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1 PROOFS OF THEORETICAL RESULTS

1.1 BOOLEAN ALGEBRA DEFINITION

Definition 1. A Boolean algebra is a set B equipped with the binary operators \/ (disjunction) and N\
(conjunction), and the unary operator — (negation), which satisfies the following Boolean algebra
axioms for a, b, c in B:

(i) Idempotence: a Na =aV a = a.
(ii) Commutativity: a A\b=bANaandaVb=>bV a.
(iii) Associativity: a AN (bAc)=(aAb)Acanda N (bVc)=(aVb)Ve.
(iv) Absorption: a A (aV b) =aV (a Ab) = a.
(v) Distributivity: a A (bV ) =(aAb)V (aAc)andaV (bAc)=(aVD)A(aVec).

(vi) Identity: there exists 0,1 in BB such that

ONa=0
OVa=a
1Na=a
1Va=1

(vii) Complements: for every a in B, there exists an element a' in B such that a A\ o' = 0 and
aVa =1.

1.2 PROOFS FOR PROPOSITION 2

Lemma 1. Let M be a set of tasks. Then (M, NV, A, =, Marax, Murrn) is a Boolean algebra.
Proof. Let My, My € M. We show that —, VV, A satisfy the Boolean properties (i) — (vii).

(i)—-(v): These easily follow from the fact that the min and max functions satisfy the idempotent,
commutative, associative, absorption and distributive laws.

(vi): Let 7 aq,, 45 a0, and 7y, be the reward functions for Myrax A Mp and M respectively.
Then for all (s,a) in S x A,

min{rmax, ra (s,a)}, ifs€g

min{ry(s,a),ro(s,a)}, otherwise.

_ {er(s,a), ifseg

ro(s,a),  otherwise.

T"Marax AM: (87 a) = {

(11, (8, a) € {rmiN, rmax} for s € G)

=ra (8, a).
Thus Mp;ax A My = M. Similarly Mpyax V My = Mprax, Mayin AN My = My,
and M ;v vV My, = M7 . Hence M sy and M ;4 x are the universal bounds of M.
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(vii): Let 77, n~ps, be the reward function for My A —M;. Then for all (s,a) in S X A,

min{raz, (s, a), (rmax + ™™iN) — Tar, (8, @)}, ifseg

M A= (8, a) = {min{ro(S, a), (ro(s,a) +ro(s,a)) —ro(s,a)}, otherwise.

TMIN if s € Q and M, (8, a) = 'MAX
= { "MAX, if s € g and M, (S, a) = IMIN
ro(s,a), otherwise.

=TMwumrIn (Sa a)'

Thus My A =My = Myrn, and similarly My V - M) = Mpsax.

O

Lemma 2. Let ok _be the set of optimal Q-value functions for tasks in M.  Then
(Q*, VoA, =, Qhyaxs Qi) is a Boolean Algebra.

Proof. Let Q%;,,Q3y, € QF be the optimal Q-value functions for tasks My, My € M with reward
functions s, and rjs,. We show that —, VV, A satisfy the Boolean properties (i) — (vii).

(i)—(v): These follow directly from the properties of the min and max functions.

(vi): Forall (s,g,a)inS X G x A,

(Q*MAX A Q?Wl )(53 g, (l) = min{Q}‘WAX(sﬂ g, CL), Q?\/Il (57 g, a)}

— min{@?\/[AX(S)gaa)7@*]\/IAX(Sagva’)}a if My (9701/) = T'MAX va/ S -A
min{Q*];/[AX (57 9, a)7 Q?\/[IN (57 9, a)}v otherwise.

— Q*MAX<S7gaa)7 if?"Ml(ng) = T'MAX Va/ (= A
Qhrrn(s,9,a), otherwise.

= Qi (s,9,a) (since rar, (9,a") € {rmiN, rmax} Va' € A).
Similarly, Q3 4x V Qs = @iraxs Qirrn A @i, = Qiyrns and Qi rn V Qi = Qi
(vii): Forall (.)inS x G x A,
(Qhr, AN =Qhr,) () = min{Q3y, (), Q% ()}

_ {min{QMm(-)an{Ax(-)} if |Q*(.) = Qin () < 1Q* () — Qiax ()]
min{Q4,4x (), Qsrn ()} otherwise,
= Qi (-

Similarly, Q%;, V =Q%;, = Qhrax-
O

Lemma 3. Let Q* be the set of optimal extended Q-value functions for tasks in M. Then
for a_ll My, My € M,_we have (i) Q%p;, = Q% (i) Qipun, = Qi V Qi and
(iii) Q?Ml/\AIQ = Q}le A Q}k\/IQ'

Proof. Let M1, My € M. Then for all (s,g,a) in S x G X A,
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:
Q"Ml (S? 97 a’)
_ [Qiuax(s.g.a), ifron(g,a) = rvax Vo' € A
Qiin(8,9,a), otherwise.
= @}/IAX(S’Q’ a)7 if rar, (g,a’) =run Va' € A
Q}k\ﬂN(S, g,a), otherwise.
_ [ Quax(s,9,0), ifQhy,(s,9,0) = Qiyrn(s, 9, a)
Qv (s,g,a), otherwise.

— Q?\/[AX(57970/)7 if|@7\/[1(sagaa/) _Q?WIN(S’97GJ)| < |Q}<\/[1(3’g7a) _Q}c\/[AX(SMgva')‘
Qv (8,9,a), otherwise.

= _‘Q*J\/fl (S7g7a)~
(ii): )
Q3 (s,9,a) = Qirax(s:9,a), ifravarn(g,a') = ruax va' € A
MvAAT Qhin(s,9,a), otherwise.

= Q}/[AX(SMQ’G)’ if maX{er (g7a/)7TM2(g7a/)} = 'MAX Va' € A
Qrin(s,9,a), otherwise.

B {QRIAX(& 7 a)’ if maX{Q&l (3’ 9, CL), Q?Wg (8, g, CL)} = Q?\/[AX(Sa g, a)
Q4in(s,9,a), otherwise.

=max{Q}, (s,9.a), Q3 (s,g,a)}

(Qir, vV Qip)(5,9,0).

(iii): Follows similarly to (ii).

O

Proposition 1. Let O* be the set of optimal Q-value functions for tasks in M. Let o : M — Q*
be any map from M to Q* such that o/ (M) = Q% for all M in M. Then,

(i) M and Q* respectively form a Boolean task algebra (M, V, A\, =, Myrax, Muin) and
a Boolean EVF algebra (Q*,V, N\, =, Qhrax,> QN )

(ii) </ is a homomorphism between M and Q*.

Proof. (i): Follows from Lemma([T]and 2}

(ii): Follows from Lemma[3]

1.3 PROOFS FOR THEOREM 1

Lemma 4. Let Q* be the set of optimal Q-value functions for tasks in M. Denote y; as the e-optimal
Q-value function for a task M € M such that

Q4 (5,9,a) —ar (s5,9,a)| <€ forall (s,g,a) €S x G x A.
Then for all My, My in M and (s, g,a) in S X G x A,
(i) |[@hr, V @i, (5,9,0) — [ar, Van) (s, 9,0) | < €
(ii) |[Qar, A Qi) (5,9, 0) — [ar, Aan) (5, 9,0) | < e

(iii) |=Q3y, (5,9,a) — —ar, (s, 9,0)| < €
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Proof.  (i): ~ ~
@b, V Qip)(s,9:0) = [a0, Var,)(5, 9, 0)|

= max )t (s,g,a) — max $,4g,a
prelhax, Qe (s,9,a) ME{M1,M2}M( g,a)
<
Me{Ml,Mz |QM 59,0) M(s,g,a)|
<e.
(ii): _ _
|[Q*M1 /\Q}k\h](s,g,a) - [Ml/\MQ](‘S?g’a)’
= min 24 (s,9,a) —  min $,g,a
Me{Ml,MZ}QM( 9.) Me{Ml,Mz}M( 9:4)
< min 0% S$,g9,a) — S5,9,a
_Me{Ml,M2}|QM( g,a) —m (5,9 )|
<e.
(iii):

|_‘QR/[1(S,Q,CL) - M, (Sagaa)‘

_ |Q7\4AX(S,9,CL)——|(S,Q,G)|, ifQ?\/Il :Q;(\/IIN(Svgva)
|Q3rin(S,9,a) —(s,g,a)], otherwise.

{'QMAX s,9,0 )*(S,g,a)‘, lfQ*Ml :Q}k\/IIN(Sagaa)

€.

|Qrin (s, 9,a) — (s,g,a)], otherwise.

IA

O

Lemma 5. Let M € M be a task with binary specification T' and optimal extended action-value
function Q*. Given e-approximations of the binary specifications T, = {T1, ..., T} and optimal
Q-functions QF = {Q%,...,Q%} for n tasks M = {M,, ..., M, } C M, let

Tsop = Bexp(T,) and Qsop = BEXP(@Z) where Bpxp = SOP(T,,,T).

Define,
( ) € argnj‘aszop where Qsop = I;laXQSOP(S g,a )

aec
Then, - -

Q" — Qsorllee < Ir£T50p)TA + €,
where 1 is the indicator function, A = Tyax — Tmiv, and ||f — hl|oo = maxs g4 |f(s,9,a) —
h(s,g,a)l.
Proof.

|Q*(5’g’a)_QSOP(S7gaa)| |Q (S g,a ) Q P(S,gya)‘FQE‘OP(S,g,a)_QSOP(S,Q,CL”
S |Q S ,g,a ) Q p(S,g7a)|+|Q§OP(3,9,G)_QSOP(S,Q,G>|
<1Q*(s,9,a) — Q5op(s,g,a)| + € (Using Lemmalf4)

If T = Tsop, then Q*(s, g,a) = Q%o p (s, g,a), and we are done. Let T # Tso p. Without loss of

generality, let Q* (s, g,a) = Q4,4 x (5,9, a) and Q%5 p (8, 9,a) = Q4s7n (8, 9, a). Then,

|Q*(S7gva’) - QZ’OP(S,Q7U:)| < IQ_XJ(\/[AX(Sagaa) - Q}F\/IIN(S’97G’)|
ST‘A.
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Lemma 6. Let Q* and Q* be the optimal Q-value function and optimal extended QQ-value function
respectively for a deterministic task in M. Then for all (s,a) in S x A, we have

Q"(s,0) = max Q" (s,.).

Proof. We first note that

- max{rmn,r(s,a)}, ifs€g
max7(s,g,a) = max (s, a) otherwise. = "'(5:@)- 1)
geg 9eG 9 )

Now define - -
Q:nax(S? a) = max Q* (Sa g, a)'
geg

Then it follows that

[Q:naw] (57 CI,) = T(S’ Cl) + Y Z ‘3 CL) ma‘X Q?nauL(S/’ Cl/)
s'es
(s,a +”yz s, a) max{maxQ (s',9,a")

e A
s'eS “ -

(s,a) +7 E (8'|s,a) max{ aﬁQ*(s’,g,a’)
‘e
s'eS -

=r(s,a)+ max

v E (8'|s,a) max Q*(s',g,a’)|  (Since p is deterministic)
a’'e
s'€S

—maxr(s g,a —|—max [’y Z s'|s,a maxQ (s',9,a’)|  (Using Equation|[I)

€g
g s'eS

g
g s'eS

—maxlrsg, —|—’yz |samaXQ (s',9,a )],

since 7(s, g,a) = ro(s,a) Vs ¢ G and p(s,a,w) = 1 with Q*(w, g,a’) =0 Vs € G.
= r;leagQ (s,9,a)

= Q:nax(& a)'
Hence Q.. is a fixed point of the Bellman optimality operator.
If s € G, then
QFuu(5,0) = max Q* (s, g,a) = max (s, g,a) = r(s,a) = Q*(s,a).
9€g 9eg

Since Q. = Q* holds in G and Q, ,, is a fixed point of the Bellman operator, then Q,,. = Q*
holds everywhere.

O

Theorem 1. Let M € M be a task with binary specification T' and optimal extended action-value
Sfunction Q*. Given e-approximations of the binary specifications Tn = {T1,...,T,,} and optimal
Q-functions QF = {Q%, ..., Q% } for n tasks M = {My, ..., M} C M, let

Tsop = Bexp(T,) and Qsop = BEXP(Q:Z) where Bgxp = SOP(T,,T).

Define,

m(s) € arg Hj‘aXQSOP where Qsop = max Qsop(s,g,a).
ac

Then,
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(i) Q" = Q7lloo < 1255 (UrTsor + Irg(r,}g))7a +6),
(ii) If the dynamics are deterministic,

Q" — Qsorllo < UrtTsor)TA + €,

where 1 is the indicator function, 74(s,a) = 7(s,9,a), ra = Tmax — Tmv, and ||f — hllec =
maxs 4.4 |f(8,9,a) — h(s,g,a)|.

Proof. (i): We first note that each g in G can be thought of as defining an MDP M, :=
(S, A,p,rg,7) with reward function (s, a) := 7(s, g,a), optimal policy 7 (s) = 7*(s,9)

and optimal Q-value function Q™s (s, a) = Q*(s, g, ). Then this proof follows similarly to that
of Barreto et al.|(2017) Theorem 2,

Q*(S’ a) - QW(Sv a)
<Q*(s,a) — Q" (s,a) + ﬁ((lT;éTSOP)TA +¢) (Barreto et al|(2017) Theorem 1)
2

2
< T max Ir(s,a) —rg(s,a)| + 1= ((Irtrsop)ra +€) (Barreto et al| (2017) Lemma 1)
—y sa -y

2 2
’y(lr;érg)""A + j((lT?éTSOP)TA + 6)

IN

1-— 1
(Since rewards only differ in G where (s, a),74(s,a) € {rmin, Tmax } for s € G)
2
< ﬁ((lT;éTsop + 1oz, )7A +€).
Hence,

2 .
m((lT?éTsop + min Lrtr,)rA +€)
2
m((lTﬂsm +Lrg(ry}10)72 T €)

(Since mgin 1,4-, = 0 only when r € {rg}g| ).

1Q" = Q7|

IN

IN

(ii): - B
|Q"(s,a) — @sor(s,a)| = |m3X Q" (s,9,a) — mgaXQSOP(&g,a)\ (Lemmal6)
< max |Q*(s,9,a) — Qsop(s,g,a)]
< (Irgrsop)ra + €. (Lemmalfd)

O

1.4 COMPARING THE BOUNDS OF THEOREM 1 WITH THAT OF GPI IN|BARRETO ET AL.| (2018)

We first restate Proposition 1 (Barreto et al., 2018)) here.

Proposition 2 ((Barreto et al., 2018)). Let M € M and let Q:J be the action value function of an
optimal policy of M; € M when executed in M; € M. Given approximations {Q", ..., Q7" } such
that |Q77 — Q)| < eforall s,a € Sx A and j € {1,...,n}, let

7(s) € argmax max Q;’ (s, a).
a J

then, 5

Q" — Q7o < m(ll?‘ ~ Tilloo +min f[ri —rjllee +e),
where Q* is the optimal value function of M, Q™ is the value function of win M, and ||f — h||oc =
max&gﬂl |f(8agv CL) - h(57g7a)|‘
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We can simplify the bound in Proposition [2] as follows:

2 .

197 = @7lloe = 7= (lIr = 7illoc +min Iri = rjlloc +¢)
2 .

< 7 ((Lrtr Jra + min f|r; = rjfloo +€)
— j

(Since rewards only differ in G where r(s,a),7;(s,a) € {ryiN, 'max } for s € G)

2
j((lr?éTz:)TA + (Hl]ln 17’;'?57"7 )TA + f)

IN

1—

2
j((lr;ﬁn)m + (g ryy,)ra +€)

IN

1
(Since min 1y, = 0 only when 7; € {r;}, )

2
= ﬁ«lr#n +1gir3,)ra 6

where 1 is the indicator function, and A ‘= rvax — "Min. We can see that this bound is similar to
that of Theorem[I](i) but weaker. This because:

(i) The first term of this bound requires that the current task be identical to the task being
approximated—1,.,,—while the first term of Theorem i) only requires the current task
to be expressible as a Boolean composition of past tasks—17x1g, -

(i) The second term of this bound requires that the task being approximated is one of the past
tasks—1,. ¢ (3, —Wwhile the second term of Theorem i) only requires the current task to
have a single desirable goal—lrg{rg}‘ -

(iii) Barreto et al.|(2018)) assumes that the reward function of the current task is well approximated
by a linear function over a fixed set of rewards. Hence while a new task may be expressed as
the Boolean composition of past tasks—T = T'spo p—, its rewards may not be expressible
as a linear combination of a fixed set of rewards—r # r; where r; == [rg, ..., 7] * w.

This suggests that we can can think of the SO P composition approach as an efficient way of doing
GPI, one which leads to tight performance bounds on the transferred policy (Theorem [I[(ii)).

1.5 PROOFS FOR THEOREM 2

Theorem 2. Let D be an unknown non-stationary distribution over a set of tasks M(S, A, p,~y, o),
and let &f : M — Q* be any map from M to Q* such that </ (M) = Q% for all M in M. Let

Tiv1, Ofyy = SOPGOL(</ , My, Ty, OF) where M, ~ D(t) and To = O} = @Vt € N.

Then, R -
< li =1 0¥ <
flog|g[] < Jim [7i] = lim |Q;| < (g

Proof. Let T, be the approximate binary specification of task M, learned by SOPGOL. We first note
that SOPGOL returns 7; U {73} only if 7} is not in the span of T;. That is,

7~Z+1 = 7~Z U {Tt} lﬁCTt =+ BEXP(ﬁ) where Bpxp = SOP(ﬁ,Tt)

Hence, it is sufficient to show that the number, IV, of linearly independent binary vectors, T e
{0, 1}‘g|, that span the Boolean vector space (Subrahmanyam, |1964), GF' (2)|g‘ is bounded by

[log[G] < N <[G].

This follows from the fact that [log |G|] is the size of a minimal basis of G F(2)!9! (as can easily be
seen with a Boolean table), and |G| is its dimensionality.

O

'GF(2) is the Galois field with two elements, ({0, 1}, +,.), where + :== XOR and . == AND.
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2 SuM OF PRODUCTS WITH GOAL ORIENTED LEARNING

Algorithm 1: SOPGOL

Input : off-policy RL algorithm .7, /* e.g DON x/
task MDP M, _
set of e-optimal task binary specifications 7,
set of e-optimal Q-value functions Q.

Initialise 7 : G — {0,1}

Initialise é : S x G x A — Raccording to .«

Initialise goal buffer G with terminal states observed from a random policy

while Q is not converged do
Initialise state s from M

BEXP — SOP(’%, T)
Tsop, Qsop <+ Bexp(T), BE}(P(Q*)
Q<+ Qsopif T =Tsop else QV Qsop

g < argmax | maxQ(s, ¢, a)
g'€6 a€A
while s is not terminal do
Select action a using the behaviour policy from «7: a < 7(s,g) /* e.g e-greedy
*/
Take action a, observe reward r and next state s’ in M
if T+ Tsop then
foreach ¢’ € G do
T ruwifg #se Gelser
Update Q with (s, ¢, a, 7, s') according to ./
end
if s is terminal then
T(S) — L—rya
G+ Gu{s}
else
545
end
end
end

Bexp + SOP(T,T) L
T,Q (7? Q)if T = Bpxp(T) else (T U{T}, QU{Q})
return ’Nf, Q

/
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3  FUNCTION APPROXIMATION EXPERIMENT DETAILS

3.1 ENVIRONMENT

The PickUpObj environment is fully observable, where each state observation is a 56 * 56 * 3 RGB
image (Figure 1). The agent has 7 actions it can take in this environment corresponding to: 1 - rotate
left, 2 - rotate right, 3 - move one step forward if there is no wall or object in front, 4 - pickup object
if there is an object in front and no object has been picked, 5 - drop the object in front if an object has
been picked and there is no wall or object in front, 6 - open the door in front if there is a closed-door
in front, and 7 - close the door in front if there is an opened door in front.

For each task, each episode starts with 1 desirable object and 4 other randomly chosen objects placed
randomly in the environment. The agent is also placed at a random position with a random orientation
at the start of each episode. The agent receives a reward of -0.1 at every timestep, and a reward
of 2 when it picks up a desirable object. The environment transitions to a terminal state once the
agent picks up any object and the agent observes the picked object. There are 15 types of objects
(illustrated in Table 1) resulting in 15 possible goal states. Hence, the dimension of the state space is
|S| = 56 * 56 x 3, the goal space is |G| = 15, and the action space is |A| = 7.

3.2 NETWORK ARCHITECTURE AND HYPERPARAMETERS

In our function approximation experiments, we represent each extended value function Q* with a list

of |G| DQNs, such that the value function for each goal Q;(s, a) == Q*(s, g,a) is approximated with
a separate DQN. The DQNs used have the following architecture, with the CNN part being identical
to that used by [Mnih et al.|(2015)):

1. Three convolutional layers:
(a) Layer 1 has 3 input channels, 32 output channels, a kernel size of 8 and a stride of 4.
(b) Layer 2 has 32 input channels, 64 output channels, a kernel size of 4 and a stride of 2.
(c) Layer 3 has 64 input channels, 64 output channels, a kernel size of 3 and a stride of 1.

2. Two fully-connected linear layers:

(a) Layer 1 has input size 3136 and output size 512 and uses a ReL.U activation function.
(b) Layer 2 has input size 512 and output size 7 with no activation function.

We used the ADAM optimiser with batch size 256 and a learning rate of 1073, We started training
after 1000 steps of random exploration and updated the target Q-network every 1000 steps. Finally,
we used e-greedy exploration, annealing e from 0.5 to 0.05 over 100000 timesteps.

Finally, we used the same DQN architecture and training hyperparameters for the baseline in all
experiments.
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