A Omitted Proofs

We first state two technical lemmas that have been extensively used in the analysis of adaptive
methods, the proofs of which can be found in [31].

Lemma 6. Let a sequence of non-negative real numbers oy, . ..,ar > 0 then

Lemma 7. Let a sequence of non-negative real numbers o, . ..,ar > 0 then
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Lemma 1. Define the gradient estimator at point x as V, := V fi(z) — V fi(y) + V,, where i is
sampled uniformly at random from {1, ... ,n}. Then,

E[|Ve = V@] < L?|le = yl* + E[IV, = V()]

Proof.
E[|V. =Vf@)|?] = E[IVfi(x) = Vfily) +Vy, = VF(@)]?]
= E[|Vfi(z) = Vfily) + Vy = Vf(z) + VI(y) = V()]
= E[|Vfi(z) - Vfily) - Vf( )+ V)]
+ 2-E[{V/fi(x) = Vfi(y) = Vf(x) + VI({y),Vy = VI (v))]
+ E[IVy = VW7

Notice that E [V f;(z) — Vfi(y) — Vf(x) + Vf(y)]=0d ue to the fact that 7 is selected uniformly
atrandom in {1,...,n} and thus E [V f;(z) — Vfi(y)] = Vf(z) — Vf(y). The latter implies that,

E[|V. - Vi@)|? = E[|Vfilx) - Vfily) - Vi) + VI +E[IVy - V)]
E[|Vfi(z) =V fi)I?] +E [IVy, — VF(»)lI*]
L Ellz—yl?] +E IV, — VW]

IN A

where the first inequality follows by the identity E [|| X — E [X]||?] = E[|| X||*] — ||E [X]||* and the
second inequality by the smoothness of the function f; () |

Lemma 2. Let xg,x1,...,x7 the points produced by Algorithm 1. Then,

vatu? <o(wr. ( b+ 195 @)l?) )

Proof. The selection of the step-size in Step 9 of Algorithm 1 implies that ||z 1 —2¢[|? = ||7:V¢]|? <
1/33. Due to the fact that every n iterations a full-gradient computation is performed, the estimator
Vi :=Vfi,(x:) — Vi, (xi—1) + Vi_1 can be equivalently written as

t

Vi= Z (Vfi(xs) = Vfi.(xs-1)) + Vf(Tt—t mod n)

s=t—t mod n+1
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As a result,

t

IV = 0 Y (Vi (w) = Vi (@eo1) + VE(@—t mod o)
s=t—t mod n+1
t
< 2 Y Vi) = Vi @) IP + 2 IV F(@i—t mod n)|1?
s=t—t mod n+1
t
< e > Vi () = Vi (@ )P+ 20 IVF(@i -t moan)|
s=t—t mod n-+1
t
< 2L > =zl + 20 IV (@it mod n) |12
s=t—t mod n+1
2L2 2
< +2- [V (-t mod n)|?
7

Now, we want to upper bound ||V f(x)|| for any ¢ < T" with respect to the initial gradient norm.
Using again the step-size selection 7, we get,

IVf(@)l = V(i) = V(zo) + V(o)

< |IVf(zy) = Vf(zo)| + |V S (o)l (Triangular inequality)
< L||ze — xoll + ||V f(z0)]| (Smoothness)
< Lljzy — 41| + Ll|ze—1 — zol| + |V S (x0)|| (Triangular inequality)

t
< LY i — @il + IV (o)

i=1

< 2 Vo)

=%

As a result,

T—1 T—1

2I2n2
ZmﬁsZ( - +2~||Vf<xt_modn>||2)
t=0

t=0
< T+22||Vf )2
0

| /\

21.2%n2 Lt
N T+2Z 70+ IV @o)l)?

2 2 2,42
=2L 2Z(L§ +25 ||Vf<mo>|+||w<xo>||2)

2L2 2y 22T ALT?|V f(xo)]|

= 7 e + 27|V £ (20) |

Lemma 3. Let xq, 1 ..., 27 the sequence of points produced by Algorithm 1. Then,

T-1 , Lnl/4 L [Vf (o)l
;E[nvt—wman]w( B %"g(””T'(ﬁoaﬁ Go )))
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Proof.

|
&=

(an - vm)n)

T—1
E lZHvt - Vf(xt)II]

t=0

T-1 27
< E <Z||Vf - Vf(xt)H) (Jensen’s ineq.)
t=0

T-1 ]

D IVe— Vi)

t=0

VT -, |E
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where the last inequality follows by the fact that Hthz_Ol wl> < T- ZtT:_Ol lly:||?. By applying

Lemma 1 to the estimator V; := V f;, (z1) — Vfi, (z1-1) + Vi1 we get,

E[IVe=V@)l’] < LE[lze —zea?] +E[|Vier = V()]
< LR lIVerl?] +E Vi1 = Vi (ze-1)lI]
< L2E [7152—1||vt71||2] +...+E [”vt—(t mod n) — Vf(xt—(t mod n)HQ}

t—1

> LPE[ V.

T=t—(t mod n)+1

where the last equality follows by the fact that E [||V:_(; mod n) — V. (Zt—(t mod »)||*] = 0 (see
Step 3 of Algorithm 1). As explained in Section 3, by a telescoping summation over ¢ we get that

T-1 T—1
ZE[HVt—Vf(xt)HQ] <L’n-E Z’Yf |Vt|2] .
t=0 t=0

Now as discussed in Section 3, using the step-size selection ~y; of Algorithm 1 we can provide a
bound on the total variance E |||V, — V f(z)|?]

T—1 T_1
S E[IV: - VI@)?] < LmE |-V
t=0 t=0
_ L%Erzl 172 1
B | VG + XV
L2 T—1
< ;/%g 1+E [ Y IVi?/G5
Bo =0
L2y/n ( ( ( L IIVf(fvo)|>)>
< -O(log |14+ nT - +
a B4 & " BoGo Go

where the second inequality follows by Lemma 7 and the third inequality by Lemma 2. Putting
everything together we get

T-1 Lnl/4 I IV o)l
tz_;Hvt—vf(ﬂ?tN] < ﬂoﬁ-(/)(\/log (1+nT~ (ﬁoGo + e )))

Lemma 4. Let xg,x1,...,x7_1 the sequence of points produced by Algorithm 1 and Ay :=
f(xo) — f*. Then,

T-1

DIVl

t=0

1
—E
T

L+ |[Vf(z0)]| =

L
E <0 A0~60+G0+log(l+nT-)+60-E
Bo Go

t=0
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Proof. Let F; denote the filtration at round ¢ i.e. all the random choices {ig, . . ., ¢; } and the initial
point zy. By the smoothness of f we get that,

Elf(zes1) | ] < E|f(ze) + V() (wea1 — 24) + gllxt —z? | ft}

L
= E|f(e) - w97 Vf<xt>+v?||vt||2|ft}

< E[f@) + Ve = Vi @)? - S0 L) Vo] | 7]
Thus,

E [y - [[Vel?] < 2E[f(ze) = fzer)] + E [Ln? - [IVe]l?] + Bo - E [ - IV (ze) = Vel?] -
and by summing fromt =0toT — 1 we get,

T—1 T—1
ZE VP <280 +E D LA7 - Vil | +E DY IV F(e) — vt||21
t=0 t=0

—1/2
Using the fact that y, := n~1/43;" (nl/ng + 3 ol H2> on the second summation term,

T—-1 T-1 T—-1
Z%'HthQ} < 200+E (Y Ly} [IVe)?| +E Z%'va(xt)—vﬂﬂ
t=0 t=0 t=0
T—1
L IV 1
< 2A0+ = -E
Eh Lz_; VG + 3oV
T—1
+ > v IV f(@e) = Vel
t=0
< > v IV F(e) = Vi

L (L IIVf(xo)II)>) -
2A0+Bg O<10g<1+nT <50G0+ G +E

t=0

~1/2
Using again the definition of the step-size vy, := n~1/43;" (nl/ng + 3 ol H2> we lower
bound the right-hand side as follows,

T—1
V 2
Z%'Hvtﬂ2 > E Sz [V
t=0 n1/460\/n1/2G% + Z ||Vt||2
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By putting everything together we get,

T-1
E ;Ilvtll < O<A0~50+G0+/§;log(1+nj’,(50%0+||Vg:0)|>)>
+ 0(

T-1

Z%va ;) — Vil?

) VAT
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Lemma 5. Let xy, 1, ...,x7_1 the sequence of points produced by Algorithm 1. Then,

T—1 T—1
E|> Ve = Vi@)|?| <LPn-E|) 7/ ||vt||2]
t=0 t=0
Proof. Let F; denotes the filtration at round ¢ i.e. all the random choices {i, . . ., i} and the initial

point . At first notice that by the definition of ; in Step 9 of Algorithm 1, ¢ < 7;_1, which we
have to do to circumvent non-measurability issues, and thus

E [l Ve = Vf(@)ll? | Fiei] S E [yem1 - IVe = Vf(@)l? | Feei]

Up next we derive a bound on E [y,—1 - ||V, — V f(2¢)|? | F;—1] using similar arguments with the
ones used in Lemma 3. Notice that ;1 is F;_1-measurable, hence we can treat in independent of
the conditional expectation.

E [yi-1[|Ve = VF(@)|* | Fioi]
= B[V i, (21) = Vi (21) = V(@) + V(@) + (Vier = V()| | Fioa]
= Y aB[|Vfi (@) = Vi (1) = V(@) + V(@) | Fia)
+ N E[(Vfi, () = Vi (@-1) = V(@) + V(@1-1)) (Vi1 = Vf(ze-1)) | Froa]

0
+ 1B [[Vic1 = V(@) [I” | Fer]
= B[V i, (@) = Vi (@) ? | Fioa] + 5B [ Ve = V(@)1 | Feoi]
< LPyaE [lae =zl | Feor] + %—1E [ Vi1 = Vi (@—1)|1? | Fiei]

L2y E[[Veai? | Fir] + 9B [[Veer = Vf(ze-1) | | Foa]

Taking full expectation over all randomness and by the law of total expctation, we get that,
E [yl Ve = VF@))?] < L°E [%1[IVearll®] + E [3-1 Vi1 = VF(2e-1)]1%]

Due to the fact that E [||V, — V f(x¢)||] = 0 for ¢ mod n == 0 we get that

t—1

> RIVIP

s=t—t mod n

E [y Ve = V(o) |I’] < L°E

and thus
T-1 T—1
E|Y 7 IVe= V@)’ < LPn-E ) 'yf’IIVtIIQ]
t=0 t=0
|
Theorem 1. Let xg, 21, ..., 271 be the sequence of points produced by Algorithm I in case f(-) is

L-smooth. Let us also define Ay := f(xo) — f*. Then,

*TZ E[[|Vf(ze)]l] <O<n1/4'AO'BOJFGOJFL/%JFLQ/%GO.1og(1+nT.( L +||Vf(mo)>)>
t=0

T VT BoGo Go

Overall, Algorithm [ with By := 1 and G := 1 needs at most O (n +/n- %) oracle calls to

reach an e-stationary point.

Proof of Theorem 1. By the triangle inequality we get that

T-1 T—1
IVl SIE[ZIIWII +E
t=0 t=0

S 9 () - vtn]
t=0
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Using the bounds obtained in Lemma 3 and Lemma 4 we get that,

T-1
~ L
IE ZIIVf(:ct)Il < 0 (Ao'ﬂo+Go+B> n'/*T
0
t=0
T-1
+ Bo-E Dl VE) = Vil | /AT
t=0
Then by Lemma 5 we get that,
T-1 3 I
E ZHVf(:ct)H] < O<A0-ﬂo+Go+ﬁ0> n'/4T
=0
T-1
+ B nWVTLE-E | Y A7Vl
=0
(A)
Substituing the selection of ; in term (A) we get,
T-1 (71
\/TLQ n5/4 \V4 2
BoVTL? - E 2”5/47{?||Vt||2] = TE nl/2 2|| th 2
=0 0 150 n3/4 01263+ L[Vl PG+ KoVl
B P /1 L
< SGO = n3/4/nl/2 n1/2+Zionth2/G3
2 -1 2 /02
< \/QTL aVAE[Y ||tVt|| /G5 .
FaGo 10 1+ 2e=0llVell?/Go
vTL® ( ( L Vi)l
< Mt 0 (1o 1+nT—( + )))
2Go 5 BoGo Go

where the forth inequality follows by Lemma 7 a
dividing both sides with T'.

nd the last by Lemma 2. Theorem 1 then follows by
|
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