Supplementary Material: Fair Sparse Regression with
Clustering: An Invex Relaxation for a Combinatorial Problem

A  Proof of Lemma [

Lemma 0l For (w,Z) € C, the functions f(w,Z) = (M'(w),Z) and g(w,Z) = {a,w) are n-
invex for n(w,w,Z,Z) = M’(w)_lzlli/l_’(z)})(z —7)| where we abuse the vector/matrix notation

for clarity of presentation, and avoid the vectorization of matrices.

Proof. We need to prove the following two inequalities.

f(w7 Z) - f(w? Z) - <vﬂ;,Zf(wa Z)’ 77(7«07 w,Z, Z)> =0, (13)

g(w7 Z) - g(w7 Z) - <V17),Zg(w7 Z)7 77(71)7 w, Z7 Z)> =0. (19)

First, we observe that function g(w,Z) only depends on w and moreover, Ya € RY, g(w,Z) is
convex in w. Thus, the inequality (I9) holds trivially. Note that f(w,Z) = (M'(w),Z) =
Zij M;] (w)Z” Then,

of (w,Z) o OM;(w)  of(w,Z) .,
Tow LB, g —MW

ij
We further note that the diagonal elements of M'(w) are convex with respect to w and the off
diagonal elements are linear. Therefore, we can write the following:

M. (w
M () — M) > (P oy ) i 1]
”(w) - ij(w) = <GT’w —w),Vi,j€[n+1],i#j
Since Z;; > 0, it follows that
_ oM. (w _
2, ) ) < 2, (M ) - M ().

Now, we prove that f(w, Z) is indeed 7n-invex, that is

fw,Z) = f(0,2) = (Vg 2.f (w, Z),1(w, D, Z, Z))

— (M oM () _ e _
= (M'(w),Z) — (M'(w), Z) — <Z Zij— o w — w) = (M (@), M'(@) "M (w)(Z - Z))
> (M (w), Z) — (M (), Z) — Z Zij (M (w) — M (@) — (M (w), Z) + (M (w), Z)

-0

This proves that f(w,Z) is n-invex in (w, Z) € C. O

B Mixed Integer Quadratic Program (MIQP) (&) is NP-Hard

In this section, we will show that the MIQP presented in (B) is at least as hard to solve asa 0 — 1
Quadratic Program. It should be noted that MIQP (8) is stated for a fixed X. However, since the
entries in X are drawn from a sub-Gaussian distribution, matrix X can potentially realize any real
matrix in R™*¢.
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Lemma 9. The Mixed Integer Quadratic Program (MIQP) (B) is NP-hard.

Proof. We will consider the case when \,, = 0. Other cases will be at least as difficult as this case.
First, we write optimization problem (B) in the following form:

1 2 2 1 _2 2 2
min —wT (EXTX)w + 2T =yXw + 2T =71z — “yTXw — ~yTz
weRd ze{—1,1}» 2 n n 2 n n n

1 2 2 1 2 2 2
= min 2T =71z — ZqyTz + | min —wT (ZXTX)w + (2T =7X — ZyTX)w
ze{—-1,1}7 \2 n n weRd 2 n n n

(20)

We observe that w = (XTX)TXT(—~yz + y) solves the nested optimization problem, where (-)T
denotes the pseudo-inverse. Thus, substituting the optimal value of w, we get the following opti-
mization problem:

2
2
min L zT(I - X(X™X)XT)z — LyT(I - X(XTX) XT)z 1)
n

ze{—1,1}" N

Observe that I — X(XTX)"XT can potentially be any fixed real matrix in R”*™. By simply sub-

stituting z’ = z;rl, we get a 0 — 1 Quadratic Program which is known to be NP-Hard (Billionnetf,

DOI0). O

C Proof of Lemma 2

Lemmal [f Assumption @ holds and n = Q( Sglg’_g ) then eig, ., (Hgg) = Cuin ywith probability
at least 1 — O(%).

min
d

Proof. By the Courant-Fischer variational representation (Horn-& Tohnson, Z017):

1 1
eig i, (E(XXT)s5) = ‘rr‘lin YTE(XXT)ssy = min yT(E(XXT)gs — —XIXs + —XIXg)y
n n

lyl2=1 lyl2=1

1 1
< YT(E(XXT)ss — EXEXS + EXBXS)Z/

1 1
= yT(E(XXT)ss — —X{Xs)y +yT—XiXsy
(22)

It follows that
. 1 1
elgmin(ﬁxgxs) = Cin — H]E(XXT)SS - EXEXSHQ (23)

The term |E(XXT)gs — 1 XTXg|2 can be bounded using Proposition 2.1 in Vershynin (2012) for
sub-Gaussian random variables. In particular,

1
P(|E(XXT)ss — —XEXs|2 = €) < 2exp(—ce’n + s) (24)

n
for some constant ¢ > 0. Taking € = %, we show that eigmin(%XgXS) > % with probability
at least 1 —2exp(—cc’2jf‘“‘n + s). O

D Proof of Lemma 3§

Lemma B If Assumption B holds and n = Q(%), then |[HsesHghlo < 1— & with

probability at least 1 — O(%) where 7(Ciin, o, 0, %) is a constant independent of n, d and s.

Proof. Before we prove the result of Lemma B, we will prove a helper lemma.
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Lemma 10. If Assumption @ holds then for some 6 > 0, the following inequalities hold:

~ n52
P(|Hgeg — Hge >0)<4(d— —
(H 508 o SHOO ) ( s)sexp( 12882(1 + 40’2> max; ZZZZ)
P(|Hss — Hss oo = 6) < 45 exp(— no” ) 25
12852(1 + 40?) max; X3
& - — 52C§11n CCrzninn
P(|(Hss) ™' = (Hss) o = 0) < 2exp(— —Is +8) + 2eXP(*T +5)

Proof. Let A;; be (i, j)-th entry of Hges — Hgeg. Clearly, E(A;;) = 0. By using the definition of
the | - || norm, we can write:

IP)(HHSCS - Hscsﬂoo = 5) = ]P)(IlIel%};( ;S |A1]| =0
J

P(> |4, = 6) (26)
JeES
5
< (d=s)sP(lAy| > )

where the second last inequality comes as a result of the union bound across entries in S and the last

inequality is due to the union bound across entries in S. Recall that X;, ¢ € [d] are zero mean random

variables with covariance X and each \/);7 is a sub-Gaussian random variable with parameter o.

Using the results from Lemma 1 of Ravikumar ef all (20011), for some § € (0, s max; ¥;8(1 +40?2)),
we can write:

2
P4yl > g) < dexp(- g +Zi2) max 52 7
Therefore,
P([Hlscs — Hesl > 6) < 4(d — s)sexp(— o’ ) e
128s%(1 + 40?) max; X3
Similarly, we can show that
-~ 9 né>

P(|Hss —Hgsllo = 6) < 4s” exp(— ) (29)

128s%(1 + 40?) max; X3
Next, we will show that the third inequality in (Z3) holds. Note that
|(Fses) ™ — (Hses) oo = [ (Hss) " (Hss — Hes) (Has) oo
< Vs|(Hss) ™ (Hgs — Hss)(Hgs) |2 (30)
< \/EH(HSS)AH |(Hss — Hgs)|2] (Hss) ™2
Note that [Hgg|2 = Cuin, thus ||(Hgs) |2 <

. Similarly, [Hgs|2 = m"‘ with probability

Chin

at least 1 — 2exp(—% +5). We also have |(Hgsg — Hgg)|2 < € with probability at least

1 — 2exp(—ce*n + s). Taking € = 5%}%‘, we get

2. 5204,
P(|(Hss — Hss)[2 > 0 Q\f) 2exp(—— = ") 31)

It follows that H(ﬂss)_l — (Hgs) Y| < & with probability at least 1 — 2 exp(— L +5)—
2exp(—=mint 4 5). 0

Now we are ready to show that the statement of Lemma B holds using the results from Lemma [T.
We will rewrite Hges(Hggs) ™! as the sum of four different terms:

ﬂscs(ﬂss)_l =Ty + T+ T3+ Ty, (32)
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where
Ty = Hges((Hss) ™' — (Hgs) ™)
Ty = (Hges — Hges)(H )
Ty = (Hges —-IISCS)(( — (Hss)™)
Ty = Hges(Hss) ™"

(33)

Then it follows that [Hges(Hss) o < |71 ]w + [T2]00 + | T3]0 + |T4] 0. Now, we will bound
each term separately. First, recall that Assumption D ensures that [Ty]s < 1 — a.

Controlling 77. We can rewrite 7} as,

Ty = —Hge5(Hgs) ' (Hss — Hss) (Hss) ™" (34)
then,
|73 o0 = | Hises (Hlss) ™ (Hss — Hos)(Hss) oo
< [Hses(Hss) ™ oo (Hss — Hss)|oo|(Hss) ™ oo
< (1—a)|(Hss — Hss)|oov/5]| (Hss) 2o
25 (35)
< (1—a)|(Hss — Hss)lo &
(0%
< J—
6
The last inequality holds with probability at least 1 — 2exp(— Q + ) —
452 exp(— nCyin0” ) by taking § = —Cminc

18432(1—a)?s3(1+402) max; 7, 12(1—a)/s "
Controlling 75. Recall that 75 = (I:ISCS — Hges)(Hgs) ! Thus,

IT2)o0 < /5[ (Flss) ™ 2] (Fses — Hges)|o

S ~
< 2 (Blses — Hes)lo 66)
a
< —
6
The last inequality holds with probability at least 1 — 4(d — s)s exp(— 555 (?fi“;g);dm <= ) by
123
choosing § = 65‘7‘\/‘;‘1
Controlling 75. Note that,
ITs )00 < [[(Hges — Hses) ool (Fss) ™" = (Hss) ™)
! (37)
< =
6
The last inequality holds with probability at least 1 — 4(d — 5)s exp(— =ggz (oS maa = =) —

2 exp( —W + 5) — 2exp(—=2n" + 5) by choosing § = 1/ in the first and third inequality
of equation (). By combining all the above results, we prove Lemma B. O

E Proof of Lemmad

Lemma 8 [f Assumptions 0 and O hold, )\,, > 128" k ylogd log andn = Q(%), then the

setting of w and Z from equation (I3) satisfies the statlonarlty condition (B) with probability at least
1- (9( ), where 11 (Crin, @, 0, X, p) is a constant independent of d, s or n.
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Proof. Consider the following optimization problem:
miny,, %(Xw +z* —y)T(Xw + yz* —y) + Apllw|s (38)

Observe that the above problem is a transformation of optimization problem (B) by fixing Z =
Z*. With infinite samples (i.e., n — o0, A,, — 0), optimization problem (BR) is equivalent to the
following population version:

min,, E((Xw+v2z* —y)T(Xw +v2* —y)). 39)
Clearly, due to Assumption [, w* is the unique optimal solution to (B9). Let @ be the solution to

the optimization problem (B&). Notice that after replacing Z with Z* the stationarity condition (8)
is same as the stationarity condition for optimization problem (BX):

OL(w,Z; u, A
OL(w,Zsp A) _ 0,1 (40)
ow
The above simplifies into the following:
2 2 2
EXTX — =XTy + LXTz* + g = Ogn1
n n n
Substituting y from equation (I), we get:
2 2
“XTXA — =XTe + A\pg = 0gx1, (4D
n n

where A is a short form notation for @ — w*. To prove our claim, it suffices to show that @ =
(Wg,04—sx1) satisfies the stationarity condition (E1). This will be true iff gg € {—1,1}° and
gse € [—1,1]97%. In particular, if we start with w = [wg, 04_sx1] and show that |gs:|l, < 1, then
our claim holds. To show this, we replace w with [wg, 04_sx1] and rewrite equation (&) in two
parts:

1 1 An
—XiXsAs — —Xle+ gy = 0x1, (42)
n n 2
and
1o+ 1o+ An
7X-SCXSAS — 7X-Sce + —gse = 0g—sx1, (43)
n n 2
where Ag = wg — wg From equation (B2):
1 1 1 A
Ag = (=XTXg) ' =XTe — (=XIXq) 12
S (n §Xs) n s€ (n §Xs) 2gS

By substituting A g in equation (&3), we get:
. .1 A 1A 1 A
Hses(Hgs—XLe — HgiTrgs) — —XLee + rgge = 0g_s
ses( 55, 5@ ss2gs) o vseet 5 8s d—sx1
By rearranging terms and using the triangle inequality, we get the following:

. | . A 1A 1
o S ”HSCSHséﬁXgeHoo + HHSCSHSé'?ngSHoo + H%cheuoc

i
9 ggse

Using the norm inequality || Ab|o, < [|A o |b]s and noticing that |gglle < 1, it follows that:
An

A - . 1 1
|15 e oo < [Fses 54 ol XEelo + 32) + |- XLl
Furthermore, using Lemma B, ||ﬂSCsﬂ§éHoo < 1 — & with probability at least 1 —

exp(— 7"7(%‘:‘2’0"”’2) + log s):

@ 21 21
lgse o < (1 - 5)(”2%)(56”@ +1)+ HEEXToelloo
Next, we will need to bound |1 XTe], and |2 XT.e|. which we do in the following lemma:

Lemma 11. Ler A\, > %"k L’ng andn = %. Then the following holds true:
2

a 1
<

21
(|-~ —X%els > ——) < O(5
(I XEello > g=5=) < O(;

21 «
) Bl Xheelo > S

Using results from Lemma [T, we show that gse |l < 1 — < with probability at least 1 — O(3).
This ensures that W = (g, 04—sx1) indeed satisfies the stationarity condition (R). [
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F Proof of Lemma 01

Lemma @l Let )\, > 128” k ylogd log andn = (117&)2 Then the following holds true:
« 1
P2 Lol > ) <o)
TL N 1 (44)
P2 XL el > &) < 02
(15 xre. > <o)
Proof. We will start with - X Te. We take the i-th entry of 1 XTe for some i € S. Note that
1 1 &
|- Xel =1~ > Xie 45)

Recall that X;; is a sub-Gaussian random variable with parameter p? and e; is a sub-Gaussian

X

random variable with parameter o2, Then, = 3—1 is a sub-exponential random variable with param-
- e

eters (4+/2, 2). Using the concentration bounds for the sum of independent sub-exponential random
variables (Wainwrighi, 20T9), we can write:

X e nt?
(le L >t) <2exp(——), 0<t<8 (46)
o1 P e 64

Taking a union bound across i € .S:

1 ¢ nt?
PJie S| |- t) < 2sexp(——-
) (%) )
0<t<8
Taking t = 2 s,
nA\2t?
(EIZES||—72X1e]| < 2sexp(— )
256p“0; (48)
POe
0<t<16
An

2,42
It follows that || § £ XTe||,, <t with probability at least 1 — 2s exp(—gé\ﬂ%;ﬁ).

Using a similar argument, we can show that |2 1XT e

|oo < t with probability at least 1 — 2(d —

2
s)exp(— Q%\FW) Taking t = %~ and § in the first and second inequality of Lemma [ and
choosing the provided setting of A,, and n completes our proof. O

G Proof of Lemma B

LemmaB8 [fAssumptions @ and B hold, ), > 23251084 gpgp — Q(%) then |Ag|2 <

%}j\f with probability at least 1 — O(é) where To(Chin, p, k) is a constant independent of s, d or
n.

Proof. Using results from Lemma B, we can write:

A g1 1 An
1As]l2 < \\HséﬁxgeHz + [Hgs 5 =852
Using the norm inequality |Ab|2 < |A|2|b]2 and noticing that ||gs|2 < /s, we can rewrite the
above equation as:
A

o 1 "
1Az < [Fgla(l-XEel> + 2v3)
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Using Assumption [ and results from Lemma B and substituting [Hgk[2 < =— in the above
inequality, we get:
2

An
(12X Tela + F5)

As]s < .

We present the next lemma to bound the term ||+ XTes.

Lemma 12. If )\, > @L;’f‘i andn = Q(M), then | XLe|s < /522 with probabil-

72(Cmin,p,k)
ity at least 1 — O(3).

We take ¢ = 22 in the above lemma and get | A < 2)‘"‘[ with probability at least 1 — O(%). O

H Proof of Lemma 012

Lemmal® [f)\, > 128”k v Iog andn = Q(%), then | 1 XLe|2 < v/s22 with probabil-
ity at least 1 — O(3).

Proof. We take the i-th entry of %Xge for some ¢ € S. Note that

leTe\ - |, Z X;jiej| (49)

] 1
Recall that X;; is a sub-Gaussian random variable with parameter p and e; is a sub-Gaussian ran-
dom variable with parameter o). Then, “ e] is a sub-exponential random variable with parame-

ters (4+/2,2). Using the concentration bounds for the sum of independent sub-exponential random
variables (Wainwrighi, 2019), we can write:

1 n X eJ nt?
= <2 - <t <
I §= 1| > 1) < 2exp(—p), 0=t <8 (50)

Taking a union bound across i € S, we get

X, e; n
die S| |- e L 2sexp(——),
PGicS|| Z %) > 1) < 2sexp(~ ) s

0<t

VAN

8

It follows that |1 XTe|> < /st with probability at least 1 — 2s exp(— W) for some 0 <
8poe.

A

I Proof of Corollary [0

Corollary I If Assumptions @ and @ hold, )\, > 128" by 1°g and n = Q(%), then
1

the following statements are true with probability at least 1—-0(=):

n

1. The solution Z correctly recovers hidden attribute for each sample, i.e., Z. = Z* = (*(*7.

2. The support of recovered regression parameter W matches exactly with the support of w*.

3. Ifmingeg |wf| = 42‘,"_\5 then for all i € [d), w; and w} match up to their sign.

Proof. Since Z = Z*, the hidden attributes of each sample can be read by simply looking at the first
row or column of Z and skipping the first entry. The supports of @ and w* match exactly through

construction (and subsequent proofs). Observe that |All < [Allz < 237‘/5 Thus, it follows that

if minjeg |wf| = 422"7/5 then for all ¢ € [d], w; and w;] will have the same sign. O
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Figure 3: Left: Exact support recovery of w™ across 30 runs. Right: Exact hidden attribute recovery
of Zx across 30 runs. The true value of v is 2.

J Quality of Solution with bias parameter

Our method requires a known value of bias parameter « in our analysis. However, in practice, we
observe that even a rough estimate (up to +25%) works pretty well. We conducted computational
experiments with a range of values of y and the reported results are averaged across 30 independent
runs. The performance measures used here are the same as in Section B (See Appendix M for details).
Figure Ba shows the quality of support recovery for different values of v and Figure BH shows the
quality of recovering the hidden attributes for different values of . Note how both the curves show
100% correct recovery for a wide range of v. These experiments show that prior knowledge of the
exact value of v is not necessary for our method.

K Alternate Optimization Algorithm for Solving Optimization Problem (B)

We use the following alternate optimization algorithm to solve optimization problem (H) in our
computational experiments.

Input: Data samples (X, y), amount of bias -y
Output: w,Z
Zy — In+1><n+1
YN <—Z0(2n+1,1)
fort=1,2,--- until Z;_, = Z; do
Wy < argmin,, %(Xw +92i1 — )T (Xw + vZi—1 — y) + M\nfw|1

LixXa, —vI2 2(Xa, —v)T
T L

%(det —Y)T %Inxn
Z; «— arg ming trace(M(w;)Z), such that diag(Z) =1, Z > 0,1 1xn+1
Zy <—Zt(2n+l,1)
end for
W «— ’lI}t, Z «— Zt
Algorithm 1: Alternate Optimization Algorithm for our problem

Recall from equation (B) that

z zz7

ZA[l ZT]. (52)

Thus, we can read z from Z by considering its first column and skipping the first entry. We denote
thisas z = Z(2 : n + 1,1). We use a similar notation in Algorithm [ to assign values to vectors zg
and z; from matrices Z( and Z; respectively.
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We will show that if Algorithm [l converges then it converges to the optimal solution of optimization
problem (B). To do this, consider

1
filw,Z) = E(Xw +9zi-1 —y)T(Xw +vZi—1 — y)
fo(w) = Anfwly .
Note that fo(w) is not differentiable. Let g(Z) = —eig, i, (Z) and h;(Z) = Z;; — 1,Vi € [n + 1].
Observe that g(Z) < 0 and h;(Z) = 0,Vi € [n + 1] denote the constraints Z > 0,,41x,+1 and
diag(Z) = 1 respectively. We define 2L Z(w) as the sub-differential set for f>(w) and f4(w) € afgifuw)

is an element of the sub-differential set o 25“’) Observe that f1(w, Z) + fa(w), g(Z) and h;(Z) are
convex with respect to w and Z separately but they are not jointly convex. Consider the following
optimization problem:

(53)

argming z fi(w,Z) + fa(w)
w,Z* = such that (Z) <0 54
hi(Z) =0 Vie[n+1]

We have already shown that the solution @, Z* is the unique solution to (84). We propose the
following alternate optimization algorithm to solve this problem:

Output: w,Z
Zg — In+1><n+1
fort=1,2---untilZ;_, = Z; do

wy < arg ngn fi(w,Zi—1) + fo(w) (55)
argming  f1(wy, Z)
Z; < suchthat g¢(Z) <0 (56)
hi(Z) =0 Vie[n+1]

end for
W «— Wy, 7 — Zt
Algorithm 2: Alternate Optimization Algorithm

We will prove the following proposition:
Proposition 1. If Algorithm O converges, then w = W and Z = Z*.

Proof. We start by writing the KKT conditions for optimization problem (B4).

= * = * *
1. Stationarity c;)nditions: % + f4(w) = 0 and afl(g’z’z ) 4 ragéé) +
1 ohi(Z*) _
Z;nil S; 57 = 0

2. Complementary slackness condition: rg(Z*) = 0.
3. Primal feasibility condition: g(Z*) < 0 and h;(Z*) = 0,Vi € [n + 1].

4. Dual feasibility condition: r > 0.

Any optimal solution to optimization problem (B4) must satisfy the above KKT conditions. Next,
we write the KKT conditions for (83) at convergence, i.e., at Z; = Zy_1:

P o Of (w2
1. Stationarity condition: % + fi(wy) =0
Similarly, we write the KKT conditions for (Bf) at convergence, i.e., at Z; = Z;_:

1. Stationarity conditions: Pfl(wt Ze) 4 tﬁg Zt) + 3y, azzf) —
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2. Complementary slackness condition: tg(Z;) = 0.
3. Primal feasibility condition: g(Z;) < 0 and h;(Z;) = 0,Vi € [n + 1].
4. Dual feasibility condition: ¢ > 0.
Combining the KKT conditions at wy, Z; for (83) and (B6) and taking r = t and s; = u;, Vi € [n+1],

we see that all KKT conditions of (B4) are satisfied by w;, Z;. Since the solution to (B4) is unique,
it follows that w = w and Z = Z*. O

L Our Assumptions Hold for Finite Samples

H

o
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(a) Positive Definiteness against number of sam{b) Mutual Incoherence against number of sam-
ples ples

Figure 4: Left: Positive Definiteness Assumption [0 with varying number of samples for d =
100,200 and 500, Right: Mutual Incoherence Assumption @ with varying number of samples for
d = 100, 200 and d = 500.

Figure B shows how our assumptions hold (averaged across 30 independent runs) in the finite sample
regime with varying number of samples when X is drawn from a standard normal distribution. We
notice that for a fixed s, Assumption [ is easier to hold (i.e., n = Q(s + log d)) than Assumption I
(i.e., n = Q(s31log d)). Eventually, both assumptions hold as the number of samples increases.

M Details of Experimental Validation

In this section, we validate our theoretical results by conducting computational experiments on syn-
thetic data. We will show that for a fixed s, we need n = 10° log d samples for recovering the exact
support of w* and exact hidden attributes Z*, where 8 = ((s, Cruin, @, 0, %, p,, k) is a control
parameter which is independent of d.

Data Generation. For d = 100,200 and 500, we draw X € R™*% from a standard Gaussian

distribution by varying n as 10° log d for a control parameter 3. The s = 10 non-zero entries of true

parameter w* € R? are chosen uniformly at random between [—1, 1]. Every non-zero entry in w*

is changed to at least 0.75 to make sure that it is not too close to 0. The independent noise e € R™
k

is drawn from a zero mean Gaussian distribution with standard deviation Torn for k = 0.15. The

estimate of the bias v € R.¢ is kept at 2. Regarding the hidden attribute z* € {—1,1}", we set §
entries as +1 and the rest as —1. The response y € R" is generated according to (). This process
is repeated 30 times and the reported results are averaged across these 30 independent runs.

Choice of Regularizer and Solution. According to Theorem [, the regularizer \,, is chosen to

be equal to 122—"”“7”2“. We solve optimization problem (B) by using an alternate optimization
algorithm that converges to the optimal solution (See Appendix Kl for details).
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Measure of Performance. The performance is measured by comparing the recovered solutions w
and Z with the true parameters w* and Z*. The quality of w is measured by comparing its support

to the support S of the true parameter w* by computing the Jaccard index J (S, S), where S is the
support of 1, i.e., S = {i|w; # 0,i € [d]}. The average of .J(S, S) across 30 independent runs is
plotted against the number of samples n (See Figure a, PH). Similarly, the quality of Z is measured
by the indicator variable I(Z, Z*). The average of I(Z, Z*) across 30 independent runs is plotted

against the number of samples n (See Figure 4, Dd). The Jaccard index J(S, S ) and indicator
variable I(Z, Z*) are defined as follows:

. 185nS 0, if Z # Z*
J(S’S)i:sué:’ 1 *)A{lifZ=Z*

Observation. Figure Pd shows the Jaccard index of support recovery with varying number of
samples. We see that our method recovers the true support for all three values of d as we increase
number of samples. Also, notice how all three curves line up perfectly in Figure PH when we plot the
support recovery with respect to the control parameter 5 = log 1ng1 -+ This validates our theoretical
results. Similarly, Figure Zd shows exact recovery of the hidden attribute with varying number of
samples. We again see that as the number of samples increase, our recovered hidden attributes are
100% correct. Again, the three different curves for different values of d line up nicely when plotted
against 3. Interestingly, a small percentage of our experiments recover the hidden attributes exactly
for small number of samples (< 20). We believe that this can be ascribed to Z* having small
dimensions and thus becoming relatively easier to recover. On a more practical point of view, once
hidden attributes are identified for each sample point, the associated bias (for and against) can be
duly removed from the model.

N Optimization Problem (B) is Non-Convex

Before we begin the proof of non-convexity of (H), we note that optimization (B) is stated for a
fixed X. However, since the entries in X are drawn from a sub-Gaussian distribution, matrix X
can potentially realize any real matrix in R"*?. In particular, we are interested in a problem where
3i, k € [d] such that >, X7, — X; is non-zero. Since X can be any real matrix in R"*%, this is
not a strong assumption. With this assumption in mind, we present the following lemma.

Lemma 13. The optimization problem (B) defined on a convex set C, is non-convex.

Proof. As defined in (B), we define the domain for optimization problem on a convex set C' =
{(w,Z) | we R? diag(Z) = 1,Z > 0,4 1xn+1]}- It should be noted that C is a convex set and we
will show that the non-convexity of the problem comes from the objective function. We are solving
the following optimization problem:

min, zyec  (M(w), Z) + An w1, (57)

It suffices to show that f(w, Z) = (M(w), Z) is non-convex function. To that end, we will construct
a setting of (w, Z) € C and (w, Z) € C such that the first order condition for convexity fails to hold,
i.e,

— @ ¢ _ 7 58
w0 ,(w—w))y+<¢ 57 VAAY (58)

First notice that,

of(w,Z) :ZZ__aMij(w) of(w,Z)

ow LT w0 Tz, =M(w)
Recall from equation (B) that,
1 (w)  2(Xw—y)T
2 — T — o ni\Ty
) = 5 (K= y)7 (K —y). M) = |, HEYT
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Then &£ (“’ Z) can be simplified as:

U2 _ 2 o Xy + XT2), o
ow n

where z € R" denotes the first column of Z after skipping the first entry.

We provide the following construction for (w,Z) € C and (w,Z) € C. We take w € {0, 3}¢ such
that wy, = 0,Vk # i and w; = 3 where 8 € R. Similarly, w € {0, 3}? such that w;, = 0,Vk # i
and w; = ,5 Since w € R?, such a setting exists for a non-zero 3. Furthermore, we take Z =
L.i1xns1 and Z € {0, 1}”“”+1 such that Z;; = 1,Vi € [n+ 1] and Zy (1) = 1, Z(j1)1 = 1.
Now, we can compute the following quantities:

(M), Z) = 1(w) + 77 = = D) (Xugw — y1)? + 77
=1

2 2y
(M(w), Z) = I(w) +* — %(in@i —Yr) = (Xuw; —y)® +9° + = (szwz Yk)

S~
L=

=1

= 2
M(w),Z - Z) = =~ (Xyii — 1)
of (w,Z _ 2 RS .
<%aw —w) = o (wiw; — 2 X7 + (—w; + ;) z; Xy + (wi — ;) Xpi)
(61)
Substituting w; = B and w; = —f, we get
4 n
w) — @) = —2 3 Xy
Ly ©2)
of (w,Z) A 4B Y
< 811) 7w_w>__n 1221 li l;Xlel-f' sz
Clearly,
N5 A6 &
<M(’LU), Z> - <M( )7 Z> = _; Z Xlzyl - 7(Xk7,wz yk:)
=1
0,7 2 48 & 48 & 4
<M(1D)7 Z— Z> +< f((f}w7 )7 - 7> - _l(XkﬂDz yk) - ﬁ Z Xl21 - 76 Z Xlzyl + ﬁX}cz
w =1 =1 "
(63)
It follows that
_ 0,Z 4 < 4
(), 2) — M(0),2) ~ M(2),2 - Z) ~ (LD = 52 Y X3~ S
=1
(64)

As D, X?% — Xy; is assumed to be non-zero, it is easy to see that LHS of equation (Bd)can be
made greater than or less than 0 by simply choosing appropriate 5 € R. Thus, optimization problem
(B) is non-convex. O]

O Real World Experiment

We show applicability of our method by conducting experiments on Communities and Crime Data
Set (Redmond, P20007) and Student Performance Data Set (Carfez, PO0S).
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0.1 Communities and Crime Data Set

This data set contains 1994 samples with 122 predictors which might have plausible connection to
crime, and the attribute to be predicted (Per Capita Violent Crimes). In the preprocessing step, any
predictors with missing values are removed and all the predictors and the attribute to be predicted
are standardized to have zero mean and unit standard deviation. The preprocessed dataset contains
d = 100 predictors and n = 1994 samples.

The optimization problem (B) is solved for A,, = 0.15 and + is chosen to be w As
the problem is invex, any algorithm which converges to a stationary point can be used to solve the
problem. We used an alternate optimization algorithm (See Appendix Kl) which converges to an
optimal solution.

Main results. Based on the support (non-zero entries) in the recovered w, we found that the fol-
lowing are the most important predictors of Per Capita Violent Crimes:

1. PctHousNoPhone: percentage of occupied housing units without phone

2. PctNotHSGrad: percentage of people 25 and over that are not high school graduates

3. PctLess9thGrade: percentage of people 25 and over with less than a 9th grade education
4. RentLowQ: rental housing - lower quartile rent

We also recovered the hidden sensitive attribute with 816 instances of positive bias (z = +1) with
mean crime rate 0.8002 and 1178 instances of negative bias (z = —1) with mean crime rate —0.5543.
By plotting data with two of the most important predictors (PctHousNoPhone, PctNotHSGrad), we
clearly see the existence of two groups (Figure H). Our Mean Squared Error (MSE) is 0.0265.
Chzhen ef all (2020]) can be checked for comparison with other state-of-the-art methods (12 methods
of 3 different types) where only the Kernel Regularized Least Square method (MSE=0.024 + 0.003)
and the Random Forests method (MSE=0.020 + 0.002) perform better than our method in terms
of MSE but suffer heavily in terms of fairness. Other methods incur MSE in the range between
0.028 £ 0.003 to 0.041 + 0.004.

Figure 5: Clusters in Communities and Crime Dataset

0.2 Student Performance Data Set

This data set contains 649 samples with 33 demographic, social and school predictors and the at-
tribute to be predicted (grade in the Portuguese Language course). The data set contains some
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categorical variables which are converted to numerical variables using dummy encoding (thus in-
creasing the number of predictors). Two columns containing partial grades were removed from the
data set. In the preprocessing step, all the predictors and the attribute to be predicted are standardized
to have zero mean and unit standard deviation. The preprocessed dataset contains d = 39 predictors
and n = 649 samples.

Similar to subsection [T, the optimization problem (B) is solved for A, = 0.15 and v =
max(y) —min(y)
5 .

Main results. The following are the most important predictors of grades in the Portuguese Lan-
guage course:

1. school: student’s school
2. failures: number of past class failures

3. higher: wants to take higher education

We also recovered the hidden sensitive attribute with 420 instances of positive bias (z = +1) with
mean grade 0.2305 and 229 instances of negative bias (z = —1) with mean grade —0.4227. Our
Mean Squared Error (MSE) is 0.0494. [Chzhen efall (2020) can be checked for comparison with
other state-of-the-art methods (12 methods of 3 different types) where none of the methods performs
better than our method in terms of MSE (range between 3.59 £ 0.39 to 5.62 + 0.52).

0.3 Discussion.

While our analysis identifies two groups with bias in both data sets, it cannot only be attributed to
the most important recovered predictors. Recall the “red-lining” effect (Calders, PUT{) where there
might be other correlated predictors which can facilitate indirect discrimination. For example: in
the Communities and Crime data set, annual income could be correlated with PctHousNoPhone and
similarly in the Student Performance data set, parents’ educational qualification could be correlated
with student’s willingness to go for higher education. Our analysis does not ignore such factors. In
fact, even after taking the red-lining effect into the consideration, our method is able to identify two
groups with bias.
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