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Abstract

Meta-learning has achieved significant advancements, with generalization emerging
as a key metric for evaluating meta-learning algorithms. While recent studies have
mainly focused on training strategies, data-split methods, and tightening general-
ization bounds, they often ignore the impact of inner-levels on generalization. To
bridge this gap, this paper focuses on several prominent meta-learning algorithms
and establishes two generalization analytical frameworks for them based on their
inner-processes: the Gradient Descent Framework (GDF) and the Proximal Descent
Framework (PDF). Within these frameworks, we introduce two novel algorithmic
stability definitions and derive the corresponding generalization bounds. Our find-
ings reveal a trade-off of inner-levels under GDF, whereas PDF exhibits a beneficial
relationship. Moreover, we highlight the critical role of the meta-objective function
in minimizing generalization error. Inspired by this, we propose a new, simplified
meta-objective function definition to enhance generalization performance. Many
real-world experiments support our findings and show the improvement of the new
meta-objective function.

1 Introduction

Meta-learning has been proven to be a powerful paradigm for extracting well-generalization from
previous tasks and quickly learning new tasks [1]]. It has received increasing attention in many
machine learning applications such as few-shot learning [2], robust learning [3]], and natural language
processing [4]. The key idea of meta-learning is to improve the learning ability of agents through a
learning-to-learn process. In recent years, optimization-based meta-learning algorithms have emerged
as a popular approach [5H8]. These studies formulate the problem as a bi-level optimization problem
and have demonstrated impressive performance across various domains, significant attention from
the research community. In particular, at the outer-level, it trains a meta-learner to extract task-shared
knowledge from meta-training tasks. At the inner-level, a basic model, which is initialized using the
meta-parameters, adapts to each task by taking () inner-level gradient updating, where the () times
inner-level update is commonly called an inner-process [5, OH11].

Despite the remarkable success of meta-learning, its theoretical understanding of generalization
remains largely unexplored. Recent studies have primarily focused on analyzing the effect of training
strategy [[12} [13], data splitting methods [14} [15] on generalization error or on advancing tighter
generalization bounds [16} [17], while overlooking the impact of inner-levels on generalization, i.e.,
the relationship between the generalization error and the number of inner-levels ().

In particular, there are two main inner-processes frameworks in current meta-learning algorithms, as
shown in Table m One is the Gradient Descent-based Framework (GDF) [5. 6, [18]], where the key
idea is to measure the closeness of the initial prior hypothesis to the target optimal hypothesis by the
number of gradient descent steps. However, this approach incurs high computational costs due to the
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Table 1: The summary of main meta-learning algorithms

Frame. Algorithm Inner-Level Process Convex Non-Convex
MAMLIS Wy, =w—a Z?:Ul VZz (w?,Dy) —— ——
v O i /F(w®)—minyy EN 2 ev
GDF FO-MAML [5] = argminy,,, {(Ce, VLi(ws, D;), O(%ﬁf, 4 VPG mingy FAT O(E= (14 L)) (F(w)T) ™)
Meta-SGD [6 wr, —w) + 55 |wr —wl|3}
iMAML [20 ~
— wr; = argmin,, _ L;(w;, D;) T /Fw®)—miny F+7T) . a e
PDF | Meta-MinibatchProx [7 +%HU’T,E wll? Ol g + O(=Z (14 gg)) ™ (F(w)T) ™)
FO-MuML [11

need for second-order derivatives and requires careful tuning of multiple hyper-parameters [19]. To
address these limitations, another inner-process framework PDF, which is based on proximal descent,
has been developed [20, [7, [11]]. It only depends on the solution to the inner optimization and not the
path taken by the inner optimization algorithm.

To validate the impact of () on the two frameworks, we conducted
two simple experiments on the Omniglot dataset [21]] using MAML
[5] and Meta-MinibatchProx [7] to be the examples. In Figurem the
generalization error (Test Loss - Training Loss) first decreases but
then increases with the number of inner-levels () grows in MAML,
while always decreases in Meta-MinibatchProx. This different be-
havior, attributed to the distinct inner processes of the two frame-
works, motivates the need for a deeper analysis to help the design o2
of @ for improved generalization performance. R
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To analyze the relationship between inner-levels () and generaliza- (a) MAML.
tion error under these two frameworks: GDF and PDF, this paper
leverages the algorithmic stability to characterize the generalization
of algorithm [16, [22]], which measures sensitivity to perturbations
in the training dataset. To the best of our knowledge, this is the first
study to investigate the influence of inner-levels on the generalization
of meta-learning under two frameworks. Our findings offer valuable 03 A
insights for developing efficient meta-learning algorithms. The main
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(1) We summarize six mainstream meta-learning algorithms and
extract their structural features. Based on their inner-processes,
we classify these algorithms into two frameworks: GDF and PDF, ' Fijgure 1: Effect of Q on Om-
and develop two definitions of on-average stability, respectively. pjglot dataset.

Accordingly, we establish a quantitative relationship between inner-

levels and the generalization error in convex and non-convex settings.

(2) Our results reveal the influence of the inner-levels () on general-
ization error. In particular, we identify a trade-off relationship in GDF, whereas PDF demonstrates a
beneficial relationship in its generalization bound. The primary reason for this difference lies in the

term introduced by the inner-process. For example, in convex setting, the term for GDF, (’)(:;—Q),

ntr
increases with (), whereas the term for PDF, (’)(%), decreases with @). These findings help to
design a more efficient inner-process of meta-learning.

(3) Based on the generalization results of GDF and PDF, we further derive the generalization
bounds for six meta-learning algorithms and analyze their implications. In general, note that the
meta-objective F'(w) plays a crucial role in reducing the generalization bound. Motivated by
this, we propose a new meta-objective Fiew (w) and prove Fyew(w) < F(w), thereby enhancing
generalization performance. Extensive experiments confirm the efficiency of the proposed objective.

2 Related Work

Algorithm Stability. Algorithmic stability is critical for learnability [23]]. There are two main
approaches to investigating the stability-based generalization bound of meta-learning: (1) The first
approach, introduced by [24], focuses on deriving generalization bounds for the transfer error,
based on the assumption of independent task environments. This line of research has been further
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developed in several influential works [12} 25,113 [17]. In this approach, the generalization error is
defined as the transfer error minus the training error. (2) The second approach, by quantifying the
test error, successfully eliminates the assumption of independent task environments and provides
tighter generalization bounds compared to the first approach [[16]. Additionally, [22] re-examined
the generalization performance of meta-learning from a bi-level perspective, i.e., the inner-level
and outer-level, and concluded that inverted regularization at the inner level helps to reduce the
generalization bound. Differently, we make a further development in the second group by re-
examining the generalization ability from two main structures at inner-level and reveal the two
distinct impacts of inner-levels. Notably, the algorithm stability of prior work is limited in one-step
MAML, highlighting the need for a novel algorithm stability definition.

Meta-Learning. Recent advances in meta-learning have spurred significant progress. From the
optimization perspective, [26] analyzed the convergence rate and computational complexity of ANIL,
while [27] investigated the convergence properties with a single adaptation step. Extending this, [28]]
developed a theoretical framework for MAML with multiple inner-levels. [[L1] introduced a novel
analysis of first-order meta-learning algorithms. To improve the in-context learning performance
of pre-trained models, several meta-training-based approaches have been proposed. For example,
MetalCT [29] uses BinaryCLFs and LAMA datasets to create tasks, while pre-pending human-
generated instructions to each task. In contrast, MetalCL [30] leverages a wide variety of disjoint
tasks to meta-train large language models. [31] demonstrates that meta-learning can aid in cross-task
generalization for prompt tuning. Moreover, MAML-en-LLM [32] is capable of learning truly
generalizable parameters that not only perform well across disjoint tasks but also adapt effectively to
unseen tasks.

3 Preliminaries

In this paper, each data point z = (x,y) € Z consists of an input z € X" and its corresponding label
y € Y. We assume access to m tasks, denoted by 71, . . ., T, with the data for each task 7;,i € [m)],
generated from an unknown distribution ;. We use the loss function £ : R?x Z — R™ to evaluate the
performance of a model parameterized by w € W, where W is a closed subset of R¢. The population
loss corresponding for task 7; is defined as £;(w) := E,..p, [¢(w, z)]. In addition, we use the notation

A~

L;(w) to denote the empirical loss for task dataset D;, i.e., £;(w, D;) := ﬁ Zzepi £(w, z), where

|D;| is the size of D;. The goal of meta-learning is to learn good meta-parameters w that perform
wells across different tasks, which can be written as follows:

1 m
fféiuflv F(w) = - Zi:l F;(w), e
where F;(w) is used to denote the performance of w on task 7;, after undergoing multiple (or one)
gradient updates to adapt the parameters to the specific task. At a high level, a.k.a., the outer-level, the
learner needs to figure out useful meta-information that can generalize across tasks. At the inner-level,
the learner needs to find task-specific parameters w7; that perform well on individual tasks after
undergoing an inner-process.

3.1 The GDF Framework

From the inner-level perspective, two distinct inner-processes have primarily been developed, giving
rise to two dominant meta-learning frameworks, as illustrated in Table [I} One prominent meta-
learning framework, called the Gradient Descent Framework (GDF), is exemplified by MAML [5]],
FO-MAML [3]], and Meta-SGD [6]]. In particular, the inner-process finds the task-specific optimal
hypothesis by solving the following optimization problem:

Q-1_ ~ 1
i V‘C’L K ) Dl ) i By i 27 2
min <Zq_0 (w}. D). wr, w> + 5 lhwr — w3 @
where () is the number of inner-levels, i.e., gradient descent steps in GDF and « is the inner step
size. In fact, by taking the derivative on w7; and making the gradient equal to 0, (Z) can be written as
W = wW—o ZqQ:_Ol VL;(w-, D;), which reveals that task-specific parameters are iteratively learned
by minimizing the empirical loss based using gradient descent. Specifically, in GDF, without loss
of generality, we mainly follow MAML [5]], and summarize the training procedure in Algorithm|I]
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Algorithm 1 GDF and PDF

1: The set of datasets S = {S; }[ 3) outer iterations T', inner-levels (), regulation .
2: Choose arbitrary initial point w

3: fort =0toT —1do

4:  Randomly choose the task 1.

5 Inner-Level: wh. o = w;

6: forqg=0,1,...,Q —1 do
7

t
wh = wh onE(wT 255

8: w%,q-f-l = w%’i,q - av’c(w%’i,q’ Si) ;
9: end for

10 wttl = wt — ntvwﬁi(w%—i@, S
1w i=w — AW - wh )

12: end for

oo T =T ._ _1 T t.
13: wh and W' = g Do wh

For each task 7;, we group the samples into two distinct sets among n training samples: a support
set Si* of size n'" for meta-train at inner-level and a query set S!® of size n'® for meta-validation at
outer-level. Then, for each task 7;, we have one corresponding training set S; := {S{*, S} in GDF.
Referring back to (TJ), the formal definition of the meta-loss of task 7; is:

Fz(w) = EDiEZEPL [E(U}% (w7Di)7Z]' (3)

Because it is difficult to obtain the (3] in practical applications, we usually use the empirical loss
Fi(w,S;) := [,(w?— (w,87),88) = L3 o é(w% (w, Sf), z) to approximate it.

nts

3.2 The PDF Framework

Another widely used framework of meta-learning, known as the Proximal Descent Framework
(PDF), is based on a “proximal” descent, wherein task-specific parameters are iteratively learned by
minimizing the empirical loss and an /5 regularizer. This framework is exemplified by iMAML [20]],
Meta-MinibatchProx [7]], Fo-MuML [[11]. In this framework, the inner-level optimization problem is
formulated as follows:

. A
min £;(wr;, D;) + §||w7i —w|?, @
wT;

where A > 0 is a regularization constant. In PDF, without loss of generality, we mainly follow
Meta-MinibatchProx [7]. In particular, the task-specific training set S; of size n is used directly
for meta-train at inner-level, without the data into two distinct sets. Then, we present the following
formulation of the meta-loss for task 7; corresponding to the PDF:

. A
Fi(w) := min {Ezwpie(wﬂ,z) + Sllwr - w\|2} = E.op,lr(w, 2). )

wr

and the empirical loss is Fj(w, S;) := ming,. {% Yones, Hwr, 2) + 3wy —w|?} = Lx(w, ;).
Note that we use E,p,¢x(w, z) and L A(w, S;) forlicity without impacting our analysis.

For a practical PDF-based algorithm, it’s difAﬁcult to get an exact solution of L A(w, S;), thereby
we usually turn to get the inexact solution, K(w, S;) = £ > g l(wr;, 2) + $wr; — w|® In-
stead of sglving (1, we solve its sgmple average surrogate problem as arg min,,eyy ﬁ(w7 S) =
LS Fi(w,S;), in which each F; is calculated by its corresponding empirical loss.

Specifically, b}/l\ comparing (Z) and (@), we observe that GDF only uses the first-order in-
formation of L;(wy;,D;), leading to an inexact solution. In contrast, PDF focuses on
optimizing L;(wr,D;) = <V£ (wr,D;), wr, — w> <V2£ (wr, Dy), (wr; — w)®z> +

4
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% <V321—(w7—i ,Dy), (wr, — w)®3> + - - -, and thus implicitly leveraging higher-order information.

This finding suggests that fewer inner-levels () may be more suitable for GDF, while more inner-levels
Q are better suited for PDF.

3.3 Stability and Generalization

Test error is generally considered the most critical metric for evaluating the performance of meta-
learning algorithms. To control it, most studies focus on two key perspectives: generalization error
and optimization error [33H35]. Specifically, let S := {.S;}, be the concatenation of all tasks data
sets. Given a randomized optimization algorithm A that acts on the dataset S and pr/gduces an output
A(S), the generalization error is formally defined as €gep, := E4 s[F(A(S)) — F(A(S),S)] and
the optimization error is €opy := E 4, 5[F(A(S),S) — minyy F(-, S)] [36,[37]]. Then the test error of
A can be decomposed into three distinct terms:

Eas|F(A(S)) — mvan = €gen T €opt + Es [mvan(',S)} - mvan. ©)

<0

[28.,127]] have shown that e, Will converge to 0 as the number of outer iterations 7" increases, given
that the loss function ¢(w, z) satisfies certain assumptions, and the third term is non-positive. As
such, analyzing €gcp, to improve the performance of the test error is more crucial. Note that [16} 22]
only provide €ge,, of GDF in the strongly-convex setting. To fill the gap, in this paper, we establish
a comprehensive theoretical analysis of two meta-learning frameworks in convex and non-convex
settings. Before presenting our results, we state the following definition and assumptions widely used
in generalization analysis [37, [16, [28]].

Definition 1. We say a function ¢(w) is A-strongly convex if Vwy,we,f(wy) > f(ws) +
(Vl(ws), w1 — w2) + §[|wy — ws|[% If A = 0, then we say £(w) is convex.

Assumption 1. We assume Z is a polish space (i.e., complete, separable, and metric) and Fz is
the Borel p-algebra over Z. Moreover, for any 1, P; is a non-atomic probability distribution over
(Z,Fz), ie, Pi(z) =0forevery z € Z.

Assumption 2. For any z € Z, the function {(-, z) is twice continuously differentiable. Furthermore,
we assume it satisfies the following properties for any w,u € R

(i) The loss is G-Lipschitz over R4, i.e., ||[0(w,2) — £(u, 2)|| < G|lw — ul|;
(ii) The loss is L-smooth over R%, i.e., ||Vl(w, z) — V{(u, 2)|| < L|jw — ul;

(iii) The second derivative is Lipschitz continuous with constant p over RY, i.e., |V24(w,z) —
V2e(u, )| < pllw — ull;
(iv) The third derivative is Lipschitz continuous with constant k over RY, i.e., |V3(w,z) —

V3(u, 2)|| < k|lw—ul.

Assumption 3. For any i € [m] and any w € RY, the stochastic gradients Vﬁi (w, S) have bounded
variance, i.e., Eg||VE;(w,S) — VF(w)|?* < o2

Stability-based generalization error analysis has been widely used to characterize the generalization
properties for optimization algorithms such as stochastic gradient [37]], adversarial training [38]],
and federated learning [39, 40]. Next, we will establish two different stability definitions and then
leverage them to prove the generalization bound for GDF and PDF, respectively.

4 Theoretical Analysis

Under stability analysis, [[L6] improves the previous generalization error bound in the homogeneous
case and provides a total variation-based analysis in the heterogeneous case. In addition, [22],
focusing on the inner-process, demonstrates that introducing inverted regularization at the inner-level
can enhance generalization performance. However, their analyses are limited to GDF with one
inner-level update () = 1), which ignores the effect of multiple inner-levels () > 1). To fully
characterize the effect of multiple inner-level updates, a different stability definition is required.
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Definition 2. (on-average stability for GDF). A randomized algorithm A with output ws is
called e-on-average stable if the following condition holds for any ¢ € [m]: Take the dataset
S which is the same as S, except that gfrk and §ij differ from S!* and S!® by replacing
the k-th and j-th data points, respectively, where k € [n'"],5 € [n"]. Then, we have:

MaAX ke [ntr],j€[nt] ES,AS;fk,zg; [(wT, (ws, Sf,rk)vzf,sj) — (v, (wg, Sffk% Zfsjﬂ <e

Different with the stability definition for stochastic gradient descent in [41}42]] which considers only
a single-level structure, our definitions for meta-learning mean any perturbation of samples across
levels cannot lead to a big change of the model trained by an algorithm in expectation. The main
reason that we are interested in the stability of an algorithm is its connection with generalization error.
Next, we formalize this connection for GDF and show that whether an Algorithm A is e-on-average
stable, then its generalization error is bounded above by e.

Theorem 1. Consider the population risk F(w) and empirical risk F (w). The corresponding F;(w)
and F;(w) are approached by GDF in Algorithm Under Assumption|l|and Definition E] ifAisa

~

randomized GDF-based algorithm, then €geny, < E 4 s [F (ws) — F(ws, S )} <e

Building on the GDF analysis, we now extend this concept to the PDF setting, where the stability
definition needs to account for differences in training procedures.

Definition 3. (on-average stability for PDF). A randomized algorithm .4 with output wg is called
e-on-average stable if the following condition holds for any ¢ € [m]: Take the dataset S which is the
same as S, except that gl ; differ from S; by replacing the j-th data point. Then, for any Z € Z, we
have: max;cp Es 4z, [0a(ws, Zij) — Ia(wg, Zi5)] < €, where £ is defined in (3).

Under this definition, we can establish a connection between generalization and stability. Although
similar to Theorem ie., €gen < Eg s[F(ws) — F(ws,8)] < e, the proof of this is significantly

~

different from it. In addition, F'(w) and F'(w) in PDF also differ from those in GDF, as composed of
different F;(w) and F;(w), respectively.

Based on the above theorems, we will present the generalization bounds under convex and non-convex.

4.1 Generalization bounds of GDF

Theorem 2. Let the outer-level step size and inner-level step size be chosen as 1y < % and o < %,

respectively. Under Assumptions E]- E] the generalization error €gen, of GDF can be bounded by:

T-1 B (6QG—|— QQ(XQGQ/)) 1 \/ ] Loo2 T—1
Q-1 el 0y — Q 2
O(Zt_o (1 + aL) p—" + — F(wO) mV\I}I’lF + 5 tho n; |,
where Lg = apQ(1 + aL)?~! + (1 + aL)? L. If we further let o < i and n; = n be fixed, we
can obtain a concise result as follows:

T 1
€gen < O( @ +m\/F(’LUO)_mV%)nF+T>.

mntr

Remark 1. The first observation from the above results is that the generalization bound worsens
as () increases, primarily due to the first term, O(fﬁr ). Similarly, [I5]] provides a comparable
bound, O(v/T + TQ), using the information-theoretic analysis. However, by revisiting (T) and
(3), we observe that F'(w) is influenced by w% (w, D;). Consequently, after ) steps of gradient
descent, the divergence between F'(w”) and minyy F decreases, which in turn positively impacts the
generalization bound. In summary, our findings indicate a trade-off in selecting the number of inner
steps ), which also explains the phenomenon in Figure [Ta]

Remark 2. In previous work, [9]] also provides a similar trade-off relationship, O(% +F(wh)—

+. However, under the choice o < &, the first term simplifies to O(),

minyy F), with o < %
effectively mitigating the trade-off relationship. In contrast, our result demonstrates greater robustness
to the choice of o. Furthermore, unlike the generalization bound O(ﬁ) provided by [16], our

generalization bound grows with 7" due to our consideration of a general convex setting. In contrast,
their analysis assumes a strongly convex setting, which is consistent with [37].
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Theorem 3. Let the outer-level step size be chosen as n, = § satisfy ¢ < min{i, m}
and the inner-level step size be chosen as o < & Under Assumptions and further assume that
Es a[F(ws)] < F(wP), the generalization error €gen of GDF can be bounded by:

O((l ;‘17 @Q) = (F(wO)T)lilv)

@- -1)

where ®g = 14 %, Lo = 20Fel® @ L 4 G [)QF, p = 0te)l(tal® @78 4 g
aL)*Qp+ar(l+al)?@ and v = min{Lg, Es[||V2E; (w?) 1]+pq(co++/c(F(w®) — miny F))}.
Remark 3. Note that we find that the trade-off relationship also exists in the non-convex setting, which
is similar to Theorem@ Specifically, on the one hand, we observe that 4.y, increases with &g =1 +
ntr. On the other hand, €4, decreases with F'(w), where F(w?) itself decrease with ). In addition,
7 also characterizes the effect of @ on €gen through the term pg(co + /c(F(w®) — miny, F)).
Here, pg grows with @, while F'(w®) — minyy F decreases with ). Importantly, an inappropriate
choice of the inner step size o can exacerbate the generalization error. Even when the standard loss
¢(w, z) is L-smoothness and has p-Lipschitz hessian, the compositional loss é(wg (w, SfT), z) may
become Lg-smoothness and po-Lipschitz, with Lg and pg decreasing with ). However, under our
principled choice of a < we can ensure Lg < O(1) and pg < O(1), thereby mitigating these
negative effects.

QL’

4.2 Generalization bounds of PDF

Theorem 4. Let the outer-level step size be chosen as 1y < i, the inner-level step size be fixed

and C > 1 being a constant. Under Assumptions@]—@ the generalization error €gen of PDF can be
bounded by:

T-1 277t 0 LQ02 T-1 9
O(Zt o mCQ m\/ (w mlnF+ 5 tho U P
where Lo = /\ a L If we further letny = n < 7= be a constant, we can obtain a more concise result
as follows:

T 1
< R — /F 0) — min F [ .
Cgen O(mCQ m\/ (w?) V%i ))

Remark 4. An immediate conclusion from the first term, %, in the above result is that the
generalization error in PDF decreases as the adaption steps () increase. Additionally, the second

term, =+/F(w®) — minyy, F + T)), also benefits from @ for similar reasons discussed in Remark
It is worth mentloning that, in a strong-convex setting, the generalization error does not grow
with the number of iterations 7" [37]. However, the objective in (E]) that we are minimizing is
actually strongly convex w.r.t w7; (due to the strongly-convex regularizer, %HwTi — w||? and convex
function ¢(-, z)), but only convex w.r.t w [43] 44} [35]]. As a result, our generalization bound still
grows with T'. Furthermore, if we let Q = n', the generalization error of GDF becomes (9( L
L /F(w°) — minyy F + T), which is greater than the generalization error of PDF, O(—2— +
L /F(w°) —miny F +T).

Theorem 5. Let the outer-level step size be chosen as n, = % satisfy ¢ < min{% %))},

» I(2LgIn(T))?
inner-level step size be fixed and C > 1 being a constant. Under Assumptions @E] and further
assume that Es 4[F(ws)] < F(w®), the generalization error €gen, of PDF can be bounded by:

Cntr

1

O( (=2 ag)* (<w")1) ),

where Lo = 25, v = min{Lg, Es[||[V2F;(w®)|[] + po(co + /c(F(w°) — miny F))}, B =
14 C% and pg = p.

Remark 5. Similarly, we get a lower generalization error since ®o = 1 + C—lQ and F(w°) gets
smaller when @) increases. In addition, we observe that Lo = /\):TLL and pg = p are independent of
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Table 2: Summary of our results.

Frame. Algorithm Convex Non-convex

MAML O(ZrT (1l + aL)@- 1(5QG+Q 'a’G%p) 4 Q(l'(u,"))) (9( )2(Q~ 1)(6Q0+Q2 G2 ;))) (F (u )T) I,’w)
GDF FOMAML oI m‘fj’,’{“(ur <F7£: ) O( (1+M)) (F(“n)T)u )

Meta-SGD OX T (1 + &, L)1 CQEHQ7IG) | QWD) 0(1*7(1+(1+aL) @- ”w)) (F<w°>T)‘%)

. T-1 G*+G H+ L(G*+G

iMAML O(S T} 2m(G4G) | 9(F(w?)) o(=E (1 + e )>), (F)T) " =)

g =—
PDF | Meta-MinibatchProx o( tT(,l 2y M) O<1tn 1+ (’(ML))) (F(w”)T) ™+ )
T—1 20,G° | O(F(u" I+ =
Fo-MuML Oy, G 4 AFWD)) O(EE 1+ 528 0) ™ (Fu")T) ™)

@, because PDF eliminates the compositional structure of £(w; (w, S“) z) in GDF. Furthermore, if
we set Q = n', we can get ¢ = 2 in GDF, whereas ¢ = 1 +3 —L+ in PDF, which indicate that
the generalizatlon error of PDF is lower than GDF.

Remark 6. Based on Theorems 2[5} we present the generalization bounds for the corresponding algo—

rithms, summarized in Table Here, the term Q(F (w®)) = \/F(wo) minyy F + LQUZ Zt o N}
decreases as () increases. Specifically, Meta-SGD redefines « as a learnable parameter denoted by
a;. As discussed in Remarks [2H3} the choice of the inner step size « is critical, where o < Q 18
necessary to mitigate potential adverse effects caused by the inner process. In addition, our results
reveal that algorithms based on the GDF framework exhibit a trade-off between the inner process and
generalization error, as shown in Theorems In contrast, the PDF framework avoids the adverse
effects of the adaptation process by implicitly leveraging higher-order information. It is important
to emphasize that our analysis focuses on the relationship between ) and €,.,. However, directly
comparing €gep, across algorithms remains challenging due to the influence of algorithm-specific
terms, such as L¢ and pq.

4.3 New Optimization Objective

Recalling from the Theorems [2}{5| and the results in Table [2] l we can observe that F'(w®) plays a
critical role in reducing the generahzatron bound, due to the terms, F(w") — minyy F and F(w®)T.

To reduce the impact of F(w®), note that F'(w®) = L 37 | F;(w?), then let us consider a simple
relaxation technique: given a constant § € [0, 1) and it < 2 with the losses sorted by {F;(w")}
in ascending order, we can obtain that 7" | F;(w®)¥(®) < Z;imﬂ Fi(w°)¥®, where (i) is a
mapping function associating the index with the original loss F;(w?). Based on this, we can derive
F(wo) = % Z?il Fi(wo)w(i) > % 2111 Fi(wo)w(i) + % Z?lmﬂ Fi(w0)¢(i)~ Motivated by
this result, we propose the following optimization objective:

1+ m 1-— m
FHEW(w) - ﬁ”LB Zi:l FZ( 6 Zz m+1 )1/)( K (7)

where m = (1 + )7 + (1 — 8)(m — 1) is to ensure the lower bound derivation. A clear advantage
of our new optimization objective is its ability to achieve a smaller initial value, F},cy (w"), thereby
reducing the generalization error. In addition, this new optimization objective is designed to easily
integrate with all types of algorithms in both the GDF and PDF frameworks without requiring
modification of their training procedures. During the training phase, we usually select a batch
B with size B. After performing the inner-process on each task, we evaluate their task losses
El(w%),z € [B), at the outer-level and sort the losses in ascending order, yielding {Z; (w- )P,
Then, based on the sorted losses, we then use a weighting factor 3 to adjust the weight of each
task when updating the meta-model w’. Importantly, our strategy achieves a dynamical fairness for
each task without compromising convergence performance. The design most similar to our new
optimization goal is [45]], however, their goal is to maximize the meta-loss as much as possible to
obtain task-robust meta-parameters, whereas our goal is to reduce the original meta-loss, and our
approach is easier to practice.

5 Experiment

Few-shot regression. This problem focuses on approximating a family of sine functions represented
as f(z) = asin(bz). The task distribution, denoted as P, corresponds to the joint distribution p(a, b),
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Figure 3: Convergence results with or without our new objective.

where a ~ U|0.1, 5] is the amplitude and b ~ U|0, 7] is the phase. Both the training and test tasks
are randomly generated from P = p(a, b). Following [[7]], we use an MLP network with Mean square
error loss function. The generalization error is assessed as the difference between training and test
errors. For each training task, we set the number of support samples and query samples to n'* = 5
and n'*® = 5, respectively, while for each test task, we use n** = 5, n's = 15.

Few-shot classification. We follow the standard experimental setup described in [21] using the
real-world Omniglot dataset, which comprises 1,623 characters from 50 different alphabets, with
each character having 20 instances drawn by different individuals. We employ a 3 x 3 CNN to align
with [} [12]], and use the Cross-Entropy Loss as the loss function. For each task, the number of
support samples and query samples to n'* = 1 and n*® = 5, respectively. For each test task, we use

n'’ = 1,n* = 15. In addition, each task is formulated as a 5-way classification problem.

We fix the training task number m = 100 and generate 10000 new tasks at test time by using the
standard library [46]. To ensure a fair comparison, We report the average generalization error during
the last 10 iterations of GDF and PDF under convex and non-convex settings. As shown in Figure 2}
GDF’s generalization ability benefits considerably from smaller inner-levels (), but deteriorates when
@ becomes larger. In contrast, PDF’s generalization improves with increasing ). These observations
align with our findings in Table[2] Under our new optimization Objective, the generalization error
of different algorithms can be effectively reduced. Furthermore, we also compare the convergence
performance of GDF and PDF with or without our new objective within the same number of epochs.
In particular, we set ) = 5 for the convex setting and @@ = 10 for the non-convex setting. In Figure 3]
the results indicate that our new optimization objective leads to lower test errors for most algorithms.

6 Conclusion

In this paper, we introduce two theoretical frameworks, GDF and PDF. They are summarized by
several popular meta-learning algorithms based on inner processes. Within these frameworks, we
derive generalization upper bounds for both convex and non-convex settings, which offer a detailed
understanding of how the number of inner-levels influences the generalization error of GDF and
PDF. Our analysis reveals a trade-off relationship induced by the inner-level in GDF, while PDF
demonstrates a more favorable relationship that improves generalization. Building on these insights,
we propose a novel meta-objective designed to significantly reduce generalization error. Extensive
experiments validate the effectiveness of our findings and the proposed objective. We believe that the
insights, the proof techniques, and the new meta-objective can inspire further research and open new
directions in meta-learning and related areas.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer:
Justification: We didn’t discuss the limitations of our work.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.
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The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

e While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: For each theorem and lemma in our paper, we have given the full set of
assumptions and a complete and correct proof.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We fully disclose all the information needed to reproduce the main experimen-
tal results of this paper to the extent that it affects the main conclusions of the paper.

Guidelines:

* The answer NA means that the paper does not include experiments.

» If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
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* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:
Justification: Due to some reasons, we don’t provide open access to the code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details
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Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: : We give the detail of experiment in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: In the pictures of experiment result, we have depicted the range of variance.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:
Justification: Our experiment has low requirements for configuration.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).
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9.

10.

11.

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: Our paper conducted in the paper conform.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: There is no societal impact of our work performed.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.
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12.

13.

14.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have listed the sources of our datasets in the reference list.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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744 * Including this information in the supplemental material is fine, but if the main contribu-

745 tion of the paper involves human subjects, then as much detail as possible should be
746 included in the main paper.

747 * According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
748 or other labor should be paid at least the minimum wage in the country of the data
749 collector.

750 15. Institutional review board (IRB) approvals or equivalent for research with human
751 subjects

752 Question: Does the paper describe potential risks incurred by study participants, whether
753 such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
754 approvals (or an equivalent approval/review based on the requirements of your country or
755 institution) were obtained?

756 Answer: [NA]

757 Justification: Our paper does not involve crowdsourcing nor research with human subjects.
758 Guidelines:

759 * The answer NA means that the paper does not involve crowdsourcing nor research with
760 human subjects.

761 * Depending on the country in which research is conducted, IRB approval (or equivalent)
762 may be required for any human subjects research. If you obtained IRB approval, you
763 should clearly state this in the paper.

764 * We recognize that the procedures for this may vary significantly between institutions
765 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
766 guidelines for their institution.

767 * For initial submissions, do not include any information that would break anonymity (if
768 applicable), such as the institution conducting the review.

769 16. Declaration of LLM usage

770 Question: Does the paper describe the usage of LLMs if it is an important, original, or
771 non-standard component of the core methods in this research? Note that if the LLM is used
772 only for writing, editing, or formatting purposes and does not impact the core methodology,
773 scientific rigorousness, or originality of the research, declaration is not required.

774 Answer: [NA]

775 Justification: Our paper does not use LLM.

776 Guidelines:

777 * The answer NA means that the core method development in this research does not
778 involve LLMs as any important, original, or non-standard components.

779 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
780 for what should or should not be described.

7zt A Useful Lemmas

782 Lemma 1. Let ¢ be a convex and L-smooth function. Then, for n < +, we have
[(w =nVo(w)) = (u—=nVe(uw)| < [lw—ul|,

783 for any w and u.

784 Proof. Since ¢ is L-smooth and convex, we know that
(Vo) = Vo(u).w =) > <[ Vo{w) = Vo).
785 Using this fact,
[(w = nVé(w)) — (u —nVe(w))|I* =[lw —u —n(Vé(w) — Vé(u))|
=[lw —ull® +n*[|Vé(w) — V)| = n(Vd(w) = V(u),w — u)
<llw —ull® + n(n — L[V (w) — Vé(u)|

<[lw — ul®
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whenn < L. O

5
Lemma 2. [37] Let ¢ be a A-strongly convex and L-smooth function. Then, for any 6 < MLL we
have L6

1w = 0V(w)) — (v = Vo)l < (1 = 37 )llu — 2]

for any u and v.
Lemma 3. Let fy(w) = min, (f(u) + 3 |lw — ul|?), if f is G-Lipschitz, then we have ||V fx(w)| <

2G.
Proof. Define ¢(u) £ f(u) + 5|lv — w||? and v* = argmin, ¢(u). Now, observe that
A
0 < p(w) - ¢(u”) = f(w) = f(u") = S llw - |

Thus,we have
>‘ * * *
Slw—u 1> < f(w) = f(u*) < Lljw — |

where the last inequality follows from the fact that f is G-Lipschitz. Thus, we get ||w — u*|| < QG.

Since ||V fa(w)]| = Aljw — u*||. This together with the above bound gives the desired result.

B Stability and Generalization of MAML

B.1 Proof of Theorem[]

To show the claim, it just suffices to show that for any ¢, we have
Eas [ W(ws) — Fy(ws, Si)] <e

Take the dataset S which is the same as S, except that S” and Sts differ from S{* and S!* in at
most one data point, respectively. In particular,

Str_{zz 1o 177,“} Sts_{zz 1o 7’zz§snt5}
Slk*{zila"az;kv' ) zntr} Sts _{Zz 1y z]? 7Z’E,Sn“}‘

Under Assumption we could assume ;% is different with Z}", . Then, we relate empirical risk and
population risk by

~ 1 nt
]ES7A[F (U)S, TZ 'U)T wS7Str)7 f?)]
: ®
Z SAStr ~ts (w7’1(w57 Sltfk),zztz)]
Moreover, we have
EaslF; T Z S.A slrk,z% (wTi (ws, S%), zfj)] &)

Putting (8) and () together, we have

ts

3

~ 1 <= 1
E [F — F(ws, } S
as |Flws) = Fws, 8)| <— 3 —

i=1 Jj=1

<e.

Then we obtain the desired result.
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B.2 Lemmas

In the following proofs, for simplicity, we use E(’l,l)’]‘i7q) = Ei(ﬂ)']’i’q, S, l(wr; q) = U wr, 4, 2)
without other explnation, where ¢ € [Q)].

Lemmad4. Foranyi € [m],q=0,...,Q — 1 and w,u € RY, if { is a convex function, we have

w71 = uTi gl < [lw =]

Proof. Based on the updates that wr; o411 = wr;,4 — @ VLi(wr,q) and up; g11 = ug 4 —
aqVLi(ur, q), We obtain

W g+1 — Ui g+1ll =(wT,q — g VL(wT ) — (uT;,q — g VL (ur; 9))|l
<llwr;,q — uT; 4l

where we use the Lemma [I]in the first inequality. Unrolling it over ¢ from O to ¢ + 1, we obtain

0T g1 = uTi gl < [lw =]
O

Lemma 5. Suppose the conditions in Assumtpion @are satisfied. Then, if o < % and ¢ is a convex
function, we have

1(wr; (w, Si7), 2) = L(wr, (u, §i7), 2)|| < Gllw — ul|

Proof. For any w, u € W, note that

le(wT; (w, Si7), 2) — L(wT; (u, Si), 2)|| <GllwT; (w, S;7) — wr (u, S;7)|
=G|(wr,g-1 — aVL(wT g1, 5")) — (ur,0-1 — aVL(ur, -1, "))l
<Gllwr, g1 — uT -1l
<Gllw — ull

where we use Lemmal(T]in the second inequality and Lemma]in the last inequality. O

Lemma 6. Foranyi € [m],q=0,...,Q — 1 and w,u € R, we have

w7 g1 = uTs g1l < 1+ aL)w — u]

Proof. Based on the updates that w7, 411 = wr g — agVLi(wr ) and ur g1 = g4 —
aqVL;(ur,q), we obtain
w7 q+1 — urs g1l =l(wT g — gV Li(wT,q)) — (uTs,q — gV Li(uT, q))|
Sllwr g = urgll + aLllwr g — ur gl
=1+ al)llwr;q = uT,ql
where we use the Assumption [2]in the first inequality. Unrolling it over ¢ from 0 to ¢ + 1, we obtain
w7 g1 = uzsgrall < (1+aL) w — u]
O

Lemma 7. Suppose the conditions in Assumtpionare satisfied. Then, with o < & and lis a

non-convex function, we have
[€(wT; (w, S;%), 2) = L(wT; (u, Si), 2)|| < eGllw — ul|

Proof. For any w, u € W, note that

[£(wr, (w, i), 2) — L(wr, (u, S;7), 2)|| <GllwT; (w, S;) = wr, (u, 57|
=G|[wr, -1 — aVL(wr g1, 5)] = [ug-1 — aVL(uT; g-1,5;")]|
=Gllwr, -1 — ur.@1ll + | VL(wr -1, S7") = VL(ur, g1, 5"
<G(1+al)llwr;,g-1 — uri,q-1l
<G(1 +aL)?w - u|
<eG||lw — ul|
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g26 where we use Assumption [2]in the first and second inequality, Lemmalf]in the third inequality. If

827 a < Q 7, we have the last inequality.

s2s Lemma8. Foranyi € [m],q=0,...,Q and w € R?, we have

IVLi(wr; g41)ll < (L + aL)?| VL (w)]].

820 Proof. Recalling the update rule wr; g+1 = W7, ¢ — aqVEi(wTiyq), Using Assumption we have

IVLi(wr: q0)|| =IVLi(wrq1) — VLi(wr.4) + VLi(wr o)
<|\VLi(wr, g1) — VEi(wr )| + [IVLs (wr, )|
+IVLi(wr,.q) |
|+ IVLi(wr )| € (1+aL)|VL(wr, )]

<Ll|wT, g11 — wT 4

:LHwTi,q - O‘Vﬁi(wﬂnq) — WT; q

830 where we use Assumption [2]in the second inequality. Then, unrolling the above inequality over ¢
831 from 0 to g + 1, we get

||V£Ai(w7;,q+1)|| <(1+ Oé)qH”VZi(w)”
832 H

s33 Lemma 9. Suppose that Assumption 2 hold and the function F;(w) defined in Eq (3). Then, for any
834 W, U € RY, if € is convex, we have

IVFi(w) = VFi(u)]| < Lo|jw = uf
835 where Lg = apQ(1+ aL)? ' + (14 aL)?Lwitha < +

— L

83 Proof. Similar to the proof of Lemma[9] we have

HVﬁ( ) = VE @)

Q-1
=| H — aV2Li(wr, 4))Vewr.q) — [[ (I — aV2Li(ur, o) Vi(ur, o)
q=0
Q-1
<] H —aV2Li(wr, ) Vlwr.Q) — [[ (I = aV2Li(ur, ¢)Ve(wr o)l
7=0
Q-1 R Q-1 R
+I T (7 = aV?Li(ur ) Vewr @) = [] (I — aV>Li(ur, ) VE(uT, o)
q=0 7=0
Q-1
< H —aV2Li(wr,q)) — [ (T — aV2Li(ur, )IIVE(wT Q)] + |l H I —aV2Li(ug, )V (wr,.q) — VE(ur, ¢
q=0
Q-1 ~
<] H —aV2Li(wr, q) — [ (I = aV2Li(ur, NIVE(wT, Q)| + (1 + aL)?||Vi(wr, @) — Vi ur, )l
q=0
Q-1
<] H —aV2iLi(wr,g) — [T = aV2Li(ur )IVLwr @)l + (1 + aL)?Llwr, g — ur ol
q=0

Q-1
<| H —aV2Li(wr,g) = [[ (I = aV?Li(ur, )| G + (1 + aL)? Lijw — ull,
q=0

A@-1)
(10)
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837 where in the last inequality, we use Assumption2]and Lemmaf] We next upper-bound A in the above
838 inequality. Specifically, we have

Q-2
—-1) <] H — aV2Li(wr o)) = aV2Li(wr, 1) — [ [ (I = aV2Li(wr o)) = aV2Li(ug, 1))
q=0
Q-2 Q-2
+| [T = aV?Liwr )T = aV?Liur.g-1) — [[ (T = *V2Li(ug o)) — aV2Li(ur, g-1))l|
q=0 q=0

<|l H — aV2Ly(wr, ) [aV?Li(wr g-1) = aV>Li(u; g-1)l|

q=0
Q-2 Q-2
+I I = aV?Litwr o) = [T U = aV?Litur NI = aVLi(ur, g-1))l
q=0 q=0
Q-2 R Q-2 R
<(1+aL)? aV2Li(wr, 1) — eV Li(ur g 1) + (1 +al)| [T (I = aV2Li(wr o)) = [] (1 - aV*L,
q=0 q=0

<(1+aL)?  apllwr g-1 — urg-1l + (1 + aL)A(Q - 2)
<(1+aL)? tap||lw —ul| + (1 + aL)AQ — 2),

830 where we use Assumption 2]in the second inequality and Lemma]in the last inequality. Telescoping
s40 the above inequality over g from 1 to @ — 1 and noting A(0) < ap||w — ||, we have

AQ —1) <(1+aL)?7 A(0) + ap(Q — 1)(1 + aL)?™ Hjw — ul|

<
<(1+ L) apllw - ul| + ap(@ — V(A +aL)? Hw—ul (1)
<apQ(L+ aL)®w - u]

841 Substituting into (10) and let Lo = apQ(1 4+ aL)?~! + (1 4+ aL)?L, we get
IVFi(w) = VF;(u)|| < L|lw — ul|,

gs2  which completes the proof. O

843 Lemma 10. Suppose that Assumptionhold and the function F;(w) defined in Eq . Then, for any
84 w,u € RY if{ is non-convex, we have

IVEi(w) = VEi (u)|| < Lollw — u]

845 where Lo = M + (1 +aL)?L.

a6 Proof. Similar to the proof of Lemma[9] we have

HVﬁ( ) = VEi(u)|

¢

<| H —aV2Li(wr)) - [[ (I = aVLilur )IVEwr Q)| + (1 +aL)9Llwr.q — ur ol

=

1
<l H —aV?Li(wr,)) — [ (T = aVZLi(ur, )G + (1 + aL)Lljw - ul,
0

q
AQ-1)

(12)
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847 where in the last inequality, we use Assumption[2Jand Lemmafd] We next upper-bound A in the above
g8 inequality which is also similar to the proof of (1T). Specifically, we have

Q-2
AQ—1) <(14aL)? A0 —|—Zozp + L)X Q@71=DH ||y — |
1=0

Q-2
<1+ aL)? apw—ul + > ap(l+aL)* @0y — |
=0
(13)
lw — |

(1+aL)? Yap+ ap(l + al) Zl—l—aL
1=0

[(1+aL)Q 1ap+L(1+aL) ( aL)Q-1—1)] llw — |

3+ aL)?@-1)
- L

[w = ull

3p(1+aL)?(@—D +

849 where we use o < % in the last inequality. Substituting into andlet Lo = T

850 (1 +aL)?L, we get

IVEi(w) = VE(u)l| < Lollw —uf,
851 which completes the proof. O

ss2  Lemma 11. Suppose that Assumpti(m@hold and the function F;(w) defined in Eq . Then, for any
853 W, U € RY, if £ is convex, we have

IV2Fi(w) = V2Fi(u)]| < pollw — ul

ssa where pg = (1 + aL)?@~! [pQ + 2p + Qap + Gak + Ga?p*Q)]

85 Proof. For simplicity, we denote J, = I — aV2L; (W .4)-
||v2ﬁ-<w> - VEE ()]

Q-1 Q-1
=| H — aV?Li(wr, ) * V2 (wr, o) + (H Jz) 2 II 7 | Vewr.q)

=0 \i= I=g+1
Q-1 Q-1
- H I—aV2Li(ur, ¢)*V2l(ur.q) = (H J;) —; I1 7| Vetur.o)l
q=0 l=q+1
Q-1 R
<ll H — aV2Li(w7,0)) VA (wr.) — [] (1= aV2Li(ur, 4))* V2 (ur. )|
q=0 q=0
! ! o1, [ &
+Z:01ﬁ> I 7 | vewr.qQ) - Z:O]%) IT 7| vetur.o)l
q=0 \i=0 l=q+1 q=0 \1=0 l=q+1

(14)



gs6  For the first term, we have

=

Q
I H —aV2Li(wr,,)) V2 l(wr.Q) — [[ (T = aV2Li(ur )V e(ur,0)]

‘Oﬁ
HO

<|| H — aVLi(wr.,4)) VU (wr Q) H (I = aV2Li(u7,,0)) V(w7 Q)

Q-1

+ || H (I —aV2L; (uT, 0))* V3 (wT 0 H

I —aV2Li(ur,,q))? V3 (ur )|
q=0

Q-1
<[l H —aVLi(wr,0)* = [[ (T = aV?Liur o)V E(wr,0)] + | 1‘[

—aV2Li(ur o)) [V (w7, @) — V2
q=0
Q-1
<l H —aV2Li(wr, ¢)? = [[ (T = aV?Li(ur )| L + (1 + aL)*Ppl|w — u]
q=0
AQ-1)

15)
857 where we use Assumption and Lemmain the last inequality. We next upper-bound A(Q — 1) in
sse the above inequality. Specifically, we have

Q-1
-1 < H I—aV2Li(wr 0)* = [] (I = aV2Li(wr, o)) = aV2Li(ur, o))l

q=0
Q-1
+ H — aV2Li(wr o)) — aV2Li(ug, ) — [[ (I = oV Li(ur: )l
q=0
Q-1 Q-1
<l H (I = aV2Li(wr I [T = aV2Li(wr, ) = T] (I = aV2Li(ur, o))
q=0 q=0
Q-1
+ H (I = aV2Li(ur o)) H I—aV2Li(wr q) — [[ U = aV2Li(ur.o))ll
q=0 q=0
Q-1 ~ Q-1 R
<(L+al)?| [TU = aV2Li(wr o) = [ (T = aV2Li(ur.0))|
i =0
<(1+aL)?apQ(1 + aL)?  w — ul.
(16)
gso where we use (IT) in the last inequality. Putting (I6) into (I3, we have

Q-1
| H — aV2Li(wr, 0)?V(wr.q) — [ (T — aV2Li(ur ) * V2l ur. o)

=0 v (17)
< [( +al)%apQ(1 + aL)?~ + (1+ aL)*?p] [lw —
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sso  To bound the second term in (I4), we have

Q-1 /q-1 aJ Q-1 Q-1 /q—1 oJ Q-1
H (H Jz> e | 11 7] Viwro) - ( Jz> v Ji| Vi(ur. Q)
a=0 \i=0 l=q+1 =0 \i=0 l=q+1
Q-1 /gq-1 9.J Q-1 Q-1 /q-1 P Q-1
SH (H J) -9 H Ji V[(wT Q) — ( Jl) Z74q J; VK(UT Q)”
a=0 \i=0 l=q+1 =0 \i=0 L At

Q-1 /q—1
0Jy
<[l (H Jz) B Jz) Ve(wr; @) — VE(uT, Q)|
l=q+1
pgyl 07,

(1 Z(ﬂJl) 9 (T ) littar.o))

l=q+1 q=0 \Il=0 l=q+1

Q-

S B2 921

Q Q-1
0Jy 8J
(1+aL)?” 1H qllllw—UII+ > (1+aL)?" 1GII qll
QZO q=0

(18)

ss1  Firstly, we have

aJ ot .
IIJII =aV3L(wr q) H(I— aV2L(wr, q))l

1=0
<(1 4 aL) 'ap,

(19)

se2 where we use Assumption[2] Secondly, we have

q—1

0J, 09J, ~ ~ ~ ~
Han - 87?” =llaV?L(wr,g) [ [(I = aV?L(wr, ) = aVPL(ur o) [[( = aV2L(ur )]

i)
|
—

T
- O

qg—1

<aV3L(wr o) [[( = aV2L(wr, 4)) — aVPL(ur, o) [[(I — aV2L(wr, )]

—

1=0 =0
q—1 qg—1
+aVPLlur.o) [T = aVPL(wr ) = VP Lugq) [[(I = aV?Llur, 4))
=0 =0
<a(l+al)!|VPL(wrq) = VL (ur, )| +apl [T = aV?L(wr.q)) = [T = aV?Llur,q))]
=0 =0

<an(l+ aL)!lw - ull + ap%g(1 + aL)iw — u|
se3  Putting (20) and (I9) into (I8), we have
o, [ 7 &) 0
15 (T0) 52 (T ) w52 (1) 5 T ) watman
0 \i=

q=0 \I=0 I=q+1 q= l=q+1

<Q [ap(l +aL)XQ? 4 Gak(l + aL)?@ + Ga?p?Q(1 + aL)X@D ] lw — ull.
(21)
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Putting (T7) and (ZI)) into (T4), we get
IV2Fi(w) - V2F()] < [ap@(1 +aL? @ 4 (1 +aL)?p] | — ]
+Q [ap(l +aL)X9? 4+ Gak(l + aL)?@7 + Ga2p*Q(1 + aL)z(Q*I)} l[w — |
=(1+aL)’?7! [apQ + 2p + Qap + Gak + Ga?p*Q] |w — u||

=pQllw = ul|,

where we denote po = (14 aL)*?~! [apQ + 2p + Qap + Gak + Ga?pQ)]. O

Lemma 12. Suppose that Assumptionhold and the function F;(w) defined in Eq . Then, for any
w,u € RY, if £ is non-convex, we have

IV2Fi(w) = V2Fi(u)|| < pollw — ul

3p(14+aL)?(@1
L

+ (1 +al)*@p+ ar(l+al)? +

. 3ap?(14aL)?(@—1
where pg = 0

Proof. Similar to the proof of (T4), we have

Q-1
V2 F;(w) — u)|| < H I—aV2Li(wi )’V (wig) — [T = aV?Li(uig)’ V2 (uig)ll
q=0
aJ, [ 45 L Noag, [
+1 Z (H Jk> o I 7 ) Vewig) - > (H Jk> an I 7| Ve(uio)l
q=0 = k=q+1 q=0 = k=q+1
(22)
For the first term, we have
Q-1
| H — aV2Li(wi )V (wiq) — [ (I — aV2Li(uig)* V3 (uig)l|
q=0
Q-1 Q-1
<|l H —aV2Li(wig))? = [T (T = aV?Li(ui )2 NIV 0(wi Q)| + || [T (T = aV2Li(uig) IV (wi Q) — V2(uig
q=0 q=0
Q-1
< H —aV2Li(wig))” — [T — aV2Li(uig))?| L+ (1 + aL)*pllw — ul|
q=0
AQ-1)
(23)

where we use Assumptlonl 2)and Lemma|§| in the last inequality. We next upper-bound A(Q — 1) in
the above inequality. Similar to the proof of (T6), we have

3p(1 + aL)?@-1
A1) < MU, ) 4
Putting (24) into (23], we have
Q-1
| H —aV2Li(wr, ¢)* V2 (wr @) — [[ (I = aV2Li(ur 4))*VU(ur, o)
=0 (25)

- [3p(1+aL) (@-1)
- L

+(1+ aL)SQp} lw — ul]
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To bound the second term, similar to the proof of (I8)), we have

Q-1 /q—1 oJ Q-1 Q-1 Q-1
»> <H Jk>3uf IT 7 | Vewiq) - > (H Jk> I 7 | Veuio)l

k=q+1 q=0 k=q+1

Q-1 /q—1 Q-1
aJ,
<] (H Jk) 575 1T 7% ) HIVewsq) — Ve(ui o)

k=q+1

s (HJ) AN TS (H J) :_zrq[;Jk 1Ve(u)]

g=0 \k=0 k=q+1 q=0 \k=0
_ aJ Q-1 Q-1 q—1 8] Q-1 g—1 oJ Q-1
Q _ _ e’}
5 (HJk) 20 (T ) 10+ an)eie ol + 37 (HJk) 0 (] (HJk) 2 (]
q=0 k=q+1 q=0 k=q+1 k=0 k=q+
Q 1 Q-1
9,  0J
(1+aL)*” 1LH qIIHw—UII+ > (1+al)?” Glgt =5
=0 q=0
(26)
where we use Assumption [2]and Lemma [f]in the second inequality. First, we have
o =
151 =llaVPL(wi,) [T = aVLi(wi)l
k=0 @7
<(1+al)"a
Secondly, we have
aJ, ol s : s
| % - 7q|| =[aV®L(wig) [[(T = aV?Li(wig)) — aVL(ui o) [[(T = aV?Li(ui )|
k=0 k=0
qg—1 q—1
< aV L(wiq) [[(T = aV?Li(wig)) — V3 L(uig) [[(T — aV Li(wi )|
k=0 k=0
q—1 q—1
+[laV3L(ui ) [[(T = aV?Li(wi g)) — VP L(ui ) [[ (T = aV2Li(ui )|
k=0 k=0
q—1 q—1
<a(l+aL)?|V*L(wi,g) = V2 L(uig)l| + ap| [T = aV?Li(wig)) = [T = aV2Li(ui )|
k=0 k=0
2(1 )2(Q-1)
<an(l+ oLy —uf + 22T,y
(28)

Putting 20) and (19) into (18), we have

Q-1 Q-1 Q-1
\|Z <H Jk> ai IT 7 | Vewiq) - > <H Jk>a‘i IT 7 | Vel

k=q+1 q= k=q+1

2(1+ L)@~
<Q [%(1 +arya-? 4 2G0T +La ) } lw = ull.

29)
Putting (23)) and (29) into (22), we get
IV2Fy(w) — V2F(u)] < {3”(1 +al)Xe"D 3ap*(1 + aL)2@7!

L

L
::pQ|hU —’UH,
where we denote pg = | #2(ELFAZE 2 4 (11 aL)3%p 4 an(1 + aL)*?]. O

+(1+ aL)3Qp] Jw — ul| + ar(l + aL)?Q|jw — ul| +
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As shown in Algotihm [T} in the outter-level, We are also performing SGD by considering .S as a
meta-sample (which is equivalent to z), then we can obtain the following Lemmas.

Lemma 13. (Lemma 4 in [41\])Suppose that Assumption |Z| and Assumption |3| hold and F is Lg-
smoothness. Then, for any w € W, we have

T-1 R T-1 I 0_2 T-1 T-1
Es[Y_ mllVE(w!, Sl <24 D mey| Flw'+) —min F+ 2= 3" 02 + " om.
t=0 t=0 t=0 t=0

Lemma 14. (Lemma 6 in [41|])Let G (w) := w — .V F(w, S;) and assume that the loss function
F(-,S;) is Lg-smooth and that its Hessian is pg-Lipschitz. Then,

HGt (wsi) = Gi(wga )

< (1 +n:&e) lwse — wze sty

where & i= | V2F (wo, o)l + % | SIZ) AV F(wl, 81| + % |Si2t B9 F(ul, 5)

more, we have Eg s[&;] = E375||V2F(w0, S|l + poEs.s HZZ;ll &cVF(wg, Sk)‘
foranyt € [T,

‘ . Further-

. Furthermore,

Es,s [6(S,5)] < Es,s [||V?F(wo, 8)]]
+2p0 \/(F(wo) — min F)e(1+ (7))

+opg ( 2cLg +c(1 + hl(T))) :
Lemma 15. (Lemma 5 in [41])Suppose that Assumptionhold, then for every ty € {0,1,2,...,T}
we have that
t

Es 7, all(wr; (wF, 517, 2)~t(wr (0%, 5%), D] < G alwE—wllwf —w = 01+Es a[F(ws)] >

B.3  Proof of Theorem 2(convex)

Let’s consider two parallel processes of generating iterates {w’} and {w'} by using datasets S and

S, respectively. We use the tilde superscript to refer to the second process throughout the proof. By
LemmaEI, we know £ is Lg-smooth and convex function. Hence, for a given time index ¢, with

probability 1 — %, the task 7; is selected, where j # i. By using Lemma we have

[wttt — @ =[|(w' — VL (wr, (!, S8, 85)) — (@ — VL (wr, (@, S), S5)) |

1 — ~
Sﬁ Z ||(wt — ntVE(wTj (wt,S’;r),zts)) — (wt — ntVf(wTj (wt,S;r),zts))H
ztSGSES
<Jlw' —a'|

(30
Next, for a given time index ¢, with probability #, the task 7; is selected. In this case, we have

Ellw'™ — @ =E|| (w' — VL (wr; (w!, SI), $8)) — (@ — 5, VL (wr: (@, SIT), S&)) |
<E[ (w® — VL (wr (w', S&), 8)) — (@ — 1, VL (wr: (@, S, S&)) |
+E| VL (wr; (@, S), 88) — 0, VL (wr: (@, Si7), S&) |
1 ~ ) - ~ o~ .
Sﬁ Z EH (wt - ntV£(wﬂ (wta Sitr)v th)) - (wt - ntv‘c(w'ﬁ (wt» S;'ﬁr)v th)) ”

ZESES,E,S
+ B VL (wr (@, 57), SF°) = VL (wr (@', 577, 57|
1 - .
=ts Ef (wt - Utvg(wﬂ (wt, ST, zts)) - (wt - mVE(wTi (w*, ST, zts)) I
zeSE

+ 20, E||VE ()], 31)
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where the last inequality follows that §fb and S}* are sampled from the same distribution, then
E[|VL(wr, (w", 57), S8#) || = E||VL (wr, (@', SiT), St) = E||VF;(w)|. Note that
Bl (w' — Ve wr; (', 1), 2%)) — (@ — e Ve(wr (@, 57), 2)|
<E||(w" = 0Vl (wr, (w*, 57, 2%)) — (0" — 0, VE(wr, (@', S7*), 2)) || (32)
+ mE| VL (wr, (@', 8]7), 2%) = Ve(wr (@', 57), ).

Let us bound the two terms on the RHS of (32) separately. First, similar to how we derived (30), we
could bound the first term by

El|(w' — nVe(wr, (w', Si), 2%)) — (@ — VL (wr, (w*, 57, 2%)) || < E|lw’ — @'

To bound the second term on the RHS of (32), we consider two parallel processes of generating
iterates {w- o) and {@3—/ o) by using datasets Sirand S¥*, respectively. Note that

IEIIW(wTL(” S57), 2%) = Ve (wr, (@', SF), 2)|

Q-1
=E|| H (I —aV3L (wT q,S ))Vﬁ(w%@,zts) — H(I—aVQ.C(Nf;,Str))VK(~f£2, =)l
q=0
Q 1 Q-1
<E| [[ (T — aV?L(@h, 4, SV, . 2%) = [[ (T = aV2L(@Y, ,, SI) Ve, )|
q=0 q—O

+IEIIH (I = aV2L (i ,, SIT) VUG, ) HI aV2 (L, S V(g )|

zq’ zQ’
Q-1
<E|| [] (7 — aV2L(@Y, ,, SOOIV, 2=) — Ve(@]g, 2|
q=0
Q-1
+E| H (I —aV2L(at, ,.8) — [] (T — aV2L(@}0, SV, =)
q=0
Q-1
<(1+ aL)PB(| V(@Y. o, %) — V(W] 2™ ||+GIE||H — aV2L(Y, o, SM) = [[ (I — aV2L(@!), S|
q=0
V(Q)
(33)

where we use Assumption [2]in the last inequality. Hence, what remains is to bound the two terms in
(33). To do so, notice that

E|| V(Y o, 2"%) — V(@] , =) <LE||@Y, o — @0l

—LE| [ g1 — aVE(@, g_y, SF)| = @1 — aVE(@,_,, 5] |

<LE|| [@ g1 — aVE(@L g1, S| = [@h-1 — aVe@ly_, 5] |
+ LE|aVL(@g_1, 85) — aVL(@L Gy, S|
- _ QQLG

SLE| @} gy — @1 | + o

N o N P 2(Q - 1)aLG
SLEH {wt _ OzV/:(’wt,S;r)] _ [wt _ OzVL‘(’LUt,Sfr)} || + %

. S 2(Q — 1)aL
=aLE||VL(@',S") — VL(@!, ST + W
<2Q0¢LG)
— ntr
(34)
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904 where we use Lemma|[T]and Assumption[2]in the third inequality. Next,

Q-1

—aVZL(T} . S5

1Q 1
Q-1

aV2L(@; g1, 51")

Q) =| H (I — aV2L( L(wF. ., S7)) — H(I—onQ,C( f;,S"))H
q=0
Q-2
=|l H (I — aV2L(@h, ., ST — aV2L(W] gy, SiT)) — H(I*OZVQE( TACEIN
q=0
Q-2
<| H I—aV2L(@h, o, ST = aV?L(@) g1, S)) = [[ (I = aVPL(@h, o, SINU — aV>L(@5 1, S)l|
q=0
Q-2 N Q-2
I ] (0 = aV2L(@h ,, ST — aV2L(@)g_y, S7) — [[ (I — aV2L(@)), ST -
q=0 q=0

—||H (I = aV2E(@ . SN aV2 (@ gy, S1) — aV2E (@l S+ V(Q = DI — aV2 (@t _,, 5)]

(1+aL)Q NaV2L(@} gy, SF) = aV2L(@; gy, S + (1 + aL)V(Q — 1)

905 where we use Assumption [2in the last inequality. To bound the above inequality, we first consider
906 the first term.

(L+aL)? eV L(@} g_y, S1) — eV L(@1g_y, 57

zQ 1
<1+ aL)?! V2L, 1. 57) — V2E(l . S + V22, . S - V2@, .
[ - 2L
<a(l+aL)?! ol g 1 — @ | + }
— 1 L Q-1 [ Vﬁ S ~t,/ VL ~t/ Str 2L
—a(1+aL)? [l s — aVE(@, g 5. 5)) — (Bl , ~ aVE@ ] .5)] + =
]y~ ~ 2(L + Gap)
<all+aL)% @t q y - ] + XL

<a(l+aL)?1 | [wt — aVL(a@t, Sfr)] - [at —aVL(a@t, §;f)] |4+ 2L G:ﬁ@ - 2))}

<a(l+aL)@ ! |ap|VL(@", S) — VL(@", S™)| + 2(L + Gap(Q — 2))}

ntr

ot + apye1 2L+ Gap(@ 1)

9
ntr

907 where we use Assumption 2]to derive the mequahtles from the second to the last step. Putting it in

%08 to V(Q) and Unrolling it, noting that V(1) = ||aV2L (i, SI*) — aV2L (0", S™)|| < 2oL then we
909 have

P

_12a(L + Gap(Q — k)

ntr

V(Q)<(1+aLl)? V(1) + > (1+aL)?

bl
Il
—_

+) (A4aL)?!

O

2aL(1+ aL)??
S ntr

2a(L + Gapk)

ntr

(35)

,_.
>
Il
—

Q—
Z | +aL)@ 1204(L+Gapk).

tr
n
k=0
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ot0 By plugging (34) and (33) into (33), then we have

Q-1
~ 2(1 L L 2 L
B[V (w8, 557, 2%) — Ve, (i, 55, 27 < (1 + ap)ot | ALFAHQLE  5m 20GLL + Gaph)
k=0
6QG+Q2 22
< (14 ap)e QEHCACD)
(36)

o1t where we using L < 1 in the second inequality. Substituting (36) and (32) into (31, we have
a-1(6QG + Q*a*G?p)

ntr

Ellw'™ — @'Y <E|w' — @'|| + n:(1 + L) + 20, E||V E; (w)]).

912 Combing the above two cases, we obtain
t+1 ~t+1 1 t ~t 1 t ~t
Eflwt ! — @ <1 - S)Ellw’ - &' + —Efw’ — @
m m

77%(1 + OZL)Q71 (6QG + Q2a2G2p)

2 ~
+ —nE[[VF;(w')|
m

ntr
_ 1(6QC + Q%*G%p) | 2
Bt — ) + (1 + aL) G0y Mg By
mn
913 Unrolling it and noting that ||w® — w°|| = 0, we have
T—1 T—1
~ 6QG + Q*a%G?%p 2n ~
Ellw” — "] <> m(1+aL)?" 1 e ) +> ﬁEHVF(wt,Si)H
t=0 t=0
T—1 T—1
1 (6QG + Q%a2G?p) 1 ) Lgo?
< D (L L)@ o W) —ain P S5 S
t=0 t=0

914 where we use Lemmain the last inequality. Now we are ready to conclude. For any i € [m], we

915 have _ B
egen < Ell(wr, (", 81),2) — L(wr, (", 8/"), 2)||
< GEHwT — ol

916 which completes the proof.

917 B.4 Proof of Theorem[3

918 In this section,we establish stability results that do not rely on convexity, and we consider two cases.
ot9  For the first case, using Lemma[T0]and Lemma|[T4] we have

[t — G| = (w' — VL (wr; (w!, S5, 5%)) — (@ — VL (wr, (@, 55), 5)) |

t ~1 (37)
<L+ me¢e) [w” — @],
920 where ¢ min{LQ &}y with & = |V2F (wo, Se)||  +
o gavias)  + #Flzoevied] . s -
o2 [% (HQL)::)QHM(HQL)&WM} Lo = M i
93 (14 aL)?L.
924 Next, for the second case, similar to the proof of (31), we have
1 r S r n
Bl =@ < = 37 Bll(w! - m Ve (wr (w81, 2%)) = (@ = nVe(wr, (@, 5, 2) | + 20E|V Fi(w)]|.
z€8
(38)

925 Note that
El| (w® — 0 VE(wr, (w', S), 2%)) — (@' — 0 Ve (wr (@, S7), 2%)) |

< EH (wt - ntvz(wﬂ (wt7 S;r)a Zts)) - (,wt - UtVf(wTi (,wt7 S;:r)’ Zts)) ” + ntEva(wTi (’wtv S;r)’ Zts) - Vz(wﬂ ({Et’ gfr)
(39)
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Let us bound the two terms on the RHS of (39), separately. First, similar to how we bound (37), we
could bound the first term by

Bl (w — Ve (wr: (w, S7), 2)) — (@ — Ve (wr: (@, S7), )| < (1+ ma)Elw’ — @),
To bound the second term on the RHS of (39), similar to the proof of (33)), we have
E||Ve(wr, (@', 57), 2%) = VE(wr (@, 5]"), 2)||

Q-1
<(1+ aL)E| VLY, o, 2%) — V(W g, 2)| + GE || H — aV2L(Wh, o, 51) — [[ (I — eV L@}y, S
q=0
V(Q)

(40)
where we use Assumption [2]in the last inequality. Hence, what remains is to bound the two terms in
(@0). To do so, notice that

E(|Ve(@h, o, 2'%) — VU@, 2%)| <LE| Y, o — w; ||
—LE|| [ gy — aVE(@ g1, S| = [@-, — V@1, 5] |

<LE|| [ g1 — aVE(@, g1, S| = [#l_1 — aVe@ly_, 5] |
+ LE||aVL(@; gy, S1) = aVL(@5 gy, 87|
ZQLG

SLO+aLl)E| @] gy — |l + =5

R ~ ~ 2(Q — 1)(1 1
SL(I n aL)Q]EH [,&v}t . av[’(wt’s;cr)] _ [{I]t . avﬁ({ﬁt’ S;ﬁr):| || + w
(1 +aL)? 'aLlG

ntr

N ~ - 200 —
—aL(1 + aL)RE|VL(@', §7) - VE@, 5| + 2¢
L2200+ al)?aLG

ntr ’

41
Next, we have
V(Q) <1+ aL)? aV2L(@t o 4, S") — aVEL(@] 51, ST + (1 +aL)V(Q — 1), (42)
To bound the above inequality, we first consider the first term,

= 2(L -1
(1+ L) oV E (@ g 1, 5) — aV2 £y, 8] < a1 + a0 AL = D)

Putting it in to V(Q) and Unrolling it, noting that V(1) = [|a V2L (@, S¥) — aV2L (@', S| <
2oL | then we have

ntr

3

§

o120(L + Gap(Q — k)

ntr

V(Q) <1 +al)? V) + Y (1+al)

QO =
—_

20L(1 + L)1
2 (1+al) + 370+ an)@

ntr

20(L + Gapk)

ntr

(43)

x>
Il
_

0-12 (L+Gapk)
_Z (1+4al) —

By plugging @T) and @) into (@0), then we have

Q-1
BI|VE(wr (3, 87), 2%) — Ve(wr (@, 87, 2)] < (1 + azyxe- [2LToDQALG 5~ 206 + Gapk)

ntr ntr
k=0
2 2 2
< (1+ apyx@-n 0% +§r <o)
(44)
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where we using oL < 1 in the second inequality. Substituting (44) and (39) into (38)), we obtain

(6QG + Q*a2G2p)

Eflw' = @ <1+ mi@)Elw’ — @] + n(1 + aL)*@7Y o

From Lemma we can know E|VF}(w')|| < eG. Then combing the above two cases, we obtain

~ 1 . 1 ~
Ellw™ — @ <(1 - )+ M) Efw® — @' || + 1+ M) Efw’ — @
6QG + Q%a*G?p) N 21,eG

ntr m

- P
<exp(p o) Bllw — % + 1=

1
+ —n(1+ aL)z(Q’l)(
m

where we use 1 + 2 < exp(x) and a < & in the second inequality, and we denote

® = 2eG + (14 aL)>@1 Wﬁ%. Following the same proof technique in [41](Eq (23) in
Theorem 4), we can easily get

L T 1 2

Ellw” — a7 < 2 =
[w” —@"| < Y exp(2ey Y ot
t=tpo+1 I=t+1

T

< 3 exp2erin(1))

t
t=to+

T
_ @(zﬁcw) Z $—2c7—1

m t=to+
1 2¢®, T 2y
T 2¢cy m iy

2cd
mt

and

G, 45)
where r = Esu[F(ws),y =  O(min{Lq,Es[|V2F;(w’ S|)] + pol(cc +
Ve(F(w®) — minyy F))}). Next, let b = 2c. Then, setting

E|l6(wr; (w",8),2) = L(wr (@", 8),Z)|| <

2ceG¢)ﬁTﬁ

to = (

minimizes [@3). Plugging ¢, back we get that (#4)) equals to

r

+3 \ b
b (2ceG®) T+ (rT) 140
m

This completes the proof.

C Stability and Generalization of PDF

C.1 Proof of stability of PDF

To show the claim, it just suffices to show that for any ¢, we have
Ea.s [Fi(ws) - ﬁi(w375i)] <e.

Take the dataset S which is the same as S, except that S; differ from S; in at most one data point.
In particular,

S;r = {Zi71, -~-aZi,n}7§i = {Zi71, ...,Em, '~-aZi,n}-
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Then, we relate empirical risk and population risk by

R 1 n
Es,alFi(ws, z,;)] = - > Es.ala(ws, zi ;)
7 (46)
1
==Y Esuz,bl(wg %)
j=1
Moreover, we have
I ~
EaslFi(ws)] = ~ > Es.az,ia(ws, % ). (47)
=1
Putting (#6) and ([@#7) together, we have
- I em 1l - -
Ea,s [F(ws) - F(ws,&')} < Z - Es az 0x(ws,Zij) — I\(wg, Zi ;)
=1 =1

Then we obtain the desired result.

C.2 Lemmas

Lemma 16. Assume that L is differentiable and w3 is the unique minimizer of L(wy)+ 2wy —w|?.
Then the gradient of[,AA(w) = Z(w*T) + & ||w3 — wl|? is given by VL = Mw — wk-)

Proof. Since L is differentiable, from the first-order optimality condition we know that

~

VL(wT,) + Mwy —w) =0

From the chain rule we have

% T
VEx(w) = (ag}; )TV L () + A (1 - (55:7) ) (w—ws)

= Aw = wi) + (PO (VL ) + M~ wi)
= AMw — wk)
O
Lemma 17. Suppose Assumption 2| hold. Then if X > L, {x(w,z) = {(w¥, z) + 5 ||w}. — w]?
is Lg-smoothness with Lo = ;jr + and p-Lipschitz Hessian with respect to w, where wy. =

argmin,, L(wr;,z) + 2wz — w2

Proof. From the first-order optimiality condition we know that
Ve(wT) + MwT, —w) = 0.

Therefore, we can further obtain

owt  Ows
V(i) 2L+ ML 1y =0,

ow ow
and 9 5 2
ows w3 9wy
3 " T 2 % Ti Ti _
v 2(“’”5-)( B0 ) + VZ(w7,) Jw? A w2 =0.

This implies

aw’% * —1 8211};* 2 * 13 * aw% ’

St = MV2(wy) + A1) L = = (V2(wy) + M)V f(wﬂ)( w ) '
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970

971

972

973

974

975
976

977
978

979

980

982

983

From Lemma , we have V) (w) = A(w — w ). Therefore, we can further have

V2 (w) = MI = —-) = A = MVZ(wF) + M) 7

and
2, %

0 w3
V3€>\(w) - ow 2

Note that ¢(w7;) is L-smooth and p-Hessian Lipschitz with respect to w7;. Then it yields
) < AL
S A+ L

= N (V2l(wh) + A) V3L (w?).

IV2ex(w IVEeA(w)]| < p

C.3 Proof of Theorem[d]

To facilitate the analysis of stability, we rewrite K(wr,w,S)) = L(wr,S) + 2||wfr -
w||?, Lx(w,S) = min, {L(wr,S) + 3|lwr — w|?}. From Lemma we can know Ly is
Lg-smooth. Hence, by using Lemmam for the first case that task 7; is selected we have

E[lw! ™ — @t :IEH(wlt - mVI%(w%—j’Q,wt; Sj)) - (@t - T]tVE<w%7Q,QEt; Sj)) I

<El|(w' — VLA (w', S;)) — (@' — VLA (@', ;)| + 2mE| VK (wh o, w'; S;)
:IEH(wlt - mVEA (wt S)) - ({Et - ntVEA (ﬁt, Sj)) Il + 277t)\EHU/§7Q — W (wh)].

<Eljw’ — @"|| + 2n:AfJwf o — w; (w")]
(48)
where wi-(w) = argmin,., £(wr,S) + 3|lwr — w||. where we use Lemma [1|in the second
inequality. In the second case, we have

Ellw't! — @'t =E|| (v’ — ntVIC(w%—i’Q,wt; S)) — (w* - ntVlC(w%’-:’Q,wt; gl)) I

<E[ (w' — VL (', 8;)) — (@ — 0, VLA (@, ) || + 2E| VK (wh o, w'; S;) —
(

49)
For the first term in (@9), we have

E|l(w' — mVLx(w',S)) = (@' = VLA (T, 5,))]
<E||(w' = mVLA(w', 5)) = (@' = VLA (@, )| + mE[VLA (@, i) = VL (w', 5))]

<Elw' — @[ + 2uE|VE;(w', S|
(50)
For the second term in (30), we have

E[VK(®q(w',;),w'sy) = VLA (w')]| < AE[w] g — w (w')] D
Putting (50) and (51) into (@9), then we have
Elw'™ — @ | < Elw' — @ || + 2pE|VE;(w', Si)[| + 20 AEw) g — wi (w')]|  (52)
Combining (@8) and (52), we obtain

— VL, (uw',S;)].

VL (wt, S|

Bl — 5 <0~ Bt — @) + Bt~ @+ [20EIVF(t)| + 2Bl g — wh ()]

27775 27715

=E||w’ — @' + EIIVF( LS+ == Ellw; o — w; (w')]]-

Unrolling it and noting that ||w® — wOH = 0, we have

T—1 T—1
E T _ =T\ < 277M]E t t %E Vﬁ t g
™ —a" ] <> ——Ellwi g wi (W[ + —E[VE(w”, S5)|

t=0

2
QQU >

t=0

F(wd) —

Tl
t *
< Z TEHW;Q — wi (w')|| +
=0

3=
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984 where we use Lemma and Lemma in the second inequality, and we denote Lg = m Now
e85 we are ready to conclude. By using Lemmal[A] we have

Elt(w",2) - 6 (@", 2)]| <2GE[w” — @ ||

— 27\ 1 Loo?

t t * t .
< Ellwt A — — | F(w%) — F 2
_E_ o Ellwi g = wr (W) + —y [ F(w?) —min F+ =5 ;:ont

986 Then we completes the proof.

987 C.4 Proof of Theorem 5|

988 For the non-convex case, under Lemma[T7} for the first case we have

Ellw't! — @' =E|| (v’ — mVI%(w%—j’q,wt;Sj)) — (@ - ntV/C(wT] S
SEH(wt — ntVEA(wt,Sj)) — (ﬁt — ntV£>\(w , J))H + 2ntIE||VIC(w§rj’q,wt;Sj) — VEA(wt,Sj)H.
:IEH(wlt - mVEA (wt, Sj)) - ({Et - ntVEA (ﬁt, Sj)) Il + 2nt)\||w;»’Q — WY, (wh]|.

<+ men)Bllw’ — @[] + 2mA|lwj o — wF; ()]
(53)

o where ¢, = min{Lg.&) with & = [[V2F(wo,Sy)| + ”HD ! BV F (wl H
990 %HZE;%ﬂlVﬁ(w%) ,

991 have

wi-(w) = argming,. L(wr,S) + + 3|lwr — w|. In the second case, we

IE||wH'1 — @t'HH :EH(wt — ntVIC(w%_mwt; Si)) (w — ntVlC(le o wt: §Z))||
§E||(wt — ntVE,\(wt,Si)) — (@ — ntVL'A(@ , l))|| + ZEHVIC(w%}q,wt;Si) — VE,\(wt,Si)H.
<E[ (w' — VL (w', 8;)) — (@ — 0 VLA(@", 8)) | + 2meM|Jw! o — wh- (w')]|

(54)
992 For the first term in (54)),
E|(w! —0.VLx(w'y)) — (@ = VLA (@3))]]
<E[[(w' = VLA (w'i)) — (0" = VLA (0" 0)) || + mEVLA (@) — VLA (w'3) ]|
993 Putting it into (54), then we have
Ellw™ — @ < (14 nege)Ellw' — @ || + 20| VE;(w', 8;)]| + 2meM[w! o — w5, (w')]| (55)

994 we can know ]E||V]/5i(wt) || < G. Then combing two cases, we obtain
EHwt—i—l _ ~t+1||

<(1- —)(1 +mo)Elw’ — @'l + — (1 + o) Elw’ — @' + — [2mEHVF( )+ 2mAE | o — i (w)]]
Q

1
<O+ me)Elw' — @ + — |2mE|VE ()] +
~ 2n, @
<exp(npo)B|lw' — | + ==

995 where we use ... in the second inequality, 1 + 2 < exp(x) in the third inequality. Additionally, we
996 denote ® = G + >‘+L)G
997 can easily get

. Following the same proof technique in [41]](Eq (23) in Theorem 4), we
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998

999

1000
1001

1002

1003

1004

1005
1006
1007

1008

1.2c®
E||lw? — @7 < 2 —) =
|[w" —w” || < E exp(2cy E k)

t=to+1 1Sy K
o T, 2cd
< i) it
> explacyin( 1)
t=to+
— @(TQCW) i t—2c'y—1
m
t=to+
_ 12 T,
T 2cy m iy
and
= T ¢ T t
Bl (7, 5, 2) ~ fuwr (@ 5,9 £ om0 412, 56)
where r = Es A[F(ws)], vy = O(min{Lq, Es[||V?F;(w°, S|)] + plco +
V/e(F(w®) — minyy F))}). Next, let b = 2cv. Then, setting
to = (2CG(I))%+17T17L
T
minimizes (56). Plugging ¢, back we get that equals to
1+¢ )
b (2cG®) T (#T) T4

This completes the proof.

D Results of Table[2l

In the subsequent proofs of other algorithms, we provide only the proof of generalization bound
under the assumptions of the Lg-smoothness constant and pg-Hessian Lipschitz continuity, which
can be established by referring our previous proof. We first present their corrosponding algorithm.

D.1 Algorithms

Algorithm 2 MAML
Require: The set of datasets S = {S;}7™, with S; = {SI*, S}, outer iterations 7', adaptation steps

3

Require: Choose arbitrary initial point w® € W;
I: fort =0toT — 1do
2:  Randomly choose the task .
3:  Inner-Level: w%_o = wy
4 forq=0,1,...,Q —1 do
5 wh o =wh  —aVL(wE | SP);
6: end for
7:  Outer-level: wy, = w/%Q
8wt i=w' —n,V,Li(wr, SH)
9: end for .
oo T =T . 1 .
10: wh and @' = 72 Do, w'
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Algorithm 3 FOMAML
Require: The set of datasets S = {S;}™, with S; = {S!*, S¥}, outer iterations 7', adaptation steps

Require: Choose arbitrary initial point w® € W;
I: fort =0toT — 1do

2:  Randomly choose the task 1.
Inner-Level: w%- o = w;
forg=0,1,...,Q —1 do

W g1 = W g — aVL(w 1, S7);
end for
Outer-level: wr;, = w%"AQ
Wt = w' = 0V, Li(wr,, S5°)

9: end for -

oo T =T ._ 1 t.
10: w and W™ = =7 > wh

X DN EW

Algorithm 4 MetaSGD
Require: The set of datasets S = {S;}7™, with S; = {SI*, S}, outer iterations 7', adaptation steps

3

Require: Choose arbitrary initial point w® € W;
I: fort =0toT — 1do

2:  Randomly choose the task .
Inner-Level: wtﬁ_o = wy
forq=0,1,...,Q —1 do

w%,qul = w%,q e Vﬁ(w%,q’ 5

end for
Outer-level: wr, = wh. 4
W = wt =V, L, S)

9:  aftli=al —n, V. Li(wr, SH)
10: end for
11: w?l andw? := T%H ZtT=o wt;

A

Algorithm 5 iMAML

Require: The set of datasets S = {S;}™, with S; = {S!*, S¥}, outer iterations 7', adaptation steps
Q.regularization constant A

Require: Choose arbitrary initial point w® € W;
1: fort =0to7T — 1do
2:  Randomly choose the task 1.
3:  Inner-Level: wh. o = wy
4 forg=0,1,..,Q—1 do_
5 wh o =wh  —aVLA(wh ,S1);
6: end for

7. Outer-level: wy, = wh.

8

9:

0:

wt = wt — (I + 5 V5,, Li(wr, S) 7 Vay, Li(wr,, SE°)
end for
10: w and w” = 7 S whs
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Algorithm 6 Meta-MinibatchProx

Require: The set of datasets S = {S;}™,, outter iterations 7', adpation steps (), regularization
constant \.
Require: Choose arbitrary initial point w® € W;
I: fort =0toT — 1do
2:  Randomly choose the task 1.
3:  Inner-Level: wh. (= w;
4 for¢=0,1,...,.Q -1 doA
5 w%—i)qﬂ zw%}q—aVlC(w%—m,Si);
6:  end for
7. Outer-level: wr;, = wi- ,
8
9:
0:

wthi=wt — A (wt — wr)
end for .
T =T . _1 t.
1 w* andw" = T+1 Zt:() w-,

Algorithm 7 FoMuML

Require: The set of datasets S = {S;}™, with S; = {S!*, S}, outer iterations 7', adaptation steps
Q, regularization constant \.
Require: Choose arbitrary initial point w° € W;
I: fort =0toT — 1do
2:  Randomly choose the task 1.
Inner-Level: w%- o = w;
forq=0,1,...,Q —1 do
w%7q+1 - w%,q - aVEA(wé—“q, Si");
end for
Outer-level: wr;, = w%"AQ
witl = wt — NtV L;(wr;, S)
9: end for -
- onT =T . 1 t.
10: w and W™ = =7 >3 wh

X DN EW

1009 D.2 FOMAML(convex)

1010 This proof is similar to the proof of Theorem 2] we have

't — @+ = (w! — VL (wr, (w', 8), 8%)) — (@ — 5, VL (wr (@, 55), SE)) |

1 . - ~
<o 2 ' = nVe(wr (' 87, 29)) = (@' = m Ve(wr (@, 557, 2)) |
z“SGSgﬁ
<Jlw* — |

(57)
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1011 Next, for a given time index ¢, with probablhty = the task 7; is selected. In this case, we have
Ellw' — @] <El| (v’ — 5. VL(wr (w', S7), ) = (@ = VL (wr (@, 577), 58) )|
<E|/(w' — 0 VL (wr, (w', SF), S8*)) — (@' = VL (wr (@, 51"), %) |
+Euntvc(wwt 517, 5%) — mVE (wr (@, 51%), 51 |
<% Z EH wt — ntVC(le (w', SiY), tS)) — (@t — ntVE(wTi (', §fr), zts)) I
ztbests
+mE||vE(wT<~f 8. 8F) = VL(wr (@, 57), SF) |
<& Z E|l(w' = n Ve (wr (w', S7), 2%)) — (@ = mVe(wr (@, 577, 2)) |
zeSE
+ 2BV Fy(w)],
~ (58)
1012 where the last inequality follows that S* and S{® are sampled from the same distribution, then
1013 ]E||V£(w7i (@t,Sﬁr),SES)H = ]E||V£(w7 (@t,Sfr),st) = E||VF;(w)||. Note that
E[[(w' = neVe(wr, (w', S, 2%)) = (@ — neVe(wr (@, 57), 29)|
<E||(w" = n, VL (wr, (w', S7), 2%)) — (0" — n, Ve (wr; (@, Str) SN (59)
+ nE| Ve (wr, (@', S71), 2*%) — VI (w7, (@, Sty 2.

1014 Let us bound the two terms on the RHS of (59) separately. First, similar to how we derived (57), we
1015 could bound the first term by

E|[(w' — i Ve(wr (w', 517, 2%)) — (@ — 5 Ve (wr (@, S7), %) | < Efw’ — ']

1016 To bound the second term on the RHS of (59), we consider two parallel processes of generating
1017 iterates {w?- ,} and {{EtT’ o} by using datasets S}" and S}", respectively. Note that

E|[VE(wr (@, S), 2%) — Ve (wr (@, 557), )| =E[[VE(@h, o, =) — Ve, 2]
<LE||@, o — @

=LE|| { Wy, Q-1 —aVE( Wy Q- 19 )} [~le 1 _QVE( zQ 1vstr)]
<LE| [@ -1 — aVE(@, -1, S7)] - [Ty — aVe@lgy, 5]
+ LE[|aVL(i;g 1, St) — aVL(wi 1, 57|
~ ~ 2aLG

<LE||w} g, — wfég W+ —

_ ~ . ~ o~ 2(Q — 1)L«
<LE| [wt —aVL(aw, Sfr)} — [wt —aVL(a, Sfr)} I+ %

~ ~ ~ 2(Q — 1)alL
=aLE|VL(w", S{*) — VL(w", S| + M
n
<2QozLG7
- ntr
(60)
1018 Substituting (60) and (39) into (58)), we have

2QaLG

Elw™ — @™ <Elw' — @[ +m

+ 20|V, (w")].

1019 Combing the above two cases, we obtain

~ 1 ~ 1 ~ 1 2QaLG 2
Bt — 7 <0 - DBt — 3 + LBt~ @+ 0 2O + LB E )]

QQaLG 2
—E||w! — @ |+ o i
mn

~E[VE(w)].
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1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

Unrolling it and noting that ||w® — w°|| = 0, we have

T-1

~ 2QalLG 2n
Ef|w” — @™l < Znt o +Z tEHVF( LSl
— =0
T-1 T-1
QQaLG 1 . Loo?
<020 L v LS

where we use Lemma [I3]in the last inequality. which completes the proof.

D.3 FOMAML (non-convex)

This proof is similar to the proof of Theorem 3] we have

Wt — G| = (wh — VL (wr (wh, S5, 5%)) — (@ — VL (wr, (@, 55), 5)) |

o~ (61)
<L +mge)llw' — @',
where ¢, = min{LQ,Et} with & = [IV2F(wo, 8 + 5 || izt AVFwh)| +
% |[Siz Ay
Next, for the second case, similar to the proof of (58), we have
o 1 r S e e ~r S -
Ellwt™ = @) < = 37 Bl(w! - nVe(wr (0, 57),2%)) — (& — neVe(wr, (@, 8, ) || + 28|V Fiw)]|.
z€eSEs
(62)

Note that

E|l(w' = neVe(wr (w', SF), 2%)) = (@ =0 Ve(wr (@, 51), 2)) |

< E[[(w" = neVe(wr, (w', S§7),2%)) — (0" = 0 Ve (wr, (@, SiY), 2%)) || + 0| Ve (wr, (@', Sf), 2°) = Ve (wr, (@
(63)
Let us bound the two terms on the RHS of (63)), separately. First, similar to how we bound (6I)), we
could bound the first term by

| (' — 5oV w (wt, S5), 2%) — (@ — 0 (wr, (@, 8, )| < (1+ g )Eljut — @]
To bound the second term on the RHS of (63)), similar to the proof of (60), we have

2Q(1 + aL)?aLG

7ltr

E||Ve(wr (@, S1), %) = Ve (wr, (i, §7), 2| < (64)

Substituting (64) and (63) into (62)), we obtain
2Q(1 + aL)?aLG

7ltr

Ellw™! — @™ | <(1+mé)Efw’ — @] + ne + 20|V, (w")]-

From Lemma we can know EHVR (w')|| < eG. Then combing the above two cases, we obtain

_ 1 ~ 1 ~
Ellw'™" — @ <(1 = —)(1+ me)Elw’ = @' + — (14 mén)Eflw’ — @'
N 2Q(1 + aL)QaLG 2neG

mntr m
- @
<exp(pgo)Bllw' — % + =

where we use 1 + z < exp(x) and a < @ in the second inequality, and we denote ® = 2eG +

2Q(14+aL)?aLG

e . Using the same technique in Theorem Then we complete the proof.

41

Str)



1035 D.4 iMAML(convex)

1036 Since our goal is to demonstrate the extensibility of our framework analysis, here we consider the exact
1037 version of the solved iMAML algorithm, and of course we believe that this can be equally generalized

1038 to the IMAML algorithm with an error term. Let w7 = argmin,, - {L(wr., S + Sllwr, — w2},
1039 we have

Hwt+ ~t+1|| _H (U) - ﬁtVﬁ(wT (wt> S;‘r)7 Sgtb)) - (ﬁ;t - UtVE(UJ*Tj (@t7 S;r)ﬂ Sgts)) H
1 * T ~ * ~ r
<T Z [ (w" — ntVZ(wTj (wt,S;- ),2%)) — (0" — ntVE(wTj (wt,S; ),z%))|
ZCS€S;S
<lw" — @
(65)
1040 Next, for a given time index ¢, with probability %, the task 7; is selected. In this case, we have
Elw' — @' =B (w' — VL (wh, (w', S7), S8%)) — (@' — 0 VL (wy, (@, S7), SF)) |
<E|(w' = VL(wh (w', Si), S1%)) — (@ — mVL(wh (@', 5}), Si%) |
+ E||n, VL (wh (@, S5, S8) — 0, VL (wi- (@, St), S|

1 ~ ~ Mok (=t Qtr s
gﬁ Z El[(w" — nVL(w5 (w', S7%), 2%)) — (0" — VL (w (@', S7), 2%)) ||

ZtseSts
+ mE||vE(w*T(~f Sir), 88%) — VL (wh (wt, S, &)
< Z E[(w! — 0, Ve(wh (wh, S, 2%%)) — (@' — 1, Ve (wi (@, ST, 2%)) |
zeSks
+ 2BV Fy(w)],
R (66)
1041 where the last inequality follows that S* and Sf® are sampled from the same distribution, then
1042 ]E||V£(w7(~f S“) S“)H = ]E||V£(w7—(~f S“) st) = E||VF;(w)||. Note that
E| (wt — ntVK(w% (w', Sir), zts)) — (ﬁt — ntVZ(w% (w, gfr), zts)) |
<E||(w" — n, VL (wh (w*, 57, 2%)) — (0" — n, Ve (wi- (@, S7*), 2)) || (67)
+ UtE||V€(w% (Uf}ta S;Fr)v Zts) - Vﬁ(w% (ﬂjtv g;r)a Zts) ||

1043 Let us bound the two terms on the RHS of (67) separately. First, similar to how we derived (63), we
1044 could bound the first term by

B (' — V(s (', S), 29)) — (@ — nVe(wh (@, 1), )| < Eljut — @],
1045 To bound the second term on the RHS of (67), note that
E|Ve(wy, (@', Si), 2'%) = Ve(wy, (@, 5F), 2%)|

1 ~ _ 1 ~ -
=E|(I + 3 V2L(wy;, S1) 7 Vewh, 2%) = (I + V2 L(w, §7)) 7 V@7, 2|

1_s4 - 1_54 -
<E||(I + 5 V2 L(w,, S9) 7 Ve, 2%) = (I +  V?L(wy, S7)) 7 V@7, 2|

1_o4 1_5n P _
+E|(I+ VP L(w,, 5) "o, ) - (I+ TV L(wr,, 5)) e, )
1_,4 - ~ 1_,4 - 1_,4 — =
<E||(I + V2 L(w,. S1) " Vews, 2%) = VU@, )| + B (I + V2 L(wg, 7)) = (I + V2 L(wr, 57)
(68)
1046 For the first term in (68)), since the inner-optimization problem is in A strongly-convex setting, then
1047 by using the standard stability result in [37]], we have

1 oa _ 2LG?
E|[(I + V2 L(wy, 7)) NIVE(ws, =) = VE@S, =) < (69)

- )\ntr
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1048 For the second term in l@i since Sfr different with §fr at most one point, then we have

1 .~ _ 1 .~ o o 2LG
E||(I + ~V2L(ws, S™M) ™ = (I + <V2L(wh, S0) | Ve(@s, =) <

70
A A Antr 70)
1049 By plugging (69) and (70) into (68), then we have
~ 2L(G* + G
[V (@, 55, 2) ~ Ve(wr (@', 51, ) < ZHE G a
1050 Substituting (71)) and (67) into (66)), we have
. ~ 2L(G* + G ~
Bl @) <o’ = 7+ ) 2B )
1051 Combing the above two cases, we obtain
- 1 .
Ellw™ — @ <(1 - —)EJw’ — @' + Ellw — 'l
1 277t (G2 + G) QT]f
—_——— ]E VE,
s T IV F: ()]
~ 277fL(G2 + G) 27’]1»
=E||w’ — o _ IE VE,
! — @) + 2L IV F ()]
1052 Unrolling it and noting that ||w® — @°|| = 0, we have
T—1
~ 277tL(G2 + G) 277t
Eflw” —aTl} <y =+ Z TR |VE (w5
mn
t=0 t=0
LG+ G) | 1 2 T}
= | F(wd) — 2
z TG L pwo) >
103 where we use Lemma|[T3|in the last inequality. which completes the proof.
1054 D.5 iMAML(non-convex)
105 This proof is similar to the proof of Theorem 3] we have
Jw ™ — @ | =] (w! - VL (wr, (w', S, 8%)) — (@' — VL (wr, (@, St), S¥))]| )
<1+ mge) lw — @',
s where ¢ = min{Lg,&} with & = [V2F(uwo,S)| + % [Tzt AvE@WS)| +
1057 HZ; ;ﬁlVF )H
1058 Next for the second case, similar to the proof of (66), we have
Bt — | < o 3 Bl (0~ nVe(wr (ut, S, 2%) — (@ — Ve wr @, 50, 2%) | + 20El Y Fy(w)]|
zES”
(73)

1059 Note that
E|[(w' —nVe(wr (w',57),2)) = (@' = e Ve(wr, (@', 5F), 2%)) |

<E| (wt — ntVK(wTi (w', S, zts)) (w — ntVE(wT (@', StY), 2 )) I+ ntEHVE(wTi (W', S, 2'%) — VE(wTi (o, §fr)
(74)
1060 Let us bound the two terms on the RHS of (74), separately. First, similar to how we bound (72), we
1061 could bound the first term by

B (' — mVe(wr (!, S), %)) — (@ — iV e(wr (@, 87, 2%)) | < (1 +mge)Elu’ — wfn
1062 To bound the second term on the RHS of (74), similar to the proof of (68), under the A\ —
1063  strongly-convex setting, we have
2L(G? + G)

(et gty Lt Sir), )| < S
E|[Ve(wr, (@, 517), 2) = Ve(wr (@, 57, 2 < TH=py s

(75)
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1064 Substituting (73)) and (74) into (73)), we obtain

1065

1066

1067

1068

1069
1070

1071

1072
1073

1074
1075

2L(G? + Q)

Ellw™" — @™ <1+ 70)Ellw’ — @[ + 1 TN Dint

+ 20 ||V Fy(w')])

From Lemma we can know E[VF}(w')|| < eG. Then combing the above two cases, we obtain

. 1 ~ 1 ~
Efw™ — @™ <(1 - — )+ @ )E||w' — @[] + — (1 + 160 El|w’ — @]

2L(G? +G)  2neG
(A= L)ymntr m

- d
<exp(n @ El|w' — & + 1=,

where we use 1 + = < exp(x) and a < Q% in the second inequality, and we denote & = 2eG +

Q(LA(_GTQ;;@. Using the same technique in Theorem Then we complete the proof.

D.6 Fo-MuML(convex)

Fo-MuML is more like a application of FOMAML in PDF. In particular, in the ourter-level, We no
longer derive the derivative of w, we take the derivative of w; ¢. Then we have

™+t — &) = (0 = VL (wr, o(w', 57), 5) = (@ - nVE(wr, @@, 5, 52))]
1

<o 30 Nt — Ve gt S¥), ) — (@ —mVL(wr, o', 55), 2%)|
ztsestﬁ
<Jw' — @

(76)
Next, for a given time index ¢, with probablhty = the task 7; is selected. In this case, we have

Ellw'™ — @ =E|| (w' — VL (wr; g(w!, SI7), 8%)) — (@' — 0, VL (wr,,q(@, S), S2))|
<E||(w' — VL (wr,qw!, 8%), 8)) — (@ — VL (wr (@, SF), S2))||
+ B[, VL (wr o(@t, S), S¥) — 0.V L (wr: o (@, ST, S&) |

1 ~ 3 ~ ~ ~t Qtr s
Sﬁ Z EH(wt - ntv'c(wﬂ,Q(wtaSitr)vzts)) - (wt —nthC(ﬂ)T“Q(UJt,S: )7Zt ))”

ZtSES,E’s
B VE(wr o', 5. 57) - VE(ur of@", 5155
! o ~t Qtr s
< 2 El(w' —neVe(wr o', 51).2%) — (@ — 0.V (wr 0@, 51).2%)) |
zeSE

+ 20,E||VE; (w)]]
~ (77)
where the last inequality follows that S!* and S!* are sampled from the same distribution, then
IE||V£(wTi (zﬂt,S,f”),st)H = E||V£(w7; (W,S,}r),SfS) = E||VF;(w)||. Note that

Ell(w' — 0 Ve(wr, (w', SI7), 2%)) — (@' — Ve (wr, q(@", S7), 2) |
<]E||(wt — ntVE(wTi,Q(wt S, zts)) — (w — ntVE(wT“Q(@t,Sfr),zts))ﬂ (78)
+ BV (wr o (@', SF), 2%%) — VL (wr, (@', SF), ).

Let us bound the two terms on the RHS of (78) separately. First, similar to how we derived (76), we
could bound the first term by

El|(w' —n:Vl(wr, q(w', Si), 2%)) — (@' — 0 VE(wr (@, 57), 2%)) || < E[lw" — @]
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1076
1077

1078

1079

1080

1081

1082

1083

1084

1085

1086

1087

1088
1089

1090

To bound the second term on the RHS of (78), we consider two parallel processes of generating
iterates {w’. } and {iuv%' o} by using datasets S{" and S}", respectively. Note that

E|[VE(wr (@, S17), 2%) = Ve (wr, (@, 5}, 2%)|| =B VAT, o, 2"%) = Ve, 2|

~t,/

<LE|@7, o — @

| (79)
2G>
— Antr7
Substituting (79) and (78) into (77), we have
~ 2G? ~
Ellw'™* — &' <E[w' — @' + U v 20 E||VEF;(w')].

Combing the above two cases, we obtain

_ _ 1 2G?
Efw™ — @' <(1—*)]E||w — ']+ ]Ellw — @+

2(; 27h
Am

Unrolling it and noting that ||w® — @°|| = 0, we have

. — 277
Efw” —a"||] < Z mntr + Z | VE (', 5]
t=0

2 ~
+ ZnEVEw)]

=E|jw’ — @"|| + . ]EIIVF( I

T—

iy

262 1 Loo?
< 22 = | Fw®) — mi S
Bl " Nmnt * m (w?) w 2 « e

where we use Lemma [I3]in the last inequality. which completes the proof.

D.7 FoMuML(non-convex)
This proof is similar to the proof of Theorem 3] we have

™+t = @ = (! — eV E(wr; (0!, 1), 85) — (@ = mVE (wr, (@, 57), 57)) |

. (80)
<(L+mede) v’ — @',
where ¢ = min{Lo.&} with & = [V2F(wo,S)| + % ||izt V)| +
22 szt BvE@y)|.
Next for the second case, similar to the proof of ({77), we have
1 ~ ~t Qtr S n
Bl — ) < o 37 B (' — e Vewp (wh, S5),2%)) - (@ — 0V (@,5),24) | + 20| T F(w)].
z€Sts
1)

Note that

E” (wt - ntvg(w'ﬁ (wt> S;‘Dr)v zts)) - (ﬁt - ntvg(wﬂ (@tv §;r)7 Zts)) H

<E[(w' — mVe(wr, (w', Sf), 2%)) — (@' — nVe(wr, (@', 51, %)) | + mE| Ve (wr, (@', SF), 2'%) — Ve (wr, (@, SFF)
(82)
Let us bound the two terms on the RHS of (82)), separately. First, similar to how we bound (80), we
could bound the first term by

Bl (w — Ve (wr (w, S7), 2)) — (@ — Ve (wr (@, S7), )| < (1+ ma)Elwt — @),
To bound the second term on the RHS of (82)), similar to the proof of (79), we have

2G?

tr o Stogtry Lts)|| <
B Ve (wr (0,51, 2%) = VE(wr (0,5, 290 <

(83)
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1091

1092

1093

1094

Substituting (83) and (82) into (8T)), we obtain

2

Ellw™* — @Y <(1+ 0o )E|w® — @ + n, ~ + 2 E||VE; (wh)].

2G
(A=L)nt
From Lemma we can know E||VF;(w!)| < eG. Then combing the above two cases, we obtain
1
m
2G? 2n:eG
(A = L)ymntr m

~ ~ 1 ~
Eflw™ — @ <= —)(1+ mpo)Ellw’ — @' + —(1+mo)Ellw’ — @

_|_

= [}
<exp(ny ¢y ) E[|w' — w'|| + %

1

QL
%. Using the same technique in Theorem Then we complete the proof.

where we use 1 + = < exp(x) and o < in the second inequality, and we denote & = 2eG +
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