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Abstract

In this paper, we examine the robustness of Nash equilibria in continuous games,1

under both strategic and dynamic uncertainty. Starting with the former, we intro-2

duce the notion of a robust equilibrium as those equilibria that remain invariant to3

small—but otherwise arbitrary—perturbations to the game’s payoff structure, and4

we provide a crisp geometric characterization thereof. Subsequently, we turn to5

the question of dynamic robustness, and we examine which equilibria are stable6

limit points of the dynamics of “follow the regularized leader” (FTRL) in the7

presence of randomness and uncertainty. Despite their very distinct origins, we8

establish a structural correspondence between these two notions of robustness:9

strategic robustness implies dynamic robustness, and, conversely, the requirement10

of strategic robustness cannot be relaxed if dynamic robustness is to be maintained.11

Finally, we examine the rate of convergence to robust equilibria as a function12

of the underlying regularizer, and we show that entropically regularized learning13

converges at a geometric rate in games with affinely constrained action spaces.14

1 Introduction15

A fundamental requirement in game theory—which predates even the cornerstone notion of a Nash16

equilibrium—concerns the robustness that should be inherent in any axiomatization of rational17

behavior. To quote a famous passage by von Neumann & Morgenstern [39, p. 32]: “In whatever way18

we formulate the guiding principles and the objective justification of rational behavior, provisos will19

have to be made for every possible conduct of “the others.” If the superiority of rational behavior20

over any other kind is to be established, then its description must include rules of conduct for all21

conceivable situations—including those where “the others” behaved irrationally in the sense of the22

standards which the theory will set for them.”23

As a byproduct of this tenet, there has been a flurry of activity since the 1970s in proposing refinements24

of the Nash equilibrium concept trying to dismiss equilibria that are highly fragile or otherwise25

implausible (e.g., because they involve incredible threats).1 This pursuit of robustness has recently26

gained increased momentum owing to the applications of game theory to machine learning and data27

science, two fields where the notion of robustness has been likewise elusive. Here, even though many28

game-theoretic solutions perform extremely well on specific tasks—such as a well-trained generative29

adversarial network (GAN) at equilibrium—the resulting models tend to have a narrow performance30

envelope, being brittle, and unable to adapt to situations that deviate from their initial configuration.31

In game-theoretic terms, this highlights the fact that, even though a Nash equilibrium is resilient32

to unilateral deviations, it need not be robust to small perturbations in the payoff data of the game33

1For a masterful introduction to the topic, see the textbook of van Damme [38].
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(which, in a machine learning context, could represent distributional shifts, incomplete observations,34

and/or other sources of uncertainty). In view of this, it is natural to ask35

Which equilibria are robust in the presence of uncertainty?36

This question has been the lodestar of the equilibrium refinement literature, and it has led to a wide37

array of proposals aiming to get rid of “unreasonable” equilibria that may disappear even under the38

most minute perturbation to the players’ payoffs—from Selten’s notion of trembling hand perfection39

[32], to Myerson’s concept of properness [26], and the various criteria of strategic stability introduced40

by Kohlberg & Mertens [20] (hyperstability, full stability, sequential stability, etc.).41

Dually to the above theory of “strategic refinement”, an important alternative approach has been42

based on dynamic considerations: that is, the players of a game start off-equilibrium, and in one sense43

or another learn (or fail to learn) to play an equilibrium over time. Here, the focus is on the players’44

learning protocol, the information available during play, and the presence (or absence) of players that45

may deviate from this protocol. By the so-called “folk theorem of evolutionary game theory” [18],46

it is well known that only strict equilibria are stable and attracting under the replicator dynamics, a47

result which was extended more recently to a broad class of “regularized learning” schemes, in both48

continuous [14] and discrete time [15, 16].49

These two viewpoints are not always compatible: for instance, in 2×2 games with two pure equilibria50

and one mixed (such as the Chicken / Hawk-Dove game), the mixed equilibrium is ruled out by51

almost all game-theoretic learning algorithms and dynamics, even though it survives a broad range of52

strategic refinement attacks. A point of hope here is the equivalence between (setwise) strategic and53

dynamic stability proved by Ritzberger & Weibull [28], who showed that a span of pure strategies in54

the mixed extension of a finite game is strategically stable in the sense of Kohlberg & Mertens [20] if55

and only if it is asymptotically stable under the replicator dynamics—see also [10] for an extension56

to a wider class of discrete-time models for learning, with different information assumptions.57

Notably, these considerations all concern finite games in normal (or extensive) form. By contrast,58

most applications of game theory to machine learning and data science involve continuous games,59

that is, games with a finite number of players and a continuum of actions per player—for example,60

GANs, multi-agent reinforcement learning, Kelly auctions, etc. In view of this, our paper seeks to61

answer the following questions in the context of continuous games:62

Which equilibria remain robust to arbitrary, small perturbations of the underlying game?63

Which equilibria remain robust to small perturbations in the initialization of the players’ dynamics?64

We refer to these two questions as strategic and dynamic robustness, respectively, and our paper seeks65

to quantify the interplay between the two.66

Our contributions in the context of related work. Aiming for the strongest possible definition of67

robustness, we propose the following strategic refinement criterion: an equilibrium of a continuous68

game is strategically robust if it remains an equilibrium in any slightly perturbed, nearby game. This69

requirement is similar in spirit to—but considerably stronger than—the classical notion of essentiality70

of Wu & Jiang [41], which posits that any nearby game has a nearby, possibly different equilibrium.71

Importantly, our results apply to local Nash equilibria, which are especially relevant in machine72

learning applications where payoff landscapes are typically nonconcave. This distinction is crucial,73

as global Nash equilibria do not always exist in general continuous games, making local equilibrium74

guarantees both meaningful and necessary in practice.75

In contrast to finite games—where the notion of “nearby” is fairly unambiguous—perturbations to76

a continuous game involve functional variations and, as such, the choice of distance metric plays a77

crucial role. Importantly, albeit natural, our proposed robustness requirement becomes vacuous if78

distances are measured with respect to the players’ payoff functions: more precisely, it is always79

possible to find a payoff perturbation with arbitrarily small 𝐿∞-norm that ends up upsetting any80

equilibrium. The underlying issue here is that a small payoff perturbation may exhibit very high81

local variability, which can disrupt the first-order stationarity conditions that characterize equilibria82

in continuous games, thereby eliminating them altogether. To circumvent this issue, we argue that83

deviations of continuous games should be measured by comparing their respective gradient fields,84

which encode all the strategic information in the game. This shift in perspective leads to a crisp85

geometric characterization of strategically robust equilibria: they are extreme points of the game’s86
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action space, and they are sharp in the sense that the game’s individual payoff gradients form a strictly87

acute angle with any tangent direction (cf. Fig. 1 later in the paper).88

From a dynamic standpoint, we focus throughout on the “follow the regularized leader” (FTRL)89

family of algorithms [23, 33–35], arguably one of the most—if not the most—popular class of90

policies for online learning due to its strong regret minimization and convergence guarantees, and91

containing as special cases gradient descent/ascent methods [3, 44], dual averaging [27, 42], the92

exponential / multiplicative weights algorithm [2, 5, 5, 24, 40], implicitly normalized forecasters93

[1, 4, 43], exponentiated gradient methods [7, 19, 37], and many iterative first-order learning schemes.94

In this general context, we examine which equilibria admit robust convergence guarantees as stable95

limit points of the dynamics of FTRL in the presence of randomness and uncertainty.96

Our first main result in this setting is that strategic robustness implies dynamic robustness, i.e., any97

strategically robust equilibrium is stable and attracting with high probability under the dynamics of98

FTRL, for any choice of regularizer. Conversely, we show that the strategic robustness requirement99

cannot be lifted, and we provide an example of a game with an extreme, non-robust equilibrium100

which attracts all FTRL orbits under a certain choice of regularizer, and none under another.101

To the best of our knowledge, this is the first result of its kind for continuous games. In the context of102

finite games, Flokas et al. [14] showed that a point is asymptotically stable under the continuous-time103

FTRL dynamics if and only if it is a strict Nash equilibrium, while [10] extended this equivalence to104

discrete-time models of regularized learning under uncertainty. Strict equilibria are prime examples105

of strategically robust equilibria , so this part of the analysis of [10] is subsumed in ours. In the106

context of concave games—that is, continuous games with individually concave payoff functions—107

Mertikopoulos & Zhou [25] showed that sharp global equilibria enjoy comparable convergence108

guarantees under FTRL with a vanishing step-size. While such step-size schedules are effective at109

suppressing noise in the long run, they do so at the cost of significantly slowing down the algorithm’s110

convergence. By contrast, we focus on fast, constant step-size schedules, which are widely used in111

practice due to their simplicity and often superior empirical performance. In this regime, we show112

that entropically regularized learning with a constant step-size converges to robust equilibria at a113

geometric rate, compared to distinctly subgeometric rate in the case of vanishing step-size policies.114

2 Preliminaries115

We start by briefly reviewing some basics of game theory and regularized learning, introducing the116

necessary context for our results.117

2.1. The game-theoretic framework. Throughout our paper, we focus on a class of continuous118

games consisting of a finite set of 𝑖 ∈ N = {1, . . . , 𝑁}, and defined by the following primitives:119

1. Each player 𝑖 ∈ N has access to a compact convex set X𝑖 of a finite dimensional vector space120

V𝑖 , describing the set of actions available to said player. By X :=∏
𝑖 X𝑖 we denote the space of121

all ensembles 𝑥 = (𝑥1, . . . , 𝑥𝑁 ) of actions 𝑥𝑖 ∈ X𝑖 that are independently chosen by each player122

𝑖 ∈ N . We will also write 𝑥 = (𝑥𝑖; 𝑥−𝑖) to emphasize the action of player 𝑖 ∈ N against the joint123

action profile 𝑥−𝑖 ≡ (𝑥 𝑗 ) 𝑗≠𝑖 of all other players.124

2. The players’ rewards are determined by their individual payoff functions 𝑢𝑖 : X → ℝ, assumed to125

be continuously differentiable for all 𝑖 ∈ N . Denoting by Y𝑖 ≡ V∗
𝑖

the dual space of V𝑖 , we define126

the individual gradient vector 𝑣𝑖 : X → Y𝑖 of player 𝑖 ∈ N by127

𝑣𝑖 (𝑥) = ∇𝑥𝑖𝑢𝑖 (𝑥𝑖; 𝑥−𝑖) (1)

and the ensemble 𝑣(𝑥) = (𝑣1 (𝑥), . . . , 𝑣𝑁 (𝑥)) ∈ Y ≡
∏

𝑖∈N Y𝑖 thereof.128

A continuous game is then defined as a tuple G ≡ G (N ,X , 𝑢) with players, actions and payoff129

functions as above.130

Nash equilibrium. The best known solution concept in game theory is that of a Nash equilib-131

rium (NE), which characterizes the actions 𝑥∗ ∈ X from which no player has incentive to deviate132

unilaterally. Formally, 𝑥∗ ∈ X is a Nash equilibrium if133

𝑢𝑖 (𝑥∗) ≥ 𝑢𝑖 (𝑥𝑖; 𝑥∗−𝑖) for all 𝑥𝑖 ∈ X𝑖 , 𝑖 ∈ N . (NE)
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A game G ≡ G (N ,X , 𝑢) always admits a Nash equilibrium if X is compact and each player’s payoff134

function 𝑢𝑖 is individually concave in the sense that 𝑢𝑖 (𝑥𝑖; 𝑥−𝑖) is concave in 𝑥𝑖 for all 𝑥−𝑖 ∈ X−𝑖135

[13, 31]. In this case, basic arguments from convex analysis [29, 30] show that 𝑥∗ is an equilibrium136

of G if and only if it satisfies the (Stampacchia) variational inequality137

⟨𝑣(𝑥∗), 𝑥 − 𝑥∗⟩ ≤ 0 for all 𝑥 ∈ X . (VI)

If the players’ functions are not individually concave, a game may not admit a Nash equilibrium. In138

that case, it is more meaningful to consider local Nash equilibria, i.e., profiles 𝑥∗ ∈ X such that139

𝑢𝑖 (𝑥∗) ≥ 𝑢𝑖 (𝑥𝑖; 𝑥∗−𝑖) for all 𝑥 in a neighborhood U of 𝑥∗ in X . (LNE)

In stark contrast to games with individually concave payoff functions, (VI) no longer characterizes140

local Nash equilibria: specifically, by first-order stationarity, we have (LNE) =⇒ (VI) but the141

converse need not hold; in fact, a solution 𝑥∗ of (VI) may be a global payoff maximizer for all 𝑖 ∈ N .142

Note. In the sequel, we will work with general continuous games that may not admit a global143

equilibrium—but admit local Nash equilibria. To streamline our presentation, we will use the term144

“equilibrium” without any further qualification to refer to local equilibria, and we will say explicitly145

“global equilibria” for profiles satisfying (NE).146

2.2. Regularized learning in games. The most widely used framework for learning in games, is the147

so called “follow the regularized leader” (FTRL) template, primarily because it leads to no regret in a148

wide variety of settings [34, 35]. The corresponding update rule hinges on the notion of a regularized149

best response, and proceeds as150

𝑦𝑛+1 = 𝑦𝑛 + 𝛾𝑣̂𝑛, 𝑥𝑛 = 𝑄(𝑦𝑛) for 𝑛 = 1, 2, . . . (FTRL)

where (i) 𝑥𝑛 ∈ X denotes the players’ action profile at step 𝑛; (ii) 𝑦𝑛 =
(
𝑦𝑖,𝑛

)
𝑖∈N ∈ Y is an151

auxiliary process that aggregates historical feedback into a compact state representation, i.e., a proxy152

for the players’ empirical performance up to time 𝑛; (iii) 𝑣̂𝑛 =
(
𝑣̂𝑖,𝑛

)
𝑖∈N ∈ Y denotes the current153

gradient-like payoff signal; (iv ) 𝛾 > 0 is the learning rate, or step-size parameter of the process; and154

(v) 𝑄 : Y → X is a mapping between the auxiliary process on the dual space Y , and the players’155

strategy space X . In what follows, we analyze the key components of this framework.156

The algorithm’s step-size. Throughout this work, we adopt a constant step-size routine. This157

stands in contrast to the stochastic approximation literature [8, 11, 21], where (FTRL) is typically158

implemented with a vanishing step-size satisfying the classical summability conditions
∑

𝑛 𝛾𝑛 = ∞,159 ∑
𝑛 𝛾

2
𝑛 < ∞. Such schedules are known to promote convergence by gradually suppressing the effect of160

noise [25]. In contrast, constant step-size methods are widely favored in practice for their simplicity,161

reduced hyperparameter sensitivity, and improved robustness in real-world applications162

The mirror map. A central ingredient of regularized learning is the mirror map 𝑄 ≡ (𝑄𝑖)𝑖∈N ,163

with each 𝑄𝑖 : Y𝑖 → X𝑖 induced by a strongly convex regularizer ℎ𝑖 : X𝑖 → ℝ that promotes stability164

during the learning process. To streamline our presentation and letting ℎ(𝑥) = ∑
𝑖∈N ℎ𝑖 (𝑥𝑖), the165

players’ mirror map is defined as166

𝑄(𝑦) := arg max𝑥∈X {⟨𝑦, 𝑥⟩ − ℎ(𝑥)} (2)

In the rest of our paper, we will write Xℎ = im𝑄 for the image of Y under 𝑄—and, likewise,167

Xℎ𝑖 = im𝑄𝑖 for each player 𝑖 ∈ N . In particular, if 𝑄 is interior-valued—that is, Xℎ = riX—we will168

say that ℎ is steep because, in this case, the (sub)gradients of ℎ explode to infinity as 𝑥 → bdX (i.e.,169

ℎ becomes “infinitely steep”); instead, if im𝑄 = X , we will say that ℎ is non-steep. For a precise170

version of this discussion, see Appendix A.171

Different choices of the regularizer ℎ induce different projection-like operations, adapted to the172

geometry of the underlying space. We describe two mainstay examples below.173

Example 2.1 (Euclidean projection). The quadratic regularizer ℎ(𝑥) = ∥𝑥∥22/2 gives rise to the174

Euclidean projection 𝑄(𝑦) = projX (𝑦) = arg min𝑥∈X ∥𝑦 − 𝑥∥2. In this case, ℎ is non-steep. ❦175

Example 2.2 (Multiplicative weights). For A𝑖 a finite set of actions per player 𝑖 ∈ N , and X𝑖 ≡176

Δ(A𝑖), the entropic regularizer ℎ𝑖 (𝑥𝑖) =
∑

𝛼𝑖∈A𝑖
𝑥𝑖𝛼𝑖

log 𝑥𝑖𝛼𝑖
gives rise to the logit map, defined via177

𝑄𝑖 (𝑦𝑖) = exp(𝑦𝑖)/∥exp(𝑦𝑖)∥1, where exp(𝑦𝑖) denotes the element-wise exponential of 𝑦𝑖 . ❦178
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The feedback process. Throughout this work, we consider two distinct feedback models:179

(i ) stochastic gradients; and (ii ) payoff-based feedback. We describe both frameworks below.180

Stochastic gradient feedback. At every time step 𝑛, each player 𝑖 ∈ N has access to a stochastic181

first-order oracle (SFO) – that is, a noisy version of their individual gradient vector of the form:182

𝑣̂𝑛 = 𝑣(𝑥𝑛) +𝑈𝑛 with 𝔼[𝑈𝑛 |F𝑛] = 0 (SFO)

where 𝑈𝑛 is zero-mean and conditionally sub-Gaussian given the information F𝑛 generated up to183

time 𝑛 ∈ ℕ. In other words, players observe unbiased estimates of their individual gradient vectors.184

Payoff-based feedback. Unlike the (SFO) model where players have access to a black-box oracle185

that provides noisy gradient information, it is often more realistic to consider a payoff-based feedback186

paradigm where players observe only their realized payoffs – that is, a single scalar value – and have187

to reconstruct an estimate of their individual gradient vectors.188

The most widely used method in this setting is the single-point stochastic approximation (SPSA)189

framework of [12, 36], which is based on finite differences along randomly sampled directions.190

Specifically, denoting the set of unit directions E𝑖 :={±𝑒1, . . . ,±𝑒𝑑𝑖 } that span the affine hull of X𝑖191

of dimension 𝑑𝑖 , each player 𝑖 ∈ N draws a direction 𝑤𝑖,𝑛 ∈ E𝑖 uniformly at random in every round192

𝑛 ∈ ℕ. Since the perturbed action 𝑥𝑖,𝑛 + 𝜀𝑛𝑤𝑖,𝑛 may lie outside X𝑖 for a perturbation radius 𝜀𝑛 > 0,193

we introduce a pivot element 𝑝𝑖 ∈ ri(X𝑖) and a radius 𝑟𝑖 > 𝜀𝑛 such that 𝑝𝑖 + 𝑟𝑖𝑤𝑖 ∈ X𝑖 for all194

𝑤𝑖 ∈ E𝑖 . Based on these, we define the feasibility-adjusted action 𝑥𝜀
𝑖,𝑛

:= 𝑥𝑖,𝑛 + (𝜀𝑛/𝑟𝑖) (𝑝𝑖 −𝑥𝑖,𝑛) ∈ X𝑖 .195

Finally, each player queries the perturbed action 𝑥𝑖,𝑛 ≡ 𝑥𝜀
𝑖,𝑛
+ 𝜀𝑛𝑤𝑖,𝑛 which is an element of X𝑖 , and196

observes the realized payoff value 𝑢𝑖 (𝑥𝑛).2 The gradient vector is, then, estimated via the single-point197

stochastic approximation scheme:198

𝑣̂𝑖,𝑛 :=(𝑑𝑖/𝜀𝑛) 𝑢𝑖 (𝑥𝑛) 𝑤𝑖,𝑛 (SPSA)

Importantly, the feasibility adjustment ensures that the perturbed action 𝑥𝑛 remains within the199

players’ action set X , while preserving the direction of the original perturbation 𝑤𝑛. As we show in200

Appendix A, (SPSA) enjoys the bounds201

∥𝔼[𝑣̂𝑛 |F𝑛] − 𝑣(𝑥𝑛)∥∗ = O(𝜀𝑛) and ∥ 𝑣̂𝑛∥∗ = O(1/𝜀𝑛) . (3)

With all these in hand, we are now ready to present the main contributions of this work.202

3 Strategic robustness: Geometric and variational characterization203

In this section, we address the strategic aspects of the equilibrium robustness question, and ask:204

Which equilibria remain equilibria after a small—but otherwise arbitrary—perturbation of the game?205

We take this desideratum as the starting point for our definition of strategic robustness, that is, action206

profiles that remain (local) equilibria under small disturbances in the underlying game. This leads to207

a delicate interplay between the variational and geometric aspects of the underlying game, which we208

detail later in this section.209

3.1. A first approach and insights. A natural way to measure the distance between two concave210

games, G ≡ G (N ,X , 𝑢) and G̃ ≡ G (N ,X , 𝑢̃), would be via the uniform distance211

𝜌
(
G, G̃

)
:=max𝑖∈N sup𝑥∈X |𝑢𝑖 (𝑥) − 𝑢̃𝑖 (𝑥) | . (4)

Intuitively, if this quantity is small enough, the two games are nearly indistinguishable from a strategic212

perspective, since for every strategy profile 𝑥 ∈ X , the payoffs in G and G̃ are almost the same. Thus,213

one might expect that at least some equilibria of G would persist under sufficiently small perturbations,214

especially since a Nash equilibrium appears to be a property of the payoff functions themselves.215

2Since 𝑟𝑖 > 𝜀𝑛, we write 𝑥𝜀
𝑖,𝑛

= 𝑥𝑖,𝑛 (1 − 𝜀𝑛/𝑟𝑖) + (𝜀𝑛/𝑟𝑖)𝑝𝑖 which is a convex combination of points in X𝑖 .
Regarding 𝑥𝑖,𝑛, note it can be written as 𝑥𝑖,𝑛 = 𝑥𝑖,𝑛 (1 − 𝜀𝑛/𝑟𝑖) + (𝜀𝑛/𝑟𝑖) (𝑝𝑖 + 𝑟𝑖𝑤𝑖,𝑛), which is also a convex
combination of points in X𝑖 . Thus, both belong to X𝑖 .

5



Surprisingly, as the next examples illustrate, this definition of distance cannot provide a meaningful216

concept of equilibrium robustness. Namely, for any game G with equilibrium 𝑥∗ ∈ X , there exists a217

perturbed game G̃, arbitrarily close to G (in the 𝜌-metric) such that 𝑥∗ ∈ X is no longer an equilibrium218

of G̃. To show this, we provide Examples 3.1 and 3.2 which together cover all possible types of219

equilibria in continuous games in the sense of (VI).220

Example 3.1. Let G be a continuous game, and 𝑥∗ ∈ X be an equilibrium point, such that ⟨𝑣𝑖 (𝑥∗), 𝑝𝑖−221

𝑥∗
𝑖
⟩ < 0 for some player 𝑖 ∈ N and 𝑝𝑖 ∈ X𝑖 . For arbitrary 𝜀 > 0, define 𝑢̃𝑖 : X → ℝ as222

𝑢̃𝑖 (𝑥) := 𝑢𝑖 (𝑥) − 𝜀 exp
(
2 𝜀−1⟨𝑣𝑖 (𝑥∗), 𝑥𝑖 − 𝑥∗𝑖 ⟩

)
(5)

which is a continuously differentiable concave function in 𝑥𝑖 , and let 𝑢̃ 𝑗 ≡ 𝑢 𝑗 for all 𝑗 ≠ 𝑖, 𝑗 ∈ N .223

Since 𝑥∗ ∈ X is an equilibrium of G, it holds ⟨𝑣𝑖 (𝑥∗), 𝑥𝑖 − 𝑥∗𝑖 ⟩ ≤ 0 for all 𝑥𝑖 ∈ X𝑖 , which implies that224

𝜌
(
G, G̃

)
= sup𝑥∈X |𝑢𝑖 (𝑥) − 𝑢̃𝑖 (𝑥) | = 𝜀 sup𝑥𝑖∈X𝑖

exp
(
2 𝜀−1⟨𝑣𝑖 (𝑥∗), 𝑥𝑖 − 𝑥∗𝑖 ⟩

)
= 𝜀. (6)

Computing the individual gradient vector of player 𝑖 ∈ N , we obtain225

𝑣̃𝑖 (𝑥) = 𝑣𝑖 (𝑥) − 2 𝑣𝑖 (𝑥∗) exp
(
2 𝜀−1⟨𝑣𝑖 (𝑥∗), 𝑥𝑖 − 𝑥∗𝑖 ⟩

)
(7)

and, evaluating it at 𝑥∗ ∈ X , we get, 𝑣̃𝑖 (𝑥∗) = −𝑣𝑖 (𝑥∗). Therefore, for 𝑥 = (𝑝𝑖; 𝑥∗−𝑖) ∈ X , we have226

⟨𝑣̃(𝑥∗), 𝑥 − 𝑥∗⟩ = −⟨𝑣𝑖 (𝑥∗), 𝑝𝑖 − 𝑥∗𝑖 ⟩ > 0 (8)

i.e., 𝑥∗ ∈ X is not an equilibrium point of the nearby game G̃. ❦227

Example 3.2. Let G be a continuous game, and 𝑥∗ ∈ X an equilibrium point, such that ⟨𝑣(𝑥∗), 𝑥 −228

𝑥∗⟩ = 0 for all 𝑥 ∈ X . Fix a player 𝑖 ∈ N and 𝑝𝑖 ∈ X𝑖 , and let 𝑦𝑖 ∈ V∗𝑖 with ⟨𝑦𝑖 , 𝑝𝑖 − 𝑥∗𝑖 ⟩ > 0. For229

arbitrary 𝜀 > 0, let 𝑢̃𝑖 : X → ℝ be defined as230

𝑢̃𝑖 (𝑥) := 𝑢𝑖 (𝑥) + 𝜀 diam(X𝑖)−1∥𝑦𝑖 ∥−1
∗ ⟨𝑦𝑖 , 𝑥𝑖 − 𝑥∗𝑖 ⟩ (9)

which is a concave function in 𝑥𝑖 , and 𝑢̃ 𝑗 ≡ 𝑢 𝑗 for all 𝑗 ≠ 𝑖, 𝑗 ∈ N . Then, we readily get that231

𝜌
(
G, G̃

)
= sup𝑥∈X |𝑢𝑖 (𝑥) − 𝑢̃𝑖 (𝑥) | = 𝜀 diam(X𝑖)−1∥𝑦𝑖 ∥−1

∗ sup𝑥𝑖∈X𝑖
|⟨𝑦𝑖 , 𝑥𝑖 − 𝑥∗𝑖 ⟩| ≤ 𝜀. (10)

Computing the individual gradient vector of player 𝑖 ∈ N , we obtain232

𝑣̃𝑖 (𝑥) = 𝑣𝑖 (𝑥) + 𝜀 diam(X𝑖)−1∥𝑦𝑖 ∥−1
∗ 𝑦𝑖 (11)

Therefore, for 𝑥 = (𝑝𝑖; 𝑥∗−𝑖) ∈ X , it holds by the example’s assumptions that233

⟨𝑣̃(𝑥∗), 𝑥 − 𝑥∗⟩ = ⟨𝑣𝑖 (𝑥∗), 𝑝𝑖 − 𝑥∗𝑖 ⟩ + 𝜀 diam(X𝑖)−1∥𝑦𝑖 ∥−1
∗ ⟨𝑦𝑖 , 𝑝𝑖 − 𝑥∗𝑖 ⟩ > 0 (12)

where we used that ⟨𝑣𝑖 (𝑥∗), 𝑝𝑖 − 𝑥∗𝑖 ⟩ = 0 and ⟨𝑦𝑖 , 𝑝𝑖 − 𝑥∗𝑖 ⟩ > 0 by our assumptions. Thus, 𝑥∗ ∈ X is234

not an equilibrium of the perturbed game G̃. ❦235

Remark 1. In Examples 3.1 and 3.2, if G is concave, so is G̃, indicating that this notion of distance is236

not proper even within the class of concave games.237

The preceding examples demonstrate that under the distance (4), even an arbitrarily small perturbation238

to the payoff function of a single player can destroy any equilibrium3. This phenomenon arises239

because, although an equilibrium is defined in terms of payoff functions, the first-order stationarity240

condition in (VI) shows that it fundamentally depends on the individual gradient vectors. Therefore,241

any meaningful notion of distance between two games must likewise be aware of the behavior of the242

individual gradient vectors.243

3.2. Defining the notion of strategic robustness. As illustrated in Examples 3.1 and 3.2, small244

changes in the payoffs, though negligible in the uniform norm, can significantly alter the equilibrium245

landscape. To address this, we refine the notion of distance between games G and G̃ as follows:246

dist
(
G, G̃

)
:= sup𝑥∈X ∥𝑣(𝑥) − 𝑣̃(𝑥)∥∗ (13)

With this definition in hand, we are now ready to state the concept of strategic robustness in the class247

of continuous games.248

Definition 1. An equilibrium 𝑥∗ ∈ X of a game G is called strategically robust if there exists 𝜀 > 0249

such that for any game G̃ with dist
(
G, G̃

)
< 𝜀, 𝑥∗ is also an equilibrium of G̃.250

As we explore next, this definition offers a meaningful notion of “closeness” for equilibrium stability,251

one that is grounded not in the payoff values themselves, but in the geometry they induce.252

3Such variations are not possible in the class of finite games, so, in this much more restrictive class, the
sup-norm of the payoff differences is a valid metric
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X. 𝑥∗

NC(𝑥∗)

X. 𝑥∗𝑣(𝑥∗)

NC(𝑥∗)

X

. 𝑥∗
𝑣(𝑥∗)

NC(𝑥∗)

X

. 𝑥∗
𝑣(𝑥∗)

Figure 1: Different equilibrium configurations: an interior equilibrium (𝑣(𝑥∗) = 0); a boundary, non-extreme
equilibrium (normal cone with empty topological interior); an extreme, non-robust equilibrium (𝑣(𝑥∗) on the
boundary of the normal cone); a robust equilibrium (𝑣(𝑥∗) in the interior of the normal cone). Only the robust
equilibrium remains invariant under strategic perturbations of the underlying game.

Geometric characterization. To provide a geometric characterization, we zoom in on the varia-253

tional structure that governs Nash equilibria. Specifically, we show that strategically robust equilibria254

𝑥∗ ∈ X are precisely those solutions of (VI) for which the inequality is strict for all feasible deviations.255

Formally, we have the following characterization:256

Theorem 1. Let 𝑥∗ ∈ X be a joint action profile in G (N ,X , 𝑢). Then the following are equivalent:257

(i) 𝑥∗ is a strategically robust equilibrium.258

(ii) ⟨𝑣(𝑥∗), 𝑧⟩ ≤ −𝑚∥𝑧∥ for some 𝑚 > 0 and all 𝑧 ∈ TC(𝑥∗), where TC(𝑥∗) is the closure of all259

rays emanating from 𝑥∗ and intersecting X in at least one other point.260

(iii) 𝑣(𝑥∗) ∈ int(PC(𝑥∗)), where PC(𝑥∗) :={𝑦 ∈ Y : ⟨𝑦, 𝑧⟩ ≤ 0, for all 𝑧 ∈ TC(𝑥∗)}.261

Intuitively, Theorem 1 suggests that strategically robust equilibria are precisely the points 𝑥∗ ∈ X262

whose gradient vector 𝑣(𝑥∗) lies in the topological interior of the polar cone PC(𝑥∗), i.e., ⟨𝑣(𝑥∗), 𝑧⟩ < 0263

for all 𝑧 ∈ TC(𝑥∗). We, thus, conclude that strategic robustness can only occur at boundary points264

where the tangent cone is pointed; if the feasible set is locally flat at 𝑥∗ ∈ X , the corresponding polar265

cone has empty interior, and robustness is not possible. This phenomenon is illustrated in Fig. 1, and266

the full proof of Theorem 1 is provided in Appendix B.267

Remark 2. Both Examples 3.1 and 3.2 violate the condition in Definition 1, but for different reasons.268

In the former case, although the perturbed payoffs can be made arbitrarily close to the original,269

the perturbed gradient vector at the equilibrium can become arbitrarily large, making the distance270

dist
(
G, G̃

)
exceed any 𝜀 > 0. In the latter case, the polar cone PC(𝑥∗) at the equilibrium has empty271

interior, so strategic robustness cannot hold at 𝑥∗.272

In the next section, we examine the dynamic implications of this result by studying the robustness of273

such equilibria under (FTRL).274

4 From strategic to dynamic robustness: Convergence results275

So far, we focused on strategic robustness, a static notion determined solely by the underlying276

structure of the game and the local geometry around the equilibria. In this section, we shift to the277

dynamic perspective of our central question and explore which equilibria admit robust convergence278

guarantees, namely, equilibria that can emerge as stable outcomes of regularized learning under279

feedback uncertainty, regardless of the specific choice of regularizer.280

To this end, we first establish that non-equilibrium points cannot arise as limit points of the (FTRL)281

dynamics, even under perfect gradient feedback. Formally, we have the following proposition, whose282

proof is provided in Appendix C.283

Proposition 1. Let 𝑥′ ∈ X be an non-equilibrium point of G (N ,X , 𝑢). Then, 𝑥′ cannot be a limit284

point of (FTRL) dynamics with 𝑣̂𝑛 ≡ 𝑣(𝑥𝑛) for all 𝑛 ∈ ℕ.285

Having excluded non-equilibrium points as positive probability outcomes of a learning process, we286

now turn to identifying equilibria that are robust from a dynamic standpoint, and more precisely,287
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under that of (FTRL). In this regard, strategically robust equilibria serve as natural candidates, as288

their stability with respect to game perturbations suggests they may also admit robust convergence289

guarantees. This is further supported by the finding that equilibrium points in the interior of the290

strategy space X cannot be limit points: in particular, we show below that, even under i.i.d. stochastic291

noise, the iterates of (FTRL) diverge from such equilibria almost surely.292

Proposition 2. Let 𝑥∗ ∈ ri(X ) be a Nash equilibrium of G (N ,X , 𝑢), and (𝑥𝑛)𝑛∈ℕ be the sequence293

of play induced by (FTRL) with 𝑣̂𝑛 = 𝑣(𝑥𝑛) +𝑈𝑛, where 𝑈𝑛 i.i.d. with 𝔼[𝑈𝑛] = 0 and cov(𝑈𝑛) ≻ 0294

for all 𝑛 ∈ ℕ. Then:295

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
= 0 for any 𝑥1 ∈ Xℎ. (14)

Remark 3. The condition cov(𝑈𝑛) ≻ 0 is not necessary. It suffices that cov(𝑈𝑛) is non-degenerate in296

a direction 𝑝 − 𝑥∗ for 𝑝 ∈ X ; however, we state the stronger assumption for simplicity.297

The key idea of the proof, which is deferred to Appendix C, is that, since 𝑥∗ ∈ ri(X ), we have298

⟨𝑣(𝑥∗), 𝑥 − 𝑥∗⟩ = 0 for all 𝑥 ∈ X . At the same time, as cov(𝑈𝑛) ≻ 0, the quantity ⟨𝑈𝑛, 𝑥 − 𝑥∗⟩299

fluctuates and remains bounded away from zero infinitely often, thereby preventing convergence.300

4.1. Learning with gradient-based feedback. In view of the impossibility result of Proposition 2,301

we shift our focus on the convergence of (FTRL) toward strategically robust equilibria. We first302

consider the gradient feedback model, where each player receives an unbiased estimate of their303

individual gradient vector via (SFO). Specifically, we analyze the behavior of (FTRL) and we304

establish local convergence guarantees toward strategically robust equilibria with high probability.305

This is encoded in the following theorem:306

Theorem 2. Let 𝑥∗ ∈ X be a strategically robust equilibrium of G (N ,X , 𝑢). Fix a confidence level307

𝛿 > 0, and let (𝑥𝑛)𝑛∈ℕ be the iterates of (FTRL) with feedback provided by (SFO), and step-size308

𝛾 > 0 sufficiently small. Then, there exists a neighborhood U of 𝑥∗ in Xℎ such that:309

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
≥ 1 − 𝛿 if 𝑥1 ∈ U . (15)

Before proceeding, a few remarks are in order. Since continuous games may admit multiple Nash310

equilibria, global convergence guarantees are in general unattainable. As such, our analysis focuses311

on the local convergence landscape of (FTRL). As a sidenote, it is important to emphasize that the312

convergence result is robust to the choice of regularizer, relying solely on the general conditions313

outlined in Section 2 rather than any particular functional form.314

While our main focus lies on the qualitative convergence behavior of (FTRL), stronger guarantees315

can be obtained under additional structural assumptions on the strategy space and the regularizer.316

In particular, suppose that X is a polyhedral domain of the form X :=
{
𝑥 ∈ ℝ𝑑

+ | 𝐴𝑥 = 𝑏
}

for some317

𝐴 ∈ ℝ𝑚×𝑑 and 𝑏 ∈ ℝ𝑚, and ℎ is decomposable with kernel function 𝜃, i.e., ℎ can be written as318

ℎ(𝑥) = ∑𝑑
𝑗=1 𝜃 (𝑥 𝑗 ) for some continuous function 𝜃 : ℝ+ → ℝ with locally Lipschitz 𝜃′′ and 𝜃′′ > 0.319

Under these conditions, we obtain the explicit convergence rates for the (FTRL) dynamics, as follows.320

Theorem 3. If, in addition, X is a polyhedral domain and ℎ is decomposable with kernel 𝜃, on the321

event 𝐸 :={lim𝑛→∞ 𝑥𝑛 = 𝑥∗} it holds:322

∥𝑥𝑛 − 𝑥∗∥ = 𝜙(−Θ(𝑛)) (16)

where 𝜙 is the rate function defined via323

𝜙(𝑧) :=
{
(𝜃′)−1 (𝑧) if 𝑧 > 𝜃′ (0+)
0 if 𝑧 ≤ 𝜃′ (0+) (17)

Remark 4. For the setting of Example 2.2, with X = Δ(A), 𝜃 (𝑧) = 𝑧 log 𝑧 and 𝑥∗ a strict Nash324

equilibrium, the convergence rate of (FTRL) as per Theorem 3, becomes ∥𝑥𝑛 − 𝑥∗∥ = exp(−Θ(𝑛)).325

Remark 5. For finite games, [16] showed that under a step-size schedule of the form 𝛾𝑛 ∝ 1/𝑛𝑝,326

the Robins-Monro summability conditions require 𝑝 ∈ (1/2, 1], leading to convergence rates from327

𝜙
(
−Θ(𝑛1−𝑝)

)
to 𝜙(−Θ(log 𝑛)).328
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4.2. Learning with payoff-based feedback. We now turn to the payoff-based feedback model,329

where players observe only their realized payoffs and use them to estimate gradients indirectly via330

(SPSA). This feedback model introduces higher variance and structural bias due to the diminishing331

sampling radius and the feasibility corrections. Nevertheless, we show that strategically robust332

equilibria retain their dynamic robustness: they still locally attract the (FTRL) dynamics with high333

probability, as the following theorem suggests.334

Theorem 4. Let 𝑥∗ ∈ X be a strategically robust equilibrium of G. Fix a confidence level 𝛿 > 0, and335

let (𝑥𝑛)𝑛∈ℕ be the iterates of (FTRL) run with (SPSA) with 𝜀𝑛 ∝ 1/𝑛𝑝 for some 𝑝 ∈ (0, 1/2) and336

step-size 𝛾 > 0 sufficiently small. Then, there exists a neighborhood U of 𝑥∗ such that:337

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
≥ 1 − 𝛿 if 𝑥1 ∈ U . (18)

If, in addition, X is affinely constrained and ℎ is decomposable with kernel 𝜃, then, whenever 𝑥𝑛338

converges to 𝑥∗, we have:339

∥𝑥𝑛 − 𝑥∗∥ = 𝜙(−Θ(𝑛)) . (19)

Despite the scarcity of information inherent in the payoff-based feedback model, strategically robust340

equilibria retain not only their convergence properties but also their convergence speed, under the341

additional structural assumptions on the regularizer and domain, matching that of the (SFO) feedback342

setting. This is further discussed along with the proof of the theorem in Appendix C.343

4.3. Convergence landscape beyond strategic robustness. Having established the robust conver-344

gence properties of strategically robust equilibria, a natural question arises: Can we expect robust345

convergence guarantees toward equilibria that lack this structural property? As we show below, the346

answer is not encouraging: strategic robustness is essentially necessary for robust convergence.347

To make this limitation precise, we move beyond the interior of the strategy space, where Proposition 2348

rules out equilibria as potential limit points, and shift our focus to non-robust equilibria on the349

boundary. To illustrate the behavior of (FTRL) in this setting, we construct a game with a unique350

equilibrium that exhibits fundamentally different long-run behavior depending on the regularizer.351

Proposition 3. Consider the 1-player game G with X = [0, 1], 𝑢(𝑥) = − 3
4𝑥

4/3 and 𝑥∗ = 0. Let352

(𝑥𝑛)𝑛∈ℕ be the iterates of (FTRL) with 𝛾 < 1, and 𝑣̂𝑛 = 𝑣(𝑥𝑛) +𝑈𝑛, where 𝑈𝑛 are i.i.d. standard353

normal random variables for all 𝑛 ∈ ℕ. Then, for any initial condition 𝑦1 ∈ ℝ, we have:354

(i) For ℎ(𝑥) = 𝑥 log 𝑥, it holds ℙ(lim𝑛→∞ 𝑥𝑛 = 𝑥∗) = 0.355

(ii) For ℎ(𝑥) = −2
√
𝑥, it holds ℙ(lim𝑛→∞ 𝑥𝑛 = 𝑥∗) = 1.356

The core idea of the proof of Proposition 3 (which we present in detail in Appendix C) is to construct357

a process 𝑧𝑛 that dominates 𝑦𝑛. Importantly, the process 𝑧𝑛 can be then viewed as a random walk358

with a diminishing drift whose rate of decay depends on the choice of regularizer. Depending on359

the magnitude of this drift, the process exhibits two sharply contrasting long-term behaviors: if the360

drift decays sufficiently fast, the process behaves like a zero-mean random walk and returns infinitely361

often with probability 1 (recurrence); conversely, if the drift diminishes at a slower rate, the process362

behaves like a random walk with constant drift and escapes to infinity with probability 1 (transience).363

In view of the above, we conclude that strategic robustness cannot be relaxed without compromising364

convergence guarantees, even when the equilibrium lies on the boundary.365

5 Concluding remarks366

Our aim in this paper was to examine the robustness of Nash equilibria in continuous games, under367

both strategic and dynamic uncertainty. From a strategic standpoint, we introduced the criterion of368

strategic robustness as those (local) equilibria which remain invariant under small perturbations of the369

underlying game, and we derived a tight geometric characterization thereof in terms of the variational370

geometry of the game. From a dynamic standpoint, we focused on the stability of regularized learning371

under uncertainty, and we established a deep structural connection between the two notions: strategic372

robustness guarantees dynamic robustness under (FTRL), and this implication is essentially tight:373

without strategic robustness, dynamic robustness cannot be ensured. To the best of our knowledge,374

this is the first result of its kind in the context of continuous game, and we find it particularly appealing375

for understanding the delicate interplay between the strategic and dynamic features of a game.376
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A Auxiliary results470

As a preamble to our analysis, we provide some basic properties of the regularizers and the mirror471

maps, and present some auxiliary results from martingale theory and Markov processes that we will472

use throughout the sequel.473

A.1. Mirror maps and results from convex analysis. In this section, we provide a more detailed474

discussion of key notions from convex analysis, including mirror maps and regularizers.475

To begin, let (V , ∥·∥) be a finite-dimensional normed vector space. Its dual space is denoted by476

(V∗, ∥·∥∗), where the dual norm is defined as477

∥𝑦∥∗ ≡ max{⟨𝑦, 𝑥⟩ : ∥𝑥∥ ≤ 1}, (A.1)

and ⟨𝑦, 𝑥⟩ denotes the canonical pairing between 𝑦 ∈ V∗ and 𝑥 ∈ V . To maintain consistency with the478

notation used throughout the paper, we will refer to V∗ as Y from this point onward.479

Given a closed convex set X ⊆ V and a point 𝑝 ∈ X , we define the tangent cone TC(𝑝) and the polar480

cone PC(𝑝) as follows:481

TC(𝑝) = cl{𝑧 ∈ V : 𝑝 + 𝑡𝑧 ∈ X for some 𝑡 > 0} (A.2)

and482

PC(𝑝) = {𝑦 ∈ Y : ⟨𝑦, 𝑧⟩ ≤ 0, for all 𝑧 ∈ TC(𝑝)} (A.3)

For a strongly convex regularizer ℎ : X → ℝ, the subdifferential of ℎ at 𝑥 ∈ X is defined as483

𝜕ℎ(𝑥) :={𝑦 ∈ Y : ℎ(𝑥′) ≥ ℎ(𝑥) + ⟨𝑦, 𝑥′ − 𝑥⟩ for all 𝑥′ ∈ X } (A.4)

and we denote the domain of subdifferentiability of ℎ as484

Xℎ = {𝑥 ∈ X : 𝜕ℎ(𝑥) ≠ ∅} . (A.5)

In addition, the mirror map 𝑄, defined via485

𝑄(𝑦) = arg max
𝑥∈X

{⟨𝑦, 𝑥⟩ − ℎ(𝑥)} (A.6)

is single-valued on Y , since the maximization problem admits a unique solution, as ℎ is strongly486

convex. Finally, by the optimality conditions of (A.6), we get that487

𝑥 = 𝑄(𝑦) if and only if 𝑦 ∈ 𝜕ℎ(𝑥) . (A.7)

since 0 ∈ 𝑦 − 𝜕ℎ(𝑥). This readily implies that Xℎ = im𝑄. In general, we have488

ri(X ) ⊆ Xℎ ⊆ X , (A.8)

where the first inclusion follows from standard results on the subdifferentiability of convex functions489

[29, Chap. 26], whereas the second is immediate from the definition of Xℎ. This leads to two490

contrasting regimes: (i ) Xℎ = ri(X ), in which case ℎ is called steep; and (ii ) Xℎ = X , in which case491

ℎ is called non-steep.492

Finally, we include here for future reference an elementary result concerning solid (convex) cones.493

Lemma A.1. Let K be a convex cone in ℝ𝑑 with nonempty topological interior, and let 𝑧 ∈ int(K).494

Then there exists a finitely generated cone K′ such that 𝑧 ∈ intK′ ⊆ intK.495

Remark. We stress here that, by intK we mean the topological interior of K (which is nonempty by496

assumption), not the relative interior riK thereof (whis is always nonempty).497

Proof. Since K is closed and 𝑧 ∈ intK, there exists a closed ball B centered at 𝑧, which is entirely498

contained in intK (an immediate consequence of the fact that 𝑧 is well-separated from the boundary499

bdK of K). Since B is not contained in any lower-dimensional subspace of ℝ𝑑 , it is possible to find500

inductively 𝑑 linearly independent vectors 𝑧1, . . . , 𝑧𝑑 ∈ B on the boundary bdB of B such that 𝑧 is501

contained in the convex hull Δ(𝑧1, . . . , 𝑧𝑑) (and, in particular, in the relative interior thereof). Thus,502

letting K′ ≡ K(𝑧1, . . . , 𝑧𝑑) be the polyhedral cone generated by 𝑧1, . . . , 𝑧𝑑 , we have K′ ⊆ K and503

𝑧 ∈ intK′ by construction, and our proof is complete. ■504
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A.2. Statistical bounds and results from probability theory. In this section, we provide some505

basic statistical bounds for (SPSA), and we present some results that we will use freely in the sequel.506

We start with our bounds for (SPSA), specifically:507

Proposition A.1. The estimator (SPSA) enjoys the following bounds:508

∥𝔼[𝑣̂𝑛 |F𝑛] − 𝑣(𝑥𝑛)∥∗ = O(𝜀𝑛) and ∥ 𝑣̂𝑛∥∗ = O(1/𝜀𝑛) . (A.9)

Proof. Letting 𝜁𝑛 := 𝜀𝑛 (𝑤𝑛 + (𝑝 − 𝑥𝑛)/𝑟), we write 𝑥𝑛 = 𝑥𝑛 + 𝜁𝑛, and we have for player 𝑖 ∈ N :509

𝑢𝑖 (𝑥𝑛)𝑤𝑖,𝑛 = 𝑢𝑖 (𝑥𝑛)𝑤𝑖,𝑛 + ⟨∇𝑢𝑖 (𝑥𝑛), 𝜁𝑛⟩𝑤𝑖,𝑛 +
∫ 1

0
⟨∇𝑢𝑖 (𝑥𝑛 + 𝜏𝜁𝑛) − ∇𝑢𝑖 (𝑥𝑛), 𝜁𝑛⟩𝑑𝜏𝑤𝑖,𝑛 (A.10)

Now, the middle term can be unfolded as510

⟨∇𝑢𝑖 (𝑥𝑛), 𝜁𝑛⟩𝑤𝑖,𝑛 = ⟨∇𝑖𝑢𝑖 (𝑥𝑛), 𝜁𝑖,𝑛⟩𝑤𝑖,𝑛 +
∑︁
𝑗≠𝑖

⟨∇ 𝑗𝑢𝑖 (𝑥𝑛), 𝜁 𝑗 ,𝑛⟩𝑤𝑖,𝑛 (A.11)

and, noting that 𝔼[𝑤𝑖,𝑛 |F𝑛] = 0, we take conditional expectation, and we get:511

𝔼[⟨∇𝑢𝑖 (𝑥𝑛), 𝜁𝑛⟩𝑤𝑖,𝑛 |F𝑛] = 𝜀𝑛 𝔼[⟨∇𝑖𝑢𝑖 (𝑥𝑛), 𝑤𝑖𝑛⟩𝑤𝑖,𝑛 |F𝑛] = (𝜀𝑛/𝑑𝑖)𝑣𝑖 (𝑥𝑛) (A.12)

and512

𝔼[𝑢𝑖 (𝑥𝑛)𝑤𝑖,𝑛 |F𝑛] = 0 (A.13)
Therefore, we have:513

∥𝔼[𝑣̂𝑖,𝑛 |F𝑛] − 𝑣𝑖 (𝑥𝑛)∥ =




𝔼[∫ 1

0
⟨∇𝑢𝑖 (𝑥𝑛 + 𝜏𝜁𝑛) − ∇𝑢𝑖 (𝑥𝑛), 𝜁𝑛⟩𝑑𝜏𝑤𝑖,𝑛

����F𝑛

]



 = O(𝜀𝑛) (A.14)

Now, for the second bound, since 𝑢𝑖 is continuous on a compact domain, it is bounded, and we readily514

get that:515

∥ 𝑣̂𝑖,𝑛∥∗ = O(1/𝜀𝑛) (A.15)
■516

Moving forward, we provide some useful results from probability theory. The first two statements517

below are adapted from the classical textbook of Hall & Heyde [17], while the third one is a simplified518

version of [22, Theorem 3.2] on the recurrence of a nonnegative Markov process with diminishing519

drift. Namely, we have:520

Theorem A.1. (Doob’s maximal inequality, [17, Corollary 2.1]) If 𝑆𝑛 is a martingale, we have:521

ℙ

(
sup
𝑘≤𝑛
|𝑆𝑘 | > 𝑡

)
≤ 𝔼[|𝑆𝑛 |]

𝑡
for all 𝑡 > 0. (A.16)

Theorem A.2. (Burkholder’s inequality, [17, Theorem 2.10]) Let 𝑆𝑛 :=∑𝑛
𝑘=1 𝐷𝑘 , where (𝐷𝑘)𝑘∈ℕ is522

a martingale difference sequence, and let 𝑞 ∈ (1,∞). Then, there exists a constant 𝐶 that depends523

only on 𝑞 such that:524

𝔼[|𝑆𝑛 |𝑞] ≤ 𝐶 𝔼


����� 𝑛∑︁
𝑘=1

𝐷2
𝑘

�����𝑞/2 (A.17)

Theorem A.3. (Lamperti [22, Theorem 3.2]) Let the non-negative stochastic process (𝑥𝑛)𝑛∈ℕ be525

defined as526

𝑥𝑛+1 = (𝑥𝑛 + 𝑓 (𝑥𝑛) + 𝜉𝑛)+ (A.18)
for some 𝑥 ↦→ 𝑓 (𝑥) bounded measurable function, and 𝜉𝑛 i.i.d. with 𝔼[𝜉𝑛] = 0, 𝕍(𝜉𝑛) = 𝜎2 ≠ 0 and527

finite 2 + 𝜀 moment for some 𝜀 > 0. Then:528

(i) if 𝑓 (𝑥) ≤ 𝜎2/2𝑥 for all 𝑥 large enough, the process is recurrent in the sense there exists 𝑐 < ∞529

such that530

ℙ

(
lim inf
𝑛→∞

𝑥𝑛 ≤ 𝑐

)
= 1 (A.19)

(ii) if 𝑓 (𝑥) ≥ 𝜃𝜎2/2𝑥 for some 𝜃 > 1 and all 𝑥 large enough, the process is transient in the sense531

that532

ℙ

(
lim
𝑛→∞

𝑥𝑛 = ∞
)
= 1 (A.20)
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B Analysis and results for strategic robustness533

Our aim in this appendix is to provide a detailed proof for Theorem 1, which we restate below for534

convenience.535

Theorem 1. Let 𝑥∗ ∈ X be a joint action profile in G (N ,X , 𝑢). Then the following are equivalent:536

(i) 𝑥∗ is a strategically robust equilibrium.537

(ii) ⟨𝑣(𝑥∗), 𝑧⟩ ≤ −𝑚∥𝑧∥ for some 𝑚 > 0 and all 𝑧 ∈ TC(𝑥∗), where TC(𝑥∗) is the closure of all538

rays emanating from 𝑥∗ and intersecting X in at least one other point.539

(iii) 𝑣(𝑥∗) ∈ int(PC(𝑥∗)), where PC(𝑥∗) :={𝑦 ∈ Y : ⟨𝑦, 𝑧⟩ ≤ 0, for all 𝑧 ∈ TC(𝑥∗)}.540

Proof. We will go full-circle by showing (i) =⇒ (ii) =⇒ (iii) =⇒ (i).541

(i) =⇒ (ii). Suppose that 𝑥∗ ∈ X is a strategically robust equilibrium, and let 𝜀 > 0 be such that542

𝑥∗ is an equilibrium of any G̃ with dist
(
G, G̃

)
≤ 𝜀.543

For the sake of contradiction, suppose that there exists 𝑧 ≠ 0, 𝑧 ∈ TC(𝑥∗) such that544

⟨𝑣(𝑥∗), 𝑧⟩ = 0 . (B.1)
which readily implies that there exists player 𝑖 ∈ N and 𝑧𝑖 ≠ 0, 𝑧𝑖 ∈ TC𝑖 (𝑥∗𝑖 ), such that545

⟨𝑣𝑖 (𝑥∗), 𝑧𝑖⟩ = 0 . (B.2)
Fix some 𝑦𝑖 ∈ Y𝑖 such that ⟨𝑦𝑖 , 𝑧𝑖⟩ > 0, and let 𝑦 ≡ (𝑦1, . . . , 𝑦𝑁 ) ∈ Y with 𝑦 𝑗 ≡ 0 for 𝑗 ≠ 𝑖, 𝑗 ∈ N .546

Using (B.1) and the definition of 𝑦, we get that ⟨𝑣(𝑥∗) + 𝜀∥𝑦∥−1
∗ 𝑦, 𝑧⟩ > 0, and therefore, there exists547

𝑝 ∈ X such that:548

⟨𝑣(𝑥∗) + 𝜀∥𝑦∥−1
∗ 𝑦, 𝑝 − 𝑥∗⟩ > 0 (B.3)

Now, define the game G̃ with payoff functions549

𝑢̃𝑖 (𝑥) := 𝑢𝑖 (𝑥) + 𝜀∥𝑦∥−1
∗ ⟨𝑦𝑖 , 𝑥𝑖 − 𝑥∗𝑖 ⟩ (B.4)

and 𝑢̃ 𝑗 ≡ 𝑢 𝑗 for all 𝑗 ∈ N , 𝑗 ≠ 𝑖. Then, the individual gradient vector of player 𝑖 ∈ N is given by550

𝑣̃𝑖 (𝑥) = 𝑣𝑖 (𝑥) + 𝜀∥𝑦∥−1
∗ 𝑦𝑖 (B.5)

and the distance between G and G̃ is equal to551

dist
(
G, G̃

)
= sup

𝑥∈X
∥𝑣(𝑥) − 𝑣̃(𝑥)∥∗ = 𝜀∥𝑦∥−1

∗ ∥𝑦∥∗ = 𝜀. (B.6)

Finally, we conclude that 𝑥∗ ∈ X is not an equilibrium of G̃, since for 𝑝 ∈ X as above, we have552

⟨𝑣̃(𝑥∗), 𝑝 − 𝑥∗⟩ = ⟨𝑣(𝑥∗) + 𝜀∥𝑦∥−1
∗ 𝑦, 𝑝 − 𝑥∗⟩ > 0 (B.7)

where the last inequality holds by (B.3). Thus, we arrive at a contradiction, i.e., ⟨𝑣(𝑥∗), 𝑧⟩ < 0 for all553

𝑧 ≠ 0, 𝑧 ∈ TC(𝑥∗). Finally, since {𝑧 ∈ V : 𝑧 ∈ TC(𝑥∗), ∥𝑧∥ = 1} is compact, we readily obtain554

sup{⟨𝑣(𝑥∗), 𝑧⟩ : 𝑧 ∈ TC(𝑥∗), ∥𝑧∥ = 1} ≤ −𝑚 (B.8)
for some 𝑚 > 0. Therefore, for all 𝑧 ∈ TC(𝑥∗), we have:555

⟨𝑣(𝑥∗), 𝑧⟩ ≤ −𝑚∥𝑧∥ (B.9)
as was to be shown.556

(ii) =⇒ (iii). First, note that the ∥·∥∗− ball of radius 𝜀 > 0 centered at 𝑣(𝑥∗) can be written as:557

𝔹𝜀 (𝑣(𝑥∗)) = 𝑣(𝑥∗) + 𝜀𝔹1 (0) (B.10)
where 𝔹𝜀 (𝑦) :={𝑦′ ∈ Y : ∥𝑦′ − 𝑦∥∗ ≤ 𝑟} for 𝑦 ∈ Y . Now, take any 𝑦 ∈ 𝔹1 (0) and 𝑧 ∈ TC(𝑥∗). Then,558

for 𝜀 > 0 we have559

⟨𝑣(𝑥∗) + 𝜀𝑦, 𝑧⟩ = ⟨𝑣(𝑥∗), 𝑧⟩ + 𝜀⟨𝑦, 𝑧⟩
≤ −𝑚∥𝑧∥ + 𝜀∥𝑦∥∗∥𝑧∥
≤ −(𝑚 − 𝜀)∥𝑧∥ (B.11)

Setting 𝜀 = 𝑚/2, we have for all 𝑧 ∈ TC(𝑥∗)560

⟨𝑣(𝑥∗) + (𝑚/2)𝑦, 𝑧⟩ < −(𝑚/2)∥𝑧∥ (B.12)
which implies that 𝑣(𝑥∗) + (𝑚/2)𝑦 ∈ PC(𝑥∗). Thus, we readily get that 𝔹𝑚/2 (𝑣(𝑥∗)) ⊆ PC(𝑥∗), i.e.,561

𝑣(𝑥∗) ∈ int(PC(𝑥∗)).562
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(iii) =⇒ (i). Suppose that 𝑣(𝑥∗) ∈ int(PC(𝑥∗)). First, it directly implies that ⟨𝑣(𝑥∗), 𝑧⟩ ≤ 0,563

for all 𝑧 ∈ TC(𝑥∗), i.e., 𝑥∗ is an equilibrium of G. In addition, there exists 𝜀 > 0 such that564

𝔹𝜀 (𝑣(𝑥∗)) ⊆ PC(𝑥∗). Therefore, for any game G̃ with dist
(
G, G̃

)
< 𝜀, we immediately get that565

𝑣̃(𝑥∗) ∈ PC(𝑥∗), which implies that 𝑥∗ ∈ X is an equilibrium of G̃. Thus, 𝑥∗ is strategically robust,566

and our proof is complete. ■567

C Analysis and results for dynamic robustness568

In this appendix, we provide detailed proofs of the statements presented in Section 4, along with569

several intermediate results that will serve as key building blocks.570

C.1. Intermediate results. We begin this section with two results establishing sufficient conditions571

for convergence, followed by a high-probability deviation bound for martingales. We conclude with a572

variant of Farkas’ Lemma, which will be instrumental in deriving convergence rates.573

Proposition C.1. Let 𝑥∗ ∈ X and Z :={𝑧1, . . . , 𝑧𝑚} ⊆ V be a set of unit vectors, such that any574

𝑧 ∈ TC(𝑥∗) can be written as 𝑧 =
∑𝑚

𝑗=1 𝜆 𝑗 𝑧 𝑗 for some 𝜆 𝑗 ≥ 0. If lim𝑛→∞⟨𝑦𝑛, 𝑧 𝑗⟩ = −∞ for all575

𝑧 𝑗 ∈ Z , then lim𝑛→∞𝑄(𝑦𝑛) = 𝑥∗.576

Proof. Denote 𝑄(𝑦𝑛) by 𝑥𝑛, and suppose that lim sup𝑛→∞∥𝑥𝑛 − 𝑥∗∥ > 0. Then, there exists a577

subsequence (𝑥𝑛𝑘 )𝑘∈ℕ such that ∥𝑥𝑛𝑘 − 𝑥∗∥ stays bounded away from zero, i.e., ∥𝑥𝑛𝑘 − 𝑥∗∥ ≥ 𝑐 for578

some 𝑐 > 0 and all 𝑘 ∈ ℕ. Since 𝑦𝑛𝑘 ∈ 𝜕ℎ(𝑥𝑛𝑘 ), we readily get for 𝑧𝑛𝑘 = (𝑥𝑛𝑘 − 𝑥∗)/∥𝑥𝑛𝑘 − 𝑥∗∥:579

ℎ(𝑥∗) ≥ ℎ(𝑥𝑛𝑘 ) + ⟨𝑦𝑛𝑘 , 𝑥∗ − 𝑥𝑛𝑘 ⟩
= ℎ(𝑥𝑛𝑘 ) − ⟨𝑦𝑛𝑘 , 𝑧𝑛𝑘 ⟩∥𝑥𝑛𝑘 − 𝑥∗∥
≥ min ℎ − ⟨𝑦𝑛𝑘 , 𝑧𝑛𝑘 ⟩∥𝑥𝑛𝑘 − 𝑥∗∥ . (C.1)

Now, we have 𝑧𝑛𝑘 ∈ TC(𝑥∗), and by assumption, 𝑧𝑛𝑘 =
∑𝑚

𝑗=1 𝜆 𝑗 ,𝑘𝑧 𝑗 for some coefficients 𝜆 𝑗 ,𝑘 ≥ 0.580

Therefore, the above inequality can be written as:581

ℎ(𝑥∗) ≥ min ℎ − ∥𝑥𝑛𝑘 − 𝑥∗∥
𝑚∑︁
𝑗=1

𝜆 𝑗 ,𝑘 ⟨𝑦𝑛𝑘 , 𝑧 𝑗⟩ (C.2)

≥ min ℎ −
(
max
𝑗′
⟨𝑦𝑛𝑘 , 𝑧 𝑗′⟩

)
∥𝑥𝑛𝑘 − 𝑥∗∥

𝑚∑︁
𝑗=1

𝜆 𝑗 ,𝑘 (C.3)

Now, note that by the definition of 𝑧𝑛𝑘 , we have ∥𝑧𝑛𝑘 ∥ = 1, and, thus:582

1 = ∥𝑧𝑛𝑘 ∥ =





 𝑚∑︁
𝑗=1

𝜆 𝑗 ,𝑘𝑧 𝑗






 ≤ 𝑚∑︁
𝑗=1

𝜆 𝑗 ,𝑘 ∥𝑧 𝑗 ∥ =
𝑚∑︁
𝑗=1

𝜆 𝑗 ,𝑘 (C.4)

where we used that ∥𝑧 𝑗 ∥ = 1 for all 𝑗 . Now, since lim𝑛→∞⟨𝑦𝑛, 𝑧 𝑗⟩ = −∞ for all 𝑧 𝑗 ∈ Z , it readily583

implies that584

lim
𝑛→∞

max
𝑗′
⟨𝑦𝑛, 𝑧 𝑗′⟩ = −∞ (C.5)

Therefore, for all 𝑘 large enough, we have −max 𝑗′ ⟨𝑦𝑛𝑘 , 𝑧 𝑗′⟩ > 0, and, using that
∑𝑚

𝑗=1 𝜆 𝑗 ,𝑘 ≥ 1 and585

∥𝑥𝑛𝑘 − 𝑥∗∥ ≥ 𝑐 for all 𝑘 ∈ ℕ, we obtain:586

ℎ(𝑥∗) ≥ min ℎ +
(
−max

𝑗′
⟨𝑦𝑛𝑘 , 𝑧 𝑗′⟩

)
∥𝑥𝑛𝑘 − 𝑥∗∥

𝑚∑︁
𝑗=1

𝜆 𝑗 ,𝑘 (C.6)

≥ min ℎ − 𝑐 max
𝑗′
⟨𝑦𝑛𝑘 , 𝑧 𝑗′⟩ (C.7)

Finally, letting 𝑘 →∞, we get that ℎ(𝑥∗) ≥ ∞, which is a contradiction. Thus, the result follows. ■587

Finally, using the above proposition, we establish the following corollary.588

Corollary C.1. Let W (𝑀) :={𝑦 ∈ Y : max𝑧∈Z ⟨𝑦, 𝑧⟩ < −𝑀} for 𝑀 > 0. Then, for any 𝜀 > 0, there589

exists 𝑀𝜀 > 0 such that for all 𝑦 ∈ W (𝑀𝜀) it holds ∥𝑥∗ −𝑄(𝑦)∥ < 𝜀.590
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Proof. Suppose it does not hold. Then, there exists 𝜀 > 0 such that for any 𝑛 ∈ ℕ, one can find591

𝑦𝑛 ∈ Y such that max𝑧∈Z ⟨𝑦𝑛, 𝑧⟩ < −𝑛 and ∥𝑥∗−𝑄(𝑦𝑛)∥ ≥ 𝜀. Taking 𝑛→∞ leads to a contradiction592

with Proposition C.1. ■593

Lemma C.1. Let 𝑆𝑛 := 𝛾
∑𝑛

𝑘=1 𝜉𝑘 be a martingale with respect to a filtration (F𝑛)𝑛∈ℕ such that594

𝔼[|𝜉𝑛 |𝑞] ≤ 𝜎
𝑞
𝑛 for all 𝑛 ∈ ℕ and some 𝑞 ≥ 2. Then, for any 𝜇 ∈ (0, 1) and 𝑐 > 0, it holds:595

ℙ

(
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

)
≤ 𝐶𝑞

𝛾𝑞 (1−𝜇)
∑𝑛

𝑘=1 𝜎
𝑞

𝑘

𝑛1+𝑞 (𝜇−1/2) (C.8)

where 𝐶𝑞 is a constant that depends only on 𝑐 and 𝑞.596

Proof. To bound the maximum absolute deviation of 𝑆𝑛, we apply Doob’s maximal inequality (see597

Theorem A.1), and obtain:598

ℙ

(
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

)
≤ 𝔼[|𝑆𝑛 |𝑞]

𝑐𝑞 (𝛾𝑛)𝑞𝜇 (C.9)

Now, we invoke Burkholder’s inequality (see Theorem A.2), from which we get:599

𝔼[|𝑆𝑛 |𝑞] ≤ 𝐶′𝑞 𝔼


(

𝑛∑︁
𝑘=1

𝛾2 |𝜉𝑘 |2
)𝑞/2 ≤ 𝐶′𝑞𝛾

𝑞 𝔼


(

𝑛∑︁
𝑘=1
|𝜉𝑘 |2

)𝑞/2 (C.10)

where 𝐶𝑞 is a constant that depends only on 𝑞. Since 𝑞 ≥ 2, applying Jensen’s inequality, we obtain:600 (
1
𝑛

𝑛∑︁
𝑘=1
|𝜉𝑘 |2

)𝑞/2
≤ 1

𝑛

(
𝑛∑︁

𝑘=1
|𝜉𝑘 |𝑞

)
(C.11)

and, therefore,601

𝔼


(

𝑛∑︁
𝑘=1
|𝜉𝑘 |2

)𝑞/2 ≤ 𝑛𝑞/2−1 𝔼

[
𝑛∑︁

𝑘=1
|𝜉𝑘 |𝑞

]
(C.12)

≤ 𝑛𝑞/2−1
𝑛∑︁

𝑘=1
𝜎
𝑞

𝑘
(C.13)

Thus, combining the above with (C.9) and (C.10), we obtain:602

ℙ

(
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

)
≤

𝐶′𝑞𝛾
𝑞𝑛𝑞/2−1 ∑𝑛

𝑘=1 𝜎
𝑞

𝑘

𝑐𝑞 (𝛾𝑛)𝑞𝜇 (C.14)

≤ 𝐶𝑞

𝛾𝑞 (1−𝜇)
∑𝑛

𝑘=1 𝜎
𝑞

𝑘

𝑛1+𝑞 (𝜇−1/2) (C.15)

for 𝐶𝑞 ≡ 𝐶′𝑞/𝑐𝑞 , and the proof is complete. ■603

We finally provide a separation result in the spirit of Farkas’ lemma, that we will need for establishing604

the convergence rates.605

Lemma C.2. Let X = {𝑥 ∈ V : 𝐴𝑥 = 𝑏, 𝑥 ≥ 0} for 𝐴 ∈ ℝ𝑚×𝑑 , 𝑏 ∈ ℝ𝑑 . Then, for all 𝑥∗ ∈ X with606

act(𝑥∗) :={𝛽 ∈ {1, . . . , 𝑑} : 𝑥∗
𝛽
= 0}, there exists 𝑃 ≡ 𝑃(𝑥∗) ≥ 1 such that for all I ⊆ act(𝑥∗) at least607

one of the following is true:608

(i) I ≠ ∅ and there exists 𝛽 ∈ act(𝑥∗) \ I such that 𝑥𝛽 ≤ 𝑃 max{𝑥𝛼 : 𝛼 ∈ I} for all 𝑥 ∈ X .609

(ii) There exists 𝑧 ∈ ker(𝐴) such that ∥𝑧∥ ≤ 𝑃, 𝑧𝛽 = 0 for 𝛽 ∈ I and 1 ≤ 𝑧𝛽 ≤ 𝑃 for 𝛽 ∈ act(𝑥∗)\I .610

Then, there exists611

Proof. For the proof, see Azizian et al. [6, Lemma 6]. ■612
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C.2. Main results of Section 4. With the necessary tools in place, we proceed to prove the main613

results stated in Section 4. We start with the first result, establishing that a non-equilibrium point614

cannot arise as a limit point of the sequence of play induced by (FTRL).615

Proposition 1. Let 𝑥′ ∈ X be an non-equilibrium point of G (N ,X , 𝑢). Then, 𝑥′ cannot be a limit616

point of (FTRL) dynamics with 𝑣̂𝑛 ≡ 𝑣(𝑥𝑛) for all 𝑛 ∈ ℕ.617

Proof. Since 𝑥′ is not an equilibrium, there exists 𝑝 ∈ X with ⟨𝑣(𝑥′), 𝑝 − 𝑥′⟩ > 0. Therefore, by618

continuity of the function 𝑥 ↦→ ⟨𝑣(𝑥), 𝑝 − 𝑥⟩, there exists a neighborhood U of 𝑥′ and 𝑐 > 0 such that619

⟨𝑣(𝑥), 𝑝 − 𝑥⟩ ≥ 𝑐 for all 𝑥 ∈ U .620

Moreover, since cl(U) compact, we have sup𝑥∈cl(U ) ∥𝑣(𝑥)∥∗ = 𝐵 < ∞. For the sake of contradiction,621

suppose that 𝑥𝑛 → 𝑥′. Then, 𝑥𝑛 ∈ U ∩ 𝔹𝑐/4𝐵 (𝑥′) eventually, i.e., there exists 𝑛0 such that 𝑥𝑛 ∈ U622

and ∥𝑥𝑛 − 𝑥′∥ < 𝑐/4𝐵 for all 𝑛 ≥ 𝑛0.623

Finally, since 𝑦𝑛 ∈ 𝜕ℎ(𝑥𝑛), we have for 𝑛 > 𝑛0:624

ℎ(𝑝) ≥ ℎ(𝑥𝑛) + ⟨𝑦𝑛, 𝑝 − 𝑥𝑛⟩

≥ ℎ(𝑥𝑛) + ⟨𝑦𝑛0 , 𝑝 − 𝑥𝑛⟩ + 𝛾
𝑛−1∑︁
𝑘=𝑛0

⟨𝑣(𝑥𝑘), 𝑝 − 𝑥𝑛⟩

≥ ℎ(𝑥𝑛) + ⟨𝑦𝑛0 , 𝑝 − 𝑥𝑛⟩ + 𝛾
𝑛−1∑︁
𝑘=𝑛0

⟨𝑣(𝑥𝑘), 𝑝 − 𝑥𝑘 + 𝑥𝑘 − 𝑥𝑛⟩

≥ ℎ(𝑥𝑛) + ⟨𝑦𝑛0 , 𝑝 − 𝑥𝑛⟩ + 𝛾
𝑛−1∑︁
𝑘=𝑛0

(⟨𝑣(𝑥𝑘), 𝑝 − 𝑥𝑘⟩ + ⟨𝑣(𝑥𝑘), 𝑥𝑘 − 𝑥𝑛⟩)

≥ ℎ(𝑥𝑛) + ⟨𝑦𝑛0 , 𝑝 − 𝑥𝑛⟩ + 𝛾
𝑛−1∑︁
𝑘=𝑛0

(⟨𝑣(𝑥𝑘), 𝑝 − 𝑥𝑘⟩ − ∥𝑣(𝑥𝑘)∥∗∥𝑥𝑘 − 𝑥𝑛∥)

≥ ℎ(𝑥𝑛) + ⟨𝑦𝑛0 , 𝑝 − 𝑥𝑛⟩ + 𝛾
𝑛−1∑︁
𝑘=𝑛0

(𝑐 − 𝐵∥𝑥𝑘 − 𝑥𝑛∥)

≥ ℎ(𝑥𝑛) − ∥𝑦𝑛0 ∥∗∥𝑝 − 𝑥𝑛∥ + 𝛾
𝑛−1∑︁
𝑘=𝑛0

(𝑐 − 𝑐/2)

≥ min ℎ − ∥𝑦𝑛0 ∥∗ diam(X ) + 𝛾𝑐(𝑛 − 𝑛0)/2 (C.16)

Taking 𝑛→∞, we obtain ℎ(𝑝) ≥ ∞, which is a contradiction. Therefore, the result follows. ■625

Moving forward, we show that equilibrium points in the relative interior cannot be limit points of626

(FTRL), either. Formally, we have:627

Proposition 2. Let 𝑥∗ ∈ ri(X ) be a Nash equilibrium of G (N ,X , 𝑢), and (𝑥𝑛)𝑛∈ℕ be the sequence628

of play induced by (FTRL) with 𝑣̂𝑛 = 𝑣(𝑥𝑛) +𝑈𝑛, where 𝑈𝑛 i.i.d. with 𝔼[𝑈𝑛] = 0 and cov(𝑈𝑛) ≻ 0629

for all 𝑛 ∈ ℕ. Then:630

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
= 0 for any 𝑥1 ∈ Xℎ. (14)

Proof. Since 𝑥∗ an equilibrium point in ri(X ), we readily get that ⟨𝑣(𝑥∗), 𝑥 − 𝑥∗⟩ = 0 for all 𝑥 ∈ X ,631

and 𝑥∗ ∈ Xℎ. In view of this, there exists 𝑦∗ ∈ Y such that 𝑦∗ ∈ 𝜕ℎ(𝑥∗), i.e., 𝑥∗ = 𝑄(𝑦∗). Our goal is632

to show that the auxiliary process 𝑦𝑛 does not converge to 𝜕ℎ(𝑥∗). However, there are infinitely many633

points in Y that belong to 𝜕ℎ(𝑥∗), so this attempt is insufficient, in the sense that, showing that 𝑦∗ is634

not a limit point of the 𝑦𝑛 dynamics, does not preclude that some other 𝑦 ∈ 𝜕ℎ(𝑥∗) is not.635

To tackle this issue, we will show that the space Y can be decomposed as Y = Ŷ ⊕ Y where all the636

“essential” deviations of the problem is in Y . For this, we define the set637

Ŷ = {𝑦 ∈ Y : ⟨𝑦, 𝑝 − 𝑥⟩ = 0, for all 𝑥, 𝑝 ∈ X } . (C.17)

which is a subspace of Y , and as the following lemma suggests, is equal to the polar cone at any point638

in the relative interior.639
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Lemma C.3. Let 𝑥0 ∈ ri(X ) and Ŷ = {𝑦 ∈ Y : ⟨𝑦, 𝑝 − 𝑥⟩ = 0, for all 𝑥, 𝑝 ∈ X }. Then Ŷ = PC(𝑥0).640

To preserve the clarity of the argument, we defer the proof of Lemma C.3 until the end of this641

proposition. Letting Y be the orthocomplement of Ŷ , we readily get that Y = Ŷ ⊕ Y , and any point 𝑦642

in Y can be uniquely written as 𝑦 = 𝑦̂ + 𝑦̄ with 𝑦̂ ∈ Ŷ and 𝑦̄ ∈ Y . Defining the linear map Π : Y → Y643

as Π𝑦 = 𝑦̄, and more importantly, under all points in 𝜕ℎ(𝑥∗) under Π are essentially unique.644

This is formalized in the following lemma, whose proof is relegated after this proposition.645

Lemma C.4. Let 𝑥0 ∈ ri(X ) and 𝑦, 𝑦′ ∈ 𝜕ℎ(𝑥0). Then Π𝑦 ∈ 𝜕ℎ(𝑥0), and Π𝑦 = Π𝑦′.646

In view of the above, we are now ready to prove the result. Namely, fix some 𝑝 ∈ X , 𝑝 ≠ 𝑥∗ and let647

𝜉𝑛 :=⟨Π𝑈𝑛, 𝑝 − 𝑥∗⟩.648

Then, setting 𝜎2 ≡ (𝑝 − 𝑥∗)⊤Σ(𝑝 − 𝑥∗) > 0, we have 𝜉𝑛 ∼ (0, 𝜎2) i.i.d., and, so, there exists 𝜀, 𝛿 > 0649

such that ℙ(𝜉𝑛 > 𝜀) = 𝛿 for all 𝑛 ∈ ℕ. Therefore, by the second Borel-Cantelli lemma [9], we get650

ℙ(𝐴) = 1 for 𝐴 ≡ {𝜉𝑛 > 𝜀 infinitely often}. For the sake of contradiction, suppose that ℙ(𝐵) > 0651

for 𝐵 ≡ {lim𝑛→∞ 𝑥𝑛 = 𝑥∗}. Fix some 𝜔 ∈ 𝐵. Then, for all 𝑛 large enough, we readily get that652

𝑥𝑛 (𝜔) ∈ ri(X ), and, denoting 𝑧𝑛 :=Π𝑦𝑛 and 𝑧∗ :=Π𝑦∗, we readily get that653

lim
𝑛→∞

𝑧𝑛 (𝜔) = 𝑧∗ (C.18)

Thus, setting 𝛼𝑛 ≡ ⟨𝑧𝑛 − 𝑧∗, 𝑝 − 𝑥∗⟩ we conclude by the above equality that lim𝑛→∞ 𝛼𝑛 = 0, and654

therefore it holds655

0 = lim
𝑛→∞
(𝛼𝑛 − 𝛼𝑛−1)

= lim
𝑛→∞
⟨Π𝑣̂𝑛, 𝑝 − 𝑥∗⟩

= lim
𝑛→∞
⟨Π𝑣(𝑥𝑛), 𝑝 − 𝑥∗⟩ + ⟨Π𝑈𝑛, 𝑝 − 𝑥∗⟩

= ⟨Π𝑣(𝑥∗), 𝑝 − 𝑥∗⟩ + lim
𝑛→∞

𝜉𝑛

= lim
𝑛→∞

𝜉𝑛 (C.19)

Therefore, 𝜔 ∉ 𝐴, which implies that 𝐵 ⊆ 𝐴𝑐, with ℙ(𝐴𝑐) = 0. Thus, ℙ(𝐵) = 0, which is a656

contradiction, and the result follows.657

■658

We now prove the two auxiliary lemmas presented in the proof of Proposition 2.659

Lemma C.3. Let 𝑥0 ∈ ri(X ) and Ŷ = {𝑦 ∈ Y : ⟨𝑦, 𝑝 − 𝑥⟩ = 0, for all 𝑥, 𝑝 ∈ X }. Then Ŷ = PC(𝑥0).660

Proof. First, we will show that661

PC(𝑥0) = {𝑦 ∈ Y : ⟨𝑦, 𝑝 − 𝑥0⟩ = 0 for all 𝑝 ∈ X } (C.20)

For this, suppose that there exist 𝑦 ∈ PC(𝑥0) and 𝑝′ ∈ X such ⟨𝑦, 𝑝′ − 𝑥0⟩ < 0. Then, since662

𝑥0 ∈ ri(X ), there exists 𝛼 > 0 such that 𝑥0 − 𝛼(𝑝′ − 𝑥0) ∈ X . By the definition of the polar cone,663

⟨𝑦, 𝑥0 − 𝛼(𝑝′ − 𝑥0) − 𝑥0⟩ ≤ 0, or equivalently, ⟨𝑦, 𝑝′ − 𝑥0⟩ ≥ 0, which is a contradiction. Therefore,664

(C.20) holds, which implies that Ŷ ⊆ PC(𝑥).665

Now, for the inverse inclusion, let 𝑦 ∈ PC(𝑥0) and 𝑝, 𝑥 ∈ X . Then, we have:666

⟨𝑦, 𝑝 − 𝑥⟩ = ⟨𝑦, 𝑝 − 𝑥0 + 𝑥0 − 𝑥⟩
= ⟨𝑦, 𝑝 − 𝑥0⟩ + ⟨𝑦, 𝑥0 − 𝑥⟩
= 0 (C.21)

where the last equality follows by (C.20). Thus, 𝑦 ∈ Ŷ , and we conclude the result. ■667

Lemma C.4. Let 𝑥0 ∈ ri(X ) and 𝑦, 𝑦′ ∈ 𝜕ℎ(𝑥0). Then Π𝑦 ∈ 𝜕ℎ(𝑥0), and Π𝑦 = Π𝑦′.668
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Proof. For the first part, note that669

⟨𝑦, 𝑝 − 𝑥0⟩ = ⟨𝑦̂ + 𝑦̄, 𝑝 − 𝑥0⟩ = ⟨𝑦̂, 𝑝 − 𝑥0⟩ + ⟨𝑦̄, 𝑝 − 𝑥0⟩
= ⟨𝑦̄, 𝑝 − 𝑥0⟩
= ⟨Π𝑦, 𝑝 − 𝑥0⟩ (C.22)

which directly implies that Π𝑦 ∈ 𝜕ℎ(𝑥0). For the second part, since 𝑥0 ∈ ri(X ), and 𝑦, 𝑦′ ∈ 𝜕ℎ(𝑥0),670

we have that671

⟨𝑦 − 𝑦′, 𝑝 − 𝑥0⟩ = 0 for all 𝑝 ∈ X (C.23)

Thus 𝑦 − 𝑦′ ∈ PC(𝑥0), and invoking Lemma C.3 we obtain that 𝑦 − 𝑦′ ∈ Ŷ . Therefore, applying672

the linear projection operator Π, we readily get that Π(𝑦 − 𝑦′) = 0, and, using linearity, the result673

follows. ■674

We now turn to our main convergence theorems, showing that the iterates of (FTRL) converge with675

high probability under both gradient-based and payoff-based feedback676

Theorem 2. Let 𝑥∗ ∈ X be a strategically robust equilibrium of G (N ,X , 𝑢). Fix a confidence level677

𝛿 > 0, and let (𝑥𝑛)𝑛∈ℕ be the iterates of (FTRL) with feedback provided by (SFO), and step-size678

𝛾 > 0 sufficiently small. Then, there exists a neighborhood U of 𝑥∗ in Xℎ such that:679

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
≥ 1 − 𝛿 if 𝑥1 ∈ U . (15)

Proof. Since 𝑥∗ strategically robust, 𝑣(𝑥∗) lies in the interior of the PC(𝑥∗). By Lemma A.1, this680

implies in turn that there exists a polyhedral cone K generated by Z ≡ {𝑧1, . . . , 𝑧𝑟 } for 𝑟 ∈ ℕ, such681

that TC(𝑥∗) ⊆ K and ⟨𝑣(𝑥∗), 𝑧⟩ < 0 for all 𝑧 ∈ Z .4 Therefore, for all 𝑧 ∈ Z , we have ⟨𝑣(𝑥∗), 𝑧⟩ ≤ −𝑚,682

and by continuity of the vector field 𝑣, there exists a neighborhood U of 𝑥∗ and 𝑐 > 0 such that683

⟨𝑣(𝑥), 𝑧⟩ ≤ −𝑐 for all 𝑧 ∈ Z and 𝑥 ∈ U .684

Fixing some 𝑧 ∈ Z , we obtain:685

⟨𝑦𝑛+1, 𝑧⟩ = ⟨𝑦𝑛, 𝑧⟩ + 𝛾⟨𝑣̂𝑛, 𝑧⟩
= ⟨𝑦𝑛, 𝑧⟩ + 𝛾⟨𝑣(𝑥𝑛), 𝑧⟩ + 𝛾⟨𝑈𝑛, 𝑧⟩

= ⟨𝑦1, 𝑧⟩ + 𝛾
𝑛∑︁

𝑘=1
⟨𝑣(𝑥𝑘), 𝑧⟩ + 𝛾

𝑛∑︁
𝑘=1
⟨𝑈𝑘 , 𝑧⟩ (C.24)

Now, we define the stochastic process (𝑆𝑛)𝑛∈ℕ via 𝑆𝑛 := 𝛾
∑𝑛

𝑘=1⟨𝑈𝑘 , 𝑧⟩, which is a martingale, since686

𝔼[⟨𝑈𝑘 , 𝑧⟩ |F𝑘] = 0.687

Therefore, by Lemma C.1 for 𝜎𝑛 ≡ 𝜎, 𝑞 > 2 and 𝜇 ∈ (0, 1), whose value is determined later, we get:688

𝛿𝑛 :=ℙ

(
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

)
≤ 𝐶𝑞

𝛾𝑞 (1−𝜇)𝜎𝑞

𝑛𝑞 (𝜇−1/2) (C.25)

where 𝐶𝑞 is a constant that depends only on 𝑐 and 𝑞. Thus, we readily have that:689

ℙ

(⋂
𝑛≥1

{
sup
ℓ≤𝑛
|𝑆ℓ | ≤ 𝑐(𝛾𝑛)𝜇

})
= 1 − ℙ

(⋃
𝑛≥1

{
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

})
≥ 1 −

∞∑︁
𝑛=1

ℙ

(
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

)
≥ 1 −

∞∑︁
𝑛=1

𝛿𝑛 (C.26)

where the second inequality comes from the union bound. Now, we need to ensure that
∑∞

𝑛=1 𝛿𝑛 ≤ 𝛿/𝑟 .690

For this, we need the sequence to be summable, which, using (C.25), is guaranteed for 𝑞(𝜇−1/2) > 1,691

or equivalently, 𝜇 ∈ (1/2+1/𝑞, 1). Therefore, for 𝛾 > 0 small enough, we obtain that
∑∞

𝑛=1 𝛿𝑛 ≤ 𝛿/𝑟 .692

4To resolve any ambiguities, the cone in question here is the polar of the cone provided by Lemma A.1.
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Therefore, with probability at least 1 − 𝛿/𝑟 , the template inequality becomes:693

⟨𝑦𝑛+1, 𝑧⟩ ≤ ⟨𝑦1, 𝑧⟩ + 𝛾
𝑛∑︁

𝑘=1
⟨𝑣(𝑥𝑘), 𝑧⟩ + 𝑐(𝛾𝑛)𝜇 (C.27)

If we initialize 𝑦1 such that ⟨𝑦1, 𝑧
′⟩ < −𝑀 − 𝑐 for all 𝑧′ ∈ Z , we get that ⟨𝑦𝑛, 𝑧⟩ < −𝑀 for all 𝑛 ∈ ℕ694

with probability at least 1 − 𝛿/𝑟 . To see this, suppose that ⟨𝑦𝑘 , 𝑧⟩ < −𝑀 for all 𝑘 = 1, . . . , 𝑛. Then695

⟨𝑦𝑛+1, 𝑧⟩ = ⟨𝑦1, 𝑧⟩ + 𝛾
𝑛∑︁

𝑘=1
⟨𝑣(𝑥𝑘), 𝑧⟩ + 𝛾

𝑛∑︁
𝑘=1
⟨𝑈𝑘 , 𝑧⟩

≤ −𝑀 − 𝑐 − 𝑐𝛾𝑛 + 𝑐(𝛾𝑛)𝜇 (C.28)

For 𝑛 ∈ ℕ with 𝛾𝑛 < 1, we have −𝑐 + 𝑐(𝛾𝑛)𝜇 < 0, while for 𝛾𝑛 ≥ 1, it holds −𝑐𝛾𝑛 + 𝑐(𝛾𝑛)𝜇 < 0. In696

both cases, we conclude that ⟨𝑦𝑛+1, 𝑧⟩ < −𝑀 , and by induction, we get the inequality.697

Therefore, with probability at least 1 − 𝛿/𝑟 , we have:698

⟨𝑦𝑛+1, 𝑧⟩ ≤ −𝑀 − 𝑐 − 𝑐𝛾𝑛 + 𝑐(𝛾𝑛)𝜇 (C.29)

and sending 𝑛→∞, we get ⟨𝑦𝑛, 𝑧⟩ → −∞.699

Finally, repeating the same argument for all 𝑧 ∈ Z and applying a union bound, we readily get that700

⟨𝑦𝑛, 𝑧⟩ → −∞ with probability at least 1 − 𝛿, and invoking Proposition C.1, the result follows. ■701

Having established the local convergence to 𝑥∗ with high probability, we proceed to the convergence702

rate in the case of affinely constrained X and decomposable regularizer ℎ.703

Theorem 3. If, in addition, X is a polyhedral domain and ℎ is decomposable with kernel 𝜃, on the704

event 𝐸 :={lim𝑛→∞ 𝑥𝑛 = 𝑥∗} it holds:705

∥𝑥𝑛 − 𝑥∗∥ = 𝜙(−Θ(𝑛)) (16)

where 𝜙 is the rate function defined via706

𝜙(𝑧) :=
{
(𝜃′)−1 (𝑧) if 𝑧 > 𝜃′ (0+)
0 if 𝑧 ≤ 𝜃′ (0+) (17)

Proof. By the definition of the iterates of (FTRL), we have:707

𝑄(𝑦𝑛) = arg min
𝑥∈X

{ℎ(𝑥) − ⟨𝑦𝑛, 𝑥⟩ : 𝐴𝑥 = 𝑏, 𝑥 ≥ 0} (C.30)

Introducing the Lagrangian708

L(𝑥, 𝜆, 𝜇) = ℎ(𝑥) − ⟨𝑦𝑛, 𝑥⟩ +
𝑚∑︁
𝑖=1

𝜆𝑖 (𝑎⊤𝑖 𝑥 − 𝑏𝑖) −
𝑑∑︁
𝑗=1

𝜇 𝑗𝑥 𝑗 (C.31)

with 𝜆𝑖 ∈ ℝ and 𝜇 𝑗 ≥ 0, by the KKT conditions, we readily obtain:709

𝑦𝑛 = ∇ℎ(𝑥𝑛) +
𝑚∑︁
ℓ=1

𝜆𝑖𝑎𝑖 − 𝜇 (C.32)

where ∇ℎ(𝑥) = ∑𝑑
𝛽=1 𝜃

′ (𝑥𝛽,𝑛)𝑒𝛽 , since 𝜃 is continuously differentiable.710

For the sequel, we define the set of active constraints at 𝑥∗ as act(𝑥∗) :={𝛽 ∈ {1, . . . , 𝑑} : 𝑥∗
𝛽
= 0}.711

Note that on the event of {lim𝑛→∞ 𝑥𝑛 = 𝑥∗}, the iterates 𝑥𝑛 lie in a neighborhood of 𝑥∗, as shown in712

Theorem 2. Thus, all non-active indices 𝛼 ∉ act(𝑥∗) stay bounded away from zero, and so |𝜃 (𝑥𝛼,𝑛) |713

remains bounded for all 𝑛.714

We treat the two cases separately: (i) the steep case, where ℎ is steep – equivalently 𝜃 (0+) = −∞, and715

(ii) the non-steep case, where is ℎ not steep, i.e., 𝜃′ (0+) > −∞.716
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The steep case. We define the set of “good” indices I at step 𝑛 as: 𝛽 ∈ I if 𝜃′ (𝑥𝛽,𝑛) ≤ −Θ(𝑛).717

Our goal is to show that all indices act(𝑥∗) of 𝑥𝑛 are “good”. Fix some 𝑛 ∈ ℕ.718

Suppose that act(𝑥∗) \ I ≠ ∅, and let 𝑃 ≥ 1, as per Lemma C.2. Then,719

• If condition (i) of 𝐿𝑒𝑚𝑚𝑎 𝐶.2 holds, there exists 𝛽′ such that 𝑥𝛽′ ,𝑛 ≤ 𝑃 max{𝑥𝛼,𝑛 : 𝛼 ∈ I}, and720

thus, I ← I ∪ {𝛽′}.721

• If condition (ii) of 𝐿𝑒𝑚𝑚𝑎 𝐶.2 holds, there exists 𝑧′ ∈ ker(𝐴) such that ∥𝑧′∥ ≤ 𝑃, 𝑧′
𝛽
= 0 if 𝛽 ∈ I722

and 1 ≤ 𝑧′
𝛽
≤ 𝑃 if 𝛽 ∈ act(𝑥∗) \ I. By (C.32), and noting that 𝑧′ ∈ ker(𝐴) and 𝜇 = 0, since all723

constraints are non-active due to steepness of ℎ, we have:724

⟨∇ℎ(𝑥𝑛), 𝑧′⟩ = ⟨𝑦𝑛, 𝑧′⟩ (C.33)

Moreover, it holds:725

⟨∇ℎ(𝑥𝑛), 𝑧′⟩ =
𝑑∑︁

𝛽=1
𝜃′ (𝑥𝛽,𝑛)𝑧′𝛽 =

∑︁
𝛽∈I

𝜃′ (𝑥𝛽,𝑛)𝑧′𝛽 +
∑︁

𝛽∈act(𝑥∗ )\I
𝜃′ (𝑥𝛽,𝑛)𝑧′𝛽 +

∑︁
𝛽∉act(𝑥∗ )

𝜃′ (𝑥𝛽,𝑛)𝑧′𝛽

=
∑︁

𝛽∈act(𝑥∗ )\I
𝜃′ (𝑥𝛽,𝑛)𝑧′𝛽 + 𝐶 (C.34)

for a constant 𝐶, since all non-active indices remain bounded away from zero, as explained in the726

beginning. Now, note that 𝑧′ ∈ TC(𝑥∗), and thus, by Lemma A.1, we can write 𝑧′ as 𝑧′ =
∑𝑟

𝑖=1 ℓ𝑖𝑧𝑖727

with ℓ𝑖 ≥ 0, such that ⟨𝑦𝑛, 𝑧𝑖⟩ ≤ −Θ(𝑛) for all 𝑖 = 1, . . . , 𝑟 as in the proof of Theorem 2. So,728

combining it with (C.39), (C.34), we obtain:729 ∑︁
𝛽∈act(𝑥∗ )\I

𝜃′ (𝑥𝛽,𝑛)𝑧′𝛽 ≤ −Θ(𝑛) (C.35)

and therefore, there exists at least one 𝛽′ ∈ act(𝑥∗) \ I such that730

𝜃′ (𝑥𝛽′ ,𝑛)𝑧′𝛽′ ≤ −Θ(𝑛) (C.36)

Thus, I ← I ∪ {𝛽′}.731

Therefore, as act(𝑥∗) is finite, we conclude inductively that 𝜃′ (𝑥𝛽,𝑛) ≤ −Θ(𝑛) for all 𝛽 ∈ act(𝑥∗).732

Finally, we have that ℝ𝑑 = row(𝐴) + span{𝑒𝛽 : 𝛽 ∈ act(𝑥∗)}, and thus, for all 𝑖, we can write the733

standard basis vector 𝑒𝑖 as 𝑒𝑖 =
∑

𝛽∈act(𝑥∗ ) 𝜆𝑖,𝛽𝑒𝛽 + 𝑎𝑖 for some 𝑎𝑖 ∈ row(𝐴)734

𝑥𝑖,𝑛 − 𝑥∗𝑖 = ⟨𝑥𝑛 − 𝑥∗, 𝑒𝑖⟩ =
〈
𝑥𝑛 − 𝑥∗,

∑︁
𝛽∈act(𝑥∗ )

𝜆𝑖,𝛽𝑒𝛽 + 𝑎𝑖

〉
=

〈
𝑥𝑛 − 𝑥∗,

∑︁
𝛽∈act(𝑥∗ )

𝜆𝑖,𝛽𝑒𝛽

〉
=

∑︁
𝛽∈act(𝑥∗ )

𝜆𝑖,𝛽𝑥𝛽,𝑛 (C.37)

where we used that ⟨𝑥𝑛 − 𝑥∗, 𝑎𝑖⟩ = 0. Thus, since 𝜃′ (𝑥𝛽,𝑛) ≤ −Θ(𝑛) for all 𝛽 ∈ act(𝑥∗), by the735

equivalence of norms and the above, we conclude that736

∥𝑥𝑛 − 𝑥∗∥ = (𝜃′)−1 (−Θ(𝑛)) (C.38)

The non-steep case. For the non-steep case, we follow a similar approach, but with some modifi-737

cations since the iterates of (FTRL) are not always in the interior of X .738

Specifically, let the set of “good” indices I be defined as: 𝛽 ∈ I if 𝑥𝛽,𝑛 = 0 or 𝜃′ (𝑥𝛽,𝑛) ≤ −Θ(𝑛).739

Our goal is to show that all indices act(𝑥∗) of 𝑥𝑛 are “good”. We construct I sequentially, as before.740

Suppose that act(𝑥∗) \ I ≠ ∅, and let 𝑃 ≥ 1, as per Lemma C.2. Then,741

• If condition (i) of 𝐿𝑒𝑚𝑚𝑎 𝐶.2 holds, there exists 𝛽′ such that 𝑥𝛽′ ,𝑛 ≤ 𝑃 max{𝑥𝛼,𝑛 : 𝛼 ∈ I}, and742

thus, I ← I ∪ {𝛽′}.743
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• If condition (ii) of 𝐿𝑒𝑚𝑚𝑎 𝐶.2 holds, there exists 𝑧′ ∈ ker(𝐴) such that ∥𝑧′∥ ≤ 𝑃, 𝑧′
𝛽
= 0 if 𝛽 ∈ I744

and 1 ≤ 𝑧′
𝛽
≤ 𝑃 if 𝛽 ∈ act(𝑥∗) \ I. Therefore, we have745

⟨∇ℎ(𝑥𝑛), 𝑧′⟩ = ⟨𝑦𝑛, 𝑧′⟩ + ⟨𝜇, 𝑧′⟩ = ⟨𝑦𝑛, 𝑧′⟩ +
∑︁
𝛽∈I

𝜇𝛽𝑧
′
𝛽 +

∑︁
𝛽∈act(𝑥∗ )\I

𝜇𝛽𝑧
′
𝛽 +

∑︁
𝛽∉act(𝑥∗ )

𝜇𝛽𝑧
′
𝛽

= ⟨𝑦𝑛, 𝑧′⟩ (C.39)

where, in this case, we used that (i) 𝑧′
𝛽
= 0 for 𝛽 ∈ I, (ii) 𝜇𝛽 = 0 by complementary slackness for746

𝛽 ∉ act(𝑥∗) since these constraints remain non-active for the whole process, and (iii) 𝜇𝛽 = 0, again747

by complementary slackness for 𝛽 ∈ act(𝑥∗) \ I since if they were active, we would have 𝛽 ∈ I.748

This, with the same argument as before, we conclude that749 ∑︁
𝛽∈act(𝑥∗ )\I

𝜃′ (𝑥𝛽,𝑛)𝑧′𝛽 ≤ −Θ(𝑛) (C.40)

and therefore, there exists at least one 𝛽′ ∈ act(𝑥∗) \ I such that750

𝜃′ (𝑥𝛽′ ,𝑛)𝑧′𝛽′ ≤ −Θ(𝑛) (C.41)

This holds until 𝛽′ vanishes, which can lead to 𝜇𝛽′ > 0. In either case, we have I ← I ∪ {𝛽′}.751

Finally, since act(𝑥∗) is finite, we conclude inductively that all for all 𝛽 ∈ act(𝑥∗), we have either752

𝜃′ (𝑥𝛽,𝑛) ≤ −Θ(𝑛) or 𝑥𝛽,𝑛 = 0. As in the steep case, we conclude753

∥𝑥𝑛 − 𝑥∗∥ = 𝜙(−Θ(𝑛)) (C.42)

■754

We now shift to the payoff-based setting. The relevant result is restated below.755

Theorem 4. Let 𝑥∗ ∈ X be a strategically robust equilibrium of G. Fix a confidence level 𝛿 > 0, and756

let (𝑥𝑛)𝑛∈ℕ be the iterates of (FTRL) run with (SPSA) with 𝜀𝑛 ∝ 1/𝑛𝑝 for some 𝑝 ∈ (0, 1/2) and757

step-size 𝛾 > 0 sufficiently small. Then, there exists a neighborhood U of 𝑥∗ such that:758

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
≥ 1 − 𝛿 if 𝑥1 ∈ U . (18)

If, in addition, X is affinely constrained and ℎ is decomposable with kernel 𝜃, then, whenever 𝑥𝑛759

converges to 𝑥∗, we have:760

∥𝑥𝑛 − 𝑥∗∥ = 𝜙(−Θ(𝑛)) . (19)

Proof. First of all, we write 𝑣̂𝑛 in the following convenient form:761

𝑣̂𝑛 = 𝑣(𝑥𝑛) +𝑈𝑛 + 𝑏𝑛 (C.43)

with762

𝑈𝑛 = 𝑣̂𝑛 − 𝔼[𝑣̂𝑛 |F𝑛] and 𝑏𝑛 = 𝔼[𝑣̂𝑛 |F𝑛] − 𝑣(𝑥𝑛) (C.44)
which, by Proposition A.1, satisfy the bounds ∥𝑈𝑛∥∗ = O(1/𝜀𝑛) and ∥𝑏𝑛∥∗ = O(𝜀𝑛). Now, as in the763

proof of Theorem 2, 𝑣(𝑥∗) lies in the interior of the PC(𝑥∗). By Lemma A.1 this in turn implies that764

there exists a polyhedral cone K generated by Z ≡ {𝑧1, . . . , 𝑧𝑟 } for 𝑟 ∈ ℕ, such that TC(𝑥∗) ⊆ K and765

⟨𝑣(𝑥∗), 𝑧⟩ < 0 for all 𝑧 ∈ Z . 5 Therefore, for all 𝑧 ∈ Z , we have ⟨𝑣(𝑥∗), 𝑧⟩ ≤ −𝑚, and by continuity766

of the vector field 𝑣, there exists a neighborhood U of 𝑥∗ and 𝑐 > 0 such that ⟨𝑣(𝑥), 𝑧⟩ ≤ −𝑐 for all767

𝑧 ∈ Z and 𝑥 ∈ U . Fix some 𝑧 ∈ Z . Then, unfolding the evolution of 𝑦𝑛, we have:768

⟨𝑦𝑛+1, 𝑧⟩ = ⟨𝑦𝑛, 𝑧⟩ + 𝛾⟨𝑣̂𝑛, 𝑧⟩
= ⟨𝑦𝑛, 𝑧⟩ + 𝛾⟨𝑣(𝑥𝑛), 𝑧⟩ + 𝛾⟨𝑈𝑛, 𝑧⟩ + 𝛾⟨𝑏𝑛, 𝑧⟩

= ⟨𝑦1, 𝑧⟩ + 𝛾
𝑛∑︁

𝑘=1
⟨𝑣(𝑥𝑘), 𝑧⟩ + 𝛾

𝑛∑︁
𝑘=1
⟨𝑈𝑘 , 𝑧⟩ + 𝛾

𝑛∑︁
𝑘=1
⟨𝑏𝑘 , 𝑧⟩ (C.45)

Now, we define the stochastic process (𝑆𝑛)𝑛∈ℕ via 𝑆𝑛 := 𝛾
∑𝑛

𝑘=1⟨𝑈𝑘 , 𝑧⟩, which is a martingale, since769

𝔼[⟨𝑈𝑘 , 𝑧⟩ |F𝑘] = 0, and 𝔼[|⟨𝑈𝑘 , 𝑧⟩|𝑞 |F𝑘] ≤ 𝔼[∥𝑈𝑘 ∥𝑞∗ |F𝑘] = O((1/𝜀𝑛)𝑞).770

5As before, to resolve any ambiguities, the cone in question here is the polar of the cone provided by
Lemma A.1.
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Therefore, by Lemma C.1 for 𝜎𝑛 = Θ(1/𝜀𝑛), 𝑞 > 2 and 𝜇 ∈ (0, 1), whose value is determined later,771

we get:772

𝛿𝑛 :=ℙ

(
sup
ℓ≤𝑛
|𝑆ℓ | > (𝑐/2) (𝛾𝑛)𝜇

)
≤ 𝐶𝑞

𝛾𝑞 (1−𝜇)
∑𝑛

𝑘=1 𝜎
𝑞

𝑘

𝑛1+𝑞 (𝜇−1/2) (C.46)

where 𝐶𝑞 is a constant that depends only on 𝑐 and 𝑞. Thus, for 𝜀𝑛 = 𝜀/𝑛𝑝, there exist 𝐵 > 0 such773

that:774
𝑛∑︁

𝑘=1
𝜎
𝑞

𝑘
≤ 𝐵𝜀−𝑞

𝑛∑︁
𝑘=1

𝑘 𝑝𝑞 ≤ 𝐵′𝜀−𝑞𝑛1+𝑝𝑞 (C.47)

where we used that
∑𝑛

𝑘=1 𝑘
𝑝𝑞 = Θ(𝑛1+𝑝𝑞). So, using the above bound, (C.48) becomes:775

𝛿𝑛 ≤ 𝐶′𝑞
𝛾𝑞 (1−𝜇)𝜀−𝑞𝑛1+𝑝𝑞

𝑛1+𝑞 (𝜇−1/2) ≤ 𝐶′𝑞
𝛾𝑞 (1−𝜇)𝜀−𝑞

𝑛𝑞 (𝜇−1/2−𝑝) (C.48)

Thus, we readily have that:776

ℙ

(⋂
𝑛≥1

{
sup
ℓ≤𝑛
|𝑆ℓ | ≤ 𝑐(𝛾𝑛)𝜇

})
= 1 − ℙ

(⋃
𝑛≥1

{
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

})
≥ 1 −

∞∑︁
𝑛=1

ℙ

(
sup
ℓ≤𝑛
|𝑆ℓ | > 𝑐(𝛾𝑛)𝜇

)
≥ 1 −

∞∑︁
𝑛=1

𝛿𝑛 (C.49)

Now, we need to show that there exists 𝜇 ∈ (0, 1) and 𝑞 > 2 such that
∑∞

𝑛=1 𝛿𝑛 ≤ 𝛿/𝑟. In order for777

the sum to be finite, we need 𝑞(𝜇 − 1/2 − 𝑝) > 1 which readily implies that 𝑝 < 𝜇 − 1/2 − 1/𝑞.778

For the bias term, since ∥𝑏𝑘 ∥∗ = Θ(𝜀𝑘), we have:779

𝑛∑︁
𝑘=1
⟨𝑏𝑘 , 𝑧⟩ ≤

𝑛∑︁
𝑘=1
∥𝑏𝑘 ∥∗∥𝑧∥ ≤

𝑛∑︁
𝑘=1
∥𝑏𝑘 ∥∗ ≤ 𝐷

𝑛∑︁
𝑘=1

𝜀𝑘 ≤ 𝐷
𝑛∑︁

𝑘=1
𝜀/𝑘 𝑝 ≤ 𝐷′𝜀𝑛1−𝑝 (C.50)

for some 𝐷′ > 0, where in the last inequality we used that
∑𝑛

𝑘=1 1/𝑘 𝑝 = Θ(𝑛1−𝑝).780

Therefore, for 1 − 𝜇 < 𝑝, and 𝛾 < 1, we readily get that781

𝛾
𝑛∑︁

𝑘=1
⟨𝑏𝑘 , 𝑧⟩ ≤ 𝐷′𝛾𝜀𝑛𝜇 ≤ 𝐷′𝜀(𝛾𝑛)𝜇 (C.51)

Therefore, we need to satisfy782

1 − 𝜇 < 𝑝 < 𝜇 − 1/2 − 1/𝑞 (C.52)
from which we obtain 𝜇 ∈ (3/4, 1). Thus, for 𝑝 ∈ (0, 1/2), there exist 𝜇 ∈ (3/4, 1) and 𝑞 > 2 that783

satisfy (C.51). So, for 𝜀, 𝛾 sufficiently small we can guarantee that784

𝛾
𝑛∑︁

𝑘=1
⟨𝑏𝑘 , 𝑧⟩ ≤ (𝑐/2) (𝛾𝑛)𝜇 and

∞∑︁
𝑛=1

𝛿𝑛 ≤ 𝛿/𝑟 (C.53)

Therefore, with probability at least 1 − 𝛿/𝑟 , the template inequality becomes:785

⟨𝑦𝑛+1, 𝑧⟩ ≤ ⟨𝑦1, 𝑧⟩ + 𝛾
𝑛∑︁

𝑘=1
⟨𝑣(𝑥𝑘), 𝑧⟩ + (𝑐/2) (𝛾𝑛)𝜇 + (𝑐/2) (𝛾𝑛)𝜇

≤ ⟨𝑦1, 𝑧⟩ + 𝛾
𝑛∑︁

𝑘=1
⟨𝑣(𝑥𝑘), 𝑧⟩ + 𝑐(𝛾𝑛)𝜇 (C.54)

Initializing 𝑦1 such that ⟨𝑦1, 𝑧
′⟩ < −𝑀 − 𝑐 for all 𝑧′ ∈ Z , we have ⟨𝑦𝑛, 𝑧⟩ < −𝑀 for all 𝑛 ∈ ℕ with786

probability at least 1 − 𝛿/𝑟 . To see this, we proceed by induction, and suppose that ⟨𝑦𝑘 , 𝑧⟩ < −𝑀 for787

all 𝑘 = 1, . . . , 𝑛. Then788

⟨𝑦𝑛+1, 𝑧⟩ = ⟨𝑦1, 𝑧⟩ + 𝛾
𝑛∑︁

𝑘=1
⟨𝑣(𝑥𝑘), 𝑧⟩ + 𝛾

𝑛∑︁
𝑘=1
⟨𝑈𝑘 , 𝑧⟩ + 𝛾

𝑛∑︁
𝑘=1
⟨𝑏𝑘 , 𝑧⟩
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≤ −𝑀 − 𝑐 − 𝑐𝛾𝑛 + 𝑐(𝛾𝑛)𝜇 (C.55)

For 𝑛 ∈ ℕ with 𝛾𝑛 < 1, we have −𝑐 + 𝑐(𝛾𝑛)𝜇 < 0, while for 𝛾𝑛 ≥ 1, it holds −𝑐𝛾𝑛 + 𝑐(𝛾𝑛)𝜇 < 0. In789

both cases, we conclude that ⟨𝑦𝑛+1, 𝑧⟩ < −𝑀 , and by induction, we get the inequality.790

Therefore, with probability at least 1 − 𝛿/𝑟 , we have:791

⟨𝑦𝑛+1, 𝑧⟩ ≤ −𝑀 − 𝑐 − 𝑐𝛾𝑛 + 𝑐(𝛾𝑛)𝜇 (C.56)

and sending 𝑛→∞, we get ⟨𝑦𝑛, 𝑧⟩ → −∞.792

As a final step, using the same argument for all 𝑧 ∈ Z and applying a union bound, we have that793

⟨𝑦𝑛, 𝑧⟩ → −∞ with probability at least 1 − 𝛿, and by Proposition C.1, we get that794

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
≥ 1 − 𝛿 . (C.57)

If, in addition, X is affinely constrained and ℎ is decomposable with kernel 𝜃, then the argument in795

the proof of Theorem 3 applies verbatim, yielding:796

∥𝑥𝑛 − 𝑥∗∥ = 𝜙(−Θ(𝑛)) . (C.58)

whenever 𝑥𝑛 converges to 𝑥∗. ■797

We conclude this appendix with Proposition 3, which illustrates that an extreme, non-strategically798

robust equilibrium may exhibit fundamentally different behavior depending on the choice of regular-799

izer.800

Proposition 3. Consider the 1-player game G with X = [0, 1], 𝑢(𝑥) = − 3
4𝑥

4/3 and 𝑥∗ = 0. Let801

(𝑥𝑛)𝑛∈ℕ be the iterates of (FTRL) with 𝛾 < 1, and 𝑣̂𝑛 = 𝑣(𝑥𝑛) +𝑈𝑛, where 𝑈𝑛 are i.i.d. standard802

normal random variables for all 𝑛 ∈ ℕ. Then, for any initial condition 𝑦1 ∈ ℝ, we have:803

(i) For ℎ(𝑥) = 𝑥 log 𝑥, it holds ℙ(lim𝑛→∞ 𝑥𝑛 = 𝑥∗) = 0.804

(ii) For ℎ(𝑥) = −2
√
𝑥, it holds ℙ(lim𝑛→∞ 𝑥𝑛 = 𝑥∗) = 1.805

Proof. We show each case separately.806

(i) Writing down the (FTRL) dynamics, we have807

𝑦𝑛+1 = 𝑦𝑛 + 𝛾(−𝑥1/3
𝑛 +𝑈𝑛)

𝑥𝑛 = sup
𝑥∈[0,1]

(𝑦𝑛 𝑥 − 𝑥 log 𝑥) (C.59)

Solving the maximization problem in the definition of 𝑥𝑛, we obtain:808

𝑥𝑛 =

{
exp(𝑦𝑛 − 1), if 𝑦𝑛 ≤ 1
1, if 𝑦𝑛 > 1

or, equivalently, 𝑥𝑛 = 1(𝑦𝑛 > 1) + 1(𝑦𝑛 ≤ 1) exp(𝑦𝑛 − 1) and the dual process can be written as:809

𝑦𝑛+1 = 𝑦𝑛 − 𝛾 1(𝑦𝑛 > 1) − 𝛾 1(𝑦𝑛 ≤ 1) exp
(
(𝑦𝑛 − 1)/3

)
+ 𝛾𝑈𝑛 (C.60)

It is clear that 𝑥𝑛 → 0 if and only if 𝑦𝑛 → −∞ as 𝑛 goes to infinity. For notational convenience, set810

𝑧𝑛 ≡ −𝑦𝑛. Then, the evolution of the dual process becomes:811

𝑧𝑛+1 = 𝑧𝑛 + 𝛾 1(𝑧𝑛 < −1) + 𝛾 1(𝑧𝑛 ≥ −1) exp
(
(−𝑧𝑛 − 1)/3

)
− 𝛾𝑈𝑛 (C.61)

Now, define the process812

𝑧′𝑛+1 ≡
(
𝑧′𝑛 + 𝛾 1(𝑧′𝑛 < −1) + 𝛾 1(𝑧′𝑛 ≥ −1) exp

(
(−𝑧′𝑛 − 1)/3

)
− 𝛾𝑈𝑛

)+
, 𝑧′1 = 𝑧1 (C.62)

where 𝑈𝑛 is the same random variable as in (C.61).813

The rest of our proof relies on a series of claims, which we state and prove one-by-one.814

Claim 1. The process (𝑧′𝑛)𝑛∈ℕ dominates (𝑧𝑛)𝑛∈ℕ, i.e., 𝑧′𝑛 ≥ 𝑧𝑛 for all 𝑛 ∈ ℕ.815

24



The proof of Claim 1 lies at the end. Now, invoking Theorem A.3 with816

𝑓 (𝑧) ≡ 𝛾 1(𝑧′𝑛 < −1) + 𝛾 1(𝑧′𝑛 ≥ −1) exp
(
(−𝑧′𝑛 − 1)/3

)
(C.63)

bounded and 𝜎2 = 𝛾2, it holds that817

𝑓 (𝑧) ≤ 𝜎2

2𝑧
for all 𝑧 large enough (C.64)

Thus,
(
𝑧′𝑛

)
𝑛∈ℕ is recurrent, which implies that818

ℙ

(
lim
𝑛→∞

𝑧′𝑛 = ∞
)
= 0 (C.65)

Finally, since
(
𝑧′𝑛

)
𝑛∈ℕ dominates (𝑧𝑛)𝑛∈ℕ by Claim 1, we obtain819 {

lim
𝑛→∞

𝑧𝑛 = ∞
}
⊆

{
lim
𝑛→∞

𝑧′𝑛 = ∞
}

(C.66)

which implies that820

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
= ℙ

(
lim
𝑛→∞

𝑧𝑛 = ∞
)
≤ ℙ

(
lim
𝑛→∞

𝑧′𝑛 = ∞
)
= 0 (C.67)

and the result follows.821

Proof of Claim 1. Consider the function822

𝑔(𝑧) := 𝑧 + 𝛾 1(𝑧𝑛 < −1) + 𝛾 1(𝑧𝑛 ≥ −1) exp
(
(−𝑧𝑛 − 1)/3

)
(C.68)

Then:823

• For 𝑧 < −1: 𝑔′ (𝑧) = 1824

• For 𝑧 > −1: 𝑔′ (𝑧) = 1 − 𝛾/3 exp
(
(−𝑧 − 1)/3

)
> 1 − 𝛾/3 > 0825

Thus, 𝑔 is strictly increasing for all 𝑧 ∈ ℝ. Now, for the sake of contradiction, suppose that there826

exists 𝜔 ∈ Ω and a first time 𝑘 + 1 ∈ ℕ where the dominance does not hold, i.e.,827

𝑧𝑘 (𝜔) ≤ 𝑧′𝑘 (𝜔) and 𝑧′𝑘+1 (𝜔) < 𝑧𝑘+1 (𝜔) (C.69)
By the monotonicity property of 𝑔, we get that828

𝑔(𝑧𝑘 (𝜔)) ≤ 𝑔(𝑧′𝑘 (𝜔)) (C.70)
and, therefore, adding −𝛾𝑈𝑘 (𝜔) in both sides829

𝑧𝑘+1 (𝜔) ≤ 𝑧′𝑘 + 𝛾 1(𝑧
′
𝑛 < −1) + 𝛾 1(𝑧′𝑛 ≥ −1) exp

(
(−𝑧′𝑛 − 1)/3

)
− 𝛾𝑈𝑘

≤
(
𝑧′𝑘 + 𝛾 1(𝑧

′
𝑛 < −1) + 𝛾 1(𝑧′𝑛 ≥ −1) exp

(
(−𝑧′𝑛 − 1)/3

)
− 𝛾𝑈𝑘

)+
≤ 𝑧′𝑘+1 (𝜔) (C.71)

which is a contradiction. Thus, the proof of Claim 1 is complete.830

(ii) In this setup, the (FTRL) dynamics are described by the system831

𝑦𝑛+1 = 𝑦𝑛 + 𝛾(−𝑥1/3
𝑛 +𝑈𝑛)

𝑥𝑛 = sup𝑥∈[0,1]
(
𝑦𝑛 𝑥 + 2

√
𝑥
) (C.72)

Solving the maximization problem in the definition of 𝑥𝑛, we obtain:832

𝑥𝑛 =

{
(−𝑦𝑛)−2, if 𝑦𝑛 ≤ −1
1, if 𝑦𝑛 > −1 (C.73)

or, equivalently, 𝑥𝑛 = 1(𝑦𝑛 > −1) + 1(𝑦𝑛 ≤ −1) (−𝑦𝑛)−2 and the dual process can be written as:833

𝑦𝑛+1 = 𝑦𝑛 − 𝛾 1(𝑦𝑛 > −1) − 𝛾 1(𝑦𝑛 ≤ −1) (−𝑦𝑛)−2/3 + 𝛾𝑈𝑛 (C.74)
For notational convenience, set 𝑧𝑛 ≡ −𝑦𝑛. Then, the evolution of the dual process becomes:834

𝑧𝑛+1 = 𝑧𝑛 + 𝛾 1(𝑧𝑛 < 1) + 𝛾 1(𝑧𝑛 ≥ 1)𝑧−2/3
𝑛 − 𝛾𝑈𝑛 (C.75)

It is clear that 𝑥𝑛 → 0 if and only if 𝑧𝑛 →∞ as 𝑛 goes to infinity. Now, define the process835

𝑧′𝑛+1 =

(
𝑧′𝑛 + 𝛾 1(𝑧′𝑛 < 1) + 𝛾 1(𝑧′𝑛 ≥ 1)𝑧′𝑛

−2/3 − 𝛾𝑈𝑛

)+
, 𝑧′1 = 𝑧1 (C.76)

where 𝑈𝑛 is the same randomness as in (C.75).836
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Claim 2. The process (𝑧′𝑛)𝑛∈ℕ dominates (𝑧𝑛)𝑛∈ℕ, i.e., 𝑧′𝑛 ≥ 𝑧𝑛 for all 𝑛 ∈ ℕ.837

The proof of Claim 2 lies at the end. Now, invoking Theorem A.3 with838

𝑓 (𝑧) ≡ 𝛾 1(𝑧 < 1) + 𝛾 1(𝑧 ≥ 1)𝑧−2/3 (C.77)
bounded, 𝜎2 = 𝛾2, and 𝜃 > 1, we have839

𝑓 (𝑧) ≥ 𝜎2𝜃

2𝑧
for all 𝑧 large enough (C.78)

Thus,
(
𝑧′𝑛

)
𝑛∈ℕ is transient, which implies that ℙ(𝐴) = 1 for 𝐴 = {𝜔 ∈ Ω : lim𝑛→∞ 𝑧′𝑛 (𝜔) = ∞}.840

Now, fix some 𝜔 ∈ 𝐴. Since lim𝑛→∞ 𝑧′𝑛 (𝜔) = ∞, there exists 𝑛𝜔 ∈ ℕ such that 𝑧′𝑛 > 1 for all841

𝑛 ≥ 𝑛𝜔 , and therefore842

𝑧′𝑛+1 = 𝑧′𝑛 + 𝛾𝑧′𝑛
−2/3 − 𝛾𝑈𝑛

= 𝑧′𝑛𝜔
+ 𝛾

𝑛∑︁
𝑘=𝑛𝜔+1

(
𝑧′𝑘
−2/3 −𝑈𝑘

)
(C.79)

from which we conclude that843
𝑛∑︁

𝑘=𝑛𝜔+1

(
𝑧′𝑘
−2/3 −𝑈𝑘

)
→∞ as 𝑛→∞ (C.80)

Finally, we have that844

𝑧𝑛+1 = 𝑧𝑛𝜔
+ 𝛾

𝑛∑︁
𝑘=𝑛𝜔+1

(
1(𝑧𝑘 < 1) + 1(𝑧𝑘 ≥ 1)𝑧−2/3

𝑘
−𝑈𝑘

)
(C.81)

and, since (𝑧′𝑛)𝑛∈ℕ dominates (𝑧𝑛)𝑛∈ℕ, and 𝑧′𝑛 > 1 for all 𝑛 ≥ 𝑛𝜔 , we readily get that845

𝑛∑︁
𝑘=𝑛𝜔+1

(
1(𝑧𝑘 < 1) + 1(𝑧𝑘 ≥ 1)𝑧−2/3

𝑘
−𝑈𝑘

)
≥

𝑛∑︁
𝑘=𝑛𝜔+1

(
𝑧′𝑘
−2/3 −𝑈𝑘

)
(C.82)

Thus, by (C.80), we conclude that846

𝑛∑︁
𝑘=𝑛𝜔+1

(
1(𝑧𝑘 < 1) + 1(𝑧𝑘 ≥ 1)𝑧−2/3

𝑘
−𝑈𝑘

)
→∞ as 𝑛→∞ (C.83)

which implies that lim𝑛→∞ 𝑧𝑛 (𝜔) = ∞. Therefore, we obtain that lim𝑛→∞ 𝑧𝑛 (𝜔) = ∞ for all 𝜔 ∈ 𝐴,847

and since ℙ(𝐴) = 1, it follows that848

ℙ

(
lim
𝑛→∞

𝑥𝑛 = 𝑥∗
)
= ℙ

(
lim
𝑛→∞

𝑧𝑛 = ∞
)
= 1 (C.84)

and the proof is complete.849

Proof of Claim 2. Consider the function850

𝑔(𝑧) := 𝑧 + 𝛾 1(𝑧 < 1) + 𝛾 1(𝑧 ≥ 1)𝑧−2/3 (C.85)
Then:851

• For 𝑧 < 1: 𝑔′ (𝑧) = 1 + 𝛾 > 0852

• For 𝑧 > 1: 𝑔′ (𝑧) = 1 − 2𝛾𝑧−5/3/3 > 1 − 2𝛾/3 > 0853

Thus, 𝑔 is strictly increasing for all 𝑧 ∈ ℝ. Now, for the sake of contradiction, suppose that there854

exists 𝜔 ∈ Ω and a first time 𝑘 + 1 ∈ ℕ where the dominance does not hold, i.e.,855

𝑧𝑘 (𝜔) ≤ 𝑧′𝑘 (𝜔) and 𝑧′𝑘+1 (𝜔) < 𝑧𝑘+1 (𝜔) (C.86)
By the monotonicity property of 𝑔, we get that856

𝑔(𝑧𝑘 (𝜔)) ≤ 𝑔(𝑧′𝑘 (𝜔)) (C.87)
and therefore, adding −𝛾𝑈𝑘 (𝜔) in both sides857

𝑧𝑘+1 (𝜔) ≤ 𝑧′𝑘 + 𝛾 1(𝑧
′
𝑘 < 1) + 𝛾 1(𝑧′𝑘 ≥ 1)𝑧′𝑘

−2/3 − 𝛾𝑈𝑘

≤
(
𝑧′𝑘 + 𝛾 1(𝑧

′
𝑘 < 1) + 𝛾 1(𝑧′𝑘 ≥ 1)𝑧′𝑘

−2/3 − 𝛾𝑈𝑘

)+
≤ 𝑧′𝑘+1 (𝜔) (C.88)

which is a contradiction. Thus, the proof of Claim 2 is complete. ■858
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Answer: [NA]923
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their results reproducible or verifiable.931
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this, but reproducibility can also be provided via detailed instructions for how to replicate the937

results, access to a hosted model (e.g., in the case of a large language model), releasing of a938

model checkpoint, or other means that are appropriate to the research performed.939

• While NeurIPS does not require releasing code, the conference does require all submissions940

to provide some reasonable avenue for reproducibility, which may depend on the nature of the941

contribution. For example942
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reproduce that algorithm.944

(b) If the contribution is primarily a new model architecture, the paper should describe the945

architecture clearly and fully.946

(c) If the contribution is a new model (e.g., a large language model), then there should either be947

a way to access this model for reproducing the results or a way to reproduce the model (e.g.,948

with an open-source dataset or instructions for how to construct the dataset).949

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are950

welcome to describe the particular way they provide for reproducibility. In the case of951

closed-source models, it may be that access to the model is limited in some way (e.g.,952

to registered users), but it should be possible for other researchers to have some path to953

reproducing or verifying the results.954

5. Open access to data and code955
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faithfully reproduce the main experimental results, as described in supplemental material?957
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applicable).976
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recommended, but including URLs to data and code is permitted.978
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how they were chosen, type of optimizer, etc.) necessary to understand the results?981

Answer: [NA]982

Justification: The paper does not include experiments.983
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• The answer NA means that the paper does not include experiments.985

• The experimental setting should be presented in the core of the paper to a level of detail that is986

necessary to appreciate the results and make sense of them.987

• The full details can be provided either with the code, in appendix, or as supplemental material.988

7. Experiment statistical significance989
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information about the statistical significance of the experiments?991

Answer: [NA]992

Justification: No statistical significance applicable.993
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• The answer NA means that the paper does not include experiments.995
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• If error bars are reported in tables or plots, The authors should explain in the text how they were1012

calculated and reference the corresponding figures or tables in the text.1013
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Justification: The paper does not include experiments.1019
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• The answer NA means that the paper does not include experiments.1021
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runs as well as estimate the total compute.1025

• The paper should disclose whether the full research project required more compute than the1026

experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it1027

into the paper).1028

9. Code of ethics1029

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS1030

Code of Ethics https://neurips.cc/public/EthicsGuidelines?1031

Answer: [Yes]1032

Justification: The paper conforms with the NeurIPS Code of Ethics.1033
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• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.1035
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from the Code of Ethics.1037

• The authors should make sure to preserve anonymity (e.g., if there is a special consideration due1038

to laws or regulations in their jurisdiction).1039

10. Broader impacts1040

Question: Does the paper discuss both potential positive societal impacts and negative societal1041

impacts of the work performed?1042

Answer: [NA]1043

Justification: There is no societal impact.1044
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• The answer NA means that there is no societal impact of the work performed.1046

• If the authors answer NA or No, they should explain why their work has no societal impact or1047

why the paper does not address societal impact.1048

• Examples of negative societal impacts include potential malicious or unintended uses (e.g.,1049
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• The authors should consider possible harms that could arise when the technology is being used1059

as intended and functioning correctly, harms that could arise when the technology is being used1060

as intended but gives incorrect results, and harms following from (intentional or unintentional)1061

misuse of the technology.1062
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• If there are negative societal impacts, the authors could also discuss possible mitigation strategies1063
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this, but we encourage authors to take this into account and make a best faith effort.1081

12. Licenses for existing assets1082

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the1083

paper, properly credited and are the license and terms of use explicitly mentioned and properly1084

respected?1085

Answer: [NA]1086

Justification: The paper does not use existing assets.1087
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• The answer NA means that the paper does not use existing assets.1089
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• The authors should state which version of the asset is used and, if possible, include a URL.1091
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asset (if it has changed) should be provided.1099

• If this information is not available online, the authors are encouraged to reach out to the asset’s1100

creators.1101

13. New assets1102

Question: Are new assets introduced in the paper well documented and is the documentation1103

provided alongside the assets?1104

Answer: [NA]1105

Justification: The paper does not release new assets.1106
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• The answer NA means that the paper does not release new assets.1108

• Researchers should communicate the details of the dataset/code/model as part of their sub-1109

missions via structured templates. This includes details about training, license, limitations,1110
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• The paper should discuss whether and how consent was obtained from people whose asset is1112

used.1113

• At submission time, remember to anonymize your assets (if applicable). You can either create1114

an anonymized URL or include an anonymized zip file.1115
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• The answer NA means that the paper does not involve crowdsourcing nor research with human1138

subjects.1139
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