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Abstract

Existing analyses of optimization in deep learning are either continuous, focusing on
(variants of) gradient flow, or discrete, directly treating (variants of) gradient descent.
Gradient flow is amenable to theoretical analysis, but is stylized and disregards
computational efficiency. The extent to which it represents gradient descent is an
open question in the theory of deep learning. The current paper studies this question.
Viewing gradient descent as an approximate numerical solution to the initial value
problem of gradient flow, we find that the degree of approximation depends on the
curvature around the gradient flow trajectory. We then show that over deep neural
networks with homogeneous activations, gradient flow trajectories enjoy favorable
curvature, suggesting they are well approximated by gradient descent. This finding
allows us to translate an analysis of gradient flow over deep linear neural networks
into a guarantee that gradient descent efficiently converges to global minimum
almost surely under random initialization. Experiments suggest that over simple
deep neural networks, gradient descent with conventional step size is indeed close
to gradient flow. We hypothesize that the theory of gradient flows will unravel
mysteries behind deep learningﬂ

1 Introduction

The success of deep neural networks is fueled by the mysterious properties of gradient-based
optimization, namely, the ability of (variants of) gradient descent to minimize non-convex training
objectives while exhibiting tendency towards solutions that generalize well. Vast efforts are being
directed at mathematically analyzing this phenomenon, with existing results typically falling into
one of two categories: continuous or discrete. Continuous analyses usually focus on gradient flow
(or variants thereof), which corresponds to gradient descent (or variants thereof) with infinitesimally
small step size. Compared to their discrete (positive step size) counterparts, continuous settings are
oftentimes far more amenable to theoretical analysis (e.g. they admit use of the theory of differential
equations), but on the other hand are stylized, and disregard the critical aspect of computational
efficiency (number of steps required for convergence). Works analyzing gradient flow over deep neural
networks either accept the latter shortcomings (see for example [[49,4,146]), or attempt to reproduce
part of the results via completely separate analysis of gradient descent (cf. [30, 18} 5]). The extent
to which gradient flow represents gradient descent is an open question in the theory of deep learning.

The current paper formally studies the foregoing question. Viewing gradient descent as a numerical
method for approximately solving the initial value problem corresponding to gradient flow, we turn to
the literature on numerical analysis, and invoke a fundamental theorem concerning the approximation
error. The theorem implies that in general, the match between gradient descent and gradient flow is deter-
mined by the curvature around gradient flow’s trajectory. In particular, the “more convex” the trajectory,
i.e. the larger the (possibly negative) minimal eigenvalue of the Hessian is around the trajectory, the bet-

"Due to lack of space, essential portions of this paper were deferred to supplementary material. We refer the
reader to [21]] for a self-contained version of the text.
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ter the match is guaranteed to beE] We show that when applied to deep neural networks (fully connected
as well as convolutional) with homogeneous activations (e.g. linear, rectified linear or leaky rectified lin-
ear), gradient flow emanating from near-zero initialization (as commonly employed in practice) follows
trajectories that are “roughly convex,” in the sense that the minimal eigenvalue of the Hessian along them
is far greater than in arbitrary points in space, particularly towards convergence. This implies that over
deep neural networks, gradient descent with moderately small step size may in fact be close to its contin-
uous limit, i.e. to gradient flow. We exemplify an application of this finding by translating an analysis of
gradient flow over deep linear neural networks into a convergence guarantee for gradient descent. The
guarantee we obtain is, to our knowledge, the first to ensure that a conventional gradient-based algorithm
optimizing a deep (three or more layer) neural network of fixed (data—independenﬂ) size efficiently
converge@to global minimum almost surely under random (data-independent) near-zero initialization.

We corroborate our theoretical analysis through experiments with basic deep learning settings, which
demonstrate that reducing the step size of gradient descent often leads to only slight changes in its
trajectory. This confirms that, in basic settings, central aspects of deep neural network optimization
may indeed be captured by gradient flow. Recent works (e.g. [8L133}153])) suggest that by appropriately
modifying gradient flow it is possible to account for advanced settings as well, including ones with
momentum, stochasticity and large step size. Encouraged by these developments, we hypothesize
that the vast bodies of knowledge on continuous dynamical systems, and gradient flow in particular
(see, e.g., [23,3]), will pave way to unraveling mysteries behind deep learning.

1.1 Contributions

The main contributions of this work are: (i) we conduct the first formal study for the discrepancy between
continuous and discrete optimization of deep neural networks; (ii) we demonstrate the use of generic
mathematical machinery for translating a continuous non-convex convergence result into a discrete
one; (iii) to our knowledge, the discrete result we obtain forms the first guarantee of random (data-
independent) near-zero initialization almost surely leading a conventional gradient-based algorithm
optimizing a deep (three or more layer) neural network of fixed (data-independent) size to efficiently con-
verge to global minimum; (iv) the fundamental theorem (from numerical analysis) we employ is seldom
used in machine learning contexts and may be of independent interest; and (v) we provide empirical evi-
dence suggesting that gradient descent over simple deep neural networks is often close to gradient flow.

2 Preliminaries: Numerical Solution of Initial Value Problems

Let d € N. Given a function g : [0,00) x R? —R9 (viewed as a time-dependent vector field) and a point
0. €R%, consider the initial value problem:

6(0)=6, , L6(t)=g(t,0(t)) fort>0. (1)

The following result — an extension of the well known Picard-Lindel6f Theorem — establishes that
local Lipschitz continuity of g(-) suffices for ensuring existence and uniqueness of a solution 6(-).

Theorem 1 (Existence-Uniqueness). Consider the initial value problem in Equation , and suppose
g(+) is locally Lipschitz continuous. Then, there exists a solution 0 : [0,t.) — R®, where either:
(i) te =00; or (ii) t. < oo and limy . ||0(t)|, = 00. Moreover, the solution is unique in the sense that
any other solution 0’ : [0,t.) — R must satisfy t, <t. and Vt € [0,t.): 0'(t) =0(¢).

Proof. The theorem is a direct consequence of the results in Section 1.5 of [25 ]E] O

It is typically the case that the solution to Equation (1)) cannot be expressed in closed form, and a
numerical approximation is sought after. Various numerical methods for approximately solving initial
value problems have been developed over the years (see Chapter 12 in [S35] for an introduction). The
most basic one, Euler’s method, is parameterized by a step size n) > 0, and when applied to Equation (T)
follows the recursive scheme:

%In addition to the minimal eigenvalue of the Hessian, local smoothness and Lipschitz constants also affect
the guaranteed match between gradient descent and gradient flow. However, the impact of these constants is
exponentially weaker than that of the Hessian’s minimal eigenvalue. For details see Theorem

By data-independence we mean that no assumptions on training data are made beyond it being subject to
standard whitening and normalization procedures.

“We regard convergence as efficient if its computational complexity is polynomial in training set size and
dimensions, as well as the desired level of accuracy.

> A minor subtlety is that in [25]) the vector field g(-) is defined over an open domain. To account for this
requirement, simply extend g(-) to the domain (—oco,00) x R? by setting g(t,q) =g(0,q) forall t < 0, € R%.



0k+1 :Hk"l‘ng(tkyek) for k=0,1,2,..., 2)
where ¢, := kn and the initial point 8 is typically set to 8. The motivation behind Euler’s
method is straightforward — a first order Taylor expansion of the exact solution 0(-) around time ¢
yields: 0(tpy1) = 0(ti+n) ~ () + 0L 0(t),) = O(tr,) +ng(tr,0(tx)), therefore if O(t;) is well
approximated by 6, we may expect .1 to resemble O(tx1). The numerical solution produced
by Euler’s method may be viewed as a continuous polygonal curve:

0:[0,00) >R | 0(0)=0y , L0O(t)=g(ts.0)) forte (tetii1),k=0,1,2.... (3)

The quality of the numerical solution then boils down to the distance between this curve and the exact
solution, i.e. between 8(t) and 0(t) for t > 0. Many efforts have been made to derive tight bounds
for this distance. We provide below a modern result known as “Fundamental Theorem.”

Theorem 2 (Fundamental Theorem). Consider the initial value problem in Equation (1), and
suppose g(-) is continuously differentiable. Let 6 : [0,t.) — R be the solution to this problem (see
Theorem, and let 0:[0,00) — R? be a continuous polygonal curve (Equation [3)) born from Euler’s
method (Equation @)). For anyt € [0,t.),q € RY, denote by J(t,q) € R4 the Jacobian of g(-)
with respect to its second argument at the point (t,q), and by Apaz(t,q) the maximal eigenvalue
of 1(J(t,a)+ J(t,q)T).ﬂ Let m:[0,t.) = R be an integrable function satisfying: Amaz(t,q) <m(t)
forallt€[0,t.) and q € [0(t),0(t)], where [0(t),0(t)] stands for the line segment (in R?) between 6 (t)
and O(t). Let 6:(0,t.) — R0 be an integrable function that meets: ||560(t7)—g(t,0(t))||2 <(t) for
allt€[0,t.), where L0(tT) represents the right derivative of 0(-) at time t. Then, for all t € [0,t.):

10 ~8(1)l12 <O (116(0)~B8(0) |2+ fie ™ a(¢)dt") *
where u(t) ::fotm(t’)dt’.

Proof. The theorem is simply a restatement of Theorem 10.6 in [27]. O

3 Continuous vs. Discrete Optimization: Match Determined by Convexity

Let f: R? R, where d € N, be a twice continuously differentiable function which we would like
to minimize. Consider continuous optimization via gradient flow initialized at 8, € R%:

0(0)=6, , 2Lo(t)=—Vf(0(t)) fort>0. 5)

This is a special case of the initial value problem presented in Equation @E] By Theorem E], it admits

a unique solution 0 : [0,t.) —R%, where either: (i) t,=00; or (ii) t. <oo and lim; ~_[|0(t)]|, =ooc.

Numerically approximating this solution via Euler’s method (Equation (Z)) yields a discrete
optimization algorithm which is no other than gradient descent:

0k+1:0k*7]v.f(0k) fork:0717277 (6)

where 77> 0 is the chosen step size. We may thus invoke the Fundamental Theorem (Theorem2)) and
obtain a bound on the distance between the trajectories of gradient flow and gradient descent.

Theorem 3. Consider the trajectory of gradient flow (solution to Equation @) 6 : [0,t.) —R<,
and let t € (0,t.) and € > 0. Define D; . :=,co;Be(0(t)), where B.(6(t)) CR? stands
for the (closed) Euclidean ball of radius € centered at 0(t). Let Bi.eVie >0 be such that:
SUPgep, ‘HVQf(q) [spectrat < B cand supgep, [[Vf(@)ll2 <7z Letm: [0,£] — R be an integrable
function satisfying: —Amin(V2f(q)) < m(t) forall t €[0,F] and q € B.(0(t)), where Apin (V3f(a))
stands for the minimal eigenvalue of V2 f(q). Then, if the step size 1> 0 chosen for gradient descent
(Equation (6)) satisfies: . e eJim@hr 160 —6(0)].,
n< inf

te(0,f] ﬂf efyfefoteff}m(t//)dt//dt/ ,
the first |t/n] iterates of gradient descent will e-approximate the trajectory of gradient flow up to
timet, i.e. we will have ||0;,—0(kn)||2<eforall ke {1,2,...,[t/n]}.

Proof sketch (for complete proof see Subappendix[J.2). The result follows from applying the
Fundamental Theorem (Theorem with §(-) fixed at 57 .z .- O

(7

This maximal eigenvalue is known as the logarithmic norm of J(t,q) (cf. Section I.10 in [27]).
"The vector field in this case is time-independent (given by g(t,q) = —V f(q) for all ¢ € [0,00),q € R%).
Initial value problems of this type are known as autonomous.



Theorem[3|gives a sufficient condition — upper bound on step size 7 (Equation (7)) — for gradient
descent to follow gradient flow up to a given time ¢. The bound is inversely proportional to smoothness
and Lipschitz constants (0 . and 7z . respectively), and more importantly, depends exponentially on
the integral of m(-) along the gradient flow trajectory, where m(-) corresponds to minus the minimal
eigenvalue of the Hessian. The smaller the integral of m(-), i.e. the larger (less negative or more
positive) the minimal eigenvalue of the Hessian around the trajectory is, the more relaxed the bound
will be. That is, the “more convex” the objective function is around the gradient flow trajectory, the
better the match between gradient flow and gradient descent is guaranteed to be.

Corollary below coarsely applies Theoremby fixing m(+) to minus the minimal eigenvalue of
the Hessian across the entire space. If m(-) = m (now a constant) is negative, i.e. the objective
function f(-) is strongly convex, the upper bound on the step size 1 becomes constant, meaning it
is independent of the time 7 until which gradient descent is required to follow gradient flow. If m is
equal to zero, i.e. f(+) is non-strongly convex, the upper bound on 7 mildly decreases with £, namely
it scales as 1/%. If on the other hand m is positive, meaning f(-) is non-convex, the bound on 7 shrinks
to zero (becoming prohibitively restrictive) exponentially fast as £ grows. This suggests that as opposed
to (strongly or non-strongly) convex objectives, over which gradient descent can easily be made to
follow gradient flow, over non-convex objectives, in the worst case, gradient descent will immediately
divert from gradient flow unless its step size is exponentially small. In Appendix[B]we present a simple
example of such a worst case scenario. In this worst case, the minimal eigenvalue of the Hessian is
bounded below and away from zero around the gradient flow trajectory. A question is then whether
there are non-convex objectives in which the minimal eigenvalue of the Hessian around gradient flow
trajectories is large enough for them to be followed by gradient descent. We will see that training losses
of deep neural networks can meet this property.

Corollary 1. Assume that the objective function f(-) is non-negative and [3-smooth with > O.
Denote m:= —inf qega Amin (V2 f(Q)), where Myin(V? f(Q)) stands for the minimal eigenvalue of
V2£(q). Consider the trajectory of gradient flow (solution to Equation () 6 : [07t€)—>]RdE] and let
te (0,t.) and e >0. Then, if the step size >0 for gradient descent (Equation (&) satisfies:

c(e—1|0p—06(0)]|,)|m| Jifm <0 (strong convexity)
n<?{ c(e—]00—6(0)|,)(1/t) ,ifm=0 (non-strong convexity)

c(e—180—0(0),e™) (™ —1)"'m ifm>0 (non-convexity)

where c:= (/2533 f(6(0))+ %) ! we will have 0k —0(kn)||2<eforallke{1.2,..,|t/n]}.
Proof sketch (for complete proof see Subappendix[J.3). The result follows from applying Theorem|3|
with 3; . =B,7;..=+/28f(0(0))+Beand m(-) =m. O

4 Optimization of Deep Neural Networks is Roughly Convex

Section[3|has shown that the extent to which gradient descent matches gradient flow depends on “how
convex” the objective function is around the gradient flow trajectory. More precisely, the larger (less
negative or more positive) the minimal eigenvalue of the Hessian is around this trajectory, the longer
gradient descent (with given step size) is guaranteed to follow it2 In this section we establish that over
training losses of deep neural networks (fully connected as well as convolutional) with homogeneous
activations (e.g. linear, rectified linear or leaky rectified linear), when emanating from near-zero
initialization (as commonly employed in practice), trajectories of gradient flow are “roughly convex,”
in the sense that the minimal eigenvalue of the Hessian along them is far greater than in arbitrary points
in space, particularly towards convergence. This finding suggests that when optimizing deep neural
networks, gradient descent may closely resemble gradient flow. We demonstrate a formal application
of the finding in Section[5} translating an analysis of gradient flow over deep linear neural networks
into a guarantee of efficient convergence (to global minimum) for gradient descent, which applies
almost surely with respect to a random near-zero initialization.

8Namely, sz(q) lspectrar < B forall g€ RrRY.

Lemmal3|in Appendix|[A|shows that in the current context (3-smoothness of the objective function f(-)),
it necessarily holds that t. = oo, i.e. the trajectory of gradient flow is defined over [0,00). For simplicity, the
statement of the corollary does not rely on this fact.



4.1 Fully Connected Architectures

Consider the mappings realized by a fully connected neural network with depth n € N>, input
dimension dy € N, hidden widths d; ,ds,...,d,,—1 €N, and output dimension d,, € N:

he:R™ =R | ho(x)=W,,0(Wy—10(Wy_2--0(W1x))-+), @®)

where: W; € R%idi-1, j=1,2,....n, are learned weight matrices; 6 € R, with d:= Z?Zldjdj_l, is
their arrangement as a Vector and o : R — R is a predetermined activation function that operates
element-wise when applied to a VectorE] We assume that o (+) is (positively) homogeneous, meaning
o(cz)=co(z) forall ¢>0,z€R. This allows for linear (5 (z) = 2), as well as the commonly employed
rectified linear (o (z) =max{z,0}) and leaky rectified linear (o (z) =max{z,az} for some 0 <& < 1)
activations.

S|

Let ) be a set of possible labels, and let S = ((x;,y;));—;, with x; ER% gy, € Y fori=1,2,...,|S|, be a
sequence of labeled inputs. Given a loss function £: R x )) — R convex and twice continuously differ-
entiable in its first argument (common choices include square, logistic and exponential losses), we learn
the weights of the neural network by minimizing its training loss — average loss over elements of S:

fRESR f(O):%'Zlef(ho(xi)’yi)- ©)

Subsubsections[.T.Tjand[.T.2]below show (for linear and non-linear activation functions, respectively)
that although the minimal eigenvalue of V2 f(6) (Hessian of training loss) — denoted A, i, (V2 f(0)) —
can in general be arbitrarily negative, along trajectories of gradient flow (which emanate from near-zero
initialization) it is no less than moderately negative, approaching non-negativity towards convergence.
In light of Section 3] this suggests that over fully connected deep neural networks, gradient flow
may lend itself to approximation by gradient descent — a prospect we confirm (for a case with linear
activation) in Section[3]

4.1.1 Linear Activation

Assume that the activation function of the fully connected neural network (Equation (8)) is linear,
i.e. 0(z) =z, and define the end-to-end matrix:

Wit := W We g Wy €RI 0 (10)
The mappings realized by the network can then be written as hg(x) = W,,.1x, and the training loss
as f(0)=¢(Wp.1), where 1 S|
.TRdn,do - s
¢R %R ’ ¢(W)_ |S|Zi:1£(wxuy’t) (11)

is convex and twice continuously differentiable. Lemmabelow expresses V2 () in this case.

Lemma 1. For any 8 € RY regard V2f(0) not only as a (symmetric) matrix in R%9,
but also as a quadratic form V?f(0)[-] that intakes a tuple (AWy, AW,, ... , AW,) €
Rvdo 5 Rizdi 5 ... x RIndn—1 qrranges it as a vector AQ € R? (in correspondence with
how weight matrices W1,Ws,....W,, are arranged to create 0), and returns AHTVQf(H)AO eR.
Similarly, for any W € R%% regard V2 (W) as a quadratic form V2 ¢(W)[-] that intakes a matrix

in R and returns a scalar (non-negative since ¢(-) is convex). Then, V2 f(0) is given by:
V2 F(O) AW AWz, AW, ] = V20(Wo1) [y Was 1 (AW) )W 1] (12)
+2Tr(v¢(Wnil)T21§j<j’§an:j’+l(AWj’)Wj’—lzj+l(AWj)Wj—111> ,

where W, forany j,j' €{1,2,...,n}, is defined as W;; W, _1---W; if j < j', and as an identity matrix
(with size to be inferred by context) otherwise.
Proof. See Subappendix[J.4] O

The following proposition makes use of Lemmato show that (under mild conditions) \,,i, (V2 £(8))
can be arbitrarily negative, i.e. infgcpa Apin (V< f(0)) = —o0.

Proposition 1. Assume that the network is deep (n > 3), and that the zero mapping is not a global
minimizer of the training loss (meaning V ¢(0) # 0).[17] Then infgeraAmin(V2f(0)) =—00.

'0The exact order by which the entries of Wy, Wa,...,W,, are placed in 8 is insignificant for our purposes — all
that matters is that the same order be used throughout.

" Our analysis can easily be extended to account for different activation functions at different hidden layers.
We assume identical activation functions for simplicity of presentation.

12Both of these assumptions are necessary, in the sense that removing any of them (without imposing further
assumptions) renders the proposition false — see ClaimE]in Appendixﬁ



Proof. See Subappendix[J.5] O
Building on Lemma Lemmabelow provides a lower bound on i, (V2 £(0)).
Lemma 2. For any 0 cR? E]

Amin (V2 £(6)) > —(n—1)y/min{do,dn }|VS(Wp:1)||Frobenius . max H”W lspectrat- (13)

jC{l 2,...,n}
Proof. See Subappendlx@ |T|=n—2 1€ O
Assuming the training loss is non-constant and the network is deep (n > 3), the infimum (over @ € R?)
of the lower bound in Equation (T3) is minus infinity. In particular, if € is not a global minimizer
(Vp(W,,.1) #0) and at least n — 2 of its weight matrices Wy, W, ..., W,, are non-zero, then by
rescaling the latter it is possible to take the lower bound to minus infinity while keeping the end-to-end
matrix W,,.; (and thus the input-output mapping hg (-) and the training loss value f(8)) intact. However,
gradient flow over fully connected neural networks (with homogeneous activations) initialized near
zero is known to maintain balance between weight matrices — see [ 18] — and so along its trajectories
the lower bound in Equation (T3)) takes a much tighter form. This is formalized in Proposition[Z]below.

Proposition 2. If 0 € R? resides on a trajectory of gradient flow (over f(-)) emanating from some
point 0, €R?, with ||0 |2 <€ forsome e € (0,5 ], then:

mm(sz( n 1 \/W"V¢ n 1 ‘F'robenzusHWn 1||1p€2fé:al_ccl_2/n; (14)
where c:= 4"("2/13 W IV (Wt ropenswsmanc { Lanax () | spectrar i}
Proof. See Subappendlx- 0

Assume the network is deep (n > 3), and consider a trajectory of gradient flow (over f(-)) emanating
from near-zero initialization. For every point on the trajectory, Proposition [2|may be applied with
small ¢, leading the lower bound in Equation (T4) to depend primarily on the sizes (norms) of the
end-to-end matrix W,,.; and the gradient of the loss with respect to it, i.e. V(W,,.1) (see Equations
(T0) and (TT)). In the course of optimization, W/,.; is initially small, and (since the loss f(0)=¢(W,,.1)
is monotonically non-increasing) remains confined to sublevel sets of ¢(+) (which is convex) thereafter.
V¢(W,,.1) on the other hand tends to zero upon convergence to global minimum. We conclude
that the lower bound on A,,;,, (V2 f(8)) in Equation (T4) starts off slightly negative, and approaches
non-negativity (if and) as the trajectory converges to global minimum. In light of Section[3] this implies
that the gradient flow trajectory may lend itself to approximation by gradient descent. Indeed, the
results of the current Subsubsection are used in Section [3]to establish proximity between gradient
flow and gradient descent, thereby translating an analysis of gradient flow into a guarantee of efficient
convergence (to global minimum) for gradient descent.

4.1.2 Non-Linear Activation

Due to lack of space, we defer our analysis for fully connected neural networks with non-linear
activation to Appendix|[C] This analysis is similar in spirit to the one in Subsubsection[4. . T|treating linear
activation. In particular, it makes use of the fact that gradient flow initialized near zero maintains balance
between weight matrices — cf. [[18]. A key difference brought forth by non-linear activation is that the
training loss f(-) (Equation (9)) is no longer differentiable. We circumvent this challenge by excluding
from the analysis points of non-differentiability, which form a negligible (closed and zero measure) set.

4.2 Convolutional Architectures

We account for convolutional neural networks by allowing for weight sharing and sparsity patterns
to be imposed on the layers of the fully connected model analyzed in Subsection[d.1] Namely, we
consider the exact same mappings as in Equation (§)), but now, rather than being learned directly, the
matrices W; € R%-di-1 5 =12 ... n, are determined by learned weight vectors w; € R% , with
d’ eN,j= 1 ,2,...,n, such that each entry of W} is either fixed at zero or connected to a predetermined
coordlnate of w; (with no repetition of coordlnates within the same row). The weight setting 8 € R?
is then simply a concatenation of the weight vectors wy,wao,...,w,,, and its dimension is accordingly
d= Z;-L:ld}. Our analysis for this model (which includes convolutional neural networks as a special
case) is essentially the same as that presented for fully connected neural networks with non-linear
activation (Subsubsection[d.1.2)). In particular, we use the fact that even with weight sharing and
sparsity patterns imposed on the layers of a fully connected neural network (with homogeneous
activation), when initialized near zero, gradient flow over the network maintains balance between
weights of different layers — cf. [18]]. For the complete analysis see Appendix[D]

3Note that by convention, an empty product (i.e. a product over the elements of the empty set) is equal to one.



S Continuous Proof of Discrete Convergence for Deep Linear Neural Networks

Section [3]invoked the Fundamental Theorem for numerical solution of initial value problems (The-
orem[2)) to show that, in general, the extent to which gradient descent provably matches gradient flow
is determined by how large (less negative or more positive) the minimal eigenvalue of the Hessian
is around the gradient flow trajectory~ Section E]established that for training losses of deep neural
networks, along trajectories of gradient flow emanating from near-zero initialization (as commonly em-
ployed in practice), the minimal eigenvalue of the Hessian is far greater than in arbitrary points in space,
particularly towards convergence. In this section we combine the two findings, translating an analysis of
gradient flow over deep linear neural networks into a convergence guarantee for gradient descent. The
guarantee we obtain is, to our knowledge, the first to ensure that a conventional gradient-based algorithm
optimizing a deep (three or more layer) neural network of fixed (data—independen@) size efficiently
converges™ to global minimum almost surely under random (data-independent) near-zero initialization.

Deep linear neural networks — fully connected neural networks with linear activation (see Subsec-
tion[.T) — are perhaps the most common subject of theoretical study in the context of optimization in
deep learning. Though trivial from an expressiveness point of view (realize only linear input-output map-
pings), they induce highly non-convex training losses, giving rise to highly non-trivial phenomena under
gradient-based optimization. In recent years, various results concerning gradient flow over deep linear
neural networks have been proven, most notably for the case of balanced initialization (see for exam-
ple [4914,134116!46)). Under the notations of Subsection@](in particular with W1, Ws,...,-W,, standing
for network weight matrices), balanced initialization means that when optimization commences:

W, Wi =W;W, forj=12,.n-1. (15)

J

The condition holds approximately with any near-zero initialization, and exactly when the following
procedure (adaptation of Procedure 1 in [3])) is employed.

Procedure 1 (random balanced initialization). With a distribution P over d,,-by-do matrices of rank at
most min{do,dx,...,dy, }, initialize W; € R%-di-1, j=1,2,....n, via following steps: (i) sample A~P;
(ii) take singular value decomposition A=UXV' T, where U € R4 min{do.dn} gng |/ € Rbo,min{do,dn}
have orthonormal columns, and ¥ € R™ir{do.dn}min{do.dn} i digeonal and holds the singular values
of A; and (iii) set W, ~ UZl/”,Wn_l ~ 21/”,Wn_2 ~ 21/”,...,W2 ~ 21/”,W1 ~SVV T where
“o” stands for equality up to zero-valued padding.

Compared to gradient flow, little is known about gradient descent when it comes to optimization of
deep (three or more layer) linear neural networks. Indeed, there are relatively few results along this line
(cf. 19,130, 15]]), and these are typically highly specific, built upon technical proofs that are difficult to
generalize. Being able to obtain results via translation of gradient flow analyses is thus of prime interest.

We focus in this section on dee linear neural networks trained for scalar regression per least-squares
criterion. In the context of Subsection this means that the activation function o(-) is linear
(o(z) = ), the output dimension d,, is one, and the loss function #(-) is the square loss (i.e. Y =R
and £(9,y) = 3(§ —y)?). We assume that training inputs are whitened, i.e. have been transformed
such that their empirical (uncentered) covariance matrix A, := Fllzglxix;e R%:do i5 equal to
identity. A standard calculation (see Appendix @) shows that in this case the function ¢(+) defined
by Equation (TT)) becomes ¢(W) = [|W — Ay ||, openius + ¢ Where Ay, := ‘%lzglylxj cRbdo
is the empirical (uncentered) cross-covariance matrix between training labels and inputs, and c€ R
is a constant (independent of W). We may thus write the training loss f(-) (Equation (9)) as:

1 1 .
f(e) = 5 Hanl _Ayz ||%‘robenius +c= 5 ||Wn11 _Ayw ||%‘robenius +m1nq€Rdf(q) ’ (16)

where W,,.; € R1% is the network’s end-to-end matrix (Equation (T0)). We disregard the degenerate
case where A, =0, i.e. where the zero mapping attains the global minimum, and assume that training
labels are normalized (jointly scaled) such that A, has unit length (||Ay1‘ | Frobenius = 1)

Proposition[3|below analyzes gradient flow over the training loss in Equation (I6). Relying on a known
characterization for the dynamics of the end-to-end matrix (cf. [4]), it establishes convergence to global
minimum. Moreover, harnessing the results of Section[d] it derives a lower bound on (the integral
of) the minimal eigenvalue of the Hessian around the gradient flow trajectory.

Qur results apply to shallow (two layer) networks as well. We highlight the deep (three or more layer) setting
as it is far less understood (cf. [5]]), and arguably more central to deep learning.



Proposition 3. Consider minimization of the training loss f(-) in Equation (16) via gradient
flow (Equation (B)) starting from initial point 5 € R? that meets the balancedness condition
(Equation (13)). Denote by W1 s the initial value of the end-to-end matrix (Equation (10)), and
suppose that ||W,,.1 s ||Fmbemué c (0 0. 2} (initialization is small but non-zero). Assume that Wp.1 s is
not antiparallel to Ayz, ie v: —Tr(A Wha )/(||Ayx||pmbemus||Wn_1,5||pmbemus) #-—1. Then
the trajectory of gradient flow is defined over mﬁnite time, and with 0 :[0,00) — R% representing this
trajectory, for any € >0, the following time t satisfies f(0(t)) —mingega f(q) <€

P 2n(max{1 ) 1+Z ) h'l< 157LII]8‘X{1’1+Z > (17)

IWaa,sll Frobenius W15l Frobeniusmin{1,2€}

Moreover, under the notations of Theorem EI foranyt>0andec (07 ﬁ] with corresponding D,
(e-neighborhood of gradient flow trajectory up to time t), we have the smoothness and Lipschitz
constants 3 . = 16n and -y, . = 64/n respectively, and the following (upper) bound on the integral
of (minus) the minimal eigenvalue of the Hessian.'

t 15n3 (max{l — )nte n (e max{l
/ / 2 1+y ’ 1+1/
/ m(t )dt < HVVn-l,SHF?‘obs‘mug +1n< HWn-l QHFrobe"n,ius ) ’

)5(77,71)/2

(18)

where the function m:[0,t] — R is non-negative.
Proof. See Subappendix[J-8] O

Plugging the gradient flow results of Proposition3]into the generic Theorem [3|translates them to the
following convergence guarantee for gradient descent.

Theorem 4. Assume the same conditions as in Proposition 3} but with minimization via gradient
descent (Equation (6) instead of gradient ﬂow.E| Then, with 0¢,01,05,... representing the iterates of
gradient descent, W1 o standing for the end-to-end matrix (Equation (I0)) of the initial point 6, and

V. Tr(AT n:1 0)/(||Ayr HFrobenius Hanl OHFrobenius) for any €> 0; l.‘fthe step SiZ€ n meets:

—2
n < W1, oHpmbemusmlnéng} - ln( 15nmax{1 1+u} ) ch W1 UHFrofenzusg (19)
n—>5 € "

e e Ty s alrrence )| €2 s Gy (L5 )

it holds that f(0,) —mingcga f(q) <€ where:

[l (el o ()

[[Wa:1,0ll Frobeniusn (W10l Frobeniusmin{1,&} [[Wa:1,0ll Frobeniusn

Proof. See Subappendix[J-9] O

Remark 1. Theorem[3]— our generic tool for translating analyses between gradient flow and gradient
descent — allows for the two to be initialized differently. Accordingly, the convergence guarantee
of TheoremM|may be extended to account for initialization which is not perfectly balanced, i.e. which
satisfies Equation (13) only approximately. For details see Appendix|[H]

Remark 2. The convergence guarantee of Theorem | requires a number of iterates that scales
exponentially with network depth (n). [51|] has proven that under mild conditions, for a deep linear
neural network whose input, hidden and output dimensions are all equal to one (i.e., in our notations,
dy=dy =--=d,, =1), such exponential dependence on depth is unavoidable. We defer to future work
the question of whether this also holds in the context of Theorem[]

Combining Theorem [4] with random balanced initialization (Procedure [T) yields what is, to our
knowledge, the first guarantee of random (data-independent) near-zero initialization almost surely
leading a conventional gradient-based algorithm optimizing a deep (three or more layer) neural
network of fixed (data-independent) size to efficiently converge to global minimum.

Corollary 2. Consider minimization of the training loss f(-) in Equation (16) via gradient descent
(Equation (6))) emanating from a random balanced initialization (Procedure [I) whose underlying
distribution P is continuous and satisfies Pr 4.p [||A||Fmbemu5 < 0.2} = 1. Assume dy (network
input dimension) is greater than one, and let W1 o and v be as defined in Theorem Then, almost
surely with respect to (i.e. with probability one over) initialization, for any € >0, if the step size n meets
Equation (19), the value of f(-) after k iterates will be within € from global minimum, where k is given
by Equation (20)

Proof. See Subappendix[J.10] O

!5The conditions on @ in Propositionare now satisfied by the initialization of gradient descent, i.e. by 8.
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Figure 1: Over deep fully connected neural networks, trajectories of gradient descent with conventional step size
barely change when step size is reduced, suggesting they are close to the continuous limit, i.e. to trajectories of
gradient flow. Presented results were obtained on fully connected neural networks as analyzed in Subsection[d.1}
trained to classify MNIST handwritten digits (28-by-28 grayscale images, each labeled as an integer between 0
and 9 — cf. [35]]). Networks had depth n=3, input dimension do="784 (corresponding to 28 -28="784 pixels),
hidden widths d; =d2=50 and output dimension d3=10 (corresponding to ten possible labels). Training was
based on gradient descent applied to cross-entropy loss with no regularization, starting from a near-zero point
drawn from Xavier distribution (cf. [24]]). Separately on each network, we compared runs differing only in the step
size n). Specifically, with 7o=0.001 (standard choice of step size) and r ranging over {2,5,10,20}, we compared,
in terms of training loss value and location in weight space, every iteration of a run using n=mno to every r’th
iteration of a run in which n=ny /7. Left pair of plots reports results obtained on a network with linear activation
(0(z) = z), while right pair corresponds to a network with rectified linear activation (¢ (z) =max{z,0}). In each
pair, left plot displays training loss values, and right one shows (Euclidean) distances in weight space, namely,
distance between initialization and run with n=mo, alongside distances between run with n=1o and runs having
n=no /r for different values of r. Horizontal axes represent time in units of 7=ny iterations (meaning each time
unit corresponds to 7 iterations of a run with 7=nyo /7). Notice that the drift between runs with different step sizes
is minor compared to the distance traveled. For further implementation details, and results of similar experiments
on convolutional neural networks, see Appendixm

6 Experiments

In this section we corroborate our theory by presenting experiments suggesting that over simple
deep neural networks, gradient descent with conventional step size is indeed close to the continuous
limit, i.e. to gradient flow. Our experimental protocol is simple — on several deep neural networks
classifying MNIST handwritten digits ([35]), we compare runs of gradient descent differing only in
the step size 7). Specifically, separately on each evaluated network, with 1y =0.001 (standard choice
of step size) and r ranging over {2,5,10,20}, we compare, in terms of training loss value and location
in weight space, every iteration of a run using 7= to every r’th iteration of a run in which n=n/r.
Figure[T|reports the results obtained on fully connected neural networks (as analyzed in Subsection[d.T]),
with both linear and non-linear activation. As can be seen, reducing the step size 7 leads to only slight
changes, suggesting that the trajectory of gradient descent with n=n is already close to the continuous
limit. Similar results obtained on convolutional neural networks (see Subsection[d.2]for corresponding
analysis) are reported by Figure[3]in Subappendix

Our experimental findings suggest that in practice, proximity between gradient descent and gradient
flow may take place even when the step size of gradient descent is larger than permitted by current
theory. Indeed, the theoretical machinery developed in this paper brings forth upper bounds on step
size that guarantee proximity, and while such upper bounds can be asymptotically tight under worst
case conditions (see Appendix [B]), they are by no means tight in every given scenario, and therefore
larger step sizes may also admit proximity. For illustration, a step size of 79, which in our experiments
was seemingly sufficient for ensuring proximity, is many orders of magnitude greater than the upper
bound on step size required by Theorem[4](Equation (19)).

7 Related Work

Theoretical study of gradient-based optimization in deep learning is an extremely active area of
research. While far too wide to fully cover here, we note that analyses in this area can broadly
be categorized as continuous (see for example [49] |4, 34, 16l (1}, 20} 57, 146l 31} 47| 160, [7, 162])
or discrete (e.g. [9, 26, [17, 2 [16L 166, 28]]). There are works comprising analyses of both types
(cf. 118,130, 51614 394 19} 114 [12]]), but with these developed separately, wherein continuous proofs
typically serve as inspiration for discrete ones (which are often far more technical and brittle).



When relating continuous and discrete optimization, the algorithms at play are most commonly gradient
flow and gradient descent. There are however works that draw analogies between other algorithms,
replacing gradient flow on the continuous end and/or gradient descent on the discrete one (see, e.g.,
[5411581159,145.1504 137,152, 1631122, 43,1401 18,133, 153]). The literature includes works which, similarly to
the current paper, provide formal results concerning the accumulated (non-local) discrepancy between
continuous and discrete optimization (cf. [50,43]]). However, such works typically focus on simple ob-
jective functions (for example convex or quadratic), whereas we center on (non-convex and non-smooth)
training losses of deep neural networks. Several recent works (e.g. [8,133}14]]) also considered continu-
ous vs. discrete optimization of deep neural networks, but they did not provide formal results concerning
the accumulated discrepancy. We are not aware of any study (prior to the current) formally quantifying
the accumulated discrepancy between continuous and discrete optimization of deep neural networks.

With regards to the convergence guarantee we obtain in Section[5](via translation of gradient flow analy-
sis to gradient descent) — Theoremd]and Corollary[2]— relevant results are those that establish efficient
convergence? to global minimum for a conventional (discrete) gradient-based algorithm optimizing
a deep (three or more layer) neural network. Existing results meeting this criterion either: (i) appl
to neural networks (linear or non-linear) whose size depends on the data (i.e. is not data-independent),
predominantly in an impractical fashion (cf. [65, (17} [2, 19} 164} 142])); or (ii) apply to linear neural
networks of fixed (data-independent) size, similarly to our guarantee. Results of type (ii) often treat the
residual setting, which boils down to (possibly scaled) identity initialization, perhaps with input and/or
output layers initialized differently (see for example [9,161,166]). Exceptions include [5], [[16]] and [28]].
[5]] allows for random balanced initialization, as we do. Its results account for networks with multi-
dimensional output, and require a number of iterates polynomial in network depth. Our guarantee on the
other hand is limited to networks with one-dimensional output, and calls for a number of iterates scaling
exponentially with network depth. However, while [5] demands that initialization be sufficiently close
to global minimum, thereby excluding the possibility of saddle points being encountered, our guarantee
holds almost surely (i.e. with probability one) under random (data-independent) near-zero initialization.
The fact that we account for evasion of saddle points (in particular that at the origin, which is non—stric
when network depth is three or more) may be the source of the gap in number of iterates — see Remark[2]
As for the results of [[16] and [28]], these also hold with high probability under random initialization,
but they require network size to grow towards infinity in order for the probability to approach one.

8 Discussion

Our work puts forth a potential explanation to a puzzling phenomenon in deep learning, namely, the
effect of weight decay (L5 regularization). While traditionally viewed as a regularizer, it is known
(cf. 132]) that in deep learning, weight decay can assist in minimizing the training loss. In light of
our findings, a possible reason for this is that weight decay translates to adding a positive constant
to Hessian eigenvalues, thereby bringing gradient descent closer to gradient flow, which often enjoys
favorable convergence properties. Theoretical and/or empirical investigation of this prospect is a
potential avenue for future work.

Emerging evidence (cf. [38.136129]]) suggests that for (variants of) gradient descent optimizing deep
neural networks, large step size is often beneficial in terms of generalization (i.e. in terms of test
accuracy). While the large step size regime is not necessarily captured by standard (variants of) gradient
flow (see [14]), recent works (e.g. [8,133,153]]) argue that it is captured by a certain modified version
of (variants of) gradient flow. Formally quantifying the discrepancy between gradient descent with
large step size and such modified version of gradient flow is a promising direction for future research.

The demonstration we provided for translation of a gradient flow analysis to gradient descent
(Section[3)) culminated in a convergence guarantee, but in fact entails much more information. Namely,
since the translated gradient flow analysis includes a careful trajectory characterization, not only do we
know that gradient descent converges to global minimum (and how fast that happens), but we also have
access to information about the trajectory it takes to get there. This allows, for example, shedding light
on how saddle points (non-strict ones in particularl%) are evaded. A nascent belief (cf. [15,16]) is that
understanding the trajectories of gradient descent is key to unraveling mysteries behind optimization
and generalization (implicit regularization) in deep learning. The machinery developed in the current
paper may contribute to this understanding, by translating results from the vast bodies of literature
on continuous dynamical systems.

15 A saddle point is said to be non-strict if its Hessian has no negative eigenvalues. Saddle points that are
non-strict are generally regarded as more difficult to evade — cf. [5]].
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multiple times)? [N/A]

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [ Yes]
4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...

(a) If your work uses existing assets, did you cite the creators? [Yes]

(b) Did you mention the license of the assets? All assets used (MNIST data and
PyTorch framework) are standard.

(c) Did you include any new assets either in the supplemental material or as a URL? [N/A]
There are no new assets other than our code (included in supplemental material).

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? All data used (MNIST) is standard.

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review Board
(IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A |
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A Infinite Time for Gradient Flow Over Smooth Objective

By Theoreml gradient flow over a twice continuously differentiable objective function f:R% —R
(Equation (3))) admits a unique solution 8 : [0,t.) —R9, where either: (i) t.=oo; or (ii) t.<oc and
6(t)||,=o0. Lemma[3|below shows that if f(-) is 3-smooth then necessarily ¢, = oo

Lemma 3. Let f:R% — R be twice continuously differentiable and 3-smooth with 3 > 0 (meaning
V2 £(Q)|spectrar < B for all q € R). Then, for any 8, € R%, there exists a solution 6 : [0,00) — R?
to gradient flow over f(-) initialized at 0 s (Equation (3))).

Proof. In light of Theorem [I} there exists a solution (to gradient flow over f(-) initialized at )
0 :[0,t.) — R?, where either: (i) t. = oo; or (ii) t. < oo and lim ~¢_ ||0(t)||, = oc. It suffices to
prove that condition (ii) is not satisfied. Assume by way of contradiction that it is. Then, there exists
to € [0,t.) such that for every ¢ € [to,t.), ||@(t)]|2 # 0 and we may write:

alow. = (8(t)/]6 <t>||2)”e<>
= (0(1)/16(1)]2) (- V£(6(1)))
< IVFO®))]l2
= [IVS(0)+V£(6(t)~V£(0)]2
< [IVFO) ]2+ [V £(6(£)~V £(0)[2
< IV£0)]l2+B0()]2,

where the first transition follows from the chain rule, the second holds since 8(-) is a solution to
gradient flow over f(-), the third is an application of the Cauchy-Schwartz inequality, the fourth
is trivial, the fifth results from the triangle inequality, and the sixth is due to 3-smoothness of f ().
Dividing by the right-hand side above and integrating between ¢y and some t’ € [tg,t. ), we obtain:

B (V£ (0)]l2+B10(t) 2) 8~ (Y F(O)|a+B6(t0)l12) <t —to

which in turn implies:

16112 < 87 ((IV£(0) 12+ B16(t0) ) exp (57 ~10)) ~ 7 £ (O)]]) .

We conclude that for any ¢’ € [tg,t.), it holds that ||@(¢')||2 < ¢, where:

IV F£(0) 2+ BI0(k0) 12)exp (B(t. —t0)) = [V F (0)]]2) <o

This of course contradicts lim; ~_||0(t)||, = 0o, affirming that condition (ii) above is false. O

B Worst Case Scenario

Theorem[3]in Section[3|established that if gradient descent (Equation (6)) is applied with step size 7
meeting a certain upper bound (Equation (7)), then its trajectory will e-approximate that of gradient
flow (Equation (3)) up to a given time t. The upper bound on 7 decays exponentially with the integral
of m(-) along the gradient flow trajectory up to time #, where m(-) corresponds to minus the minimal
eigenvalue of the Hessian. Replacing m(-) by a constant m equal to minus the minimal eigenvalue of
the Hessian across the entire space results in a coarse bound, which for a non-convex objective (m > 0)
scales as e =™ — see Corollarylﬂ The current appendix shows that in the worst case, such exponential
scaling is necessary. That is, there exist objective functions and initializations with which the location
of gradient flow at time ¢ will not be e-approximated by the trajectory of gradient descent (at any
iteration) unless the step size of gradient descent is O(e~ ™). We prove this via an example, whose
crux is that the gradient flow trajectories it entails traverse through regions where Hessian eigenvalues
coincide with the minimal one across space.

Leta>0,b>3and €< (0,1). Define the “cut points” z.:=be3+1 and z.:=b+1, and the “transition
width” p:=min{e~12/2,¢/2b}. Consider the functions ¢, : R—R given by:
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Figure 2: Illustrations of the functions ¢(-) and @(+) defined in Equations 1) and (22) respectively.

ta(ze+1)2 = Za—az ,2=0
p(0)—3az° 2€(0,2,)

p(2)=1 @(0)—3zaz’+a(3+z.)(z—2c)®—a(F+352.) (z—2c)* ,2€[zc,2c+1] » (21)
0 2 € (2c+1,00)
o(lz]) 12 €(—00,0)
sa(ze+1)°+La—3az.—a(3p—5p%) z=3p—1
p(5p-1)~ja(z—(3p-1))’ Z€(3p—1.1-0)
@(3p—1)—sa+a(ip—Ep*)—3a2®—Hap(z—1)* z€[1-p,1]

o(2)={ #(3p—1) = 3a+a(3p— {50°) — 302 ze(lze) 22)
P(3p—1) —3a+a(3p—45p") —502° e lzztl]

+a(2+z)(z—z)3 —a(t+1z.) (z—2.)*

0 2 € (Ze+1,00)
?(le=(zp=1)[+27-1) € (=00,3p—1)

Both ¢(+) and @(-) are twice continuously differentiable, non-negative and smoothE with minimal
curvature (second derivative) equal to —a. (-) comprises three parts — (i) constant zero over
(=00, —2z. — 1); (ii) quadratic with curvature —a over (—z., z.); and (iii) constant zero over
(zc + 1,00) — with twice continuously differentiable transitions in-between. @(-) consists of
five parts — (i) constant zero over (—oo, —Z. — 3 + p); (ii) quadratic with curvature —a over
(—=Z.—2+4p,—34p); (iii) quadratic with curvature —a/2 over (—3+2p,1— p); (iv) quadratic with
curvature —a over (1,z.); and (v) constant zero over (Z.+1,00) — also joined by twice continuously
differentiable transitions. Illustrations of ¢(-) and ¢(-) are presented in Figure[2]

Let d € N> 3, and consider the objective function f:R¢— R defined by:
Fl@)=w(aq1)+@(g2)+6ags, (23)

where q1, g and g3 stand for the first, second and third coordinates (respectively) of g€R?. f(-) meets
the conditions of Corollary— it is twice continuously differentiable, non-negative and smoothﬁ The
minimal eigenvalue of its Hessian across space (i.e. inf gcga Amin (V2 £(q)), Where Anin (V2 f (q)) rep-
resents the minimal eigenvalue of V2 f(q)) is —a, meaning the constant m:=—inf cga Amin (V f(q))
is equal to a. Building on the fact that in the region (0,2.) x (1,z.) x R?~2 the Hessian has eigenvalues
coinciding with the minimum (i.e. equal to —a), Proposition ff] below establishes the sought-after
result — over f(-), there exist gradient flow trajectories whose e-approximation at a given time ¢

requires gradient descent to have step size O(e~™1).

Proposition 4. Let 0, = (051,0.,...,05.4) € R be such that 051 € (0.5,1), O50€ (e712/2—1,
e~2—1) and 05 3>>2. In the above context (in particular with the objective function f ‘R defined

Their second derivatives are bounded.
"8There exists 3> 0 such that | V2 £(q) || spectrar < § for all g € R?.
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by Equation 23), for which m:=—inf 4cga Amin (V2 f(q)) =a), denote by 0(-) the trajectory of
gradient flow initialized at 05 (solution to Equation (3))), and by 0,01,04,... the iterates of gradient
descent with step size > 0 (Equation (6)) emanating from the same point (i.e. with o =0y). Then,

L r 2 2-3p/2 1 2\ 2 2-3p/2 1 14p/4 | 1 :
for any time t€ [Eln(9s,z—(ﬁp//2—1>)+51n(1—5)’5111(05,2—(,5%—1)) +Eln(1—3pﬁ//4)+aln(b)}’ if
14 ind ~
n>—c=%e, it holds that |0 — 0(1)||2 > € for all kENU{O}.

Proof sketch (for complete proof see Subappendix[JT1)). Since f(-) is additively separable (can be
expressed as a sum of terms, each depending on a single input variable), the dynamics in R? induced
by gradient flow and gradient descent can be analyzed separately for different coordinates. Restricting
our attention to the first two coordinates, we observe that gradient flow and gradient descent initially
traverse through an “anisotropic” region, where curvature is —a in the first coordinate and —a/2 in the
second, and from there move to an “isotropic” region, where curvature is —a in both the first and second
coordinates. In the isotropic region, if gradient descent is placed along a gradient flow trajectory it will
continue down the same path, but otherwise, if there is any discrepancy between gradient descent and
gradient flow, this discrepancy will grow exponentially with time, namely will scale as e%t. Carefully
characterizing the dynamics along the anisotropic region reveals that upon entrance to the isotropic
one, there is indeed a discrepancy between gradient descent and gradient flow, the magnitude of which
is proportional to 7 (step size of gradient descent). Since this magnitude scales as e*® thereafter, it
will exceed e at time £ if i ¢ O(e~%¢), which is what we set out to prove. The above analysis assumes
7 is no greater than a certain constant. However, larger values for 7 lead to divergence in the third
coordinate (due to the term 6aq3 in the definition of f(-) — Equation (23))), thus these are accounted for
as well (they preclude the possibility of gradient descent e-approximating gradient flow at time £). [J

C Analysis for Fully Connected Architectures with Non-Linear Activation

In this appendix we provide our analysis for fully connected architectures with non-linear activation,
outlined in Subsubsectiond.1.21

When the (homogeneous) activation function of the fully connected neural network defined in
Equation (8) (and surrounding text) is non-linear, i.e. o(z) = amax{z,0} —@max{—z,0} for some
a,& € R, a # @, the training loss f(-) (Equation (9)) is (typically) not everywhere differentiable.
It is however locally Lipschitz thus differentiable almost everywhere (see Theorem 9.1.2 in [10]]).
Moreover, as established by Proposition@]in Appendix@ for almost every 8’ € R? there exist diagonal
matrices D; ; € R4 §=12,...,|S|,j=1,2,...,n—1, with diagonal elements in {c,&}, such that f(-)
coincides with the function

1 S
o Elellg(WnD;,n—lWn—lD;,n—2Wn—2"'D;,lwlxhyi) (24)

on an open region Dy CR? containing @', that is closed under positive rescaling of weight matrices
(i.e. under (W, Wo,... . W) = (a1 W1, caWa,...,c, W,,) with ¢1,¢a, ..., ¢, > 0). The notion of
gradient flow over a non-differentiable locally Lipschitz objective function is typically formalized
via differential inclusion and Clarke subdifferentials (cf. [[15,[18]]). To our knowledge there exists no
analogue of the Fundamental Theorem (Theorem2) that applies to this formalization, thus we focus
on (open) regions of the form Dy, where f(-) is given by Equation (24)), and in particular is twice
continuously differentiable. On such regions the analysis of Section[3|applies, and since they constitute
the entire weight space but a negligible (closed and zero measure) set, they can facilitate a “piecewise
characterization” of the discrepancy between gradient flow and gradient descent.

Lemmafd|below expresses V2 () for 6 € Dy

Lemmad. Let 0@ €Dy. Foranyic{1,2,...,|S|} and j,j' € {1,2,...,n} define (D ,W.);.; to be the
matrix D} ;W D} ;, _\Wji_y---Dj ;W (where by convention Dj ,, € R stands for identity) if
Jj <j', and an identity matrix (with size to be inferred by context) otherwise. Fori€{1,2,...,|S|} let
V{; €R4 and V24; € R4 be the gradient and Hessian (respectively) of the loss {(-) at the point

“Note that the upper bound on ¢ can be made arbitrarily large via suitable (sufficiently large) choice of b.
PSince f(-) is twice continuously differentiable and smooth, (%) necessarily exists (see Lemmain Ap-

pendix[A).
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((D;* W) n1X; ,yi) with respect to its first argument. Then, regarding Hessians as quadratic forms
(see examples in Lemma E]), it holds that:

|S| n
1
va(o)[AWhAWQ,...,AWn]:&Zv2£i[;(pg7*w*)mj+1pg7j(ij)(Dg,*W*)j_Mxi (25)
i=1 j
5 18]
+EZW¢T > (D} Wonsjre1 D i (AW ) (D W) jrocjer Dy (AW, (D) W) jra X
i=1  1<j<j’<n

Proof sketch (for complete proof see Subappendix[J12)). The proof is similar to that of Lemma
Namely, it expands the function in Equation (24) and then extracts second order terms. O

The following proposition employs Lemmato show that (under mild conditions) there exists 8 € R?
for which \,,;, (V2 f(0)) is arbitrarily negative.

Proposition 5. Assume that: (i) the network is deep (n > 3); and (ii) the loss function £(-) and
training set S are non-degenerate, in the sense that there exists a weight setting 6 € R? for which
Zi‘ill VL(0,y;) "he(x;) # 0, where V() stands for the gradient of £(-) with respect to its first
argument, and hg(+) is the input-output mapping realized by the network (Equation (8)) ).@ Then, it
holds that infgcra s.t.V2£(0) exists/\min(vzf(a)) =—0C.

Proof sketch (for complete proof see Subappendix[J13). Let € R? be a weight setting realizing the
non-degeneracy condition, i.e. for which ) li‘lv £(0,y;) T he(x;) #0. Without loss of generality, we
may assume that @ satisfies the condition > Li'lv £(0,y;)"he(x;)<0 (if this is not the case then simply
flip the signs of the entries in @ corresponding to the last weight matrix IW,,). From continuity, there
exists a neighborhood of @ consisting of weight settings that all meet the latter condition. There
must exist a region of the form Dy- intersecting this neighborhood (since these regions constitute all
of R? but a zero measure set), so we may assume, without loss of generality, that @ € Dy . Lemma
then applies. Moreover, since Dy is closed under positive rescaling of weight matrices (i.e. of
W1, Ws,...,Wy,), the lemma remains applicable even when @ is subject to such rescaling. The proof
proceeds by fixing AW,,AW,,...,AW,, to certain values, and positively rescaling Wy, Ws,..., W,
in a certain way, such that the expression for V2 f(0)[AW1,AWs,...,AW,,] provided in Lemma
becomes arbitrarily negative. ]

Relying on Lemma Lemmabelow provides a lower bound on A, (V2 f(8)) for 8 € Dy.
Lemma 5. With the notations of Lemma forany @ e Do 13

IS|
—\n— n—1
i (921(0) 2 ~max{lal '~ S It s TIIWslonie: 29
=1 T ;7“.7 jET
|T|=n—2

Proof sketch (for complete proof see Subappendix[J.14). The proof is analogous to that of Lemmal[2]
Namely, it appeals to Lemma] and lower bounds the right-hand side of Equation (23). Convexity
of ¢(-) (with respect to its first argument) implies that the first summand is non-negative. For the
second summand, we use known matrix inequalities (as well as the fact that || D j lspectral is nO
greater than max{|«|,|@|} for j=1,2,...,n—1, and equal to one for j=n) to establish a lower bound
of €377 [AW;[1% 1 openius> With ¢ being the expression on the right-hand side of Equation (26). [

The lower bound in Equation (26) is highly sensitive to the scales of the individual weight matrices.
Specifically, assuming the network is deep (n > 3), if @ does not perfectly fit all non-zero training
inputs (meaning there exists ¢ € {1,2,...,|S|} for which V/; # 0 and x; # 0), and if at least n — 2 of
its weight matrices Wy ,W,...,W,, are non-zero, then it is possible to rescale each W; by ¢; >0, with
H?Zl ¢; = 1, such that the lower bound in Equation (26)) becomes arbitrarily negativeEI despite the

2! Assumptions (i) and (ii) are both necessary, in the sense that removing any of them (without imposing further
assumptions) renders the proposition false — see Claim[2)in Appendix@ Assumption (i) in particular is extremely
mild, e.g. if £(-) is the square loss (i.e. Y =R and £(§,y) = 2|y —y|[3), the slightest change in a single label (y)
corresponding to a non-zero prediction (hg (x;) 7 0) can ensure the inequality.

2The bound remains applicable since Dy is closed under positive rescaling of weight matrices.
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input-output mapping hg(-) (and thus the training loss value f(0)) remaining unchanged. Nevertheless,
similarly to the case of linear activation (Subsubsectiond.1.1)), we may employ the fact that gradient
flow over fully connected neural networks (with homogeneous activations) initialized near zero
maintains balance between weight matrices — cf. [18]] — to show that along its trajectories, the lower
bound in Equation (26)) assumes a tighter form. This is done in Proposition[6|below.

Proposition 6. [f 0 € Dy resides on a trajectory of gradient flow (over f(-)}°|initialized at some
point 0, €R?, with |02 < e for some € >0, then, using the notations of Lemma

|S‘ n—2
Amin(V(6))2 ~maflal al)" ™ <=3 an lellxill2(_min W5 rvopeniuate) - @)

Proof sketch (for complete proof see Subappendlx@) By the analysis of [18], for any
4,5" € {1,2,...,n}, the quantity ||W;||%, coenius — 1Will%ropenius 1S invariant (constant) along a
gradient ﬂow traJ ectory. This 1mphes that along a trajectory emanating from a point with (Euclidean)
norm O(e), it holds that || W} Hpmbemus IWill%, openins € O(€2) for all 4,5 € {1,2,...,n}, which
in turn implies [|Wj/ || Frobenius < Minje(1,2,.. n} [|Wjll Frobenius + O(€) for all j" € {1,2,...,n}.
Plugging this into Equation (26) yields the desired result (Equation 27)).

Assume the network is deep (n > 3), and consider a trajectory of gradient flow (over f(-)) emanating
from near-zero initialization. For every point on the trajectory, Proposition [6|may be applied with
small ¢, leading the lower bound in Equation to depend primarily on the minimal size (Frobenius
norm) of a weight matrix W;, and on V/{1,V/3,...,V¥| s — gradients of the loss function with respect
to the predictions over the training set. In the course of optimization, Wy, Ws,...,W,, are initially small,
and if a perfect fit of the training set is ultimately achieved, V{1,V {s,...,V{|s| will converge to zero.
Therefore, if not all weight matrices W1 ,Ws,...,W,, become large during optimization, the lower bound
on A\pin (V2 £(0)) in Equation will only be moderately negative before approaching non-negativity
(if and) as the trajectory converges to a perfect fit. Inlight of Section[3] this suggests that the gradient flow
trajectory may lend itself to approximation by gradient descent. For a case with linear activation (Sub-
subsectiond.T.1]) such prospect is theoretically verified in Section[5] For non-linear activation we pro-
vide empirical corroboration in Section[6} deferring to future work a complete theoretical affirmation.

D Analysis for Convolutional Architectures

In this appendix we provide our analysis for convolutional architectures, outlined in Subsection|4.2]

Suppose we modify the fully connected neural network defined in Equation @ (and surrounding
text) by converting each learned weight matrix W; € R%-di-1, j = 1,2,... n, into a function

W; RY s R i1 , with d;- €N, that intakes a learned weight vector w; € Rd3 , and returns a matrix
where each element is either fixed at zero or connected to a predetermined coordinate of w;, with no
repetition of coordinates w1th1n the same row (that is, each row of 1 (-) realizes a function of the form
w;— Pw;, where P €R%-19 is a matrix in which no row or column includes more than a single
non-zero element, and all non-zero elements are equal to one). This allows imposing various weight
sharing and sparsity patterns on the layers of the model, in particular ones giving rise to convolutional
neural networks. The resulting input-output mapping has the form:

hg :R% SR | hg(x)=W, (Wy,)0 (W1 (Wp1)o (Wia(Wia) o (Wi(wi)x))-),  (28)

where 8 € R?, with d := >_" i1 d;, is the concatenation of the weight vectors wy,wo, ..., Wy,

and as before, 0 : R— R is a predetermined activation function (operating element-wise when

»Recall that in the current context, the optimized objective function £ (-) is locally Lipschitz but (typically)
non-differentiable. Following a conventional formalization in such settings (cf. [151[18]), we regard a curve in R¢
as a trajectory of gradient flow if it satisfies the differential inclusion <-8(t)€ — 9 f(6(t)) for almost every time ¢,

where 8 (8(t)) CR? stands for the Clarke subdifferential (see [13]) of f(-) at 8(t).

*The exact order by which w1, wa,...,w,, are concatenated is insignificant for our purposes — all that matters
is that the same order be used throughout.
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applied to a vector) that is (positively) homogeneous, meaning there exist o, @ € R such that
0(z)=amax{z,0} —amax{—z,0} forall ze R

Let f:R? — R be the training loss defined by applying Equation (J) (and surrounding text) to the above
neural network (i.e. with hg(-) given by Equation (28)). In line with our analysis of fully connected
architectures (Subsection , we will show that although the minimal eigenvalue of V2 f(6) (Hessian
of training loss) — denoted A, i, (V2 f(8)) — can in general be arbitrarily negative, along trajectories
of gradient flow (which emanate from near-zero initialization) it is no less than moderately negative,
approaching non-negativity towards convergence. In light of Section[3] this suggests that over deep
convolutional neural networks, gradient flow may lend itself to approximation by gradient descent — a
prospect we empirically corroborate in Subappendix|[[.1]

Propos1t10n.1n Appendlx@estabhshes that for almost every 8’ cR? there exist diagonal matrices
D} eR%% 4 =1,2,..|S], j = 1,2,...,n — 1, with diagonal elements in {cv,a}, such that f(-)
commdes W1th the functlon

|S |
|S| Z W (W) D s Wit (Wit ) Dy o Wia(Wiaa)-- Dy Wi (wi)xi,ys)  (29)

on an open region Dy C R? containing ', that is closed under positive rescaling of weight vectors
(i.e. under (w1, Wa,...,Wy,) — (c1W1,CaWa,...,c, W) With ¢1,¢a,...,¢, > 0). Analogously to the
case of fully connected architectures with non-linear activation (c¢f. Appendix [C), we will focus
on (open) regions of the form Dy, where f(-) is given by Equation (29)), and in particular is twice
continuously differentiable. On such regions the analysis of Section[3|applies, and since they constitute
the entire weight space but a negligible (closed and zero measure) set, they can facilitate a “piecewise
characterization” of the discrepancy between gradient flow and gradient descent@
Lemma@below expresses V2 f(0) for 6 € Dy .
Lemma 6. Let 0 € Dgr. Foranyi€{1,2,...,|S|} and j,j'€{1,2,...,n} define (D; ,W.(w.));.; to
be the matrix D; ;; Wy (w1 )D; ;1 \Wjra(wjr1)-Dj ;W;(w;) (where by convention D; ,, € R dn
stands for identity) if j < j', and an identity matrix (with size to be inferred by context) otherwise.
Foric{1,2,...,|S|} let V{; € R and V?{; € R4 be the gradient and Hessian (respectively) of
the loss ((-) at the point (D} ,W..(W.))n:1X;,y;) with respect to its first argument. Then, regarding
Hessians as quadratic forms (see examples in Lemmall)), it holds that:

v2f(0)[AW1>AW27'“aAWn] = (30)

|S]

|S\§ V20, |JZ (w*)) 1D§7jo(AWj)(D§7*W*(W*))j_1:1xi +
|S]
.
SRV 32 (DLW(w) g DLy Wi Ao (DL W)
<j<j’'<n
Dg’jo(AWj)(DQ*W*(W*))J.JJXZ

Proof sketch (for complete proof see Subappendix[J.16). The proof is similar to those of Lemmas|T]
and[] Namely, it expands the function in Equation (29) and then extracts second order terms. O

The following pr0p051t10n employs Lemma@to show that (under mild conditions) there exists 8 € R?
for which A\,;, (V2 f(8)) is arbitrarily negative.

Proposition 7. Assume that: (i) the network is deep (n>3); and (ii) the network, loss function £(-)

and trammg set S are non-degenerate, in the sense that there exists a weight setting 0€R? for which
lelve( 0,y;) "he(x;) #0, where V() stands for the gradient of {(-) with respect to its first

»Similarly to our analysis of fully connected architectures (Subsection, that of convolutional architectures
(current appendix) readily extends to the case of different (homogeneous) activation functions at different hidden
layers.

Such “piecewise characterization” is holistic when the activation function o(-) is linear, i.e. ¢(z)=z (or
more generally, a=&). Indeed, in this case f(-) is twice continuously differentiable throughout, and we may take
Dy =R%.
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argument, and hg(+) is the input-output mappmg realized by the network (Equation (28)) . /| Then,
it holds that infgcga ¢ v2 £ (g) exists Amin (V2 £(0)) = —oc.

Proof sketch (for complete proof see Subappendix[J17). The proof is analogous to that of Proposi-

tion Specifically, it establishes that there exists 6 € Dg- for which > Li|1 V4(0,y;) " he(x;) <0, and
then makes use of Lemma@to show that fixing Awq,Aws,....,Aw, to certain values, and positively
rescaling wi,wa,...,w,, in a certain way, leads V2 f(0)[Awy,Aws,...,Aw,] to become arbitrarily
negative. O

Relying on Lemma@ Lemmabelow provides a lower bound on A, (V2 f(8)) for @ € Dy.
Lemma 7. With the notations of Lemma@ forany 6 € Dg: gk
S|

, 1
Amin(V2£(8)) > —max{lal.Jal}"~ 17& DIVl (1)

HH (lop _ max
JC{1,2,...,n
[T |=n—2 jEJ

where |[W;(lop, 17=1,2,...,n, denotes the operator norm of W;(-) induced by the Frobenius norm@

Proof sketch (for complete proof see Subappendix[J.18). The proof mirrors those of Lemmas 2]
andE]— it establishes that the right-hand side of Equation (30) in Lemma [6]is lower bounded by
i |Aw; |2, with c being the expression on the right-hand side of Equation (3T)). O

The lower bound in Equation (31) is highly sensitive to the scales of the individual weight vectors.
Specifically, assuming the network is deep (n > 3) and is non-degenerate, in the sense that all of
its layers can realize non-zero mappings (that is, the activation function o (-) is not identically zero,
i.e. o and & are not both equal to zero, and for all j € {1,2,...,n}, W;(-) is not the zero mapping,
i.e. |[W;(-)|lop > 0), if @ does not perfectly fit all non-zero training inputs (meaning there exists
i1€{1,2,...,|S|} for which V¢; #0 and x; # 0), and if at least n —2 of its weight vectors wi,wa,...,Wy,
are non-zero, then it is possible to rescale each w; by c¢; > 0, with H 1¢; =1, such that the lower
bound in Equation (31) becomes arbltranly negatweFj] despite the input-output mapping hg(-) (and
thus the training loss value f(0)) remaining unchanged. Nevertheless, as with fully connected
architectures (see Subsectiond.1), gradient flow over convolutional architectures (i.e. over neural
networks as defined in Equation (28)) and surrounding text) initialized near zero maintains balance
between weight vectors — cf: [18] — and so along its trajectories the lower bound in Equation (3T)
assumes a tighter form. This is formalized in Proposition|[§|below.

Proposition 8. If 0 € Dy resides on a trajectory of gradient flow (over f(-) }23] initialized at some
point 0, €RY, with ||0,]|2 < € for some € >0, then, using the notations ofLemmas@and@
S|

1
Amin (V2F(6))> —max{al.Ja]}"~ “”jgl DIVl (32)

n—2
HIIW Mo (,_min_I1wjllo++)

Proof sketch (for complete proof see Subappendzx-) By the analysis of [18], for any
J, 3" € {1,2,..,n}, the quantity ||w;/||3 — [[w;||3 is invariant (constant) along a gradient
flow trajectory ThlS implies that along a trajectory emanating from a point with (Euclidean)
norm O(e), it holds that ||w;/||3 — ||w;||3 € O(€?) for all j,5" € {1,2,...,n}, which in turn implies

27 Assumptions (i) and (i) are both necessary, in the sense that removing any of them (without imposing further
assumptions) renders the proposition false — see Claim[3]in Appendlx@ Assumption (i) in particular is extremely
mild, e.g. if £(-) is the square loss (i.e. Y =R and £(y,y) = 3 || —y|[3), the slightest change in a single label (y ;)
corresponding to a non-zero prediction (hg (X;) 7 0) can ensure the inequality.

2 From the structure of W (+) (see beginning of this appendix) it follows that | W; (-)||op is equal to square root
of the maximal number of elements in W; (w ;) connected to the same coordinate of w ;.

»The bound remains applicable since Dy is closed under positive rescaling of weight vectors.
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[Wirlla <minjeqr . oy [Will24-O(e) forall j* € {1,2,...,n}. Plugging this into Equation (31)
yields the desired result (Equation (32)). O

Assume the network is deep (n > 3) and non-degenerate (« and & are not both equal to zero, and
[[W;(:)|lop>0forall j€{1,2,...,n}), and consider a trajectory of gradient flow (over f(-)) emanating
from near-zero initialization. For every point on the trajectory, Proposition [§|may be applied with
small ¢, leading the lower bound in Equation (32)) to depend primarily on the minimal size (Euclidean
norm) of a weight vector w;, and on V£1,V/,...,V{ 5 — gradients of the loss function with respect
to the predictions over the training set. In the course of optimization, w,wao,...,w,, are initially small,
and if a perfect fit of the training set is ultimately achieved, V/1,V/s,...,V{|s| will converge to zero.
Therefore, if not all weight vectors w1,wo,...,w,, become large during optimization, the lower bound
on Ain (V2 £(0)) in Equation (32) will only be moderately negative before approaching non-negativity
(if and) as the trajectory converges to a perfect fit. In light of Section 3] this suggests that the gradient
flow trajectory may lend itself to approximation by gradient descent. For a case of fully connected
neural networks with linear activation (analyzed in Subsubsection[d.1.1), such prospect is theoretically
verified in Section[5} For convolutional architectures (subject of the current appendix) we provide
empirical corroboration in Subappendix[[.1] deferring to future work a complete theoretical affirmation.

E Regions of Differentiability

In this appendix we prove that for fully connected and convolutional architectures with non-linear
activation, there exist regions of differentiability Dy as described in Appendixes|[C|and [D]respectively.

Proposition 9 (regions of differentiability for fully connected architectures). Consider a fully
connected neural network as defined in Equation ) (and surrounding text), and assume that its
(homogeneous) activation function is non-linear, i.e. o(z) = amax{z,0} — amax{—z,0} for some
a,a € R, a # a. Then, for almost every (in the sense of Lebesgue measure) ' € RY, there exist
diagonal matrices D; ; € R4, =1,2,...|S|, j=1,2,....n— 1, with diagonal elements in {a,a},
such that the training loss f(-) (Equation (9)) coincides with the function defined in Equation
on an open region Dg: CR? containing ', that is closed under positive rescaling of weight matrices

(i.e. under (W1,Wo,... Wy )= (1 W1,caWa,...,.c, Wy,) with ¢1,¢2,...,cp, >0).

Proof. If for @ € RY there exist diagonal matrices (D; ;)i.; and an open region Dy as above, then
we refer to 6' as an admissible weight setting, to (D], ;)ij as its activation matrices, and to D as
its differentiability regionEG]

Without loss of generality, we may assume |S| =1, i.e. that the training set comprises a single labeled
input (x,y) € R% x ), meaning the training loss takes the form f(0) = ¢(hg(x),y). To see this,
assume the sought-after result holds for a single labeled input, and suppose |S|>1. We may then apply
the result separately for each labeled input (x;,y;), ¢ = 1,2,...,|S|, and obtain, for every admissible
0’ € R?, activation matrices (D;-(x""“))?; | and a differentiability region Dg,*"**’. Since the weight
settings not admissible for a certain labeled input (x;,y;) form a set of zero (Lebesgue) measure, those
not admissible for any of the |S| labeled inputs also constitute a zero measure set. That is, almost

every 8’ € R? is jointly admissible for all ((x;,y;)) Li‘l. Given such ', consider the activation matrices
and differentiability regions obtained for the different labeled inputs — (D;-(xi’“));-‘:—ll and Dé’fi i)
i=1,2,...,|8|. Defining D] ; := D>*",i=1,2,...,|S|, j =1,2,....,n—1, and Dy ::mﬁ'lp;;:w,
we have that 6’ is admissible for S, with activation matrices (D; ;)i,; and differentiability region De.
The sought-after result thus holds for S.

In light of the above, we assume hereafter that S = ((x, y)) Recursively define the functions
fU):R? 5 R%, j=0,1,....,n—1:

fO@)=x , t9(0)=c(W;£0~1(9)) forj=1,2,..n—1.

39Note that given an admissible weight setting, activation matrices and differentiability region are not necessarily
determined uniquely.
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We will prove by induction that given j/ € {0,1,...,n— 1}, for almost every 8’ € R?, there exist diagonal
matrices D € R%%, j =1,2,..., 5/, with diagonal elements in {a,a}, such that £U)(-) meets the
following conditions on an open region Dg: C R? containing @', that is closed under positive rescaling
of weight matrices:

(i) £U7)(-) coincides with the function @ — D', W/ D', _, Wjr_y- D Wyx; and

(ii) each entry of f(U ) (+) is either nowhere zero or identically zero.

Continuing the terminology defined earlier, in the context of £U)(-), j/ =0,1,...,n — 1, we refer to
0, (D}); and Dy satisfying the above as admissible, activation matrices and differentiability region,
respectively. Note that the training loss f(-) can be expressed as f(8)=/¢(W,f"~1)(0),y), and
therefore proving the inductive hypothesis for ;' =n — 1 yields the desired result. The base case for
the induction (' =0) is trivial, so all that remains is to establish the induction step.

Given j' € {1,2,...,n— 1}, assume that the inductive hypothesis holds for ;' — 1, and in the context

of £U'=1(-), let @’ be an admissible weight setting, with corresponding activation matrices (D, ); !
and differentiability region Dg:. We refer to @' as nullifying if £~ (8') = 0, which implies
fU'~1(@)=0forall 6 c Dg . Inthis case 6’ is clearly admissible in the context of £17 ))(+) (as activation

matrices we may take (D; );;11 along with any diagonal matrix D} €R%’+%" whose diagonal elements

are in {a,a@}, and as differentiability region we can simply use Dg/). Consider now the case where 6’
is non-nullifying, i.e. where £U'~1)(8") 0. We refer to 0’ as regular if all entries of W/, £U'~1)(9")
are non-zero, with W7, € R4i":4i'~1 denoting the value of weight matrix 5 held in 6. If @’ is regular
then it is admissible in the context of £ @ (+). To see this, note that a valid choice of activation matrices
is (D;-)é;ll along with the diagonal matrix D', €R%’ % whose diagonal elements corresponding to
positive entries of WJ’»,f (7"=1)(0’) hold c, and those corresponding to negative entries hold &. From
continuity, and homogeneity with slopes v and & of the activation function o (-), there exists an open
neighborhood of 0’ (subset of Dy) on which conditions (i) and (ii) hold. Extending this neighborhood
to include, for each of its weight settings 6, all positive rescalings of weight matrices Wy ,Wa,...,W,,,

yields a valid differentiability region for 8’ in the context of £/ ) (+), thereby confirming admissibility.

We conclude the proof by showing that almost every 8’ € R? is admissible in the context of £/ ) ).
Per the above, if 8’ € R? does not meet this condition then it must either be inadmissible in the
context of £’ 1) (+), or be non-nullifying and irregular. By our inductive hypothesis, weight settings
inadmissible in the context of £('~1) (+) form a set of measure zero, so it suffices to show that the
collection of non-nullifying and irregular weight settings, denoted C, is also of measure zero. Note that
whether a weight setting 6 is nullifying (i.e. £/ =1 (6) =0) or not depends only on the weight matrices
W1,Wa,...,W;r_1, and given these matrices, whether it is regular (i.e. all entries of W/, (0" =1)(8") are
non-zero) or not depends only on W;,. We may thus apply Fubini’s Theorem (cf. [48]]), and compute the
measure of C by integrating over non-nullifying configurations of W1 ,Ws,...,W;,_1, where for each, the
measure of values for W, ,W;/1,...,W,, leading to irregularity is integrated. The latter measure is zero,
since for any 0# q € R%’-1, the set {W € R%"4i'~1 : there exists a coordinate of 1/ q equal to zero}
has measure zero, thus its Cartesian product with R%’+1:%7 x R%i’/+2:4j+1 x ... x R%n:dn-1 5 also of
measure zero. This implies that C has measure zero, thereby completing the proof. O

Proposition 10 (regions of differentiability for convolutional architectures). Consider a neural net-
work with weight sharing and sparsity as defined in Equation (28) (and surrounding text), and assume
that its (homogeneous) activation function is non-linear, i.e. o(z) = amax{z,0} —amax{—=z,0} for
some o, €R, a# a. Then, for almost every (in the sense of Lebesgue measure) 8’ € R?, there exist
diagonal matrices D; ; € R4 §=1,2,...,|S|, j =1,2,...,n— 1, with diagonal elements in {«,&},
such that the training loss f(-) (Equation (9)) coincides with the function defined in Equation 29)
on an open region Dg: C R containing ', that is closed under positive rescaling of weight vectors
(i.e. under (W1,Wa,....W,, ) (C1W1,CoWa,...,C, Wy, ) With c1,Ca,...,cp, >0).

Proof. The proof begins similarly to that of Proposition[9} and then takes a slightly different (more
involved) route. We provide a self-contained presentation, repeating details from the proof of
Proposition[Jas needed.
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If for 8’ € R there exist diagonal matrices (D; ;)i,; and an open region Dg as in proposition statement,
then we refer to 8’ as an admissible weight setting, to (D; ])Z ; asits activation matrices, and to De
as its differentiability region.

Without loss of generality, we may assume |S| =1, i.e. that the training set comprises a single labeled
input (x,y) € R% x ), meaning the training loss takes the form f(8) = ¢(hg(x),y). To see this,
assume the sought-after result holds for a single labeled input, and suppose |S|>1. We may then apply
the result separately for each labeled input (x;,y;), ¢ = 1,2,...,|S|, and obtain, for every admissible
6" € RY, activation matrices (D*"**)" | and a differentiability region Dg;"'**’. Since the weight
settings not admissible for a certain labeled input (x;,y; ) form a set of zero (Lebesgue) measure, those
not admissible for any of the |S| labeled inputs also constitute a zero measure set. That is, almost
every 8’ € R? is jointly admissible for all ((xi,yi)) IS . Given such @’, consider the activation matrices
and differentiability regions obtained for the different labeled inputs — (D;(x‘ ”‘))?: ! and Dy,
i=1,2,...,|S|. Defining D] ; := D\**’, i=12,..,|S|. j=1,2,...,n— 1, and Dy := m‘f'p“‘i’y”,
we have that 0'is admlsmble for S, w1th activation matrices (D;, )1 j and differentiability region Dy-.
The sought-after result thus holds for S.

In light of the above, we assume hereafter that S = ((x, y)) Recursively define the functions
fU): R4 R%, j=0,1,....n—1:
fO@)=x , fU(0)=0(W;(w;)fU"D(8)) forj=12,...n—1.

We will prove by induction that given j/ € {0,1,...,n—1}, for almost every 8’ € R%, there exist diagonal
matrices D € R%>, j=1,2,...,5, with diagonal elements in {c,@}, such that £U")(.) meets the
following conditions on an open region Dg C R? containing €', that is closed under positive rescaling
of weight vectors:

(i) f(jc/l)(-) coincides with the function 8+ D, W/ (w ) D%y Wirq(wjrq) - - - DyW1(w1)x;
an
(ii) eachentry of fU ) (+) is either nowhere zero or identically zero.

Continuing the terminology defined earlier, in the context of £U ')( ),3'=0,1,....n—1, we refer to 6’
, (D ); and Dy satisfying the above as admissible, activation matrices and dlﬁferentzabllzty region,
respectively. Note that the training loss f(-) can be expressed as f(8)=£(W,,(w,,)f("~1)(8),y), and
therefore proving the inductive hypothesis for 7' =n — 1 yields the desired result. The base case for
the induction (' =0) is trivial, so all that remains is to establish the induction step.

Given j' € {1,2,...,n— 1}, assume that the inductive hypothesis holds for ;' — 1, and in the context
of £4'=1 (), let 0 be an admissible weight setting, with correspondmg activation matrices (D)7 _11
and differentiability region Dg:. We define the nullity pattern of @’ to be the vector e € R%’'—1
holding zero in the coordinates where f G'-1) (0') holds zero, and one elsewhere (that is, e is the vector
obtained by setting to one all non-zero entries of £0'~1)(8')). With 1€ R%" standing for an all-ones
vector, we refer to the coordinates of R%’ where W:(1)e holds zero as infeasible, and to the rest
as feasible. Note that a coordinate of R%’ is infeasible if and only if W} (q)fC'~1)(8') holds zero
in that coordinate for all q € R% . We shall say that 0" is regular if W, (w NEG =D (@ ) is non-zero
in all feasible coordinates, where w], €R%" denotes the value of welght vector j"in @’. Hereafter
we show that regularity of 8" implies that it is admissible in the context of f (@ )(-). By admissibility
in the context of £(7'~1)(.) we have that across Dy, each entry of £U'~1)(.) is either nowhere zero
or identically zero. This implies the nullity pattern is constant across Dg-, Wthh in turn means the
same for the set of infeasible coordinates. The coordinates where W (w’, )f (@'=1)(6') holds zero
thus vanish in W;/ (w;)f ('=1)() for all @ € Dy:. From contlnulty, and the fact that around any
z # 0, the activation function o(-) is either nowhere zero or identically zeroE] it follows that there

exists an open neighborhood N C Dy of 8" on which condition (ii) holds. Let D’ E R%"4’ be a
diagonal matrix whose diagonal elements corresponding to positive entries in W;/ ( NEG =16

31 The latter is possible only if v=0 or @=0.
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hold «, those corresponding to negative entries hold &, and the rest hold either « or &. Since £/ =1 )
coincides with the function 0+—>D;,_1Wj/_l(Wj/_l)D;/_QWj/_Q(W]‘/_Q) -++ DYWi(w1)x on Dy, and
since o () is homogeneous with slopes « and @, condition (i) holds across N. Consider the extension
of N comprising, for each of its weight settings, all positive rescalings of weight vectors. Along with
(D} ) _, as activation matrices, this extension serves as a valid differentiability region for ' in the

context of £/’ )(+). The sought-after admissibility is thus established.

We conclude the proof by showing that almost every 8’ € R? is admissible in the context of £(/ ) ().
Per the above, if ' € R does not meet this condition then either it is inadmissible in the context
of £U'~1) (+), oritis irregular. By our inductive hypothesis, weight settings inadmissible in the context
of f'=1) (+) form a set of measure zero, so it suffices to show that the collection of irregular weight
settings, denoted C, is also of measure zero. We first establish that C is measurable. Lete € R%’-1 be an
arbitrary nullity pattern (vector with entries in {0,1}), and consider the feasible coordinates it induces.
The following two sets are measurable: welght settings with nullity pattern e; and weight settings 6
for which W, (w ;)£ =) () holds zero in at least one of the feasible coordinates induced by e. The
collection of irregular weight settings with nullity pattern e, denoted Ce, is equal to the intersection of
these two sets, and therefore is measurable. Taking union of C, with e ranging over all (finitely many)
possible nullity patterns yields C, from which it follows that the latter is indeed measurable. Given
weight vectors wi,wa,...,w;s_1, whether or not a weight setting  is regular depends only on w ;.
We may thus apply Fubini’s Theorem (cf. [48]]), and compute the measure of C by integrating over
configurations of wy,w3,...,w,_1, where for each, the measure of values for w;, ,w1,...,w;, leading
to irregularity is integrated. We now establish that the latter measure is zero, which in turn implies that C
has measure Zero (thereby completlng the proof). Since the Cartesian product of a zero measure subset
of R% withR%’+1 xR%"+2 x .- x R%" has zero measure, it suffices to show that given any configuration
of wi,ws,...,w;/_1, the measure of values for w ;. leading to irregularity is zero. w,wa,...,w;/_1 fully

determine f (j =1 (0), and as a consequence, the nullity pattern of . Consider the feasible coordinates
induced by this nullity pattern. On each of these, the linear function w; — W;: (w )£’ ~1)(8) is not

identically zero. The measure of values for w;, leading W, (w;/)f\ "~1)(8) to vanish in a feasible
coordinate, i.e. leading 0 to be irregular, is thus zero. This completes the proof. O

F Necessity of Assumptions in Propositions and

In this appendix we prove that the assumptions in Propositions[I] [5|and[7]are necessary, in the sense
that each of the latter becomes false if any of its assumptions are removed (and no further assumptions
are imposed).

Claim 1 (necessity of assumptions in Proposition[I). In the context of Proposition|[l]} if the network
is shallow (n=2) or the zero mapping is a global minimizer of the training loss (meaning V ¢$(0)=0),
then the stated result may not hold, i.e. it may be that inf gcga Apmin (V2 f(0)) > —cc.

Proof. Suppose the network is shallow (n = 2). With the notations of Lemmal for any 8 € R,
(AW1,AW,) € R%do 5 Rz 1

V2 £(0)[AW1, AW = V2§ (W) ) [Wa (AW )+(AW) W1 +2Tr (Vh(Wair ) (AW (AWS))

2Tr (Vp(Waa ) (AWS) (AWY))
—2||Vo(War)l| Frobenius || (AW2) (AWL) || Frobenius

=2[|[Vo(Wa1)| Frobenius | AW || Frobenius | AW 1| Frobenius

~[VO(Waii) | Frobenius (1AWl Frobenius + 1AW Erobenius)
—[IVo(War) | Frobenius (AW, AW) |, opemins -

where the first transition follows from Lemmal[l] the second holds since ¢(-) is convex, the third is
an application of the Cauchy-Schwarz inequality, the fourth follows from submultiplicativity of the
Frobenius norm, and the latter two are based on simple arithmetics. It follows from the above that
Amin (V2 £(0)) > —||[Vo(Wa.1) || Frobenius- Therefore if Ve(-) is bounded (e.g. if £(+) is the logistic
loss — see Equation (TT))) we will have infgcga Apmin (V2 f(8)) > —o0, as required.

2
2
2
2

It remains to show that if the zero mapping is a global minimizer of the training loss (meaning
V¢(0) = 0), then, regardless of network depth (i.e. with either n > 3 or n = 2), it may be that
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infgepa Amin (V2 f(0)) > —oo. This is trivial — simply consider the case where the training set S
is such that x; = 0 for all i =1,2,...,|S]|. The training loss in this case is constant (see Equations (8]

and (9)), implying infgcraAmin (V2 £(6))=0.

Claim 2 (necessity of assumptions in Proposition B). In the context of Proposition ] if as-
sumptions (1) or (ii) are not satisfied, then the stated result may not hold, i.e. it may be that
inf@eRd s.t.V2£(0) exisls/\min<v2f(0)) > —0Q.

Proof. Suppose that assumption (i) is not satisfied, i.e. that the network is shallow (n=2). With the
notations of Lemmafd} for any 8 € Dg/, (AW, AW,) € RAdo x Rek20d1.

2 — 1 151 2p. / . / .
V2 (0)[AW1,AW,] = | 5|§ VP [WaD} (AW +(AW,) D; Wi
2 I8l
1S > . VG (AW2) D} (AW)x;

2 ISl ¢
Zﬁzizlwi (AW2) D} 1 (AW7)x;

2 S|
> _Ezizl V3|2l (AW2)D1/',1(AW1)XZ'”2
2 S|
> 5 2 IVl el (ATV2) D (AWt
2 S|
2 157 2 IVl il | AW gt 1D st AW et

> —max{ 61} g7 307 IVl AW et |AWS e

> —maX{|a\7|@|}%Zz‘l IV Lill2l1xill2 1AW || Frobenius | AW Frobenius

> {61} g 30,7 196 el (1AW enias +HI AT i)
= —mie{Jo 6]} 1 307 IVl AW AW) s

where the first transition follows from Lemma [4] the second holds since ¢(-) is convex with
respect to its first argument (recall from Lemma |4 that V2/; is defined to be the Hessian of ¢()
at the point (W2D§71W1Xi7 y;) with respect to its first argument), the third is an application of
the Cauchy-Schwarz inequality, the fourth follows from the spectral norm being the operator
norm induced by the Euclidean norm, the fifth is due to submultiplicativity of the spectral norm,
the sixth results from D) ; being diagonal with diagonal elements in {«, @}, the seventh holds
since spectral norm is upper bounded by Frobenius norm, and the latter two are based on simple
arithmetics. It follows from the above that \,,,;,, (V2 f(8)) > —max{|a\,|@|}‘§1lzgl V2|21 |2-
Consider the case where the gradient of £(-) with respect to its first argument has Euclidean norm
bounded by some constant ¢ > 0 (this holds, for example, if ¢(-) is the logistic loss). Recalling
(from Lemma@ that V/; stands for tgis gradient at the point (W2D;;Wix;, y;), we obtain
Amin(V2f(0))> —.cmax{ |a|,|a] } ﬁlell (1% |2- The latter holds for any 6 belonging to any region
of the form Dy-. Since these regions constitute the entire weight space but a zero measure set, and
since by definition existence of V2 f(8) for some 8 € R? implies that f(-) is twice continuously
differentiable (and therefore \,,;,, (V2 f(+)) is continuous) on a neighborhood of 0, it necessarily holds
that infpepa s v2 7 (p) exisis Amin (V2 £(6)) > —cmax{|a| ,|oz\}ﬁz§i | ||;||2 > —oc. This establishes
necessity of assumption (i).

It remains to show that if assumption (i) is not satisfied, i.e. if Z‘i‘ill V£(0,y;) T he(x;) = 0 for all
6 cR?, then, regardless of whether or not assumption (i) holds (i.e. of whether n > 3 or n=2), it may
be thatinfgcpa 5, v2 £(6) exists Amin (V2£(6)) > —oo. This is trivial — simply consider the case where
the training set S is such that x; = 0 for all i = 1,2,...,|S|. The training loss in this case is constant

(see Equations and @D)’ implying inf@eRd s.t.V2f(0) exisrs)\min(VQf(a)) =0. O

Claim 3 (necessity of assumptions in Proposition [7). In the context of Proposition [/} if as-
sumptions (1) or (ii) are not satisfied, then the stated result may not hold, i.e. it may be that

infoepa s v2£(8) exiss Amin (V2 f(0)) > —oc.
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Proof. Suppose that assumption () is not satisfied, i.e. that the network is shallow (n =2). With the
notations of Lemmas@and 7, for any 8 € Dy, (Aw,Awy) € R% xR%:

2 _i ISl 2y, ! . / .
V2f(6)[Awi,Aws] = | S|Zizlv 03 [Wa(w2) D}y Wi (AW )x;+ W2 (Aws) D] Wi (w1)x;)

2 S|
+ Eziﬂv@TWQ(AWQ)D;J W1 (Awl)xi

2 |S|

2 157 00, VI WalAwa) D] Wi (Awa)x

2 |S|
2 =152, [ Vllal Wa(Awa) D W (Aw)xill

2 |S|
- _Eziq [VEill2||xill2 W2 (Awe) D; ; Wi (AW1) || spectral

2 |S] /
z—EZHHwiIIQIIxT;IIQHWz(sz)IISpectmzHDM||s,,ectml||W1(Aw1)||spectml

N 2 S|
= *max{|a\»\04|}Ezizlﬂv&||2||Xi||2|\W2(AW2) [spectrat [W1(AW1) |spectrat
N 2 S|
> —maX{|OZMC¥|}EZi:1HV&||2||X7;||2HW2(AW2) ||Frobenius ||W1 (AWI)HFrobenius
N 2 S|
> —maX{Ia\,\Oél}Ezizlﬂwi||2||Xi||2|\W2(')||op||AW2H2||W1(')||op\|AW1 2
o4 1 S|
Z _maX{|O‘\7\04}Ezizlﬂvgiﬂz||X¢||2|\W2(')||op||W1(')Hop(||AW2||§+ |Aw.[[3)

| S| 2
= —mac{ol 16l } 15>V Ollpll (A9, AW e

where the first transition follows from Lemma@, the second holds since £(-) is convex with respect
to its first argument (recall from Lemma@that V2¢; is defined to be the Hessian of /() at the point
(Wa(w1)D; ,Wi(w1)x,,y;) with respect to its first argument), the third is an application of the
Cauchy-Schwarz inequality, the fourth follows from the spectral norm being the operator norm induced
by the Euclidean norm, the fifth is due to submultiplicativity of the spectral norm, the sixth results
from D§,1 being diagonal with diagonal elements in {«,&}, the seventh holds since spectral norm is
upper bounded by Frobenius norm, the eighth is due to the definition of ||WW;(-)||op (operator norm
of W;(-) induced by the Frobenius norm), and the latter two are based on simple arithmetics. The above
implies that A (V2 £(6)) > —maxc{|a|a|} 12 12 V£ 121|213y || ()]l op- Comsider the
case where the gradient of £(-) with respect to its first argument has Euclidean norm bounded by some
constant ¢ > 0 (this holds, for example, if £(-) is the logistic loss). Recalling (from Lemma|6) that
V¢; stands for this gradient at the point (W (w2)Dj ; W1 (W1)X;,¥;), we obtain A (V2 £(6)) >
—cmax{|q/| ,|d\}ﬁ Zgl |Ix; ||2H?:1 [lW;(-)||op- The latter holds for any @ belonging to any region
of the form Dy . Since these regions constitute the entire weight space but a zero measure set, and since
by definition existence of V2 f (@) for some 8 € R? implies that f (-) is twice continuously differentiable
(and therefore A, (V2 £(+)) is continuous) on a neighborhood of 8, it necessarily holds that:
|S]

2
. |
IHfBE]Rd s.t.V2f(0) exists)‘min(VQf(e)) Z _CInaXﬂaMaHEZ”Xi HQHHW]() HOP >—00.
i=1 j=1
This establishes necessity of assumption (i).

It remains to show that if assumption (ii) is not satisfied, i.e. if Zgl V£(0,y;) "he(x;) = 0 for all
0 cR?, then, regardless of whether or not assumption (i) holds (i.e. of whether n.> 3 or n=2), it may
be that infgega 5, v2 £ (6) exists Amin (V2 f (0)) > —oc. This is trivial — simply consider the case where
the training set S is such that x;=0 for all i=1,2,...,|S|. The training loss in this case is constant (see

Equations @ and @I))’ implying infBERd s.t.V2f(0) exists)‘min (V2f(0))20 O
G Training Loss for Least-Squares Linear Regression on Whitened Data

In this appendix we derive a simplified expression for the training loss corresponding to scalar
linear regression on whitened data per least-squares criterion. Concretely, we simplify the function
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¢: R0 R defined by Equation (TT)) in the spemal case where: d,,=1; the empirical (uncentered)
covariance matrix of the training inputs — A,:= =1s] Z 1x1x E]RdO do —is equal to identity; and
the loss function £: R% x ))—R is the square loss, 1. e V=R and ((§,y)=%(§—y)*.

Let X € R%ISI and Y € RYS! be the matrices whose 4’th columns hold, respectively, the training
input x; and its label y;, t =1,2,...,|S|. Denote by A, the empirical (uncentered) cross-covariance
matrix between training labels and inputs, i.e. Ayyi= TS SI Y X T eRbo, In the special case under
consideration, for any W € R1:do:

oW) = ﬁzm (Wi =)
= T ||WX YHF'robenzus
_ % H(WX-Y)(WX-Y)T)
= g (WXXTWT) =g Te(YX W)+ 55 Tr (YY)

- 2|S\ 11
= ST (WAWT) =Tr(AyeW ') + 55 Tr (YY) .
Since A, is equal to identity, we have:
oW) = FTe(WW ) =Tr(AyW ")+ (YY)

= Te((W=Aye)(W=Aya) ") =5 Tr(Aya g, ) + 55 Te(YYT)
- 2||W AyI”FTOb(’nius*% ( yT) 2‘15|TI'(YYT)

c:=—5Tr(AyeAy,) + g5 Tr(Y'Y'T) does not depend on W, so we arrive at the simplified form:

¢(W) = % ”W*Ayﬁni"robenius‘i»c .

H Convergence with Unbalanced Initialization

In Section[5|we translated an analysis of gradient flow over deep linear neural networks — Proposition[3]

— into a convergence guarantee for gradient descent — Theorem] In order to leverage known results
concerning gradient flow over deep linear neural networks, Proposition[3Jassumed that initialization
is balanced (i.e. meets Equation (I3))), which in turn led Theoremd]to assume the same. We noted
(Remarkm), however, that the generic tool used for the translation — TheoremE]— allows for gradient
flow and gradient descent to be initialized differently, thus it is possible to extend Theorem [ so
that it accounts for unbalanced initialization (i.e. for initialization which satisfies Equation only
approximately). The current appendix presents such an extension.

Consider the setting of Section[5]— depth n fully connected neural network as defined in Equation (8)
(and surrounding text), with linear activation (¢(z) = z) and output dimension d,, = 1, learned via
minimization of square loss over whitened and normalized data, i.e. via minimization of the training
loss f(-) presented in Equation (I6) (and surrounding text). For 31mphclty, we assume that the
network’s hidden widths are all equal to its input dimension, i.e. dg =d; =---=d ,1 ’| Deviation
from balancedness (Equation (13))) will be quantified per the following deﬁmtlon

Definition 1. The unbalancedness magnitude of a weight setting 8 € R? is defined to be:
manG{l 2,...,n— 1}” +1W7+1 WjoT”nuclear’ (33)
where W1, Ws,...,W,, denote the weight matrices constituting 6.

By Lemma[§|below, small unbalancedness magnitude implies proximity to perfect balancedness.

Lemma 8. For any weight setting 0 € R with unbalancedness magnitude (Deﬁnition equal to
€ >0, there exists a weight setting @ € R which is balanced (has unbalancedness magnitude zero)
and meets || —0)|s <n'5Ve

32Lemmais the only part of the analysis henceforth which relies on this assumption — generalizing the
lemma to account for arbitrary hidden widths will accordingly generalize the entire analysis.
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Proof sketch (for complete proof see Subappendix[J.20). By Lemma 1 in [46], an analogous result

holds in the case where all weight matrices are square (i.e. dy = dy = --- = d,,). The proof is based
on a reduction to this case, attained by replacing W,, with /W, W,,. O

Including Lemma|[8]in the translation of Proposition[3|via Theorem[3]yields Theorem[5]below — an
extension of Theorem[] that allows for unbalanced initialization.

Theorem 5. Consider minimization of the training loss f(-) in Equation (16) via gradient descent
(Equation (6)). Denote by 0,,01,0-,... the iterates of gradient descent, and by W,.1 o the end-to-end
matrix (Equation (10)) of the initial point 0. Assume that |W,.1.0|| Frobenius € (0,0.1] (initialization
is small but non-zero), and that W1 ¢ is not antiparallel to A, meaning:

v *Tr(A;/rranl,O)/(HAyz”FrobeniusHW 1, ] )7&71

Let €> 0. Then, if the unbalancedness magnitude (Definition|I)) of 0 is no greater than:

—2
¢ 1= Woiollbropeniusmin{1.E%} 23nma{3, 757 } A ( IWna0l% gpenine
6'_n15 12n46 (max{g 3—v }) In [[Wh:1,0ll Frobeniusmin{1,é} € nls (poly(3—”))" ’ (34)

1+v 1+v

and if the step size ) meets:

-2
< W10 13 obeninsming 1,E} In 23”max{3’ 1+V} c 0 W10 3 ropeninsé (35)
= — no |
nl7/2eTn+10 (max{g 1+V})(11" 5)/2 [Wn:10llFrobeniusmin{l,é} nl7/2 (poly(irz))

it holds that f(0),) —mingcga f(q) <€ for some k€N satisfying.ﬁ

k<3n( max{3,1+y })nln< 23nmax{3,1+y} >+1 c @(’L(POW(?JFZ)) 1n(é)> ) (36)

= Wha:1,0llFrobeniusn [[Wa:1,0ll Frobeniusmin{1,é} W10l Frobeniusn

Proof sketch (for complete proof see Subappendix[I.21). The proof begms by invoking Lemma [§]
for obtaining a weight setting 6, which is balanced and meets 160 — OOHQ < n®y/é 1tis then
shown that as an initial point for gradient flow, 6, satisfies the conditions of Proposmonl 3| (namely,
in addition to being balanced, its end-to-end matrix has Frobenius norm in (0, 0.2] and is not
antiparallel to A, ). From this point on, the proof is similar to that of Theorem— it confirms that
f(01) —mingepra f(q) < € by invoking Theorem to establish that gradient descent approximates
gradient flow sufficiently well until gradient flow is sufficiently close to global minimum. Throughout
this process, the only deviation from the proof of Theorem[d]is that gradient descent and gradient flow
are initialized differently — the former starts at 8, whereas the latter sets off from the nearby point 6o.
Such discrepancy between initializations is permitted by Theorem[3]

I Further Experiments and Implementation Details

I.1 Further Experiments

Figure3|supplements Figure[T|from Section[6]by reporting results obtained on convolutional neural
networks.

1.2 Implementation Details

Below are implementation details omitted from our experimental reports (Section [6 and Subap-
pendix [[.T). Source code for reproducing the results, based on the PyTorch framework ([44]]), can
be found inhttps://github.com/elkabzo/cont_disc_opt_dnn.

331n addition to an upper bound (Equation (B6)), the theorem’s proof (Subappendix 1.21) also establishes an
exact expression for k (Equation (92)). This expression includes terms that depend on 8 — balanced weight

setting near Oy whose existence is guaranteed by Lemma Means for computing 60 based on 6 are not provided
by the lemma’s statement, but are brought forth by its proof (Subappendix [J.20) — a constructive reduction to
Lemma 1 in [46], which itself is proven constructively.
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Figure 3: Over deep convolutional neural networks, trajectories of gradient descent with conventional step size
barely change when step size is reduced, suggesting they are close to the continuous limit, i.e. to trajectories of
gradient flow. This figure is identical to Figure[I] except that the results it reports were obtained on convolutional
(rather than fully connected) neural networks. Specifically, left pair of plots reports results obtained on a network
taken from the online tutorial “Deep Learning with PyTorch: A 60 Minute Blitz” (it comprises two convolutional
layers followed by three linear layers, with rectified linear activation in each hidden layer, and max pooling in each
convolutional layer){”|while right pair corresponds to the same network slightly adapted (namely, with no biases
in convolutional and linear layers, and with max pooling replaced by regular subsampling, i.e. by summarizing
each pooling window through its top-left entry) so that it is captured by our theory (cf. Subsection[d.2). For further
details see caption of Fi gureE} as well as Subappendix

As customary, MNIST images were normalized before being used — we computed mean and standard
deviation across all pixels in the dataset, and used those to shift and scale each pixel so as to ensure zero
mean and unit standard deviation. To reduce run-time, rather than applying gradient descent to the full
MNIST training set (60,000 labeled images), a subset of 1,000 labeled images (chosen once, uniformly
at random) was used (altering the size of this subset did not yield a noticeable change in terms of
final results). The Xavier distribution employed for initializing neural network weights was of type
“uniform” (implemented by calling PyTorch torch.nn.init.xavier_uniform_() method with
default parameters). Experiments ran on an internal Intel Xeon server with eight NVIDIA GeForce
RTX 2080 Ti graphical processing units.

J Deferred Proofs

J.1 Notations

We introduce notations to be used throughout the appendix. Beginning with matrix norms, we use
||-|| - for Frobenius norm, ||-||,, for nuclear norm and |||, for spectral norm. We extend the notation
established in Lemma|[I] by regarding Hessians not only as matrices and quadratic forms, but also
as bilinear forms. Namely, for any 8 € R?, we regard V2f(8) not only as a (symmetric) matrix
in R%? and a quadratic form V2 f(8)[-] : R%:40 x R¥2:d1 x ... x Rdn-dn—1 5 R, but also as a bilinear
form V2 £(0)[-,-] that intakes two tuples (AW, AWs,..., AW,,),(AW] AWS.... ., AW) € Rd1-do x
R%2:d1 ... x R¥n-dn-1 a5 its first and second arguments (respectively), arranges them as (respective)
vectors AG,A’ € R (in correspondence with how weight matrices Wy, Ws,...,W,, are arranged to
create 6), and returns A@ ' V2 f(0)A@’ € R. Additionally, for any W € R%% we extend the view of
V2¢(W) as a quadratic form, and also see it as a bilinear form V2¢(W)[-,-] that intakes two matrices
in R%-40 and returns a scalar. We similarly extend the notation of Lemmal4} regarding the matrix V2¢; €
Rndn forany i€ {1,2,...,|S|}, as a bilinear form (in addition to its view as a quadratic form) V2¢;]-,]:
R x R4 — R defined by V2¢;[v,u]=v ' V2/;u. Finally, for any j € N we denote [j]:={1,2,...,5}.

J.2  Proof of TheoremE]

Let 6(-) be the continuous polygonal curve corresponding to the iterates of gradient descent:
6:[0,00) =R* | 0(0)=0y , L6(t)=—Vf(0x) forte (kn,(k+1)n),k=0,1,2,....

3*For exact specification of network see https: //pytorch.org/tutorials/beginner/blitz/neural _
networks_tutorial.html#sphx-glr-beginner-blitz-neural-networks-tutorial-py. Note that

zero padding (two pixels wide, on each side) was applied to MNIST images for compliance with specified
input size (32-by-32).

30


https://pytorch.org/tutorials/beginner/blitz/neural_networks_tutorial.html#sphx-glr-beginner-blitz-neural-networks-tutorial-py
https://pytorch.org/tutorials/beginner/blitz/neural_networks_tutorial.html#sphx-glr-beginner-blitz-neural-networks-tutorial-py

If ||0(t) — (1) |2 < e for all t € [0,£] then we are done. Assume by contradiction that this is not the
case, and define t. :=inf{t € [0,£]:(|6(t) —8(t) |2 > ¢}. It necessarily holds that [|6(0) —8(0)||2 <e
(otherwise the expression on the right-hand side of Equation (7)) becomes negative as ¢ \,0, in
contradiction to it being greater than 1 > 0 for all ¢ € (0,£]). By continuity, this implies ¢, > 0 and
|6(t.) —6(tc)||2=e€. The trajectory of 8(-) between times 0 and ¢, i.e. 6([0,tc]):={0(¢) :t€[0,t]},
is contained in D; . For any t € [0,t], the line segment (in R?) between 6(|¢/n]n) and 0(t) is a subset

of 6([0,tc]), thus is contained in D;  as well. We therefore have, for any ¢ € [0,t]:

I50(tF) = (=V £(B(1)))l2 1=V £(O(Lt/n]m)—(=VF(O)))ll2

< Brlow—o((t/nln)ll
= BilIVF@(Lt/n)n)l2(t—[t/n]n)
S ﬂterYten’

where 4.0(¢T) represents the right derivative of 8(-) at time ¢. The Fundamental Theorem (Theorem'

may thus be applied with §(t) = 3; .z . for all £ € [0,t.], yielding:

Ha(te)—é(teﬂbSefOFm(t’)dt’He( ) ( )HQ‘i’ﬂt o 577.[0 t, m(t”)dtudt

By our assumption on the step size (Equation (/] ):

€E—e 0

6(0)ll,
/Bf,efyi,efo e.lt/ m(t// dt//dtl

Combining the latter two inequalities, we obtain ||@(t.) —6(t.)||2 <e. Since it was previously noted
that ||@(t.) —O(t.)||2 =€, our proof by contradiction is complete. ]

n<

J.3  Proof of Corollary|l]

Non-negativity and S-smoothness of f(-) imply IV£(a)|2 < +/28f(q) forall g € RY. Using this
inequality, along with the fact that f(-) is non-increasing durlng gradient ﬂow we have:

SuPte[O,te)va( (t ))l|2<supt60te)\/26f <\/2/8f

If q € RY lies no more than e-away from 6(-), i.e. 3t € [0,t.) : [|q—6(t)]|2 < ¢, then 3-smoothness
implies ||V f(q)|l2 < ||V f(0(t))||2+ Be, which in turn means ||V f(q)|l2 <+/28f(6(0))+ Be. We

may therefore call Theorem |3 I with vz . = /28 f(6(0)) + Be, alongside Bi.e = B and m(:) =m.
Simplifying the resulting bound on the step size (Equatlon () then completes ‘the proof.  [J

J.4 Proof of Lemma
J.4.1 Sketch

With A@ an arbitrary vector in R?, and (AW, AW, ...,AW,,) its corresponding matrix tuple, we
expand:
F(8+80) =6 (Wyt AW, ) (Wy g+ AW, ) (W3 +AWY))

and extract V2 f () from the second order terms.

J4.2 Complete Proof

Recall that @ € R% is an arrangement of (W, Ws,... . W,,) € Ré1:do 5 Rd2:d1 5 .. 5 Rnsdn—1 g9 3 vector.
Let (AW ,AWsy,....AW,,) € R%:do x Rdz:d ... x Rdn-dn-1 and denote by A@ € RY its arrangement
as a vector in corresponding order. Denote:

AW =3 Wi (AW W1,
A(Q) Zl<]<]’<nW’ﬂj +1(AW )lefl J+1(AW ) j—1:1, (37)
A(B n) .= (Wn—FAWn)"'(Wl—FAWl)— n;l—A(l —A(Q .
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We now develop a second-order Taylor expansion of f(8). Since the matrix tuple corresponding to
(0+A80)is (W1 +AWL),...,(W,+AW,,)), and f(8) = ¢(W,.1) (see beginning of Subsubsection
[4.1.1)) on an open region containing @, for sufficiently small A@ we obtain:

F(0+80)=((W+AW,)..(Wi+AW) ) =6 (Wa + AV +AC L AG) - 38)

Let AW € R the second-order Taylor expansion of the twice continuously differentiable ¢(-)
at the point W,,.; is given by:

(W1 +AW) = (Wit )+ (VW ), AW ) + 3V (Wt )[AW]+0([AW 7). (39)

where the o(+) notation refers to some expression satisfying lim,_,o (0(a)/a) = 0. We continue to
develop Equation (38) using Equation (39):

:¢(Wn1)+<v¢<Wn1)’A(1)+A(2)+A(3n)>+
3V OWn) A0+ AR L AT o([A0) £ A + AC )

= p(Wit) +(VO(Wi),AM) + (VS (Wit ), AP )+ (T (Wi1), A )4
%v2¢(Wnl) |:A(1):| +%v2¢(Wnl) |:A(2) +A(3n):| +
2. %Vz(b(Wnl) |:A(1)7A(2) +A(3n):| +O(||A(1) +A(2) +A(3n) ||i‘) )

where in the last transition we view V2¢ as both a quadratic and a bilinear form (see Subap-
pendix . Notice that the following terms <V¢) (Wha), A(3’")>, V26 (W) [A(2)+A(3¢”)] ,

V2(W1) [AD,AD L AB™] and o AV +A® £ ABD|[? ) are all (|| A2, thus:
F(8+A0)
1
= (W) +(VO(Woi2),AD) 4 (To(Wi1),AD) 45 26(Woia) AL | 0 (| A6]1).

This is a Taylor expansion of f(-) at @ with a constant term ¢(W,.1), a linear term <V¢(Wn:1),A(1)>,
a quadtratic term (V¢ (Wy.1) , A®) + 1V2¢ (W,) [AD], and a remainder term of
O(||A0||?,) From uniqueness of the Taylor expansion it follows that the quadratic term is
equal to V2 £(6)[AW7,...,AW,,]. This implies:

V21 (0)[AWY,.... AW, ] = V2d(Winii ) [A(l)} +2(Ve (Wi ),AD)
= V2¢(Wn:1) [Z?len:jJrl (AWj)Wj71:1:| +
2Tr (V¢(Wn:1)T21§j<j'§an=j’+1 (AW, )W 1541 (AWj)Wj—l:l)’

where the last transition follows from plugging in the definitions of A(") and A® (see Equation ).
O

J.5  Proof of Proposition]l]
J.5.1 Sketch

The proof is constructive — with ¢ > 0 arbitrary, we define a point € R%, and a non-zero translation
vector A@ € R%\ {0}, such that A@ " V2 f(8) A0 =—c| AO||3.

J.5.2  Complete Proof

Since V¢(0) # 0, there exists (AW{, AW]) € Révdo x Rézdr and (W}, ..., W)) €
Rs:42 5 ... s R%»dn=1 guch that (V¢ (0), W), WiAWSAWY ) > 0. Notice that none of the following
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matrices AW, AW} Wj,.... W/ are equal to zero. Define (while recalling the assumption of n > 3):
AW, =AW, e R4 |
AWy := AW e R4
AW5:=0eR%%2
AW, :=0€R%"%-1 for j€ {1,2,...n}/{1,2,3} .
For some arbitrary ¢ > 0, we define:
Wy :=0eRM%
Wy :=0eR> ™,
—C Y 1<i<n HAWJ ||iﬂ
2<V¢(0),W{L---W§AW2’AW1’>
W;:=W/eR% %~ forje{1,2,....n}/{1,2,3} .

Ws3:=Wj ER%4

Recall that we denote by 8 € R the arrangement of (W1, Wa,...,W,,) asavector. As shownin Lemma
V2 F(O) AW, AW, = V26 (Wo1) [y Wiy 1 (AW;) W14

-

+2TT(V¢(Wn:1) El§j<j’§an¢j’+1(AWj’)Wi’*lijJrl(AWi)Wj*l?l)'
Notice the first summand in the right-hand side of Equation {0) is equal to zero:

V2(Woit) 27 W1 (AW W, 11| = V2 G(Wy1) [S72,0] =0. (41)
We develop the expression of the second summand in the right-hand side of Equation (@0):

2Tr (v¢(Wn:1)T21§j<]”§anij/+1 (AW, )Wy 1541 (AWj)Wj—l:l)
= 2<V¢(Wn:l)721§j<j/§nwn:j’+l (AWj/)Wj/—l:j+1 (AWj)Wj—1:1>
2
=—cYagj<nllAWS

where the last transition follows by plugging in the definitions of AWy, AW, and W for j € [n]/{1,2}.
Plugging in Equations (1)) and (#2) in Equation (#0)), we obtain:

V2 F(O)[ AW, AW, ] =~ 30 o [ AW | (43)

Noticing that 37, . ;. [|AW;||% # 0, Equation implies Amin (V2 (6)) < —c. This bound holds
for every ¢ >0, thus yielding the desired result (i.e. infgega Amin (V2 f(0)) =—00). O

(40)

(42)

J.6 Proof of Lemma
J.6.1 Sketch

Appealing to Lemma 1} we lower bound the right-hand side of Equation (12). Convexity of ¢(-)
implies that the first summand is non-negative. For the second summand, we use known matrix
inequalities to establish a lower bound of CZ?=1 AW |2, peniuss With ¢ being the expression on
the right-hand side of Equation (T3).

J.6.2 Complete Proof

Recall that @ € R? is an arrangement of (W1, Ws,...,W,,) € R%1:d0 x R¥2:d1 ... 5 Rn:dn—1 a5 a vector.
Let (AW1,AWs,...,AW,,) € R4:do 5 Rd2:d1 5 ... x Rdn-dn—1 and denote by A € RY its arrangement
as a vector in corresponding order. As shown in Lemma([T}

V2 F(O) AW AW, = V2 G(Wot) [ Wiy 1 (AW, W 11

+2Tr(V¢(Wn:1)T21§j<j’§an:j’+1(AWj’)Wj’*lerrl(AWj)ijlrl) :
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Convexity of ¢(-) implies that V2¢(W,,.1) is positive semi-definite, thus:
V2 (O AWY,...AW,, ]>2TY(V¢( 1) i< gran Wt (AW Wy _1j 1 (AW )ijhl)-
Using a simple corollary of Von-Neumann’s trace inequality (see [41]):
V2 F(0)[AW,....,AW,,]
> =2[|[Ve(Wna)ll,,-

Upper bound the nuclear norm:

VoW, < vmin{do,dn V(W) - (45)

The following bound holds:
HZlgjquan:j”rl(AWj/)Wj/—l:jH(AWj)Wj—lrlHs
< Di<jci <l Wi (AW ) Wi 1541 (AW;)Wii_aa |l
Szl<j<j H @0
= 78 111w Zlﬁjq‘,

JCln]
|T|=n— oJ eJ
where the first transition follows from triangle inequalities, the second inequality follows from
sub-multiplicativity of the spectral norm, and the last inequality follows from maximizing the term

ket s |Wal|, over 5,5, Plugging Equatlons tli and (46) into Equatron (44), we have:
V2F(O)[AW:,...,.AW,]

> ~2v/min{dod, ] [VOWo)ll - mie LIV, eS| AWy ATV .

|J| n— 27€J

(44)

< Wi+ 1 (AW ) Wjro1j 1 (AW Wj—ra |

It holds that:
Z1§j<j/§n”AWj’ Ils ”AWj s

<Y<y <n AW | p[[AWS]

2
=3 (Sl AW ) — 35 1AW 3
< B IAW; R -1 AW

—1 n 2
52l AW,
where the last inequality follows from the fact that the one-norm of a vector in R™ is never greater
than /n times its euclidean-norm. This leads us to:

\V& f(0)[AW1, AW,

2
(n=1)v/min{do,dn }[[Vo (W)l max | L P o PN [
|T |=n— JET
The desired result readily follows:

Aunin (V2 £(8)) = —(n—1)y/min{do,dy } | V(W) || e [TIw;ls.

|J| n— QJGJ
O

J.7 Proof of Proposition
J.7.1 Sketch

By the analysis of [18]], the quantities W Wit —W; W]T, 7=1,2,...,n—1, are invariant (constant)

along a gradient flow trajectory, and therefore small if initialization is such. This implies that along

a trajectory emanating from near-zero initialization, for every 5 = 1,2,...,n—1, the singular values

of W; are similar to those of W} 1, and the left singular vectors of W match the right ones of Wi,

Products of adjacent weight matrices thus simplify, and we obtain HW | spectral = || W1 || for
=1,2,...,n. Plugging this into Equation (T3] yields the desired result (Equation (14)).

spectral
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J.7.2  Complete Proof

Denote by 6(t) the time dependent gradient flow trajectory starting at 0 (i.e. 6(0) = 0,) and by
Wi(t),...,W,(t) the corresponding time dependent curves of weight matrices induced by the flow. From
the assumption ||0||2 < e we can infer || IW;(0)||r <eforall j€{1,2,...,n}. For je{1,2,...,n—1}:

YWj1(0) = W;(0)W;T (0)]] 4
< IW L ) W1 0) s+ W5 (0) WS (0)]s
=[[Wjea (O)[Z+ 115 (0)112
Wi () + W5 (0)[[F < 2¢* < (2¢)* .

W51 (0

Theorem 2.2 from [[18] states that 2 (W; ()W, () =W\, () W;41(t)) =0 forall j€{1,2,...n—1}
and t >0, thus:

W5 W1 () =W )W (1)]ls = W1 (0) Wi (0) = W5 (0) W (0)] s < (26)*.
We can rely on this condition in order to apply Lemma@below and get that for all £ > 0:
n 2n
maxje(1,...np W (O™ < [Waa (8) s +4ne-max (1{W; ()]s }jepm)
Combining the latter inequality together with the result of Lemma2](Equation (T3)), we get:
Amm(VQf (0(1)))

(n—1)v/min{do,dp } | V(W1 (t))|| 7 ma[x] [er IW;@lls
|7 |=n—

(1= 1)l H T W ()] e W (1) 22
(n—1)y/min{do.d, } |V (WV, ||F(maxje[n]||w<>||:)"%2
(n—1)y/min{do,dp } [V (Woer (1)) | (| W1 (8)]|H4nemax (LW, ()]s} jem) ) ™
(n—1)y/min{dosdn HIV (Wt ()| | Wt (8) 15

(n— WW HIV (Wi (0) ]| (4nemax (L{ W5 (Ol }jepm) ™) ™ -

where the last inequality follows from sub-additivity of any power between zero and one. Rewriting
the inequality such that we remove the time notation as to be consistent with the proposition statement,
we obtain:

/\mm(VZf( 7’L 1 \/ mln{d07 ||v¢ nl HF”Wanl 2/n
(n—1) \/mm{dm HIV O (W) (4n) “7 maxc (L{W; (O]} se ) Ca

O

Lemma9. Let A; R %~ fori€[n]. Denote A;:=A] 1 Ai 1 — A; A fori€ [n—1]. Assume that
| Aills < 5 fori€ [n—1]. It holds that:

maxi;ecn) ||A’L||n < ||An:1 ||s+2n\/maxi€[n71] ||Az||s ‘MaXAc{1,Ay,...,An} ||A||§n ’

where we denote A;.; as A;--Aj1A; for 1 <i < j <nand as an identity matrix (with size to be
inferred by context) otherwise.

Proof. Define Apax :=maxae(r 4,,..,A, }HAHS and Apax :=max;e[,—1][| Aills. Let v € R% such
that v € argmax||,, _; | A1u||2. Define a; :=v TAl Z1(AI_(i_l)An_(i_l))iAn_i:lv fori € [n]. For

35



i € [n—1] we have:

A;l(z 1) An- (i— 1)) n—3:1V =V An (i41):1 (AT An—i)iHAn—(z'H):lU
) n—i]U—0 An (z+1)1An J(An— zAT )iAn_iAn,(iH):l'u

:vTAr—erizl(A;lz—f(ifl n—(i— 1) n—3:1V =V An zl(AnfiA;Li)iAnfizlv

:”TAI—iﬂ(An—iA i+ An_i)'A TA, 1 (An AL ) Ao

(An_i A+ 0 = (Api A ) Ap—iav

—v A 11(Z(bl,.._,me{o,l}iHbe{bl,__ (bAW AT 10D ) (A s AT ) ) A

n—i:l (Z(bl,...,bi)e{O,l}i\(l,...,l)Hbe{bl,...,bi} (bAn—iAZ—i‘*‘(l —b)An—i))An—irl"’ >

|
<
3
L
=
—

n—3:10—7U

4|
b
T
:
—~

where the fourth transition follows from the definition of A,,_; and the second to last transition follows

from unrolling (A,,_; A _.+A, ;). Taking absolute value on a; —a;; 1 we obtain:

lai—ait1]
”U An 11(2(})1, b )E{O 1} \(1,.. 71)1—11)6{131 }(bAn 1AT (I*b)An—i))An—izlv‘
<Y (b1, b)) {0 (L ‘ TA zl(Hbe{bl, oy (DAL AL+ (l_b)An—i)>An—i:1’U‘

- ) ‘ ||An7i:1”H2
S

|bAn_iAI_i+(1—b)An_iHs> [ An—iall,

< Z(bl,..A,bi)5{0,1}1'\(1,..‘,1) | An—iall, (Hbe{bl,..., ;

SZ(bh...,bi)e{O,l}f\(l ||An—i=1||2nbe{b1, b} (bHA"—iAI—iHs'i'(l_b)HAn—i”s)
SZ(bl ..... b;)€{0,1}7\(1,...,1) mabee{bl (bA?nax (1_b)AmaX)A&aX
:Afngx ((Afnax—’_AmaX) A?Ifax) ’

where the second transition follows from the triangle inequality, the third from Cauchy—Schwarz and
the definition of the spectral norm, the fourth from sub-multiplicativity of the spectral norm, the fifth
from sub-additivity of the spectral norm and the sixth from the definitions of A, and Ap,,,. We

continue by unrolling (A2, 4+ Amax) ‘.

|ai—ai+1|

< A
max max max max

Z ( )Az(l YNy )

_A2n .

max

Sier (420

max max)

max max max

_A4n .

max

< A4n

max

(
(
< A2n (Zz nkAZn AR )
( i ]
(

A4n L _nAmayx
max 1—nApax

< A4n

max

where the two last transitions follow from geometric series formula and the assumption A, < %
Overall we have that for i € [n—1]:

lai —aii1| <2nAX Ay 47)

max
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The following bound holds:
[ A1 ||§ = ||An:1v||§
:vTAj,lAn:lv
—UTAn 1: 1(A2An)114n—1:1v
=a;
>ay—|az—ax]
>az—|az—as|—|az—a]

n—1
>an— iy |aiy1—ail
n—1 4
>an—z 1 2nA Amax
2n2A4n

max Amax

v (AlTAl) v—2n2 A% ALax

— Al 2n_2n2A4n Amax ,
|| S max
where the second to last inequality follows from Equation (@7). Overall we have:
1AL <l Anea | 3420° ARl Amax (48)
Foralli€[n—1]:
1412 =114 AT Il

= A A=Al

> (| AL 1 A lls— 1Al

> | Aisa 3 — Ama -
It follows that for i € [n—1]:

Aien 2" < (1Al 24 Amax) "
=Y io (MIAP P AL,
= [l 413"+ ks (AP R AL L
<Al + A2 1(nAmax)
o
< A2 420 A% Ay,

max
where the two last transitions follow from geometric series formula and the assumption A,
Using the above result repeatedly, we get that for i € [n—1]:

| Aiet 2" < A2 +2n A2,

max

1
S2n'

Amax

<|JAL)?" 4020 A" - Apax

<A ||§n+2n2Arzr:;x Amax -
Overall we have that for i € [n]:
LA™ <[ AL 13" +2n” AT Amas - (49)

Combining Equations (#9) and (48)) we get for i € [n]:
LA < A1 274202 A2 A < [ A [2-+4n2AS A s
This leads us to:

maxie (|| Ail|s < /]| Anaa||2+4n> Al

max

< \/HA" 1 ||2 \/4n2Amax Anﬂax

A max
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where the second transition follows from sub-additivity of square root and the last transition follows
from the definitions of A, and A ax. O

J.8  Proof of Proposition[3]

Subsubappendix [J.8.1]below provides a brief proof sketch. The complete proof is delivered by the
subsequent subsubappendixes, organized as follows. Subsubappendix [J.8.2establishes preliminaries.
Subsubappendix [J.8.3] proves that the trajectory of gradient flow is defined over infinite time.
Subsubappendix [J.8.4] defines a reparameterization of the gradient flow trajectory, to be used as a
technical tool. Subsubappendix [J.8.5]lower bounds the minimal distance of the reparameterized
trajectory from the origin. Subsubappendix confirms that the reparameterized trajectory
escapes the origin. Subsubappendix [.8.7] establishes subsequent convergence, during which the
reparameterized trajectory approaches global minimum exponentially fast. Subsubappendix
shows that at time ¢ (defined in Equation (I7)) the (original) gradient flow trajectory reaches
€-optimality. Subsubappendix [J.8.9]analyzes the geometry of the optimization landscape around the
gradient flow trajectory, namely, it confirms validity of the smoothness and Lipschitz constants 3;
and 7, . (given in statement of Proposition@) respectively, and bounds the integral of the minimal
eigenvalue of the Hessian in accordance with Equation (I8). Finally, Subsubappendix[J.8.10|concludes.

J.8.1 Sketch

By result of [4]], gradient flow induces on the end-to-end matrix the following dynamics:
2-2/n 1-1/
%Wnil (t) = _v¢(Wﬂ1 (t)) (HWnl (t) || FrolieniusIdO + (n_ 1) [WnTl (t)Wnl (t)] n) >

where I, € R%-40 represents identity, and [-]¢, ¢ > 0, stands for a power operator defined over
positive semi-definite matrices (with ¢ = 0 yielding identity by definition). Carefully analyzing
these dynamics, we characterize W,.1 (-) — trajectory of end-to-end matrix — and show that, with ¢
given by Equation (7)), 3 | Wi.1(£) — Aya || % openius < € as required. For establishing Equation (T8),
we use the characterization of W,.1(+), along with a lower bound on the minimal eigenvalue of the
Hessian provided in Subsubsection The expressions for 3; . and 7, . are also derived using the
characterization of W,,.1 (+) and geometric bounds (bounds on Hessian eigenvalues and gradient norm,
respectively), but they involve much coarser computations.

J.8.2 Preliminaries

We assume € S% without loss of generality (a proof that is valid for 6:% automatically accounts for

&> 1 as well). Throughout the proof we identify matrices in R% with vectors in R%. For example,
we identify the end-to-end matrix W,,.; € Rbdo (Equation ) with the vector w,,.; € R%, and the
empirical (uncentered) cross-covariance matrix between training labels and inputs, A, € R 4o with
the vector Ay, € R% . Accordingly, we overload notation by regarding the function ¢(-) (defined
in Equation (TT)) not only as a mapping from R to R, but also as one from R% to R. Under
the latter view, ¢(-) is defined by ¢(w) = 3 ||w — Ay,||3 + mingega f(q). Fort >0, we denote by
Wi(t) € Rivdo Wh(t) € Rizdr W, (t) € Rin—1:dn—2 T}/, (t) € R14-1 the weight matrices
constituting 8(t) € RY (gradient flow trajectory at time t), and by W,,.; (t) € RV (or w,.1 (t) € R%)
the corresponding end-to-end matrix (i.e. Wi,.1(t) := W, () W1 (£)--- W1 (2)).

Definition 2. Define h:R% — R by:

h(w)i= (w3 L, +(n—1) [ww ) Vo(w),

where I, € R%-% represents identity, and [-]¢, ¢ > 0, stands for a power operator defined over positive
semi-definite matrices (with c=0 yielding identity by definition).

The importance of the vector field h(-) lies in the fact that it characterizes the dynamics of the
end-to-end matrix — a result proven in [4]], stated hereafter for completeness.

Lemma 10. w,,.1(t) is a solution to the following initial value problem:

wn:l(o):wn:l,s s %wn:l(t):_h(wn:l(t)) .
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Proof. The lemma follows directly from Theorem 1 in [4]. O

The following lemma will be used throughout the proof.

Lemma 11. Let t € [0,00) U {oco}. Let q,q : [0,t) — R be differentiable functions, and let
g:[0,t) xR — R be some locally Lipschitz function. Assume that:

(1) q(0)<q(0);
(i7) %q(t’) < g(t',q(t’)) forallt' €(0,t); and
(iii)  Lg(t')>g(t'.qt")) forallt €[0,t).

Then q(t') <q(t') forallt' €[0,t).

Proof. The lemma is a direct consequence of Theorem 10.3 in [27]]. O

J.8.3 Infinite Time

One of the assertions of Proposition[3is that the gradient flow trajectory is defined over infinite time.
This is confirmed by the following lemma.

Lemma 12. The trajectory of gradient flow is defined over infinite time.

Proof. by Theorem we may denote the gradient flow trajectory by 0 : [0,.) — R9, where either:
(i) te = 005 or (ii) te < oo and limy ~, ||@(t)]|, = co. Our objective is to show that t, = oo, thus it
suffices to establish that 8(-) is bounded, i.e. there exists a constant larger than ||0(¢)|| for all t €[0,¢.).
Recall that 8, meets the balancedness condition (Equation ). Theorem 2.2 in [18] implies that
the balancedness condition is preserved along the gradient flow trajectory, i.e. for any j € [n— 1] and
t€10,t.), it holds that:

W (W1 (6) = W5 ()W (1), (50)

Using this relation repeatedly, we obtain:

lwna (8)]3=

Since the balancedness condition implies that ||W;(t)||r = ||[W;+1(¢)||r for any ¢t € [0,%.) and
j € [n — 1] (to see this, simply apply trace to both sides of Equation (30)), we may conclude

W, ()]|%=|wn:1(t) ||§/ " for any j € [n]. Gradient flow monotonically non-increases the objective it
optimizes, i.e. f(6(t)) is non-increasing. In particular it holds that f (8(t)) < f (6(0)) forall ¢ € [0,t.).
Relying on Equation (16), we obtain ||wy,.1 (t) = Aye |2 < [|wp:1(0) = Ay [|2 for all £ € [0,z ). By the
triangle inequality we have that ||wy,.1 (t)||2 < ||wn:1(0)||2+2||Ayz ||2. Thus, forall ¢ € [0,¢.):

" n 2/n
0I3=Y_IW; @)% =nlwna (®)13" <n([[wnr (0) ]2+ Ayell2) .
j=1

This completes the proof. O
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J.8.4 Reparameterization
Consider the initial value problem:
w(0)=w,1(0) , Gut)=—|u(t)l2(nu(t)=Ay)+n-Dlu)l; wb)ut) Ay . D

Lemmal[I3]below establishes existence of a unique solution to this problem.

Lemma 13. The initial value problem in Equation (51) admits a solution w: [0,t.) — R\ {0}, where
either: (i) te=00; or (ii) t.<oo and lim; », ||u(t)|,€{0,00}. Moreover, the solution is unique in the
sense that any other solution u’ : [0,t.,) — R%\{0} must satisfy t, <t. and Vt € [0,t.) ' (t) =u(t).

Proof. Define g:[0,00) x R%\{0} —R% by:

gltw):=—|wlz(nw—Ay.) +(n—1)|w|y 'ww Ay, .
The dynamics in Equation (3T) can be written as % u(t) =g(t,u(t)). Since g(-) is locally Lipschitz

continuous, the lemma follows directly from the results in Section 1.5 of [25]. ]

Hereafter, we denote by u:[0,t.) —R9\ {0} the (unique) solution to Equation (5T). In the remainder
of the current subsubappendix we will show that w(-) is a reparameterization of the gradient flow
trajectory, or more precisely, of w,.1(+).

The following definition overloads notation by extending the scalar v (defined in the statement of
Proposition[3) to a function.

Definition 3. Define v:[0,¢t.) —[—1,1] by v(t)= W%

Notice that v/(0) coincides with the original (scalar) definition of v. Lemma|[l4]below makes use of /()
for characterizing the dynamics of the norm of w/(-).

Lemma 14. Forallt€[0,t.):
Elut) o =nllu®l (v(6) - u®)]2)
Proof. Recall that ||\, ||=1. Forall ¢ € [0,t.), it holds that:
L |u(t) o= 42 Luft)
= el (= )l () = Age) + (1= 1) ()3 ut)u(t) Ay )

= —nlfu(®) 3+ [u®llav(t) + (n—Dljut) l2v(2)
= nlfu(®)l2 (v(t) = lu(®)]l2)

where the first transition follows from the chain rule and derivative of a (non-zero) vector norm, and
the second transition follows from u(-) being a solution to Equation (51)). O

Relying on Lemma Lemmabelow derives upper and lower bounds for the norm of w(-).
Lemma 15. Forallt€[0,t.):

[2(0)]|2e*" < [lu(®) ]2 < [ (0) | 2¢™

Proof: We start by proving the upper bound. Recall that by Lemma [I4] we have that

gillu)llz = nllu()2(v(t) — [lu(t)]|2). It holds that & |lu(t)]2 < nllu(t)ll2. as v(t) < 1
(by Definition[3)). Integrating over time:

() ) —nlO)ll) = | by el < [ mat' =,

It follows that ||u(t)]|2 < [|u(0)]|2 €™
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Moving on to the lower bound, define ¢:[0,t.) xR — R by:

—nz(1+z) z>1
t,z):= .
9(t,2) {—an z<1

Note that g(-) is locally Lipschitz continuous. For all ¢ € [0,¢. ), it holds that:

l(0) 267" < u(0) |2 = w1 (0 )Ilz <L,

where the equality follows from w(-) being a solution to Equation (51)), and the last inequality follows
from an assumption made in Pr0p0s1t10nl Using this fact, the followmg holds for all t €[0,¢.):

3 ([u(0)[l2e72") = —2n|u(0) | 2e 7" = g (£, w(0)[l2e ") .
On the other hand, recalling that v/(t) > —1 (by Definition[3) for all ¢ € [0,t), it holds (for both cases
|| (t)]| <1 and ||u(t)]| > 1) that:
llu®llz=nllu®)ll2(v(6) = lu®)]l2) = g(t.|u®)]2) -

We may now use Lemmato conclude [[u(0)[|2 e 2" <||u(t)||2 forall t € [0,t.). O

Taken together, Lemmas E and|15|imply that u(-) is defined over infinite time. We formalize this
in Lemmal[T6]below.

Lemma 16. It holds that t. = 0o, i.e. we may write u: [0,00) —R%\ {0}.

Proof. Assume by contradiction that ¢, < co. Lemmaimplies limy ., ||u(t)]],€{0,00}. On the
other hand, by Lemma|15|we have that liminf, »,, > [|u(0)||2e~>"* and limsup, », <[u(0)[e™",
which is a contradiction. Hence it must be that ¢, = oo O

Finally, we are in a position to prove that u(-) is indeed a (monotonic) reparameterization of w1 (-).
Lemma 17. Forallt>0:

Wn:1 (S(t)) =u(t),
where £ :[0,00) = Rx is defined by £(t) fo u@)); ™ ay.

Proof. Define g : [0,00) x R% /{0} — R% by g(t,w) := —h(w) /|u(t)]5” /" Note that g(-) is
locally Lipschitz continuous. Define the following 1n1t1a1 value problem
q(0)=wn1(0) . Fat)=g(ta()). (52)

We will show both u(-) and w,,.1 (£(+)) are solutions to Equation (52), which by uniqueness implies
u(-) =wp.1(&(+)) forall t >0, as required. By the definition of u(-) (solution to Equation (51)) it holds
that u(O) =wy.1(0) =w,.1(£(0)). With the help of Lemma.we establish the following for ¢ > 0:

Recall that u() is a solution to Equation . For all t > O, it holds that:
Fu(t)=—[ut)ll2(nu(t) = Aye) +(n—1D)ut)]l5  u(t)u(t) Ay,

=—[[(®)lla (w(t) = Ayz) = (0= 1) [u(®) [2u(t) +(n— 1>||u<>||2 u(t)u(t) Ao

= )2 () = Aya) — (0= 1) [u®)u®) T 2 ul) + (n—1) [uw(t)u) "] Ay,

= —[la(t)lla (w(t) = Ayz) = (n=1) [u(t) <t>T]%(u<t Ape)

=~ [u(®)lla (w(t) = A, ) n—1)[u()u®)T]* Ve (u(t) )
(“@ 372 ()~ Age) + =) ) ] T o u(v)) ffue)
~h(u(t))/|lu(t )1 2

=g(t,u(t)).

The above confirms that u(-) and w,.1 (£(+)) are both solutions to Equation (52)), thereby completing
the proof. O
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J.8.5 Minimal Distance From Origin

In this subsubappendix we derive a lower bound on the minimal distance of u(-) — solution to
Equation (51)), which by Lemmais a reparameterization of w,.; (-) — from the origin. We denote
this minimal distance by Umin, i.e. We let Uiy :=1infy>o[|w(t)||2.

Recall the function v(-) from Definition Lemmabelow establishes several properties of this
function.

Lemma 18. Forallt >0, the following hold:
(1) v()e(=11];
(i) grt)=1-v(t)*
(i) () =1-2-1555) | (150t +e*) s and
(iv)  limy oor(t)=1.

Proof. Recall || A, |l2=1. It holds that:
d T d u(t)
V()= )‘ya:dt(nu(t)nz)

7 @ Olu@)la—u(t) g llu @)

lu(®)]3
A gtz —u() g a2
[u(®)]2 [[u(®)]2 '

Plugging in the expression for %u(t) from Equation (51)) and the one of % [|u(t)||» from Lemma.
(while dividing by ||w(t)||2) affirms property (ii):

10)= 27 (=) S 0= 0 () ~3,)) (a0 o) )]
— (=00~ (Ol (o) -1/ (0} ]2) ) ~ (O (0~ Tu®)z)
= (1) (8 — () 6 o+ 1~ (2?40 )
=1-v(t)>
By Theorem 1] the initial value problem which 1({) solves (i.e. 1(0) = 0 and “Lu(t) = 1 - v(t)?)

admits a unique solution. Since t+>1—2- (115583 )/(}15%8; +¢2") is a solution to this problem, it

must be that v(t) =1-2- ( };”,Eg; )/( ngog +€2"). This confirms property (iii). Properties (i) and
(iv) immediately follow. ]

Below we define a point in time that will turn out to be one at which the distance of w(-) from the origin
is minimal (i.e. is equal to Ui ).

Definition 4. Lett,, :=inf{t>0:v(¢) > ||u(t)||2}, where by convention t,, = oo if v/(t) < ||u(t)]|2
forall ¢t >0.

Lemmabelow establishes that ¢,,, is finite, that the norm of w(-) is monotonically decreasing
until ¢,,, and monotonically non-decreasing thereafter, and that this norm remains smaller than one.

Lemma 19. It holds that:
(7) t <00
) %Hu(t)Hg<Of0rallt€[0,tm);
(iii)  Lllu(t)|]2 >0 forall t€[t,, ,00) ; and
) [|[w(t)]|]2 <1 forallt>0.
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Proof. We start by treating the special case where v/(0) = 1. Recall that by assumption ||w.,,.1 (0)|| < 1.
Together with Equation (51) this implies ||©(0)]|2 = ||wx:1(0)||2 < 1=v/(0). Thus, by definition ¢,, =0.
We trivially obtain properties (i) and (ii). By Lemma([I4]together with property (iii) from Lemma|[T§]it
holds that 4 ||u(t)||2 =nllu(t) |2 (1—||w(t)|2). These dynamics, along with the initial value [|u(0)]|2,
induce an 1n1t1a1 value problem whose unique solution is [|w(t)||2 =™ / (€™ 4[| (0)|| = —1). This
confirms properties (iii) and (iv). From this point onward we assume v/(0) # 1.

By definition of ¢,,, it holds that ||u(t)||2 > v(t) for t €[0,¢,, ). Together with Lemmal[14]this implies
property (ii).

Relying on property (ii), we have ||u(t)||2 < ||u(0)|]2 <1 for ¢t €[0,t,,), where we used the fact that
|u(0)||2 = ||wn.1(0)||2 < 1. Assume by contradiction that property (i) does not hold, i.e. t,,, = co.
This means that v(t) < ||u(t)|]2 < [[u(0)||2 < 1 for all ¢ > 0. On the other hand, by Lemma 18]
lim; oo (t) =1 — a contradiction. Thus, property (i) must hold.

From the definition of ¢,,, together with continuity of v(¢) and ||wu(¢)||2, it must be that v (¢,,) >
[lw(tm)||2- Define &, :=inf{t > t,, : v(t) < ||u(?)||2}, where by convention the infimum of the empty
set is equal to infinity. Property (iii) of Lemma|l 8|together with /(0) < 1 imply that v(¢) <1 forallt >0
(recall that we are treating the case v(0) # 1). We have previously shown (in the proof of this lemma)
that ||u(t)|| <1 fort €[0,t,, ). By definition of ¢,,, it holds that ||u(t)||2 <v(t) <1 for all t € [t ,tm ).
Relying on this inequality together with Lemmaﬂ we have that 2 ||w(t)[| > 0 for t € [t,,,Lp,). I
t,n = 00, then we obtain properties (iif) and (iv), thereby finishing the proof. Assume by contradiction
that this is not the case, i.e. t,,, < 0. From continuity ||w(Z,,)||=v(t,,). By Lemmas[14]and[18}

Hv(0)] .y, =1=vEn)? > 0=nljuln) 2 (v(En) ~ (i) 2) = )2, -

implying existence of a right neighborhood of ¢,,, which contradicts its definition. O

As a direct consequence of Lemma we obtain that the distance of u(+) from the origin is indeed
minimal at time ¢,,,. This is formalized in Lemma[20|below.

Lemma 20. Ir holds that || u(t,,)||2 = tmin. Moreover, if v(0) < ||u(0)||2 then v(t,,) = tUmin.

Proof. || u(ty,) |2 =umin directly follows from properties (ii) and (iii) of Lemmal[l9] In the case where
v(0)<||u(0)||2, from continuity of v(t) and ||u(t)||2, and from the definition of ¢,,, it must be that
lw(tm)||2=v(tm). Together with || (¢, )||2=Umin, this concludes the proof. O
Finally, we are ready to establish a lower bound for ;.

Lemma 21. It holds that:
. 1+0(0) )"
tnin > [ )| min{ 1, (3155 )}

where in the case v(0) =1 the fraction (1+v(0))/(1—v(0)) is to be interpreted as equal to infinity,
leading 10 tmin > ||wn.1(0)||2.

Proof. 'We split the proof into two possible cases: (i) ||u(0)||2 <v(0); and (i) ||u(0)]|2 > v(0).

In case (i), by definition ¢,,, = 0. By taking Lemma 20] together with Equation (5I)), we obtain
Umin = [[w(tm) (|2 =[[w(0)[|2=[|wn:1(0)[]2.
Moving on to case (ii), recall that by assumption [|ws,:1(0)||2 <0.2 and v(0) # —1. By Equation (51)),
we have that [|u(0)]|2 = ||wy:1(0)]|2. Define t, := 11@% e
upper bounds ¢,,. Plugging ¢ = t; into the explicit expression for v(t) given in property (iii)
of Lemma [I8] we have that v(t,) = [|u(0)||2. Taking this together with Lemma 20| we obtain
v(ty) = [|w(0) |2 > tmin = v(tm). Note that v(0) < ||u(0)||2 < 1, and property (iii) of Lemma 18]
together imply that v/(¢) is (strictly) monotonically increasing. Thus, it must be that ¢, > ¢,,,. Combining
this observation with Lemmal[I5]yields:
Umin = Hu(tm) ||2
> ||w(0) || 2exp(—2nt )
> ||u(0) ngxp(—Qntb)
(0)

_ 14+ [u()2  1-v(0)
=[lwO)l(Eror Tow)

), which we will show
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Recalling that ||%(0)]|2 = ||wx.1(0)||2 <0.2 enables us to conclude the proof for this case. O

J.8.6 Escape From Origin

Recall that u(-) is the (unique) solution to Equation (31), which by Lemmais areparameterization
of wy,:1(+). Recall also the function v(-) from Definition[3] which quantifies the alignment between
u(-) and Ay,. The current subsubappendix defines a certain point in time (Definition , establishes
that after this point u(-) and A, are highly aligned (Lemma , and shows that this alignment is
accompanied by an escape of u(-) from the origin (Lemma[23).

Definition 5. Define t, := $In(max{5- {75} 1}).

Lemma 22. Forallt>t,: v(t)>2.

Proof. We split the proof into two possible cases: (i) v(0) > 2; and (i) v(0) < 3.

For case (i), it holds that t, = 0. We conclude the proof for this case by relying on Lemma[I8] which
implies that v (¢) is monotonically non-decreasing.

Moving on to case (i), it holds that ¢, = $In(5- 115583

for v(t) given in Lemma , we obtain v(t,) = % We conclude the proof for this case by once again
relying on the fact that v(7) 1s monotonically non-decreasing. O

) . Plugging t =t, into the explicit expression

Lemma 23. Forallt>0:

2 exp(2nt)
3 exp(%nt)Jr%u_l 1’

min

||“(ta+t)’|2 =z
where (as defined in Subsubappendix Umin :=10f;>0]|w(t)]]2.

Proof. Define g : [0,00) = R by g(z) :=nz(% — z). Notice that g(-) is locally Lipschitz continuous.

Define @ : [0,00) — R by a(t) := Zexp(2nt) /(exp (3nt) + 2u,i, —1). It holds that ||u(t,)||2 >

Umin =14(0). By Lemmasand , 4 \u(t)||2>g(||u(t)|2) for all > t,. Furthermore, notice that
4y (t)=g(u(t)). We may now use Lemmato obtain ||u(t,+1)||2 >u(t) forall t >0. O

J.8.7 Convergence

Recall that u(-) is the (unique) solution to Equation (51)), and (by Lemma a reparameterization
of w,.1(-). Recall also the (alignment guaranteeing) time t, from Definition |5, the notation
Unmin :=1infy>0]|w(t)]]2, and the fact that (by Lemma[21)) t,i, > 0. In this subsubappendix we define
a certain time duration (Definition @), and show that after it elapses from ¢,: (i) the norm of w(-) is
on the order of one, which is the norm of the target solution A, (Lemma; and (ii) u(-) converges
to A, exponentially fast (Lemmal[25).

Definition 6. Define t.:= 2 In (522 )

3Umin
Lemma 24. Forallt>0: ||u(t,+tc+1t)|2> 3(2711)
Proof. Lett>0. From Lemma[23}
2 2 2, —1
bt 2. exp(gn(tc+t)> 2. exp(gntc) _2, n(gumin) —_2n
ettt tet )2 5 o) v umh 128 walBmt )+ dut, 8 n(Gunk) s (o) 0D

O

Lemma 25. Forallt>0: | Xy, —u(ta+tc+t)|2 < Sexpl- gyt )-

3Note that, since 7> 2 and wmin < ||1(0)]|2 = ||wn.1(0)||2 < 0.2, the time duration ¢, is necessarily positive.
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Proof. Property (iv) from Lemmatogether with || Ay |2 =1 imply that || Ay, —u(t)||2 #0 for all
t>0. Relying on Equation (51)), while recalling the function v(+) from Deﬁmtlonl we obtain:

Ay —u(t
g —u(t) = Qo)

dr (Aya—u(t)

= OO () o (maa(8) = Ay — (= 1) Ju0) [ () A,
= QO (a(t) o as(0)— Ay O 1) a8 foal6) — (0 Dt )u)
= Q=0 () o wa(8)— D)+ (0= 1) () o~ () )

= — () ol Age —(t) l2+(n— 1) ([lu(t) o — () LD (Ol

= —[[u(®) 2| Age —w(t) |2 — T2 (fla(t) o (1),

forall t > 0. By Lemma we may bound || A,, — u(t)|2 < 3(n+1 ||/\W — u(t)]|2 for all
t>t,+t.. Lett' >0. We integrate 4 || Xy, —u(t)||2/[|Ays —u(t)||2 from t =t,+t, tot =t, +t.+t'
in order to obtain | Ay, — w(te +tc+t')||2 < | Aye —u(ta +te)|2exp(— 3(n+1)t’) Recall that by

assumption ||w,,.1(0)|| <0.2. By Equation we have that U}u(O)HQ = [[wp.1(0)||2. We conclude
the proof by noting that || Ay, —u(0)[[2 <[[Ayz[l2+|lu(0)[2 < 2. O

J.8.8 Time to Convergence

Recall that w(-) is the (unique) solution to Equation (5T)), and that Lemmapresents a monotonically
increasing function &(-) satisfying w1 (£(t)) =w(t) for all ¢ > 0. Recall also the function v/(-) from
Definition 3| quantifying the alignment between w(-) and A,,. Finally, recall the times ¢, and ¢,
from Definitions [5] and [6] which guarantee alignment and initiation of exponential convergence,
respectively. The current subsubappendix makes use of the above to establish that at the time ¢ defined
in Equation (T7), wy,.1 (+) is €-optimal, i.e. £||wy.1(£) — Az |3 <€

We begin by defining a certain time duration (Definition[7), and showing that it elapsing from ¢, +t.
ensures that u(-) is é-optimal (Lemma[26).

iti . 3(nt+1) 6_\[36
Definition 7. Define tz:= =5 ln(ﬁ)

Lemma 26. It holds that % ||u(t,+t.+te) — Ay |3 <€

Proof. The proof follows from plugging ¢ =t into the result of Lemma[23] O

Moving from the reparameterized to the original gradient flow trajectory, i.e. from u(-) to wy.1 (),
we immediately obtain é-optimality of w,,.1 (+) at time £(to +t.+tz).

Lemma 27. It holds that £ ||w.1 (§(ta+tette)) — Ays||3 < E
Proof. The proof immediately follows from Lemmas([I7]and[26] O

Lemma[28]below shows that the time ¢ defined in Equation (T7) (recall that the scalar v there, defined
in the preceding text, coincides with the value taken by the function v(-) at zero) is greater than or
equal to &(tg+t.+1te).

Lemma 28. It holds that t > £ (t, +t.+tz).

Proof. By Lemma[l9|we have that ||u(t)||2 < 1 forall ¢ > 0. Recall the notation tmin :=inf;>o|[w(t) |2,

and the fact that (by Lemma Upnin > Hwn,1(0)||2min{1 (§ 1+ZEO§) } For all ¢t >0:

_ t wlt 7(172/n)dt/§ —1 dt’ —tuil (53)
0 2

Il’lll’l min*

3Note that te > 0, since we assume €< 1 /2 without loss of generality (cf: Subsubappendix .
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Recall from Subsubappendix that we assume (without loss of generality) € < % The following

holds: _— +t-—l1n(max{5 1—1(0) 1}) 3 m( 2n )+3(n+1)ln( 6 )
aTle = T+v(0)° 3Umin 5v/2e
< 3In(5max{ 1+Z(8§ 1}) +1n(3’3::in ) +41n(7) (54)
<1n(fmax{ L 1) (1))
§ln(5nmax{ }+Z§8),1} (1/e)? mln)
Using Equations (53] and (54)), we conclude the proof:
E(tattctte)
( +t +t) min
<1n(5nmax{ 1+ (8371}'(1/5) Unmin ) Umin
<In 501702 [wns 0], max{1,(3 1+Z§8§>"“ Pl O] max{ 131555}
§1H(15n(1/2é)Hwn:l(O)H; max{lﬁlzggg })~2nHwn;1(O)H;lmax{l,(%-%égg) }
=t.
O]

Combining Lemmas[27)and 28] with the fact that, in general, gradient flow monotonically non-increases
the objective it optimizes, we obtain the result which the current subsubappendix set out to
prove — é-optimality of w1 (-) at time .

Lemma 29. It holds that f(0(1) ) —mingegra f(q) = §[|wna (£) = Aya |3 <€

Proof. The proof follows directly from Equation (T6)), Lemmasand and the fact that f(6(-))
is monotonically non-increasing. O

J.8.9 Geometric Analysis

The current subsubappendix analyzes the geometry of the optimization landscape around the gradient
flow trajectory. Namely, under the notations of Theorem , fort>0,ec (O7 2%] and corresponding D; .
(e-neighborhood of gradient flow trajectory up to time t), it establishes a smoothness constant 3; . = 16n,
a Lipschitz constant v . = 6+/n, and the (upper) bound on the integral of (minus) the minimal
eigenvalue of the Hessian given in Equation (I8) (with the function m/(-) there being non-negative).

Recall (from Lemma|[19) that the (Euclidean) norm of u( ) — the (unique) solution to Equation (5T) —
is upper bounded by one. Since (by Lemma u(+) is a reparameterization of w,.; (), the norm
of wy,.1(+) is upper bounded by one as well. ThlS allows proving the following result.

Lemma 30. Forallt' >0:
(I () 13" +€)" <[ (') |2 +2ne.

Proof. Forallt’' >0:
(o (11" +0)" = 5o () lfwma (1§
<o [waa ()5
= [fwer () |2+ 320y 77 [ () |S €0

By Lemmawe have that w,,.1 (£(¢')) = w(t'), where £(t') := fo ||u(t")||2_(1_2/") dt’. £(+) is
unbounded since ||u(-)||2 is bounded by property (iv) of Lemma[19] It follows that:

(1w ()15 +€)™ < [t (¢) [+ 352, (ne)’

ne
= ||wn:1( )||2+

S ”wn:l( )||2+27L€,
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where the second transition follows from the formula for geometric sum (notice that ne < 1 since by
assumption € < 1/2n), and the last transition follows from the assumption ¢ <1/2n. O

Building on Lemma and the fact that (by assumption) the gradient flow trajectory 0(-) emanates
from a balanced initialization (i.e. an initialization whose weight matrices satisfy the condition in
Equation (T3))) — which by [18] implies that 0(t’) is balanced for any ¢’ >0 — the lemma below
establishes different properties for weight settings lying e-away from the trajectory.

Lemma 31. Lett' > 0 and let 6. € R? be a weight setting satisfying ||0. — 0(t')||2 < e. Denote
by Wi € Rdl’dO,Wg,6 € Rd?’dl,...,Wn,LE € Rén-1:dn—2 n,e € RY4n1 the weight matrices
constituting 0., and by w1 . € R% the corresponding end-to-end matrix W, Wy, _1 Wi ¢ (in
vectorized form). Then, the following hold:

@) wnite—waa ()2 < (Jwna ()3 +€)" ~ [wna ()]
(i) Vo(wnae)llz <[[Vo(wna(t)) .
(i74) forany J C [n]\), HjeJHWj,eﬂpﬁ (Hwn;1(t/)H2+2ne) o

25

|2+2ne; and

Proof. For brevity, throughout this proof we omit the time ¢’ from our notation, i.e. we denote 6(t'),
W1 (), Wy () and Wi (t),..., W, (t') by 6, wy,.1, W,,.1 and W1,...,W,, respectively.

Starting with property (i), we have that:

Hwnzl,e_wnlez

= ||Wn:1 E*anl ||F

—|| n+Wne W )(W1+W1,6_W1)_Wn:1HF

= HZ(b1, Lbn)ef{0,1}m (an7L+(1_bn)(Wn E_Wn))"'(b1W1+(1_b1)(Wl e_Wl)) Wi

p

—szl sreqopm 1y (on Wt (L=b) (Wey = W) (b Wi+ (1= by ) (We s — W7) H
SZ(b1 br)€{0,1}n \{1}”H(b Wi+(1-b )(fon_Wn))"'(b1W1+(1_b1)( Wi )HF
Sz(bl,..,bn)e{o,l}"\{l}"Hb Wyn+(1-b )(Wem*W")HF”Hlel*(l*bl (WEJ*Wl))HF

)
S Z(bl,.‘,bn)e{o,l}”\{l}” (anWn||F+(1 bn) HWne_WnHF)(bl ||W1 ‘|F+(1_b1)||Wl,e_W1 ”F)

<Y rmmrefoym 1y (GnlWall - (1=bn)e)~(ba Wil 7+ (1—b1)e),

(55)
where the inequalities follow from sub-multiplicativity and sub-additivity of Frobenius norm, as well
as the assumption || — 0|2 < e. Recall that 6, meets the balancedness condition (Equation (I5)).
Theorem 2.2 from [[18]] implies that the balancedness condition holds along the gradient flow trajectory.
Therefore, 6 is balanced, i.e. for any j € [n—1] it holds that W, , W,y =W;W". Using this relation
repeatedly, we obtain:

”wn:lngz'w;:lwn:l
Wiy
2 WAWT W,
n:2W2 W2W7;r:2
Wy WolWy Wi (56)
a3 Wo W W, WaW, |,

=(Waw,)"
= ||Wn||§7n
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Since the balancedness condition implies that |W;|| = ||W;41|/F for any j € [n — 1], we may
conclude |W; || p = ||lwn:1]l5 M for any j € [n]. This, along with Equation (33)), establishes property (i):

Hwnzl.e*wnle
< rommetoay iy (Onllwn 37+ (1 =bn)e)(br [wnally™ +(1=b1)e)
= trmyetoys Bollwact 57"+ =ba)e)(br w13+ (1 —b1)e) — |[wnan |2

1/n

= (lwnlly™ +€)" ~lwpallz.

Moving to property (ii), we have that:

[Vo(wnit,e)ll2=l[wn:1,e = Ayall2
= W1 —Ayz +Wn:1,e—Wrt||2
<wna —Ayz |2+ ”wn:l,e —Whp.1||2
= ”v¢(wn:1)H2+||wn:1,e_wn:1 |2

applying property (i), together with Lemma[30} we obtain property (ii):
1/n n
IV (w12 <[ VS(wnt) o+ ([wna 3" +€)" = [wnall2 < [ Vo (w1 )||2+2ne.
Regarding property (iii), for any 7 C [n] we have that:
HjEJIIWj,EIIF:HjEJIIWj+Wj,erHF
SHjEJ(HWjHF+||Wj,e—Wj||F)
SHJ.GJ(”WJHF+6>
o 1/n
_H'GJ ||w'n:1||2 +6)
1 n [T|
= (lwna 2" +¢)
171
=((lwaa " +9)") ™,

where the third transition follows from the assumption ||@. — 6|2 < ¢, and the fourth from Equation (36).
Applying Lemma[30]concludes the proof of property (iii), and the entire lemma. O

The following lemma analyzes the Hessian and gradient of the training loss f(-), bounding their
spectral and Euclidean norms respectively.

Lemma 32. For any weight setting 0 € R with corresponding wezght matrices
Wi eRdvdo W, c R4 W, _y € Rén-1:dn—2 W, cRVIn=1 the following hold™

@ IV2fO)lls s S max HIIW\|F+2nHV¢(wn1)II2mafx 111wl and
|7 |=n— 1]€J |7 |=n— 2]67

(i) IV f(0)ll2<Vn|Vé(wn:1) )l max ITIwille.

|J|—n 1j€‘7
Proof. Let AW, e R4:do AW, e R¥20d1 AW, € RIn-1:dn—2 AT, e R4n—1,
We begin with property (/). By Lemma[I|we have that:
V2 F(0) AW AW, = V26 (Woit) [0, W1 (W)W 14

(57)
+2Tr(v¢(Wn:l)T21§j<j/gan:j’+1 (AW, )W _1:j41 (AWj)Wj,lzl) ;
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where Wj..;, forany j,j' € {1,2,...,n}, is defined as W; W; _;---W; if j < j’, and as an identity matrix
(with size to be inferred by context) otherwise. We will upper bound each of the two summands on
the right-hand side of Equation (57). We bound the first summand as follows:

V2O(W o) [y W 1 (AW W1 |
= HZ?:anij-i-l(AWj)Wj—lil Hi

2
< (Z?:l“wﬂijﬂLl(AWj)Wj*Ll||F)

) 58
§nzj:1HWn:j+1(AWj)Wj—1=1Hi‘ ( )

<n 3 Wl Wi | AW W | W2
=n ;Ilca[if] HjEJHWjH%"Z?:IHAWjHi‘ s
|T|=n—1

where the first transition follows from the fact that the Hessian of ¢(-) is an identity (since
(W) =2%||W —Ay;||%+c), the second trasition follows from the triangle inequality, the third trasition

follows from the one-norm of a vector in R™ being no greater than y/n times its Euclidean norm, and
the fourth transition follows from sub-multiplicativity of Frobenius norm. Moving on to bounding
the second summand on the right-hand side of Equation (57):

2Tr(V(b(Wn:l)T21§j<j’§nwnij'+l(AWj’)Wj/—lij-i-l(AWj)Wj—lil)

S2I|V¢(Wn:1)”FH21§j<j’§an:j/+1(AWj’)Wj’flthrl(AWj)ijlzlHF
L2 VOWnt)ll p2 1< jr<n IWair 1 (AW )Wy (AW Wi ||
(W)
(Whi1)

<2[[Vp(Wy:a ||FZl§j<j’§nHAWj/ FHAWJ||F'Hj”e[n]/{j,j'} |Wj” F

<2AT6 W)l 0 T W Srcscren AW W5 .

|j|;7z—2

where the first transition follows from Cauchy-Schwartz inequality, the second and third from
sub-additivity and sub-multiplicativity of Frobenius norm respectively. It holds that:

2
Srcicrenl AWl AW o < (AW 1) <o, 1AW

where the last transition follows from the fact that the one-norm of a vector in R™ is never greater than
\/n times its Euclidean norm. This leads us to:

2Tr(vd)(Wn:l)TZISj<j’Sanij'+1(AWJ')Wj'*1¢j+1(AWj)Wj*1¢1>
n 2 59
SQnHvﬁb(Wn:l)HF \Ijngaﬁ] HjeJHWj||F'Zj:1HAWjHF- (59)
|T|=n—2
Plugging Equations (58) and (59) into Equation (57), we obtain:

V2£(0)[ AW, AW, | <

n 2
(1 e T 130520 F00W,)l o T 19 e ) S5 1AW .
Ijl;nfl \J\;n72
This proves property (i).

Moving on to property (ii), we overload notation by allowing the function f(-) to intake the tuple
(Wy,Wa,...,W,,) (in which case Wh,...,WW,, are arranged as 6, and the value f(0) is returned). In
Appendix A of [4]] it is shown that:

Vf(vaWn) =
((Wn:2)Tv¢(Wn:1);'~7(Wn:j+1)Tv¢(Wn:1)(ijl:l)—r;~~7V¢(Wn:1)(wn71:l)—r) .
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It follows that: ) )
V@)=V f(Wi,....Wy)

HFrobenius

_ZJ 1|| nijt1) Tv¢( 1) (Wj-1:1) TH?
<Z] 1||V¢ n:l HFHZG[’!L]/{]}HW ||F

<nl| V(W) |7 5 [es IWil3
|T1=
where the second transition follows from sub—multiplicativity of Frobenius norm. Taking square root
of both sides of the inequality concludes the proof of property (ii), and the entire lemma.

Combining Lemmas[3T)and[32] Lemma[33]below establishes the smoothness and Lipschitz constants
Bt.«=16n and v, = 6/n respectively.

Lemma 33. I1 holds that sup gep, ||V f(q)lls <16nandsupgep,

Vi(@)|2<6vn.

Proof. Under the conditions and notations of Lemma forany J C[n]:

171
TTIWsele < (lwna () |2+ 2ne) (60)
Jje€T

By Lemmawe have that w,,.1 (£(¢')) = u(t’), where f( ") = f ||u(t”)||7(172/") dt”. £(-) is
unbounded since ||u(-)||2 < 1 by property (iv) of Lemmal[l9] This implies [|wy,.1(¢')||2 < 1, which
together with the fact that by definition e <1/2n, means:

[TIWiclr<(@+1) ™

jeT

|7
n

<2. (61)

It holds that:

||V¢(wn:1,e)”2§

(62)
[V (wna (t))ll2+2ne= [wn:1 (') = Ay ll2+2n€ < [[wna () |2+ || Ay |2 +2ne < 3,

where the first transition follows from Lemma[31] and the last from ||wp,.1 (t')]|2 <1, | Ayz|l2=1 and
€ <1/2n. We conclude the proof by plugging Equations (61)) and (62) into the results of Lemma.
while noticing that arbitrary ¢’ >0 and 8, account for all g € D, .

Lemma [34]below employs Lemma 2] from our analysis in Section[d] along with Lemma[3T]above,
for deriving a lower bound on the minimal eigenvalue of the Hessian (of the training loss f(-)) in the
vicinity of a point along the gradient flow trajectory.

Lemma 34. Forallt' >0:

I, A (V@) 2 (1= 1) (1960 ()ll+216) (Fa ()l +26)
la—6(")ll2<e

where \pin (V2 £(q)) stands for the minimal eigenvalue of V? f(q).
Proof. Let 6, € R? be a weight setting satisfying ||@. —6(t')||2 <e. Denote by Wy . e Rédo W, €

Rd2:d1 s Wh1,c € Rn—1,dn—2 Wi, € R1:4n—1 the weight matrices constituting ., and by w,,.1 . €
R% the corresponding end-to-end matrix W,, ;W,,_1 ¢---Wj . (in vectorized form). Lemmaensures:

Amin (V2 f(8)) > —(n—1) [V (wp.a 2 }nax H [Wi.ells -
|7 |=n—21€T
We conclude the proof by bounding spectral norms with Frobenius norms, and applying properties

(ii) and (iii) from Lemma[3T]
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Lemma implies that, under the notations of Theorem we may choose the function m(-) to be
as follows:

m:[0,t] =R | m(t’):(n—l)(||V¢(wn:1(t/))H2+2ne)(\|wn:1(t’)H2+2ne)1_%. (63)

Lemmabelow bounds the integral of this choice of m(-) in accordance with Equation (I8)) (recall
that the scalar v there, defined in the preceding text, coincides with the value taken by the function v/(-)
from Deﬁnition at zero). For doing so, it makes use of the reparameterized trajectory u(-), and splits
the reparameterized integral into two parts corresponding to two time intervals: before exponentially
fast convergence is guaranteed to have commenced (i.e. until time ¢, +%. — see Subsubappendixm,
and afterwards.

Lemma 35. With the function m(-) defined by Equation (63), Equation (I8)) is satisfied.

Proof. We apply a change of variable using the (continuously differentiable and strictly increasing)
function &(-) defined in Lemmal[I7}

€
/m Ydt! / m(E(t'))4LE(t)dt.

£€71(0)

Notice that £(0) = 0 and - ¢(¢') = |u(t')||~1~%/™). Plugging this and the definition of m(.)
(Equation (63)) into the above leads to:

/0 m(t')dt' = /0 (t)(nq)(||v¢(wm1(g(t')))||2+2ne) (Hwn:l(f(t’))||2+2ne)1_%||u(t/)||%*1dt’.

Since (by Lemma|l7) w,,.1 (£(t)) = u(t), we have that:

t £ 1-2 )
/Om(t)dt:/o (=) (V6 (w(t) |, +2n¢) ()l +2m) " e

Recall the notation iy, :=inf;>o||w(t)||2 and that, by Lemma Umin > 0. It holds that:

t “1) !
/Om(t )dt:/o ] (n—1)(||Vé(u(t ))H2+2n6> <1+2ne||u(t)|| 1)
</0£ (t)(n_

0

<

" (n—l)(HngS(u(t')) H2+2ne> <1+2neumm)dt

|%*1dt’.

n

dt'

(
1) (||v¢(u(t')) H2+2n6> (1+2ne||u(t')||*1)dt’

=(n—1) (1+2neumm) (fogil(t) Vo (u(t))|,dt'+2neg ™" (t))

Per Lemma|19|we know that ||u(t')||2 <1 for all ¢ > 0. Thus, by the definition of £(-), forall ¢’ >0
it holds that £(t') >/, which (since &(-) is strictly increasing) implies £~ (¢) <t. This leads to:

( 1)(1+2neumlln)(ngV(;ﬁ(u(t’))H2dt/+2net>
=(n—1) [, ||[Vo(u(t))||,dt’ + (n—1)2net +(n—1)2neut, (fguw(u(t’)) ||2dt’+2net)

<(n=1) f1 ||V (u(®)) ||, dt’ +2n%et+an®Eugl t+2n2eusl, || Vo (u(t))]] dt .

It holds that [V (w(t))[l2 = |u(t') — Ayzll2 < [[u(')]|2 + [[Ayzll2 < 2 for all ¢ > 0 (recall that
[IAyz||2 =1 by assumption). Thus:

/m t)dt" < ( fo||V¢(u(t’))H2dt’—|—2n26t—|—4n3 u i t+2n%eu -2t

min

1)f0 [V (u(t)) ‘|2dt’+3-max{2n26t,4n u i tAn®eu ! t} (64)

IN

—1)fgy|v¢(u(t’))u2dt +3-dnleugl t.

min
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We may bound the latter integral as follows:

LIV (®)[ldt’ < [V o (w(d)) [l

), () |
= otﬁt u(t') = Ayel| dt’ +fooo||“ (tattett") =gz [ ,dt

where ¢, and ¢, are given by Deﬁnitionsand|§|respectively. Notice that Hu(t’ )—Aya H , 1s monotoni-
cally non-increasing (since u(+) is a monotonic reparameterization of w1 (-), and gradient flow mono-
tonically non-increases the objective it optimizes). Applying this fact, as well as Lemma[25] we obtain:

JolIVo ()|t < 5| |w(0) = Agel |t +  Jy™exp(— sttt

=[|w(0)=Ayel, (tatte) +§ - 25
<8 (tattc)+3,

where the last transition follows from the assumptions ||wy.1(0)[2 < 0.2 and ||Ayz||2 = 1. Plug in
the definitions of ¢, and ¢, (DeﬁnitionsE]and@respectively):

L IVe(u) |

<8 (3inmax{5- {5561} +shIn(522) ) +3

31n(max{5 1+V v(0) 1}) 2 ln( )+3
v n (65)
— 2 In(max({5- szi,l}) (52) ™)

IN

in (5 max({ 1745 11" (3) max({3- 545 11" lwaa (0) 3™
< (0w (0) 5 e max ({140 11) ).

where the fourth transition follows from Lemma[21] Plug Equation (63)) into Equation (64):

/0 tm(t’)dt’

< 210 (19 o (0) 5 e manx ({12800 13) ™) 120 e

<10 (12w (0)13 262 Dmax ({ T 13) 27 )+ 15mPur et

We conclude the proof with the help of Lemma[21}

¢ 15n3max( g }_‘_Z(gg,l}) te n2edn— 1)max({i+l’j(8) })%("71)
/Om(t’)dt’g w1 (0)]l2 ( wn.1(0)[12 )

J.8.10 Conclusion

Lemmas u . E and . 35] along with the fact that by the definition of m/(-) (Equation (63)) it is
non-negative, together form a complete proof for Proposition 3] [

J.9 Proof of Theorem@
J.9.1 Sketch

Proof sketch (for complete proof see Subappendzxp) The proof calls Proposition [3] with € and €
small enough such that for any ¢ > 0 and ¢’ € R, if gradlent flow at time ¢ is é- optlmal (meanlng
f(O(t)) mingepa flq@)<€)andis e—approximated by q’ (i.e. ||[a'—0(t)||2 <e), then (' is é-optimal

—mingega f(q) <€). The proposition implies that gradient flow is é-optimal at the time ¢ given
1n Equat10n @D Smce gradient flow monotonically non-increases f (+), itis €-optimal at any time after ¢
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as well. With 1) and k adhering to Equations (T9) and (20) respectively, we have kn >t, so it suffices to
show that when its step size is 7, the first k iterates of gradient descent e-approximate the trajectory of
gradient flow up to time k7). This follows directly from delivering to Theorem [3]the geometric results of
Proposition[3|(bound on integral of minimal eigenvalue of the Hessian, as well as smoothness and Lips-
chitz constants) corresponding to Dy, . — e-neighborhood of gradient flow trajectory up to time k7. [

J.9.2 Complete Proof

Let € >0, and consider 7 > 0 and k € N adhering to Equations (I9)) and (Z0) respectively. We would like
to show that with step size ), iterate k of gradient descent is é&-optimal, i.e. f(6x) —mingega f(q) <€
Without loss of generality, we may assume €<1 (a proof that is valid for €=1 automatically accounts
for €>1 as well). Define:

e=¢/2 | e:= Wosollel . (66)

15n3 (max{l,%-% })”kn

Invoking Proposition [3 with initial point 8, = 6, time t = kn and €, € as defined above (note that
e € (0,1/(2n)]), we obtain that the gradient flow trajectory emanating from @y is defined over
infinite time, and with 0 : [0,00) — R? representing this trajectory, the following time # satisfies

6(t)) —mingera f(q) <&

™

|

on(max{1,3 172 })" ln< tsnmax {1,177 } > (67)

[Wh:1,0llF [|[Wh:1,0]| pmin{1,2€}

Moreover, we obtain that under the notations of Theorem in correspondence with Dy, .
(e-neighborhood of gradient flow trajectory up to time kn) are the smoothness and Lipschitz constants
Brn,e =16n and vy e = 6+/n respectively, and the following (upper) bound on the integral of (minus)
the minimal eigenvalue of the Hessian:

k/’] n max 4 " € nz e " max
/ m(t)dt' < 15n? (max{1.3- 157 }) "n —Hn( (e
0

Wait,ollr

5(n—1)/2
’1+V }) ) , (68)

Wa1,0l1%

where the function m : [0,kn] — R is non-negative.

Notice that k= |£/n+1] and therefore kn >t. Combining this with the fact that the gradient flow trajec-
tory is €-optimal at time £, and that in general gradient flow monotonically non-increases the objective it
optimizes, we infer €-optimality of the gradient flow trajectory at time k1), i.e. 0(kn) —mingepa f(q) <€
We will invoke Theorem [3]for showing that, in addition to being é-optimal, the gradient flow trajectory
at time k7 is also e-approximated by iterate k of gradient descent, i.e. || — 0 (kn)||2 <e. This, along
with f(-) being 6+/n-Lipschitz across Dy, . (e-neighborhood of gradient flow trajectory up to time k7),
yields the desired result — é-optimality for iterate k of gradient descent:

f(0x)— mmqeRdf q)

(£(o kn))) ((8(kn)) ~mingea f(a)
( f“"k k) )+(f(0(k77))_minq€Rdf(Q))
6v/n

IN A Il

IN

g B
where the last transition follows from the definitions of € and € (Equation (66)).
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We conclude the proof by showing that indeed ||, —6(kn)||2<e. Equation (68), the definition of e
(Equation (66)) and the condition € <1 together imply:

kn n” | max — " € n” | e“max v sinm/z
/ m(t/)dt’ < 15 ( {1 2 1+u }) kn +1n< ( {1 1+1/}) ) (69)
0

Whit,0llr Wholl%

g+1n<n (e max{l,l_i_ll:})s(n_l)/rz)

Wh1,0ll%

1+1n<n2 (e max{l, Tt })5(n1)/2)

IN

HWn 1 OHF

< ln(Bn (e max{1,1+Z})5(7L1)/2> .

Wht0ll%

Recalling the fact that k = [t/n+ 1], the expression for ¢ (Equation (67)), and the definition of €
(Equation (66)), we have:

_ _ 2n|maxqy 1,5 AN 15nmaxq 1,
=t/m+1n<t+n= ( uvénloﬁj”}) m( |wjo|1§e”}>+77 (70)
?m(max{l 5 ;Z})“ 15nmdx{1, V}
< Wl 1“( Wi allre )

where the last transition makes use of the upper bound on 7 given in Equation (T9). It holds that:

m(t')d

/Bkn eVkn, JWI@I“

1503 (max{l 3 u}) kn 3n2(e max{l })5(n 1)/2
- TWriolnt 16n-6/n-kn- (e

4500n13/25" =5 (max{ 1,17 1 })Wn—s)/z
P1+4v 2
= Wholl% (kn)

[Wh:ioll%€ (Wi1,0ll% [Wi0llFé

(11n—5)/2 2
P17/2,7n+6 v
< " ( 1+l/}) hl 15nmax{1,1+y}
Whooll% Wait,ollré

<1/n,

where the first transition follows from Equation (69) and the definition of e (Equation (66)); the
third makes use of Equation (70); and the last is due to the upper bound on 7 given in Equation (T9).
Rearrange the derived inequality:

n—5 _ n 2
< 4500n13/2¢67—5 (max{l7 v })(7 )/ 971 (mux{l 5 1+Z })2 (h] < 15nmax{17 T+ } >>

€
n<

Bk:n eVkn, ek”?@jo m(E)dt .

Since m(-) is non-negative, it holds that:
€ €
< inf
kn / ! t t " 7"
5kﬂ7€7kn,ék776f° mt)dt’ T te(0,kn) ﬂknm’Yknﬁfo eJorm@dt” gy

s

and therefore: .
< inf —— . 71)
te(0,kn] 51?"7 Y, efoeft/m (t')dt dt’

We now invoke Theoremw1th € as we have defined (Equation @)) time ¢ = kn, and Bry,e, Yin,e

and m(-) as produced by Proposition 3] I Recalling that in our context gradient flow and gradient
descent are initialized identically, i.e. 0(0) = 60, we conclude from Equation (71)) that the first
|kn/n| = k iterates of gradient descent e-approximate the gradient flow trajectory up to time k),
ie |0 —0(k'n)|2<eforall k' €{1,2,....k}. In particular |0y — 0 (kn)||2 <e, as required. O
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J.10  Proof of Corollary]2]

It suffices to show that the conditions of Theorem@]are almost surely satisfied. Initialization is balanced
by construction, and since W,,.1 o (initial end-to-end matrix) follows the distribution P, it almost
surely has Frobenius norm no greater than 0.2. Moreover, since P is continuous, and the line in R1:do
passing through the origin and A, has (Lebesgue) measure zero, W,,.1 ¢ is almost surely not equal
to zero and not antiparallel to A,,. This completes the proof.

J.11  Proof of Proposition4|

The proof is organized as follows. Subsubappendix[J.TT.T|establishes preliminaries. Subsubappendixes
PIT.2)J11.3]and[. TT.4]respectively analyze the trajectories of gradient flow and gradient descent in
three different regions of the objective function: (i) “anisotropic” region where curvatures in first and
second coordinates differ; (ii) transition region between the previous and the next; and (iii) “isotropic”
region where curvatures in first and second coordinates are identical. Subsubappendix[J.TT.5|shows
that the location of gradient flow at time ¢ is not e-approximated by different portions of the gradient
descent trajectory. Finally, Subsubappendix[J.1T.6]concludes.

J.11.1 Preliminaries

Consider an arbitrary time

e [2n (g2 + 20 (25) B 5250 + () + )]

and suppose the step size 7 is greater than or equal to %e‘afe. We aim to prove [0 —0()[|2 > €
forall ke NU{0}.

Since the objective function f(+) (defined in Equation (23))) is additively separable (can be expressed
as a sum of terms, each depending on a single input variable), the dynamics in R¢ induced by gradient
flow and gradient descent can be analyzed separately for different coordinates. Lemma [36]below
analyzes the dynamics in the third coordinate, establishing the sought after result for the case where n
is greater than 4-.

Lemma 36. Assume 1> 5. Then |0, —6(t)||2 > € for all k € NU{0}.

Proof. Denote by 0(-) the third coordinate of the gradient flow trajectory 6(-). Similarly, for any

keNU{0}, denote by 0y, the third coordinate of the gradient descent iterate 6},. For any k € NU{0},
it holds that: ) ) . ) ) R
10411 =10k =0 5L (6k)| = |65 — 12anBy | = |61 |- |1 — 12an| > |64 ].

Thus, we may conclude |0),| > || for any k € N. The solution to the gradient flow equation of the
third coordinate (i.e. %6(t)=—12af(t))is 6(t) =6(0)e~'2?*. Recall that §(0) = 6, > 2 and notice

that 7> 22 For any k € NU{0} we have:

16() 0412 > 10(2) ~Bx| > 10|~ 10() | > 00| — |02 ) | = |G| — 4180 | > 1 >e.
O]

It remains to treat the case where 7 is no greater than é. In the remainder of the proof we restrict our
. . ; 14z . . .
attention to this case, i.e. we assume ne [12—e~ "¢, .L]. Special focus will be devoted to the dynamics

in the first two coordinates. Denote by 6(-) and 6(-) the first and second coordinates, respectively, of the
gradient flow trajectory 6(-). Similarly, for K € NU{0}, denote by 8, and 6y, the first and second coor-
dinates, respectively, of the gradient descent iterate 8. The following lemma shows that in the first two
coordinates, the trajectories of gradient flow and gradient descent are monotonically non-decreasing.

Lemma 37. The functions 0(-) and 0(-), and the series (01,)3%., and (01,)3%., are all monotonically
non-decreasing.

Proof. The results follows from the fact that the derivative of ¢(-) over [0,00), and that of @(-) over
[§ —1,00), are both non-positive. O
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With Lemma37|at hand, we consider three regions (in R%) which may be traversed by the trajectories
of gradient flow and gradient descent: (i) “anisotropic” region [0,z.) x [p/2 — 1,1 —p) x R4~2,
where the curvatures of f(-) in the first and second coordinates differ (namely, they equal —a
and —a,/2 respectively); (ii) transition region [0,z.) x [ — p,1) x R?2; and (iii) “isotropic” region
[0,2.) % [1,2.) x R4~2, where the curvatures of f(-) in the first and second coordinates are identical
(namely, they both equal —a). As we now show, throughout the above regions, the trajectories of
gradient flow and gradient descent admit simple characterizations for their first coordinate.

Lemma 38. It holds that §(t) =60(0)e® forall t € [0,a™In(2./6(0))], and 0, =0, (1+an)* for all

ke{0,1,....[In(z./6p) /In(14an)] }.
Proof. Notice that §(0) € (0,z.). For any ¢ € [0,00) such that 8(¢) € (0,z.), we obtain:

B0 =—F(0(t)) =ab(t).

The function ¢ — 6(0)e® is a solution to this initial value problem valid through ¢ € (0,111(5—;) /a),
and from uniqueness of the solution together with continuity of 6(-), we conclude that (t) =6(0)e*
forte [O,ln(g—g)/a] .

Moving on to gradient descent. Notice that 6, € (0,z.), and for any k € N such that 6;,_; € (0,2.) we
have:

Or=0k—1—1% (Op_1) =0k _1 +anby_1 =01 (1+an).

It follows that 6, = 6y (1 + an)* for any k € {0,1,.., {ln(%)/ln(l +an)] }, where by plugging in
k= [ln(g—:)/ln(l—&—anﬂ we obtain 6y, _1 < z. O

Compared to the first coordinate, in the second coordinate the trajectories of gradient flow and
gradient descent are more involved — analyses for the anisotropic, transition and isotropic regions

are conducted in Subsubappendixes[J.1T.2}[T.TT.3|and[J.TT.4]respectively.

J.11.2  Anisotropic Region

The current subsubappendix analyzes the second coordinate of the gradient flow and gradient descent
trajectories throughout the anisotropic region, or more specifically, when the second coordinate is
in the range [p/2—1,1—p). Beginning with gradient flow, we recall that (by Lemrna the second
coordinate of the trajectory is monotonically non-decreasing, and consider the time at which it exits
the range [p/2—1,1—p).

Definition 8. Define t;_,:=inf{t>0:0(t)>1-p5}[|

Lemma[39below provides an explicit expression for ¢, _ 5, and for the second coordinate of the gradient
flow trajectory until this time.

Lemma 39. The following hold:

(i)  ti—;=2In((4-3p)/(20(0)+2—p)) ,; and
(i) 0(t)=(0(0)—(p/2—1))e™?+(p/2—1) forall t €[0,t1_p)].

Proof. Notice that §(0) € (2 —1,1—p). Forany ¢ € [0,00) such that 6(t) € (2 —1,1— p), we obtain:

@) =—F(61)=561)-(5-1).
The function t — (6(0) — (3p — 1))e®/2 + (1p — 1) is a solution to this initial value problem
valid through ¢ € (0, 2 In((4 — 3p)/(26(0) + 2 — p))), and from uniqueness of the solution
together with continuity of §(-), we conclude that 6(t) = (8(0) — (p — 1))e®®/2 + (3p — 1)
fort € [0,21n((4 — 3p)/(26(0) +2 — p))]. This, along with the definition of ¢1_, implies that
hp=2n((4-30)/ (26(0)+2- p)). 0

3"Note that by convention, the infimum of the empty set is equal to infinity.
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Moving on to gradient descent, we provide a treatment analogous to that of gradient flow. Namely,
we recall that (by Lemma[37)) the second coordinate of the trajectory is monotonically non-decreasing,
consider the iteration at which it exits the range [p/2— 1,1 — p), and present an explicit expression
for the index of this iteration as well as the second coordinate of the gradient descent trajectory until
the iteration is reached.

Definition 9. Define k;_;:=inf{k e NU{0}:0,>1—p}

Lemma 40. The following hold:

(4) ki—p=[(In(2—3p/2)—In(fo+1—p/2)) /In(1+an/2)| ; and

(i1)  Op=(00—(p/2—1))(1+an/2)"+(p/2—1) forall ke {0,1,....k1_5}.

Proof. Notice that o € (£ —1,1—p). For any k € N such that 6,1 € (£ —1,1—p), we obtain:
O =011 —n%(ékq) =01+ 2n(Or—1—(£-1)).

Subtract (£ —1) from both sides of the equation:

Ok —(5-1)) = (Ok—1—(§=1)) +50(6k—1 — (5-1)).
This leads us to: ~ B

(Or—(5—-1)) = (Oe—1—(5—1)) (1+2n).
It follows that (6, — (5 —1)) = (fo— (5 —1)) (1+ %n)* forany k € {0,1,...,k1_5}. From the definition
of k1 it must be equal to [ (In(2— 3p/2 —In(6o+1-p/2)) /In(1+an/2)], as if it is smaller we get
9k175<1—ﬁ, and if it is larger we get&klf _, 2 1—p, both contradicting the definition of k;_5. [

We conclude this subsubappendix by combining its results with Lemma [38] thereby showing that
the gradient flow trajectory between initialization and time ¢ _ 5, and the gradient descent trajectory
between initialization and iteration k£ _ 5, both lie in the anisotropic region.

Lemma 41. I holds that (6(t),0(t)) € [0,2.) x [p/2 — 1,1 —p) forall t € [0,t1_;), and
(0%,0%) €[0,2.) % [p/2—1,1—p) forall k€ {0,1,....k1 _;—1}.

Proof. We start by proving the result for gradient flow. By assumption it holds that (0) €
[p/2 — 1,1 — p). From monotonicity of §(-) (Lemma together with the definition of ¢;_,
we have that 6(t) € [p/2—1,1— p) forall t € [0,t1_;). Recall that we assume 6(0) € (0.5,1).
By Lemma@we have that 6(t) € [6(0),2) forall t € [0,21n(z./6(0))). By Lemmatl_,—, =
2In((4-3p)/(20(0)+2—p)). Since 2In((4—3p)/(20(0)+2—p)) < gln(2:/0(0)) (can be verified
by recalling the assumptions on a, z., p, 8(0) and 6(0)), it follows that 6(¢) € [0,z.) forallt € [0,t,_ 7).
In conclusion, we have shown that (6(t),0(t)) €[0,z.) x [p/2—1,1—p) forall t € [0, _ ;).

Moving on to gradlent descent, by assumption it holds that f € [5/2— 1,1 — 5). From monotonicity
of (0x)22 (Lemma together with the definition of k;_ 5, we have that 6r € [p/2—1,1—p) forall
ke{0,1,....k1_5—1}. Recall that we assume 6 € (0.5,1). By Lemmawe have that 0, € [6(0),2)
forall k € {0,1,...,[In(2./6p) /In(14an)] —1}. By Lemma@klp = [(In(2-3p/2) —In(6y +
1—5/2))/In(14an/2)]. Since ki_; < [In(z./6p)/In(1 + an)| (can be verified by recalling the
assumptions on a, zc, p, 6 and ), it follows that 6, € [0,z.) forall k € {0,1,....k1_, — 1}. In
conclusion, we have shown that (65,0%) €[0,2.) x [p/2—1,1—p) forall k€ {0,1,....k1_5—1}. O

J.11.3 Transition Region

The current subsubappendix analyzes the second coordinate of the gradient flow and gradient descent
trajectories throughout the transition region, or more specifically, when the second coordinate is in the
range [1—p,1). Beginning with gradient flow, we recall that (by Lemma[37) the second coordinate of the
trajectory is monotonically non-decreasing, and consider the time at which it exits the range [1—p,1).

Definition 10. Define ¢, :=inf{t>0:0(t)>1}52
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Using ¢, , from Definition[8] Lemma[#2]below provides lower and upper bounds for ¢;, and an upper
bound for the ratio between the second coordinate of the gradient flow trajectory at time 7, and its
first coordinate at the same time.

Lemma 42. The following hold:
(1) ti—pta'In((4+p)/(4—3p)) <ti <ti_p+a 'In(1/(1—p)) ; and
(i) 6()/6(t) < ((0(0)+1—7/2)/(2—35/2))* /6(0)

Proof. We start by proving property (i). Lemmaimplies Ot p)_: —p. Recall that by Lemma.
6(-) is monotonically non-decreasing. For any ¢ € [0,00) such that (%) € [1 —p,1], we have:
_ o _ . )
GO ==532(0(t) =ab(t)+ 5 (0(t)-1)". (72)

By lower bounding Equation (72) we get %(t) > af(t) (which implies t; < oo). Divid-
ing both sides of this inequality by #(¢) and integrating over time from ¢;_; until ¢, we have that
(t1) > (1—p)e*tr=t1-2)  From continuity of §(-), the definition of ¢, and the fact that #; < oo, we have
that @(t;) = 1. This implies (1—p)e®(t1=*1-2) <1. We may conclude t; <t;_,+a~'In(1/(1-p)).
We now turn to upper bound Equation (72)). For any ¢ € [0,00) such that 6(¢) € [1—p,1]:

0 0 a (=)\2 n ap
G (1) <ab(t)+5(p) =ab(t)+ .
Dividing both sides of this inequality by §(¢) and integrating over time from ¢, _ 5 until tl, we have
that (t;) < (1— 7p) a(ti—ti-p) _ B Since O(t;) =1, this implies (1— 7p) a(ti—ti_5) _ £>1. We
may conclude 4 >t1_;+a~ ln((4—|—p)/(4 3p)).
Moving on to property (ii), by property (i) we know that #; < co. Recall that 0(ty) = 1. Lemma
showed that t;_, = 21n ((4 — 3p)/(26(0) + 2 — p)). Lemma [38| ensures 6(t) = fpe** for

te [0,In( 9(0) /a} Notlce that {1 <t;_+a 'In(1/(1—p)) <In( ) /a where the first inequality
follows from property (7). It holds that:

0(t1)/0(t1)=1/(0(0)e™) <1/ (B(0)e-7) < (229222 /g 0)
O

Moving on to gradient descent, we recall that here too the second coordinate of the trajectory is
monotonically non-decreasing (see Lemma [37), and consider the iteration at which this second
coordinate exits the range [1—p,1).

Definition 11. Define k; :=inf{k e NU{0}:0;,>1}52

Using kq_p from Deﬁnition@], Lemmabelow provides an upper bound for k1, and a lower bound
for the ratio between the second coordinate of the gradient descent trajectory at iteration k1, and its
first coordinate at the same iteration.

Lemma 43. The following hold:
(4) ki <ki_p+ {maX{O,—ln(ékl_ﬁ)/In(l —|—a77)}] ;and

. = = _ — o\ 2

(i) Ok /Ok > ((Bo+1-5/2)/(2-30/2))" / (Bo(1—an/10)).
Proof. We start by proving property (i). By the definition of 9k1_ (and from the fact that it is finite
from Lemma , we know that le >1—p. Recall that by Lemma. Gk )52 o is monotonically

non-decreasing. Notice that it is p0551ble for k; to be equal to k; _5; this will be the case if lefﬁ >1.
For any k € N such that §;,_; € [1—p,1], we obtain:

O, :ékq—??%(ékq) :ékflm(aék—l‘i‘fp(ékfl_ly) > Op—1t+anfy—1 =0r_1 (1+an).
It follows that 6, > O, (1 4+ an)*~*1-» for any k € {ki_j, k15 + 1,..., k1}. Plugging
k=ki_5+[max{0,—In(6,_,)/In(1+an)}]| yields Oy, (14 an)k~*1-7 > 1. From monotonicity
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of (Ax)72 . we may conclude that k1 < k1 _;+ [max{0,—In(6y,_,)/In(14an)}|, thereby finishing
the proof of property (i).

Moving on to property (ii), with the help of Lemma[38] Lemma0|and property (i), we obtain:

Ok,
a S ak‘l
=0o(1+an)™
=0pexp (hl(l —|—a77)l<:1>

n(2—35/2)—1In(8, —p —In(f, 7,3)
S9OGXP<1H(1+1177)G1 @ 3p1/n2()1+lm(,/02;r1 p/2)—‘+’7 ln(l—&-:ﬂl) D)

_ & _ In(@
<fpexp <ln(1 +an) (2+ In(2-35/2)—In(fo+1-5/2) m-ﬂ))

In(1+an/2) In(1+an)
y lh(l(um/,))

2-35/2 n(ltan/2 9

:9 (77/)) — 1+a
0o+1—p/2 leiﬁ ( 77)

11(1(1+a7))
2-35/2 )ln 1fan/2 1 2
- a .
< (00+1 p/2 (14an)

Equation (3) in [56] states that 2+z <In(l+2) <3 2+Z for all z > 0. This, along with the
fact that < - (see Subsubappendix [J. | leads us to lln(lﬂ < (% -2ten) /() =

n(l+an/2) — \ 2 1+4an 2+an/2
4+43an+(an)? /2 =24+ (am)?/2—an < 2—0”7/3- Thus:

2+2an 2+2an
O, _2-3p/2 2—an/3 2_ 8 ( 2-35/2 )2(§0+1_ﬁ/2)an/3 )
By =10 (90+1 p/2) (I+an)” =125 fo+1-p/2 7-35/2 (1+an)”.

By assumption on fy and p, namely fp <e~'2—1 and 5 € [0,e~12/2], we may bound as follows:

Oy 6 2-3p5/2 \?/ _12\an/3 2_ 0 ( 2-3p/2 )2 —dan 2
ékj Sl—oﬁ(éoﬂ—ﬁm) (e ) (1+an) 71—05 dot1-p/2) © (I+an)™

Since 1+ z <e? for all z >0, we have that:

O 0 2—3p/2 2 1 2_ 8 2—3p/2 2 4 2
ﬁglfﬁ@oﬂfﬁ/z) 1+4an(1+a77) _1fﬁ(éo+1—ﬁ/2) (1_”4(“7(”7) (1+2a77+(a77) )

‘1

Once again relying on the fact that n < 2 5o » We obtain:

2
2-3p/2 12 11 0 2-3p/2 _

(90+1 p/Z) (1 5 an) (1+ CL’I]) —1 Op (90+1 p/2> (]‘ 6”7/5)

We will show that (1—an/5)/(1—p) < 1 — an/10, thereby finishing the proof, as this leads to

Or, Ok, > ((§0+1fp/z)/(zf?,p/z))2/(00(1%7;/10)). It holds that:

af <252 2220 ) Hin (207 +n(b) < 2n(o=Fpg) +n(e) +Hn(b) <30+ (). (73)

where the first transition follows from the upper bound for Z; and the second follows from the definition
p:=min{e12/2 ¢/2b} together with the assumption fp€ (e =12 /2—1, e~12—1). The following holds:

<

%\

ﬁg i — 10136 1013 55 < < 1013 C)'1017 — 10136'6_(30+111(b)) S 10136_e—a£§ an/lo,
where the first transition follows from the definition of p; the fifth from Equation (]E); and the last

from the assumption 1 > et 10**¢/a. It follows that:

1—an/5 l—an/5 __ an/10
1—77,3 < 1—a7;7/10 I—3 Zn/10<1 an/10.

O

We conclude this subsubappendix by combining its results with Lemma [38] thereby showing that
the gradient flow trajectory between times ¢;_; and ¢, and the gradient descent trajectory between
iterations k5 and k1, both lie in the transition region.
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Lemma 44. It holds that (6(t),0(t)) € [0,2) x [l — p,1) forall t € [t1_;,t1), and
(0%,0%) €[0,20) x [1—p,1) forall k € {k1_5,k1—5+1,....k1 —1}.

Proof. We start by proving the result for gradient flow. Lemma[39]implies ; _ ; < oo, and similarly
Lemmaimplies t1 < oo. From continuity of 6(-) together with the definitions of ¢ _; and ¢1, we have
that (t;_;) =1—pand 6(t;) = 1. By monotonicity of f(-) (Lemma[37) we conclude §(t) € [1—p,1)
forall ¢ € [t;_;,t1). Recall that we assume 6(0) € (0.5,1). Lemma38|implies 6(t) € [6(0),z.) for
allt € [0,a7'In(2./6(0))). By Lemmafd2]ty <t;_5+a~'In(1/(1-p)). By recalling the explicit
expression for ¢1_; from Lemma and all the assumptions on a, z., p, (0) and 5(0), it can be
seen that t1_;+a'In(1/(1—p)) <a'In(z./6(0)), which implies t; <a~'In(z./6(0)). It follows
that 6(t) € [0,z.) for all ¢ € [t1_j,t1). Overall we proved that (6(£),0(t)) € [0,2c) x [1—p,1) for all
t€[ti—p,t1), as required.

Moving on to gradient descent, Lemma implies lﬁ: 5 < oo, and similarly Lemma
implies k1 < oco. By definition of k1_; we have that 6, , > 1 — p, and by definition of
kq it holds that 9_k1—1 < 1. From monotonicity of (9_1@)1?;0 (Lemma and the definitions
of k15 and k; (from Definitions |§I and u respectively), we know that 0, € [1 — p, 1) for
all k € {ki_5, k15 + 1,..., ki — 1}. Recall that we assume 6, € (0.5,1). Lemma
implies 0, € [0o, zc) for all k € {0,1, ..., [In(z./6p)/ In(1 + an)] — 1}. By Lemma 43|
k1 <ki—_p+ [max{0,~In(fy,_,)/In(1+an)}|. By recalling the definition of & (Deﬁnition and
also its explicit expression from Lemma40] while also recalling the assumptions on a, z, p, & and
fo, it can be seen that k1 _;+ [max{0,—In(0y,_,)/In(1+an)}| < [In(z./6o)/In(1+an)|, which
implies k1 < [In(zc/60) /In(1+an)]. It follows that 6y, € [0,z.) forall k € {k1_5,k1—5+1,....k1 —1}.
Overall we proved that (0,05, € [0,z.) x [1—p,1) forall k € {k1_,k1_5+1,....k1 —1}. O

J.11.4 Isotropic Region

The current subsubappendix analyzes the second coordinate of the gradient flow and gradient descent
trajectories throughout the isotropic region, or more specifically, when the second coordinate is in
the range [1,Z.). Beginning with gradient flow, we recall that (by Lemma the second coordinate of
the trajectory is monotonically non-decreasing, and consider the time at which it exits the range [1,Z.).

Definition 12. Define t;_:=inf{t>0:0(t)>z.} 52
Using ¢; from Definition [I0} Lemma [45]below provides an expression for ¢ _, and for the second

coordinate of the gradient flow trajectory between times ¢; and ¢z_, i.e. between the time it enters the
range [1,Z.) and that at which it exits.

Lemma45. The following hold:
() tz, =ti+a 'In(z.); and
(i) Ot)=e* ") foralltelty ts,].

Proof. For any t € [0,00) such that 6(t) € [1,2..), we obtain:
DO ()= 22 (g(t)) =al(t).

Lemma the definition of ¢; and continuity of §(-) together imply that #(¢; ) = 1. The function ¢+
e®(!=11) is a solution to this initial value problem (starting at ¢,), valid through ¢ € [t1,t1 +a~'In(%.)),
and from uniqueness of the solution together with continuity of A(-), we conclude that 6(t) = e®(*~*1)
fort € [t1,t1+a~'In(Z.)]. This, along with the definition of ¢;_, implies thatt;, =¢; +a~'In(z.). O

Moving on to gradient descent, we recall that here too the second coordinate of the trajectory is
monotonically non-decreasing (see Lemma [37), and consider the iteration at which this second
coordinate exits the range [1,Z.).

Definition 13. Define &, :=inf{k € NU{0}:6; >z} 52
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Using k; from Definition[TT} Lemma 6| below provides an expression for kz_, and for the second
coordinate of the gradient descent trajectory between iterations k; and k3_, i.e. between the iteration
where it enters the range [1,Z.) and that at which it exits.

Lemma 46. It holds that:
(7) ks, =ki+[In(z./0k,) /In(1+an)]| ; and
(i) Op=0k, (1+an)* " forall ke {ki k1+1,...ks,}.

Proof. Lemmanand the definition of k; imply that le > 1. Recall that by Lemma (0r)32 oo s
monotonically non-decreasing. For any k£ € N such that 0,1 € [1,2.), we obtain:

O =011 _ndff(gkfl) =0k—1+anfy_1.

The solution of this recursive equation is 0, = 0, (1-+an)*~*1 for all k > k; such that 6 _; € [1,2.)
i.e. forall k € {k1,ky+1,...,k1 + [In(Zc/0k, ) /In(1 4 an)| }. From the definition of k, it must be
equal to ky + [In(Zc /0y, ) /ln (1+an)], asif it is smaller we get 6, < Z, and if it is larger we get
kac _, > Z., both contradicting the definition of k3, . O

We conclude this subsubappendix by combining its results with Lemma[38] thereby showing that the
gradient flow trajectory between times ¢; and ¢ z_, and the gradient descent trajectory between iterations
k1 and k3,_, both lie in the isotropic region.

Lemma 47. It holds that (0(t),0(t)) € [0,2c) x [1,Z) for all t € [t1,t5,), and (03,01) € [0,2c) x [1,Zc)
forallke{ky,k1+1,....kz,—1}.

Proof. We start by proving the result for gradient flow. Lemma[2]implies ¢; < co, and similarly
Lemma1mplles t;, < oo. From continuity of §(-) and the definition of ¢; we have that f(¢;) =1, and
similarly by definition of ¢-_ we have 0(t5_) = z.. By monotonicity of f(-) (Lemma[37) we conclude
0(t) € [1,2.) forall ¢ € [ty,tz,). Recall that we assume 6(0) € (0.5,1). By Lemma[38|we have that
0(t) € [6(0),z.) forallt € [0,a~In(2./6(0))). Recall the explicit expression for 1 _ , from Lemma
By Lemmat1 <ti_;+a 'In(1/(1-p)), and by Lemma{45|we have that ¢z, =t; +a~*In(z;).
Overall, we obtain ¢, < 2In((4—3p) /(20(0)+2—p)) +a'In(1/(1—p)) +a'In(%.). By recalling
the assumptions on a, z, p, #(0) and 6(0), it can be shown that ¢z, < a~'In(z./6(0)). It follows
that 6(t) € [0(0),z.) forall t € [t1,tz,). Overall we proved that (6(t),6(t)) € [0,2.) x [1,Z) for all
t€ty,tz, ), as required.

Moving on to gradient descent, Lemma@lmphes k1 < o0, and similarly Lemmaﬁlmphes ks, <oo.
By definition of k; we have that 0, > 1, and by definition of k;, we have Hk, _1 < Z.. From monotomc-
ity of (0)%2, (Lemma we conclude 6 € [1,z,) forall k € {ky,k +1,...,kz, —1}. Recall that we as-
sume 0y € (0.5,1). By Lemma@k € [00.z) forallke {0,1,..., {ln(zc/ﬁo)/ln(lJran)] —1}. Recall
the definition of k;_ 5 and also its explicit expression from Lemma@ By Lemma43|we have that k; <
k1 5+ [max{0,—In(fy,_,)/In(1+an)}|. By Lemma ks, =ki+ [In(Zc/ 0k, I?%n(l +an)|. Over-
all, we obtain k;, < [(In(2—3p/2)—In(fp+1—p5/2)) /In(1+an/2)| + [max{0,~In(Ox,_,)/In(1+
an)}|+[In(z:/0x, ) /In(1+an)]. By recalling the assumptions on a, z, , 6o and f, it can be shown
that kz, < [In(zc/6p)/In(1+an)]. It follows that 6}, € [6,z) for all k € {k1,k1 +1,....kz, —1}.
Overall we proved that (6;,0%) €[0,2.) X [1,Z.) forall k € {k1,k1+1,....kz, — 1}, as required. O

J.11.5 Inapproximation

The current subsubappendix shows that the location of gradient flow at time # is not e-approximated by
different portions of the gradient descent trajectory. Key to the derived results is the following lemma,
which establishes that in the isotropic region, for both gradient flow and gradient descent trajectories,
the first two coordinates proceed in a straight line at an exponential pace.

Lemma 48. It holds that (0(t), 0(t)) = (0(t1), 0(t1)) - e**=) for all t € [t1,t5,), and
(0%,01) = Ok, .0k, ) - (1 +an)*=% forall k € {k1,k1+1,...,ks, — 1}, where ti, ts_, k1 and ks, are
given by Definitions[I0)[I2}[[1)and[I3| respectively.
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Proof. We start by proving the result for gradient flow. Lemmaimplies 0(t) = 0(t1)e*®=t0) for
allt€[ty,tz ]. By Lemmawe have that §(t) =6(0)e” for all t € [0,a~'In(2./6(0))). Recall the
explicit expression for ¢;_; from Lemma By Lemmat1 <ti—s+a 'In(1/(1-p)), and by
Lemmawe have that tz, =t +a 'In(Z.). Overall, we obtain ¢z, < 2In((4—3p)/(26(0) +2—
p))+a 'In(1/(1—p))+a~tIn(z;). By recalling the assumptions on a, 2, p, #(0) and 6(0), it can
be shown that tz, <a~!In(z./6(0)). It follows that 6(t) =6(0)e®* =0t )e** =t forall t € [t1,t5,).

Moving on to gradient descent, Lemma implies 0, = 0k, (1 + an)* % for all
k € {ki,kx +1,..., ks, — 1}. By Lemma we have that 0, = 6o(1 + an)* for all
ke{0,1,...,[In(z./6y) /In(14an)] }. Recall the definition of k;_; and its explicit expression from
Lemma Lemmaensures k1 < ki—p+ [max{0,—In(f,_,)/In(1+an)}]. By Lemma
ks, =ki1+|In(z./0k, ) /In(1+an)]|. Putting it all together, we obtain kz, <[ (In(2—3p/2) —In(fo+
1—p/2))/In(1+an/2)| + [ max{0, —ln(é@lfﬁ)/ln(l +an)}| + [In(z./6k,)/In(1 + an)]. By
recalling the assumptions on a, z., p, 0y and 6, it can be shown that kz, < ﬂn(zc /6o) / In(1 +anﬂ )
It follows that 0, = 0o (1+an)* =0, (1+an)*~* forall k€ {ky k1 +1,....kz, —1}. O

Lemmad9. It holds that ||0),—0(t)|| > e for all k € {0,1,....k; — 1}, where k1 is given by Deﬁnition

Proof. Recall that t€ [%ln(ﬁf%) +%ln(1%p) ,%ln(ﬁf%)—f—%ln( 11_+3ﬁﬁ//44 )+%ln(b)] and
e<l. Lemmasandimply teti+1In(2),t1 4+ 1In(b)]. Notice that t1 <t1+1In(2) <t <ty +
1m(b) <t14LIn(b+1)=t;,. Thus,by Lemma gradient flow is in the isotropic region at time £. We
may use Lemmato gether with monotonicity of 6(-) (Lemma to obtain 6(t) > %zi)l +1mn(2))=
eaIn(2)/a — 9 From the definition of k1 (and from the fact that it is finite from Lemma we know that
|0, —1] <1.Forall k€ {0,1,....k; — 1}, using monotonicity of (64)%., (Lemma, we may conclude:

10 —0(2)||2> 10k —0(£)| > 10(£)|—|0k| > |0(£)|— |0k, —1| >2—1=1>e.
O

Lemma 50. It holds that ||0), — 0(t)|| > € for all k € {k1,k1 +1,....ks, — 1}, where ki and ks_ are
given by Definitions[I1|and[I3|respectively.

Proof. Recall that € [2In( ;=205 )+ n(25), 2 In( 55— o5 )+ 5 In(1=5470) + 5 In(0)]
and ¢ < 1. Lemmas and imply ¢ € [t1 + 1 In(2),¢; + 1 In(b)]. Notice that
t1 <ti14+ i) <t <t ++ln(b) <t + Lln(b+1) = tz,. Thus, by Lemma gradient
flow is in the isotropic region at time t. By Lemma we know that k1 < oo, and by Lemma
it holds that 6, > 1. By monotonicity of (6x)72, (Lemma and since §p > 0, we know that
0y > 0 for all k € N. For all k € {k1,k1 +1,....ks, — 1}, Lemmal48|ensures 0, /0), = 0y, /04, , thus

(01,0r) € {(4,0) :¢.q € (0,00) s.t. /=00, /Or, } ={c(6k, .0k, ) : ¢>0}. This leads us to:

104=60), 2 | (01-5e) — (085D, 2 in []e(0h Br. ) (6E.0D)

Minimizing over ¢> 0 yields ciin = ((0(£),0(2)),(0%,.0%,) ) /|| Ok, 0%, ) ||§ Note that since gradient
flow is in the isotropic region at time 7, then || (0(%),0(f))||2 # 0. We obtain:

Hek _0(7?) ||2 > H (9k1 ’ék1)<(9(t~)7é<£))’(9kl ’ék1)>/||(0k1 7§k1)||§ - (9(5)’é(t)) H2

- N AN (0D).8(D)).— Crr i) Y

_\/||(0(t),9(t))||2 ((a(t),e( ), H<ek1,é£>||2>

_ N o(F _ 0F),0(%)) O, .00,)  \2

=l >)||2\/1 < le@.a@nll,’ I|<ek17éki>llz>
s _ (6(%),0(F)) O, .0%,)  \2

>‘9(t)|\/1 < To@.a@nl,’ ||<ek1,é£>||2>'
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By Lemma [38 we have that (t) = 6(0)e® for all t € [0,a™"In (2,/6(0))). Recall the ex-
plicit expression for ¢;_; from Lemma By Lemma 42| t; < t1_; + a ' In (1/(1 — p)),
and by Lemma [45| we have that t;, = t; + a~'In(Z.). Since f < t;, overall we obtain
t<2In((4—3p)/(20(0)+2-p)) +a 'In(1/(1—p)) +a~*In(%.). By recalling the assumptions
ona, z, p, 0(0) and 6(0), it can be shown that # <a~'In(z./6(0)). It follows that:

7 N O(F ) 2
65, —0(1)||2>0(0)e, [1— ( —EL-HH) Ory Or) '
10— 6(t)[|2=6(0)e \/ < Te@.a@n],’ Hwh,gkl)”)

Recall that £ € [t1,t5,]. Lemmalmphes that both () and f(t, ) are greater or equal to one. Since
Lemmallmphes 0(t)/0(t)=0(t1)/0(t1), it follows that:

~ - - 5 2
||ek—0<t>|zze<o>e“\/1—< Ol sy - Ot )

@0, [10r .06,

:9(0)6at~\/1—< (9(t1)/€(t1)71) , (9’61/‘?’61’1) >2

@t /06D, [0k, /08,1,

Note that the latter inner product is between positively correlated unit vectors, and that it is squared
We use Lemmas andh ensurlng that 9(151)/9(151) < ((6(0)+1—p/2)/(2-3p/2) ) /6(0)
and Oy, /0, > ((6o+1—p/2)/(2— 3p/2)) /(60(1 — an/10)) respectively. For brevity, denote
a:=0(0)((4—3p)/(20(0) +2— ,6))2 and 3:= (1 —an/10). Notice that 3 € (0,1). Recall that by
definition (0) = 6y and 0(0) = 0. Thus, 6, /0;, < aB < a <0(t1)/0(t1). Replacing 0(t1)/0(t1)
with a, and 0, /0%, with a5, decreases the angle between the unit vectors, thereby increasing their
inner product. We thus have that:

- 2
s at (e,1) (a3,1)
18 =0 (t)ll226(0)e \/1_< Tl u(a,a,1>||2>
at _ a?p+1 )2
—6(0)e \/1 (—am. a
g (14 2 ()12 2 Q/,2 (14 2 ()t2
—o [ttt

a,~ a2 1— 2
=0(0)e""/ GegrraTartaryT
Since € (0,1) and a > 1 (can be verified by recalling the assumptions on a,7,p,0(0) and §(0)), we

obtain: . .
165 —6(7)]|2>0(0)e" (52).

Plugging in « and 3, we obtain:

0 —p\2 at
165 —0(D)2 > 0(0)e 42 o (22QE2=2)? = L2020 2y

The definition of p, and the assumptions on ( ) and 6(0) lead us to:
10 —0(1)]|2 > 55 (224 ) ane >10""ane

Since > €10*4e~9%/a, we have |6, —6(f)||2>e, and this holds for all ke {k ki+1,....kz,—1}. O

Lemma 51. It holds that ||0;, — 0(t)|| > € for all k € {ks_ ks, +1,ks_+2,...}, where k_ is given by
Definition[I3]

: 2-3p/2 2-3p/2 14p/4
PrOOf: Recall that te [%IH(WP))—F*I (ﬁ) %IH(UT[;Q—I))_‘_%IH(173pﬁ/4)+%1n(b)]
and ¢ < 1. Lemmas and imply ¢ € [t1 + L In(2), ¢ + LIn(b)]. Notice that
t1<ti+2iIn(2) < i<t +1l®d) <t;+ Lin(b+ 1) =tz . Thus, by Lemma. 47| gradient

flow is in the isotropic region at t1me t. We may use Lemmatogether with monotonicity of ()
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(Lemma to obtain 0(£) <0 (1 +1n(b)) =ern®)/a=p, Lemmafurther ensures monotonicity
of (0)22. By the definition of ékfc (and from the fact that it is finite from Lemma@) we know that
Ok, > Z.=b+1. This implies, for all k € {kz_.ks,+1,kz, +2,...}:

10x—0(E)ll2 =105 —0(E)| = [0k] —10(D)| = |

=10 = (b+1)—b=1>e.

D)
x>

J.11.6 Conclusion

Taken together, Lemmas 9} [50|and [5T]form a proof for Proposition[d]in the case where the step size 7)
is no greater than é. The complementary case 7 > & is accounted for by Lemma

J.12  Proof of LemmaE|

This proof is very similar to that of Lemmal[T](see Subappendix [l:4). We repeat all details for com-
pleteness. Recall that @ € R? is an arrangement of (W1, Ws,...,W,,) € R4:do x Rdz:d1 5 .. x Rdn-dn—1
as a vector. Let (AW1,AWs,...,AW,,) € Ré1-do x Rdz:d1 ... x Rdn:dn-1 and denote by AQ € R?
its arrangement as a vector in corresponding order. Denote the following for i € {1,...,|S| }:

AM=3" (D) W) nijsr D) (AW;)(D] W) 1.1, (74
AP =Y i ciran D W) nijraa DY o (AW ) (D} W) jr1:jua D (AW;) (D) W) 1,

(75)

AP =Dl (Wt AW,) Dl (Wi 4+ AWL) = (D) W) — AN — AP (76)

We now develop a second-order Taylor expansion of f(8). Since the matrix tuple corresponding to
(0+A0) is (W1 +AWL),...,(W,+AW,)), and the function f(-) coincides with the function given
in Equation (24) on an open region containing 6, for sufficiently small A@ we obtain:

f(6+A0)
K
1 / /
— EZ@(Di’n(Wn—kAWn)...DM(W1+AW1)xi,y,-)
=1

|S]

1 . 77)
:Ezg(((Dé,*W*)nzl +A§1)+A§2)+A§3'n))xi,yi) (
i=1

|S|
1 .
= |S‘ E :g((Dg,*W*)n1X1+(A§1)+A£2)+A£3n))xzayz) 5
i=1

where the second transition follows from the definition of A 53%) (Equation ). Let AveR% . For
every i € {1,...,|S|}, the second-order Taylor expansion of ¢(-) with respect to its first argument at
the point ((D;*W* )ni1Xi,Y; ) is given by:

(D] W) maaxi+ Av ;) =L((D) W) naXi i) +(VEAv)y+ 3V [Av]+o (| Av]3).  (78)
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where the o(-) notation refers to some expression satisfying lim,_, (o(a) / a) = 0. We continue to
develop Equation (77) using Equation (78):

f(6+A0)

5 (DLW i)+ (705, (A + AP+ A0 )
i=1
%V%[(A§1)+A§2)+Ag3zn))xi]+O(||(A51)+A£2)+A§3;n))XiHE))
L8
:Ezé((Di,*W*)nlxhyb)_‘_
i=1

S|

ﬁZW&AEUXiH(vzi,A§2>xi>+<wi,A§3¢”>xi>+
i=1

|S|

S AT (A (A5 AP 12 57 (A, (AP AL )]
=1
|S|

LS oo o+t )
i=1

where in the last transition we view V2/; as both a quadratic and a bilinear form (see Subappendix.
Notice that (V£;, A%™x;), 1v24,[(AP + AP™)x,], v26,[APx;, (AP + AP™)x,] and
o] (AP AP L ABy, H;) are all o([|A8]3), thus:
f(6+A0)
1 S|
ﬂgﬁﬁ (D, W5, ) H(V £, AV x (V0 AP )41 926 (AN x, 4o (1| 20]2).
i=1
This is a Taylor expansion of f(-) evaluated at 8 with a constant term Fllz Lillﬂ (D} W) naXi,yi).
a linear term I«%\ > L‘ill <V€i,A§1)xi>, a quadtratic term of two summands Fll > ,Lill <V€i ,A§2)xi> +
V2, [Agl)xi] , and a remainder term of o (|| A8 |§) . From uniqueness of the Taylor expansion, the
quadratic term must be equal to $V? f(0)[AW7,...,AW,,]. This implies:
V2£(0)[AW,...,AW,]
1y (1) @
2
i=1

[S]
1 n
151 (PSP W g DL AW DL W] ¢
=1

2<v£i721Sj<j/§n(D;7*W*)n:j’+1D;7j/ (AW ) (D; W) Dj (AWj)(D;7*W*)j-1:1Xi>) )

where the last transition follows from plugging in the definitions of A(*) and A (see Equations

and (73)). O

J.13  Proof of Proposition

From assumption (ii) there exists some 8 € R? such that Zgl V4(0,y;) "he(x;) # 0. Define
(Wl,WQ,...,Wn) € R:do  Rd2:d1 5 ... Rnsdn-1 tg be the weight matrices constituting 8. We

may assume Zgl V£4(0,y;) The(x;) < 0 without loss of generality, as we can negate the vectors
he(x;) €R4 forallic {1,2,...,|S|} by flipping the signs of the entries in @ corresponding to the last
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weight matrix W, (see Equation (8)). From continuity, there exists a neighborhood NV of 8 such that
for all @ € NV it holds that Ei‘1 V£(0,y;) " hg(x;) < 0. Moreover, as discussed in Appendix for
almost all 8’ € RY there exists an open region Dg: CR? containing ', which is closed under positive
rescaling of weight matrices and across which f(-) coincides with a function as given in Equation
. There must exist some ' in the neighborhood A for which a region of the type Dy exists. We
may assume, without loss of generality, that @ € Dy . Notice that none of the matrices W1,Ws,...,W,,
are equal to zero (as that would lead to > ‘iill V/£(0,y;) The(x;) = 0). Define the following weight
matrices parameterized by a > 0 (while recalling that n > 3 by assumption (7)):

Wi(a):=W;-a"2eR4:d0

Ws(a) =Wy-a~ 2 eR%h
Ws(a):=Ws-a € R4z

Wj(a):=W; eR% %1 for j€{1,2,....,n}/{1,2,3},

and denote by 0(a) € R? their corresponding weight setting. Since Dy is closed under positive
rescaling of weight matrices, it holds that {€(a) : a >0} C Dg-. Define:

AW, =W, eR%do |
AWy =W,y e R%20D
AW, :=0cR%%-1 for j € [n]/{1,2}.

Fora > 0,i € {1,2,...,|S]} and j,j' € {1,2,...,n}, define (D; ,W.(a));; to be the matrix
D; .\ Wji(a)Dj j,_,Wji—1(a)--Dj ;W;(a) (where by convention D; , € R*» stands for identity)
if j <j', and an identity matrix (with size to be inferred by context) otherwise. Fori € {1,2,...,|S|}
and a > 0 let V/;(a) € R and V2¢;(a) € R4 be the gradient and Hessian (respectively) of the
loss £(-) at the point ((D; ,W(a))n:1%;,y;) with respect to its first argument. For every a> 0, since
0(a) € Dg: we may apply Lemma obtaining:

V21 (0(a)) [AWY .., AW, ] =
B

1 9 n

=D V2i(a) [0y (D} W(a))nejn Dy (AW;) (D] Wa(a)) jaaxi |+

|Si:1 [ j=1 ) J+ 3J J J (79)

9 |S|

EE VLi(a)™ (D] Wal@))nsjrar D o (AW ) (D) W (a)) jr1:501 D (AW;)(D; ,Wa(a)) 1%,
=1

1<j<j’'<n

where we regard Hessians as quadratic forms (see Subappendix [I.T). Plugging in the definitions of
W;(a) and AW; for j € [n] we have:

V2 £(6(a)) [AW,...,AW,]
Kl S|

1 2
=— V%i(a)|2a (D, W) paxi| +—= Y Vii(a) a(D] W.)nax;
m; (a) [20 (D}, W. )i \sé:? () a(D} W) 5
|S| |S]

4 1 )
= 2 15 oV @) (DLW ] a3 () Tho(x)
i=1 i=1

where the second transition follows from pulling 2/a out of the quadratic operator and the fact that
he(xi) = (D] ,Wi)n.1X;. Note that limaﬁoo(Dgy*W*)nzl =0. Since ¢(+) is twice continuously dif-
ferentiable in its first argument, it holds that lim, oV 2¢; (a)=lim, V22 ((D] ,W,(@) ) n:1Xi,yi) =
V2£(0,y;), and similarly limg_, o V¢; (a)=lim, V0 ((D} , Wi (a))n:1%i,y: ) =V£(0,y;). Therefore,
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in the limit @ — oo, Equation (80) becomes:

Jim | <v2 f(6(a)) [AWl,...,AWn})

JLIEO(;';;VW )[(D W)n1x1}>+alggo< ;;wi(aﬂhg(xi))
—J&(é)&g%o@iv? @[(DL. -] ) i JE&QS%K )

S| S|

<S|Zv2 00 {124 ] ) i 573 0800 o)

)

where the second transition is valid since the multiplied limits are finite and the limit inside a limit
is non-zero, and the last transition follows from i‘ill V£(0,y;) " he(x;) < 0. Notice that the matrices

AW1,AW,,...,AW,, are independent of a, thus it must hold that lim—, oc Amin (V2 (0(a)) ) = —oc.
This in particular implies the desired result:

infGGRd 5.t.V2f(0) exists )‘mln<v2f<0)) =—00.

J.14 Proof of Lemma

This proof is very similar to that of Lemma[2](see Subappendix[J.6). We repeat all details for com-
pleteness. Recall that @ € R is an arrangement of (W, W5, .. ,W YeRdo x R92:d1 x ... x RIndn—1
as a vector. Let (AW1,AW,...,AW,,) € Ré1-do x Rd2:d1 ... x Rdn:dn-1 and denote by AQ € R?
its arrangement as a vector in corresponding order. As shown in Lemmal[d}
V2 f(0)[AW,...AW, ] =
S|
2y
‘3|ZV [ (D} W) nsjar Dy (AW;)(D; W*)j—l:lxi}Jr

S|
‘3|ZWTZ Wo)nsjrar D i (AW ) (D} JWe) jro1ijr D (AW (D5 Wi i

=1 1<j<j'<n

where we regard Hessians as quadratic forms (see Subappendix . Convexity of £(-) in its first
argument implies that for i € {1,2,..., i i

V2£(0)[AWY,...,AW, ] >
El
ZWTZ W nsjer D) (AW, ) (D] W) jrovsjer D) (AW) (D) Wi )j11 X -

=1 1<j<j'<n

Applying Cauchy-Schwarz and triangle inequalities, we get:
V2£(0)[AW,...,AW,]

|S|
= ‘S|Z||Vf [BH3ie2 Jngra1 Dy (AW ) (Df W) jra:jan D (AW;) (D W) jaaxi,
1<j<j’' <n
[S] n
> el TL Il T2 el
1<j<j’' <n ke[n]/{j,j/} k=1
|S|
> ‘S|ZHV ( max HHW H )maX{a| |a|}" ™ 1sz ,
|J| n— 2167 1<j<j'<n
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where the second transition follows from the definition and sub-multiplicativity of spectral norm,
and the last transition follows from maximizing [] ken] ‘Wk ||S over j,7’, upper bounding

1D;;lls < max{|al,|a]} for j € [n — 1] and recalling that D; ,, is an identity matrix, meaning

[ D} ,.|ls=1. Itholds that:
Z1§j<j/§n||AWj’ Ils ||AWj s
<Yi<jci <l AWy IR |AW; ||
1 O INTATP S S N PN TA
<Y IAWIE =32 AW,
= AW,

where the last inequality follows from the fact that the one-norm of a vector in R" is never greater
than y/n times its euclidean-norm. This leads us to the following bound:

V2£(0)[AW,...,AW,,]

IS\
> —max{lalal) o [T, )i SIvtl bl ZHAW 2.
m n— 21
The desired result readily follows:
ISI
Ao (7210 2o (s, TIIWS 1) 7 A9

|J| n— 2J

J.15  Proof of Proposition|6]

Recall that (W, Ws,...,W,,) € R%1:d0 x Rd2:d1 5 ... x Rn-dn—1 are the weight matrices constituting
6 € R?, and denote by (Wy 5, Was,...,.W;, ) € RA1:do s RE2:01 5 . s R¥n-dn—1 those that constitute
0. For j,j' €[n]:

2
W15 = Wi s | < max{ W1, W I} SjHé%HWj,SII% <[6.l;<e.

Corollary 2.1 from [[18] implies that throughout a gradient flow trajectory differences between squared
Frobenius norms of weight matrices are constant. Therefore, for j,5’ € [n]:

W51 = W 1 = 1]

=Wyl F] <€ (81)

If the network is shallow (i.e. n=2), then Equation (27) coincides with Equation (26)), thus the desired
result follows trivially from Lemma[5] Hereafter we assume that the network is deep (i.e. n > 3). It
holds that:

hax W, || 7 < max||W; || %2
Jg[vb],|3|=wL_zjlg7|| J”F—jE[n}H il

n—2

= ( min ||W;]|% +max||W;||% — min | W; 2) ’
(min 91 9 5 — o 95

n—2

m1n||W HF—|—6 ) ’

<
(Vmmemlliee)
<

in | le+e)”
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where the third transition follows from Equation (8T)) and the last transition follows from subadditivity
of square root. Combining the latter inequality together with the result of Lemma(5|(Equation (26)),
we obtain the desired result:

S|
1n—1

n—2
)\min(VZf(e)) > —max{|a|,|a|}"~ WZHV&H?HXZ‘H? (;.rel%HWJHF—’—G)
i=1 )

J.16 Proof of Lemma|§|

This proof is very similar to that of Lemmas|T|and @] (see Subappendixes[I-4and[l-T2]respectively).
We repeat all details for completeness. Recall that @ € R? is a concatenation of (w1, ws,...,w,,) €

R% x R% x - x R% as a vector. Let (Aw1,Awa,...,Aw,) € R% x R% x - x R4, and denote by
A € R its concatenation as a vector in corresponding order. Denote the following fori € {1,...,|S|}:

A= ST (DLW (0. ) Dy (W (Aw3)) (D] W (W) 1,
AP= (DWW sjrr Do (Wi (Aw)) (D] W (w2)) 101
D ;(Wi(Aw;))(D; Wi (W.))j1:1,

Aggm):: Dy (Wo (W) + Wi (Awy,)) - Dj (Wi (w1)+Wi(Awy))
— (D Wa(wo )1 — A — AP

" (82)
We now develop a second-order Taylor expansion of f(8). Since the vector tuple corresponding to
(0+A0) is (w1 +Awy),...,(W,+Aw,,)), and the function f(-) coincides with the function given
in Equation (29) on an open region containing 6, for sufficiently small A@ we obtain:

f(0+A0)
L I8l
!
:E;z D, (W, Wn+Awn))...Di71(Wl(w1+Aw1))xi7yi)

(
:L}Ség(
|S| (

(

Wi (wp, +Wn(AWn))'“D§,1(Wl(w1)+W1(AW1>)Xi’yi) (83)

1
— 3
S

|S]

1
:E;g

o (Wi

D}, (Wa(wn)
((Dg,*W*(W*))nJ+A51)+A52)-‘rAl(-B:n))xi,yi)
(D} W (w )i+ (A + AP+ A5 x, ).

where the second transition follows from linearity of W (-) for j € {1,...,n} and the third transition fol-

lows from the definition of A*™ (Equation ). Let Av€R% . Forevery i€ {1,...,|S|}, the second-
order Taylor expansion of £(-) with respect to its first argument at ((D;* W (W.))n:1X4,y;) is given by:

C((D; W (W) naxi+Av,y;) =

(84)
(D} W (W) mrxisys) + (Vi Av) + V2, [Av]+ o (|| Av]12),
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where the o(-) notation refers to some expression satisfying lim,_, (o(a) / a) = 0. We continue to
develop Equation (83) using Equation (84):

f(O+A0)
S|
RTINS RN ICICES 1R)
S|
\S|Z€ ))n:lxivyi)+
1 S| ‘
EZ<V&7A£1)XZ>+<V€Z,A§2)Xl>+<V€“AE3n)XZ>—|—
i=1
S|

AT A S (A A0 2 T o (a4

S|

ZO (A +AP+A )xi]l,).

|1 =

where in the last transition we view V2/; as both a quadratic and a bilinear form (see Subappendix.
Notice that (V£;, A%™x;), 1v26,[(AP + AP™)x,], v26,[APx,;, (AP + AP™)x,] and
o] (AP AP L ABy, Hz) are all o([|A8]3), thus:
f(O+A0)=
S|
| 5|Z£ W (W) xi, i) H(V L, A 3 )V, AP %)+ 1920, (AN x; o (|a6]12).

This is in fact a Taylor expansion of the function f(-) evaluated at the point @ with a constant
term ‘S‘lel é((D’ W (W.))n:1Xi,y:), a linear term |S| le‘ <V€i,A§1)xi>, a quadtratic term
ST Lylsh <V€1,Ai xi> +1v2¢,; [Agl x; ], and a remainder term of o (|| A@|3 ). From uniqueness of
the Taylor expansion, the quadratic term must be equal to 3V2 f(0)[Awy,...,Aw,,]. This implies:

V2£(0)[Awr,...,Aw,]

51

|S|Z(V2E [AVx]+2(90;,0Px;))
51

|S|ZV2 [ (DL W) ger D (W (A ) (D W () 103
51

|S|ZV€TZ (W) nsjrar Dy o (W (Aw o)) (D Wi (W) 1

1<]<]’<n
Dg,j(Wj(AWj))(Dg,*W* (We))j-1:1%5 5

where the last transition follows from plugging in the definitions of A() and A(®) (see Equation .
O

J.17  Proof of Proposition(7]

This proof is very similar to that of Proposition [5](see Subappendix [J.13]). We repeat all details for
completeness. From assumption (i) there exists some 8 € R? such that Zlﬂl V(0,y;) " he(x;)#0.
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Define (w1, wa, ..., wy,) € R4 x R% x ... x R to be the weight vectors constituting 6. We
may assume Z‘i‘i‘l V£(0,y;) "he(x;) < 0 without loss of generality, as we can negate the vectors
he(x;) € R4 foralli € {1,2,...,|S|} by flipping the signs of the entries in @ corresponding to the
last vector w,, (see Equation ). From continuity, there exists a neighborhood A of 6 such that
for all @ € NV it holds that leil V£(0,y;) " hy(x;) < 0. Moreover, as discussed in Appendix@ for
almost all ' € R? there exists an open region Dg: C R? containing ', which is closed under positive
rescaling of weight matrices and across which f(-) coincides with a functlon as given in Equation .
There must exist some 6’ in the neighborhood N for which a region of the type Dy exists. We may
assume, without loss of generality, that @ € Dg.. Notice that none of the weight vectors wi,wa,...,w,

are equal to zero (as that would lead to Zl‘ill V£(0,y;) " he(x;) = 0). Define the following weight
vectors parameterized by a > 0 (while recalling that n > 3 by assumption (i)):

wl(a)::wl~a72€Rd/1 ,
wo(a):=wy-a 2 eR%
ws(a):=ws-acR%

wj(a):=w; eR% forje{1,2,....,n}/{1,2,3},

and denote by 0(a) € R? their corresponding weight setting. Since Dy is closed under positive
rescaling of weight vectors, it holds that {6(a) : a >0} C Dg/. Define:

Awi:=w; € R% ,

Awg:=wo € R ,

Aw;:=0€R% for je[n]/{1,2}.
Fora > 0,i € {1,2,...,|S]} and j,j" € {1,2,...,n}, define (D] ,W.(w.(a)));; to be the matrix
D; i Wii(wji(a))Dj ;i Wjr—1(wjr—1(a))---Dj ;W;(w;(a)) (where by convention D} ,, € R
stands for identity) if j < j/, and an identity matrix (with size to be inferred by context) otherwise.
Fori€ {1,2,....,|S|} and a > 0 let V/;(a) € R%" and V%¢;(a) € R%4" be the gradient and Hessian
(respectively) of the loss £(-) at the point ((D; , W, (W.(a)))n:1X;,y;) With respect to its first argument.
For every a >0, since 0(a) € Do/, we may apply Lemmal6} obtaining:

v2f( ( )) [Awlw'wAWTJ =
S|
ST ZV2 [ _ (D} W (W*(a)))n:j+1D§,j(Wj(AWJ‘))(DQ,*W*(W*(a)))j-lzlxi] +

ISI

mzw )T (DLW (W (@) ) Dl (W (Aw ) (D, W (W (0))) 15701

1<_7<J/<n

(85)

D;,j (Wj(AWj))(D;,*W* (Wi(a)))j1:1%i,

where we regard Hessians as quadratic forms (see Subappendix [I.T). Plugging in the definitions of
w(a) and Aw; for j € [n] and relying on linearity of W (-) for j € [n], we have:

v2f(e( N AWL,...,Aw,]

IS| |S|
2 : 2 -1 / E v .
|S‘ v |: (Di7*W (W* n: 1XZ:| |S| é (W*))nzlxz (86)
S| \SI

|S|Zv2 |: D W ( ))n:lXL:| +a- EZVE h’@ Xz P

where the second transition follows from pulling 2/a out of the quadratic operator and the
fact that ho(x;) = (D] ,Wi(W.))n:a%;. Note that limg o0 (D] Wi(w.(a))), | = 0. Since
the function /(-) is twice continuously differentiable in its first argument, it holds that
limg 00 V243 (a) = limg 0o VE((D] ,Wa(We(a)))naxi, yi) = V2£(0, y;), and similarly we
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have that lim,, oV ¢; (a)=limq—,oV (D} ,W.(W.(a)))n:1%i,y: ) =V£(0,y;). Therefore, in the limit
a— 00, Equation (86) becomes: :

lim <v2 f(6(a)) [Awl,...,Awn]>

a0
S| S|
LHOO(GZ |g| va [ nis (W*))nslxi} >+a1LI§o< ZVE The(x;) >
151 S|
= alggo(ag >G1L%<S|ZV2 [ W (w*))nzlxiDJrhm aalirgo( |ZV€ Thg (x; ))

S| S|

<|szvg o) (DL ] )t 57D w0 )

where the second transition is valid since the multiplied limits are finite and the limit inside a limit
is non-zero, and the last transition follows from ZL‘iHVE (0,y;) " he(x;) <0. Notice that the vectors

Awy,Aws,...,Aw,, are independent of a, thus it must hold that lim,—, oc Amin (V2 £ (8(a)) ) = —oc.
This in particular implies the desired result:

infOGRd 5.t.V2f(0) exists )‘mln(vgf(a)) =—00.

J.18 Proof of Lemma

This proof is very similar to that of Lemmas [2] and [3] (see Subappendlxes [-6] and [T.14] respec-
tively). We repeat all details for completeness. Recall that & € R? is a concatenation of

(W1,Wa,...,wy) €R% xR x ... x R%n asavector. Let (Awq,Aws,...,Aw,, ) € R% x R% x ... x R9n |
and denote by A@ € R? its concatenation as a vector in corresponding order. As shown in Lemma@

sz( NAWwW,...,Aw,]=

S|

5TV [ (DLW e DL 095 (B (DLW (v +
S|
T DL VA S (DLW ()t Dl (W (A ) (D W ()t

i=1 1<]<j/<71

D; ;(Wi(Aw;))(D; Wi (W.))j1:1%i

where we regard Hessians as quadratic forms (see Subappendix . Convexity of /(-) in its first
argument implies that for i € {1,2,...,|S|}, V2, is positive semi-definite, thus:

V2f(0)[Awy,...,Aw,] >
S|

ZVZTZ (W))njre1 Dg s (Wi (Aw o)) (D Wi (W) jrazjens

=1 1<]<j/<n

Dj ;(Wji(Aw;))(D; s (W) j1a%i -
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Applying Cauchy-Schwarz and triangle inequalities, we get:
V2£(0)[Awr,...,Aw,]

El
> |S‘ZHW ills D DLW (9 et Dy (W (Awyr)) (D] W (W)t
1<j<j’'<n
D; ;(W;(Aw;)) (D} Wi (w.)) 1%
El
2
V3 W, | [ () I TLI2Ll el
1<j<j’' <n ke[n]/{5.3"} ke[n]
&l
= |S‘ZHV€ ||2 H”W ||0PZ| H HW’CHQHHD k” |Xl||2
1<j<j’' <n ke[”]/{]]} k=1
El
>~ VL] H2 n OVlop e T [ et faly = ]3|
\J\ n— 2] eJ 1<j<j’'<n

where the second transition follows from the definition and sub-multiplicativity of spectral norm,
the third transition follows from bounding spectral norms with Frobenius norms and the definition

of [[W;(-)[lop, and the last transition follows from maximizing [ [;.c(,,;/¢;.;}|[Wk|l2 over j,j’, upper
bounding || D; ;||s <max{|a|,|a|} for j € [n—1] and recalling that D] ,, is an identity matrix, meaning
| D: . |ls =1. It holds that:

l 'IL|
21§j<j'§n“AWj’ [2lAw;][2
2
—H(Sialawslls) 3 Aw; |3
<BY AW 13- 550 1AW, 3
=2ty lAwg 3,

where the last inequality follows from the fact that the one-norm of a vector in R" is never greater
than /n times its euclidean-norm. This leads us to the following bound:

V2£(0)[Awr,...,Aw,]| >
118!

—max{laal}* TIW5Ollop e [T Iws 757> Z|W o1l leAwJHz
=1 |T|=n—27
The desired result readily follows:
\SI
i (V2£(0)) 2 = Jal}" =3 ZHW I HXZHQHII Ollop macx - [T w5l -

\J\ n— 2]€

J.19  Proof of Proposition|S]

This proof is very similar to that of Proposition [6] (see Subappendix [J.I5). Recall that
(W1, Wa, ..., Wn) € R% x R% x ... x R are the weight vectors constituting @ € R?, and
denote by (W1 5,W2 ;... Wy, 5) €R% xR% x ... x R% those that constitute 8. For j,j’ € [n]:

|§’ gmax{ [wjsll3,llw s

2
Iwjsl5 = l1wjr s 3} <max|lw; |5 <[|65]|5 <.
J€[n]

Theorem 2.3 from [18]] implies that throughout a gradient flow trajectory differences between squared
Euclidean norms of weight vectors are constant. Therefore, for 5,5’ € [n]:

(87)

w115 = llwe 3] = [lwj.sll3 -
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If the network is shallow (i.e. n=2), then Equation (32)) coincides with Equation (31)), thus the desired
result follows trivially from Lemma[7] Hereafter we assume that the network is deep (i.e. n>3). It
holds that:

ma; w <maxw
s LIl Spaio

n—2
2

min [w; 3 +1ma w3 min w5 )

n—2

=
< (minlw 3+¢")
-

n—2
yfinelw 13+

n—2
< (min||WjH2+€) ,
J€[n]

where the third transition follows from Equation and the last transition follows from subadditivity
of square root. Combining the latter inequality together with the result of Lemma([7](Equation (31))),
we obtain the desired result:
n—1J8
A (V2£(0)) 2 =l Jal "~ o3 Z||w 1l T T ¢ Hop(mmnwj lo-+e)
j€n]

J.20 Proof of Lemma

In this proof we overload the definition of unbalancedness magnitude (Definition|[I)) to account for
arbitrary matrix dimensions, namely, for any matrices Aj,..., A, such that the product A, --- A is
defined, we refer to max¢[,—1 HAJ-THA]-H —A; AjT || as their unbalancedness magnitude. Recall
that @ € R% is the arrangement of W1, Ws,....W,, _; € Rd:do and W, € ]Rd 4o a5 Vector Define the
matrices By, B, ..., B, € R%:90 as follows: B;:=W,; for j € [n—1] and B,, := /W,] W,,. Notice that:

B By =\ W W[ W W, =W, W,

thus the unbalancedness magnitude of By, ..., B, is equal to that of W1,...,W,,, i.e. to €. Define
the matrices C4,C5,...,C), € Rdo:do by transposing and reversing the order of Bi,..., B, formally:
C;:=B_ j+1 for j € [n]. Notice that transposition and order reversal do not change the unbalanced-

ness magnitude. Namely, since for j € [n—1] we have that ||C}, ,C; 41 —C;C} ||n=||Bn—; B,

B,leBn_]H ||, the unbalancedness magnitude of C1,...,C,, is equal to that of By ,..., By, i.e. to €.
Applying Lemma 1 from [46]] to Cy ,...,C,,, we conclude that there exists C',...,C), € R%-40 which are
balanced (i.e. have unbalancedness magnitude zero), such that ||C;; —C; || < (j —1)V/é for j € [n]. Pay
special notice to the fact that €1 = (as the Frobenius norm of the dlscrepancy is zero). Define the
matrices By ,Bg, B € R%:-d by transposing and reversing the order of Cl, Cn, formally: B

C‘T—f_ j+1 for j € [n]. Relying again on the fact that transposition and order reversal do not change unbal-
ancedness magnitude we have that Bl, Bn, similarly to C’h Cn, are balanced. Define the matrices
W1, Wa,..., W, 1 € R%:d0 and W,, € R%%0 as follows: W; := B; for j € [n—1] and W,, := W,,. No-
tice that the dimensions of W; ,W2 ,...,Wn correspond to those of W1, Ws,....,W,,, and in particular that
these are valid weight matrices. We denote their corresponding weight setting by 6 cR?. Notice that:

>

W, Wo = W, W= /W Wi /W W, = B, B, =C1Cy =C1Cy = B, B,

s
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which means that W ,Ws,...,W,, are balanced, as they have the same unbalancedness magnitude of
31 Bn, i.e. zero. Furthermore we have that:

Hé_GHQZ H(Wn,anl...,Wl)_(Wn,anlw.le)HF
= H(W7uBn—1~--7BI)_(W7L7B7L—17~'~7BI)HF

IV = Wal2 4| Byt = B [3 4t | By — B 2

— JOHICT ~CT |2+ I CT ~CT |2
<V (n—1)-(n—1)2¢
§n1'5\/é,

where the second transition follows from the definitions of Wl,...,Wn_l and By,...,B,_1, the third

from the definition of Frobenius norm, the forth from the definitions of B 1 ,...,Bn_l and C1,...,C,,_1
and the fifth transition follows from the conclusion of Lemma 1 from [46] applied to C1,...,C,,. O

J21 Proofof Theorem

Without loss of generality, we may assume € < 1 (a proof that is valid for € =1 automatically
accounts for € >1 as well). Given that the unbalancedness magnitude (DeﬁnitionEI) of @ is no

greater than € (defined in Equation (34)), by Lemma | there exists a weight setting 8 € R? which
is balanced (has unbalancedness magmtude zero) and meets ||@y — Bo|]2 < n'5ve. Denote by
(W1, O,Wg 0300y Wi 0) € RID0 5 RE2:01 5 .. 5 RInodn1 the weight matrices corresponding to 0o,
and by W,,.1 0 € R%% its end-to-end matrix (i.e. Wy.1,0 := Wy0Wy_1.0- Wi,). Define 7 as
Tr(A;erWn:l,O)/(||Ayx||FHWn:1,O||F) if || W,.1 || 7 # 0, and as 0 otherwise. The following lemma
establishes several bounds relating W,,.1 o and & to W),.1 o and v respectively.

Lemma 52. The following hold:

Hanl,O_Wn:LOHFS%”Wn:l,OHF ; (88)
»>min{—3, sign(u)lylil} ; (39)
HWnl()”F = ”WnlOHF ; and (90)
max{1,1+V }<max{3,1+y oD

Proof for Lemmal[52)is provided in Subsubappendix[J.21.1]

Given 1) > 0 adhering to Equation (33), define:

k;_ Qn(max{l g 1_"_5})” 1n<15nmax{1,1+l’: })+1J . (92)

IWhi1,0ll7n [Wha,0llFé

Taken together, Equations (90) and (OI) imply that k adheres to the upper bound in Equa-
tion (36). It thus suffices to show that with step size 7, iterate k of gradient descent is é-optimal,
ie. f(Or)—mingegaf(q) <€

Equations and (89) respectively imply that || W,,.1 o||» <0.2 and ©# —1. Therefore, as an initial
point for gradient flow, the (balanced) weight setting 8 satisfies the conditions of Proposition Define:

€:=€/2 , e:= IV 130”1FEV T (93)

15n3 (max{l,i 170 }) kn

and invoke Proposition |3| with initial point 8, = [90, time ¢ = kn and €, € as above (note that
€€(0,1/(2n)]). From the proposition we obtain that the gradient flow trajectory emanating from 6
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is defined over infinite time, and with [0,00) — R representing this trajectory, the following time #
satisfies f(0(f)) —mingegra f(q) <€

(5

(94)

Qn(max{l g 1;5})n1n< 15nmax{1,l+l’j}

W10l [Wn:1,0ll Fmin{1, 26}) ’

Moreover, we obtain that under the notations of Theorem E], in correspondence with Dy,
(e-neighborhood of gradient flow trajectory up to time kn) are the smoothness and Lipschitz constants
Brn,e =16n and i, c = 6+/n respectively, and the following (upper) bound on the integral of (minus)
the minimal eigenvalue of the Hessian:

W10l F Whi1,0l2

ken n® (max B AN € n?(e?max slnmn/z
/ m(t)dt' < 150% (max{1,5- 1+u}) kn —I—ln( (2 1+u}) ) ’ 95)
0

where the function m : [0,kn] — R is non-negative.

Notice that k = |[t/n+ 1] and therefore kn > {. Combining this with the fact that the gradient flow
trajectory 6(-) is €-optimal at time ¢, and that in general gradient flow monotonically non-increases

the objective it optimizes, we infer €-optimality of the gradient flow trajectory at time k), i.e. 9(l<;n) —
mingepd f(g) <& We will invoke Theorem [3|for showing that, in addition to being é-optimal, the
gradient flow trajectory at time k7) is also e-approximated by iterate & of gradient descent, i.e. |0} —

6(kn)||2 <. This, along with f(-) being 6+/n-Lipschitz across Dy, . (e-neighborhood of gradient
flow trajectory up to time kn), yields the desired result — é-optimality for iterate k of gradient descent:

(Gk) mlnqeRdf( )

(70) =7 (80m) )+ £(B0m) ~mingese 1 (@)
(W Ilf’k o))+ (£(80km) ~minger (@)
6+/n

INIA I

INA
™

where the last transition follows from the definitions of € and € (Equation (93)).

We conclude the proof by showing that indeed ||, — 8 (kn)||» < e. Equation (93), the definition of
(Equation (93)) and the condition € <1 together imply:

kn n” | max 3.1-p " € n?(e?max 4 sinm/z
/ m(t/)dt’ < 15 ( {1 1+1/}) kn +h’l< ( {1 1+l/}) ) (96)
0

- W10l e W1 0ll%

_ an(n (e mmx{l,lJrZ})s(n_l)/Q)

HWn 1 OHF

1+1n<n2 (e mdx{l, 70 })5(" 1)/2)

[Wi1,0l1%

hl(&n (e maLX{1 1+Z})5(” 1)/2> .

IN

<
Wha0ll%

Recalling the expressions for k and ¢ (Equations and respectively), and the definition of €

(Equation (93)), we have: (mas{1.3 X W
r _ 2n|maxq 1 5 lJ_er/ 15nmax
=|t/n+1|n<t+n= Wnsllz In

< Sn(max{l g 115})n1n<15nmax{1,1+V}) ’

’1+V}>+T] (97)

W10l pé

Whit0llF [[Wh:1,0llré
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where the last transition makes use of the upper bound on 7 given in Equation (33). It holds that:

AnBe2e2M0 " m(t)dt!

. 4n3225” (max{l '3 1+5}) (k) 9n' ( ’1+u})5(n !

[Wn.1(0)[|3:€2 [Wei1 (0) 1%
8100 13¢l1n—10 (max{171+y}>7n ? (k )2
n
W1 (0)]1S
_5 ~ 2
< 8100n 3elin—10 (max{l7 1+y })7n 7 ) 9n? (Inax{l 5 1;; })Qn In 15nmax{1, 1+V}
HWH:I(O)” HVVWLI(O)”2 HWn:l(O)HFE
_— 2
< n'? m“( *1+Z})9 ’ n 15"max{1’1+5}
HWnrl( )Hs G Hwnrl( Ire
_ 2
_ P15 12n+2(ma.x{3,1+5})9n ° ) 15nmdx{3,1+y}
- (3)BIWn1 (0) 1522 " TIIWaa 052
2
<

TWot ()52

n'? 12n+6(max{3’1+5})9”75 1 <2Snmax{3’1+v})
n

[Wr:1(0)[ré

=1/e,

where the first transition follows from Equation (96)) and the definition of € (Equation (93))); the third
makes use of Equation (97); the fifth relies on Equations (90) and (91)); and the last is based on the
definition of € (Equatlon @) and the condition € < 1. Rearranglng the derived inequality gives

Ve<in1oee™ Jo"m ()4t Combining this with the fact that |6y — 8(0)||2 <n'->\/é, we obtain:

e—elo "m(t)at’ 160—6(0) H2>e—ef0"m(t at! 15\[>6—*6—% (98)

‘We now have:

B i kel [ (e—eli" T 00—6(0)] )

< 5]@77 eVkn, eknefo m(t)dt’ 26_1

< (16n)(6\/ﬁ)k 3n? (e mdx{l)lJrV})s(n—l)/?.21571 (max{l 5 %JFZ})nk:n

Wait,0ll% W10l mé
(Tn—5)/2
9000n13/267— °(max{1,1+u}) k )2
Wooll%é (kn
N 2
(Tn—5)/2 3 1—0 2n o
13/2,6n—5 2 3.
9000n ( ,1+V}) .9n (maxA{l,2 1+’9}) In 15nmax{1,1+u}
([Whi1,0l3.€ [Wa:t,0ll% W10l ré
(11n—5)/2
nl7/2 7n+7( )1+V}) " 1 15nmax{l,1+y
< n
”WTLAI,OHFC Woa,0llré
_ (11n—5)/2
< nl7/2Tn+7 (max{3, 1+Z }) 7 | 1Emmmx{37 1+V
n
- (2)5[[Who1,0ll%€ Z[Whaollré
nl7/2,Tn+10 (11n—5)/2
" (max{3,1+y}) 1 23nmdx{3,1+y
n
- [Wh:i0ll%€ [Wh:1,0llré
< 1/n,

where the first transition is due to Equation (98); the second makes use of 3y, e =16n, Vi, .=61/n,
Equation (96)) and the definition of € (Equation (93)); the fourth relies on Equation (97); the sixth

77



is an outcome of Equations (90) and (91)); and the last follows from the upper bound on 7 given in
Equation (33)), as well as the condition € < 1. Rearrange the inequality above:

e—elo "™ |19 —6(0)]|,

m(t')dt’

77< T
6/@7] eVkn, eknef I

Since m(-) is non-negative, it holds that:
k1, m
=W 60002 o e=eim O 60—0(0)]
ﬂkn,e'ykn,eknefo m(t)dt! t€(0,kn) 6k7],67kﬂ,ef0 eft/m ') dt"” dt’

and therefore: N
n< inf —elo 169 —6(0)]5

te(0,kn] Bkn,e'Ykn,efoeff«’m YAt gy .
We now invoke Theorem |3| with € as we have defined (Equation @), time ¢ = kn, and Bip.e,

Vin,e and m(-) as produced by Proposition The theorem implies that, by Equation (99), the first
| kn/n| =k iterates of gradient descent e-approximate the gradient flow trajectory up to time kn,

i.e. ||0y—6(k'n)||2<eforall K'e{1,2,....k}. In particular ||, — 8 (kn)||o<e, as required. O

99)

J.21.1 Proof of Lemma

For conciseness, in the current proof we omit a second subscript “0” from our notation. Namely, we
use Wp,.; and W,,.; as shorthand for W,.; o and W),.; o respectively, and for any j € [n], W; and W;
serve as shorthand for W o and W o respectively.

We start by proving Equation (88). The following matrix W;r.;, for any j,5" € [n], is defined as
W le_l W if 7 <j’, and as an identity matrix (with size to be inferred by context) otherwise.

Recall that @, meets the balancedness condition, i.e. W +1WJ+1 Wj W]T forall j € [n—1]. Using
this relation repeatedly (while recalling that d =1),we have

Wl =Wt W,
7W 2W1W1 an
:Wn22W2 WQWn:Z

=W, s Wo Wy Wo W, W1,
=W, W, )"
=Wz
Since the balancedness condition implies that ||W; |z = ||[W;.1 || for any j € [n — 1], we may
conclude || W;|| = || Wi ||},/" for any j € [n]. It holds that:
||Wn:1_Wn:1HF

= |(Wo 4+ W =W W+ W1 —W1) =W || -

:Hz(bl,..,bn)e{o,l}" (b71Wn+(1*bn)(W7l*Wn))"'(blwﬁr(l*bl)(wl*VAVi))*VAVnziHF
:"Z(bl’_.’bn)e{o’l}n\{l}n(ann—l—(l—bn)(Wn—Wn))---(lel—i—(l—bl) Wy — ))HF
< mmrefonymy iy || GaWa A (1=bn) (W = Wi))~(bs Wi+ (1=b1 ) (W7 =W1)) |
<Yt byeqonym q1ye |[oa Wat (1=bp) (W =W )| | x Wi+ (1= b)) (W1 = W) |
<Yt bmyefonym 1ye Gl Wall pH(1=bp) [ W =W | )(bl||W1HF+(1 b1)[Wi=Whl|F).

(
(
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where the inequalities follow from sub-multiplicativity and sub-additivity of Frobenius norm. Since

00—80l2 < Vn3éand |W,|| p = ||Wn:1||}/" for any j € [n], we obtain:
Hanl_Wn:IHF

1 2 5 1 Z
<Y mmyeqoay iy On W "+ =) Vi3e) (b | Waet [/ "+(1— by) Vn3é)
1/n
= (Wt [l +V38)" [ W [
n—j)/n i/2 2
=S o (DI W[5 (%8) "~ [ W |
n n—j)/n NJ/2
=i (W 77" (%)
<3 max{ L[ Whallr } (ne)"?
i n 5.\J/2
:m&x{l,HWn;lHF}Zj:l (n e)]
i/2
<max{1, ||Wn1||F}ZJ (n° )J
Since V'n®é <1 (relying on the definition of ¢ in Equation (34))), we obtain:
Wi =W < max{L||[Wpl|lr} VW (100)
By the definition of ¢ (Equation (34)), it follows that v'n®¢/ (1—vn5¢) < % ||Wi.1 || p, thus:
W =W | < gmax{1,[Wealle }HI W |lr-

We conclude the proof of Equation (88) by showing that || W,,.; ||» < 1. Indeed, assuming that this
is not the case, i.e. | W1 || > 1, while recalling that ||W,,.1 ||  <0.1, leads us to a contradiction:

<[ W

"1HF

AnﬂHF 1HF+ Wml_Wn:lHF— ”1HF 3H An:1HF< W"IHF

Note that in addition to Equation (88)), from Equation (T00) and the fact that HW,M lF <1, we may
also establish the following:

Hanl_Wn:IHFSHWn:1||F17\T}j%~ (101)
Moving on to the proof of Equation (89), we split the analysis into the following two cases: (i) v € [0,1];
and (ii) v € (—1,0). We start by analyzing case (i). Note that Equation (88) together with the fact that
HWn:l ||F 7&0 imp]y ”anl HF 750 It holds that:
(Aymv‘/i{n:l>
”Aym ”F ”Wn:l ”F
_ Ay, Whna +Vi{n:1 —Whnaa)
HAym HF ”anl ” F
— (Aymyv‘{n:l> <Ayx7Wn:1A_Wn:1>
Ayl [Wralle 1Ayl F [Waallr
AWaalle | (Aya, Waia =Wt
Waalle Ayl [Whalle
<Ay17Wn 1 Wn 1)
2Ot e Wl
Recall that || Ay, || » = 1. We may finish the proof for case (i) by using Cauchy-Schwartz and triangle
inequalities together with Equation (88):

1/):

1[Whallr

_ ”anlA_Wn:lHF

Wi 4+Wnia—Wahallr
> _ |Wai iWn:IHF
= IWaallp=1Wania —Waallr
> HVVnzl‘lF/3
- 2HWn:1HF/3
1

3"

D>
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Regarding case (ii) (i.e. v € (—1,0)), we have that:
5| = Ay W)
HAyzHFHWn:IHF
— |<Ay:l;;W7L:1TWn:17Wn:1>‘
1HWTI 1+Wn 1_ n: IHF

_ Ay, W 1>+<Ayz7Wn 1—Whn1)|
HWn 1+Wn 1— Wn 1”F
|<Aya:¢Wn:1>|+|<Aya:7W —Wa)l
- (HWn-lHF_”Wn.l_WnJ”F)
< By W) |41 [Wois =W || 5
= Waallr—=[[Wna—Waallr

|I/| |I/|—|—| v s Wa )| Waia =Whallr
IWaatllF = Waia —WaallF

[{Ayz,Wn:1)| + [{Aye s Wai ) [H | Wait = Wait || p

= |U|—
| | HAymHFlIWn'IHF HWn 1||F*HWn 1—Wh: IHF
|I/| [{(Aye ,Whn:1)| + Ay, W) | Wit =W | 7
1[Whallr IWoallr =W —Waa |l #

[Woallp' [(Aya, W) | +1
Waallp =Wy —Waallr

— 1 _ . luL+1
=W+ IWai =Wallp = e

= |V|+HWn:1_Wn:1”F'

where the first transition relies on [|W,,.1|| » # 0; the second uses || A, || » = 1; the fourth uses triangle
inequality, and relies on Equation (88) ensuring positive denominator; the fifth uses Cauchy-Schwartz
and || Ay || 7 =1; and both the eighth and the last follow from ||A,, || 7 =1. It holds that:

~ by +l
|| < |V|-|—||l/Vn:1_I/Vn:IHF'%IIlElZfolllm

S |V|+”Wn:17Wn:1”F'm
< |V|+3£65M

”Wn:l“F

< vnbe ”Wn:1||F+”Wn1 Wrallr
<M+ Wonl 7
< Vnbé
<l

(14v)/16
<ll+4 575
_ 1—|v|
=v|+—
_ v+t
=20,

where the first transition uses Equation (88)); the second relies on || <1; the third uses Equation (TOT);
the fourth follows from triange inequality; the fifth uses Equation (88); the sixth follows from the defini-

tion of ¢ (Equation (34)), namely that vVn°é < (1+vr)/16 and v'n°é <1/2; and the seventh relies on the
assumption of case (ii) (i.e. v <0). After proving both cases (i) and (ii), we may conclude Equation (89).

Equation follows from triangle inequality and Equation (88):
Waitllp = [ Waat |l 2 = Wit = Wi || P > Wil — 3 [|[Waallr =2 |Waa || p-

—0

To prove Equation (9T]), it suffices to show that ;== 1 4 =<3 orl T <3v 15, - We prove this separately for the
1 Jv]+1 H—l [+1 1 [v]+1

following two cases: —z <sign(v) and —3 > 51gn( ) . In the case of —5 <sign(v)=5—,

Equation (89) implies o > f%. Thus we have that = § 171(_;0%5) =3, thereby proving that

Equation (OT)) holds for th1s case. For the other case (1 e —O 5 > sign(v)( )/2), we have that
1u<1((1 V)/2) _15-v/2 _3-y
—(1-v)/2 0.5+v/2 — 1+v°

thereby proving that Equation @ holds for the second (and last) case.
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