Balanced LoRA: Removing Parameter Invariance
to Accelerate Convergence

Anonymous Authors'

Abstract

Low-Rank Adaptation (LoRA) is the most widely
adopted method for fine-tuning large language
models. Notably, LoRA is inherently overpa-
rameterized: multiple pairs of low-rank factors
can yield the same adapted weight matrix. We
show—both theoretically and empirically—that
these pairs exhibit significantly different condition
numbers. As a result, converging to different loss
minimizers directly impacts the convergence rate
of LoRA. Building on this observation, we intro-
duce Balanced Low-Rank Adaptation (BaLoRA),
a variant of LoRA that projects iterates onto a bal-
anced manifold. This manifold improves the con-
ditioning of the loss landscape while preserving
the adapted matrix. The projection step is compu-
tationally lightweight and integrates seamlessly
into existing fine-tuning pipelines. Empirically,
BalLoRA converges faster than standard LoRA
and achieves superior performance across a range
of fine-tuning tasks.

1. Introduction

Pretrained foundation models are now ubiquitous in natural
language processing (Brown et al., 2020; Qin et al., 2023;
Taori et al., 2023), computer vision (Awais et al., 2025),
and multimodal learning (Li et al., 2022; Liu et al., 2023a),
thanks to their ability to generalize from large-scale, diverse
training data. Their massive number of parameters allows
them to capture a wide range of patterns, making them
ideal bases for building specialized fine-tuned models on
task-specific data. However, as model sizes expand, full
fine-tuning (updating all parameters) becomes impractical
due to its prohibitive computational and memory costs.

To address this issue, parameter-efficient fine-tuning (PEFT)
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methods have become increasingly popular (Houlsby et al.,
2019). They leverage the observation that overparameter-
ized models often exhibit low intrinsic dimensionality (Li
et al., 2018; Aghajanyan et al., 2021). These methods adapt
large pretrained models by updating only a small subset of
parameters, reducing computational costs while preserving
performance. Among them, Low-Rank Adaptation (LoRA)
(Hu et al., 2022) stands out as one of the most effective
approaches. Rather than updating dense weight matrices,
LoRA uses trainable low-rank matrices added to the frozen
pretrained weights. Specifically, a pretrained weight ma-
trix W € R*? is updated as W + AB, where A € R**7",
B € R™® and r < min(a, b) is the LoRA rank. By freez-
ing W, this approach reduces the number of trainable param-
eters from a x b (full fine-tuning) to r x (a + b), achieving
substantial memory savings while preserving adaptability.

Given its empirical success across diverse applications,
LoRA has recently sparked theoretical interest, though still
in its early stages. Recent studies have explored its ex-
pressivity in feedforward neural networks and transform-
ers (Zeng & Lee, 2024), analyzed its fine-tuning dynamics
in the Neural Tangent Kernel (NTK) regime (Malladi et al.,
2023; Jang et al., 2024), examined the distinct roles of the
A and B matrices (Zhu et al., 2024; Hayou et al., 2024b),
and investigated the effects of various initialization strate-
gies (Hayou et al., 2024a; Li et al., 2025).

In this paper, we analyze the asymptotic behavior of training
dynamics of LoRA. Specifically, we bound the asymptotic
convergence rate of LoORA when fine-tuning one layer of a
deep, possibly non-linear, neural network, by establishing
tight bounds on the loss condition number at convergence.
Our study hinges on a key property of LoRA: its overpa-
rameterization. More precisely, for any invertible matrix
R € R"™", the low-rank factors (AR, R~!B) yield the
same adapter AB. In particular, if (A, B) is a minimizer
of the loss, then every (AR, R~ B) is also a minimizer,
which yields a continuous manifold of minimizers. With
that in mind, our novel theoretical analysis highlights that
the conditioning of the loss can vary along this manifold:
some minimizers are flatter than others, which, from an
optimization perspective, makes them better candidates to
converge to. Indeed, the loss around a flatter minimizer is
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Figure 1. BaLoRA in a nutshell. Bal.oRA projects the low-rank
adapters (A, B) on the balanced manifold after each optimizer
step. This projection improves the conditioning of the loss while
preserving the product AW = AB = A'B’.

better conditioned, so that the asymptotic convergence rate
to the minimizer is faster.

Our analysis identifies that balanced minimizers—
minimizers (A, B) satisfying ATA = BBT—achieve
optimal conditioning of the loss. Although this balance
condition has been studied in other contexts, such as linear
networks (Nguegnang et al., 2024), matrix factorization (Ye
& Du, 2021; Ghosh et al., 2025), and conservation laws
in neural networks (Marcotte et al., 2023), it has not been
explored for LoRA. Leveraging these insights, we introduce
BalLoRA, an extension of LoRA that enforces balance
during training to improve conditioning and accelerate
convergence. Bal.oRA is computationally lightweight,
theoretically grounded, and compatible with standard
optimization pipelines. Our contributions are the following:

¢ We introduce BaLoRA, a novel PEFT method that en-
forces balanced low-rank adapters throughout optimiza-
tion with negligible computational overhead. (Section 3)

* We theoretically analyze the conditioning of LoRA’s lim-
iting points when fine-tuning one layer of a deep, possibly
non-linear network, proving that balanced minimizers
exhibit optimal conditioning. Consequently, BaLoRA
converges to a better-conditioned minimizer than LoRA,
improving its asymptotic convergence rate. (Section 2)

* When optimizing with gradient descent, we demonstrate
that BaLoRA iterations can be reformulated as an intrinsic
optimization scheme on the product A B, which provides
an elegant and more interpretable geometric perspective
on this algorithm. (Section 3)

* In our experiments on a range of large language models
and datasets, BaLoRA consistently outperforms LoRA
and matches or surpasses several state-of-the-art LoRA
variants from the literature with negligible computational
overhead. (Section 4)

1.1. Related Works

Parameter-efficient fine-tuning. To enable efficient adap-
tation without full retraining, residual adapters were first
introduced for computer vision tasks (Rebuffi et al., 2017)
and later extended to NLP through adapter-based transfer
learning (Houlsby et al., 2019). Other prominent PEFT
strategies include pruning-based approaches, such as Diff-
Pruning (Guo et al., 2020), and low-rank adapters (Hu et al.,
2022). LoRA and its variants have been widely adopted,
ranging from bridging language models with non-language
tasks via LIFT (Dinh et al., 2022) to fine-tuning image gen-
eration models (Fan et al., 2023). Theoretical analyses of
LoRA in the Neural Tangent Kernel (NTK) regime have
been conducted (Malladi et al., 2023; Jang et al., 2024),
while its expressive power has been examined (Zeng & Lee,
2024).

LoRA optimization. LoRA is typically optimized using
Adam (Kingma & Ba, 2017) or AdamW (Loshchilov &
Hutter, 2017). Recent works have sought to adapt opti-
mization strategies to low-rank structures. Riemannian ap-
proaches (Bogachev et al., 2025; Mo et al., 2025) tackle
overparameterization through manifold-based optimization,
but often require specialized solvers. Alternative algorithms
for matrix factorization have been explored to strengthen
convergence guarantees: Zhang & Fan (2024) analyze pro-
jected gradient descent and demonstrate convergence rates
independent of condition numbers under specific assump-
tions; Ward & Kolda (2023) study alternating gradient de-
scent, deriving bounds tied to spectral gaps; Zhang & Pilanci
(2024) enhance gradient updates with Riemannian precondi-
tioners; and Olikier et al. (2025) introduce Gauss—Southwell
descent methods, emphasizing step-size and balancing in-
teractions. Although matrix factorization shares similarities
with LoRA, these studies do not address the fine-tuning of
pretrained machine learning models.

Initialization and convergence dynamics. Standard LoRA
initialization sets one low-rank matrix to zero and the other
to Gaussian noise, ensuring the model initially retains the
behavior of the pretrained model while enabling low-rank
adaptations during training. The initial update AgBj is
scaled by a factor a/r, where « is a hyperparameter (Hu
et al., 2022). Rank-stabilized scaling can be applied to miti-
gate gradient collapse at higher ranks (Kalajdzievski, 2023).
The convergence dynamics of LoRA are closely tied to re-
sults on deep linear networks and matrix factorization. For
small step sizes, gradient descent converges under balancing
conditions (Nguegnang et al., 2024), which become exact
conservation laws of the gradient flow in the vanishing step
size limit, thereby explaining implicit biases (Marcotte et al.,
2023). Random initialization can guarantee global conver-
gence in asymmetric low-rank matrix factorization (Ye &
Du, 2021). Large step sizes, however, may push training
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toward the edge of stability (Cohen et al., 2021), a phe-
nomenon extensively studied in linear networks (Ghosh
et al., 2025; Chen & Bruna, 2023). For LoRA specifically,
(Hayou et al., 2024b) propose assigning different learning
rates to the low-rank factors to improve efficiency, while (Xu
et al., 2025) analyze its dynamics through a gradient flow
perspective, revealing an initial alignment phase followed
by local convergence for small initialization scales.

Structural constraints. Low-rank models are inherently
overparameterized, but structural constraints can mitigate
their inefficiencies. Orthogonality has been explored for
optimization on the Stiefel manifold (Park et al., 2025)
and in QR-based initialization (OLoRA (Biiyiikakyiiz,
2024)). Other approaches exploit richer decompositions:
DoRA (Liu et al., 2024) decomposes weights into magni-
tude and direction; butterfly-based orthogonal fine-tuning
(BOFT (Liu et al., 2023b)) and Householder reflection adap-
tation (HRA (Yuan et al., 2024)) leverage structured orthog-
onal parameterizations; SVFT (Lingam et al., 2024) utilizes
singular vectors of pretrained weights; VeRA (Kopiczko
et al., 2023) reduces parameters by sharing low-rank ran-
dom matrices with compact scaling vectors; GOAT (Fan
et al., 2025) employs SVD-structured priors with mixture-
of-experts alignment to refine initialization and scaling; and
LoRA Done RITE (Yen et al., 2024) enforces invariance of
the optimization process under scaling and rotation transfor-
mations of adapters.

2. Balanced Minimizers Are Best Conditioned

In this section, we analyze theoretically the asymptotic con-
vergence rate of LoRA while fine-tuning one weight ma-
trix of a general deep neural network (e.g., a Transformer
(Vaswani et al., 2023)).

For simplicity, we assume that LoRA 1is trained with gradient
descent, as Adam (Kingma & Ba, 2017) lacks convergence
guarantees even for simple convex quadratic objectives. De-
note f(A, B) € R the loss to optimize. We assume through-
out this section that f takes the form of a regression loss
f(A, B) == }||h(AB) — Z||%, where Z is the target matrix,
| - ||F is the Frobenius norm and h(AB) € R¥*" is the
output of a generic, possibly non-linear neural network.

LoRA iterations with step size + and initialization (Ag, By)
read

ey

At+1 =A - ’YVAtf(At, Bt);
Bt+1 = B; — 'YVBtf(Ata Bt)~

When f is the quadratic loss over a linear neural network,
iterations (1) are known to converge to a minimizer (4, B)
of the loss (Nguegnang et al., 2024), with an unknown
convergence rate. To gain insights on the convergence
rate of f to its optimum, we focus on the condition num-
ber k = k(f)(A, B) of f at a minimizer (4, B). Let-

ting H be the Hessian of f at (A, B), it is defined as
K = Amax(H)/Aminszo (H), where Aminzo (H) is the small-
est non-zero eigenvalue of H. The following classical result
shows that a smaller condition number implies faster asymp-
totic convergence (e.g., Bach (2024)).

Lemma 2.1. Assume the iterations (1) converge to a
minimizer (A, B) of f. Denoting H the Hessian of f
at (A,B), let L = Apax(H) and p = Aminzo(H).

. Ai11,Biy1)—f(AB
Then, limsup,_, . f(f&t,BS—)f(fxEB) ) < max((1 —

)2, (1 — yL)?). Taking v = 2/(L + u) to min-

imize the right-hand side, and denoting k = L/p,
2

. Ait1,Bei1)—F(A,B _

limsup,, o0 MGERETIAGY < (i) Hence

the smaller k > 1, the faster the convergence to (A, B)
asymptotically.

It is therefore crucial to understand the condition num-
ber of the different minimizers of f. Losses of the form
f(A, B) = %||h(AB) — Z||% have an r*-dimensional man-
ifold M of minimizers as, for any minimizer (A, B), the
couple (AR, R~!B) for R an invertible 7 x r matrix leads to
the same adapter AB, so is also a minimizer of f. Among
such minimizers, we single out the submanifold B, of
balanced minimizers, defined as all couples (A, B) € M
satisfying the balancing condition AT A = BBT. We prove
in the next subsections that balanced minimizers are opti-
mally conditioned, and discuss the balancing condition in
Section 3.

2.1. The One-Layer Linear Case

We start with a tractable setting that still captures the com-
plexity of the problem. Consider a pre-trained one-layer
linear network W € R®*? and a target W* € R**?, repre-
senting the ideal fine-tuned model (Zeng & Lee, 2024). Let
7 = W* — W be the gap between the pretrained and target
models. LoRA then consists in minimizing the loss

1
f:(A,B) € RV x R0 5117 - AB|%. (@)

This setup generalizes matrix factorization (Ye & Du, 2021;
Ghosh et al., 2025), where rk Z = r, by allowing Z to have
rank rk Z > r, which, to the best of our knowledge, has not
been studied before. As detailed in the following paragraphs,
having rk Z > r makes the mathematical analysis signifi-
cantly more involved, as the Hessian of f—which has to be
computed and diagonalized to investigate the conditioning
of f—becomes the sum of two terms whose codiagonaliza-
tion is non-trivial, while there is only one term in the matrix
factorization case.

The matrix factorization case. Let us first assume that
rk Z = r. Then, the problem reduces to matrix factorization,
and the minimal value of the loss f is zero. We explicitly
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compute the Hessian of f at any minimizer (A, B), and
determine its full spectrum and corresponding condition
number.

Proposition 2.2. Let (A, B) € R*" x R"™*? be a global
minimizer of the loss f (2). Assume vk Z = r. The Hessian
of f at (A, B) reads

- <(BBT) ® I,

B® A
BT(X)AT )7

I, ® (ATA)

and its eigenvalues are: 0 (with multiplicity v?), o;(A)? +
0;(B)? for 1 <i,j <r (each with multiplicity 1), o;(A)?
(each with multiplicity b — r), and o j(B)?* (each with mul-
tiplicity a — r). Therefore, k(f)(A,B) = (01(A)? +
01(B)?)/ min(o,(A)?, 0. (B)?).

Proposition 2.2, proved in Section A.1, establishes a direct
link between the condition number of a minimizer (A, B)
and the singular values of A and B, which allows us to
identify optimally conditioned minimizers.

Proposition 2.3. Assume tk Z = r. Then, all balanced
minimizers (i.e., such that AT A = BBT) have the mini-
mal condition number kKuyin = 201(Z)/0(Z) among all
minimizers.

Combining Proposition 2.3 with Proposition 2.1 yields a
closed-form connection between the best asymptotic con-
vergence rate of the dynamics (1) and the spectrum of the
target matrix Z. In particular, it shows that a target with a
more spread-out spectrum corresponds to a more challeng-
ing matrix factorization problem. Furthermore, our analysis
shows that balanced minimizers achieve optimal (i.e., min-
imal) conditioning, making them ideal limiting points for
fast asymptotic convergence. These explicit quantitative
connections between spectral structure, conditioning, and
convergence rates represent novel insights into the matrix
factorization problem.

The general case. We now investigate how our insights
for matrix factorization extend to the general case rk, Z > r.
This scenario, where the adapters have a lower rank than the
target, reflects the typical case of low-rank adaptation. Here,
the residual AB — Z # 0 introduces additional off-diagonal
terms in the Hessian.

Proposition 2.4. Let (A, B) € R*" x R"™*? be a global
minimizer of the loss f (2). Assume tk Z > r. The Hessian
of f at (A, B) reads

(BB @1,
H= ( BT AT

B®A
L <ATA>) "
(((AB - 2)"RI)K,, 0 >

where Ky, ¢ is the kl x k¢ matrix such that vec(X ) =
Ky ovec(X) for any X € RF*? with vec the vectorization
operator.

One can verify that H is symmetric, since (I, ® (AB —
Z)Krp(z®@y) = (L, ®(AB-Z))(y®z) =y® (AB -
Z)x = K, ,(AB - Z)x ®y), as K, = K, . The
second term in H, that has positive and negative eigenvalues,
makes the characterization of the conditioning of H more
challenging, especially to lower bound Apiz-o. Below, we
compute the sharpness of the Hessian at a minimizer and
provide two bounds on its smallest eigenvalue. The proof is
detailed in Section A.2.

Proposition 2.5. Let (A, B) € R**" x R"*? be a global
minimizer of the loss f (2). The largest eigenvalue of the
Hessian of f at (A, B) is Amax(H) = 01(A)? + 01(B)>.
Moreover, the smallest non-zero eigenvalue of H satisfies,

Aminzo(H) > min(o,.(4)%, 0(B)?) — 0,41(Z),  (3)
>\min;é0 (H) S min(a,-(A)Q, Or (B)Q) . (4)

Finally, if (A, B) is balanced, the lower bound (3) is maxi-
mized, equal to 0,.(Z) —0,+1(Z), and becomes an equality:
)\mingéO(H) - JT(Z) — Or41 (Z)

Compared to matrix factorization, here balanced minimizers
are still optimally conditioned, but the key quantity gov-
erning the intrinsic hardness of LoRA optimization shifts
from o,.(Z) to the r-spectral gap ¢,-(Z) — 0,4+1(Z). This
gap quantifies how well the rank-r approximation separates
from the discarded directions. The smaller the gap (and the
larger 01 (7)), the slower the asymptotic convergence of the
iterations (1) in the best case.

2.2. The Deep Non-Linear Case

The theoretical analysis in the previous section focuses on
a simplified toy model (2). While a comprehensive under-
standing of the Hessian conditioning for deeper architectures
remains challenging, we can still gain insights into why bal-
ancing constraints improve conditioning—specifically in the
case of fine-tuning a single-layer adapter in the interpolating
regime (where the minimum loss reaches zero).

Consider the regression loss f(A, B) := 1||h(AB) — Z|?,
where Z is the target matrix, || - || ¢ is the Frobenius norm
and h(AB) € R*" is the output of a generic, possibly
deep and non-linear neural network, with n fixed inputs—h
is seen as a function of the LoRA adapter AB. For in-
stance, for a 2-layer MLP with weights (V, W) for which
we fine-tune only the hidden-layer matrix W, one has
h(AB) := VReLU((W + AB)X), where X € Rb*"
is the data matrix.

Assuming nd > ab (a condition satisfied when sufficient
data is available), the Jacobian Oh(AB) is a rectangu-
lar and injective matrix. We define its conditioning as
k(0h(AB)) := k(0h(AB)" dh(AB))'/2. The following
Proposition, proved in Appendix A.3, provides a bound
on the conditioning of the loss at a minimizer in the inter-
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Figure 2. The intuition behind BaLoRA. By constraining the
adapters to be balanced along the fine-tuning iterations, BaLoRA
converges to balanced, and therefore, optimally conditioned, mini-
mizer, reaching faster asymptotic convergence rates.

polation regime. It generalizes Proposition 2.2, which is
recovered as a special case when h = Id.

Proposition 2.6. Let (A, B) be a minimizer of the loss
f(A, B) := 1||h(AB) — Z||?, such that h(AB) = Z. One
has the following upper-bound on the conditioning of f at
(A, B):

01(A)* + 01(B)?
min(o,(A4)2,0,.(B)?)

K(f)(A, B) < k(0h(AB))?

Moreover, taking (A, B) to be balanced minimizes the
upper-bound.

Proposition 2.6 shows that balancing the singular values
of (A, B) minimizes the upper-bound on the conditioning
at an interpolating point, which suggests an improved con-
ditioning of the loss. Extending this analysis to the non-
interpolating regime is an avenue for future work, and would
bridge the gap with Proposition 2.5, which does not require
interpolation but assumes h = Id.

The results in this section suggest that steering the dynamics
of (1) toward balanced adapters—whether through explicit
or implicit regularization—can accelerate training in prac-
tice. Building on this insight, we propose a fine-tuning
strategy that guides LoRA along balanced adapters, leading
to faster convergence and improved stability in practice.

3. BaLLoRA: Balanced Low-Rank Adaptation

Our results in Section 2 imply that balanced minimizers
(A, B) € B attain the optimal condition number, where B =
{(A,B) | ATA = BB"} is the balanced manifold (Du
et al., 2018). Building on this new insight, we thus propose
to constrain LoRA iterations to stay on BB by projecting the
iterates after each optimizer (e.g., gradient or AdamW) step,
to promote convergence to a better-conditioned minimizer
with faster asymptotic rates (Figure 2).

As exposed in the following subsection, we introduce a
submanifold H C B of hyperbalanced matrices, which pro-
vides a more structured and efficient parameterization. We

call Balanced Low-Rank Adaptation (BaLoRA) the novel
fine-tuning method obtained by projecting to . Note that
in the remainder, we use the term “manifold” with a slight
abuse of language, since the sets we consider are manifolds
with boundary.

3.1. Hyperbalanced Manifold and Balancing Map

Let D7, denote the set of 7 x r non-negative diagonal matri-
ces with non-increasing diagonal values. We consider the
submanifold (with boundary) H C B, which we call the
hyperbalanced manifold

H={(A,B) e R xR |3S €D s
ATA=BBT = S}.

As detailed in Theorem B.1, one has the equivalent descrip-
tion of H,

H={(USV2 s*V)|UTU=VvVT =1, SeD}.
(5)

This reformulation has two main consequences.

Consequence 1: optimizing on 7{ is equivalent to optimiz-
ing over low-rank matrices. Denoting ;. the set of rank-r
matrices, (5) shows that (A, B) € H — X := AB € N, is
surjective. For a function g(X), define f(A, B) := g(AB).
Then, minxen, g(X) and min 4 gyey f(A, B) are equiv-
alent problems. Working with variables (A, B) € H there-
fore provides a computationally convenient framework for
low-rank optimization, while also taking advantage of the
improved conditioning discussed in the previous section.

Consequence 2: definition of the balancing map P “pro-
jecting” onto . Given (A, B) with X = AB, take any
reduced SVD with decreasing singular values X = U SV '.
The balancing map is defined as

P(A,B) == (USY?, §1/2vT). (6)

The reformulation in (5) shows that P “projects” onto H.
Although this is not an orthogonal projector, Theorem B.3
in the appendix shows that it exhibits a “projection-like”
behavior, namely, it defines a smooth retraction (Absil &
Malick, 2012) onto H. Consequently, results from Rieman-
nian optimization (Boumal, 2023) can be applied to analyze
the convergence of the BaLoRA-GD method, i.e., gradient
descent combined with P to keep the iterates on #, as de-
tailed in the next section. Another important property of
the balancing map P is that it preserves the product, un-
like the orthogonal projector: denoting (A, B) := P(A, B),
then AB = AB. This preservation guarantees that the
loss remains unchanged, which is essential for the intrinsic
reformulation described in Section 3.2. The procedure to
efficiently compute P is given in Algorithm 1, and has com-
putational complexity O((a + b)r?) for a,b >> r, which
adds negligible overhead to the cost of the optimizer step
(see Section 4).
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Algorithm 1 Balanced projection

Require: (A, B) € R**" x R™*?
1: Compute polar decompositions A = R4.54 and B =
SBRB
2: Compute S = S4Sp € R™*"
Compute SVD decomposition S = ULV T
4: Return AP™J BPoi = R, (UXY?), (S1/2V T Rp

ol

3.2. BaLoRA and BaLoRA-GD

Definition. The BaLoRA method consists in applying
P(A,B) = AP, BPYJ at the end of each step of
an optimization scheme, as defined in Algorithm 1.
When combined with Adam, we simply refer to the
resulting algorithm as BaLoRA. When applied to the
iterates of gradient descent, we call it BaLoRA-GD.

While BaLLoRA (with Adam) is a heuristic method whose
theoretical analysis is beyond the scope of this work, we
show that the gradient descent variant, BaLoRA-GD, ex-
hibits a striking intrinsic behavior. Recall that BaLoRA-
GD iterates for £ > 0 and some stepsize 7, > 0, start-
ing from any initialization (Ag, By), read (Ag+1, Bx+1) =
P(Ar — 7.V af(Ay, By), By — 7 Vi f(Ak, Br)).

Intrinsic BaLoRA-GD. Consider a loss function
f(A,B) = g(X), where X = AB and g: R*** — R
is smooth. This general setting encompasses all LoRA
losses. As shown in Proposition 3.1 below, proved in
Appendix A.4, the BaLoRA-GD iteration can be written
entirely as an intrinsic gradient descent on the manifold
of rank-r matrices N, endowed with a Riemannian
metric. For X € N,., the inverse of this metric is given
by the symmetric positive (semi)definite linear operator
Hx[W] = (XXOY2W + W(XTX)Y2 When
restricted to symmetric positive definite (SPD) matrices,
this operator reduces to Hx[W] = XW 4+ WX and
coincides with the inverse of the Bures metric. This metric
is well known in optimal transport on Gaussian measures
and provides a natural tool for optimization over the cone of
SPD matrices (Bhatia et al., 2019). By abuse of terminology,
we will refer to Hx as the inverse Bures metric on the
larger manifold ..

Proposition 3.1 (Intrinsic update on X = AB). Let
f(A, B) = g(AB). Denote by (A, By,) the BaLoRA-GD
iterates and set Xy, := Ay By. Then for k > 1,

Xip1 = R(Xk, —ml¢), (7
where R(X,0) = X +6 — H'[6] X" H'[5], (8)

and Ay, == Hx, [Vg(Xy)] is the Riemannian gradient as-
sociated with the Bures metric, R is a retraction on N.,..

Note that although H ' [0] is not uniquely defined when X
is rank-deficient, the quantity R(X, ¢) is uniquely defined.

Moreover, (7) may fail for K = 0 if (Ag, By) does not
belong to the balancing set .

Equation (7) is the canonical way to express a Riemannian
gradient descent on a manifold using a retraction (Boumal,
2023). When 7, — 0, this iteration converges to the gradi-
ent flow X = — Hx[Vg(X)]. BaLoRA-GD can therefore
be interpreted as an efficient implementation of gradient
descent with respect to the Bures metric, leveraging compu-
tations on the factored variables (A, B) instead of working
directly with X.

BalL.oRA initialization. Throughout the paper, we initialize
BaLoRA in the same way as standard LoRA, with A = 0
and B following the Kaiming initialization. However, the
BaLLoRA method is compatible with a variety of different
initializations, such as the OLoRA (Biiyiikakyiiz, 2024) or
the LORA-GA (Wang et al., 2024) initialization. Investi-
gating whether some of these initializations are particularly
suited to BaLoRA is an important question, although outside
of the scope of this paper.

4. Experiments

We present an empirical evaluation of BaLoRA, demonstrat-
ing its benefits in terms of performance and convergence
speed, with negligible computational overhead. Our ex-
periments cover fine-tuning tasks on both synthetic and
real-world data, with different pre-trained architectures. We
also provide ablation studies that highlight the robustness
of BaLoRA with respect to hyperparameter choice.

4.1. Synthetic Experiments

We first compare the dynamics of BaLLoRA and standard
LoRA on a toy framework which aligns closely with
our theoretical analysis. Specifically, we consider the
optimization problems, min 4 g ||W* — (W + AB)||%
and min(AvB) HW* - (Wl + AlBl)(WQ + AQBQ) ||i—~ for
(A, B) € R**" x R"*%, The first problem is encompassed
by the setting studied in Section 2, while the second extends
this setting to fine-tuning simultaneously both layers of a
2-layer linear network, which introduces more complex in-
teractions between layers. We apply LoRA and BalL.oRA,
optimized with Adam, to these problems across eight dif-
ferent initialization seeds. In Figure 3, we report the loss
over iterations for a fixed learning rate. We see that for both
configurations (one or two layers), BaLoRA starts slower
than LoRA, then enters a fast convergence regime where it
significantly outperforms LoRA. This confirms our insights
from Section 2 and extends their scope to fine-tuning two
layers simultaneously.
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Figure 3. Synthetic experiments. Evolution of the loss of LoRA vs. BaLoRA. The dotted lines are the median of 8 curves with different
seeds for the initialization, for a fixed target. Both methods use the standard LoRA init, with Ag = 0, By random Gaussian, a scaling
a/r =1, and a LoRA rank of 4. The left (resp. right) plot corresponds to a square one-layer linear network of size 20 (resp. a two-layer
linear network of size 20, whose layers are both fine-tuned). After a slower start, BaLoRA converges faster in both situations.

4.2. Experiments with Large Language Models

We scale up the experiments to large language models and
real-world data. We fine-tune the pretrained models GPT-2
(Radford et al., 2019), Llama-3.2-3B (Meta Al, 2024) and
Qwen-2.5-3B (Qwen et al., 2025), evaluating their abili-
ties in language modeling with the dataset Wikitext-2-raw-
vl (Merity et al., 2016), in dialogue with the dataset Wiz-
ardLM (Xu et al., 2023), their mathematical reasoning with
the datasets MetaMathQA (Yu et al., 2023) and GSM8K
(Cobbe et al., 2021), their coding abilities with the dataset
CodeFeedback (Zheng et al., 2025), and their general nat-
ural language understanding with OpenHermes (Teknium,
2023). Since our focus is on optimization speed, we com-
pare methods by reporting the loss on held-out test sets.

General setup. In all the experiments, we simultane-
ously fine-tune all MLP layers with the optimizer AdamW
(Loshchilov & Hutter, 2017), while keeping the attention
layers frozen. The learning rate remains constant through-
out the training. We choose a LoRA rank equal to 8 for all
methods. For each method, we run a sweep of learning rates
and scalings—we call scaling the scalar o that multiplies
the LoRA adapter: W + a.A B—and report the test loss for
the best choice of such hyperparameters, i.e., the choice that
gives the best test loss at the end of the fine-tuning.

Baselines. We compare BaLoRA with several related
LoRA-variants:

1. Standard LoRA (Hu et al., 2022): each pretrained
weight matrix is fine-tuned by adding a trainable prod-
uct of low-rank adapters AB. B is initialized with
Kaiming initialization and A is initially set to 0.

2. LoRA-GA (Wang et al., 2024): the adapters A, B are
initially balanced and such that AB is the best rank-
r approximation of the full gradient of the loss (as a
function of the weights, without LoRA adapters). Then,
A, B are optimized without constraints, as in LoRA.

2.8 1

— LoRA
27 BaLoRA
— OLoRA
264 — LoRA-GA
. — DoRA
& 251
2.4+
2.3 1
T T T T
0 200 400 600 800 1000

Runtime (minutes)

Figure 4. Test loss when fine-tuning Llama-3.2-3B on Wikitext as
a function of the training time. The initialization time is taken into
account; the full gradient estimation in the LoORA-GA init takes
~ 500 minutes, which makes it slower than the other methods.

In particular, (A, B) does not stay balanced.

3. OLoRA (Biiyiikakyiiz, 2024): A, B are initialized as
the QR decomposition of the pretrained weight matrix,
truncated at rank . In particular, A, B are not balanced
and are then optimized as in LoRA.

4. DoRA (Liu et al., 2024): the structure of the low-rank
adaptation is changed by decoupling the magnitude of
AB and its direction. Both components are learnable.

Wikitext. We fine-tune GPT-2 (Radford et al., 2019),
Llama-3.2-3B (Meta Al, 2024) and Qwen-2.5-3B (Qwen
et al., 2025) on the train split of Wikitext-2-raw-v1 (Merity
et al., 2016) (36.7k samples), with a context length of 1024
tokens. Performance is evaluated with the cross-entropy loss
on the test split (4.36k samples). Test losses are reported
in Tables 1 and 2, and Figure 4 reports the evolution of the
test loss as a function of the runtime, to take into account
the computational overhead of each LoRA variant during
training. Finally, we compare the sensitivity of each method
to the learning rate and the initialization scaling in Figures
5 and 6. BaLLoRA ranks itself in the top-3, and stands out
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Table 1. Fine-tuning Llama-3.2-3B on several datasets (1 epoch):
best test loss in bold.

Method Code WizardLM OpenHermes  Wikitext
LoRA 0.919 0.597 0.660 2.278
BALORA 0918 0.596 0.659 2.274

Table 2. Fine-tuning GPT-2 on Wikitext-2-raw-v1: best test loss in
bold.

Method Epoch 1  Epoch 2
LoRA 3.261 3.251
BALORA 3.258 3.247
DORA 3.261 3.252

as the best method when taking into account computational
overheads (Figure 4).

GSMSK and MetaMathQA. We fine-tune Llama-3.2-3B
on GSMSK (7.47k train samples) and Qwen-2.5-3B on a
30k subset of MetaMathQA. The results are in Table 3 for
Qwen, and in Figure 7 and Table 4 for Llama. In both cases,
BaL.oRA performs on par with the best methods, especially
when constraining the runtime.

CodeFeedback, WizardLM and OpenHermes. We com-
pare LoRA and BalLoRA when fine-tuning Llama-3.2-3B
on the datasets CodeFeedback, WizardLM and OpenHer-
mes. Results are reported in Table 1 and Figure 8. BaLoRA
consistently outperforms LoRA on this range of datasets.

Discussion. In our experiments, none of the above base-
lines consistently outperforms the others: the performance
appears to depend very much on the model and dataset. In
Table 1, we observe that BalLoRA consistently matches or
outperforms standard LoRA, and more generally, BaLoRA
ranks among the top-performing variants evaluated in our
study, especially when taking computational overhead into
account (see, for instance, Figure 4).

5. Conclusion

This paper presents a theoretical analysis of the convergence
dynamics of LoRA, revealing how its inherent overparame-
terization induced a variety of condition numbers at different
minimizers of the loss. We identify balanced minimizers
that achieve optimal conditioning as a critical factor for
efficient optimization. Leveraging this insight, we intro-
duce BalLLoRA, a novel extension of LoRA that explicitly
enforces balance by projecting adapters onto the hyperbal-
anced manifold after each optimization step. This projection
preserves the adapted weight matrix while systematically im-
proving its conditioning, resulting in faster convergence and
greater robustness to hyperparameter choices, all with neg-
ligible computational overhead. Our empirical evaluations

LoRA OLoRA
2.9
g
Gl 2.8
wn
=
] 2.7
2.6
BaLoRA LoRA-GA ’s
= 1
£ 10
Gl 2.4
wn
5
& 10 23

10 107 107 10°

Learning Rate Learning Rate

Figure 5. Hyperparameter sensitivity analysis (learning rates, ini-
tialization scalings) when fine-tuning Llama-3.2-3B on Wikitext-
2-raw-v1. We observe that BaL.oRA is significantly more stable to
high scalings than all methods, and more stable to high learning
rates than OLoRA and LoRA-GA.

Table 3. Fine-tuning Qwen-2.5-3B on MetaMathQA: best test loss
in bold, second best underlined. Most methods achieve a similar
final loss.

Method Epoch 1
LORA 0.1379
BALORA 0.1383
DORA 0.1379
OLORA 0.1384
LORA-GA  0.1456

on large language models (GPT-2, Llama-3.2, Qwen-2.5)
demonstrate that BaLoRA consistently outperforms stan-
dard LoRA across multiple datasets. Moreover, it matches
or surpasses several state-of-the-art LoRA variants from the
literature, both in terms of final accuracy and stability across
arange of learning rates and initialization scales.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Postponed Proofs
A.1. Proof of Proposition 2.2

Computing H is straightforward. To diagonalize this matrix, notice that H = MM " with

o B®l, r(a+b)xab
M._<Ib®AT>e]R .

« Kernel of H. The kernel of H is equal to the kernel of M ", which can be written as {vect (AR, —RB) : R € R"™"}.
Indeed, unvectorizing the equation M " vect (D, E) = 0 gives DB + AE = 0, and such (D, E) can be rewritten as
(AR, —RB) for R = ATD = —EB™. Therefore, ker H is of dimension .

Non-zero spectrum of H. To find the non-zero eigenvalues of H and associated eigenvectors, we use the following
observation.

Lemma A.1. Let M be a matrix and x be an eigenvector of M'T M associated with a non-zero eigenvalue \. Then
Mz is an eigenvector of MM T, associated with the eigenvalue \.

We have

MM =(B"B)®I,+I,® (AA").
Let (A, x) be an eigenpair of AAT and (u,y) an eigenpair of BT B. Then (A + u,y ® x) is an eigenpair of
M T M. Therefore, denoting A1, ..., A, and pq, ..., i, the non-zero eigenvalues of AAT and B'B respectively,

with associated unit eigenvectors x1,...,z, and y1, ..., ¥y,, and denoting 41, ..., 2, and Yy,1, ..., yp unit bases of
ker AAT and ker BT B, the eigenpairs of M " M associated with non-zero eigenvalues are

(Ni + 15,45 @ @i)1<ij<r U (Nis Yraj @ Ti)r<j<o—r U (15, T @ Trgi)1<i<a—r-
1<i<r 1<j<r

Using Lemma A.1, the eigenpairs of MM T with non-zero eigenvalues are thus

(i 4 pj, M(y; @ 2:))1<ij<r U (Niy M (Y4 @ T3))1<5<b—r U (115, M (Y5 @ Trii) )1<i<a—r-
1<i<r 1<j<r

A.2. Proof of Proposition 2.5
Sharpness of the Hessian. Let us first compute the largest eigenvalue of /. Denote H; = (

o ( Ourscar (I, @(AB=2))K 1.,
2= ((AB—Z)T(X)IT)Ka,T Obrx br-

(BBT)®I, BQ®A
BT@AT Ie(aTa) ) and

),sothatH: Hi + Ho.

Lemma A.2. The largest eigenvalue of Hy is 0,41(Z). The smallest eigenvalue of Hs is —o11(Z).

Proof. Denote G := (I, ® (AB — Z2))K,p = ((AB—2)" @ I,)K, )" € RT" Let (u1,...,uUre) and (vy,. .., vpp)
be respectively the left and right eigenvectors of G. Denote 71 > --- > 7, the singular values of G, with ¢ := rkG =
r(min(a, b) — r).

o The Kernel of H isthe spanof {('§ ) :j =0+ 1,...,ar} U{(2):k=0+1,...,br}.
s Fori=1,...,0letz] == (4)andz; == (). Then z} (resp. ;) is an eigenvector of H, associated with the

eigenvalue o; (resp. —o;). The o; can be easily computed, they are of the form —o(Z) for k = r+ 1,..., min(a,b),
which proves the result.

O

The eigenvectors of H; form a basis of the space R(*T%)". We will prove that for any eigenvector u of this basis, it holds
|Hu| < (01(4)* + 01(B)?)]ul.

12
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e If w is in the kernel of H; and has unit norm, then |Hu| = |Hau| < ||Hz||2 = 0,41(Z) < 01(Z) < 01(A)o1(B) <
0'1(14)2 +O’1(B)2.

o If wis of the form M (y; ® ;) with the notations of the proof of Proposition 2.2, then

(L ®(AB— 2))(ATz @)\
Hou = (((AB R AT Byn) =0 ®)

so |Hu| = [Hyu| < (01(A)? + 01(B)?)|ul.

o If w is of the form M(yrﬂ- ®a;)forl <i<randl < j<b—r,itiseasy to check that Hu and Hou are orthogonal.
Then:

|Hu| = /[Hiul* + [Haul?
< VoA + 0,41(2)2]ul?
= VoA + 0 11(2)?|ul.

We therefore need to prove that \/c;(A)* + 0,411(2)? < 01(A)? + 01(B)?, or equivalently that o1 (A)? + o1(B)? —
Vo1 (A)* 4+ 0,11(Z)2 > 0. We have 01 (B)? > 01(Z)?/o1(A)?. Then

01(A)? + 01(B)? = Vo1 (A + 0,41(2)?
> 01(A)* +01(2)?/o1(A)* — Vo1 (A) + 0,41(2)?
20'1(14)2+0'T+1(Z 0'1 A —\/0'1 4+O'T+1(Z)2

4 2 1 .
= (@1(4)" + 0r11(2)7) (Ul(A)2 - \/01(14)4+UT+1(Z)2>

>0

)

which proves the result.

Smallest non-zero eigenvalue of the Hessian. We have Aminzo(H) = An(aqs)—r2(H), as the Kernel of H has dimen-

sion r2. Equation 9 shows that all the eigenvalues of H; are also elgenvalues of Hy. Therefore, A\,(qip)—p2(H) <

min(o,(A)?, o,.(B)?). For the lower bound, we apply the Weyl inequality:
Ar(asd)—r2 (H) = Np(at)—r2 (H1 + Ho)
> )\r(aer)fr? (Hl) + /\r(aer) (HZ)
= min(o,(4)%,0.(B)?) — 0,11(2),

according to Lemma A.2.

When the minimizer is balanced, it holds 0,.(A)* = 0,(B)? = 0,(Z). This is the maximal value for the lower bound.
Indeed, let (A, B) be any minimizer of the loss f, i.e., AB = LR,.(Z). Denote ULV | the thin SVD of LR,.(Z), i.e.,
with ¥ = 0 of size 7 x 7. We can write A = UX'Y/2P, B = P~'S'/2VT for some invertible matrix P € GL,(R)
Then 0,.(Z) = 0,(USV") = 0,.(ZV/2PP712Y2) > 5,.(2'/2P)o,(P~'%'/?) by the Weyl inequality. Hence, 0,.(Z) >
o,(A)o,.(B). We have proven that balanced minimizers maximize the lower bound min(c,.(A)?, 0,.(B)?) — o,11(Z).

Now, it is easy to check that when (A, B) is balanced, the vector Or @ Ur1) ity
Vr+41 & Op

* 0, an eigenvector of AT A = BB associated with eigenvalue o,.(Z),
* U,y the column r 4 1 of U,

* v,41 thecolumnr 4 1 of V,

is an eigenvector of H with the eigenvalue 0,.(Z) — o,41(Z), which proves that Aminzo(H) = 0,(Z) — 0r41(Z) when
(A, B) is balanced.

13
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A.3. Proof of Proposition 2.6

We denote 0 := (A, B) and ¢ := ¢(#) := AB. At an interpolation point, h(¢) = Z, so the Gauss—Newton identity
gives 02f(0) = 0p(0) T Oh(¢) T Oh(¢) Dp(H). Since dn > ab, standard singular value inequalities yield x(f)(6) <
k(Oh(9))? k(Op(0))?, where k(dp(0)) is defined similarly as x(Oh(AB)) (since ¢ also increases dimensions), but with
singular values defined on the orthogonal complement of ker(9p(6)) (equivalently, by ignoring the zero singular values due
to gauge invariance). Proposition 2.2 provides an upper bound on the conditioning of these nonzero singular values, namely

k(0p(0))* < == l(g‘;‘gzrj (17%);)2) , which gives the claimed inequality.

A .4. Proof of Proposition 3.1

Since f(A, B) = g(AB), the chain rule yields, writing Gy, = Vg(X), Vaf(Ax, Bx) = Gi. B, , Vi f(Ag, Br) = Al Gy.
Hence, the pre-projection product is

)?k = gkgk = (Ak - TkaBlI) (Bk - TkA;Gk)
= Xp — Tk (AkA];er + GkB;Bk) —I—T]? Gy X;—Gk

By construction of the projection P, the product is preserved by P, hence X411 = Ag41Br+1 = )~(k. Since
(Ay, Br) € H, we take an SVD X, = US;V,| and balanced factors 4; = U;CS;/2 and B, = S;/QV,CT. Then,
AkA;Cr = UkSkU];r = (XkX;')l/?, B;Bk = VkSka—r = (X,;'—Xk)l/z. Substituting into )?k gives the claimed formula
Xp1 = Xy, — e Hx [Gy] + 72 Gy X Gy,

B. Structure of the hyperbalanced manifold #

The following proposition further details the structure of the set .

Proposition B.1 (Equivalent descriptions of H). The set H is a smooth manifold in a neighborhood of full-rank points, with
dimension equal to that of the rank-r manifold N, := {X € R®*? : rank(X) < r}. The product mapping (A, B) — AB
is a surjective map from H onto N,.. If one locally fixes a consistent sign convention for the singular vectors in an SVD
decomposition X = USV T, then the mapping X +— (U51/27 51/2VT) defines a smooth local inverse at points X with
non-repeated singular values. Equivalently, H admits the explicit description

H={(USY? S*VT) . UTU=V'V=1I, SeD,}. (10)

Proof. We prove Equation (5). (C) Take (4,B) € H with ATA = BBT = S € D',. SetU := AS~'/2 and
V:=BTS Y2 ThenU'U =1,,V'V =1,,and A = USY/2, B = S/2VT. (D) Conversely, if A = US'/? and
B=SY2VT withUTU=VTV =1Iand S € D", then ATA= Sand BB" = S,s0 (4, B) € H. O

Remark B.2 (Smoothness of P). It is important to note that the definition of P in Equation (6) is not entirely unambiguous:
singular vectors are determined only up to sign, and in the presence of repeated singular values they are even invariant under
rotations within the degenerate subspace. When analyzing the convergence of optimization schemes over X = AB, this
ambiguity is harmless, as discussed in Section 3.2. However, to guarantee that P is smooth, one must restrict attention to
points X with distinct singular values and adopt a locally consistent sign convention for the singular vectors.

With Remark B.2 in mind, the next proposition shows that P locally enables the definition of a retraction map ((Absil &
Malick, 2012)) that preserves the product AB.

Proposition B.3 (Properties of P). Let P be as in Equation (6). Then P(A, B) € H, and if (A, B) € H, then P(A, B) =
(A, B). Furthermore, P preserves the product 11(A, B) := AB, i.e, II(P(A, B)) = II(A, B). The map P acts locally as a
first—order retraction on H: for any Z := (A, B) € H such that AB has distinct singular values, and for any A € Tz H in
the tangent plane of H at Z, the map (Z, A) — P(Z+A) defines a first-order retraction, namely P(Z+A) = Z+A+o0(A).

Proof. Fix (A, B) € H and assume Z := AB has distinct singular values. By standard perturbation theory for the SVD
(with a consistent choice of signs), the reduced SVD Z + (U, S, V') depends C'*-smoothly on Z in a neighborhood of Z,

hence the map
P(A/7B/) _ (U(A/B/) S(A/B/)l/g, S(A/B/)1/2V<A/B/)T)

14
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Figure 6. Hyperparameter sensitivity analysis of BaLoRA, LoRA and variants for a grid of learning rates and initialization scalings, when
fine-tuning Llama-3.2-3B on Wikitext-2-raw-v1. We observe that BaLoRA is significantly more stable to high scalings than the other
methods, and more stable to high learning rates than OLoRA and LoRA-GA.

Table 4. Results of fine-tuning Llama-3.2-3B on GSMS8K. Best loss is in bold, second best loss underlined.

Method Epoch1 Epoch 2
LORA 0.498 0.492
BALORA 0.506 0.493
DORA 0.497 0.492
OLORA 0.510 0.503

LoRA-GA 0.504 0.491

is C'in (A, B') near (A, B). Moreover, P fixes H: if (A’, B') € H then P(A’, B') = (A’, B').

Let A € T4, pyH. By the definition of the tangent space of an embedded submanifold, there exists a C Leurve y : (—e,€) —
H with v(0) = (A, B) and 4(0) = A. Since P fixes H pointwise, P(7(t)) = ~y(¢) for all ¢ small. Differentiating att = 0
and using the chain rule yields

DP(AB)A] = o| PG =S| A0 =a

Because P is C', its first-order expansion at (A, B) gives, for any ¢ — 0,

P((A,B)+eA) =P(A,B) + e DP(A,B)[A] + o(e) = (A,B) + A + o(e).

C. Additional Empirical Results

We provide in this section some additional figures.
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Figure 7. Test loss evolution over fine-tuning of Llama-3.2-3B on GSMS8K as a function of the training time. The initialization time is
taken into account, which explains why LoRA-GA is slower than the other methods.
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Figure 8. Test loss evolution over fine-tuning of Llama-3.2-3B on CodeFeedback, WizardLM and OpenHermes as a function of the
training time. BaLLoRA slightly outperforms LoRA in all plots.

16



