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Abstract

Meta-learning has achieved significant advancements, with generalization emerging1

as a key metric for evaluating meta-learning algorithms. While recent studies have2

mainly focused on training strategies, data-split methods, and tightening general-3

ization bounds, they often ignore the impact of inner-levels on generalization. To4

bridge this gap, this paper focuses on several prominent meta-learning algorithms5

and establishes two generalization analytical frameworks for them based on their6

inner-processes: the Gradient Descent Framework (GDF) and the Proximal Descent7

Framework (PDF). Within these frameworks, we introduce two novel algorithmic8

stability definitions and derive the corresponding generalization bounds. Our find-9

ings reveal a trade-off of inner-levels under GDF, whereas PDF exhibits a beneficial10

relationship. Moreover, we highlight the critical role of the meta-objective function11

in minimizing generalization error. Inspired by this, we propose a new, simplified12

meta-objective function definition to enhance generalization performance. Many13

real-world experiments support our findings and show the improvement of the new14

meta-objective function.15

1 Introduction16

Meta-learning has been proven to be a powerful paradigm for extracting well-generalization from17

previous tasks and quickly learning new tasks [1]. It has received increasing attention in many18

machine learning applications such as few-shot learning [2], robust learning [3], and natural language19

processing [4]. The key idea of meta-learning is to improve the learning ability of agents through a20

learning-to-learn process. In recent years, optimization-based meta-learning algorithms have emerged21

as a popular approach [5–8]. These studies formulate the problem as a bi-level optimization problem22

and have demonstrated impressive performance across various domains, significant attention from23

the research community. In particular, at the outer-level, it trains a meta-learner to extract task-shared24

knowledge from meta-training tasks. At the inner-level, a basic model, which is initialized using the25

meta-parameters, adapts to each task by taking Q inner-level gradient updating, where the Q times26

inner-level update is commonly called an inner-process [5, 9–11].27

Despite the remarkable success of meta-learning, its theoretical understanding of generalization28

remains largely unexplored. Recent studies have primarily focused on analyzing the effect of training29

strategy [12, 13], data splitting methods [14, 15] on generalization error or on advancing tighter30

generalization bounds [16, 17], while overlooking the impact of inner-levels on generalization, i.e.,31

the relationship between the generalization error and the number of inner-levels Q.32

In particular, there are two main inner-processes frameworks in current meta-learning algorithms, as33

shown in Table 1. One is the Gradient Descent-based Framework (GDF) [5, 6, 18], where the key34

idea is to measure the closeness of the initial prior hypothesis to the target optimal hypothesis by the35

number of gradient descent steps. However, this approach incurs high computational costs due to the36
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Table 1: The summary of main meta-learning algorithms

Frame. Algorithm Inner-Level Process Convex Non-Convex

GDF

MAML[5] wTi
= w − α

∑Q−1
q=0 ∇L̂i(wqTi

,Di)
= argminwTi

{
⟨
∑Q−1
q=0 ∇Li(wqTi

,Di),
wTi − w⟩+ 1

2α∥wTi − w∥22
} O

(
TQ
mntr +

√
F (w0)−minW F+T

m

)
O
( 1+ 1

cγ

m (1 + Q
ntr )

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)
FO-MAML [5]

Meta-SGD [6]

PDF

iMAML [20]
wTi

= argminwTi
L̂i(wTi

,Di)
+λ

2 ∥wTi − w∥2
O
(

T
mCQ +

√
F (w0)−minW F+T )

m

)
O
( 1+ 1

cγ

m (1 + 1
CQ )

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)
Meta-MinibatchProx [7]

FO-MuML [11]

need for second-order derivatives and requires careful tuning of multiple hyper-parameters [19]. To37

address these limitations, another inner-process framework PDF, which is based on proximal descent,38

has been developed [20, 7, 11]. It only depends on the solution to the inner optimization and not the39

path taken by the inner optimization algorithm.40

(a) MAML.

(b) Meta-MinibatchProx.

Figure 1: Effect of Q on Om-
niglot dataset.

To validate the impact of Q on the two frameworks, we conducted41

two simple experiments on the Omniglot dataset [21] using MAML42

[5] and Meta-MinibatchProx [7] to be the examples. In Figure 1, the43

generalization error (Test Loss - Training Loss) first decreases but44

then increases with the number of inner-levels Q grows in MAML,45

while always decreases in Meta-MinibatchProx. This different be-46

havior, attributed to the distinct inner processes of the two frame-47

works, motivates the need for a deeper analysis to help the design48

of Q for improved generalization performance.49

To analyze the relationship between inner-levels Q and generaliza-50

tion error under these two frameworks: GDF and PDF, this paper51

leverages the algorithmic stability to characterize the generalization52

of algorithm [16, 22], which measures sensitivity to perturbations53

in the training dataset. To the best of our knowledge, this is the first54

study to investigate the influence of inner-levels on the generalization55

of meta-learning under two frameworks. Our findings offer valuable56

insights for developing efficient meta-learning algorithms. The main57

contributions can be summarized as follows:58

(1) We summarize six mainstream meta-learning algorithms and59

extract their structural features. Based on their inner-processes,60

we classify these algorithms into two frameworks: GDF and PDF,61

and develop two definitions of on-average stability, respectively.62

Accordingly, we establish a quantitative relationship between inner-63

levels and the generalization error in convex and non-convex settings.64

(2) Our results reveal the influence of the inner-levels Q on general-65

ization error. In particular, we identify a trade-off relationship in GDF, whereas PDF demonstrates a66

beneficial relationship in its generalization bound. The primary reason for this difference lies in the67

term introduced by the inner-process. For example, in convex setting, the term for GDF, O( TQ
mntr ),68

increases with Q, whereas the term for PDF, O( T
mCQ ), decreases with Q. These findings help to69

design a more efficient inner-process of meta-learning.70

(3) Based on the generalization results of GDF and PDF, we further derive the generalization71

bounds for six meta-learning algorithms and analyze their implications. In general, note that the72

meta-objective F (w) plays a crucial role in reducing the generalization bound. Motivated by73

this, we propose a new meta-objective Fnew(w) and prove Fnew(w) ≤ F (w), thereby enhancing74

generalization performance. Extensive experiments confirm the efficiency of the proposed objective.75

2 Related Work76

Algorithm Stability. Algorithmic stability is critical for learnability [23]. There are two main77

approaches to investigating the stability-based generalization bound of meta-learning: (1) The first78

approach, introduced by [24], focuses on deriving generalization bounds for the transfer error,79

based on the assumption of independent task environments. This line of research has been further80
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developed in several influential works [12, 25, 13, 17]. In this approach, the generalization error is81

defined as the transfer error minus the training error. (2) The second approach, by quantifying the82

test error, successfully eliminates the assumption of independent task environments and provides83

tighter generalization bounds compared to the first approach [16]. Additionally, [22] re-examined84

the generalization performance of meta-learning from a bi-level perspective, i.e., the inner-level85

and outer-level, and concluded that inverted regularization at the inner level helps to reduce the86

generalization bound. Differently, we make a further development in the second group by re-87

examining the generalization ability from two main structures at inner-level and reveal the two88

distinct impacts of inner-levels. Notably, the algorithm stability of prior work is limited in one-step89

MAML, highlighting the need for a novel algorithm stability definition.90

Meta-Learning. Recent advances in meta-learning have spurred significant progress. From the91

optimization perspective, [26] analyzed the convergence rate and computational complexity of ANIL,92

while [27] investigated the convergence properties with a single adaptation step. Extending this, [28]93

developed a theoretical framework for MAML with multiple inner-levels. [11] introduced a novel94

analysis of first-order meta-learning algorithms. To improve the in-context learning performance95

of pre-trained models, several meta-training-based approaches have been proposed. For example,96

MetaICT [29] uses BinaryCLFs and LAMA datasets to create tasks, while pre-pending human-97

generated instructions to each task. In contrast, MetaICL [30] leverages a wide variety of disjoint98

tasks to meta-train large language models. [31] demonstrates that meta-learning can aid in cross-task99

generalization for prompt tuning. Moreover, MAML-en-LLM [32] is capable of learning truly100

generalizable parameters that not only perform well across disjoint tasks but also adapt effectively to101

unseen tasks.102

3 Preliminaries103

In this paper, each data point z = (x, y) ∈ Z consists of an input x ∈ X and its corresponding label104

y ∈ Y . We assume access to m tasks, denoted by T1, . . . , Tm with the data for each task Ti, i ∈ [m],105

generated from an unknown distribution Pi. We use the loss function ℓ : Rd×Z → R+ to evaluate the106

performance of a model parameterized by w ∈ W , where W is a closed subset of Rd. The population107

loss corresponding for task Ti is defined as Li(w) := Ez∼Pi [ℓ(w, z)]. In addition, we use the notation108

L̂i(w) to denote the empirical loss for task dataset Di, i.e., L̂i(w,Di) := 1
|Di|

∑
z∈Di

ℓ(w, z), where109

|Di| is the size of Di. The goal of meta-learning is to learn good meta-parameters w that perform110

wells across different tasks, which can be written as follows:111

min
w∈W

F (w) :=
1

m

∑m

i=1
Fi(w), (1)

where Fi(w) is used to denote the performance of w on task Ti, after undergoing multiple (or one)112

gradient updates to adapt the parameters to the specific task. At a high level, a.k.a., the outer-level, the113

learner needs to figure out useful meta-information that can generalize across tasks. At the inner-level,114

the learner needs to find task-specific parameters wTi that perform well on individual tasks after115

undergoing an inner-process.116

3.1 The GDF Framework117

From the inner-level perspective, two distinct inner-processes have primarily been developed, giving118

rise to two dominant meta-learning frameworks, as illustrated in Table 1. One prominent meta-119

learning framework, called the Gradient Descent Framework (GDF), is exemplified by MAML [5],120

FO-MAML [5], and Meta-SGD [6]. In particular, the inner-process finds the task-specific optimal121

hypothesis by solving the following optimization problem:122

min
wTi

〈∑Q−1

q=0
∇L̂i(wqTi

,Di), wTi − w

〉
+

1

2α
∥wTi − w∥22, (2)

where Q is the number of inner-levels, i.e., gradient descent steps in GDF and α is the inner step123

size. In fact, by taking the derivative on wTi and making the gradient equal to 0, (2) can be written as124

wTi
= w−α

∑Q−1
q=0 ∇L̂i(wqTi

,Di), which reveals that task-specific parameters are iteratively learned125

by minimizing the empirical loss based using gradient descent. Specifically, in GDF, without loss126

of generality, we mainly follow MAML [5], and summarize the training procedure in Algorithm 1.127
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Algorithm 1 GDF and PDF

1: The set of datasets S = {Si}mi=1, outer iterations T , inner-levels Q, regulation λ.
2: Choose arbitrary initial point w0 ∈W ;
3: for t = 0 to T − 1 do
4: Randomly choose the task i.
5: Inner-Level: wtTi,0

= wt
6: for q = 0, 1, ..., Q− 1 do
7: wtTi,q+1 = wtTi,q

− α∇L̂(wtTi,q
, Str

i ) ;

8: wtTi,q+1 = wtTi,q
− α∇K̂(wtTi,q

, Si) ;
9: end for

10: wt+1 := wt − ηt∇wL̂i(wtTi,Q
, Sts

i )

11: wt+1 := wt − ηtλ(w
t − wtTi,Q

)

12: end for
13: wT and wT := 1

T+1

∑T
t=0 w

t;

For each task Ti, we group the samples into two distinct sets among n training samples: a support128

set Str
i of size ntr for meta-train at inner-level and a query set Sts

i of size nts for meta-validation at129

outer-level. Then, for each task Ti, we have one corresponding training set Si := {Str
i , S

ts
i } in GDF.130

Referring back to (1), the formal definition of the meta-loss of task Ti is:131

Fi(w) := EDiEz∈Pi [ℓ(w
Q
Ti
(w,Di), z]. (3)

Because it is difficult to obtain the (3) in practical applications, we usually use the empirical loss132

F̂i(w, Si) := L̂(wQTi
(w, Str

i ), S
ts
i ) =

1
nts

∑
z∈Sts

i
ℓ(wQTi

(w, Str
i ), z) to approximate it.133

3.2 The PDF Framework134

Another widely used framework of meta-learning, known as the Proximal Descent Framework135

(PDF), is based on a “proximal” descent, wherein task-specific parameters are iteratively learned by136

minimizing the empirical loss and an ℓ2 regularizer. This framework is exemplified by iMAML [20],137

Meta-MinibatchProx [7], Fo-MuML [11]. In this framework, the inner-level optimization problem is138

formulated as follows:139

min
wTi

L̂i(wTi
,Di) +

λ

2
∥wTi

− w∥2, (4)

where λ ≥ 0 is a regularization constant. In PDF, without loss of generality, we mainly follow140

Meta-MinibatchProx [7]. In particular, the task-specific training set Si of size n is used directly141

for meta-train at inner-level, without the data into two distinct sets. Then, we present the following142

formulation of the meta-loss for task Ti corresponding to the PDF:143

Fi(w) := min
wTi

{
Ez∼Pi

ℓ(wTi
, z) +

λ

2
∥wTi

− w∥2
}
= Ez∼Pi

ℓλ(w, z). (5)

and the empirical loss is F̂i(w, Si) := minwTi
{ 1
n

∑
z∈Si

ℓ(wTi
, z) + λ

2 ∥wTi
− w∥2} = L̂λ(w, Si).144

Note that we use Ez∼Pi
ℓλ(w, z) and L̂λ(w, Si) forlicity without impacting our analysis.145

For a practical PDF-based algorithm, it’s difficult to get an exact solution of L̂λ(w, Si), thereby146

we usually turn to get the inexact solution, K̂(w, Si) = 1
n

∑
z∈Si

ℓ(wTi
, z) + λ

2 ∥wTi − w∥2. In-147

stead of solving (1), we solve its sample average surrogate problem as argminw∈W F̂ (w,S) :=148

1
m

∑m
i=1 F̂i(w, Si), in which each F̂i is calculated by its corresponding empirical loss.149

Specifically, by comparing (2) and (4), we observe that GDF only uses the first-order in-150

formation of L̂i(wTi
,Di), leading to an inexact solution. In contrast, PDF focuses on151

optimizing L̂i(wTi
,Di) =

〈
∇L̂i(wTi

,Di), wTi
− w

〉
+ 1

2

〈
∇2L̂i(wTi

,Di), (wTi
− w)⊗

2
〉

+152
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6

〈
∇3L̂i(wTi

,Di), (wTi
− w)⊗

3
〉
+ · · · , and thus implicitly leveraging higher-order information.153

This finding suggests that fewer inner-levelsQmay be more suitable for GDF, while more inner-levels154

Q are better suited for PDF.155

3.3 Stability and Generalization156

Test error is generally considered the most critical metric for evaluating the performance of meta-157

learning algorithms. To control it, most studies focus on two key perspectives: generalization error158

and optimization error [33–35]. Specifically, let S := {Si}mi=1 be the concatenation of all tasks data159

sets. Given a randomized optimization algorithm A that acts on the dataset S and produces an output160

A(S), the generalization error is formally defined as ϵgen := EA,S [F (A(S)) − F̂ (A(S),S)] and161

the optimization error is ϵopt := EA,S [F̂ (A(S),S)−minW F̂ (·,S)] [36, 37]. Then the test error of162

A can be decomposed into three distinct terms:163

EA,S

[
F (A(S))−min

W
F

]
= ϵgen + ϵopt + ES

[
min
W

F̂ (·,S)
]
−min

W
F︸ ︷︷ ︸

≤0

.
(6)

[28, 27] have shown that ϵopt will converge to 0 as the number of outer iterations T increases, given164

that the loss function ℓ(w, z) satisfies certain assumptions, and the third term is non-positive. As165

such, analyzing ϵgen to improve the performance of the test error is more crucial. Note that [16, 22]166

only provide ϵgen of GDF in the strongly-convex setting. To fill the gap, in this paper, we establish167

a comprehensive theoretical analysis of two meta-learning frameworks in convex and non-convex168

settings. Before presenting our results, we state the following definition and assumptions widely used169

in generalization analysis [37, 16, 28].170

Definition 1. We say a function ℓ(w) is λ-strongly convex if ∀w1, w2, ℓ(w1) ≥ ℓ(w2) +171

⟨∇ℓ(w2), w1 − w2⟩+ λ
2 ∥w1 − w2∥2. If λ = 0, then we say ℓ(w) is convex.172

Assumption 1. We assume Z is a polish space (i.e., complete, separable, and metric) and FZ is173

the Borel ℘-algebra over Z . Moreover, for any i, Pi is a non-atomic probability distribution over174

(Z,FZ), i.e., Pi(z) = 0 for every z ∈ Z .175

Assumption 2. For any z ∈ Z , the function ℓ(·, z) is twice continuously differentiable. Furthermore,176

we assume it satisfies the following properties for any w, u ∈ Rd.177

(i) The loss is G-Lipschitz over Rd, i.e., ∥ℓ(w, z)− ℓ(u, z)∥ ≤ G∥w − u∥;178

(ii) The loss is L-smooth over Rd, i.e., ∥∇ℓ(w, z)−∇ℓ(u, z)∥ ≤ L∥w − u∥;179

(iii) The second derivative is Lipschitz continuous with constant ρ over Rd, i.e., ∥∇2ℓ(w, z) −180

∇2ℓ(u, z)∥ ≤ ρ∥w − u∥;181

(iv) The third derivative is Lipschitz continuous with constant κ over Rd, i.e., ∥∇3ℓ(w, z) −182

∇3ℓ(u, z)∥ ≤ κ∥w − u∥.183

Assumption 3. For any i ∈ [m] and any w ∈ Rd, the stochastic gradients ∇F̂i(w, S) have bounded184

variance, i.e., ES∥∇F̂i(w, S)−∇F (w)∥2 ≤ σ2.185

Stability-based generalization error analysis has been widely used to characterize the generalization186

properties for optimization algorithms such as stochastic gradient [37], adversarial training [38],187

and federated learning [39, 40]. Next, we will establish two different stability definitions and then188

leverage them to prove the generalization bound for GDF and PDF, respectively.189

4 Theoretical Analysis190

Under stability analysis, [16] improves the previous generalization error bound in the homogeneous191

case and provides a total variation-based analysis in the heterogeneous case. In addition, [22],192

focusing on the inner-process, demonstrates that introducing inverted regularization at the inner-level193

can enhance generalization performance. However, their analyses are limited to GDF with one194

inner-level update (Q = 1), which ignores the effect of multiple inner-levels (Q > 1). To fully195

characterize the effect of multiple inner-level updates, a different stability definition is required.196
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Definition 2. (on-average stability for GDF). A randomized algorithm A with output wS is197

called ϵ-on-average stable if the following condition holds for any i ∈ [m]: Take the dataset198

S̃ which is the same as S, except that S̃tr
i,k and S̃ts

i,j differ from Str
i and Sts

i by replacing199

the k-th and j-th data points, respectively, where k ∈ [ntr], j ∈ [nts]. Then, we have:200

maxk∈[ntr],j∈[nts] ES,A,S̃tr
i,k,z̃

ts
i,j
[ℓ(wTi

(wS , S̃
tr
i,k), z̃

ts
i,j)− ℓ(wTi

(wS̃ , S̃
tr
i,k), z̃

ts
i,j)] ≤ ϵ.201

Different with the stability definition for stochastic gradient descent in [41, 42] which considers only202

a single-level structure, our definitions for meta-learning mean any perturbation of samples across203

levels cannot lead to a big change of the model trained by an algorithm in expectation. The main204

reason that we are interested in the stability of an algorithm is its connection with generalization error.205

Next, we formalize this connection for GDF and show that whether an Algorithm A is ϵ-on-average206

stable, then its generalization error is bounded above by ϵ.207

Theorem 1. Consider the population risk F (w) and empirical risk F̂ (w). The corresponding Fi(w)208

and F̂i(w) are approached by GDF in Algorithm 1. Under Assumption 1 and Definition 2, if A is a209

randomized GDF-based algorithm, then ϵgen ≤ EA,S

[
F (wS)− F̂ (wS ,S)

]
≤ ϵ.210

Building on the GDF analysis, we now extend this concept to the PDF setting, where the stability211

definition needs to account for differences in training procedures.212

Definition 3. (on-average stability for PDF). A randomized algorithm A with output wS is called213

ϵ-on-average stable if the following condition holds for any i ∈ [m]: Take the dataset S̃ which is the214

same as S, except that S̃i,j differ from Si by replacing the j-th data point. Then, for any z̃ ∈ Z , we215

have: maxj∈[n] ES,A,z̃i,j [ℓλ(wS , z̃i,j)− ℓλ(wS̃ , z̃i,j)] ≤ ϵ, where ℓλ is defined in (5).216

Under this definition, we can establish a connection between generalization and stability. Although217

similar to Theorem 1, i.e., ϵgen ≤ EA,S [F (wS)− F̂ (wS ,S)] ≤ ϵ, the proof of this is significantly218

different from it. In addition, F (w) and F̂ (w) in PDF also differ from those in GDF, as composed of219

different Fi(w) and F̂i(w), respectively.220

Based on the above theorems, we will present the generalization bounds under convex and non-convex.221

4.1 Generalization bounds of GDF222

Theorem 2. Let the outer-level step size and inner-level step size be chosen as ηt ≤ 1
LQ

and α ≤ 1
L ,223

respectively. Under Assumptions 1- 3, the generalization error ϵgen of GDF can be bounded by:224

O
(∑T−1

t=0
ηt(1 + αL)Q−1 (6QG+Q2α2G2ρ)

mntr
+

1

m

√
F (w0)−min

W
F +

LQσ2

2

∑T−1

t=0
η2t

)
,

where LQ = αρQ(1 + αL)Q−1 + (1 + αL)QL. If we further let α ≤ 1
LQ and ηt = η be fixed, we225

can obtain a concise result as follows:226

ϵgen ≤ O
(
TQ

mntr
+

1

m

√
F (w0)−min

W
F + T

)
.

Remark 1. The first observation from the above results is that the generalization bound worsens227

as Q increases, primarily due to the first term, O( TQ
mntr ). Similarly, [15] provides a comparable228

bound, O(
√
T + TQ), using the information-theoretic analysis. However, by revisiting (1) and229

(3), we observe that F (w) is influenced by wQTi
(w,Di). Consequently, after Q steps of gradient230

descent, the divergence between F (w0) and minW F decreases, which in turn positively impacts the231

generalization bound. In summary, our findings indicate a trade-off in selecting the number of inner232

steps Q, which also explains the phenomenon in Figure 1a.233

Remark 2. In previous work, [9] also provides a similar trade-off relationship, O( (1+αL)
Q

n +F (wT )−234

minW F ), with α ≤ 1
L . However, under the choice α ≤ 1

QL , the first term simplifies to O( 1n ),235

effectively mitigating the trade-off relationship. In contrast, our result demonstrates greater robustness236

to the choice of α. Furthermore, unlike the generalization bound O( 1
mntr ) provided by [16], our237

generalization bound grows with T due to our consideration of a general convex setting. In contrast,238

their analysis assumes a strongly convex setting, which is consistent with [37].239
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Theorem 3. Let the outer-level step size be chosen as ηt = c
t satisfy c ≤ min{ 1

LQ
, 1
4(2LQln(T))2 }240

and the inner-level step size be chosen as α ≤ 1
QL . Under Assumptions 1-3, and further assume that241

ES,A[F (wS)] ≤ F (w0), the generalization error ϵgen of GDF can be bounded by:242

O
((

1 + 1
cγ

m
ΦQ

) 1
cγ (

F (w0)T
) cγ

1+cγ

)
,

where ΦQ = 1 + Q
ntr , LQ = 3ρ(1+αL)2(Q−1)

L + (1 + αL)QL, ρQ = 3ρ(1+α)(1+αL)2(Q−1)

L + (1 +243

αL)3Qρ+ακ(1+αL)2Q and γ = min{LQ,ES [∥∇2F̂i(w
0)∥]+ρQ(cσ+

√
c(F (w0)−minW F ))}.244

Remark 3. Note that we find that the trade-off relationship also exists in the non-convex setting, which245

is similar to Theorem 2. Specifically, on the one hand, we observe that ϵgen increases with ΦQ = 1 +246
Q
ntr . On the other hand, ϵgen decreases with F (w0), where F (w0) itself decrease with Q. In addition,247

γ also characterizes the effect of Q on ϵgen through the term ρQ(cσ +
√
c(F (w0)−minW F )).248

Here, ρQ grows with Q, while F (w0)−minW F decreases with Q. Importantly, an inappropriate249

choice of the inner step size α can exacerbate the generalization error. Even when the standard loss250

ℓ(w, z) is L-smoothness and has ρ-Lipschitz hessian, the compositional loss ℓ(wQTi
(w, Str

i ), z) may251

become LQ-smoothness and ρQ-Lipschitz, with LQ and ρQ decreasing with Q. However, under our252

principled choice of α ≤ 1
QL , we can ensure LQ ≤ O(1) and ρQ ≤ O(1), thereby mitigating these253

negative effects.254

4.2 Generalization bounds of PDF255

Theorem 4. Let the outer-level step size be chosen as ηt ≤ 1
LQ

, the inner-level step size be fixed256

and C > 1 being a constant. Under Assumptions 2-3, the generalization error ϵgen of PDF can be257

bounded by:258

O
(∑T−1

t=0

2ηtλ

mCQ
+

1

m

√
F (w0)−min

W
F +

LQσ2

2

∑T−1

t=0
η2t

)
,

where LQ = λL
λ+L . If we further let ηt = η ≤ 1

LQ
be a constant, we can obtain a more concise result259

as follows:260

ϵgen ≤ O
(

T

mCQ
+

1

m

√
F (w0)−min

W
F + T )

)
.

Remark 4. An immediate conclusion from the first term, T
mCQ , in the above result is that the261

generalization error in PDF decreases as the adaption steps Q increase. Additionally, the second262

term, 1
m

√
F (w0)−minW F + T )), also benefits from Q for similar reasons discussed in Remark 1.263

It is worth mentioning that, in a strong-convex setting, the generalization error does not grow264

with the number of iterations T [37]. However, the objective in (5) that we are minimizing is265

actually strongly convex w.r.t wTi (due to the strongly-convex regularizer, λ2 ∥wTi − w∥2 and convex266

function ℓ(·, z)), but only convex w.r.t w [43, 44, 35]. As a result, our generalization bound still267

grows with T . Furthermore, if we let Q = ntr, the generalization error of GDF becomes O( Tm +268

1
m

√
F (w0)−minW F + T ), which is greater than the generalization error of PDF, O( T

mCntr +269

1
m

√
F (w0)−minW F + T ).270

Theorem 5. Let the outer-level step size be chosen as ηt = c
t satisfy c ≤ min{ 1

LQ
, 1
4(2LQln(T))2 },271

inner-level step size be fixed and C > 1 being a constant. Under Assumptions 2-3, and further272

assume that ES,A[F (wS)] ≤ F (w0) , the generalization error ϵgen of PDF can be bounded by:273

O
(
(
1 + 1

cγ

m
ΦQ
) 1

cγ
(
F (w0)T

) cγ
1+cγ

)
,

where LQ = λL
λ+L , γ = min{LQ,ES [∥∇2F̂i(w

0)∥] + ρQ(cσ +
√
c(F (w0)−minW F ))}, ΦQ =274

1 + 1
CQ and ρQ = ρ.275

Remark 5. Similarly, we get a lower generalization error since ΦQ = 1 + 1
CQ and F (w0) gets276

smaller when Q increases. In addition, we observe that LQ = λL
λ+L and ρQ = ρ are independent of277
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Table 2: Summary of our results.

Frame. Algorithm Convex Non-convex

GDF

MAML O(
∑T−1
t=0 ηt(1 + αL)Q−1 (6QG+Q2α2G2ρ)

mntr + Q(F (w0))
m ) O

( 1+ 1
cγ

m (1 + (1 + αL)2(Q−1) (6QG+Q2α2G2ρ)
ntr )

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)
FOMAML O(

∑T−1
t=0 ηt

2QαLG
mntr + Q(F (w0))

m ) O
( 1+ 1

cγ

m (1 + 2Q(1+αL)QαLG
ntr )

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)
Meta-SGD O(

∑T−1
t=0 ηt(1 + α̂tL)

Q−1 (6QG+Q2α̂2
tG

2ρ)
mntr + Q(F (w0))

m ) O
( 1+ 1

cγ

m (1 + (1 + α̂L)2(Q−1) (6QG+Q2α̂2G2ρ)
ntr )

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)
PDF

iMAML O(
∑T−1
t=0

2Lηt(G
2+G)

λmntr + Q(F (w0))
m ) O

( 1+ 1
cγ

m (1 + 2L(G2+G)
(λ−L)ntr )

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)
Meta-MinibatchProx O(

∑T−1
t=0

2ηtλ
mCQ + Q(F (w0))

m ) O
( 1+ 1

cγ

m (1 + G(λ+L)
CQ )

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)
Fo-MuML O(

∑T−1
t=0

2ηtG
2

λmntr +
Q(F (w0))

m ) O
( 1+ 1

cγ

m (1 + 2G2

(λ−L)ntr

) 1
cγ
(
F (w0)T

) cγ
1+cγ

)

Q, because PDF eliminates the compositional structure of ℓ(wTi(w, S
tr
i ), z) in GDF. Furthermore, if278

we set Q = ntr, we can get ΦQ = 2 in GDF, whereas ΦQ = 1 + 1
Cntr in PDF, which indicate that279

the generalization error of PDF is lower than GDF.280

Remark 6. Based on Theorems 2-5, we present the generalization bounds for the corresponding algo-281

rithms, summarized in Table 2. Here, the term Q(F (w0)) =
√
F (w0)−minW F +

LQσ2

2

∑T−1
t=0 η2t282

decreases as Q increases. Specifically, Meta-SGD redefines α as a learnable parameter, denoted by283

α̂t. As discussed in Remarks 2-3, the choice of the inner step size α is critical, where α ≤ 1
QL is284

necessary to mitigate potential adverse effects caused by the inner process. In addition, our results285

reveal that algorithms based on the GDF framework exhibit a trade-off between the inner process and286

generalization error, as shown in Theorems 2-3. In contrast, the PDF framework avoids the adverse287

effects of the adaptation process by implicitly leveraging higher-order information. It is important288

to emphasize that our analysis focuses on the relationship between Q and ϵgen. However, directly289

comparing ϵgen across algorithms remains challenging due to the influence of algorithm-specific290

terms, such as LQ and ρQ.291

4.3 New Optimization Objective292

Recalling from the Theorems 2-5 and the results in Table 2, we can observe that F (w0) plays a293

critical role in reducing the generalization bound, due to the terms, F (w0)−minW F and F (w0)T .294

To reduce the impact of F (w0), note that F (w0) = 1
m

∑m
i=1 Fi(w

0), then let us consider a simple295

relaxation technique: given a constant β ∈ [0, 1) and m̂ ≤ m
2 with the losses sorted by {Fi(w0)}296

in ascending order, we can obtain that
∑m̂
i=1 Fi(w

0)ψ(i) ≤
∑m
i=m̂+1 Fi(w

0)ψ(i), where ψ(i) is a297

mapping function associating the index with the original loss Fi(w0). Based on this, we can derive298

F (w0) = 1
m

∑m
i=1 Fi(w

0)ψ(i) ≥ 1+β
m

∑m̂
i=1 Fi(w

0)ψ(i) + 1−β
m

∑m
i=m̂+1 Fi(w

0)ψ(i). Motivated by299

this result, we propose the following optimization objective:300

Fnew(w) =
1 + β

m̃

∑m

i=1
Fi(w)

ψ(i) +
1− β

m̃

∑m

i=m̂+1
Fi(w)

ψ(i) , (7)

where m̃ = (1+ β)m̂+ (1− β)(m− m̂) is to ensure the lower bound derivation. A clear advantage301

of our new optimization objective is its ability to achieve a smaller initial value, Fnew(w
0), thereby302

reducing the generalization error. In addition, this new optimization objective is designed to easily303

integrate with all types of algorithms in both the GDF and PDF frameworks without requiring304

modification of their training procedures. During the training phase, we usually select a batch305

B with size B. After performing the inner-process on each task, we evaluate their task losses306

L̂i(wtTi
), i ∈ [B], at the outer-level and sort the losses in ascending order, yielding {L̂i(wtTi

)}ψ(i).307

Then, based on the sorted losses, we then use a weighting factor β to adjust the weight of each308

task when updating the meta-model wt. Importantly, our strategy achieves a dynamical fairness for309

each task without compromising convergence performance. The design most similar to our new310

optimization goal is [45], however, their goal is to maximize the meta-loss as much as possible to311

obtain task-robust meta-parameters, whereas our goal is to reduce the original meta-loss, and our312

approach is easier to practice.313

5 Experiment314

Few-shot regression. This problem focuses on approximating a family of sine functions represented315

as f(x) = a sin(bx). The task distribution, denoted as P , corresponds to the joint distribution p(a, b),316
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(a) Convex GDF (b) Non-Convex GDF (c) Convex PDF (d) Non-Convex PDF

Figure 2: Relationship between generalization errors and Q.

(a) Convex GDF. (b) Non-Convex GDF. (c) Convex PDF. (d) Non-Convex PDF.

Figure 3: Convergence results with or without our new objective.

where a ∼ U [0.1, 5] is the amplitude and b ∼ U [0, π] is the phase. Both the training and test tasks317

are randomly generated from P = p(a, b). Following [7], we use an MLP network with Mean square318

error loss function. The generalization error is assessed as the difference between training and test319

errors. For each training task, we set the number of support samples and query samples to ntr = 5320

and nts = 5, respectively, while for each test task, we use ntr = 5, nts = 15.321

Few-shot classification. We follow the standard experimental setup described in [21] using the322

real-world Omniglot dataset, which comprises 1,623 characters from 50 different alphabets, with323

each character having 20 instances drawn by different individuals. We employ a 3× 3 CNN to align324

with [5, 12], and use the Cross-Entropy Loss as the loss function. For each task, the number of325

support samples and query samples to ntr = 1 and nts = 5, respectively. For each test task, we use326

ntr = 1, nts = 15. In addition, each task is formulated as a 5-way classification problem.327

We fix the training task number m = 100 and generate 10000 new tasks at test time by using the328

standard library [46]. To ensure a fair comparison, We report the average generalization error during329

the last 10 iterations of GDF and PDF under convex and non-convex settings. As shown in Figure 2,330

GDF’s generalization ability benefits considerably from smaller inner-levels Q, but deteriorates when331

Q becomes larger. In contrast, PDF’s generalization improves with increasing Q. These observations332

align with our findings in Table 2. Under our new optimization Objective, the generalization error333

of different algorithms can be effectively reduced. Furthermore, we also compare the convergence334

performance of GDF and PDF with or without our new objective within the same number of epochs.335

In particular, we set Q = 5 for the convex setting and Q = 10 for the non-convex setting. In Figure 3,336

the results indicate that our new optimization objective leads to lower test errors for most algorithms.337

6 Conclusion338

In this paper, we introduce two theoretical frameworks, GDF and PDF. They are summarized by339

several popular meta-learning algorithms based on inner processes. Within these frameworks, we340

derive generalization upper bounds for both convex and non-convex settings, which offer a detailed341

understanding of how the number of inner-levels influences the generalization error of GDF and342

PDF. Our analysis reveals a trade-off relationship induced by the inner-level in GDF, while PDF343

demonstrates a more favorable relationship that improves generalization. Building on these insights,344

we propose a novel meta-objective designed to significantly reduce generalization error. Extensive345

experiments validate the effectiveness of our findings and the proposed objective. We believe that the346

insights, the proof techniques, and the new meta-objective can inspire further research and open new347

directions in meta-learning and related areas.348
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• The answer NA means that paper does not include experiments requiring code.571

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/572

public/guides/CodeSubmissionPolicy) for more details.573

• While we encourage the release of code and data, we understand that this might not be574

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not575

including code, unless this is central to the contribution (e.g., for a new open-source576

benchmark).577

• The instructions should contain the exact command and environment needed to run to578

reproduce the results. See the NeurIPS code and data submission guidelines (https:579

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.580

• The authors should provide instructions on data access and preparation, including how581

to access the raw data, preprocessed data, intermediate data, and generated data, etc.582

• The authors should provide scripts to reproduce all experimental results for the new583

proposed method and baselines. If only a subset of experiments are reproducible, they584

should state which ones are omitted from the script and why.585

• At submission time, to preserve anonymity, the authors should release anonymized586

versions (if applicable).587

• Providing as much information as possible in supplemental material (appended to the588

paper) is recommended, but including URLs to data and code is permitted.589

6. Experimental setting/details590
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Question: Does the paper specify all the training and test details (e.g., data splits, hyper-591

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the592

results?593

Answer: [Yes]594

Justification: : We give the detail of experiment in the appendix.595

Guidelines:596

• The answer NA means that the paper does not include experiments.597

• The experimental setting should be presented in the core of the paper to a level of detail598

that is necessary to appreciate the results and make sense of them.599

• The full details can be provided either with the code, in appendix, or as supplemental600

material.601

7. Experiment statistical significance602

Question: Does the paper report error bars suitably and correctly defined or other appropriate603

information about the statistical significance of the experiments?604

Answer: [Yes]605

Justification: In the pictures of experiment result, we have depicted the range of variance.606

Guidelines:607

• The answer NA means that the paper does not include experiments.608

• The authors should answer "Yes" if the results are accompanied by error bars, confi-609

dence intervals, or statistical significance tests, at least for the experiments that support610

the main claims of the paper.611

• The factors of variability that the error bars are capturing should be clearly stated (for612

example, train/test split, initialization, random drawing of some parameter, or overall613

run with given experimental conditions).614

• The method for calculating the error bars should be explained (closed form formula,615

call to a library function, bootstrap, etc.)616

• The assumptions made should be given (e.g., Normally distributed errors).617

• It should be clear whether the error bar is the standard deviation or the standard error618

of the mean.619

• It is OK to report 1-sigma error bars, but one should state it. The authors should620

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis621

of Normality of errors is not verified.622

• For asymmetric distributions, the authors should be careful not to show in tables or623

figures symmetric error bars that would yield results that are out of range (e.g. negative624

error rates).625

• If error bars are reported in tables or plots, The authors should explain in the text how626

they were calculated and reference the corresponding figures or tables in the text.627

8. Experiments compute resources628

Question: For each experiment, does the paper provide sufficient information on the com-629

puter resources (type of compute workers, memory, time of execution) needed to reproduce630

the experiments?631

Answer: [No]632

Justification: Our experiment has low requirements for configuration.633

Guidelines:634

• The answer NA means that the paper does not include experiments.635

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,636

or cloud provider, including relevant memory and storage.637

• The paper should provide the amount of compute required for each of the individual638

experimental runs as well as estimate the total compute.639

• The paper should disclose whether the full research project required more compute640

than the experiments reported in the paper (e.g., preliminary or failed experiments that641

didn’t make it into the paper).642

15



9. Code of ethics643

Question: Does the research conducted in the paper conform, in every respect, with the644

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?645

Answer: [Yes]646

Justification: Our paper conducted in the paper conform.647

Guidelines:648

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.649

• If the authors answer No, they should explain the special circumstances that require a650

deviation from the Code of Ethics.651

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-652

eration due to laws or regulations in their jurisdiction).653

10. Broader impacts654

Question: Does the paper discuss both potential positive societal impacts and negative655

societal impacts of the work performed?656

Answer: [NA]657

Justification: There is no societal impact of our work performed.658

Guidelines:659

• The answer NA means that there is no societal impact of the work performed.660

• If the authors answer NA or No, they should explain why their work has no societal661

impact or why the paper does not address societal impact.662

• Examples of negative societal impacts include potential malicious or unintended uses663

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations664

(e.g., deployment of technologies that could make decisions that unfairly impact specific665

groups), privacy considerations, and security considerations.666

• The conference expects that many papers will be foundational research and not tied667

to particular applications, let alone deployments. However, if there is a direct path to668

any negative applications, the authors should point it out. For example, it is legitimate669

to point out that an improvement in the quality of generative models could be used to670

generate deepfakes for disinformation. On the other hand, it is not needed to point out671

that a generic algorithm for optimizing neural networks could enable people to train672

models that generate Deepfakes faster.673

• The authors should consider possible harms that could arise when the technology is674

being used as intended and functioning correctly, harms that could arise when the675

technology is being used as intended but gives incorrect results, and harms following676

from (intentional or unintentional) misuse of the technology.677

• If there are negative societal impacts, the authors could also discuss possible mitigation678

strategies (e.g., gated release of models, providing defenses in addition to attacks,679

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from680

feedback over time, improving the efficiency and accessibility of ML).681

11. Safeguards682

Question: Does the paper describe safeguards that have been put in place for responsible683

release of data or models that have a high risk for misuse (e.g., pretrained language models,684

image generators, or scraped datasets)?685

Answer: [NA]686

Justification: Our paper poses no such risks.687

Guidelines:688

• The answer NA means that the paper poses no such risks.689

• Released models that have a high risk for misuse or dual-use should be released with690

necessary safeguards to allow for controlled use of the model, for example by requiring691

that users adhere to usage guidelines or restrictions to access the model or implementing692

safety filters.693
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• Datasets that have been scraped from the Internet could pose safety risks. The authors694

should describe how they avoided releasing unsafe images.695

• We recognize that providing effective safeguards is challenging, and many papers do696

not require this, but we encourage authors to take this into account and make a best697

faith effort.698

12. Licenses for existing assets699

Question: Are the creators or original owners of assets (e.g., code, data, models), used in700

the paper, properly credited and are the license and terms of use explicitly mentioned and701

properly respected?702

Answer: [Yes]703

Justification: We have listed the sources of our datasets in the reference list.704

Guidelines:705

• The answer NA means that the paper does not use existing assets.706

• The authors should cite the original paper that produced the code package or dataset.707

• The authors should state which version of the asset is used and, if possible, include a708

URL.709

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.710

• For scraped data from a particular source (e.g., website), the copyright and terms of711

service of that source should be provided.712

• If assets are released, the license, copyright information, and terms of use in the713

package should be provided. For popular datasets, paperswithcode.com/datasets714

has curated licenses for some datasets. Their licensing guide can help determine the715

license of a dataset.716

• For existing datasets that are re-packaged, both the original license and the license of717

the derived asset (if it has changed) should be provided.718

• If this information is not available online, the authors are encouraged to reach out to719

the asset’s creators.720

13. New assets721

Question: Are new assets introduced in the paper well documented and is the documentation722

provided alongside the assets?723

Answer: [NA]724

Justification: Our paper does not release new assets.725

Guidelines:726

• The answer NA means that the paper does not release new assets.727

• Researchers should communicate the details of the dataset/code/model as part of their728

submissions via structured templates. This includes details about training, license,729

limitations, etc.730

• The paper should discuss whether and how consent was obtained from people whose731

asset is used.732

• At submission time, remember to anonymize your assets (if applicable). You can either733

create an anonymized URL or include an anonymized zip file.734

14. Crowdsourcing and research with human subjects735

Question: For crowdsourcing experiments and research with human subjects, does the paper736

include the full text of instructions given to participants and screenshots, if applicable, as737

well as details about compensation (if any)?738

Answer: [NA]739

Justification: Our paper does not involve crowdsourcing nor research.740

Guidelines:741

• The answer NA means that the paper does not involve crowdsourcing nor research with742

human subjects.743
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• Including this information in the supplemental material is fine, but if the main contribu-744

tion of the paper involves human subjects, then as much detail as possible should be745

included in the main paper.746

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,747

or other labor should be paid at least the minimum wage in the country of the data748

collector.749

15. Institutional review board (IRB) approvals or equivalent for research with human750

subjects751

Question: Does the paper describe potential risks incurred by study participants, whether752

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)753

approvals (or an equivalent approval/review based on the requirements of your country or754

institution) were obtained?755

Answer: [NA]756

Justification: Our paper does not involve crowdsourcing nor research with human subjects.757

Guidelines:758

• The answer NA means that the paper does not involve crowdsourcing nor research with759

human subjects.760

• Depending on the country in which research is conducted, IRB approval (or equivalent)761

may be required for any human subjects research. If you obtained IRB approval, you762

should clearly state this in the paper.763

• We recognize that the procedures for this may vary significantly between institutions764

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the765

guidelines for their institution.766

• For initial submissions, do not include any information that would break anonymity (if767

applicable), such as the institution conducting the review.768

16. Declaration of LLM usage769

Question: Does the paper describe the usage of LLMs if it is an important, original, or770

non-standard component of the core methods in this research? Note that if the LLM is used771

only for writing, editing, or formatting purposes and does not impact the core methodology,772

scientific rigorousness, or originality of the research, declaration is not required.773

Answer: [NA]774

Justification: Our paper does not use LLM.775

Guidelines:776

• The answer NA means that the core method development in this research does not777

involve LLMs as any important, original, or non-standard components.778

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)779

for what should or should not be described.780

A Useful Lemmas781

Lemma 1. Let ϕ be a convex and L-smooth function. Then, for η ≤ 1
L , we have782

∥(w − η∇ϕ(w))− (u− η∇ϕ(u))∥ ≤ ∥w − u∥,
for any w and u.783

Proof. Since ϕ is L-smooth and convex, we know that784

⟨∇ϕ(w)−∇ϕ(u), w − u⟩ ≥ 1

η
∥∇ϕ(w)−∇ϕ(u)∥2.

Using this fact,785

∥(w − η∇ϕ(w))− (u− η∇ϕ(u))∥2 =∥w − u− η(∇ϕ(w)−∇ϕ(u))∥2

=∥w − u∥2 + η2∥∇ϕ(w)−∇ϕ(u)∥2 − η⟨∇ϕ(w)−∇ϕ(u), w − u⟩
≤∥w − u∥2 + η(η − L−1)∥∇ϕ(w)−∇ϕ(u)∥2

≤∥w − u∥2
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when η ≤ 1
γ .786

Lemma 2. [37] Let ϕ be a λ-strongly convex and L-smooth function. Then, for any δ ≤ 2
λ+L , we787

have788

∥(u− δ∇ϕ(u))− (v − δ∇ϕ(v))∥ ≤ (1− Lδλ

λ+ L
)∥u− v∥

for any u and v.789

Lemma 3. Let fλ(w) = minu
(
f(u) + λ

2 ∥w − u∥2
)
, if f isG-Lipschitz, then we have ∥∇fλ(w)∥ ≤790

2G.791

Proof. Define ϕ(u) ≜ f(u) + λ
2 ∥v − w∥2 and v∗ = argminu ϕ(u). Now, observe that792

0 ≤ ϕ(w)− ϕ(u∗) = f(w)− f(u∗)− λ

2
∥w − u∗∥2

Thus,we have793

λ

2
∥w − u∗∥2 ≤ f(w)− f(u∗) ≤ L∥w − u∗∥

where the last inequality follows from the fact that f is G-Lipschitz. Thus, we get ∥w − u∗∥ ≤ 2G
λ .794

Since ∥∇fλ(w)∥ = λ∥w − u∗∥. This together with the above bound gives the desired result.795

B Stability and Generalization of MAML796

B.1 Proof of Theorem 1797

To show the claim, it just suffices to show that for any i, we have798

EA,S

[
Fi(wS)− F̂i(wS , Si)

]
≤ ϵ.

Take the dataset S̃ which is the same as S, except that S̃tr
i,k and S̃ts

i,j differ from Str
i and Sts

i in at799

most one data point, respectively. In particular,800

Str
i = {ztri,1, ..., ztri,ntr}, Sts

i = {ztsi,1, ..., ztsi,nts},

S̃tr
i,k = {ztri,1, ..., z̃tri,k, ..., ztri,ntr}, S̃ts

i,j = {ztsi,1, ..., z̃tsi,j , ..., ztsi,ntr}.

Under Assumption 1, we could assume z̃tsi,j is different with z̃tri,k. Then, we relate empirical risk and801

population risk by802

ES,A[F̂i(wS , Si)] =
1

nts

nts∑
j=1

ES,A[ℓ
(
wTi(wS , S

tr
i ), z

ts
i,j

)
].

=
1

nts

nts∑
j=1

ES,A,S̃tr
i,k,z̃

ts
i,j
[ℓ
(
wTi

(wS̃ , S̃
tr
i,k), z̃

ts
i,j

)
].

(8)

Moreover, we have803

EA,S [Fi(wS)] =
1

nts

nts∑
j=1

ES,A,S̃tr
i,k,z̃

ts
i,j
[ℓ
(
wTi

(wS , S̃
tr
i,k), z̃

ts
i,j

)
]. (9)

Putting (8) and (9) together, we have804

EA,S

[
F (wS)− F̂ (wS ,Si)

]
≤ 1

m

m∑
i=1

1

nts

nts∑
j=1

EA,S,S̃tr
i,k,z̃

ts
i,j
[ℓ(wTi(wS , S̃

tr
i,k), z̃

ts
i,j)− ℓ

(
wTi(wS̃ , S̃

tr
i,k), z̃

ts
i,j

)
]

≤ϵ.

Then we obtain the desired result.805
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B.2 Lemmas806

In the following proofs, for simplicity, we use L̂(wTi,q) = L̂i(wTi,q, S
tr
i ), ℓ(wTi,q) = ℓ(wTi,q, z)807

without other explnation, where q ∈ [Q].808

Lemma 4. For any i ∈ [m], q = 0, ..., Q− 1 and w, u ∈ Rd, if ℓ is a convex function, we have809

∥wTi,q+1 − uTi,q+1∥ ≤ ∥w − u∥

Proof. Based on the updates that wTi,q+1 = wTi,q − αq∇L̂i(wTi,q) and uTi,q+1 = uTi,q −810

αq∇L̂i(uTi,q), we obtain811

∥wTi,q+1 − uTi,q+1∥ =∥(wTi,q − αq∇L̂i(wTi,q))− (uTi,q − αq∇L̂i(uTi,q))∥
≤∥wTi,q − uTi,q∥

where we use the Lemma 1 in the first inequality. Unrolling it over q from 0 to q + 1, we obtain812

∥wTi,q+1 − uTi,q+1∥ ≤ ∥w − u∥
813

Lemma 5. Suppose the conditions in Assumtpion 2 are satisfied. Then, if α ≤ 1
L and ℓ is a convex814

function, we have815

∥ℓ(wTi
(w, Str

i ), z)− ℓ(wTi
(u, Str

i ), z)∥ ≤ G∥w − u∥

Proof. For any w, u ∈ W , note that816

∥ℓ(wTi
(w, Str

i ), z)− ℓ(wTi
(u, Str

i ), z)∥ ≤G∥wTi
(w, Str

i )− wTi
(u, Str

i )∥
=G∥(wTi,Q−1 − α∇L̂(wTi,Q−1, S

tr
i ))− (uTi,Q−1 − α∇L̂(uTi,Q−1, S

tr
i ))∥

≤G∥wTi,Q−1 − uTi,Q−1∥
≤G∥w − u∥

where we use Lemma 1 in the second inequality and Lemma 4 in the last inequality.817

Lemma 6. For any i ∈ [m], q = 0, ..., Q− 1 and w, u ∈ Rd, we have818

∥wTi,q+1 − uTi,q+1∥ ≤ (1 + αL)q+1∥w − u∥

Proof. Based on the updates that wTi,q+1 = wTi,q − αq∇L̂i(wTi,q) and uTi,q+1 = uTi,q −819

αq∇L̂i(uTi,q), we obtain820

∥wTi,q+1 − uTi,q+1∥ =∥(wTi,q − αq∇L̂i(wTi,q))− (uTi,q − αq∇L̂i(uTi,q))∥
≤∥wTi,q − uTi,q∥+ αL∥wTi,q − uTi,q∥
=(1 + αL)∥wTi,q − uTi,q∥

where we use the Assumption 2 in the first inequality. Unrolling it over q from 0 to q + 1, we obtain821

∥wTi,q+1 − uTi,q+1∥ ≤ (1 + αL)q+1∥w − u∥
822

Lemma 7. Suppose the conditions in Assumtpion 2 are satisfied. Then, with α ≤ 1
QL and ℓ is a823

non-convex function, we have824

∥ℓ(wTi
(w, Str

i ), z)− ℓ(wTi
(u, Str

i ), z)∥ ≤ eG∥w − u∥

Proof. For any w, u ∈ W , note that825

∥ℓ(wTi
(w, Str

i ), z)− ℓ(wTi
(u, Str

i ), z)∥ ≤G∥wTi
(w, Str

i )− wTi
(u, Str

i )∥
=G∥[wTi,Q−1 − α∇L̂(wTi,Q−1, S

tr
i )]− [uQ−1 − α∇L̂(uTi,Q−1, S

tr
i )]∥

=G∥wTi,Q−1 − uTi,Q−1∥+ α∥∇L̂(wTi,Q−1, S
tr
i )−∇L̂(uTi,Q−1, S

tr
i )∥

≤G(1 + αL)∥wTi,Q−1 − uTi,Q−1∥
≤G(1 + αL)Q∥w − u∥
≤eG∥w − u∥
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where we use Assumption 2 in the first and second inequality, Lemma 6 in the third inequality. If826

α ≤ 1
QL , we have the last inequality.827

Lemma 8. For any i ∈ [m], q = 0, ..., Q and w ∈ Rd, we have828

∥∇L̂i(wTi,q+1)∥ ≤ (1 + αL)q∥∇L̂i(w)∥.

Proof. Recalling the update rule wTi,q+1 = wTi,q − αq∇L̂i(wTi,q), Using Assumption 2, we have829

∥∇L̂i(wTi,q+1)∥ =∥∇L̂i(wTi,q+1)−∇L̂i(wTi,q) +∇L̂i(wTi,q)∥
≤∥∇L̂i(wTi,q+1)−∇L̂i(wTi,q)∥+ ∥∇L̂i(wTi,q)∥
≤L∥wTi,q+1 − wTi,q∥+ ∥∇L̂i(wTi,q)∥
=L∥wTi,q − α∇L̂i(wTi,q)− wTi,q∥+ ∥∇L̂i(wTi,q)∥ ≤ (1 + αL)∥∇L̂i(wTi,q)∥

where we use Assumption 2 in the second inequality. Then, unrolling the above inequality over q830

from 0 to q + 1, we get831

∥∇L̂i(wTi,q+1)∥ ≤ (1 + α)q+1∥∇L̂i(w)∥
832

Lemma 9. Suppose that Assumption 2 hold and the function Fi(w) defined in Eq (3). Then, for any833

w, u ∈ Rd, if ℓ is convex, we have834

∥∇F̂i(w)−∇F̂i(u)∥ ≤ LQ∥w − u∥

where LQ = αρQ(1 + αL)Q−1 + (1 + αL)QL with α ≤ 1
L .835

Proof. Similar to the proof of Lemma 9, we have836

∥∇F̂i(w)−∇F̂i(u)∥

=∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))∇ℓ(wTi,Q)−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∇ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))∇ℓ(wTi,Q)−
Q−1∏
j=0

(I − α∇2L̂i(uTi,q))∇ℓ(wTi,Q)∥

+ ∥
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∇ℓ(wTi,Q)−
Q−1∏
j=0

(I − α∇2L̂i(uTi,q))∇ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥∥∇ℓ(wTi,Q)∥+ ∥
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥∥∇ℓ(wTi,Q)−∇ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥∥∇ℓ(wTi,Q)∥+ (1 + αL)Q∥∇ℓ(wTi,Q)−∇ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥∥∇ℓ(wTi,Q)∥+ (1 + αL)QL∥wTi,Q − uTi,Q∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥︸ ︷︷ ︸
Λ(Q−1)

G+ (1 + αL)QL∥w − u∥,

(10)
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where in the last inequality, we use Assumption 2 and Lemma 4. We next upper-bound Λ in the above837

inequality. Specifically, we have838

Λ(Q− 1) ≤∥
Q−2∏
q=0

(I − α∇2L̂i(wTi,q))(I − α∇2L̂i(wTi,Q−1))−
Q−2∏
q=0

(I − α∇2L̂i(wTi,q))(I − α∇2L̂i(uTi,Q−1))∥

+ ∥
Q−2∏
q=0

(I − α∇2L̂i(wTi,q))(I − α∇2L̂i(uTi,Q−1))−
Q−2∏
q=0

(I − α2∇2L̂i(uTi,q))(I − α∇2L̂i(uTi,Q−1))∥

≤∥
Q−2∏
q=0

(I − α∇2L̂i(wTi,q))∥∥α∇2L̂i(wTi,Q−1)− α∇2L̂i(uTi,Q−1)∥

+ ∥
Q−2∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−2∏
q=0

(I − α∇2L̂i(uTi,q))∥∥(I − α∇2L̂i(uTi,Q−1))∥

≤(1 + αL)Q−1∥α∇2L̂i(wTi,Q−1)− α∇2L̂i(uTi,Q−1)∥+ (1 + αL)∥
Q−2∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−2∏
q=0

(I − α∇2L̂i(uTi,q))∥

≤(1 + αL)Q−1αρ∥wTi,Q−1 − uTi,Q−1∥+ (1 + αL)Λ(Q− 2)

≤(1 + αL)Q−1αρ∥w − u∥+ (1 + αL)Λ(Q− 2),

where we use Assumption 2 in the second inequality and Lemma 4 in the last inequality. Telescoping839

the above inequality over q from 1 to Q− 1 and noting Λ(0) ≤ αρ∥w − u∥, we have840

Λ(Q− 1) ≤(1 + αL)Q−1Λ(0) + αρ(Q− 1)(1 + αL)Q−1∥w − u∥
≤(1 + αL)Q−1αρ∥w − u∥+ αρ(Q− 1)(1 + αL)Q−1∥w − u∥
≤αρQ(1 + αL)Q−1∥w − u∥

(11)

Substituting (11) into (10) and let LQ = αρQ(1 + αL)Q−1 + (1 + αL)QL, we get841

∥∇Fi(w)−∇Fi(u)∥ ≤ LQ∥w − u∥,

which completes the proof.842

Lemma 10. Suppose that Assumption 2 hold and the function Fi(w) defined in Eq (3). Then, for any843

w, u ∈ Rd, if ℓ is non-convex, we have844

∥∇F̂i(w)−∇F̂i(u)∥ ≤ LQ∥w − u∥

where LQ = 3ρ(1+αL)2(Q−1)

L + (1 + αL)QL.845

Proof. Similar to the proof of Lemma 9, we have846

∥∇F̂i(w)−∇F̂i(u)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥∥∇ℓ(wTi,Q)∥+ (1 + αL)QL∥wTi,Q − uTi,Q∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥︸ ︷︷ ︸
Λ(Q−1)

G+ (1 + αL)QL∥w − u∥,

(12)

22



where in the last inequality, we use Assumption 2 and Lemma 4. We next upper-bound Λ in the above847

inequality which is also similar to the proof of (11). Specifically, we have848

Λ(Q− 1) ≤(1 + αL)Q−1Λ(0) +

Q−2∑
l=0

αρ(1 + αL)2(Q−1−l)+l∥w − u∥

≤(1 + αL)Q−1αρ∥w − u∥+
Q−2∑
l=0

αρ(1 + αL)2(Q−1−l)+l∥w − u∥

≤

[
(1 + αL)Q−1αρ+ αρ(1 + αL)Q

Q−2∑
l=0

(1 + αL)l

]
∥w − u∥

≤
[
(1 + αL)Q−1αρ+

ρ

L
(1 + αL)Q((1 + αL)Q−1 − 1)

]
∥w − u∥

≤3ρ(1 + αL)2(Q−1)

L
∥w − u∥

(13)

where we use α ≤ 1
L in the last inequality. Substituting (13) into (12) and let LQ = 3ρ(1+αL)2(Q−1)

L +849

(1 + αL)QL, we get850

∥∇Fi(w)−∇Fi(u)∥ ≤ LQ∥w − u∥,

which completes the proof.851

Lemma 11. Suppose that Assumption 2 hold and the function Fi(w) defined in Eq (3). Then, for any852

w, u ∈ Rd, if ℓ is convex, we have853

∥∇2Fi(w)−∇2Fi(u)∥ ≤ ρQ∥w − u∥

where ρQ = (1 + αL)2Q−1
[
αρQ+ 2ρ+Qαρ+Gακ+Gα2ρ2Q

]
854

Proof. For simplicity, we denote Jq = I − α∇2L̂i(wTi,q).855

∥∇2F̂i(w)−∇2F̂i(u)∥

=∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2∇2ℓ(wTi,Q) +

Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

∇ℓ(wTi,Q)

−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(uTi,Q)−

Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂u

 Q−1∏
l=q+1

Jl

∇ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2∇2ℓ(wTi,Q)−

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(uTi,Q)∥

+ ∥
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

∇ℓ(wTi,Q)−
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂u

 Q−1∏
l=q+1

Jl

∇ℓ(uTi,Q)∥

(14)

23



For the first term, we have856

∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2∇2ℓ(wTi,Q)−

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2∇2ℓ(wTi,Q)−

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(wTi,Q)∥

+ ∥
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(wTi,Q)−

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2 −

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∥∥∇2ℓ(wTi,Q)∥+ ∥

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∥∥∇2ℓ(wTi,Q)−∇2ℓ(uTi,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2 −

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∥︸ ︷︷ ︸

Λ(Q−1)

L+ (1 + αL)2Qρ∥w − u∥

(15)
where we use Assumption 2 and Lemma 4 in the last inequality. We next upper-bound Λ(Q− 1) in857

the above inequality. Specifically, we have858

Λ(Q− 1) ≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2 −

Q−1∏
q=0

(I − α∇2L̂i(wTi,q))(I − α∇2L̂i(uTi,q))∥

+ ∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))(I − α∇2L̂i(uTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∥

≤∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))∥∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥

+ ∥
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥

≤(1 + αL)Q∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))−
Q−1∏
q=0

(I − α∇2L̂i(uTi,q))∥

≤(1 + αL)QαρQ(1 + αL)Q−1∥w − u∥.
(16)

where we use (11) in the last inequality. Putting (16) into (15), we have859

∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2∇2ℓ(wTi,Q)−

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(uTi,Q)∥

≤
[
(1 + αL)QαρQ(1 + αL)Q−1 + (1 + αL)2Qρ

]
∥w − u∥

(17)
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To bound the second term in (14), we have860

∥
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

∇ℓ(wTi,Q)−
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂u

 Q−1∏
l=q+1

Jl

∇ℓ(uTi,Q)∥

≤∥
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

∇ℓ(wTi,Q)−
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

∇ℓ(uTi,Q)∥

+ ∥
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

∇ℓ(uTi,Q)−
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂u

 Q−1∏
l=q+1

Jl

∇ℓ(uTi,Q)∥

≤∥
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

 ∥∥∇ℓ(wTi,Q)−∇ℓ(uTi,Q)∥

+ ∥
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

−
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂u

 Q−1∏
l=q+1

Jl

 ∥∥∇ℓ(uTi,Q)∥

≤
Q−1∑
q=0

∥

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

 ∥∥w − u∥+
Q−1∑
q=0

∥

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

−

(
q−1∏
l=0

Jl

)
∂Jq
∂u

 Q−1∏
l=q+1

Jl

 ∥G

≤
Q−1∑
q=0

(1 + αL)Q−1∥∂Jq
∂w

∥∥w − u∥+
Q−1∑
q=0

(1 + αL)Q−1G∥∂Jq
∂w

− ∂Jq
∂u

∥.

(18)
Firstly, we have861

∥∂Jq
∂w

∥ =∥α∇3L̂(wTi,q)

q−1∏
l=0

(I − α∇2L̂(wTi,q))∥

≤(1 + αL)q−1αρ,

(19)

where we use Assumption 2. Secondly, we have862

∥∂Jq
∂w

− ∂Jq
∂u

∥ =∥α∇3L̂(wTi,q)

q−1∏
l=0

(I − α∇2L̂(wTi,q))− α∇3L̂(uTi,q)

q−1∏
l=0

(I − α∇2L̂(uTi,q))∥

≤∥α∇3L̂(wTi,q)

q−1∏
l=0

(I − α∇2L̂(wTi,q))− α∇3L̂(uTi,q)

q−1∏
l=0

(I − α∇2L̂(wTi,q))∥

+ ∥α∇3L̂(uTi,q)

q−1∏
l=0

(I − α∇2L̂(wTi,q))− α∇3L̂(uTi,q)

q−1∏
l=0

(I − α∇2L̂(uTi,q))∥

≤α(1 + αL)q∥∇3L̂(wTi,q)−∇3L̂(uTi,q)∥+ αρ∥
q−1∏
l=0

(I − α∇2L̂(wTi,q))−
q−1∏
l=0

(I − α∇2L̂(uTi,q))∥

≤ακ(1 + αL)q∥w − u∥+ α2ρ2q(1 + αL)q−1∥w − u∥
(20)

Putting (20) and (19) into (18), we have863

∥
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂w

 Q−1∏
l=q+1

Jl

∇ℓ(wTi,Q)−
Q−1∑
q=0

(
q−1∏
l=0

Jl

)
∂Jq
∂u

 Q−1∏
l=q+1

Jl

∇ℓ(uTi,Q)∥

≤Q
[
αρ(1 + αL)2(Q−2) +Gακ(1 + αL)2Q−1 +Gα2ρ2Q(1 + αL)2(Q−1)

]
∥w − u∥.

(21)

25



Putting (17) and (21) into (14), we get864

∥∇2Fi(w)−∇2Fi(u)∥ ≤
[
αρQ(1 + αL)2Q−1 + (1 + αL)2Qρ

]
∥w − u∥

+Q
[
αρ(1 + αL)2(Q−2) +Gακ(1 + αL)2Q−1 +Gα2ρ2Q(1 + αL)2(Q−1)

]
∥w − u∥

=(1 + αL)2Q−1
[
αρQ+ 2ρ+Qαρ+Gακ+Gα2ρ2Q

]
∥w − u∥

=ρQ∥w − u∥,

where we denote ρQ = (1 + αL)2Q−1
[
αρQ+ 2ρ+Qαρ+Gακ+Gα2ρ2Q

]
.865

Lemma 12. Suppose that Assumption 2 hold and the function Fi(w) defined in Eq (3). Then, for any866

w, u ∈ Rd, if ℓ is non-convex, we have867

∥∇2Fi(w)−∇2Fi(u)∥ ≤ ρQ∥w − u∥

where ρQ =
[
3ρ(1+αL)2(Q−1)

L + (1 + αL)3Qρ+ ακ(1 + αL)2q + 3αρ2(1+αL)2(Q−1)

L

]
868

Proof. Similar to the proof of (14), we have869

∥∇2Fi(w)−∇2Fi(u)∥ ≤∥
Q−1∏
q=0

(I − α∇2Li(wi,q))2∇2ℓ(wi,Q)−
Q−1∏
q=0

(I − α∇2Li(ui,q))2∇2ℓ(ui,Q)∥

+ ∥
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂w

 Q−1∏
k=q+1

Jk

∇ℓ(wi,Q)−
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂u

 Q−1∏
k=q+1

Jk

∇ℓ(ui,Q)∥

(22)
For the first term, we have870

∥
Q−1∏
q=0

(I − α∇2Li(wi,q))2∇2ℓ(wi,Q)−
Q−1∏
q=0

(I − α∇2Li(ui,q))2∇2ℓ(ui,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2Li(wi,q))2 −
Q−1∏
q=0

(I − α∇2Li(ui,q))2∥∥∇2ℓ(wi,Q)∥+ ∥
Q−1∏
q=0

(I − α∇2Li(ui,q))2∥∥∇2ℓ(wi,Q)−∇2ℓ(ui,Q)∥

≤∥
Q−1∏
q=0

(I − α∇2Li(wi,q))2 −
Q−1∏
q=0

(I − α∇2Li(ui,q))2∥︸ ︷︷ ︸
Λ(Q−1)

L+ (1 + αL)3Qρ∥w − u∥

(23)
where we use Assumption 2 and Lemma 6 in the last inequality. We next upper-bound Λ(Q− 1) in871

the above inequality. Similar to the proof of (16), we have872

Λ(Q− 1) ≤ 3ρ(1 + αL)2(Q−1)

L
∥w − u∥ (24)

Putting (24) into (23), we have873

∥
Q−1∏
q=0

(I − α∇2L̂i(wTi,q))
2∇2ℓ(wTi,Q)−

Q−1∏
q=0

(I − α∇2L̂i(uTi,q))
2∇2ℓ(uTi,Q)∥

≤
[
3ρ(1 + αL)2(Q−1)

L
+ (1 + αL)3Qρ

]
∥w − u∥

(25)

26



874

To bound the second term, similar to the proof of (18), we have875

∥
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂w

 Q−1∏
k=q+1

Jk

∇ℓ(wi,Q)−
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂u

 Q−1∏
k=q+1

Jk

∇ℓ(ui,Q)∥

≤∥
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂w

 Q−1∏
k=q+1

Jk

 ∥∥∇ℓ(wi,Q)−∇ℓ(ui,Q)∥

+ ∥
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂w

 Q−1∏
k=q+1

Jk

−
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂u

 Q−1∏
k=q+1

Jk

 ∥∥∇ℓ(ui,Q)∥

≤
Q−1∑
q=0

∥

(
q−1∏
k=0

Jk

)
∂Jq
∂w

 Q−1∏
k=q+1

Jk

 ∥(1 + αL)QL∥w − u∥+
Q−1∑
q=0

∥

(
q−1∏
k=0

Jk

)
∂Jq
∂w

 Q−1∏
k=q+1

Jk

−

(
q−1∏
k=0

Jk

)
∂Jq
∂u

 Q−1∏
k=q+1

Jk

 ∥G

≤
Q−1∑
q=0

(1 + αL)2Q−1L∥∂Jq
∂w

∥∥w − u∥+
Q−1∑
q=0

(1 + αL)Q−1G∥∂Jq
∂w

− ∂Jq
∂u

∥,

(26)
where we use Assumption 2 and Lemma 6 in the second inequality. First, we have876

∥∂Jq
∂w

∥ =∥α∇3L(wi,q)

q−1∏
k=0

(I − α∇2Li(wi,q))∥

≤(1 + αL)q−1αρ

(27)

Secondly, we have877

∥∂Jq
∂w

− ∂Jq
∂u

∥ =∥α∇3L(wi,q)

q−1∏
k=0

(I − α∇2Li(wi,q))− α∇3L(ui,q)

q−1∏
k=0

(I − α∇2Li(ui,q))∥

≤∥α∇3L(wi,q)

q−1∏
k=0

(I − α∇2Li(wi,q))− α∇3L(ui,q)

q−1∏
k=0

(I − α∇2Li(wi,q))∥

+ ∥α∇3L(ui,q)

q−1∏
k=0

(I − α∇2Li(wi,q))− α∇3L(ui,q)

q−1∏
k=0

(I − α∇2Li(ui,q))∥

≤α(1 + αL)q∥∇3L(wi,q)−∇3L(ui,q)∥+ αρ∥
q−1∏
k=0

(I − α∇2Li(wi,q))−
q−1∏
k=0

(I − α∇2Li(ui,q))∥

≤ακ(1 + αL)2q∥w − u∥+ 3αρ2(1 + αL)2(Q−1)

L
∥w − u∥.

(28)
Putting (20) and (19) into (18), we have878

∥
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂w

 Q−1∏
k=q+1

Jk

∇ℓ(wi,Q)−
Q−1∑
q=0

(
q−1∏
k=0

Jk

)
∂Jq
∂u

 Q−1∏
k=q+1

Jk

∇ℓ(ui,Q)∥

≤Q
[
αρ(1 + αL)3Q−2 +

3Gαρ2(1 + αL)3(Q−1)

L

]
∥w − u∥.

(29)
Putting (25) and (29) into (22), we get879

∥∇2Fi(w)−∇2Fi(u)∥ ≤
[
3ρ(1 + αL)2(Q−1)

L
+ (1 + αL)3Qρ

]
∥w − u∥+ ακ(1 + αL)2Q∥w − u∥+ 3αρ2(1 + αL)2(Q−1)

L
∥w − u∥.

=ρQ∥w − u∥,

where we denote ρQ =
[
3ρ(1+α)(1+αL)2(Q−1)

L + (1 + αL)3Qρ+ ακ(1 + αL)2Q
]
.880

27



As shown in Algotihm 1, in the outter-level, We are also performing SGD by considering S as a881

meta-sample (which is equivalent to z), then we can obtain the following Lemmas.882

Lemma 13. (Lemma 4 in [41])Suppose that Assumption 2 and Assumption 3 hold and F is LQ-
smoothness. Then, for any w ∈ W , we have

ES [
T−1∑
t=0

ηt∥∇F̂ (wt, St)∥] ≤ 2

√√√√T−1∑
t=0

ηt

√√√√F (wt+1)−min
W

F +
LQσ2

2

T−1∑
t=0

η2t +

T−1∑
t=0

σηt.

Lemma 14. (Lemma 6 in [41])Let Gt(w) := w − ηt∇F (w, Si) and assume that the loss function883

F (·, Si) is LQ-smooth and that its Hessian is ρQ-Lipschitz. Then,884 ∥∥∥Gt(wS,t)−Gt(wS̃(i),t)
∥∥∥ ⩽ (1 + ηtξt) ∥wS,t − wS̃(i) , t∥,

where ξt := ∥∇2F (w0, St)∥+ ρQ
2

∥∥∥∑t−1
l=1 βl∇F (wlS , Sl)

∥∥∥+ ρQ
2

∥∥∥∑t−1
l=1 βl∇F (wlS̃ , Sl)

∥∥∥ . Further-885

more, we have ES,S [ξt] = ES,S∥∇2F (w0,St)∥+ ρQES,S

∥∥∥∑t−1
k=1 βk∇F (wkS ,Sk)

∥∥∥. Furthermore,886

for any t ∈ [T ],887

ES,S [ξt(S, S)] ⩽ ES,S
[∥∥∇2F (w0, St)

∥∥]
+ 2ρQ

√
(F (w0)−min

W
F )c(1 + ln(T ))

+ σρQ

(√
2cLQ + c(1 + ln(T ))

)
.

Lemma 15. (Lemma 5 in [41])Suppose that Assumption 2 hold, then for every t0 ∈ {0, 1, 2, ..., T}888

we have that889

ES,z̃,A[ℓ(wTi(w
T
S , S̃

tr
i ), z̃)−ℓ(wTi(w̃

T
S̃ , S̃

tr
i ), z̃)∥] ≤ eGES,z̃,A[w

T
S−wTS̃ |w

t0
S −wt0

S̃
= 0]+ES,A[F (wS)]

t0
m

B.3 Proof of Theorem 2(convex)890

Let’s consider two parallel processes of generating iterates {wt} and {w̃t} by using datasets S and891

S̃, respectively. We use the tilde superscript to refer to the second process throughout the proof. By892

Lemma 9, we know ℓ is LQ-smooth and convex function. Hence, for a given time index t, with893

probability 1− 1
m , the task Tj is selected, where j ̸= i. By using Lemma 1, we have894

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
wTj (w

t, Str
j ), S

ts
j )
)
−
(
w̃t − ηt∇L̂

(
wTj (w̃

t, Str
j ), S

ts
j

))
∥

≤ 1

nts

∑
zts∈Sts

j

∥
(
wt − ηt∇ℓ

(
wTj (w

t, Str
j ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTj

(w̃t, Str
j ), z

ts)
)
∥

≤∥wt − w̃t∥
(30)

Next, for a given time index t, with probability 1
m , the task Ti is selected. In this case, we have895

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇L̂

(
wTi(w

t, Str
i ), S

ts
i )
)
−
(
w̃t − ηt∇L̂

(
wTi

(w̃t, S̃tr
i ), S̃

ts
i

))
∥

≤E∥
(
wt − ηt∇L̂

(
wTi(w

t, Str
i ), S

ts
i )
)
−
(
w̃t − ηt∇L̂

(
wTi(w̃

t, S̃tr
i ), S

ts
i )
)
∥

+ E∥ηt∇L̂
(
wTi

(w̃t, S̃tr
i ), S̃

ts
i

)
− ηt∇L̂

(
wTi

(w̃t, S̃tr
i ), S

ts
i

)
∥

≤ 1

nts

∑
zts∈Sts

i

E∥
(
wt − ηt∇L̂

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇L̂

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥

+ ηtE∥∇L̂
(
wTi(w̃

t, S̃tr
i ), S̃

ts
i

)
−∇L̂

(
wTi(w̃

t, S̃tr
i ), S

ts
i

)
∥

≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥

+ 2ηtE∥∇F̂i(w)∥,
(31)

28



where the last inequality follows that S̃ts
i and Sts

i are sampled from the same distribution, then896

E∥∇L̂
(
wTi(w̃

t, S̃tr
i ), S̃

ts
i

)
∥ = E∥∇L̂

(
wTi(w̃

t, S̃tr
i ), S

ts
i

)
= E∥∇F̂i(w)∥. Note that897

E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, S̃tr
i ), z

ts)
)
∥

≤E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥

+ ηtE∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥.

(32)

Let us bound the two terms on the RHS of (32) separately. First, similar to how we derived (30), we898

could bound the first term by899

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥ ≤ E∥wt − w̃t∥.

To bound the second term on the RHS of (32), we consider two parallel processes of generating900

iterates {w̃tTi,q
} and {w̃t,′Ti,q

} by using datasets Str
i and S̃tr

i , respectively. Note that901

E∥∇ℓ
(
wTi

(w̃t, Str
i ), z

ts)−∇ℓ
(
wTi

(w̃t, S̃tr
i ), z

ts)∥

=E∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))∇ℓ(w̃tTi,Q, z

ts)−
Q−1∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))∇ℓ(w̃

t,′
i,Q, z

ts)∥

≤E∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))∇ℓ(w̃tTi,q, z

ts)−
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))∇ℓ(w̃

t,′
i,Q, z

ts)∥

+ E∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))∇ℓ(w̃

t,′
i,Q, z

ts)−
Q−1∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))∇ℓ(w̃

t,′
i,Q, z

ts)∥

≤E∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))∥∥∇ℓ(w̃t, zts)−∇ℓ(w̃t,′i,Q, z

ts)∥

+ E∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))−

Q−1∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))∥∥∇ℓ(w̃

t,′
i,Q, z

ts)∥

≤(1 + αL)QE∥∇ℓ(w̃tTi,Q, z
ts)−∇ℓ(w̃t,′i,Q, z

ts)∥+GE ∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,Q, S
tr
i ))−

Q−1∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))∥︸ ︷︷ ︸

V (Q)

(33)
where we use Assumption 2 in the last inequality. Hence, what remains is to bound the two terms in902

(33). To do so, notice that903

E∥∇ℓ(w̃tTi,Q, z
ts)−∇ℓ(w̃t,′i,Q, z

ts)∥ ≤LE∥w̃tTi,Q − w̃t,′i,Q∥

=LE∥
[
w̃ti,Q−1 − α∇L̂(w̃ti,Q−1, S

tr
i )
]
−
[
w̃t,′i,Q−1 − α∇L̂(w̃t,′i,Q−1, S̃

tr
i )
]
∥

≤LE∥
[
w̃ti,Q−1 − α∇L̂(w̃ti,Q−1, S

tr
i ))
]
−
[
w̃t,′i,Q−1 − α∇ℓ(w̃t,′i,Q−1, S

tr
i )
]
∥

+ LE∥α∇L̂(w̃t,′i,Q−1, S
tr
i )− α∇L̂(w̃t,′i,Q−1, S̃

tr
i )∥

≤LE∥w̃ti,Q−1 − w̃t,′i,Q−1∥+
2αLG

ntr

≤LE∥
[
w̃t − α∇L̂(w̃t, Str

i )
]
−
[
w̃t − α∇L̂(w̃t, S̃tr

i )
]
∥+ 2(Q− 1)αLG

ntr

=αLE∥∇L̂(w̃t, Str
i )−∇L̂(w̃t, S̃tr

i )∥+
2(Q− 1)αLG

ntr

≤2QαLG

ntr
,

(34)

29



where we use Lemma 1 and Assumption 2 in the third inequality. Next,904

V (Q) =∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))−

Q−1∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))∥

=∥
Q−2∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))(I − α∇2L̂(w̃ti,Q−1, S

tr
i ))−

Q−2∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))(I − α∇2L̂(w̃t,′i,Q−1, S̃

tr
i ))∥

≤∥
Q−2∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))(I − α∇2L̂(w̃ti,Q−1, S

tr
i ))−

Q−2∏
q=0

(I − α∇2L̂(w̃tTi,Q, S
tr
i ))(I − α∇2L̂(w̃t,′i,Q−1, S̃

tr
i ))∥

+ ∥
Q−2∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))(I − α∇2L̂(w̃t,′i,Q−1, S̃

tr
i ))−

Q−2∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))(I − α∇2L̂(w̃t,′i,Q−1, S̃

tr
i ))∥

=∥
Q−2∏
q=0

(I − α∇2L̂(w̃tTi,q, S
tr
i ))∥∥α∇2L̂(w̃ti,Q−1, S

tr
i )− α∇2L̂(w̃t,′i,Q−1, S̃

tr
i )∥+ V (Q− 1)∥I − α∇2L̂(w̃t,′i,Q−1, S̃

tr
i )∥

≤(1 + αL)Q−1∥α∇2L̂(w̃ti,Q−1, S
tr
i )− α∇2L̂(w̃t,′i,Q−1, S̃

tr
i )∥+ (1 + αL)V (Q− 1)

where we use Assumption 2 in the last inequality. To bound the above inequality, we first consider905

the first term.906

(1 + αL)Q−1∥α∇2L̂(w̃ti,Q−1, S
tr
i )− α∇2L̂(w̃t,′i,Q−1, S̃

tr
i )∥

≤α(1 + αL)Q−1
[
∥∇2L̂(w̃ti,Q−1, S

tr
i )−∇2L̂(w̃t,′i,Q−1, S

tr
i )∥+ ∥∇2L̂(w̃t,′i,Q−1, S

tr
i )−∇2L̂(w̃t,′i,Q−1, S̃

tr
i )∥

]
≤α(1 + αL)Q−1

[
ρ∥w̃ti,Q−1 − w̃t,′i,Q−1∥+

2L

ntr

]
=α(1 + αL)Q−1

[
ρ∥
(
w̃ti,Q−2 − α∇L̂(w̃ti,Q−2, S

tr
i )
)
−
(
w̃t,′i,Q−2 − α∇L̂(w̃t,′i,Q−2, S̃

tr
i )
)
∥+ 2L

ntr

]
≤α(1 + αL)Q−1

[
ρ∥w̃ti,Q−2 − w̃t,′i,Q−2∥+

2(L+Gαρ)

ntr

]
≤α(1 + αL)Q−1

[
ρ∥
[
w̃t − α∇L̂(w̃t, Str

i )
]
−
[
w̃t − α∇L̂(w̃t, S̃tr

i )
]
∥+ 2(L+Gαρ(Q− 2))

ntr

]
≤α(1 + αL)Q−1

[
αρ∥∇L̂(w̃t, Str

i )−∇L̂(w̃t, S̃tr
i )∥+

2(L+Gαρ(Q− 2))

ntr

]
≤α(1 + αL)Q−1 2(L+Gαρ(Q− 1))

ntr
,

where we use Assumption 2 to derive the inequalities from the second to the last step. Putting it in907

to V (Q) and Unrolling it, noting that V (1) = ∥α∇2L̂(w̃t, Str
i )− α∇2L̂(w̃t, S̃tr

i )∥ ≤ 2αL
ntr , then we908

have909

V (Q) ≤(1 + αL)Q−1V (1) +

Q−1∑
k=1

(1 + αL)Q−1 2α(L+Gαρ(Q− k))

ntr

≤2αL(1 + αL)Q−1

ntr
+

Q−1∑
k=1

(1 + αL)Q−1 2α(L+Gαρk)

ntr

=

Q−1∑
k=0

(1 + αL)Q−1 2α(L+Gαρk)

ntr
.

(35)

30



By plugging (34) and (35) into (33), then we have910

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ ≤ (1 + αL)Q−1

[
2(1 + αL)QαLG

ntr
+

Q−1∑
k=0

2αG(L+Gαρk)

ntr

]

≤ (1 + αL)Q−1 (6QG+Q2α2G2ρ)

ntr
.

(36)
where we using αL ≤ 1 in the second inequality. Substituting (36) and (32) into (31), we have911

E∥wt+1 − w̃t+1∥ ≤E∥wt − w̃t∥+ ηt(1 + αL)Q−1 (6QG+Q2α2G2ρ)

ntr
+ 2ηtE∥∇F̂i(wt)∥.

Combing the above two cases, we obtain912

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)E∥wt − w̃t∥+ 1

m
E∥wt − w̃t∥

+
1

m
ηt(1 + αL)Q−1 (6QG+Q2α2G2ρ)

ntr
+

2

m
ηtE∥∇F̂i(wt)∥

=E∥wt − w̃t∥+ ηt(1 + αL)Q−1 (6QG+Q2α2G2ρ)

mntr
+

2ηt
m

E∥∇F̂i(wt)∥.

Unrolling it and noting that ∥w0 − w̃0∥ = 0, we have913

E[∥wT − w̃T ∥] ≤
T−1∑
t=0

ηt(1 + αL)Q−1 (6QG+Q2α2G2ρ)

mntr
+

T−1∑
t=0

2ηt
m

E∥∇F̂
(
wt, Si)∥

≤
T−1∑
t=0

ηt(1 + αL)Q−1 (6QG+Q2α2G2ρ)

mntr
+

1

m

√√√√F (w0)−min
W

F +
LQσ2

2

T−1∑
t=0

η2t ,

where we use Lemma 13 in the last inequality. Now we are ready to conclude. For any i ∈ [m], we914

have915

ϵgen ≤ E∥ℓ(wTi(w
T , S̃tr

i ), z̃)− ℓ(wTi(w̃
T , S̃tr

i ), z̃)∥
≤ GE∥wT − w̃T ∥

which completes the proof.916

B.4 Proof of Theorem 3917

In this section,we establish stability results that do not rely on convexity, and we consider two cases.918

For the first case, using Lemma 10 and Lemma 14, we have919

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
wTj

(wt, Str
j ), S

ts
j )
)
−
(
w̃t − ηt∇L̂

(
wTj

(w̃t, Str
j ), S

ts
j

))
∥

≤(1 + ηtϕt)∥wt − w̃t∥,
(37)

where ϕt = min{LQ, ξt} with ξt = ∥∇2F (w0, St)∥ +920

ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS)

∥∥∥ +
ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS̃)

∥∥∥ , ρQ =921 [
3ρ(1+αL)2(Q−1)

L + (1 + αL)3Qρ+ ακ(1 + αL)2q + 3αρ2(1+αL)2(Q−1)

L

]
, LQ = 3ρ(1+αL)2(Q−1)

L +922

(1 + αL)QL.923

Next, for the second case, similar to the proof of (31), we have924

E∥wt+1 − w̃t+1∥ ≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥+ 2ηtE∥∇F̂i(w)∥.

(38)
Note that925

E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, S̃tr
i ), z

ts)
)
∥

≤ E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥+ ηtE∥∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)−∇ℓ
(
wTi

(w̃t, S̃tr
i ), z

ts)∥.
(39)

31



Let us bound the two terms on the RHS of (39), separately. First, similar to how we bound (37), we926

could bound the first term by927

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥ ≤ (1 + ηtϕt)E∥wt − w̃t∥.

To bound the second term on the RHS of (39), similar to the proof of (33), we have928

E∥∇ℓ
(
wTi

(w̃t, Str
i ), z

ts)−∇ℓ
(
wTi

(w̃t, S̃tr
i ), z

ts)∥

≤(1 + αL)QE∥∇ℓ(w̃tTi,Q, z
ts)−∇ℓ(w̃t,′i,Q, z

ts)∥+GE ∥
Q−1∏
q=0

(I − α∇2L̂(w̃tTi,Q, S
tr
i ))−

Q−1∏
q=0

(I − α∇2L̂(w̃t,′i,q, S̃
tr
i ))∥︸ ︷︷ ︸

V (Q)

(40)
where we use Assumption 2 in the last inequality. Hence, what remains is to bound the two terms in929

(40). To do so, notice that930

E∥∇ℓ(w̃tTi,Q, z
ts)−∇ℓ(w̃t,′i,Q, z

ts)∥ ≤LE∥w̃tTi,Q − w̃t,′i,Q∥

=LE∥
[
w̃ti,Q−1 − α∇L̂(w̃ti,Q−1, S

tr
i )
]
−
[
w̃t,′i,Q−1 − α∇L̂(w̃t,′i,Q−1, S̃

tr
i )
]
∥

≤LE∥
[
w̃ti,Q−1 − α∇L̂(w̃ti,Q−1, S

tr
i ))
]
−
[
w̃t,′i,Q−1 − α∇ℓ(w̃t,′i,Q−1, S

tr
i )
]
∥

+ LE∥α∇L̂(w̃t,′i,Q−1, S
tr
i )− α∇L̂(w̃t,′i,Q−1, S̃

tr
i )∥

≤L(1 + αL)E∥w̃ti,Q−1 − w̃t,′i,Q−1∥+
2αLG

ntr

≤L(1 + αL)QE∥
[
w̃t − α∇L̂(w̃t, Str

i )
]
−
[
w̃t − α∇L̂(w̃t, S̃tr

i )
]
∥+ 2(Q− 1)(1 + αL)Q−1αLG

ntr

=αL(1 + αL)QE∥∇L̂(w̃t, Str
i )−∇L̂(w̃t, S̃tr

i )∥+
2(Q− 1)(1 + αL)Q−1αLG

ntr

≤2Q(1 + αL)QαLG

ntr
,

(41)
Next, we have931

V (Q) ≤(1 + αL)Q−1∥α∇2L̂(w̃ti,Q−1, S
tr
i )− α∇2L̂(w̃t,′i,Q−1, S̃

tr
i )∥+ (1 + αL)V (Q− 1), (42)

To bound the above inequality, we first consider the first term,932

(1 + αL)Q−1∥α∇2L̂(w̃ti,Q−1, S
tr
i )− α∇2L̂(w̃t,′i,Q−1, S̃

tr
i )∥ ≤ α(1 + αL)Q−1 2(L+Gαρ(Q− 1))

ntr
,

Putting it in to V (Q) and Unrolling it, noting that V (1) = ∥α∇2L̂(w̃t, Str
i )− α∇2L̂(w̃t, S̃tr

i )∥ ≤933
2αL
ntr , then we have934

V (Q) ≤(1 + αL)Q−1V (1) +

Q−1∑
k=1

(1 + αL)Q−1 2α(L+Gαρ(Q− k))

ntr

≤2αL(1 + αL)Q−1

ntr
+

Q−1∑
k=1

(1 + αL)Q−1 2α(L+Gαρk)

ntr

=

Q−1∑
k=0

(1 + αL)Q−1 2α(L+Gαρk)

ntr
.

(43)

By plugging (41) and (42) into (40), then we have935

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ ≤ (1 + αL)2(Q−1)

[
2(1 + αL)QαLG

ntr
+

Q−1∑
k=0

2αG(L+Gαρk)

ntr

]

≤ (1 + αL)2(Q−1) (6QG+Q2α2G2ρ)

ntr
.

(44)
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where we using αL ≤ 1 in the second inequality. Substituting (44) and (39) into (38), we obtain936

E∥wt+1 − w̃t+1∥ ≤(1 + ηtϕt)E∥wt − w̃t∥+ ηt(1 + αL)2(Q−1) (6QG+Q2α2G2ρ)

ntr
+ 2ηtE∥∇F̂i(wt)∥.

From Lemma 7, we can know E∥∇F̂i(wt)∥ ≤ eG. Then combing the above two cases, we obtain937

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)(1 + ηtϕt)E∥wt − w̃t∥+ 1

m
(1 + ηtϕt)E∥wt − w̃t∥

+
1

m
ηt(1 + αL)2(Q−1) (6QG+Q2α2G2ρ)

ntr
+

2ηteG

m

≤exp(ηtϕt)E∥wt − w̃t∥+ ηtΦ

m
.

where we use 1 + x ≤ exp(x) and α ≤ 1
QL in the second inequality, and we denote938

Φ = 2eG+ (1+αL)2(Q−1) (6QG+Q2α2G2ρ)
ntr . Following the same proof technique in [41](Eq (23) in939

Theorem 4), we can easily get940

941

E∥wT − w̃T ∥ ≤
T∑

t=t0+1

exp(2cγ

T∑
l=t+1

1

k
)
2cΦ

mt

≤
T∑

t=t0+

exp(2cγln(
T

t
))
2cΦ

mt

=
2cΦ

m
(T 2cγ)

T∑
t=t0+

t−2cγ−1

≤ 1

2cγ

2cΦ

m
(
T

t0
)2cγ

and942

E∥ℓ(wTi(w
T , S̃tr

i ), z̃)− ℓ(wTi(w̃
T , S̃tr

i ), z̃)∥ ≤ eGΦ

γm
(
T

t0
)2cγ + r

t0
m
, (45)

where r = ES,A[F (wS)], γ = O(min{LQ,ES [∥∇2Fi(w
0, S∥)] + ρQ(cσ +943 √

c(F (w0)−minW F ))}). Next, let b = 2cγ. Then, setting944

t0 = (
2ceGΦ

r
)

1
1+bT

b
1+b

minimizes (45). Plugging t0 back we get that (44) equals to945

1 + 1
b

m
(2ceGΦ)

1
1+b (rT )

b
1+b

This completes the proof.946

C Stability and Generalization of PDF947

C.1 Proof of stability of PDF948

To show the claim, it just suffices to show that for any i, we have949

EA,S

[
Fi(wS)− F̂i(wS , Si)

]
≤ ϵ.

Take the dataset S̃(i) which is the same as S, except that S̃i differ from Si in at most one data point.950

In particular,951

Str
i = {zi,1, ..., zi,n}, S̃i = {zi,1, ..., z̃i,j , ..., zi,n}.
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Then, we relate empirical risk and population risk by952

ES,A[F̂i(wS , zi,j)] =
1

n

n∑
j=1

ES,Aℓλ(wS , zi,j)

=
1

n

n∑
j=1

ES,A,z̃i,j ℓλ(wS̃ , z̃i,j).

(46)

Moreover, we have953

EA,S [Fi(wS)] =
1

n

n∑
j=1

ES,A,z̃i,j ℓλ(wS , z̃i,j). (47)

Putting (46) and (47) together, we have954

EA,S

[
F (wS)− F̂ (wS ,Si)

]
≤ 1

m

m∑
i=1

1

n

n∑
j=1

ES,A,z̃i,j ℓλ(wS , z̃i,j)− ℓλ(wS̃ , z̃i,j)

≤ ϵ.

Then we obtain the desired result.955

C.2 Lemmas956

Lemma 16. Assume that L̂ is differentiable andw∗
T is the unique minimizer of L̂(wT )+

λ
2 ∥wT −w∥2.957

Then the gradient of L̂λ(w) = L̂(w∗
T ) +

λ
2 ∥w

∗
T − w∥2 is given by ∇L̂λ = λ(w − w∗

T )958

Proof. Since L̂ is differentiable, from the first-order optimality condition we know that959

∇L̂(w∗
Ti
) + λ(w∗

T − w) = 0

From the chain rule we have960

∇L̂λ(w) = (
∂wT ∗

∂w
)⊤∇L̂(w∗

T ) + λ

(
I −

(
∂w∗

T
∂w

)⊤
)
(w − w∗

T )

= λ(w − w∗
T ) + (

∂wT ∗

∂w
)⊤(∇L̂(w∗

T ) + λ(w − w∗
T ))

= λ(w − w∗
T )

961

Lemma 17. Suppose Assumption 2 hold. Then if λ ≥ L, ℓλ(w, z) = ℓ(w∗
T , z) +

λ
2 ∥w

∗
Ti

− w∥2962

is LQ-smoothness with LQ = λL
λ+L and ρ-Lipschitz Hessian with respect to w, where w∗

Ti
=963

argminwTi
ℓ(wTi , z) +

λ
2 ∥wTi

− w∥2.964

Proof. From the first-order optimiality condition we know that965

∇ℓ(w∗
Ti
) + λ(w∗

Ti
− w) = 0.

Therefore, we can further obtain966

∇2ℓ(w∗
Ti
)
∂w∗

Ti

∂w
+ λ(

∂w∗
Ti

∂w
− I) = 0.

and967

∇3ℓ(w∗
Ti
)

(
∂w∗

Ti

∂w

)2

+∇2ℓ(w∗
Ti
)
∂2w∗

Ti

∂w2
+ λ

∂2w∗
Ti

∂w2
= 0.

This implies968

∂w∗
Ti

∂w
= λ(∇2ℓ(w∗

Ti
) + λI)−1,

∂2w∗
T

∂w2
= −

(
∇2ℓ(w∗

Ti
) + λI

)−1 ∇3ℓ(w∗
Ti
)

(
∂w∗

Ti

∂w

)2

.
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From Lemma , we have ∇ℓλ(w) = λ(w − w∗
Ti
). Therefore, we can further have969

∇2ℓλ(w) = λ(I −
∂w∗

Ti

∂w
) = λ(I − λ(∇2ℓ(w∗

Ti
) + λI)−1)

and970

∇3ℓλ(w) = −λ
∂2w∗

Ti

∂w2
= λ3(∇2ℓ(w∗

Ti
) + λI)−3∇3ℓ(w∗

Ti
).

Note that ℓ(wTi) is L-smooth and ρ-Hessian Lipschitz with respect to wTi . Then it yields971

∥∇2ℓλ(w)∥ ≤ λL

λ+ L
, ∥∇3ℓλ(w)∥ ≤ ρ

972

C.3 Proof of Theorem 4973

To facilitate the analysis of stability, we rewrite K̂(wT , w, S)) = L̂(wT , S) + λ
2 ∥wT −974

w∥2, L̂λ(w, S) = minwT {L̂(wT , S) +
λ
2 ∥wT − w∥2}. From Lemma 17, we can know L̂λ is975

LQ-smooth. Hence, by using Lemma 1, for the first case that task Tj is selected, we have976

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇K̂

(
wtTj ,Q, w

t;Sj)
)
−
(
w̃t − ηt∇K̂

(
wtTj ,Q, w̃

t;Sj
))
∥

≤E∥
(
wt − ηt∇L̂λ

(
wt, Sj)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, Sj

))
∥+ 2ηtE∥∇K̂

(
wtTj ,Q, w

t;Sj
)
−∇L̂λ

(
wt, Sj)∥.

=E∥
(
wt − ηt∇L̂λ

(
wt, Sj)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, Sj

))
∥+ 2ηtλE∥wtj,Q − w∗

Ti
(wt)∥.

≤E∥wt − w̃t∥+ 2ηtλ∥wtj,Q − w∗
Ti
(wt)∥

(48)
where w∗

T (w) = argminwT L̂(wT , S) +
λ
2 ∥wT − w∥. where we use Lemma 1 in the second977

inequality. In the second case, we have978

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇K

(
wtTi,Q, w

t;Si)
)
−
(
w̃t − ηt∇K

(
wt,′Ti,Q

, wt; S̃i)
)
∥

≤E∥
(
wt − ηt∇L̂λ

(
wt, Si)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, S̃i

))
∥+ 2E∥∇K

(
wtTi,Q, w

t;Si)−∇L̂λ
(
wt, Si)∥.

(49)
For the first term in (49), we have979

E∥
(
wt − ηt∇L̂λ

(
wt, Si)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, S̃i

))
∥

≤E∥
(
wt − ηt∇L̂λ

(
wt, Si)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, Si

))
∥+ ηtE∥∇L̂λ

(
w̃t, Si)−∇L̂λ

(
wt, S̃i)∥

≤E∥wt − w̃t∥+ 2ηtE∥∇F̂i(wt, Si)∥
(50)

For the second term in (50), we have980

E∥∇K
(
ΦQ(w

t,j ), w
t;j )−∇L̂λ

(
wt,i )∥ ≤ λE∥wti,Q − w∗

Ti
(wt)∥ (51)

Putting (50) and (51) into (49), then we have981

E∥wt+1 − w̃t+1∥ ≤ E∥wt − w̃t∥+ 2ηtE∥∇F̂i(wt, Si)∥+ 2ηtλE∥wti,Q − w∗
Ti
(wt)∥ (52)

Combining (48) and (52), we obtain982

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)E∥wt − w̃t∥+ 1

m
E∥wt − w̃t∥+ 1

m

[
2ηtE∥∇F̂ (wt,i )∥+ 2ηtλE∥wti,Q − w∗

Ti
(wt)∥

]
.

=E∥wt − w̃t∥+ 2ηt
m

E∥∇F̂ (wt, Si)∥+
2ηtλ

m
E∥wti,Q − w∗

Ti
(wt)∥.

Unrolling it and noting that ∥w0 − w̃0∥ = 0, we have983

E[∥wT − w̃T ∥] ≤
T−1∑
t=0

2ηtλ

m
E∥wti,Q − w∗

Ti
(wt)∥+

T−1∑
t=0

2ηt
m

E∥∇F̂ (wt, Si)∥

≤
T−1∑
t=0

2ηtλ

m
E∥wti,Q − w∗

Ti
(wt)∥+ 1

m

√√√√F (w0)−min
W

F +
LQσ2

2

T−1∑
t=0

η2t
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where we use Lemma 14 and Lemma 17 in the second inequality, and we denote LQ = λL
λ+L . Now984

we are ready to conclude. By using Lemma A, we have985

E∥ℓλ(wT , z̃)− ℓλ(w̃
T , z̃)∥ ≤2GE∥wT − w̃T ∥

≤
T−1∑
t=0

2ηtλ

m
E∥wti,Q − w∗

Ti
(wt)∥+ 1

m

√√√√F (w0)−min
W

F +
LQσ2

2

T−1∑
t=0

η2t

Then we completes the proof.986

C.4 Proof of Theorem 5987

For the non-convex case, under Lemma 17, for the first case we have988

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇K̂

(
wtTj ,q, w

t;Sj)
)
−
(
w̃t − ηt∇K̂

(
wtTj ,q, w̃

t;Sj
))
∥

≤E∥
(
wt − ηt∇L̂λ

(
wt, Sj)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, Sj

))
∥+ 2ηtE∥∇K̂

(
wtTj ,q, w

t;Sj
)
−∇L̂λ

(
wt, Sj)∥.

=E∥
(
wt − ηt∇L̂λ

(
wt, Sj)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, Sj

))
∥+ 2ηtλ∥wtj,Q − w∗

Ti
(wt)∥.

≤(1 + ηtϕt)E∥wt − w̃t∥+ 2ηtλ∥wtj,Q − w∗
Ti
(wt)∥

(53)
where ϕt = min{LQ, ξt} with ξt = ∥∇2F (w0, St)∥ + ρ

2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS)

∥∥∥ +989

ρ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS̃)

∥∥∥, w∗
T (w) = argminwT L̂(wT , S) +

λ
2 ∥wT − w∥. In the second case, we990

have991

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇K

(
wtTi,q, w

t;Si)
)
−
(
w̃t − ηt∇K

(
wt,′Ti,q

, wt; S̃i)
)
∥

≤E∥
(
wt − ηt∇L̂λ

(
wt, Si)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, S̃i

))
∥+ 2E∥∇K

(
wtTi,q, w

t;Si)−∇L̂λ
(
wt, Si)∥.

≤E∥
(
wt − ηt∇L̂λ

(
wt, Si)

)
−
(
w̃t − ηt∇L̂λ

(
w̃t, S̃i

))
∥+ 2ηtλ∥wtj,Q − w∗

Ti
(wt)∥

(54)
For the first term in (54),992

E∥
(
wt − ηt∇L̂λ

(
wt,i )

)
−
(
w̃t − ηt∇L̂λ

(
w̃t ,̃ i

))
∥

≤E∥
(
wt − ηt∇L̂λ

(
wt,i )

)
−
(
w̃t − ηt∇L̂λ

(
w̃t,i

))
∥+ ηtE∥∇L̂λ

(
w̃t,i )−∇L̂λ

(
wt ,̃ i)∥

Putting it into (54), then we have993

E∥wt+1 − w̃t+1∥ ≤ (1+ ηtϕt)E∥wt− w̃t∥+2ηtE∥∇F̂i(wt, Si)∥+2ηtλ∥wtj,Q−w∗
Ti
(wt)∥ (55)

we can know E∥∇F̂i(wt)∥ ≤ G. Then combing two cases, we obtain994

E∥wt+1 − w̃t+1∥

≤(1− 1

m
)(1 + ηtϕt)E∥wt − w̃t∥+ 1

m
(1 + ηtϕt)E∥wt − w̃t∥+ 1

m

[
2ηtE∥∇F̂ (wt,i )∥+ 2ηtλE∥wti,Q − w∗

Ti
(wt)∥

]
.

≤(1 + ηtϕt)E∥wt − w̃t∥+ 1

m

[
2ηtE∥∇F̂ (wt,i )∥+

2ηtλG

Q

]
≤exp(ηtϕt)E∥wt − w̃t∥+ 2ηtΦ

m

where we use ... in the second inequality, 1 + x ≤ exp(x) in the third inequality. Additionally, we995

denote Φ = G+ (λ+L)G
Q . Following the same proof technique in [41](Eq (23) in Theorem 4), we996

can easily get997
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998

E∥wT − w̃T ∥ ≤
T∑

t=t0+1

exp(2cγ

T∑
l=t+1

1

k
)
2cΦ

mt

≤
T∑

t=t0+

exp(2cγln(
T

t
))
2cΦ

mt

=
2cΦ

m
(T 2cγ)

T∑
t=t0+

t−2cγ−1

≤ 1

2cγ

2cΦ

m
(
T

t0
)2cγ

and999

E∥ℓ(wTi(w
T , S̃tr

i ), z̃)− ℓ(wTi(w̃
T , S̃tr

i ), z̃)∥ ≤ eGΦ

γm
(
T

t0
)2cγ + r

t0
m
, (56)

where r = ES,A[F (wS)], γ = O(min{LQ,ES [∥∇2Fi(w
0, S∥)] + ρ(cσ +1000 √

c(F (w0)−minW F ))}). Next, let b = 2cγ. Then, setting1001

t0 = (
2cGΦ

r
)

1
1+bT

b
1+b

minimizes (56). Plugging t0 back we get that (44) equals to1002

1 + 1
b

m
(2cGΦ)

1
1+b (rT )

b
1+b

This completes the proof.1003

D Results of Table 21004

In the subsequent proofs of other algorithms, we provide only the proof of generalization bound1005

under the assumptions of the LQ-smoothness constant and ρQ-Hessian Lipschitz continuity, which1006

can be established by referring our previous proof. We first present their corrosponding algorithm.1007

D.1 Algorithms1008

Algorithm 2 MAML

Require: The set of datasets S = {Si}mi=1 with Si = {Str
i , S

ts
i }, outer iterations T , adaptation steps

Q.
Require: Choose arbitrary initial point w0 ∈W ;

1: for t = 0 to T − 1 do
2: Randomly choose the task i.
3: Inner-Level: wtTi,0

= wt
4: for q = 0, 1, ..., Q− 1 do
5: wtTi,q+1 = wtTi,q

− α∇L̂(wtTi,q
, Str

i );
6: end for
7: Outer-level: wTi

= wtTi,Q

8: wt+1 := wt − ηt∇wL̂i(wTi
, Sts

i )
9: end for

10: wT and wT := 1
T+1

∑T
t=0 w

t;
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Algorithm 3 FOMAML

Require: The set of datasets S = {Si}mi=1 with Si = {Str
i , S

ts
i }, outer iterations T , adaptation steps

Q.
Require: Choose arbitrary initial point w0 ∈W ;

1: for t = 0 to T − 1 do
2: Randomly choose the task i.
3: Inner-Level: wtTi,0

= wt
4: for q = 0, 1, ..., Q− 1 do
5: wtTi,q+1 = wtTi,q

− α∇L̂(wtTi,q
, Str

i );
6: end for
7: Outer-level: wTi = wtTi,Q

8: wt+1 := wt − ηt∇wTi
L̂i(wTi , S

ts
i )

9: end for
10: wT and wT := 1

T+1

∑T
t=0 w

t;

Algorithm 4 MetaSGD

Require: The set of datasets S = {Si}mi=1 with Si = {Str
i , S

ts
i }, outer iterations T , adaptation steps

Q.
Require: Choose arbitrary initial point w0 ∈W ;

1: for t = 0 to T − 1 do
2: Randomly choose the task i.
3: Inner-Level: wtTi,0

= wt
4: for q = 0, 1, ..., Q− 1 do
5: wtTi,q+1 = wtTi,q

− α ◦ ∇L̂(wtTi,q
, Str

i );
6: end for
7: Outer-level: wTi

= wtTi,Q

8: wt+1 := wt − ηt∇wL̂i(wTi
, Sts

i )

9: αt+1 := αt − ηt∇αL̂i(wTi
, Sts

i )
10: end for
11: wT and wT := 1

T+1

∑T
t=0 w

t;

Algorithm 5 iMAML

Require: The set of datasets S = {Si}mi=1 with Si = {Str
i , S

ts
i }, outer iterations T , adaptation steps

Q,regularization constant λ
Require: Choose arbitrary initial point w0 ∈W ;

1: for t = 0 to T − 1 do
2: Randomly choose the task i.
3: Inner-Level: wtTi,0

= wt
4: for q = 0, 1, ..., Q− 1 do
5: wtTi,q+1 = wtTi,q

− α∇L̂λ(wtTi,q
, Str

i );
6: end for
7: Outer-level: wTi

= wtTi,Q

8: wt+1 := wt − ηt(I +
1
λ∇

2
wTi

L̂i(wTi
, Str

i ))
−1∇wTi

L̂i(wTi
, Sts

i )

9: end for
10: wT and wT := 1

T+1

∑T
t=0 w

t;
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Algorithm 6 Meta-MinibatchProx

Require: The set of datasets S = {Si}mi=1, outter iterations T , adpation steps Q, regularization
constant λ.

Require: Choose arbitrary initial point w0 ∈W ;
1: for t = 0 to T − 1 do
2: Randomly choose the task i.
3: Inner-Level: wtTi,0

= wt
4: for q = 0, 1, ..., Q− 1 do
5: wtTi,q+1 = wtTi,q

− α∇K̂(wtTi,q
, Si);

6: end for
7: Outer-level: wTi = wtTi,Q

8: wt+1 := wt − ηtλ(w
t − wTi)

9: end for
10: wT and wT := 1

T+1

∑T
t=0 w

t;

Algorithm 7 FoMuML

Require: The set of datasets S = {Si}mi=1 with Si = {Str
i , S

ts
i }, outer iterations T , adaptation steps

Q, regularization constant λ.
Require: Choose arbitrary initial point w0 ∈W ;

1: for t = 0 to T − 1 do
2: Randomly choose the task i.
3: Inner-Level: wtTi,0

= wt
4: for q = 0, 1, ..., Q− 1 do
5: wtTi,q+1 = wtTi,q

− α∇L̂λ(wtTi,q
, Str

i );
6: end for
7: Outer-level: wTi

= wtTi,Q

8: wt+1 := wt − ηt∇wTi
L̂i(wTi

, Sts
i )

9: end for
10: wT and wT := 1

T+1

∑T
t=0 w

t;

D.2 FOMAML(convex)1009

This proof is similar to the proof of Theorem 2, we have1010

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
wTj (w

t, Str
j ), S

ts
j )
)
−
(
w̃t − ηt∇L̂

(
wTj

(w̃t, Str
j ), S

ts
j

))
∥

≤ 1

nts

∑
zts∈Sts

j

∥
(
wt − ηt∇ℓ

(
wTj

(wt, Str
j ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTj

(w̃t, Str
j ), z

ts)
)
∥

≤∥wt − w̃t∥
(57)
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Next, for a given time index t, with probability 1
m , the task Ti is selected. In this case, we have1011

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇L̂

(
wTi

(wt, Str
i ), S

ts
i )
)
−
(
w̃t − ηt∇L̂

(
wTi

(w̃t, S̃tr
i ), S̃

ts
i

))
∥

≤E∥
(
wt − ηt∇L̂

(
wTi(w

t, Str
i ), S

ts
i )
)
−
(
w̃t − ηt∇L̂

(
wTi(w̃

t, S̃tr
i ), S

ts
i )
)
∥

+ E∥ηt∇L̂
(
wTi(w̃

t, S̃tr
i ), S̃

ts
i

)
− ηt∇L̂

(
wTi(w̃

t, S̃tr
i ), S

ts
i

)
∥

≤ 1

nts

∑
zts∈Sts

i

E∥
(
wt − ηt∇L̂

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇L̂

(
wTi(w̃

t, S̃tr
i ), z

ts)
)
∥

+ ηtE∥∇L̂
(
wTi

(w̃t, S̃tr
i ), S̃

ts
i

)
−∇L̂

(
wTi

(w̃t, S̃tr
i ), S

ts
i

)
∥

≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥

+ 2ηtE∥∇F̂i(w)∥,
(58)

where the last inequality follows that S̃ts
i and Sts

i are sampled from the same distribution, then1012

E∥∇L̂
(
wTi

(w̃t, S̃tr
i ), S̃

ts
i

)
∥ = E∥∇L̂

(
wTi

(w̃t, S̃tr
i ), S

ts
i

)
= E∥∇F̂i(w)∥. Note that1013

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥

≤E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, Str
i ), z

ts)
)
∥

+ ηtE∥∇ℓ
(
wTi

(w̃t, Str
i ), z

ts)−∇ℓ
(
wTi

(w̃t, S̃tr
i ), z

ts)∥.

(59)

Let us bound the two terms on the RHS of (59) separately. First, similar to how we derived (57), we1014

could bound the first term by1015

E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, Str
i ), z

ts)
)
∥ ≤ E∥wt − w̃t∥.

To bound the second term on the RHS of (59), we consider two parallel processes of generating1016

iterates {w̃tTi,q
} and {w̃t,′Ti,q

} by using datasets Str
i and S̃tr

i , respectively. Note that1017

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ =E∥∇ℓ(w̃tTi,Q, z
ts)−∇ℓ(w̃t,′i,Q, z

ts)∥

≤LE∥w̃tTi,Q − w̃t,′i,Q∥

=LE∥
[
w̃ti,Q−1 − α∇L̂(w̃ti,Q−1, S

tr
i )
]
−
[
w̃t,′i,Q−1 − α∇L̂(w̃t,′i,Q−1, S̃

tr
i )
]
∥

≤LE∥
[
w̃ti,Q−1 − α∇L̂(w̃ti,Q−1, S

tr
i ))
]
−
[
w̃t,′i,Q−1 − α∇ℓ(w̃t,′i,Q−1, S

tr
i )
]
∥

+ LE∥α∇L̂(w̃t,′i,Q−1, S
tr
i )− α∇L̂(w̃t,′i,Q−1, S̃

tr
i )∥

≤LE∥w̃ti,Q−1 − w̃t,′i,Q−1∥+
2αLG

ntr

≤LE∥
[
w̃t − α∇L̂(w̃t, Str

i )
]
−
[
w̃t − α∇L̂(w̃t, S̃tr

i )
]
∥+ 2(Q− 1)αLG

ntr

=αLE∥∇L̂(w̃t, Str
i )−∇L̂(w̃t, S̃tr

i )∥+
2(Q− 1)αLG

ntr

≤2QαLG

ntr
,

(60)
Substituting (60) and (59) into (58), we have1018

E∥wt+1 − w̃t+1∥ ≤E∥wt − w̃t∥+ ηt
2QαLG

ntr
+ 2ηtE∥∇F̂i(wt)∥.

Combing the above two cases, we obtain1019

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)E∥wt − w̃t∥+ 1

m
E∥wt − w̃t∥+ 1

m
ηt
2QαLG

ntr
+

2

m
ηtE∥∇F̂i(wt)∥

=E∥wt − w̃t∥+ ηt
2QαLG

mntr
+

2ηt
m

E∥∇F̂i(wt)∥.
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Unrolling it and noting that ∥w0 − w̃0∥ = 0, we have1020

E[∥wT − w̃T ∥] ≤
T−1∑
t=0

ηt
2QαLG

mntr
+

T−1∑
t=0

2ηt
m

E∥∇F̂
(
wt, Si)∥

≤
T−1∑
t=0

ηt
2QαLG

mntr
+

1

m

√√√√F (w0)−min
W

F +
LQσ2

2

T−1∑
t=0

η2t ,

where we use Lemma 13 in the last inequality. which completes the proof.1021

D.3 FOMAML(non-convex)1022

This proof is similar to the proof of Theorem 3, we have1023

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
wTj

(wt, Str
j ), S

ts
j )
)
−
(
w̃t − ηt∇L̂

(
wTj

(w̃t, Str
j ), S

ts
j

))
∥

≤(1 + ηtϕt)∥wt − w̃t∥,
(61)

where ϕt = min{LQ, ξt} with ξt = ∥∇2F (w0, St)∥ +
ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS)

∥∥∥ +1024

ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS̃)

∥∥∥.1025

Next, for the second case, similar to the proof of (58), we have1026

E∥wt+1 − w̃t+1∥ ≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥+ 2ηtE∥∇F̂i(w)∥.

(62)
Note that1027

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥

≤ E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, Str
i ), z

ts)
)
∥+ ηtE∥∇ℓ

(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥.
(63)

Let us bound the two terms on the RHS of (63), separately. First, similar to how we bound (61), we1028

could bound the first term by1029

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥ ≤ (1 + ηtϕt)E∥wt − w̃t∥.

To bound the second term on the RHS of (63), similar to the proof of (60), we have1030

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ ≤ 2Q(1 + αL)QαLG

ntr
(64)

Substituting (64) and (63) into (62), we obtain1031

E∥wt+1 − w̃t+1∥ ≤(1 + ηtϕt)E∥wt − w̃t∥+ ηt
2Q(1 + αL)QαLG

ntr
+ 2ηtE∥∇F̂i(wt)∥.

From Lemma 7, we can know E∥∇F̂i(wt)∥ ≤ eG. Then combing the above two cases, we obtain1032

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)(1 + ηtϕt)E∥wt − w̃t∥+ 1

m
(1 + ηtϕt)E∥wt − w̃t∥

+
2Q(1 + αL)QαLG

mntr
+

2ηteG

m

≤exp(ηtϕt)E∥wt − w̃t∥+ ηtΦ

m
.

where we use 1 + x ≤ exp(x) and α ≤ 1
QL in the second inequality, and we denote Φ = 2eG +1033

2Q(1+αL)QαLG
ntr . Using the same technique in Theorem 3. Then we complete the proof.1034
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D.4 iMAML(convex)1035

Since our goal is to demonstrate the extensibility of our framework analysis, here we consider the exact1036

version of the solved iMAML algorithm, and of course we believe that this can be equally generalized1037

to the iMAML algorithm with an error term. Let wt,∗Ti
= argminwTi

{L̂(wTi , S
tr
j ) +

λ
2 ∥wTi − wt∥2},1038

we have1039

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
w∗

Tj
(wt, Str

j ), S
ts
j )
)
−
(
w̃t − ηt∇L̂

(
w∗

Tj
(w̃t, Str

j ), S
ts
j

))
∥

≤ 1

nts

∑
zts∈Sts

j

∥
(
wt − ηt∇ℓ

(
w∗

Tj
(wt, Str

j ), z
ts)
)
−
(
w̃t − ηt∇ℓ

(
w∗

Tj
(w̃t, Str

j ), z
ts)
)
∥

≤∥wt − w̃t∥
(65)

Next, for a given time index t, with probability 1
m , the task Ti is selected. In this case, we have1040

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇L̂

(
w∗

Ti
(wt, Str

i ), S
ts
i )
)
−
(
w̃t − ηt∇L̂

(
w∗

Ti
(w̃t, S̃tr

i ), S̃
ts
i

))
∥

≤E∥
(
wt − ηt∇L̂

(
w∗

Ti
(wt, Str

i ), S
ts
i )
)
−
(
w̃t − ηt∇L̂

(
w∗

Ti
(w̃t, S̃tr

i ), S
ts
i )
)
∥

+ E∥ηt∇L̂
(
w∗

Ti
(w̃t, S̃tr

i ), S̃
ts
i

)
− ηt∇L̂

(
w∗

Ti
(w̃t, S̃tr

i ), S
ts
i

)
∥

≤ 1

nts

∑
zts∈Sts

i

E∥
(
wt − ηt∇L̂

(
w∗

Ti
(wt, Str

i ), z
ts)
)
−
(
w̃t − ηt∇L̂

(
w∗

Ti
(w̃t, S̃tr

i ), z
ts)
)
∥

+ ηtE∥∇L̂
(
w∗

Ti
(w̃t, S̃tr

i ), S̃
ts
i

)
−∇L̂

(
w∗

Ti
(w̃t, S̃tr

i ), S
ts
i

)
∥

≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
w∗

Ti
(wt, Str

i ), z
ts)
)
−
(
w̃t − ηt∇ℓ

(
w∗

Ti
(w̃t, S̃tr

i ), z
ts)
)
∥

+ 2ηtE∥∇F̂i(w)∥,
(66)

where the last inequality follows that S̃ts
i and Sts

i are sampled from the same distribution, then1041

E∥∇L̂
(
w∗

Ti
(w̃t, S̃tr

i ), S̃
ts
i

)
∥ = E∥∇L̂

(
w∗

Ti
(w̃t, S̃tr

i ), S
ts
i

)
= E∥∇F̂i(w)∥. Note that1042

E∥
(
wt − ηt∇ℓ

(
w∗

Ti
(wt, Str

i ), z
ts)
)
−
(
w̃t − ηt∇ℓ

(
w∗

Ti
(w̃t, S̃tr

i ), z
ts)
)
∥

≤E∥
(
wt − ηt∇ℓ

(
w∗

Ti
(wt, Str

i ), z
ts)
)
−
(
w̃t − ηt∇ℓ

(
w∗

Ti
(w̃t, Str

i ), z
ts)
)
∥

+ ηtE∥∇ℓ
(
w∗

Ti
(w̃t, Str

i ), z
ts)−∇ℓ

(
w∗

Ti
(w̃t, S̃tr

i ), z
ts)∥.

(67)

Let us bound the two terms on the RHS of (67) separately. First, similar to how we derived (65), we1043

could bound the first term by1044

E∥
(
wt − ηt∇ℓ

(
w∗

Ti
(wt, Str

i ), z
ts)
)
−
(
w̃t − ηt∇ℓ

(
w∗

Ti
(w̃t, Str

i ), z
ts)
)
∥ ≤ E∥wt − w̃t∥.

To bound the second term on the RHS of (67), note that1045

E∥∇ℓ
(
w∗

Ti
(w̃t, Str

i ), z
ts)−∇ℓ

(
w∗

Ti
(w̃t, S̃tr

i ), z
ts)∥

=E∥
(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1∇ℓ(w∗

Ti
, zts)−

(
I +

1

λ
∇2L̂(w∗

Ti
, S̃tr

i )
)−1∇ℓ(w̃∗

Ti
, zts)∥

≤E∥
(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1∇ℓ(w∗

Ti
, zts)−

(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1∇ℓ(w̃∗

Ti
, zts)∥

+ E∥
(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1∇ℓ(w̃∗

Ti
, zts)−

(
I +

1

λ
∇2L̂(w∗

Ti
, S̃tr

i )
)−1∇ℓ(w̃∗

Ti
, zts)∥

≤E∥
(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1∥∥∇ℓ(w∗

Ti
, zts)−∇ℓ(w̃∗

Ti
, zts)∥+ E∥

(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1 −

(
I +

1

λ
∇2L̂(w∗

Ti
, S̃tr

i )
)−1∥∥∇ℓ(w̃∗

Ti
, zts)∥

(68)
For the first term in (68), since the inner-optimization problem is in λ strongly-convex setting, then1046

by using the standard stability result in [37], we have1047

E∥
(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1∥∥∇ℓ(w∗

Ti
, zts)−∇ℓ(w̃∗

Ti
, zts)∥ ≤ 2LG2

λntr
(69)
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For the second term in (68), since Str
i different with S̃tr

i at most one point, then we have1048

E∥
(
I +

1

λ
∇2L̂(w∗

Ti
, Str

i )
)−1 −

(
I +

1

λ
∇2L̂(w∗

Ti
, S̃tr

i )
)−1∥∥∇ℓ(w̃∗

Ti
, zts)∥ ≤ 2LG

λntr
(70)

By plugging (69) and (70) into (68), then we have1049

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ ≤ 2L(G2 +G)

λntr
(71)

Substituting (71) and (67) into (66), we have1050

E∥wt+1 − w̃t+1∥ ≤E∥wt − w̃t∥+ ηt
2L(G2 +G)

λntr
+ 2ηtE∥∇F̂i(wt)∥.

Combing the above two cases, we obtain1051

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)E∥wt − w̃t∥+ 1

m
E∥wt − w̃t∥

+
1

m

2ηtL(G
2 +G)

λntr
+

2ηt
m

E∥∇F̂i(wt)∥

=E∥wt − w̃t∥+ 2ηtL(G
2 +G)

λmntr
+

2ηt
m

E∥∇F̂i(wt)∥.

Unrolling it and noting that ∥w0 − w̃0∥ = 0, we have1052

E[∥wT − w̃T ∥] ≤
T−1∑
t=0

2ηtL(G
2 +G)

λmntr
+

T−1∑
t=0

2ηt
m

E∥∇F̂
(
wt, Si)∥

≤
T−1∑
t=0

2ηtL(G
2 +G)

λmntr
+

1

m

√√√√F (w0)−min
W

F +
LQσ2

2

T−1∑
t=0

η2t ,

where we use Lemma 13 in the last inequality. which completes the proof.1053

D.5 iMAML(non-convex)1054

This proof is similar to the proof of Theorem 3, we have1055

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
wTj

(wt, Str
j ), S

ts
j )
)
−
(
w̃t − ηt∇L̂

(
wTj

(w̃t, Str
j ), S

ts
j

))
∥

≤(1 + ηtϕt)∥wt − w̃t∥,
(72)

where ϕt = min{LQ, ξt} with ξt = ∥∇2F (w0, St)∥ +
ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS)

∥∥∥ +1056

ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS̃)

∥∥∥.1057

Next, for the second case, similar to the proof of (66), we have1058

E∥wt+1 − w̃t+1∥ ≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, S̃tr
i ), z

ts)
)
∥+ 2ηtE∥∇F̂i(w)∥.

(73)
Note that1059

E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, S̃tr
i ), z

ts)
)
∥

≤ E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥+ ηtE∥∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)−∇ℓ
(
wTi

(w̃t, S̃tr
i ), z

ts)∥.
(74)

Let us bound the two terms on the RHS of (74), separately. First, similar to how we bound (72), we1060

could bound the first term by1061

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥ ≤ (1 + ηtϕt)E∥wt − w̃t∥.

To bound the second term on the RHS of (74), similar to the proof of (68), under the λ − L1062

strongly-convex setting, we have1063

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ ≤ 2L(G2 +G)

(λ− L)ntr
(75)
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Substituting (75) and (74) into (73), we obtain1064

E∥wt+1 − w̃t+1∥ ≤(1 + ηtϕt)E∥wt − w̃t∥+ ηt
2L(G2 +G)

(λ− L)ntr
+ 2ηtE∥∇F̂i(wt)∥.

From Lemma 7, we can know E∥∇F̂i(wt)∥ ≤ eG. Then combing the above two cases, we obtain1065

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)(1 + ηtϕt)E∥wt − w̃t∥+ 1

m
(1 + ηtϕt)E∥wt − w̃t∥

+
2L(G2 +G)

(λ− L)mntr
+

2ηteG

m

≤exp(ηtϕt)E∥wt − w̃t∥+ ηtΦ

m
.

where we use 1 + x ≤ exp(x) and α ≤ 1
QL in the second inequality, and we denote Φ = 2eG +1066

2L(G2+G)
(λ−L)ntr . Using the same technique in Theorem 3. Then we complete the proof.1067

D.6 Fo-MuML(convex)1068

Fo-MuML is more like a application of FoMAML in PDF. In particular, in the ourter-level, We no1069

longer derive the derivative of w, we take the derivative of wTi,Q. Then we have1070

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
wTj ,Q(w

t, Str
j ), S

ts
j )
)
−
(
w̃t − ηt∇L̂

(
wTj ,Q(w̃

t, Str
j ), S

ts
j

))
∥

≤ 1

nts

∑
zts∈Sts

j

∥
(
wt − ηt∇ℓ

(
wTj ,Q(w

t, Str
j ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTj ,Q(w̃

t, Str
j ), z

ts)
)
∥

≤∥wt − w̃t∥
(76)

Next, for a given time index t, with probability 1
m , the task Ti is selected. In this case, we have1071

E∥wt+1 − w̃t+1∥ =E∥
(
wt − ηt∇L̂

(
wTi,Q(w

t, Str
i ), S

ts
i )
)
−
(
w̃t − ηt∇L̂

(
wTi,Q(w̃

t, S̃tr
i ), S̃

ts
i

))
∥

≤E∥
(
wt − ηt∇L̂

(
wTi,Q(w

t, Str
i ), S

ts
i )
)
−
(
w̃t − ηt∇L̂

(
wTi,Q(w̃

t, S̃tr
i ), S

ts
i )
)
∥

+ E∥ηt∇L̂
(
wTi,Q(w̃

t, S̃tr
i ), S̃

ts
i

)
− ηt∇L̂

(
wTi,Q(w̃

t, S̃tr
i ), S

ts
i

)
∥

≤ 1

nts

∑
zts∈Sts

i

E∥
(
wt − ηt∇L̂

(
wTi,Q(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇L̂

(
wTi,Q(w̃

t, S̃tr
i ), z

ts)
)
∥

+ ηtE∥∇L̂
(
wTi,Q(w̃

t, S̃tr
i ), S̃

ts
i

)
−∇L̂

(
wTi,Q(w̃

t, S̃tr
i ), S

ts
i

)
∥

≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
wTi,Q(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi,Q(w̃

t, S̃tr
i ), z

ts)
)
∥

+ 2ηtE∥∇F̂i(w)∥,
(77)

where the last inequality follows that S̃ts
i and Sts

i are sampled from the same distribution, then1072

E∥∇L̂
(
wTi

(w̃t, S̃tr
i ), S̃

ts
i

)
∥ = E∥∇L̂

(
wTi

(w̃t, S̃tr
i ), S

ts
i

)
= E∥∇F̂i(w)∥. Note that1073

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi,Q(w̃

t, S̃tr
i ), z

ts)
)
∥

≤E∥
(
wt − ηt∇ℓ

(
wTi,Q(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi,Q(w̃

t, Str
i ), z

ts)
)
∥

+ ηtE∥∇ℓ
(
wTi,Q(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi,Q(w̃

t, S̃tr
i ), z

ts)∥.

(78)

Let us bound the two terms on the RHS of (78) separately. First, similar to how we derived (76), we1074

could bound the first term by1075

E∥
(
wt − ηt∇ℓ

(
wTi,Q(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi,Q(w̃

t, Str
i ), z

ts)
)
∥ ≤ E∥wt − w̃t∥.
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To bound the second term on the RHS of (78), we consider two parallel processes of generating1076

iterates {w̃tTi,q
} and {w̃t,′Ti,q

} by using datasets Str
i and S̃tr

i , respectively. Note that1077

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ =E∥∇ℓ(w̃tTi,Q, z
ts)−∇ℓ(w̃t,′i,Q, z

ts)∥

≤LE∥w̃tTi,Q − w̃t,′i,Q∥

≤ 2G2

λntr
,

(79)

Substituting (79) and (78) into (77), we have1078

E∥wt+1 − w̃t+1∥ ≤E∥wt − w̃t∥+ ηt
2G2

λntr
+ 2ηtE∥∇F̂i(wt)∥.

Combing the above two cases, we obtain1079

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)E∥wt − w̃t∥+ 1

m
E∥wt − w̃t∥+ 1

m
ηt

2G2

λntr
+

2

m
ηtE∥∇F̂i(wt)∥

=E∥wt − w̃t∥+ ηt
2G2

λmntr
+

2ηt
m

E∥∇F̂i(wt)∥.

Unrolling it and noting that ∥w0 − w̃0∥ = 0, we have1080

E[∥wT − w̃T ∥] ≤
T−1∑
t=0

ηt
2G2

λmntr
+

T−1∑
t=0

2ηt
m

E∥∇F̂
(
wt, Si)∥

≤
T−1∑
t=0

ηt
2G2

λmntr
+

1

m

√√√√F (w0)−min
W

F +
LQσ2

2

T−1∑
t=0

η2t ,

where we use Lemma 13 in the last inequality. which completes the proof.1081

D.7 FoMuML(non-convex)1082

This proof is similar to the proof of Theorem 3, we have1083

∥wt+1 − w̃t+1∥ =∥
(
wt − ηt∇L̂

(
wTj

(wt, Str
j ), S

ts
j )
)
−
(
w̃t − ηt∇L̂

(
wTj

(w̃t, Str
j ), S

ts
j

))
∥

≤(1 + ηtϕt)∥wt − w̃t∥,
(80)

where ϕt = min{LQ, ξt} with ξt = ∥∇2F (w0, St)∥ +
ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS)

∥∥∥ +1084

ρQ
2

∥∥∥∑t−1
l=1 βl∇F̂ (wlS̃)

∥∥∥.1085

Next, for the second case, similar to the proof of (77), we have1086

E∥wt+1 − w̃t+1∥ ≤ 1

nts

∑
z∈Sts

i

E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, S̃tr
i ), z

ts)
)
∥+ 2ηtE∥∇F̂i(w)∥.

(81)
Note that1087

E∥
(
wt − ηt∇ℓ

(
wTi(w

t, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi(w̃

t, S̃tr
i ), z

ts)
)
∥

≤ E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥+ ηtE∥∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)−∇ℓ
(
wTi

(w̃t, S̃tr
i ), z

ts)∥.
(82)

Let us bound the two terms on the RHS of (82), separately. First, similar to how we bound (80), we1088

could bound the first term by1089

E∥
(
wt − ηt∇ℓ

(
wTi

(wt, Str
i ), z

ts)
)
−
(
w̃t − ηt∇ℓ

(
wTi

(w̃t, Str
i ), z

ts)
)
∥ ≤ (1 + ηtϕt)E∥wt − w̃t∥.

To bound the second term on the RHS of (82), similar to the proof of (79), we have1090

E∥∇ℓ
(
wTi(w̃

t, Str
i ), z

ts)−∇ℓ
(
wTi(w̃

t, S̃tr
i ), z

ts)∥ ≤ 2G2

(λ− L)ntr
(83)
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Substituting (83) and (82) into (81), we obtain1091

E∥wt+1 − w̃t+1∥ ≤(1 + ηtϕt)E∥wt − w̃t∥+ ηt
2G2

(λ− L)ntr
+ 2ηtE∥∇F̂i(wt)∥.

From Lemma 7, we can know E∥∇F̂i(wt)∥ ≤ eG. Then combing the above two cases, we obtain1092

E∥wt+1 − w̃t+1∥ ≤(1− 1

m
)(1 + ηtϕt)E∥wt − w̃t∥+ 1

m
(1 + ηtϕt)E∥wt − w̃t∥

+
2G2

(λ− L)mntr
+

2ηteG

m

≤exp(ηtϕt)E∥wt − w̃t∥+ ηtΦ

m
.

where we use 1 + x ≤ exp(x) and α ≤ 1
QL in the second inequality, and we denote Φ = 2eG +1093

2G2

(λ−L)ntr . Using the same technique in Theorem 3. Then we complete the proof.1094
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