = w.

The class of Legendre functions defined in Definition 3.7 contains convex functions that are both
essentially smooth and essentially strictly convex.

Theorem B.5 (Theorem 26.5, [54]). A convex function f is a Legendre function if and only if its
conjugate [* is. In this case, the gradient mapping V f : int(dom f) — int(dom f*) satisfies

(V) t=Vf~

Next, we introduce the notion of Bregman function [12, 14]. It has been shown in [9] that the
properties of Bregman functions are crucial to prove the trajectory convergence of Riemannian
gradient flow where the metric tensor is given by the Hessian of some Bregman function f.

Definition B.6 (Bregman functions; Definition 4.1, [3]). A function f is called a Bregman function if
it satisfies the following properties:

(a) dom f is closed. f is strictly convex and continuous on dom f. f is C! on int(dom f).
(b) Forany w € dom fand « € R, {y € dom f | Dr(w, y) < a} is bounded.
(c) For any w € dom f and sequence {w;}$2; C int(dom f) such that lim;_, . w; = w, it
holds that lim;_, o Dg(w,w;) — 0.
The following theorem provides a special sufficient condition for f to be a Bregman function.

Theorem B.7 (Theorem 4.7, [3]). If f is a Legendre function with dom f = R%, then dom f* = R
implies that f is a Bregman function.

The following theorem from [3] provides a convenient tool for proving the convergence of a Rieman-
nian gradient flow.

Theorem B.8 (Theorem 4.2, [3]). Suppose f : R® — R U {cc} is a Bregman function and also a
Legendre function, and satisfies that f is twice continuously differentiable on int(dom f) and V> f is
locally Lipschitz. Consider the following Riemannian gradient flow:

dw(t) = =V2f(w(t)) ' VL(w(t))dt, w(0) = Winjy € int(dom f)

where the loss L : R? — R satisfies that L is quasi-convex, VL is locally Lipschitz, and
argmin{L(w) | w € dom [} is non-empty. Then as t — oo, w(t) converges to some w* € dom f
such that (VL(w*),w —w*) > 0 for all w € dom f. If the loss L is further convex, then w* is a
minimizer of L on dom f.

C Omitted proofs in Section 3

Here we first present the result and its proof for the domain of the flow induced by G.

Lemma C.1. Let M be a smooth submanifold of RP and G : M — R? be a C? parametrization
satisfying Assumption 3.5. Then for any x € M, U(x) is a hyperrectangle, i.e., U(x) can be
decomposed as

U(x) =T (x) x Ta(x) X - x Ty(x)
where I;(x) := {z; | ' € U(z)} is an open interval.

Proof of Lemma C.1. Fix any € M. For each i € [d], let Z;(x) be the domain of qﬁtgj (z) in terms

of t. If VG, is a complete vector field on M as in Definition 3.2, then Z;(x) = RY, otherwise ¢th_ (z)
is defined for ¢ in an open interval containing O (see, e.g., Theorem 2.1 in [37]). Then we claim
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that for any distinct j1, jo, . . ., ji € [d] where k € [d], the set of all (1;,, ..., uj,) € R¥ such that
d)lg]ll d)ﬂ”c (x) is well-defined is a hyperrectangle given by Z;, (z) x Z;,(z) x - -+ x Z;, (z).

Then the desued result can be obtained by letting (j1, j2,...,j4) = (1,2,...,d). We prove the
claim by induction over k € [d].

The base case for £ = 1 has already been established above. Next, assume the claim holds for
1,2,...,k — 1 where k > 3, and we proceed to show it for k. By the claim for k& — 2, qS”” 0--+0

LGLZ’L (x) is well-defined for (g1, ..., t5,.) € Zj,(x) x - -+ x Zj, (x). For any such (u, . .. ,ujk),
¢th o qb’éis qi)“”“ (x) is well-defined for ¢ in and only in the open interval Z;, () by applying
the claim for k£ — 1, and 51m11arly gthn o ¢/é?; . ¢#7k (z) is also well-defined for ¢ in and only

in the open interval Z;, (). Note that for any (s, t) € Ijl( x) x Ij, (x),
S —t t HJg MJk
¢Gho¢cj20¢G, °dg, 0 g ()
is well-defined, so by Assumption 3.5, we see that
O, 09, 09, 09 00 dgk (2)
is also well-defined, which further implies that gth o (j)‘é;, qﬁ” /2 0...0 qﬁlg k¥ (x) is well-defined.
Ik

Therefore, we conclude that (z)“’ lo-.-0 <;S‘ S ( ) is Well-deﬁned for and only for (1;,,...,1j,.) €
Z;

i (@) x -+ x Ij, (x). This completes the 1nducti0n and hence finishes the proof. O

Next, we provide the proof for the implicit bias of mirror flow summarized in Theorem 3.8. We need
the following lemma that characterizes the KKT conditions for minimizing a convex function R in a
linear subspace.

Lemma C.2. For any convex function R : R? — RU{oc} and Z € R™"*4, suppose VR(w*) = Z T\
for some \ € R™, then

R(U}*) - w:Z(iIEg*):O R(w)

Proof of Lemma C.2. Consider another convex function defined as R(w) = R(w) — w ZT A, then
VR(w*) = VR(w*) — ZT X = 0, which implies that
R(w*) = min R(w) —w' ZT\

weR?

< min Rw) —w'ZT\
w:Z(w—w*)=0

= min R(w) —w*TZ T\
w:Z(w—w*)=0

Since R(w*) = R(w*) — w*T ZT )\, it follows that

R(w*) < i R
W< i, B,

and the equality is achieved at w = w*. This finishes the proof. O

We can then prove Theorem 3.8 by using Lemma C.2.

Proof of Theorem 3.8. Since L(w) = L(Zw — Y'), the mirror flow (8) can be further written as
AVR(w(t)) = —Z VL(Zw(t) — Y)dt.
Integrating the above yields that for any ¢ > 0,

VR(w(t)) — VR(wg) = —Z" /Ot VL(Zw(s) —Y)ds € span(X "),

which further implies that VR(ws,) — VR(wp) € span(Z ). Therefore,
VDg(w, wo)|wew,, = VR(wso) — VR(wy) € span(Z 7).
Then applying Lemma C.2 yields

Dr(weo, wo) = 2 min )7ODR(IU,7«U0)~

This finishes the proof. O
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D Omitted proofs in Section 4

Here we provide the omitted proofs in Section 4, including four main parts:

(1) Properties of commuting parametrizations (Appendix D.1);
(2) Necessary condition for a smooth parametrization to be commuting (Appendix D.2);
(3) Convergence for gradient flow with commuting parametrization (Appendix D.3);

(4) Results for the underdetermined linear regression (Appendix D.4).

D.1 Properties of commuting parametrizations

We first recall the following result on the characterization of commuting vector fields from [38].

Theorem D.1 (Adapted from Theorem 9.44 in [38]). Let M be a smooth submanifold of RP
and G : M — R? be a C? parametrization. For any i,j € [d], [VG;,VG;](z) = 0 for all
x € M if and only if for any x € M, whenever both ¢g,. o gth] () and gth] o ¢g, () are well-

defined for all (s, t) in some rectangle I x I where I1,To C R are open intervals, it holds that
9G, 0 bG, (%) = ¢, © ¢, (x) for all (s,t) € Ty x Io.

Proof of Theorem 4.2. Note that under Assumption 3.5, Lemma C.1 implies that the domain of
oG, © (;StG]_ (x) is exactly Z;(z) x Z;(x), and the statement of Theorem 4.2 immediately follows. [J

Next, we prove the representation formula for gradient flow with commuting parametrization given
in Lemma 4.6.

Proof of Lemma 4.6. Let u(t) be given by the following differential equation:

Apu(t) = ~V LG i (), (0) = 0.
For any p € U(z) and j € [d], u + de; € U(z) for all sufficiently small 4, thus

WY (Tinies 1+ 5€j) — P (Tinie; 1)

Y (@inie; p) = lim

Ouj 6—0 é
0%, (Y (@inie; 1) — P(Tinie; 1)
= lim
6—0 )

= VGj(w(xiniﬁ 1))
where the second equality follows from the assumption that G is a commuting parametrization and
Theorem 4.2. Then we have %}‘f“”) = 0G (Y(Zinit; 1)) T for all u € U(zinit), and thus when
u(t) € U(Tinit),
OY(Tinit; pu(t))
A (inie; u(t)) = T(t)dﬂ(t)
= —0G (winit; p(t)) VL (G (@inie; p(t))))dt
= =V(L¢ 0 G)(¢(@init; pu(t)))dt.
Then since ¥ (Zinit; 4(0)) = Tinis and ¥ (zinit; 1(t)) follows the same differential equation and has
the same initialization as z(t), we have x(t) = ¥ (init; p(t)) for all ¢ € [0, 7). Therefore,

¢ t
u(0) = 1) + [ VLG min()ds = [ ~VL(Gla(s)ds
0 0
for all t € [0, T'), which completes the proof. O

Next, to prove Lemma 4.7, we need the following lemma which provides a sufficient condition for a
vector function to be gradient of some other function.

Lemma D.2. Let ¥ : C — R? be a differentiable ;unction where C' is a simply connected open
subset of R%. If for all w € C and any i, j € [d], 55-¥;(w) = %\I/j (w), then there exists some
SJunction @ : C — R such that ¥ = VQ. '
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Proof of Lemma D.2. This follows from a direct application of Corollary 16.27 in [38]. O
Based on the above results, we proceed to prove Lemma 4.7.

Proof of Lemma 4.7. By Lemma C.1, U (xin;t) is hyperrectangle, and hence is convex. Next, recall
that by the proof of Lemma 4.6, we have %ﬂ”‘) = 0G (U (Tinis; 1)) " for all g € U(Tings).
Denoting ¥ (1) = G(t(@inis; 1)), we further have
IG (Y(@init; 1)) OY (Tinit; 1) T
ov = = 0G Tinit; oG Linit s Yuel(x).
(1) = T i L) 2 (6 s 1)IG i 10) T, Vi € Uz)

Since G is regular, dG(W(xinit; 1)) is of full-rank for all p € U(zinit), so OV is symmetric and
positive definite for all ;1 € U (xinit ), which implies that U is the gradient of some strictly convex
function @ : R — RU {00} by Lemma D.2. This @ satisfies that VQ (1) = V() = G(¢(Tinit; 1))
for all p € U(xinit). Therefore, @ is a strictly convex function with dom VQ = U(xin;t) and
range VQ = Qu, (Zinit; G).

Next, we show that () is essentially smooth. If U (i) = R¢, then dom Q = R? and the boundary of
dom @ is empty, so it is trivial that ) is essentially smooth. Otherwise, it suffices to show that for any
 on the boundary of dom () and any sequence {1} 72 | C U(Zinit) such that limy_, o s = foo,
we have limy oo [[VQ(u1)|l2 = oo. Since each VQ(ux) = G(¢(Tinit; (k) ), we only need to show
that limy,_, o0 ||G(¢(Zinit; 1)) ||2 = 00. Suppose otherwise, then {G (¢ (init; 1) }72; is bounded.
Note that by Lemma 4.6, let Hy(z) = (g, G(z)), and we have

1
(@i 1) = O g1 (Tmit) = Taui + / VH (6 1, (1)) ds.
0

Therefore,

1 1
1V (@init; ptx) — Tinitl|2 S/O ||VHk(¢in (xinit))Hst < \//0 ||VHk(¢S_Hk (xinit))H;ds.

(12)
where the second inequality follows from Cauchy-Schwarz inequality. Further note that
1
d
Hi(Y(@inis; k) — Hi(Zinit) = / &Hk(qﬁin (Zinit) )ds
0
! d¢® g, (Tinit)
:/ <VHk(¢in(fUinit))a11§t>d5
0 S
1
— [ IVH6 g, i) s (13
0

Then combining (12) and (13), we get

9 (Tinie; 1) — Tiniell2 < v/ (prer G (@imies 1)) — G (@inie))
< V2 - |G (Zinic; i) — G(imit) |2,

which implies that {9 (init; x) }72 is bounded. Then there exists a convergent subsequence of
{U(@inis; 1x) 1521, and without loss of generality we assume that ¥ (Zinis; (k) itself converges to
some T, € M as k — oco. Note that ¢ (z; 1) is well-defined for  in a small open neighborhood of
0, and since limg_, oo ¥ (Tinit; k) = Too, for sufficiently large k, 1 (1) (init; ik ); 1) is well-defined
for 1 in a small neighborhood of 0 that does not depend on k. Thus there exists some i € R?
such that pg + p & U(Zinig) but (Y (Tinie; pr); 1) is well-defined for sufficiently large k. But by
Lemma C.1 and Theorem D.1, ¥(¢(Zinis; 4 ); 1) = ¥ (Tinis; ok + ) and thus pg + g € U(Tinit),
which leads to a contradiction. Hence, we conclude that () is essentially smooth.

Combining the above, it follows that () is a Legendre function. Let R : R? — R U {oc} be the
convex conjugate of (). Then by Theorem B.5, R is also a Legendre function. Note that for any
1 € U(xinit ), by the result in [17], we have

V2R(G (¥ (@init; 1)) = VZR(VQ(p)) = V2Q(p) ™" = (0G(¥(@init; 1)) G (Y (Tinie; 1)) 7).
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Therefore, R and () are both Legendre functions, and by Proposition B.3, we further have
range VR = int(dom @) = domVQ = U(z) and conversely dom VR = rangeVQ =
Qu(Zinit; G). This finishes the proof. O

Then using Lemma 4.6 and Lemma 4.7, we can prove Theorem 4.8.

Proof of Theorem 4.8. Recall that the gradient flow in the z-space governed by —V (L; o G)(z) is
da(t) = —V(Ls o G)(z(t))dt = —0G(x(t)) " VL(G(x(t)))dt.
Using w(t) = G(«(t)), the corresponding dynamics in the w-space is

dw(t) = 0G(x(t))dz(t) = —G(x(t)dG(x(t)) TV Ly (w(t))dt. (14)

By Lemma 4.6, we know that the solution to the gradient flow satisfies x(t) = ¥(Zinit; u(t))
where p(t fo —VLi(G(x(s)))ds. Therefore, applying Lemma 4.7, we get a Legendre function
R:RY— R U {oo} with domain €2, (Zin;¢; G) such that

V2R(w(t)) = V2R(G (Y (@ini; u(t)))) = (aG(w(xinit;M(t)))aG(¢($init;M(t))))_l
for all ¢ > 0. Then the dynamics of w(t) in (14) can be rewritten as
dw(t) = =V2R(w(t)) "'V L(w(t))dt,
or equivalently,
dVR(w(t)) = =V L (w(t))dt,

which is exactly the mirror flow with respect to R initialized at w(0) = G(Zinit ). Further note that
the result of Lemma 4.7 is completely independent of the loss function L, and thus R only depends
on the initialization xi,;; and the parametrization G. This finishes the proof. O

D.2 Necessary condition for a smooth parametrization to be commuting

Proof of Theorem 4.9. Fix any initialization zj,;; € M, and let the Legendre function R be given
such that for all time-dependent loss L, the gradient flow under L; o G initialized at = can be written
as the mirror flow under L, with respect to the Legendre function R. We first introduce a few notations
that will be useful for the proof. For any s € R, we define a time-shifting operator 7 such that for
any time-dependent loss L (+), (TsL):(-) = Li—<(-). We say a time-dependent loss L, is supported
on finite time if L; = Zle ]lte[ti’tHl)L(i) for some k > 1 where t; = 0, t;; = oo and L) = 0,
and we denote len(L) = ¢;. We further define the concatenation of two time-dependent loss Ly, L}
supported on finite time as L || L’ = L + Tien(z) L. We also use L to denote the time-reverse of the
time-dependent loss L which is supported on finite time, that is, L; = Lien(r)—¢ forall £ > 0. For
any j € [d] and 6 > 0, we define the following loss function

(0 (w) = To<ics - (e, w) (15)
where ¢; is the j-th canonical base of Re.

Now for any k > 2, let {j;}*_, be any sequence where each j; € [d]. Then we recursively define a

sequence of time-dependent losses as follows: First define L% = —¢71:9 then sequentially for each
1 =2,3,...,k, we define
Li0 = [i71V3 | ( i, ) I ( i 1f> | ¢33 (16)
S _ T X -
where we write L' =L for convenience. Denote ¢;(§) = len(L*°) for each i € [k].

Then ¢, (8) = & and ¢;(8) = 2v/8 + 2¢;_1(V/9) fori = 2,3, ..., k, which further implies

i—1
§) =" 2mgt?" 4 21§ 2 forall i € [K].
m=1
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Moreover, for each i = 2,3, ..., k, the gradient of " with respect to w is given by

VL) 0SS0 (B)

4 —e€j, Lic1(V0) <t <11 (V8) + V5,
VL (W) = § VLYo (w) w1 (VE) 4V <t < 20 1(VB) + VB, (17)
ej, 20 1(V8) + V8 <t <201 (V) + 2V,
0 t> 2L1‘,1(\/3) + 2\/3.

This inductively implies that for any ¢ € [0, 11, (6)], VL (w) € {e;}9_, does not depend on w and
is only determined by ¢. Therefore, for any 1n1t1ahzat10n x € M, for all sufficiently small § > 0, the

gradient flow under L+ for 1 (9) time, i.e., P Ths ( ), is well-defined. Moreover, it follows from
(17) that

ti—1(6) s te—1(V9) te—1(V8)+V3s
/ VL (w(t))dt = / VLkil’\/g(w(t))dt—i-/ —ej,dt
0 0 t—1(V3)

2Lk—1(\/5)+\/g k15 2Lk—1(\/g)2\/g
+f ’

-VL (w(t))dt + / ej, dt
k-1 (VO)+V5 201 (VE)+V6E

Li—1 \[
:/ v <VLf—1W(w(t)) —VLfl’\/S(w(t))> dt =0
0

where the last two equalities follow from the fact that VLk b f( )

only determined by ¢ by our construction.

does not depend on w and is

Hence, the mirror flow with respect to the Legendre function R for the time-dependent loss L% will
return to the initialization after ¢ (9) time since

1k (8)
VR(w(1(5))) — VR(w(0)) = / — VLR (w(t))dt = 0.
0
This further implies that

L (6
G(xinit) (d);k 6)OG(xlIllt))
for all sufficiently small §. Then differentiating with ¢ on both sides yields

d ka((s) mui
3G (z) - (‘SL“S—E‘M —o. (18)
5=0
Note that if the following holds:
d Lk(é) 1mni1
%%—g(xt) =[[[[VGy,,VGj,), -], VG, .1, VG (Tinit), (19)
5=0

then combining (18) and (19) completes the proof, so it remains to verify (19).

We will prove by induction over k, and now let {j;}52, be an arbitrary sequence where each j; € [d].
For notational convenience, we denote for each k > 1,

Ths() = ¢ s () and Ts() == 29 ().

Then their inverse maps are given by 77,;(1;() = qﬁjj .5 (+) and H,;};(-) = ¢>i’“§3 s (+) respectively. Since

G is smooth, each IT, /5 is a C> function of 61/2"and we can expand it in §'/2" as

H f:z:+z

51/2k

Agi(z) + 75,5(7) (20)
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where the remainder term 7, s(x) is continuous in z and for each x € M, r s(x) = o(d) (i.e.,
lims_sg w = 0), and each Ay, ; is defined as

B T

In particular, for k = 1, we have
1)
I, 5(z) =7y s5() = 2+ VOVGy, (x) + 20(VG;,) @)V Gy (2) +116(2) 21

where the second equality holds as well for any other G in place of G, with a different but similar
remainder term. For any fixed K > 2, there is a small open neighborhood of x;y;; on M, denoted by

Nz € M, such that for all k € [K], we have r, 5(z) = o(d) uniformly over all z € N, ,, s0 we
can replace all 74, 5(z) by 0o(d) when © € N, ,,. Then we claim that for each k = 2,3,... K,
2k=1 ok
] 1 61/2
Jim — ; —Aki(2) = [[VG),, VG, [ VG (@), Yo €Npy,,  (22)

which directly implies (19). With a slight abuse of notation, the claim is also true for £ = 1 since
Ay 1(z) = VG, () by (21), so we use this as the base case of the induction. Then, assuming (22)
holds for kK — 1 < K, we proceed to prove it for k. For convenience, further define Lieg (j1.x) =

[[[VG]d ) Vsz]? . ']7 VG]k]

Combining the Taylor expansion in (20) and (22) for k — 1, we obtain for all z € N, that

init

Hk71,\/3(x) —z4+V5- Lieg(j1:(k—1))(x) +
i=2k—241

for sufficiently small 0. Further apply (21) with G, in place of G, for sufficiently small 9, and then
Hk—1,\/5(77k,\/3(x))
)
=10, , s5 <:c +VOVGj, (2) + 50(VG,)(2) VG, () + 0(5))
0
=2+ VOVG, (2) + 50(VG,) (@) VG, () + 0(0)
L 4]
+ \6 . Lleg(jl;(kfl)) <1‘ + ﬁVij (33) + ia(VG]k)(m)Vij (Qf) + 0(5))
51'/2’“*1

+ > Bk <33 + VoV Gy, (x) + g@(Vij)(a:)Vij () + 0(5))

i=2k=241

+rho1 <x +VOVG, (z) + ga(vcjk)(z)vajk (z) + 0(5))

where the second equality follows from the Taylor expansion of II, _, /= and that 7, \/g(a?) eN,

for sufficiently small 6. Then by the Taylor expansion of Lieg (jy:(x—1)) and each Ay ;, we have
forall z € Ny,

kal,\/g(ﬂ-k7\/g(x)) =T+ \/SVGJ‘,C (.13) + \/S . Lie(;(jlz(kfl))(l‘) + g(?(VGM)(x)VGJk (J?)

k-1 ok—1
) ) 51/2
+6 - OLiea (J1:(6-1)) (#) VG (2) + Y a Bk-1(2) +0(9)
i=2k—241 ’
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for sufficiently small §. For the other way around, we similarly have

ok—1 - ok—1
. ' 51/2
v (W vs(2)) = 7rk7\/3<x + V5 - Lieg (jrun-1) (@) + Z i Ap-1i(z) + 0(6))

1=2k—241

=2+ VoVGj, (x) + V3 - Lieg(ji.(h1)) + ga(vajk)(x)vc;jk (z)

ok—1 ok
) ) 51/2
+60(VGj,)(x)Lieg (jrp-1) (@) + > a7 Ak-1i(2) + 0(0)
i=2k—241
(24
forall z € N, ., when 4 is sufficiently small. Note that z = T f H]: 1v3° M,y 50m v5(@),
thus

My 5(w )_xiﬂk\f Hkll\foﬂkm/gonk—l,\/g(x)—

1
=7ka Hk lﬁOﬂk’ﬁOHkiL\/g( x) — k\fOH \[OH}c\fOka( x)

U f oIl 11 RV L RV, Hk—l,ﬁ( z) — T /5 © Hk_l,\/g(ﬂf)
v o Wy (@) =1 g5 o my 5(2)
+Hk71)\/5(x)o7rk7\/g foH 1\[0Hk7ﬁ0ﬂ'k’\/3(m)
=150, v5(%) = M 5 0 iy, y5(2) + 0(d) (25)
where the last equality follows from the Taylor expansion of 771; if oIl . 11 f( ) in terms of /4.
Now, combining (23), (24) and (25), we obtain
I, 5(x) — = = 6 (A(VGj,)(x)Lieg (j1.(k—1))(x) — ILiec (j1.(—1)) (2) VGy, () + 0(5)
=6 - [Lieg(J1:(k—1)), VGy, ] (7) + 0(0) (26)

where the second equality follows from the definition of Lie bracket. Comparing (26) with (20) yields
(22). This completes the induction for k& € [K] and hence finishes the proof as K is arbitrary. O

Proof of Corollary 4.11. 1Tt turns out that the necessary condition in Theorem 4.9 is already violated
by only considering the Lie algebra spanned by {VG11, VG12}. We follow the notation in Exam-
ple 4.4 to define each I;; € R? as the one-hot matrix with the (7, j)-th entry being 1, and denote
Eij = %(Eij =+ Eji) and Aij = E’ij — Eji.Ihen [VGll, vglg](U) 274(E11E12 — E12E11)U =
A12U and [VGH, [VGH,VGH]](U) = (E11A12 — A12E11)U = FE12U. Further noting that
([VG11,[VG11,VG12]], VG12) =2 ||E12UH2F = % Z;=1(U12i + U2,) must be positive at some U
in every open set M, by Theorem 4.9, we know such Uy, and L; exist. Moreover, L; will only
depend on G11(U) and G12(U). O

Proof of Corollary 4.12. By the condition (b) and Theorem 4.9, we know that each Lie bracket
[VG;,VG,] € ker(0G). By the condition (a), we know that each Lie bracket [VG;, VG,] €
span{VG;}L ;. Combining these two facts, we conclude that each [VG;, VG,] = 0, so G is a
commuting parametrization. O

D.3 Convergence for gradient flow with commuting parametrization

Proof of Theorem 4.13. Recall that the dynamics of w(t) is given by
dw(t) = —V2R(w(t)) 'V L(w(t))dt, w(0) = G(Zinit)-

By Lemma 4.7, we know that R is a Legendre function. Therefore, when R is further a Bregman
function, we can apply Theorem B.8 to obtain the convergence of w(t). This finishes the proof. [

Based on Theorem B.7, we can prove the trajectory convergence of w(t) for the special case where
Qoo (Tinit; G) = R as summarized in Corollary 4.14.
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Proof of Corollary 4.14. Tt suffices to verify that R is a Bregman function in this case. By Lemma 4.7,
we know that R is a Legendre function and satisfies that RY = Q,, (Zinit; G) =dom VR C dom R C
R?, which implies dom R = R?. Moreover, the domain of its convex conjugate @ is also R%. Then
by Theorem B.7, we see that R is a Bregman function. This finishes the proof. O

Next, we prove that for a class of commuting quadratic parametrizations, the corresponding Legendre
function is also a Bregman function, thus guaranteeing the trajectory convergence.

Proof of Theorem 4.15. Since Ay, As, ..., Ay commute with each other, these matrices can be si-
multaneously diagonalized. Thus we can assume without loss of generality that each A; = diag(\;)
where \; € R, then G;(z) = A/ 2©2. For convenience, we denote A = (A1, Aa,...,\g) €

R9*P 50 the parametrization is given by G(z) = Az®2. Note that for each i € [d], VG,(z) =
2)\; ® z and V2G;(z) = 2diag()\;), so for any i, j € [d], we have

[VGZ‘, VG]](J?) = 4d1ag()\z))\] Ox— 4d1ag(/\]))\l ®x=0.
Therefore, we see that G : Rf — R is a commuting parametrization. Also, for any t € R,
z(t) = Tinit — fot VGi(z(s))ds = xini © e~ 2%, which proves the first and the second claims.
Moreover, if the sign of each coordinate of x will not change from that of initialization, (sign
means +,— or 0). Without loss of generality, below we will assume every coordinate is non-zero at
initialization (otherwise we just ignore it). We can also assume the coordinates at initialization are
all positive, as the negatives will induce the same trajectory in terms of G(x). By Theorem 4.8, the
dynamics of w(t) = G(z(t)) is given by
dw(t) = —V*R(w(t)) ' VL(w(t))dt, w(0) = G(Zinit)
for some Legendre function R whose conjugate is denoted by (). To apply the results in Theorem 4.13,
it suffices to show that this R is a Bregman function.
To do so, we further denote w = x®2 and é(x) = 292 then w = Aw and in this case Gisa
commuting parametrization for w defined on M = RP. Also, we have dG(z) = AIG(z). Let
L : R — R be defined by L(w) = L(Aw), which satisfies that VL(w) = ATV L(Aw). Then the
gradient flow with parametrization G governed by —V (L o G)(x) is given by
dz(t) = —=V(L o G)(x)dt = —0G(z(t)) T VL(G(x(t))dt
= —0G(z(t)) TATVL(AG(x(t))dt
= —9G(z(t)) " VL(G(z(t))dt,
which yields the same dynamics of the gradient flow with parametrization G governed by —V (L o

G)(z). Therefore, we have w(t) = G(x(t)) = AG(x(t)) = A@(t), where again by Theorem 4.8,
the dynamics of w(t) is

da(t) = —V?R(@(t)) 'VL(@(t)dt,  @(0) = G(Tinit)
for some Legendre function R whose conjugate is denoted by é Forany z € M and i € RP, we

define ) (z; i) = ¢ 0 ¢2 o --- 0 ¢2P (). We need the following lemma.
G TGy Gp

Lemma D.3. In the setting of the proof of Theorem 4.15, for any i € R and x € M, we have

Y(a;p) = P(x; AT p).

Recall from Lemma 4.7 that VQ (1) = G (¥ (inie; 1)) for any p € R% and VQ(2) = G(4(2iniv; 72))
for any i € R”. Note that

VQ(1) = A (winie; 1) = A (@inie; AT )% = AG (W (wini; AT ) = AVQ(A ) (27)

where the second equality follows from Lemma D.3. This implies that Q(p) = Q(AT ) + C for
some constant C. Recall the definition of convex conjugate, and we have

R(@) = sup {7, @) - Q(),  R(w)= sup {1 w) — Q(1)-
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Then for any w € R, we have
R(A®) = sup (p, A@) — Q(p) = sup (A 1, @) — QA" p) - C

HERD HERE
= sup (fi,®) — Q(i) — C < sup (i, @) — Q(fi) — C = R(W) = C  (28)
HEATRY nERP

Therefore, for any @ € dom R, it holds that R(Aw) < R(@) — C' < oo, so Adom R C dom R,
where A dom R On the other hand, by (27) and Proposition B.3, we have
dom VR = range VQ C Arange VQ = Adom VR
and it follows that
int(dom R) = dom VR C A dom VR = A int(dom R).
Combining the above, we see that dom R = A dom R. As discussed in Section 1, here it is
straightforward to verify that R(@) = Y2, @;(In —— — 1), which is indeed a Bregman function

with domain dom R = @. Thus dom R = ARE is also a closed set. This yields the first condition
in Definition B.6.

Next, we verify the second condition in Definition B.6. For any 1 € R?, we have
VR(G((2imit; 1)) = VR(VQ(1)) = p
and
VR(G () (@it 1)) = VRG (W (wimin: AT pr))) = VRIVQAT 1) = AT
Comparing the above two equalities, we get
VR(@) = AT VR(A®D) (29)
for all w € RY. Then for any w € @ and y = Ay € int(dom R), we have
Dr(Aw,y) = R(Aw) — R(y) — (VR(y), Aw — y)
= R(AW) — R(AY) — (ATVR(AY),w — 7))
= R(A®) ~ R(AG) — (VR(7), @ ~ )
= R(A®W) — R(AY) — R(@) + R(y) + D(@,7) (30)
> R(A®) — R(@) + C + Dx(w,7)
where the inequality follows from (28). Therefore, we further have for any a € R
{y € int(dom R) | Dp(A@,y) < a} C A7 € RY | Dx(@,7) < a — R(AD) + R(@) — C}
where the right-hand side is bounded since Risa Bregman function, and so is the left-hand side.

Finally, we verify the third condition in Definition B.6. Consider any w € dom R and sequence
{w;}2, C int(dom R) such that lim; ,. w; = w. Since dom R = Adom R, there is some

w e Rf such that w = Aw and some w; € Rf for each 7 € Nt such that w; = Aw,. We have that

R(w) — R(w;) = /0 (VR((1 = t)w; + tw),w — w;)dt
= /1<ATVR(A((1 — )W; +tW)), w — w;)dt
0

- /1<w§((1 — )W + W), @ — ;)dt
0

= R(w) — R(w;).
Combining this with (30), we get Dr(w, w;) = Dg(w,w;). Note that we can always choose each

w; properly such that lim;_,, w; = w. Then since R is a Bregman function, we have

lim Dp(w,w;) = lim Dg(w,w;) = 0.
71— 00 71— 00

Therefore, we conclude that R is also a Bregman function. This finishes the proof. O
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Proof of Lemma D.3. For each i € [D] and any ¢ > 0, we have

t t D N
o4, () =z + / . ~VGi(¢},(z))ds = = + / — Z Aij VG (67, ())ds = (z;tN;)
s= s= j=1

=0
where the last equality follows from Lemma 4.6. Therefore, for any p € R, we further have
(s 1) = O, 0 ¢, 0+ 0 9 (@)
_ qyglm 0.0 ¢g1;1=D 0.0 ¢“a?d’l 0.0 ¢H£w ()
d d
= gZ N oo T D (g
= qﬁ(é}:“)l o (b(éf“)D(x) =z AT p).

where the third equality follows from the assumption that Gisa commuting parametrization. This
finishes the proof. O

D.4 Results for underdetermined linear regression

Here we provide the proof for the implicit bias result for the quadratically overparametrized linear
model.

Proof of Theorem 4.16. By Theorem 4.8, w(t) obeys the following mirror flow:
dVR(w(t)) = =V L(w(t))dt, w(0) = G(Xinit)-
Applying Theorem 3.8 yields
Dr(woo, G(Zinit)) = pin Dr(w, G(Tinit))-
Therefore, for any w € int(dom R) such that Zw = Y, we have
R(wso) = R(G(zinit)) — (VR(G(Tinit ), Woo — G(Tinit))
< R(w) — R(G(2init)) — (VR(G(Zinit), w — G(Tinit))
which can be reorganized as

R(ws) < R(w) — (VR(G(Zinit) ), W — Weo)- 31)
Note that by Lemma 4.7, we also have
VR(G(7init)) = VR(G(Y(zinit; 0))) = VR(VQ(0)) = 0 (32)

where the last equality follows from the property of convex conjugate. Combining (31) and (32),
we get R(ws) < R(w) for all w € int(dom R) such that Zw = Y. By the continuity of R, this
property can be further extended to the entire dom R, and for any w ¢ dom R, we have R(w) = oo
by definition, so R(ws) < R(w) holds trivially. This finishes the proof.

Proof of Corollary 4.17. By symmetry, we assume without loss of generality that all coordinates
of @iy are positive. Note that for M = RY with D = 2d, G : M — R? can be written as

Gi(z) = x " A;x where each A; = e;e] — eqy e, ;. Therefore, this parametrization G satisfies the
conditions in Theorem 4.15, which then implies the convergence of w(t).
Next, we identify the function R given by Theorem 4.8. we have ¢ (zni; 1) = (ugo%ee;i“) and thus
G (@imit; p) = ug? © e —vg? © ™
= (u§? 4+ v§?) © sinh(4p) + (u§? — v5?) © cosh(4p).

S0 G (Y(init; 1)) is the gradient of Q(11) = 1 (u§*+v$?)@cosh(4p)+ 1 (u§? —v§?)@sinh(4p) +C
where C is an arbitrary constant. Also note that (VQ(u)); only depends on ;, then we have

(VR(w)): = (VQ(u)) (w) = 1 n (\/ 1+ (”) b )+ i

2ug V0,4 2ug V0,4 Ug,;
1 . W; 1. v
= —arcsinh [ ——— | + —In —2
4 211,0,1'1)071‘ 4 UQ,i
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which further implies that

d
1 w; Y0,
R(w) = 4 > (wi arcsinh <M> - \/m —wiln UE’Z,) +C.
i=1 S !

This finishes the proof. O

E Omitted proofs in Section 5

We first prove the following intermediate result that will be useful in the proof of Theorem 5.1.

Lemma E.1. Under the setting of Theorem 5.1, let F’ be the smooth map that isometrically embeds
(int(dom R), g¥*) into (RP,g). Let M = range(F'), and denote the inverse of F by G : M — R%.
Then for any w € int(dom R), it holds that

OF (w)(OF (w)ToF (w))~! = 0G(F(w))" and 0G(F(w))dG(F(w))" = VZR(w)™".

Proof of Lemma E.1. For any x € M and v € T,(M), consider a parametrized curve {x(t)};>0 C

M such that z(0) =2z and dzgt) | _o = v- Since x(t) = F(G(x(t))) for any t > 0, differentiating
with respect to ¢ on both sides and evaluating at ¢t = 0 yield
v = OF(G(x))0G(z)v. (33)

Now, for any w € int(dom R), let x = F(w), then for any v € T,,(M), it follows from (33) that
v OF (w) = v (OF (w)dG(F(w))) T OF (w) = v 0G(F(w))  OF (w) " OF (w).

Note that the span of the column space of OF (w) is exactly T, (M), so for any v in the orthogonal
complement of T,,(M), it holds that

v OF (w) =0 =v' 0G(F(w)) F(w) 0F (w)

where the second equality follows from the fact that for any i € [d], VG;(z) € T,(M). Therefore,
combining the above two cases, we conclude that

OF (w) = 0G(F(w)) " 0F (w) TOF (w).
Since OF (w) T OF (w) = V2 R(w) is invertible, we then get
OG(F(w))! = 0F (w)(8F (w) OF (w))~".

Next, for any w € int(dom R), since G(F(w)) = w, differentiating on both sides yields
OG(F(w))dF (w) = I,.
Therefore, using the identity proved above, we have
OG(F(w)dG(F(w)) " = dG(F(w))OF (w)(dF (w) T OF (w)) ™"
= (0F (w) "OF (w))™! = V2R(w) ™.
This finishes the proof. O

Proof of Theorem 5.1. By Nash’s embedding theorem, there is a smooth map F' : int(dom R) —
RP that isometrically embeds (int(dom R), g*) into (RP,g). Denote M = range(F), i.e., the
embedding of int(dom R) in RP. We further denote the inverse of F' on M by G : M — R%. Note

(M, G) is a global atlas for M, we have that T,,(M) = span({VG;(z)}L,) forall z € M. This G
is almost the commuting parametrization that we seek for, except now it is only defined on M but

not on an open neighborhood of M. Yet we can extend G to an open neighbourhood of M in the
following way: First by [21], for each x € M, there is an open neighbourhood U, of z such that
projection function P defined by

P(y) = argmin ||y — ¢'[|2
y'eM
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is smooth in U,. Then we define U = Uye U, and extend G to U by defining G(z) := G(P(x))

for all z € U. We have G(z) = G(x) for all z € M, and we can verify that G = G on M as
well. For any v € T, (M), let {(t)}+>0 be a parametrized curve on M such that v(0) = = and

dv(t)
dt 1t=0

= v, then for sufficiently small ¢, by Taylor expansion we have
V() = P(y(t)) = P(z) + 0P(z)(v(t) — ) + o(|[y(t) — xl2)
=z + 0P (x)(y(t) — ) + o([ly(t) — xll2)

which implies that v = 9 P(x)v by letting ¢ — 0. While for any v in the orthogonal complement of
T, (M), for sufficiently small 6 > 0, we have P(x + dv) is smooth in §. Then since P(x + dv) € M
for all sufficiently small ¢ by its definition, we have

dP(x + 0v) . P(x+dv) — P(x)
—_— = lim
dé s=o0 00 )
Note that ||z 4+ dv — P(z 4 év)||2 < ||z + dv — P(z)||2 = 6||v||2, and by Taylor expansion, we have
|z 4 6v — P(z 4 6v)||2 = ||z 4+ 6v — §OP(x)v + O(5%) |2 = ||z + 6v — du + O(6?)|2

where O(52) denotes a term whose norm is bounded by C'§2 for a constant C' > 0 for all sufficiently
small 9, and the second equality follows from (34). Then dividing both sides by § and letting § — 0,
we have ||v||2 > ||v — u||2. Since w is orthogonal to v, we must have v = 0. As v is arbitrary, we
conclude that 9P(x) is the orthogonal projection matrix onto 7, (M ). Then differentiating both sides

of G(z) = G(P(x)) with = yields
0G(z) = OG(P(x))0P(x) = G (x) (35)

where the second equality follows from the fact that T, (M) = span({VG; (z)}4_,). This further

implies that the solution of Equation (11) satisfies dz/dt = —V(L o G)(z) € T,(M), and thus
x(t) € M forallt > 0.

Now we consider the mirror flow
dw(t) = =VZR(w(t)) ' VL (w(t))dt, w(0) = Winit.
Since V2R(w) = OF (w) TOF (w) by the fact that F is an isometric embedding, we further have
du(t) = —(9F (w(t)) OF (w(r)) ™V Le(w(t))dt.
Now define z(t) = F(w(t)), and it follows that
da(t) = OF (w(t))dw(t) = —9F (w(t)) (OF (w(t)) " OF (w(1))) ™ VL (w(t))dt
= —9G(F(w(1))"VLi(w(t))dt = ~V(L¢ 0 G)(x(t))dt
where the third equality follows from Lemma E.1 and (35).

OP(z)v = =u € T,(M). (34)

Next, we verify that G restricted on M, G, isa commuting and regular parametrization. First, for any
x € M, we have 8G(z)T = OF(G(x))(0F (G(z)) TOF(G(x)))~* by Lemma E.1 and (35). Since
V2R(w) = OF (w) "OF (w) is of rank d for all w € int(dom R), it follows that OF (w) is also of rank
d for all w € int(dom R), thus G (x) is of rank d for all z € M. The commutability of {VG;}%_,
follows directly from Corollary 4.12. Here we just need to show rank( «(x; G)) = rank(M). This
is because on one hand rank(Q, (z; G)) > rank(span({VG (z)}4_,)) = rank(M), and on the
other hand, rank (2, (z; G)) < rank(M) since 0, (z;G) C M, forany z € M.

Finally, we show that when R is a mirror map, each VG j 1s a complete vector field on M. For any
Tinit € M, consider loss L;(w) = (e;,w), and the corresponding gradient flow is

dz(t) = =V (L; 0 G)(w(t)dt = —0G(x(t)) " VLy(G((1)))dt = =V G (x(1)),
so z(t) = qﬁté»(:cinit) for all ¢ > 0. On the other hand, w(t) = G(x(t)) satisfies that

dw(t) = 0G(x(t))dx(t) = —0G (x(t))dG (x(t)) " VL (w(t))dt
~V2R(w(t)) 'V Ly(w(t))dt = ~V?R(w(t)) te;dt
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where the third equality follows from Lemma E.1 and Equation (35). Therefore, rewriting the above
as a mirror Flow yields

dVR(w(t)) = —e;dt,

the solution to which exists for all ¢ € R and is given by VR(w(t)) = e;t, so w(t) = (VR)"!(e;t)
is defined for all ¢ € R as VR is surjective. This further implies that (t) = F'(w(t)) is well-defined
for all t € R, hence VG is a complete vector field. O
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