A Proof of Theorem 1

Theorem 1. Suppose 02 # 0% and 03, 0% > 0, the prior distribution for z; is P(x; € Cy) = P(x; €

C1) = 1/2, then the optimal Bayes Classifier (CLpayes) for CSBM-H (o, p1, 021,021, dg, dy, ) is
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Proof. Since the prior distribution for CLp4yes is
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For the more general case where P(x; € Cy) = mffnl , P(x; € Cl) = no"ﬁm, the results for a, b
F,
are the same and ¢ = "211‘2“ “2"0”0 +In ("OU}:) O
1 7110'0
B Generalized Jeffreys Divergence
Suppose we have
P(x) = N(HO7U§I)7 Qz) = N(Nl;U%I)
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where d% is the squared Euclidean distance. In the same way, we have

Fy, o? d%
DKL(QHP) FpIn 7_7+Fh2 (2)+ﬁ
SupposeIP’(wa):P(mNQ):%,thenwehave
P(z) Q(z)
D BM-H) = —-P(x ~ P)Egpp |In —=| —P(x ~ Q)Epo |In =—=
NG (CS ) (x ~ P)Ez~p [HQ(:B):| (x ~ Q)Eaznq [HP(w)
R 1 ., 11
=T+ =2 = Bl + 7o)

C Calculation of Probabilistic Bayes Error (PBE)

C.1 An Introduction

Noncentral x? distribution Let (X, X»,..., X;,..., X}) be k independent, normally distributed
random variables with means ; and unit variances. Then the random variable

k

D XP~ Xk

i=1
is distributed according to the noncentral x? distribution. It has two parameters (k, \): k which

specifies the number of degrees of freedom (i.e., the number of X; ), and A which is the sum of the
squared mean of the random variables X;:

k
A= Z/ﬁ
i=1

A is sometimes called the noncentrality parameter.

Generalized x? distribution The generalized x? variable can be written as a linear sum of
independent noncentral x? variables and a normal variable:

E=Y wYi+ X, Yi~xX?(ki\i), X~N(m,s%

Here the parameters are the weights w;, the degrees of freedom k; and non-centralities \; of the
constituent Xg, and the normal parameters m and s.

C.2 Quadratic Function

For i € Cy, we rewrite ; = ogy; + po where y; is the standard normal variable. The quadratic
function of Q(x;) satisfies

Qx;) =ax) ;i +b'x; +c

T
s ) (s ) e
T

b b'b
= (O'Oyz+u0+ ) <0yl+l~l’0+ )+C_E
oo 2+ 2 (o gl e

— 4% yz 20‘0 ¢ 4a
bTb . b'b

:w0y§+0—ﬂwx (wanha)\O)'i'C_E
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where y = (y; + 5% + 52-) T (yi + 42 + 52-) ~ x*(Fj, Ao) is distributed as non-central x*

2a0( 2a00

distribution, the degree of freedom is F},, Ao = (42 + ﬁ)‘r(% + 2;;0 ), the weight wy = ac?.

Then, the cumulative distribution function (CDF) of Q(«;) can be calculated as follows,

- b'b
CDF(Q?) = P(Q(:BJ < .’L‘) = ]P(XQ(wOa Fy, /\O) <zr—c+ E) = CDF)22(w07F)zyAO)<x - 5)
where £ = ¢ — %. For j € C; and h;, h;, we can apply the same computation. And since

]P(CLBayes(w) = 0|:13 € CO) = ]P(Q(:E) > 0|£13 € CO) =1- CDF)Z2(HJO,F;,,)\O)(_£)7
P(CLpayes(x) = 1@ € C1) = P(Q(x) < O]z € C1) = CDFg2(u,, 1y 0p) (—8)-

where w; = ac?, A\ = (& + T”UI)T(’;—; + 2;’01 ). Then from equationliand with P(x ~ P) =

P(x ~ Q) = 1/2, the PBE for the two normal settings can be calculated as,

CDF32 (g, Fy 7o) (—€) + (1 — CDFg2 (4, 1y 01) (=€)
2

For a special case where 03 = 02 # 0, we have a = 0 and Q(z;) = b' z; + ¢ follows a normal

distribution:
Q(ai) ~ N(b" po +c, aébTb)
Then
CDF(z) = P(Q(z;) < x) =P(b" o + ¢+ 1/o3bTba’ < 2)
x— (b o+ c)>
where 2’ ~ N (0, 1) and the PBE becomes

T ¢ —(b" ¢
CDFy(0,1) (%) + (1 — CDFy(o,1) (%))
2

=Pz’ <

D A Discussion of (Imbalanced) Prior Distribution

In this section, we provide an open-ended discussion on how the prior distribution (i.e., imbalanced
datasets) will influence the ND of CSBM-H, which can possibly lead to some interesting future
works.

Let P(x ~ Cy) = n;fnn =pgy, P(x ~Cy) = nl’jrlno =p1,po+p1 =1landp = g—f, which is the

ratio of standard deviation and 0 < p < 1, then Dngyj is
Dnii(CSBM-H) = —po Dk1(P||Q) — p1 DxL(Q|| P)
Do P1

Fy, o D1 2
= FiInp(p1 — po) + —- 2D+
n1np(pr —po) + = (pop 2 )+ X(za% * 20—8)

where d% = (po — 1) " (8o — p1), which is the square Euclidean distance between the means of
the two distributions.
And the PBE of CSBM-H becomes

nOCDF)Zz(wo,Fh,,)\o)(_£> + ny (1 — CDsz(thh’)\l)(—g))
ng +ny

From Figure[8 (b) we can find that, as the size of the low-variation class increases, the LP regime

expands and HP regime shrinks at the low homophily area in terms of Dygy. This is because in

ENND, the normalization term % gets higher weight, making the curve for LP filters move down
1

and HP filter move up, which leads to the expansion of LP regime.
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Probabilistic Bayes Error

Negative Generalized Jeffreys Divergence
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Figure 8: Comparison of CSBM-H with ng = 500, = 100.
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Figure 9: Comparison of CSBM-H with ng = 100, 7, = 500.
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However, we can also observe that the changes of PBE and Dyg;y curves show inconsistent results. As
the size of the low-variation class increases, the LP regime shrinks and HP regime expands in PBE,
while the LP regime expands and HP regime shrinks in Dygj. In Figure E, we observe the similar
inconsistency between PBE and Dygj curves. This discrepancy reminds us that the performance of
LP and HP filters on imbalanced datasets might be under-explored. We do not have a conclusion for
this challenge in this paper and we encourage more researchers to study the connection among the
prior distribution, the performance of LP and HP filters and ND.

E More About CSBM-H

E.1 Directed or Undirected Graphs?

Question Why not generated an undirected graph.

Answer If we impose undirected assumption in CSBM-H, we have to not only discuss the node
degree from intra-class edges, but also discuss degree from inter-class edges and control their relations
with the corresponding homophily level. This will inevitably add more parameters to CSBM-H and
make the model much more complicated. However, we find that this complication does not bring us
extra benefit for understanding the effect of homophily, which deviate the main goal of our paper.
And we guess this might be one of the reasons that the existing work mainly keep the discussion
within the directed setting [38]].

Actually, when CSMB-H was firstly designed, we would like to only have one "free parameter” h
in it to make it simple. Because in this way, we are able to show the whole picture of the effect of
homophily from O to 1, like the figures in Section|3.4

E.2 Extend CSBM-H to More General Settings

The CSBM-H can be extended to more general settings: 1. The two-normal setting can be expanded
to multi-class classification problems with different sets of (u, 021, d) parameters for each class; 2.
The degrees of nodes can be generalized to different degree distributions; 3. The scalar homophily
parameter h can be generalized to matrix H € R¢*%, where H., ., Tepresents the probability of
nodes in class C; connecting to nodes in class Co, which is the compatibility matrix used in [56].
Furthermore, we can also define the local homophily value H, . for each node, where H,, . indicates
the proportion of neighbors of v that connect to nodes from class C... To demonstrate and visualize the
effect of homophily intuitively and easily, we use the CSBM-H settings in this paper as stated above.
Although the settings are simple, insightful results can still be obtained. The more complicated
variants will be left for future work.

E.3 Two More Metrics of ND: Negative Squared Wasserstein Distance and Hellinger Distance

Original Definition In general, the Wasserstein distance between two Gaussians is d =
W (N (o, %0) ; N (p1, X1)) and we have [17, 28] 44} [13]]

1/2
42 = ||po — pa|)? + Tr (20 +Y -2 (23/22123/2) )

The squared Hellinger distance between two Gaussians is [45]

1/4 1/4 —1
H?(N (po,%0); N (p1,%1)) = 1 — Me?@{*% (ko — Hl)T (%) (ko — Nl)}

det( Z0£=1) /2
Wasserstein distance is a distance function defined between probability distributions and Hellinger
distance is a type of f-divergence which is used to quantify the similarity between two probability
distributions [48}, 24]. These two metrics can be used to study the ND of CSBM-H and we will
introduce them in the following subsection.
Calculation for CSBM-H The negative squared Wasserstein distance (NSWD) for CSBM-H is

NSWD = — [0 — |3 = Fi(oo — 01)?
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The negative squared Hellinger distance (NSHD) for CSBM-H is

det (o21)"/* det (o21)'/* 1 o2 + 02\
NSHD = -1 + (o) ( 11/2) exp{ == (o — pa) <01> (Ko — p1)
det (0’3[;0’%[)

Fyn/2 Fn/2 2 2\ —1
o o 1 o5+ o
——1+°1exp{—8(uo—u1)T <°1> (uo—m)}

(Ug;r”f)Fhﬂ 2

2 Fh/2 d?}(
:—1 _— —_—
* <p2+1/p2> eXp{ 4(U§+0%)}

Although defining the distance in different ways, both NSWD and NSHD indicate that the ND of
CSBM-H depends on both intra- and inter-class ND, which is consistent with our conclusions in
main paper. Besides, NSWD and NSHD provide analytic expressions for ND, which can be good
tools for future research.

F More Figures of CSBM-H
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Figure 10: Comparison of CSBM-H with 02 = 2.5,0% = 5.

G Proof of Theorem 2

To prove theorem 2, we need the following two lemmas.
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Lemma 1. Let ; = X . and suppose each dimension of x; are independent, then for x;, h; =
(H; )T, hiP = (H{I:P)T we have

Fy,

t
P(||lx; — x|, >t) < P |xir — X% 2>
(s =l =) < 3P (b =0l

t

Fp,
P (b —hyl, >t) <) P <|hz’,k —hji| > F)
k=1 h

Fy
t
P <Hh§“) —RIP|| > t) <N'p (\th B )
J 2 ; k J.k m

Proof. If ||x; — x;|, > t, then at least for one k € {1,..., F},}, the inequality |x;  — ;x| > \/}%
holds. Therefore, we have
Pl =l 2 0) <P (U {30012 |
( J12 ) ;CL:J1 J \/}Th
F}L t
< P <|Xi,k — X5 > )
&\l =
The results for h;, hF can be proved by analogy. O

Lemma 2. (Heoffding Lemma) Let X be any real-valued random variable such thata < X < b
almost surely, i.e., with probability one. Then, for all A € R,

201 _ )2
E [e*] < exp ()\IE[X] + W)
Proof. See [40] O

Theorem 2. For nodes 7, j,v € V, suppose z; # 2; and z; = z,, then for constants ¢, , typ that
satisfy t, > /Dy (i, 7), th > VFnDyp(i,7), tup > v FnDup(i, j) we have

P T;— T; > |lx; — xy, + 1, §2FheXp - P 2 )
(i = @slly = ll: = @l + 1) ( V(i)

(Dp(i,5) — )2
P(||hi — Ry, = [[hi — holly + th) < 2F exp (— VI,

V(i 5) 7

2
(DHP(i,j) - ?}L)
P(||hi" — R, = [[R = By||, + twp) < 2F exp | — V(i 7) |

where

o0 Vali,j) = (b—a)?
o Vali, ) = (21 + 21) (b—a)?,
Dyp(i,j) = Hl’l’zi — by — (sz - ﬁq) ) ,

- 11 ,
Vap(4,7) = <1+ 5 +Mj> (b—a),

,azi = Z EZUNDZ,E, |:dlxv:| .

vEN (i) Xo~Fz, LT7

DI(%]) = H/'LZL - l'l’zj"

The proof of Theorem 2 will be splitted into three parts for x;, h; and h'*, respectively.
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G.1 Proof for Original (Full-pass Filtered) Features

Proof. Since we have
i =)l =l = 2olly < |2 — 25 = (@ — @) ||y = [0 — 24,
then
P ([l — 2jlly > llzi — @olly + 1) =P (lz — 25, — llzi — @oll, > ta)
<P (lzs — 25 — (@ = 2)lly > ta) =P (20 — 25)ll, > ta)
We will calculate the upper bound of P (||@,, — @;|,, > ¢,) in the following part. To do this, we first

compute the upper bound of P (x,, , — «; , > t). Fort > H/‘zu — W, and any s > 0, we have

P(xyr —xjr >1t) =P(exp (s(xor — Tjk)) > exp (st))
exp (—st)E [exp (s(xy x — x;%))] (Markov Inequality)

IN

= exp (—st)E [exp (s, 1) E [exp (—sx; )] (Independency)

IN

— a)2¢2 22
exp (—st) exp <sIE [©y.1] + (bg)s) X exp (—SE (6] + (bg)s) (Hoeffding’s lemma)

b—a)?
= exXp (( 4 ) s? + (IJ’zmk Mk t)s>

b—a)?
< exp(( 4 ) SZ""(‘Nz[,,k_sz,k‘_t)S)

( uzv,ruz.,k‘*t)
W Z 0, we get

2

Since t > Huzv — P, 2 ‘sz,k — sz,k‘ for any k, so when s = —

the tightest bound of the above inequality and

2
_(’uz“’k_uzf’k’_t) < exp <_(H“Zv_:“z1'”2_t)2>

P (b—a)? (b—a)?

With the same steps, we have

P(wv,k —xjr < —t) = P(:L'j,k — Xy > t) < exp (—

(H“’Zv — My Hz ~ t)2>
(b—a)?

Combined together we have

— ) —t 2
P(|3’3v,k *33j,k| >t) < 2exp <(||sz ‘“ZJHQ ) )

(b—a)?

. ta o
Since T > HHZ“ M, ||, then from Lemma 1 we have
Fy — — 2 2
te (Hﬂzv “Zsz ﬁ)
Pl - 25l > t) < 3P (Ixu = xial = 2= ) < 2F0mp (- h
( 2112 ) ]; J \/Fi‘h (b—a)2
®)
O

G.2 Proof for Low-pass Filter
Proof. Part for LP filter:

Lethiy =3 >  auypandfi,, s =Efh;] =E [di qu,k] Since we have
uw€eN (i),
z2u~Dz,,

X, k~Fzy ke

[hi = hjlly = [[hi = holly < [lhi = hj = (hi = hy)ly = [[hy =yl
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then
P ([lhi = hjll, > [|hi — holly +tn) =P ([hi = hlly = [|hi — holly > th)
<P (|[hi — hj — (hi = hy)lly > tn) =P ([hy — k), > th)

We will calculate the upper bound of P (th, —hjl, > th) in the following part. To do this, we first
compute the upper bound of P (h,, , — h; ; > t). Fort > H[LZU — [LZJ || and any s > 0, we have

P(hyir —hji >1t) =P (exp (s(hyr —hji)) > exp(st))
exp (—st)E [exp (s(hyr — hjx))] (Markov Inequality)

IN

= exp (—st)E |exp di Z Tur | | E |exp ;—S Z Ty k (Independency)
Y weN(v), T ueN(),
zu~D.,, zZu~Dz ),
X k~Fzy k X, k~Fzy ke
= exp (—st) H E [exp (;wukﬂ H E [exp (;8-’%1@)} (Independency)
WEN (v), v weN (j), /
ZuNDzva Zy NDzj7
X, k~Fzy ke X, k~F 2y ke
s b—a)?s?
< exp (—st) H exp <dIE (@] + (8d2)>
weEN (v), v v
ZuNDzvv

X, k~Fzy ke

_ b—a)2s?
x H exp —°E [ k] + # (Hoeffding’s lemma)
) d; ' 8d=
ueN(j), J
ZuND2j7
xu,k:"’]:zu’k

b—a)’s? 1
= exp (—st) exp ((8)) exp | sE i Z Lok
ueN (v),

zy~Dz,,
X,k ~F gk

b—a)?s? 1
X exp <(8§)5> exp | —sE R Z Ty k
’ T ueN(),

zZu~Ds,
X, k~F 2y ke

= exp (((b —a)* + (b—a)* s+ (o b — Bzl — t)s)

84, 84,
O O
< eXP(( 8d, + de s +(|H’zmk7“zj,k| 7t)5

(‘ﬁzv,k*ﬁzj-,k‘*t)
(b—a)2 | (b—a)2
Tdd, +74dj

Since t > Hilzv — H > |[LZU7;€ — ﬁzj7k| for any k, so when s = — > 0, we get

the tightest bound of the above inequality and

(‘ﬁ’zu,k_ﬁzj',k| _t)2 (Hﬁzv _IJ'ZJH _t)z
N = ERN (= S exp |~ iar P

2d, 2d, 2d, 2d;

exp
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With the same steps, we have

(e, — fisy ||, — 7
]P)(hv,k - hj,k < *t) =P (hj,k - hv,k > t) <exp | — || (bz_a)z Z](!zay
3d, T 24,

Combined together we have

1., — i ||, —t)?
P (|hu,k - hj,k| > t) <2exp | — (||I;Lb_a)2“ J(uia)z )
7d, T 2d,

Since \/tl% > Hﬁz — [tz H then from Lemma 1 we have

P IR = b >t)<§ip<|h hyul > ><2F (1=, — Az, — )
vl == vk TRkl 2 —7== | S 4R €Xp | — b—a)2 b—a)2
= VI %4'%

©)

O

G.3 Theoretical Results for High-pass Filter
Proof. The proof for HP filter is similar to that of LP filter.
Let h?P = x; — h;, which is the HP filtered signal. Since we have
HP HP HP HP HP HP HP HP HP HP
1R = B3, = (1R = R, < (B = R = (R = R, = [[R° = RS,

then

B ([[BF ~ P, > [[B — B, + tue) = B (|7 = RS, — B~ AP, > tr)

< (|7 — B = (W17 )|, 2 tue) = B ([~ 1), > )

We will calculate the upper bound of P (Hhﬂlp — bl , > t) in the following part. To do this, we

first compute the upper bound of PP (hlf;C — h?f,’c > t) .

Fort > ||,uv — [y, — (uj — ﬂj)”z and s > 0, we have
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P(hyy — ki > t) =P (xok — hok — ik + hjp > 1)

=P (exp (s(xyx — hor — Xk + hjk)) > exp(st))

< exp (—st)E [exp (s(xy,x — hox — ;% + hji))] (Markov Inequality)
= exp (—st) x E[exp (sxy )] X E [exp (—sx; )] X

E |exp _di Z Tuk | | E |exp di Z Lok (Independency)

Y weN(v), T ueN (),
2y~Dy,, 2u~Ds,
X, bk~ Fz b X, k~F 2y g

< exp (—st)E [exp (sxy )] E [exp (—sx; k)]

s E{exp(dmkﬂ I E{exp(czmu,k)]

ueN(5),
zu~D,, Zu~Dsy,
X,k ~F 2k Xu, kb~ Fzy g
(b—a)?s? (b—a)?s?
< exp (—st)exp | sp, j + g )P | sk + s

_ — q)2s? )22
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H Detailed Discussion of Performance Metrics and More Experimental
Results

H.1 Hypothesis Testing of ACM-GNNs vs. GNNs

To more comprehensively validate if "intra-class embedding distance is smaller than the inter-class
embedding distance" closely correlates to the superiority of a given model versus another model, we
choose the SOTA model ACM-GNNs and conduct the following hypothesis testing of ACM-GNNs
[33] versus GNNs and ACM-GNNs versus MLPs. From the results in table [3 we can see that the
above statements hold except in ACM-SGC-1 vs. SGC-1 on Squirrel and ACM-GCN vs. GCN on
CiteSeer. This again verifies that the relationship between intra- and inter-class embedding distance
strongly relates to the model performance.

| | Cornell Wisconsin Texas Film Chameleon Squirrel Cora CiteSeer PubMed
p-value 1.00 1.00 1.00 1.00 0.19 1.00 1.00 1.00 1.00
ACM-SGC-1 | ACC ACM SGC-1 | 93.77 £191 93254292 93.61 £1.55 3933+£125 63.68+1.62 464=£1.13 86.63£1.13 80.96+093 87.75+0.88
v.s. SGC-1 ACC SGC-1 70.98 +8.39 7038 +285 8328 +£543 2526+ 1.18 6486+ 1.81 47.62+ 127 8512+1.64 79.66+0.75 855+0.76
Diff Ace 22.79 22.87 10.33 14.07 -1.18 -1.22 1.51 1.30 225
p-value 1.00 1.00 1.00 1.00 1.00 1.00 0.41 0.00 1.00
ACM-GCN ACC ACM-GCN 9475438 9575+£203 94924288 41.62+1.15 69.04+£1.74 5802+ 186 88.62+1.22 81.68+£0.97 90.66+0.47
v.s. GCN ACC GCN 8246 +£3.11 7554292 83.114+32 3551+£099 64.18+262 4476+ 139 87.784+0.96 81.39+1.23 839 +0.32
Diff Ace 12.29 20.25 11.81 6.11 4.86 13.26 0.84 0.29 1.76
p-value 0.10 0.00 0.50 1.00 1.00 1.00 1.00 1.00 0.42
ACM-SGC-1 | ACCACM-SGC-1 | 93.77 £191 93254292 93.61 £1.55 3933+£125 63.68+1.62 464=+1.13 86.63£1.13 80.96+093 87.7540.88
v.s. MLP-1 ACC MLP-1 93.77 £3.34 9387 +3.33 93.77+£334 3453+148 4501 +1.58 29.17+146 743+127 7551+135 86.234+0.54
Diff Ace 0.00 -0.62 -0.16 4.80 18.67 17.23 12.33 5.45 1.52
p-value 0.94 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ACM-GCN ACC ACM-GCN 9475438 9575+£203 94924288 41.62+1.15 69.04+1.74 58.024+1.86 88.62+1.22 81.68+£0.97 90.66+ 047
v.s. MLP-2 ACC MLP-2 91.30+£0.70 93.87 £3.33 9226+0.71 3858+025 46.72+046 3128+£027 7644+030 76254+0.28 86.43+0.13
Diff Ace 345 1.88 2.66 3.04 22.32 26.74 12.18 543 4.23

Table 3: Hypothesis testing results of ACM-GNNs v.s. GNNs: The cells marked by orange are the
cases that the p-values significantly indicate the opposite direction as the trained results (ground
truth).

H.2 Implementation Details of KR and GNB

Classifier-based performance metrics: we measure the quality of aggregated features based on the
performance of a "training-free" classifier. In this paper, we take use of kernel regression and naive
Bayes classifiers.

Kernel Regression Kernel method utilizes a pairwise similarity function K (a;, ;) to measure
how closely related two node embeddings are, without the need for any training process [29] 22| 43]].
A higher value of K (;, «;) indicates a smaller distance between the embeddings of nodes x; and
x; and vice versa.

Algorithm 1 Pseudo code for kernel regression

Require: X, fl, Z,N, Ng, Nepochs > N is the number of nodes, Ng is the number of samples
for i in Nepocns do
S+ sampl ]_SN Ng)
Get KE, KL > K&, K are the kernels for X and H for the sampled nodes
Strain, Stest < sample(S, 0.6Ngs,0.4Ng)

f}){( — (Kg'( [Stesta 5][:7 StrainD (Ké( [Straim :] [5, Strain]) - Zs [Strain, 5]
-1
f}? (Kg [Stem :} [ Slram]) (Kg[Strainy :][:7 Strain]) Zs [Straim :}
Compute ACCX ACCH < Accuracy(f5, Zs[Sest 1)), Accuracy(f&, Zs[Sest; :])

end for
p-value « ttest(ACC~, ACC™)

To capture the feature-based non-linear node similarity, we use Neural Network Gaussian Process
(NNGP) [30, 21 [16} [41]]. Specifically, we consider the activation function ¢(x) = ReLU(x) and have
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where ¢(z) = arccos() is the dual activation function of ReLU.

Furthermore, we observe that there exist some datasets where linear G-aware models do not have the
same performance disparities compared to their coupled G-agnostic models as non-linear G-aware
models, e.g., as the results on PubMed shown in table |I, SGC-1 underperforms MLPs while GCN
outperforms MLP-2. This implies that relying on a single non-linear metric to assess whether G-aware
models will surpass their coupled G-agnostic models is not enough, we need a linear metric as well.
Thus, we choose the following linear kernel (inner product) for regression
T

Ki(zg, @) = —t 09

]2l 2

For Gaussian Naive Bayes (GNB), we just use the features and aggregated features of the sampled
training nodes to fit two separate classifiers and get the predicted accuracy for the test nodes. Note
that Gaussian Naive Bayes is just a linear classifier.

Threshold Values Typically, the threshold for homophily and heterophily graphs is set at 0.5
[S7,155154,135]] . For classifier-based performance metrics, we establish two benchmark thresholds as
below,

* Normal Threshold 0.5 (NTO0.5): Although not indicating statistical significance, we are still
comfortable to set 0.5 as a loose threshold. A value exceeding 0.5 suggests that the G-aware
model is not very likely to underperform their coupled G-agnostic model on the tested graph
and vice versa.

* Statistical Significant Threshold 0.05 (SST0.05): Instead of offering an ambiguous statistical
interpretation, SST0.05 will offer a clear statistical meaning. A value smaller than 0.05
implies that the G-aware model significantly underperforms their coupled G-agnostic model
and a value greater than 0.95 suggests a high likelihood of G-aware model outperforming
their coupled G-agnostic model. Besides, a value ranging from 0.05 to 0.95 indicates no
significant performance distinction between G-aware model and its G-agnostic model.

We show the results of KR, KRy and GNB in section [H.3]. Cells marked by grey are errors
according to NTO.5 and results marked by red are incorrect according to SST 0.05. The comparisons
with the existing homophily metrics are shown in section[H.4] We can see that, no matter on small-
(table [d[6) or large-scale (table[5[7) datasets, the classifier-based performance metrics (CPMs) are
significantly better than the existing homophily metrics on revealing the advantages and disadvantages
of GNNs, decreasing the overall error rate from at least 0.34 to 0.13 (table[8). The running time of
CPM is short (table , only taking several minuteseven on large-scale datasets such as pokec and
snap-patents, which contains millons of nodes and tens of millions of edges [32].

H.3 Results on Small-scale and Large-scale Datasets

“Note that when ¢(z) = exp (iz), we have K (z;,@;) = exp (—1 |l@; — @; ||2), which is closely related
to the Euclidean distance of node embeddings tested in section 4.1} further emphasizing the strong relationship
between embedding distances and kernel similarities.

4] NVIDIA V100 GPU with 16G memory, 8-core CPU with 16G memory
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‘ ‘ Cornell Wisconsin Texas Film Chameleon Squirrel Cora CiteSeer PubMed

Hedge 0.4480 0.4106 0.7362
Huode 0.3855 0.1498 0.0968 0.7175
Baseline Herass 0.0468 0.0941 0.0013 0.6270
Homophily Hagg
Metrics Hee 031 0.34 0.35 0.16
Hagj 0.1889 0.0826 0.0258 0.1272 0.8178

LI 0.0169 0.1311 0.1923 0.0002 0.5904

Classifier-based KRy, 139 0.00 000  [NO7SIENN 100 1.00 1.00 1.00
erformance Metrics . . X . K K K K
Perft Mets GNB 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00
ACCSGC | 7098 839 7038+£2.85 8328543 2526+ 1.18 6486+ 1.81 47.62+127 8512+ 164 79.66+075 855076
SGC v.s. MLP1 ACCMLP-1 | 93.774+334 93874333 9377+3.34 3453+ 148 4501+ 1.58 29.17+146 743+127 7551+135 86.23+054
Diff Acc 22,79 23.49 -10.49 927 19.85 18.45 10.82 4.15 0.73
Heage 0.4480 0.4106 0.3750 0.8100 0.7362 0.8024
Huode 0.1498 0.0968 0.2210 0.8252 0.7175 0.7924
Baseline Helass 0.0941 0.0013 0.0110 0.7657 0.6270 0.6641
Homophily H,, 0.9904
Metrics Hor 031 0.34 035 0.16
Hagi 0.1889 0.0826 0.0258 0.1272 0.8178
LI 0.0169 0.1311 0.1923 0.0002 0.5904
Classifier-based ‘ KRyt ‘ 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 1.00
Performance Metrics GNB 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 1.00
ACCGCN | 8246 +3.11 755+£292 83.11+£32 3551+£099 64.18+£262 4476+139 87.78+0.96 81.39+123 889+032
GCN v.s. MLP2 ACCMLP-2 | 9130 £ 070 93.87 £3.33 9226071 3858 +£025 46.72+046 31.28+027 7644+030 7625+028 8643+0.13
Diff Acc -8.84 -18.37 9.15 -3.07 17.46 13.48 1134 5.14 247
Table 4: Comparison on small datasets
| | Penn% pokec arXiv-year snap-patents genius twitch-gamers ~ Deezer-Europe
Hedge 0.4700 0.4450 0.0730
Hpode 0.4828 0.4283 0.2206
Baseline Hlass 0.0460 0.0000 0.1000 0.0800 0.0900 0.0300
Homophily Hage 0.2712 0.0807 0.4172
Metrics Hee 0.3734 0.2865 0.0378
Hagj 0.0366 -0.1132 0.0907 0.1432 0.1010 0.1586
LI 0.0851 0.0172 0.0243 0.0025 0.0058 0.0007
Classifier-based KRp 0.00 0.03 0.98 0.19 0.00 0.25 0.00
Performance Metrics GBN 0.00 0.00 1.00 100 0.00 100 0.00
ACCSGC | 67.06+0.19 52.884+0.64 35584022 29.65+0.04 82.31+045 57.940.18 61.63 £0.25
SGC vs MLP1 ACCMLP-1 | 73.72£05 59.89+0.11 34.11+0.17 30.59+0.02 8648 +0.11 59.45+0.16 63.14 + 0.41
Diff Ace -6.66 -7.01 1.47 -0.94 -4.17 -1.55 -1.51
Heage 0.5450
Hiode 0.5564
Baseline Hejass 0.0800
Homophily Hage 0.7066 0.6170
Metrics Hge 0.9222 0.8388 0.6064 0.0378
Hagj 0.1432 0.1586
LI 0.0025 0.0007
Classifier-based KRnL 0.57 1.00 - 04083 0.00 1.00 0.00
Performance Metrics GNB 1.00 1.00 0.00 1.00 0.00
ACCGCN | 82.08£031 703 +0.1 40 4+ 0.26 358+0.05 8326+0.14 6233+£023  60.16 +0.51
GCN vs MLP2 ACCMLP-2 | 7468 £ 028 62.13+0.1 36.36+0.23 31.43+0.04 86.62+0.08 60.9 +0.11 6425 + 041
Diff Acc 7.40 8.17 3.64 4.37 -3.36 1.43 -4.09

Table 5: Comparison on large-scale datasets

H.4 Statistics and Comparisons

Discrepancy Between Linear and Non-linear Models From the experimental results on large-
scale datasets reported in Table E, we observe that, for linear and non-linear G-aware models,
there exists inconsistency between their comparison with their coupled G-agnostics models. For
example, on Penn94, pokec, snap-patents and twitch-gamers, SGC-1 underperforms MLP-1 but GCN
outperforms MLP-2. In fact, PubMed in Table[d also belongs to this family of datasets. We do not
have a proved theory to explain this phenomenon for now. But there is obviously a synergy between
homophily/heterophily and non-linearity that cause this discrepancy together. And we think, on this
special subset of heterophilic graphs, we should develop theoretical analysis to discuss the interplay
between graph structure and feature non-linearity, and how they affect node distinguishability together.

The current homophily values (including the proposed metrics) are not able to explain the phenomenon
associated with this group of datasets. We keep it as an open question and encourage people from the
GNN community to study it in the future.
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| Total Error  Error Rate

Hegge 7 0.39
Hiode 5 0.28
Hclass 5 0.28
Hag, 11 0.61

Hge 9 0.50

Hag; 5 0.28

LI 7 0.39

KR (NTO.5) 2 0.11
KR (SSTO0.05) 1 0.06
GNB (NTO0.5) 1 0.06
GNB (SST0.05) 1 0.06

Table 6: Statistics on small-scale datasets

| Total Error  Error Rate

Hegge 9 0.64
Hoode 9 0.64
Helass 6 0.43
Hage 8 0.57
Hor 6 0.43

Hag; 6 0.43

LI 6 0.43

KR (NTO.5) 2 0.14
KR (SST0.05) 5 0.36
GNB (NT0.5) 4 0.29
GNB (SST0.05) 4 0.29

Table 7: Statistics on large-scale datasets

| Total Error  Error Rate

Hegge 16 0.50
Hoode 14 0.44
Hetass 11 0.34
Hage 19 0.59
Hor 15 0.47

Ha; 11 0.34

LI 13 0.41

KR (NTO.5) 4 0.13
KR (SST0.05) 6 0.19
GNB (NTO0.5) 5 0.16
GNB (SST0.05) 5 0.16

Table 8: Overall statistics on small- and large-scale datasets
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| KR KRx.  GNB

Cornell 0.58 0.67 1.39
Wisconsin 0.78 0.87 1.72
Texas 0.59 0.67 1.41
Film 5.29 541 2.72
Chameleon 3.97 3.95 3.81
Squirrel 5.39 5.36 4.15
Cora 3.94 4.10 3.08
CiteSeer 4.85 5.05 6.55
PubMed 9.35 9.41 5.27
Penn%4 18.57  18.68 12.43
pokec 84.47  86.08  50.03
arXiv-year 7.77 7.82 4.56
snap-patents 304.06 296.21 163.84
genius 8.20 8.12 5.30
twitch-gamers 9.34 9.24 4.17
Deezer-Europe | 37.41 3949  59.84

Table 9: Total running time (seconds/100 samples) of KRy, KRxr. and GNB

H.5 Results for Symmetric Renormalized Affinity Matrix

To evaluate if the benefits of classifier-based performance metrics can be maintained for different
aggregation operators, we replace the random walk renormalized affinity matrix with synmmetric
renormalized affinity matrix in SGC-1, GCN, KRy, KRy, and GNB and report the results and
comparisons as belows.

It is observed that the superiority holds on both small- (table [E, @) and large-scale datasets (table
[IT] [T3), reducing the overall error rate from at least 0.31 to 0.13 (table [I4).

| | Cornell Wisconsin Texas Film Chameleon Squirrel Cora CiteSeer PubMed
Hedge 0.5669 0.4480 0.4106 0.3750 0.2795 0.2416 0.8100 0.7362 0.8024
Hiode 0.3855 0.1498 0.0968 0.2210 0.2470 0.2156 0.8252 0.7175 0.7924
Baseline Hetass 0.0468 0.0941 0.0013 0.0110 0.0620 0.0254 0.7657 0.6270 0.6641
Homophily Hagg 0.8032 0.7768 0.6940 0.6822 0.61 0.3566 0.9904 0.9826 0.9432
Metrics Hae 0.31 0.34 0.35 0.16 0.0152 0.0157 0.1700 0.1900 0.2700
Hagj 0.1889 0.0826 0.0258 0.1272 0.0663 0.0196 0.8178 0.7588 0.7431
LI 0.0169 0.1311 0.1923 0.0002 0.048 0.0015 0.5904 0.4508 0.4093
Classifier-based KRy, 0.00 0.00 0.00 0.9304 1.00 1.00 1.00 1.00 0.0003
Performance Metrics GNB 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 1.00
ACCSGC | 51.64 1227 39.63 +539 30.82+496 27.02+1 6326 +1.98 46.03+1.74 8438+ 1.5 79.51+£1.04 87.24+044
SGC vs MLP1 ACCMLP-1 | 9377 +3.34 9387 +3.33 9377+3.34 34534148 4501158 29.17+146 743+£127 7551£135 86.23+£0.54
Diff Acc -42.13 -54.24 -62.95 -7.51 18.25 16.86 10.08 4.00 1.01
Hedge 0.5669 0.4480 0.4106 0.3750 0.2795 0.2416 0.8100 0.7362 0.8024
Hiode 0.3855 0.1498 0.0968 0.2210 0.2470 0.2156 0.8252 0.7175 0.7924
Baseline Helass 0.0468 0.0941 0.0013 0.0110 0.0620 0.0254 0.7657 0.6270 0.6641
Homophily Hage 0.8032 0.7768 0.6940 0.6822 0.61 0.3566 0.9904 0.9826 0.9432
Metrics Hae 0.31 0.34 0.35 0.16 0.0152 0.0157 0.1700 0.1900 0.2700
Hag 0.1889 0.0826 0.0258 0.1272 0.0663 0.0196 0.8178 0.7588 0.7431
LI 0.0169 0.1311 0.1923 0.0002 0.048 0.0015 0.5904 0.4508 0.4093
Classifier-based KRnp 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.98
Performance Metrics GNB 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 1.00
ACCGCN | 82.6243.04 7038+3.16 82464294 3579+1.09 6895+1.09 5298+0.85 87.87+£0.99 81.79+£1.09 89.47+0.27
GCN vs MLP2 ACCMLP-2 | 91.30£0.70 93.87 £3.33 9226+£0.71 3858 +£025 46.72+0.46 31.28+027 76.44+030 76.25+0.28 86.43+0.13
Diff Acc -8.68 -23.49 -9.80 =279 22.23 21.70 11.43 5.54 3.04

Table 10: Results for symmetric renormalized affinity matrix on small-scale datasets
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| Penn% pokec arXiv-year snap-patents genius twitch-gamers ~ Deezer-Europe
Hegge 0.4700 0.4450 0.0730
Hiode 0.4828 0.4283 0.2206
Baseline Helass 0.0460 0.1000 0.0800 0.0900 0.0300
Homophily Hagg 0.2712 0.4172
Metrics Hge 0.3734 0.2865 0.0378
H.gj 0.0366 -0.1132 0.0907 0.1432 0.1010 0.1586
LI 0.0851 0.0172 0.0243 0.0025 0.0058 0.0007
Classifier-based KRy, 0.00 0.02 0.46 0.00 0.01 0.00
Performance Metrics GNB 0.00 0.03 1.00 0.00 0.00
ACCSGC | 64.634+0.15 51.974+0.38 35244+0.14 30.32+0.05 81.66+0.58 58.77+0.18 60.2 +£0.47
SGC vs MLP1 ACCMLP-1 | 73.72£0.5 59.890+0.11 34.11+0.17 30.59£0.02 8648 £0.11 5945+0.16 63.14+0.41
Diff Acc -9.09 -1.92 1.13 -0.27 -4.82 -0.68 -2.94
Hegge 0.5450
Hiode 0.5564
Baseline Helass
Homophily Hage 0.7066 0.6170
Metrics Hee 0.8388 0.6064 0.0378
Hagj 0.1432 0.1586
LI 0.0025 0.0007
Classifier-based KRnL 0.99 0.99 0.00 1.00 0.00
Performance Metrics GNB 1.00 1.00 0.00 0.97 0.00
ACCGCN | 81.45+029 69.55+0.1 40.02+0.19 354+0.04 83.02+0.14 6259+0.14 62.32+044
GCN vs MLP2 ACCMLP-2 | 7468 £0.28 62.13+0.1 3636+023 31.43+£0.04 86.62+008 60.9+0.11 64.25 +0.41
Diff Acc 6.77 7.42 3.66 3.97 -3.60 1.69 -1.93

Table 11: Results for symmetric renormalized affinity matrix on large-scale datasets

| Total Error  Error Rate
Hedge 6 0.33
node 4 0.22
Hijass 4 0.22
Hage 10 0.56
Hge 10 0.56
Hag; 4 0.22
LI 8 0.44
KR (NT0.5) 2 0.11
KR (SSTO0.05) 2 0.11
GNB (NT0.5) 0 0.00
GNB (SST0.05) 0 0.00

Table 12: Statistics for symmetric renormalized affinity matrix on small-scale datasets

| Total Error  Error Rate
Hedge 10 0.71
node 10 0.71
Hclass 6 0.43
Hage 8 0.57
Hon 6 0.43
Hyg 6 0.43
LI 6 0.43
KR (NT0.5) 3 0.21
KR (SSTO0.05) 4 0.29
GNB (NT0.5) 4 0.29
GNB (SST0.05) 4 0.29

Table 13: Statistics for symmetric renormalized affinity matrix on large-scale datasets
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| Total Error  Error Rate

Hedge 16 0.50
Hiode 14 0.44
Hclass 10 0.31
Hyg, 18 0.56
Hoe 16 0.50
Hag; 10 0.31

LI 14 0.44

KRungp (NTO.5) 5 0.16
KRy (SST0.05) 6 0.19
GNB (NTO0.5) 4 0.13
GNB (SST0.05) 4 0.13

Table 14: Overall statistics for symmetric renormalized affinity matrix on small- and large-scale
datasets

H.6 Experiments on Synthetic Graphs

To comprehensively investigate and corroborate the correlation between CPMs and the performance
of G-aware models versus their corresponding G-agnostic models across the entire spectrum of
homophily levels, we conduct experiments with the synthetic graphs. The data generation process is
similar to [35]].

Data Generation & Experimental Setup We generated a total of 280 graphs with 28 different
levels of edge homophily, ranging from 0.005 to 0.95, and generated 10 graphs for each homophily
level. Each graph consisted of 5 classes, with 400 nodes in each class. For nodes in each class, we

randomly generated 4000 intra-class edges and [ Hig?(og) — 4000] inter-class edges, and assigned

features to the nodes using the Cora, CiteSeer, PubMed, Chameleon, Squirrel, Film datasets. We
then randomly split the nodes into train/validation/test sets in a 60%/20%/20% ratio. We trained
GCN, SGC-1, MLP-2, and MLP-1 models on the synthetic graphs with fine-tuned hyperparameters
as [35]). For each edge homophily level Hedge(g ), we computed the average test accuracy of the 4
models, as well as KR , KRyy, and other homophily metrics. The comparisons of KR, KRyy, and
the performance of GCN vs. MLP-2, SGC-1 vs. MLP-1 according to edge homophily were shown in

Figure

It can be observed in Figure[TT]that the points where KRy intersects NT0.5 or SST0.05 (green) and
the intersections of SGC-1 and MLP-1 performance (red) are perfectly matched and the curve of KRy,
share the similar U-shape as SGC-1, so do KRy, curve (blue) and GCN and MLP-2 performance
curves (black) This indicates that the advantages and disadvantages of G-aware models over
G-agnostic models can be better revealed by CPMs at different homophily levels than the baseline
homophily metrics shown in Figure

In Figure [I2, we can see that the curves of node homophily (orange), class homophily (pink),
generalized edge homophily (yellow) and adjusted homophily (blue) are almost linear increasing,
which does not reflect the U-shaped performance curve of GNNs’ performance. Although the curves
for aggregation homophily (purple) and label informativeness (grey) have a rebound in low homophily
area, they are unable to provide a suitable threshold value and fails to capture the intersection points.

Since the values of CPMs are either (very close to) 0 or (very close to) 1 and there do not exist enough
intermediate values between 0 and 1, we do not plot the relationship between GNNs performance and
CPMs as Figure 2 in [35].

'SWe only draw the vertical dot lines for the intersection of KRy, and NT0.5 in order to keep the figures clear.
The corresponding x-values for other intersections can be observed from the figures.
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Figure 11: Results and comparisons of KRy, and KRy, on synthetic graphs
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Figure 12: Results on Synthetic Graphs
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