Negative Social Impact

This script may provide better guidance for neural nets training. It would have certain negative social
impact if neural nets are deployed for illegal usage.

Appendix Organization

The Appendix is organized as follows.

* Appendix [A]introduces two “color-ball" models and their applications in proving Lemma[5.1]and
Lemma[5.2| This part is important for proving Theorem [3.1]

* Appendix [Bfintroduces more experiments to support our theory.
* Appendix [C] provide some suggestions for hyperparameter tuning of Adam.

* Appendix [D.T] provide more discussions on some recent related works. Appendix [D.2]re-state the
non-convergence results in (Reddi et al., [2018]).

* Appendix [E| provides detailed proof for Proposition

* Appendix [F provides some more notations and technical lemmas that serve for the proof of
Theorem [3.11

+ Appendix [G] provides detailed proof for Theorem Especially, Appendix [G.T|provide a proof
roadmap.

A Introduction to the ‘“Color-Ball” Models: the Key Ingredients to Prove
Theorem 3.1]

We now introduce two “color-ball" models and their applications in tackling Issue I and Issue II
mentioned in Section[5] These two color-ball models are important for proving Theorem [3.1

Solution to Issue I. As discussed in Section |5| we wish to show that §(3;) vanishes with .
Formally, we wish to get the following equation (7)) for every [ € [d].

6(B1) = |E

n—1
Z (mi ki — Oufi (2k,0))
i=0

’ = OB, VB €[0,1) (7)

When k is large, O(37%) vanishes faster than O(ﬁ) and thus Lemma|5.1|can be proved. In the

following context, we will carefully quantify the mismatch between m; i ; and the 0; f (z1,0). We
find out that the error terms from successive epochs can be cancelled, which keeps the momentum
roughly in the descent direction. To help readers understand our idea, we introduce the “color-ball "
model (of the 1st kind) as follows.

The color-ball model of the 1st kind. Consider a box containing two balls labeled with constant
co,c1 € R, respectively. In each round (epoch), we randomly sample balls from the box without
replacement, then we put them back. We denote the 1st sampled label in the k-th epoch as aj, and the
2nd sampled one as by; ag, by € {co, c1}. We define two random variables m and m; as follows
(assume § € [0,1)):

my = by + Bag + 57— + Blap—_y +- -+ F2F Dby 4 2D
——— N ——

mik mi k-1 mi1

mo = ap+ B'bp—1 + BPap—1 +- -+ pZET 1 4 g2V g,;

mo,k ™Mo, k—1 mi,1

where my j, denotes the summand of my in k-th epoch, similarly for m4 . Note that in each epoch,
mo and m; share the same sample order. Further, we introduce the following deterministic constants.
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fl — Cl(l +,6+,82 _|_l83 . _|_/82(k71) +ﬁ2(k71)+1);
~—~——  ——
fl,k fl‘k‘,—l fl,l

Jo=co(Ut B+5°+ 5%+ g270 4 2000,
fo,k fo,k—1 fo

where fj  denotes the summand of f; in k-th epoch, similarly for f; ;. Now we prove the following

Lemma[A1]
Lemma A.1. In the color-ball model of the Ist kind, we have

_ p2(k—1)+1 (go g)
/3 2 + 2 b

o3

where the expectation is taken on all the possible draws. For the color-ball example with n > 2 balls,
we have

n—1 n—1
E lz mi— Y fi]
=0 =0

How is Lemma [A1] related to (7)? In this color-ball toy example, m; mimics the possible
realization of momentum up to the ¢-th inner loop in k-th epoch. f; mimics the stochastic gradient
V fi (1 0). This is because we can expand V f; (zx,0) into an infinite-sum sequence V f; (zx,0) =
(1= 751)Vfi(Tk,0) Z;io ﬁj , which shares a similar structure as f;. In this sense, Lemmamay
provide ideas to prove (7). Nevertheless, there are still gap between these two, we will explain the
gap later.

n—1
_ 1 n—1 ___
:ﬁn(k 1)2 :Ci(gﬂl""i‘ - ﬁn 1).
=0

Proof. We use Ey [] to denote the conditional expectation given all the history up to the beginning
of k-th epoch. Since E [-] = E [Ey, [-]], we first calculate Ey, {ZLO ml} . Since all the history before

k-th epoch is fixed, we relegate this part to later discussion and first focus on the expectation of
Z;:o m k. As shown in Figure (upper part), there are 2 possible realization.

®: G :Cy
Order:[0,1]  Order: [1, 0] Sum of all possible ™1,k + ™Mo,k
Mk : @ 5 5@ ®2+p)
+ + -—
™o,k [ ] (2+8)

Order: [0,1]  Order: [1,0] Sum of all possible ™1,k—1 + ™Mo0,k—1:

k-1t G B PO e _ @B+ +5)

+ —

mok-1: S@ B2 O 5@ (B+28° +8°)
Figure 5: All possible realization of ZLO m. and Z}:o My 1.

With the help of Figure[5] (upper part), we have the following result.

1 1 1
E, [z -3 f] E, [z m] (148 (ot )
1=0 1=0 1=0

™

(co+c1) ¥
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Now we move one step further to calculate E;_1Ey [22:0 m; — Z;:o fl] Using the similar

strategy as (8)), we have the following result. The calculation is illustrated in Figure[5] (lower part)
and Figure 6]

Sum of all Sum of all Sum of all
possible possible possible
mi,k + Mmo,k: mi k-1 + Mo,k—1: mi k-2 +MmMok—2: **
05  @B+2+5) @ (B +28'+5)
2+8) (84202 + 55 O (B +26"+5°)
o, Ofa s/

+

2fo @|(26° +26" 4262+ 26°+...) @:Co @ :C1 o cancolou

Figure 6: For every k, Ey, Zil:o mi j — Z;O fi, k} will create residues, while these residues will

be canceled out in the (k — 1)-th epoch.

1 1 1 1
Er—1 {Ek Zmu@ - Z fixe + Z M =1 — Zfi,k1] }
ﬂ 1=0 zTO 1=0 . =0
*5(60 +c1) +Epy {Z”Li,k:—l} - ;fi,k—l

=0

=

igure [5an 1 e .
Fig E d@ —g(CO-f-Cl)—f—5(3134-2/324—/33)((30%—(:1)—(524-53)(004-01)

3

= —%(004-01)

We observe that only the highest order term remains in the calculation. Repeat this process until
k =1, we will get the results in Lemma The above analysis also holds for general n > 2.

O

The gap between Lemma [A.1] and Equation (7). Lemma [AT] shows the key idea of proving
equation (7). However, due to its idealized setting, the color-ball toy example is still far from our real
goal (7). We list some of the gaps here.

* In each possible trajectory: x, ; is changing with & and ¢, while the balls are fixed in the color-ball
example.

* When taking expectation: x is changing in different trajectory, while the balls is fixed in the
color-ball example.

« 1 is a vector in R? while the label of the balls are constant in R.

It requires extra technical lemmas to handle these differences. We provide more discussions in
Appendix[G.1}

Solution to Issue II. 'We now discuss how to resolve Issue II mentioned in Section[3l The solution
contains two parts. First, we need to prove (5). Second, we derive (6) from (5). Due to the limited
space, we relegate the first part to Appendix [G.I] (related to Lemma|G.2). Now, we discuss the second
part: Assume we have (5), how do we use it to prove (6)? To answer this question, we introduce the
color-ball model of the 2nd kind.
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The color-ball model of the 2nd kind. Consider the same setting as the color-ball model in Step
1. We define a sequence of real random variable {r; }§:1 with the following relation.

| 1 .
Tj—1| = —F=>» J =
! Vi
Further, we assume 7; is fixed when fixing the history up to j-th round. The sequence {r; }?:1

mimics the sequence {ai}iffi:”(‘:) 122, in (B). Now, we consider the following quantities.

|rj —

1, k.

)

remi =1 | b + Bak + Bbk—1 + BPap_1 4 - + fFF Vb, 4 gREDT,
—_— —— ——

mi g my k-1 mi1

TRMo = T ak+ Bt 4 BPar_1 +-- + 2D, 4 g2 g,

mo,k mo k—1 mi,1

)

)

refi =71k | i1+ B+ 8%+ B 4 p2E-H 4 g2k=1F
N~ N——

f1,k f1e—1 fia

refo=ri | co(l+B+B°+ % 4 g2FD 4 gD |
—— N——
fo,k fo,k—1 fo1

We now prove the following Lemma[A2]
Lemma A.2. Consider the color-ball model of the 2nd kind, we have

1 1
E Lz_; TRM; — ;kai] = g2t (—%O - C;) +0(

Sl-

For generaln = 1,2,3,---, we have
n—1 n—1 n—1 1 n—1 1
B> remi—= Y mifi| =Y etV (—=p - —— ") + O(—=).

Proof. We only describe the proof idea here. The proof contains the following 4 steps.

Step 2.1. We firstly take Ej[-] and thus 7, can be viewed as a constant. We use the color-ball
procedure as in Figure|7|to calculate Ej, [rk ZLO mi g — Tk Zil:o fz} .

e 0 Mk
Order: [0, 1] Order: [1, 0] Sum of all possible ™1,k + ™Mo,k

B me se) HO fe) HO (2+5)
o @ e E @) " mee:s

W2y WO +28 +28°+26%+...)

B2 W@ @28°+28"+26>+28%+...)

Erox @2 HQ (-5 -2 —2"...)

Figure 7: Step 2.1 in the new color-ball model.
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Step 2.2. We change E;, [rk ZLO ml-yk,l} into Ey, [rk,l 221:0 mi,kfl} + Error; where Error =
o(1/Vk).

Step 2.3. We calculate E,_1Ej |71 Zi:o mi’k,l] =E,_1 {rk,l 23:0 mi,k,l] . This part is
illustrated in the top row in Figure

Step 2.4. For the leftovers in Step 2.1, we change all 7, into r,_1. Then we do the cancellation to
calculate E;,_E, [rk_l ZLO My k—1 + Th—1 ZLO My — Th—1 Z;ZO fz} . This step is shown in
the second and third row in Figure|[§]

®:C 00 My B e
Order: [0, 1] Order: [1,0]  Sum of all possible 71.k-1 + Mok-1.
o B (59 50) @ (50 50) _He @2+
N =
B omox: B (5@ F0)  m (80 5@ Ho@+28°+5)
_Bl _ 982 983 . = —Bt—2p2 —28°%. ..
&k i .2{1 _ o8 A A )= (=5 g g )+Error
Ero: W2 H@-F-26-20.) HEO(F-25-25)
Bk W omy- W2f O (—p+280+...)
.+ + - + = +Error
Bmor  Emo— @2/ @ (-8 +28 +...)

Figure 8: Step 2.3 and 2.4 in the new color-ball model.

Repeat this process to the 1st epoch. We can prove the Lemmal[A.2]
O

We emphasize that here are still some gap between Lemma[A.2]and our goal in (6) in Lemma[5.2}
First, we have the similar gap as discussed at the end of the Solution to Issue I. Second, the condition
in Lemma [5.2] has requirement on the gradient norm, while this requirement is temporarily ignored in
the color-ball method of the 2nd kind. It requires some technical lemmas to handle these gaps.

For more details, please refer to the complete proof in Appendix [G]

B More experiments

Estimation on p in Theorem To ensure convergence, Theorem [3.1]requires Bo > 71 (n) =
1 —O((1 - B})/n%p). Now we estimate the constant p. According to our definition in Appendix
and Remark [G.7]in Appendix [G.1] p = p1p2p3, Where p1, po, ps are defined as follows.

o> 2?21 Ialfi(xk,0)|
\/Z?zl |01 fi(zr0)|

b

Imax; 8 f; (z1,0)|”

p2 > — ;
%Zi:l |alfi(mk,0)|2

p3 > |Z?:1 alfi(ﬂﬁk,oﬂ .
VAT oS

These constants are firstly introduced by (Shi et al.l 2020). In worst case, we have 0 < p3 <
v/np1 < n. However, p is highly dependent on the problem instance f () and training process. We
now estimate how p changes with Adam’s trajectory on MNIST and CIFAR-10. We use 3; = 0.9,
B2 = 0.99. On both datasets, we set batchsize to be 64, which brings n = 937 on MNIST and
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Figure 9: Histograms of p;, p2, p3 along the training process on MNIST.
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(a) Histogram of p; (b) Histogram of p2 (c) Histogram of p3
Figure 10: Histograms of p;, p2, p3 along the training process on CIFAR-10.

n = 781 on CIFAR-10. We collect p1, p2, p3 along the training process and estimate their distribution
density. The results are shown in Figure[9]and

On both CIFAR-10 and MNIST, we observe that the maximal p; < 25 =~ O(y/n), p2 < 400 =~ O(n),
p3 < 0.1 = O(1/y/n). Therefore, p = p1pap3z = O(n).

Batchsize and ;. As shown in Figure [TT} on MNIST, smaller batchsize requires larger (5 to
reach small loss. Since batchsize equals to (number of total sample)/(number of batches). In the
context of finite-sum setting with n summand, n usually stands for the number of batches (e.g., In
the extreme case when batchsize = 1, n equals to the number of total samples). Therefore, smaller
batchsize brings larger n. As such, Figure[TT|matches the message by Theorem [3.1} the threshold of
(B2 increases with n.

. o .. I oo
[JEM 0.006
-0.012
g 0.02 14 !
-0.010
R 0023 | 0.019 0.0079 | X TELS
S
(J'PIA 0.0079 0.0092

5
- 0.006
[ 0.08 0.028 0.03 [Xerm 0.012
=
28 256

0.99 0.999

0.9

beta2

-0.008

64 1
batchsize

Figure 11: The training loss on MNIST under different batchsize and /2. Here, 3; is fixed to be 0.9

More experiments on function (Z). Figure [I] (a) shows the optimality gap after 50k iterations
when n = 10 and initialization z = 1. Here, we provide more relevant experiments. First, when
initialized at x = 1, we run experiments with n = 5, 10, 15, 20. The results are shown in Figure
We observe that the blue region shrinks as n increases. This matches our conclusion in Theorem
when n increases, the convergent threshold of (s increases, which means we need larger 35 to ensure
convergence. It also matches the conclusion in Theorem[3.3} when n increases, the divergence region
will expand (more evidence can be seen in Appendix [E).

When initializing at z = —5, we further demonstrate that the gradient norm of f(x) can dramatically
increase. All the setting is the same as that in Figure [12| except for the change of initialization.
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B

(@n=>5 (b) n =10 (c)n=15 (d) n=20

Figure 12: The optimality gap x — x* after running 50k iterations of Adam on function (Z). We use
initialization z = 1.

Starting at = —5, the algorithm can touch the “quadratic" side of function (2) where the gradient is
unbounded. The results are shown in Figure [T3] We observe a similar pattern as that in Figure[T2] As
a result, the gradient norm of f(x) is large in the left bottom corner.

We further plot the change of gradient norm along the iterations. We pick 81 = 0.1 and 52 =
0,0.1,0.3,0.5,0.7,0.9,0.99 to see the phase transition when increasing 5. The result is shown in
Figure When f35 is small, the gradient norm of f(x) increases rapidly along the iteration. Most
of them are even much larger than the upper bound of color bar in Figure[I3] As a result, there is a
phase transition from diverge to converge when increasing 32 from O to 1.

B

(@n=>5 (b) n =10 (c)n=15 (d)n=20

Figure 13: The gradient norm of f(z) after running 50k iterations of Adam on function (Z)). We use
initialization x = —5.

] 10000 20000 30000 40000 50000
iterations

@n=>5

Figure 14: The change of gradient norm along the iterations of Adam on function (). We use
initialization z = —5. We use [1, B2] to label the curves trained with corresponding hyperparameters.

Adam converges to a exact critical point when Dy = 0. Since function (]Z[) satisfies Dy = 0, we
further provide empirical evidence that Adam converges to a exact critical point when Dy = 0. We
use function (2) n = 20 and initialization © = —5. We choose some large enough /3, to ensure the
convergence. As shown in Figure T3] We observe 0 gradient norm after Adam converges. All the
hyperparameter setting is the same as before.

Adam converges to a bounded region when Dy > 0. Now we show that Adam may not converge
to an exact critical point when Dy > 0. Instead, it converges to a bounded region near the critical
point. For this part, we re-state the example from 2020). Consider the following function.

fi(x) = { 0.1 (z—La)?if1<j<9 )
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1010599 [0.1,0.8995]

25 — (03,0999 25 — 10309995 25
— 1050999] — 10509995
7,0.999) 0.7.0.9995)

) 51
— 10.9,0.9999] — 10.9,0.99995]

G 20000 40000 60000 80000 100000 120000 140000 G 20000 40000 60000 80600 100000 120000 146000
“““““““““ iterations

(a) B2 = 0.999 (b) B2 = 0.9995 (c) B2 = 0.9999 (d) B2 = 0.99995

‘‘‘‘‘‘‘‘‘‘

Figure 15: Under SGC (When Dy = 0), we observe 0 gradient norm after Adam converges. We use
function (2) with n = 20 and initialization z = —5. We use |01, 2] to label the curves trained with
corresponding hyperparameters.

Summing up f;(x) we get
Lo 1,
f(z) = ij(x) = —x° — —a”’.
0

This f(x) is lower bounded by 77“2 with optimal solution 2* = 0. At the optimal point z* = 0,
V f;j(x*) # 0 so we have Dy > 0. When running Algorithm [T]on this function, we observe that
Adam with diminishing stepsize does not converge to 0 gradient norm. Instead, it converge to a
bounded region. Further, the size of the region shrinks when [, increases. These phenomena matches
our discussion in Remark 3. The result is shown in Figure [4] (a). In the experiment, we choose

B1 =0.9, a =3, zg = —2 and diminishing stepsize n;, = %

B.1 Experimental Settings
Here, we introduce our experimental settings.

+ Experiments on function (). We use Algorithm [I]with cyclic order fo, f1, f> and so on. We
report the optimality gap « — x* after 50k iteration, or equivalently 50000/n epochs. We use
e = 10~ for numerical stability. We use diminishing stepsize 77, = 0.1/v/k, where k is the index
of epoch. Unless otherwise stated, this setting applies to all the other experiments on function (2).
In Figure[T](a), we use n = 10 and initialization « = 1. We will report more results with different
n and different initialization in Appendix [B]

e MNIST (Deng, 2012). We use one-hidden-layer neural network with width =16. We set batchsize
=1, weight decay =0, stepsize =0.0001 and train for 20 epochs. We use ¢ = 10~® for numerical
stability.

¢ CIFAR-10 (Krizhevsky et al.,2009). We use ResNet-18 (He et al., 2016) as the architecture. We
choose batchsize =16, weight decay =5e-4 , initial stepsize=1e-3. We use a stage-wise constant
learning rate scheduling with a multiplicative factor of 0.1 on epoch 30, 60 and 90. We use
€ = 1078 for numerical stability.

For MNIST and CIFAR-10, larger batchsize will bring similar pattern as that in Figure[I} but the
phase transition will occur at some smaller (3.

e NLP. The WikiText-103 dataset is a collection of over 100 million tokens extracted from the set
of verified ‘Good’ and ‘Featured’ articles on Wikipedia. The base model of Transformer XL
contains 16 self-attention layers. In each self-attention layer, there are 10 heads. The encoding
dimension of each head is set to be 41. We set batchsize = 60, number of iteration = 200k, and
initial stepsize = 0.00025. We use cosine learning rate scheduler, which is a popular choice for
training Transformer. We use ¢ = 10~ for numerical stability.

C Some Potential Implications for Practical Users

Theorem 3.1]and Proposition 3.3 establish a clearer image on the relation between (31, 32) and quali-
tative behavior of Adam, which may have certain implication for practical users. Many practitioners
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are still doing grid or random search over (1, 32), which could be costly. The following advice may
cut down a large portion of search space. Suppose we start with some random point (57, 85), we
provide the following suggestions for tuning 57 and [3.

Case 1: If (57, 55) lies above the blue curve in Figure 2l We point out two sub-cases. First, if
Adam with (37, 33) diverges, then any points with “8; < v/f2" and “32 < 33" shall not be tried
due to the risk of divergence. Second, if Adam with (5], 55) converges, then any points above this
point will converge. You may either fix 51 = 7 and increase [z, or fix 82 = (5 and try smaller (.
Both ways have convergence guarantee.

Case 2: If (37, 53) lies below the blue curve in Figure[2} We still discuss two sub-cases. First, if
you observe divergence at (57, 83 ), then do not further try any point on the left. We do not suggest
exploring the points in below either, since the majority of them will still face the risk of divergence.
Instead, we suggest fix 31 = [} and increase ;. Since our Theorem|3.1|applies for any 31 < v/fa,
algorithm will converge when 35 is large enough.

Second, if you observe convergence at (87, 53 ) (which is also possible according to Figure (),
then we suggest: (i) either fix 81 = 87 and increase (s, or (ii) fix 82 = /5 and try smaller 3;. Both
ways push (01, f2) into the region of Theorem with convergence guarantee.

D More Discussion on Related Works.

D.1 More Related Works on the Convergence Analysis of Adam Family

New variants of Adam. Ever since Reddi et al.| (2018)) pointed out the non-convergence issue of
Adam, one active line of work has tried to design new variants of Adam that can be proved to converge.
For instance, Zou et al.|(2019); |Gadat & Gavral (2020); (Chen et al.[(2018b, |2021) replace the constant
hyperparameters by iterate-dependent ones e.g. [1; or So;. AMSGrad (Reddi et al., 2018)) and
AdaFom (Chen et al., 2018b) modify {v;} to be an non-decreasing sequence. Similarly, AdaBound
(Luo et al.,[2019) impose lower and upper bounds on {v;} to prevent the effective stepsize from
vanishing or exploding. |[Zhou et al.| (2018b) also adopt a new estimate of v; to correct the bias. There
are also attempts to combine Adam with Nesterov momentum (Dozat, |2016) as well as warm-up
techniques (Liu et al.||2020a). Padam (Chen et al.| 2018a)) also introduce a partial adaptive parameter
to improve the generalization performance. There are also some works providing theoretical analysis
on the variants of Adam. For instance, Zhou et al.|(2018a) study the convergence of AdaGrad and
AMSGrad under bounded gradient condition. |(Gadat & Gavra, (2020) study the asymptotic behavior
of a subclass of adaptive gradient methods from landscape point of view. Their analysis applies
to Adam-variants with 5; = 0 and (5 increasing along the iterates (it could also be understood as
RMSProp with increasing 32). When this script is under review, a new work (liduka, [2022) appear
on line. {lidukal (2022) analyze the convergence of AMSGrad by relaxing the Lipschitz-gradient
condition. However, their analysis requires extra conditions on both bounded gradient and bounded
domain.

Some more discussions on (Guo et al.,[2021) and (Huang et al.; 2021). Here, we discuss more
on two recent works|Guo et al.|(2021) and|Huang et al.[(2021). As mentioned in Section@ they both
require some extra conditions. First, both (Guo et al.[|(2021)) and [Huang et al.| (2021) requires bounded
gradient assumption. This can be seen in Assumption 2 in (Guo et al.;[2021)). In (Huang et al.| [2021)),
they require bounded iterates ( their Theorem 1) or change Adam into AdaBound (Luo et al.,2019)
by clipping (their Remark 2, Corollary 1). Both settings inherent boundedness on gradient.

Besides bounded gradient, both (Huang et al.,2021) and (Guo et al.,[2021) requires 1/(,/v; +€) < C,.
This condition is stated in Assumption 2 in (Guo et al.,|2021) and Assumption 3 in (Huang et al.,
2021) (they presented it as H; = plq > 0, where matrix H, = diag(,/v; + €)). Combining these two

conditions, the effective stepsize of Adam will be bounded in certain interval \/% — € [C1, Cy). Such

boundedness condition changes Adam into AdaBound (Luo et al.;2019)) and thus cannot explain the
observations of Adam in Section
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D.2 A Brief Introduction to (Reddi et al., ) 2018)

Here, we re-state two counter examples by (Reddi et al., [ 2018)). For the consistence of notation, we
will re-state their results under our notation in the full script. They consider the convex problem

((Reddi et al., [2018))): min Z;:Ol fi(x) where z € [-1,1], n > 3:

fulw) = { nx, fort=20 (10)

—z, otherwise,

Note that (I0) satisfy both Assumption and (with D; = n? +n — 1 and Dy = 0), so our
assumptions do not rule out this counter-example a priori. This is a constrained problem with feasible
set € [—1, 1], the optimal solution is 2* = —1. Since they consider constrained problems, their
claimed “divergence" actually means the iterates will stay in a huge region with the size of whole
feasible set. Here, we call it “non-convergence" to distinguish from our result of “diverge to infinity"
in Proposition 3.3

They consider sampling f; in the cyclic order: fo, f1, f2. In (Reddi et al., [2018), Function (T0) is
presented as an “online optimization problem with non-zero average regret". We choose to use the
form of (T0) since it is more consistent with our notation in Algorithm[I] We re-state their results as
follows.

Theorem D.1 (Theorem 2 in (Reddi et al., 2018)). For any fixed (51, 82) s.t. B1 < \/[Ba, there exists
function (10) with large enough n, s.t. Adam will converge to highly sub-optimal solution x = 1.

We briefly re-state the non-convergent condition for this Theorem. As stated in Equation (7), Appendix
B in (Reddi et al.,[2018)), for every fixed (81, 32), they need a “constant n that depends on /31 and 55"
As such, they require different n to cause non-convergence on different (51, 32). So the considered
function class is constantly changing.

For completeness, we further re-state Theorem 1 in (Reddi et al., [2018).
Theorem D.2 (Theorem 1 in (Reddi et al 2018)). For function (10), when 81 = 0 and 2 =
1/(n? + 1), Adam will converge to highly sub-optimal solution x = 1.

This theorem considers choosing (51, 82) after n. However, this result only show non-convergence on
a single point (31, B2) = (0,1/(n? + 1)). This point lies somewhere on the left boundary of Figure
It seems unclear how Adam’s behavior would change as we change the (31, f2) to anywhere else.

E Proof of Proposition 3.3]

We restate our counter-example here. Consider f(x) = Z?:_Ol fi(z) forx € R, we define f;(x) as
follows:

nr z>—1

2r+2)?2-3, z<-1 fors =0,

filz) = {

—x, x> -1 .
filz) = {—;@—1—2)2—1—%, by fori>o. (11)

Summing up all the f;(x), we can see that

T, x> —1
f(:z:)—{ %(m+2)2—%, < —1

is a convex smooth function with optimal solution z* = —2 and optimal value f(z*) = —3/2.

However, we are going to show that, for any fixed n > 2, there exists an orange region shown in
Figure 2| s.t., Adam with any (31, 32) combination in the yellow region diverge to & = oo rather
than the optimal solution x = —2, causing the divergence. Now we introduce the formal statement of

Proposition
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Proposition E.1. (Formal statement of Proposition[3.3)) Consider the convex function (T1)) for a
fixed n. Starting at the initialization x = 1 and initial stepsize 11, the iterates of Adam diverge to
infinity if the following holds:

min{nfl,logﬁ2 (ﬁ)}

) 1 1- 1-p5 B1
Cl):(n—-1- ~ 1,1 1 :
(C1) (n 1 mln{n 1, Ogg2(10n2>}) \/1+max{0,1vﬁg1n2}2\/1_52+\/1—/32n’
(12)
(C2):(1—8r"Y > (1-p6)8 n. (13)
(C3) i1 < 24/(1 — Ba) By (14)

The analysis is motivated by that in (Reddi et al.,|2018, Theorem 1). However, (Reddi et al., 2018},
Theorem 1) considers a simplified case with 81 = 0. Here, we consider non-zero 1, especially for
those 1 > v/32. To show the divergence, we aim to prove the following claim: (we denote Tk,; as
the value of x at the k-th outer loop and i-th inner loop )

Claim: for any fixed n > 2, there exists an orange region shown in Figure 2] s.t., Adam with any
B1-P2 combination in the orange region gives zj41,0 > 1 as long as z; o = 1.

Since the gradient stays constant when > 1, so x will go to infinity if the claim holds. To prove this
claim, we only need to analyze the trajectory of Adam within one particular outer loop, e.g., the k-th
outer loop. We will show that z41,0 > 1 if this outer loop is initialized with z} ¢ = 1. Similarly as
(Reddi et al,|2018)), we assume f;(x) are sampled in the order of fo(z), fi(x), -, fn—1(z) within
the k-th outer loop.

Now let us prove the claim. For function (TT)), the update rule of Adam is shown as follows.

m n(l—p1) + Bime—1,n—1
T = (Th,0 +0k,0) 5 Oko=——= (15)
VE\ V(1 = B2)n? + Bavk—1,n—1
ZThit1 = (Th,i +0k), =1+ ,n—1; (16)

1-8 i1 1y (1B nt B T g
where 6]@72' = _L\/IE <( 1)ZJ—O( )B1+( 1)Bin+BT T mp_1 n_1 .

V(=B2)+B2vk i1

We decompose the total movement Z?;OI dk,; into three terms as follows.

S‘Sk o mo[ ﬁlmkfl,n—l . Q%mk—l,n—l L 5{1mk71,n71
= VE\ V0 =B2)n®+ Bavk—1n1 /(1= B2) + Bavko V(1= B2) + Bavk,n—2
(€]
L 1—-p5 _’_(1—51)4—51(1—51)_’_.”_’_ (1_51)23‘:025{
VE\ V@ =B2) + Baveo /(1= B2) + Bavia V(1 = B2) + Bovkn—2
an
m( n(l—f) _ n(1=B0k n(1-p)sT!
vk VI = B2)n2 + Bavk—1,n—1 /(1= B2) + Bavko VA = B2) + Bavkn—-2 )

(I1T)

We will show that for some 1 and 53: (I), (II) > 0 and (III) < 0. However, () and (I7)
outweigh (II7), causing the divergence.

First, we show that mj_; ,—1 < 0 when f3; is small.
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—Mpg—1n—1 = (1—71) Z Bl — (1= BB n — Blme_2.n

(1 - 1 ) - (1 - ﬂl) 1 Tl - B?mk—Q,n—l
k

(L= 8771 = (1= BB '] Y (87

7=0

when (3 is small,we have (1 — {L_l) > (1—p51) f“ln, which implies —my_1 ,—1 > 0. For these
choices of 31, we have (I) > 0. Now we derive a lower bound for (I7).

1A (=B +AO-B), | 1-B)¥0H

(i =
\/1+ﬂ2n2 \/14‘5%712 /1_’_5371”2
1— 1— 2 1— n 1
= /31 + Bl +.+

\/1+ﬂ2n2 \/1"‘!‘5%77/2 /1_’_527177/2.

The inequality is due to the fact that vy o < n2. Since Bgng is small when f35 is small and j is close

to n, there exists some small 55 such that 5% n? < 0.1 for at least one j < n. For these small enough
fB2, we keep the summand with j > logg, (0.1/n?) and drop the rest. We have the following lower
bound for (7).

1\ 1= g o)
(II) Z (TL -1- logﬁg(long )) m

However, this lower bound only holds for the small $5. With simple modification, we derive a
universal lower bound of (IT) for any 85 € (0, 1).

1 _Bmm{n llogﬁ2 10”2)}

\/1 + max {0.1, 35~ 'n2}

(I1) > (n —1—min {n - 1,1og52(101ng)}>

Now we derive a lower bound for (I17).

(II1I) = -— n(l—p) n(l - B1)A o n(l— B)Br 1
VI =B2)n% + Bovk_1n1 /(1= B2) + Bavko V= B2) + Pavk s

J
> -z | Zﬂ

_1-p 51(1— 1 1)n
VI—Ps \/1—52

S 1-5 B1
- — n

T VI=6 V1-p

The remaining step is to show for small enough step size 7, the iterates will stay in the linear region,
thus the above gradient holds for all iterates in the trajectory.

As we initial x as xg = 1, if forall m < nand k > 0, Z?io 0,i > —2, we can conclude all iterates
in the trajectory stay in the linear region.
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Because it holds that mj_1 ,—1 < 0 and vi_1,,—1 > 0, we have the following result after dropping
most negative terms in the definition of Jj, ;:

(-8t (L=B)B

Spa >~ B e
8 21-mf V- B

Therefore, to make Y .~ 6k > > it —m % > —2, we have
2

m < 24/(1—B2)B%.

To show the divergence, we want to show that there exists some 31 and [ s.t. the both of the
following conditions hold:

min{n—1,logs, (%)
1 )})1_ﬂ1 { 83, 1On2}> 1_51 51

(C1): <n—1—min{n—1,log ( > + n;
B2 10n2 \/1 + max {0'1”8;—1“2} \/1 - BQ \/1 - 62

(C2) :By issmalls.t. (1 — B8P > (1— 61)B7 n.

(C3) :m < 24/(1 = B2)B3.

The proof of Theorem [3.3]is completed. With the help of Python, we visualize the region where
(C1) and (C2) hold. The results are shown in Figure[16] We use orange color to indicate the region
where (C1) holds. White color is used for the counter part. As for (C2), we use the gray vertical
line to indicate the line where (1 — 57"~!) = (1 — £1)37"'n. Note that there are two solutions to
this equation: one solution is 5; = 1 and the other solution lies in 0 < 37 < 1, this is why there are

two vertical lines in the figure. (C2) holds on the left hand side of the left gray vertical line.

The intersection of two regions will be the region where Adam diverges, which is actually the orange
region in Figure As n increases, (C2) holds for a wide range of /31, so the grey vertical lines
move towards $; = 1 and finally get overlapped. In addition, the size of divergence region increases
with n

Relation with +; (n) in Theorem According to Theorem 3.1} 1 (n) is at least in the order of
1 — O(n=2). Combining with Figure It is not hard to see that v, (n) is always larger than the
upper boundary of the orange region, so there is no contradiction.

Proof of Corollary For any (81, 32) € [0, 1)2, condition (C1), (C2) and (C3) can be satisfied
by some sufficiently large n. Therefore, Adam will diverge and the proof is concluded.

F Some More Notations and Useful Lemmas for Convergence Analysis

F.1 More notations

* We denote xy, ;, My i, Vk,i € R as the value of x, m, v at the k-th outer loop and ¢-th inner loop.
Further, we denote x; i, ™My ki, Vi ki € R as the [-th component of z, ;, My, i, Vi ;.

* We denote 1y, as the stepsize at the k-th epoch (outer loop). We will focus mainly on diminishing
step size, especially 7, = ;ﬁ where n is the number of batches (inner loop).

* We denote 0, f(x) = S%Lf(x), O fj(x) = 8%[]“]»(95). Further, we will use 7 ; to index the i-th

randomly chosen batch in the k-th epoch. In this sense, we denote 0, f-, , () as 8%; S ().

» Given an epoch k, we denote « as the index of the coordinate with the greatest gradient:

a=arg max |OLf (71,0)] -
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Figure 16: This figure illustrates the region where both (C1) and (C2) in Proposition [E1|hold. The
orange color indicates the region where (C1) holds. White color is used for the counter part. The
gray vertical lines are used to indicate the boundary of (C2). Note that there are two solutions to the
equation in (C2): one solution is 81 = 1 and the other solution lies in 0 < 1 < 1, this is why there
are two vertical lines in the figure. (C2) holds on the left hand side of the left gray vertical line. This
figure is visualized in Python.

e We define p1, p2, p3 as constants satisfying the following condition for any [ = 1,--- | d:

o> Z?:l |5lfz'(90k,0)| :
V0 101 fiw o)
max; 9y fi(r,0)|” ,
P2 Z 1 T PR
2 2ic |O0fi(Tr,0)]
by > >oim Oufi(wr) .
VAT 10ufieno)]

p1, P2, p3 are problem-dependent constants. In worst case, we have 0 < p3 < \/np; < n. These

constants are firstly introduced by 2020).

¢ We define the constant A, := 57/—05 \/Ll?\/i 11_—%. This constant will be used repeatedly, especially
VB2

in Lemma[E2
o We define Qj, := A\, %ﬁ —32V2 _ Thig constant will be used repeatedly.

(1—B2)" By
¢ We define

(1 = B2)4nps 1
5 = + —11. 17
' By (\/ﬁg ) an

This constant will be used repeatedly. Note that ; — 0 when S — 1.

» E(-) means taking expectation over the whole trajectory.

* We will use Ey, [-] as a shorthand for E[- | Tk0s Th—1,n—1," " ;T1,0], 1.e. the conditional expecta-
tion given all the history up to xj, o. Similarly, [E;,_; stands for the conditional expectation given
all the history up to xy_1 0.
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We further introduce some ‘index’ notation of the stochastic gradients, these notations will be useful
in the proof. For all the stochastic gradient, we have

* True index every stochastic gradient has its own true index: f1(-), f2(-), -+, fn—1(-). All these
{f:(-)}=, are fixed once the optimization problem is formulated.
Note that for a fixed x, we have the following relationship between f; and f:

n—1
Y aufi(x) = 0uf (). (18)
=0

¢ Random-shuffle index: At the k-th epoch, all the stochastic gradients are sampled in the order

of ka,o ()7 ka,l ()7 T f'rk,n—l ()
Since Algorithmﬂ]is sampling without replacement, there is an implicit bijective mapping between
{£i(")}7=y and { f, ,(-)}!. Further, for a fixed z, we have the following useful property:

n—1
> Oifr.(x) = 0if(2). (19)
i=0
* Index for m and v: As shown in Algorithm I} we denote :
Mg = (L= B0 fr . (@ri) + 4 BLOfr o (Tr0)} + B mu ko,
Vi = (L= Bo){O0ufr s (@1,)® + -+ + BLOfr o (Th,0) 2 + B5  vi k0.
F.2 Some useful lemmas

We begin with proving some useful lemmas.
Lemma F.1. For any 8 # 1, we have

1-p)> B ' =1

j=1

1 _
Z B~ 7ﬂ

2 pje 1+
1- it = —
( 5);15 15

Proof. Proof only involves basic calculation, we omit the proof here. O

Lemma F.2. Under Assumption if 1 < \/Ba, we have

L 1-
0 (i2) = S ()| < ¢1f7/321 il B = 20)

Proof. We start with bounding |z; k. ;+1 — ®1,k.s|. By the update formula of Adam, we have

B | i
|1 kir1 — Tk = ﬁ
0100 fr . (zh0)] |01 friimy (Thi—1)]
< 77;@(1*51){51 N + 61 o +}
|alf‘rkL(xk i)l |alf"'ki—1(xk7i_l)|
< m(l- i ’
( 61 { m'alkaz (%k,:) o (17ﬁQ)Bﬂalka-,i*l(xk’i_l)'
(1*51)< B1 o B 1 B1 2 )
<
o, 08 1
VI=F1— 2
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Now, by Assumption 2.1} we have

|8lka,i (xk,i+1) - 3lf7'k,,i ($k1)|

Proof is completed.

Lemma F.3. Under Assumption and for any integer i € [0,n

two resullts,

|alf7'k z(xk )| < ilnk + \/7P1d <|8 f(ffk o) +

n—1
|alf‘rk,7:(xk,0)| < Z |alf7'k,i(mk1

=0

where |0y f (xk,0)| = MaXje[1,d) @f (xk,0)|‘

Proof.
LemmalF 2
<

01 fry, ; (T 5)]

IA

—
INx

Cauchy-Swartz inequality

Assumption[2.7]
<

(%)
<

<

IV fr i (Thit1) —
L||zg,is1

Ve (@) ll2

IN A

— Zpill2

IN

L\/Emlax Tt k,i+1 — Tk,

LVd 1-p
B1

Nk
Vl_ﬁ”_ﬁ

nw  LVd 1-p
B1

m\/l—ﬁzl—ﬁ

IA

(22)

O

— 1], we have the following
Do >

Dud (23)

d n—1
0)|§ZZ alfrk7$k0|<\/7pld<|a f(xk0)|+\/DD710d>,
I=1 i=0

(24)

jAnk + |8lf7'k,j (xk,0)|

d n—1
F0k+ Y Y N0ufr  (2h0)]
=1 j=0
n—1
.]Ank+plz Z|alfz xkO
d n—1

jAnk + ,01

Z D 10ufi(wno)
i=0

J i+ VA DIV (o) 3 + Do

JDne +D Pld\/|3f (zr0)| +7

Dy
Dqd

30k + v/ Dipid <|8 f(zr0)l +

)

where () is because of the definition (see Appendix : p1 is a constant satisfying p; >

Doiq0ufi(xr,0)l

VEilofi(eeo)

same procedure as above.

; () is due to |V f(zr0)]3 < d‘aaf($k,0)|2

. The proof of (24) follows the
O

30



G Proof of Theorem 3.1

G.1 A roadmap of the proof

Our proof is based on the Descent Lemma:

L
Ef(rkt10) —Ef(2r0) < E(Vf(2ko), Tht10 — Tho) + §E||1’k+1,o — Zroll3

The expectation E(-) is taken on the whole trajectory. Summing both sides from the initialization
k = to to k = T, we have the following re-arranged inequality: (usually we set ¢y = 1.)

T T
L
E E (Vf(®k,0), Tho — Tht1,0) < 3 E Ellzri1,0 — okoll5 + Ef (@40.0) — Ef (@r41,0)- (25)
k=tg k=to

To prove the convergence, we need an upper bound for ZE||241,0 — Zk,0[|3, as well as a lower bound
for E(V f(2k,0), Tk,0 — Tx+1,0) (and such a lower bound should be in the order of ﬁEHVf(xk’o) ID-

The upper bound for ZE||2x41,0 — 2k 0|3 is relatively easy to get: according to the update rule of

Adam, this term is in the order of O(nimy k,i/vik,i) = OV f (ko) l/IIVf(@ko)l) = 0(%)

Further, recall Zfzto % < log Tt—tl, SO %]EHJJ}H_LQ — 2y 0|3 contributes to the log term in Theorem
[3.1] The proof is shown in Lemma

d n—1 my k.
However, the lower bound for E(V f(z10), Zk0 — Zk+1,0) = E {21:1 Yoo 6lf(xk’o)ﬁ}
requires sophisticated derivation, we explain as follows. Before taking the expectation, we first
work on every possible realization of Z;i:l SO f (xr0) 2kl We perform the following

VVlk,i®
decomposition for every [ € [1,d].
n—1 m n—1 af(l' )
o Lki o _ ) k0) (g 2 n s
; Zf(mk,O)m ;7\/% (O1fi(xr,0) + Muk,i — Oufi(wr,0))
n—1 n—1
_ O f(zro) _ 1 o )
R PIRE O fi(zr,0)| + Bzf(xk,o); m(ml,k,z O fi(zk,0))

(a) (b)
(26)

First of all, we introduce the following Lemma|G.1]to further decompose (a) and (b). The intuition
of this decomposition is as follows: by increasing (5, we can control the movement of the moving
average factor vy j, ; (similar idea as (Shi et al.}|2020; Zou et al.}|2019; (Chen et al.}|[2021)).

Lemma G.1. Under Assumption for those | satisfying max; |0, fi(zko) > Qr =

VAN % (1735%%, we have the following lower bound for (a) in (26):

f(@k0)
UL k,0

D loufi (o)l 27)

i

1 2
3 alf(wk’?)alfi(mk,o) > Af (xk0) 5 o

_ (1—B2)4nps 1 ) o |max; 9y fi(zk,0)|?
where 61 = Bn + (\/@ 1). P2, P3 are constants satisfying ps > S ST ACTIEE

|Z§L=1 8lf11(37k,0)|
I o fi(ze,0)l?

Under the same condition, we also have a lower bound for (b) in 26):

p3 > 7 Note that 61 — 0 when 5 — 1.
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—1

3

o f (zk0)
i—0 \/Ulkz
o (»”Cko)n .

v/ ULk,0 i

ml,k,i — O fi(zr0))

A (wro) |

v/ VLk,0

>

(ml,k,i — O fi(xro)) — 0

Z |my ki — Oufi(xko)|. (28)

The proof can be seen in Appendix [G.2] and it is motivated from (Shi et al., [2020). Lemma [G.T]
decomposes both (a) and (b): in the denominator, we approximate v; 5 ; (which is changing with
1) by v 1,0 (which is fixed). Accordingly, the approximation error can be controlled by increasing
B2 (since 47 — 0 when 35 — 1). However, similiarly as (Shi et al.| [2020)), Lemmacan only be
applied to those [ with max; |9, f;(xk,0)| > @&, so we need to discuss two cases as below.

Case 1: unbounded gradient. Given xy, o, consider those [ with max; |0, fi(x,0)| > Q. we have
the following decomposition:

n—1 m @ n—1 8f(g; ) ne1 )
Zalf Tk,0 \/% > |:Z ﬁ&ﬂ(mk 0) &f Zk,0 Z \/7 ml ki — 8lfz(13k 0)):| .
=0 v i—0 ki “ =
@ ®
LGl 9 f (wx0)” f(@r0)
O fi
Nowss Jiro Z| 1fi (@x.0)
ANf (ko) o 5 5 A f(zr0) )
oo - Z ki~ Oufiler0)) - \/m Zlmmw L fi(2k0)|
LemmalG.10] K 2 9
= - [ 2B 0 (axo
(a1) (o)
8lf(xk: 0 n—l o B I 2p3
Ve Z ki~ O il o)) o Z|mzm aufi(zro) |,
(b1) (bo)

(29)

Case 2: bounded gradient. Given x, ¢, consider those [ with max; |0, f; (zx,0)| < Q. the analysis
degenerates to the “bounded gradient” scenario, we have the following lower bound:

Zazf (zk,0)

\/ eyi
1-5 1

VE

—|0f(xr.0)

—~
*
~

1—p 1
1=
n?yn  32v/2 1-p5 1
VE (1=52)"85 /1= B,
1
ﬁ7

Y]

—nQ

—A

= —F1
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where F) := Aan\/ﬁ(lf’gﬁ L6 1 p, () is due to the fact that |9 f(zk0)| <
VB2

2 V1I-P2 1— L
nmax; [0 fi(xr,0)| < nQk.

Combining Case 1 & 2 together, we have the following result (note that (a1), (a2), (b1), (b2) vary
with [. A more precise notation will be (a1);, etc. We drop the subscript for brevity).

d n—1
SN afmro) EL > S (@) = (a2) + (br) — (b2)} — ZF1
=1 =0 Utk 1 large 1 small
unbounded gradient bounded gradient
2 1
> 3 o)~ @)+ ) - @) -3 { R
1 large =1 \/E.
unbounded gradient bounded gradient
1
> 0> (@) p ) ) p =9 D {(a2) + (b2)} p — dFv—=,
1 large 1 large 1 large \/E

(30)

where “[ large” stands for the gradient component in Case 1 and “/ small” indicates those in Case 2.
We assume “[ large” is not an empty set, otherwise the analysis degenerates to the case with bounded
gradient assumption.

Now we take expectation on (30). The expectation is taken on all the possible trajectories up to the
i-th iteration in k-th epoch.

d n—1 m ; @ 1
E(> alf<xk,o>¢$} > E{Z@HZ(M— Z{<a2>+<b2>}}—mﬂ,

1 large 1 large 1 large

€29}

In the following context, we will discuss how to bound all terms in (3I)), respectively. First and
foremost, we derive a lower bound for E [learge(bl)}' Since E [Z“arge(bl)} contains all the
historical gradient information, it involves great effort to handle it. We will show that the lower bound
of E {Z . large(bl)} will vanish when S is large and k goes to infinity.

o f(z n— .
Recall E [Zl ]arge(bl)} =E [Zl - lfv(z%) Zi:Ol (M — 8lfi(xk,_,0))} When f; is large,
my k,; contains heavy historical signals. It seems unclear how large E Zl 1arge(b1) would be

when (31 goes to 1. Existing literatures (Zaheer et al.|,[2018}; De et al., 2018}, |Shi et al.| [2020) take
a naive approach: they set 31 ~ 0 so that my ; = V f;, ,(2x,;). Then we get §(1) ~ 0. However,
this naive method cannot be applied here since we are interested in practical cases where (31 is large

in [0,1). We emphasize the following technical difficulties in bounding E {Zl large(bl):| for any
B1€[0,1):

e Issue (i) In order to bound E {Zz 1mge(b1)}’ we need to first know how to bound its simpler

version: £ [Z?:_Ol (my ki — Ot (xko))} This term measures the difference between the current

gradient and weighted historical gradients. It seems unclear that how large this term could be
when (31 goes to 1.
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¢ Issue (ii) Even if we can bound E {anl (my g — O fl(xko))} , it is still unclear how to bound

1=0
E [% S s — 01 fi(xkﬁo))}, which is further multiplied by a random variable
O f(zk,0)
 Issue (iii) Even if we can bound E [%I—SS) Z?:_Ol (Mg — alfi(xkyo))}, it is still dif-

ferent from E {Zl 1arge(bl)} which contains additional operation “}_;,.." inside the ex-
pectation. Note that the set “/ large" is a random variable which changes along differ-

ent trajectories, so there is still non-negligible gap between bounding E [Zl large(bl)] and
O f(xy, n—1
B | 2een) 33 (i — Oufi(ano)).

To our best knowledge, there is no general approach to tackle the above issues. In the following
content, we will overcome difficulties (i), (ii) and (iii) in Step 1, 2 and 3 respectively. In Step 1, we

will discuss how to bound E Z?;Ol (miy i — O fi(mk’o))}, which is a simplified version of E [(by)].
Bounding this term will shed light on bounding the whole term E [Zz la_rge<b1):| . Then in Step 2 and

3, we will prove several technical lemmas to handle the effect of %/%3) and <" . large"’ by which

we can tackle (ii) and (iii). Combining all together we can bound E [Z . large(b1 )} .

Bounding E [Zl large(bl):|: Step 1. We now introduce the key idea of bounding

E {Z;’:—Ol (my ki — O fi(x;@o))} .In Appendix we distill our idea into a toy example called "the
color-ball model of the 1st kind" and thus we prove Lemma[A.T] This lemma is crucial for bounding
E |:Z?:_01 (M — O fi(xho))} . We refer the readers to Appendix Hfor more explanation.

Lemmacan provide insights in bounding E [Z?:_ol (my ki — Ofi (xkg))] . However, there is

still certain gap between E {Z;:Ol (mu ki — O fi(xkyo))} and the quantities in Lemma We
elaborate as follows:

e To mimic the color-ball example, we need to expand Z;L:_Ol 01 fi(xy,0) into an infinite sum
sequence: Z?:_Ol O fi(xro) (1 —B1)(1+ 1+ -+ B5°). However, Z?:_Ol my i 1s a finite sum
sequence up to the order of 3*". In contrast, both sequences in the color-ball example are “finite
sum”. As such, there is an error term caused by “finite sum v.s. infinite sum”.

* When taking the expectation, the variable x in each possible trajectory is different. In contrast, in
the color-ball example, {a;}2_, are fixed in all shuffling order (so it is much easier to calculate
the expectation by summing them up).

To mimic the color-ball example, we repeatedly take conditional expectation at the beginning of
each k-th epoch. In this way, x;, o will be fix. Despite xy, ; is still changing across the trajectory,
we can transform x, ; into x, o by using Lipschitz property.

¢ In each trajectory of Z?;OI my ki, the variable z in the summand of m; 1, ; varies with k and 7;

while the variable in 8, f; (o) is fixed to be x, o. In contrast, in the color-ball example, {a;}7_,
are the same across the epoch.
To mimic the final step in the color-ball example (Figure[6), at each step of conditional expectation,
we need to simultaneously move the variables in m; r, ; and 0, f; (xx,0) (using Lipschitz property)
so that they can match and cancel out with each other. This operation will introduce new error
terms and it is our duty to put them under control.

We omit the proof for bounding E {Z?:_OI (M, — O fi(xho))} since this is not our actual goal.

Instead, we will directly use the above ideas to bound E [(b1)]. To do so, we need to further tackle
the issue (ii) and (iii) mentioned before. We explain as follows.
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Bounding E {Z . large(bl)} : Step 2.  'We now resolve issue (ii), i.e., handle the effect of %/%Z)

The key idea is as follows: when we calculate E [(b;)], we sequentially take conditional expectation
Ex(-), Ex—1(+), etc.. When taking Ej(+), we will fix all the historical information up to k-th epoch,

0 f(x . 0 f(x n—1
SO % can be regarded as a constant. In this sense, E, % Yoo (Mmiki — 8lfi(xk,0))}
can be calculated following the same idea as color-ball toy example.

alf(Ilc 0)

vl

However, when taking E,_1(+), will become a random variable which changes with different

trajectories. In this case, the color- ball method cannot be applied. To fix this issue, we introduce

Ouf(zk,0) O f(zk—1,0)
the following lemma to change NG into N which can again be regarded as a fixed

constant when taking Ex_1(+).
Lemma G.2. Suppose Assumption holds and ;1 < \/62. For any integer j € [0,k], if

max; |alfz($k 0)| = Qr, max; |0 fi(xk—1,0)] > Qr—1, - -+, max; |0y fi(xr—j,0)| > Qr—; (Where
Qr =L f" %} then we have the following result:
Of(@ro) _ Oif(@e—jo)| _ 1 Dy n 203 1 5,
VULED VUL k—5,0 - 1- \/lﬁ— N B3 (1 _ (1—%2#) ’
2 2

where 81 is defined in (T7).

The proof of Lemma|G.2|can be seen in Appendix [G.3] To proceed, we combine Lemma|G.2]and the
“color-ball method of the 2nd kind", and thus we can prove Lemma This lemma is crucial for
our current goal: bounding E(b; ). We refer the readers to Appendix |A|for more information.

‘We emphasize that here are still the following gap between Lemma and our goal E(b;).

* We have the similar gap as discussed at the end of the Step 1.
* The condition in Lemma [G.2] has requirement on the gradient norm, while this requirement is
temporarily ignored in the color-ball method of the 2nd kind.

* The result in Lemma|G.2/has additional error terms other than O(1/+/k). This is slightly different
from the setting in Lemma[A.2]

It requires some technical lemmas to handle these gaps. We fill in these gaps in Lemma|[G.4] The
technical details can be seen Appendix

Bounding E [Z . large(bl)} : Step 3. Now we shift gear to tackle (iii): handling the random variable
“[large". We rewrite ““ [ large" into the indicator function as follows:

1 large 1 large =0 =1

n—1 d n—1
E [Z(bl)] _E [Z 8sz95:§ Z mi ki — OLfi(zk, 0))] =E [Z ]Ik% Z (mi g, — alfi($k,0)):| )

where I, ;=1 (maxZ 101 fi(zro)| > Q= L ”f %) is the indicator function (I(4) = 1

when event A holds and I(A) = 0 otherwise.) Similarly as before, when taking Ex(-), “ I;," can
. d o f(z n—1

be regarded as a constant index. Therefore, Ej {ZZZI Hk% Doico (muki — alfi(xkyo))} can

be calculated following the same idea as color-ball model of the 1st kind. However, when taking

Ex—1(-), I will become a random variable which changes with different trajectories. In this case,

the color-ball method cannot be applied. Similarly as in Step 2, we introduce the following lemma to
change I, into I, _; (defined later), which can again be regarded as a fixed when taking Ex_1(+).
Lemma G.3. Suppose Assumption n holds and By < +/Ba. For 0 < j < k, we define
Ip—j =1 (maxl |01 fi(xk—j,0)| > Zp k—j Qp), where Qy, := Alnf%, then we have
the following results.
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I, = 1 (max|81fl(mk 0)| > Qx and max|6;fz(:ck 3,0)

)

k
)|z Z
k
+ 1| max|dyfi(zro)| > Qu and max|0,fi(wr—s0)l < D Qp | (32)
p=k—j

k

k
I (mzax|8lfz(xk,o)| Z Qk and mla‘x|8lfi($k*jy0)| Z Z Qp> =1 (maX|81_f1 xk 7, 0 Z ) = kaj-
p=k—j

(33)

Proof. Equation (32) is straightforward, we only prove (33) here. Under Assumption [2.1] we have
101 fi(xr,0) — Oufi(Th—j0)| < nAp—1) + -+ nDp—j) < Qr—1+ -+ + Qr—j. To show the
second inequality, it requires comparing the value between (), and nA,, (1), which are both problem-
dependent constants. Here, the inequality holds when nA\,, () < Q. If otherwise, we can always
define Qy, := max{Qx,n Ay} and the inequality still holds by changing all the Q into Qr. We
temporarily omit this step for now.

Since |01 fi(zk,0) — Oifi(xr—j0)] < Qr— + - + Qi the event
{maxi 01 fi(xr—j,0)] > Z’;Zkﬂ. Qp} implies the event {max;|0;f;(zk0)| > Qk}, so the
proof is completed. O

Now we are ready to bound E [Z . large(bl):| . Combining Step 1, 2 and 3 together, we prove the
following Lemmal[G.4}

Lemma G.4. Under Assumption consider $1 < +/[2, when k is large such that: k > 4;

%kfl) < \/5171’ we have the following result:

E|Y (b) 2—0(2)—0(511@[%7121 01 fi(zr,0) D

I large

where §; = (17%;4”"2 < o 1) which goes to 0 when (5 goes to 1.

Proof can be seen in Appendix Now we bound the error terms: E [Zl jarge 1(@2) + (bz)}} .
Since they are multiplied by d1, these two terms vanish when 52 — 1.

Bounding E [Z Iarge 1(02) + (62)}] . We bound these two terms in the following Lemma

Lemma G.5. Given all the history up to xy, o, we denote o as the index of the coordinate with the
greatest gradient: o = argmax;—12.... 4 |01f (zk,0)|. Under Assumption and consider

81 < \/Pa2, when k is large such that: k > 4; B(k n < B we have the following results:

/ 17
E[Z agl E[Z51H2p32|8lf1 Tk,0)
l large U large

E [Z (bz)} =E [Z 01 %pj i Imuk,i — O fi(@r,0)|
2 =0

% O (61E|0af (zr,0)]) + O (61\/1770) )

< O (B1E|0af (wr0)) + O (8:VDs) + O (%) :

1 large 1 large
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where 01 is defined in (I7), Dy is defined in Assumption[2.2]
Detailed proof of Lemma[G.3]is shown in Appendix [G.8]

Bounding E {Zl targe (@1) T 2 targe (01) — 21 targe 1(a2) + (bg)}} . With the help of Lemma
and we can bound E {Zz targe (@1) 221 targe (01) — 22 targe 1(a2) + (bg)}} The intuition

1s as follows:

* (@) is in the order of |0, f (z,0)|, multiplied by some positive constant;
* > tuget(@2) + (b2)} vanishes when 8, — 1.

* E {Zz large(bl)} vanishes when 2 — 1 and k goes to infinity.

Therefore, E {Zz e (@1) S targe (01) = X e {(02) + (bg)}} is still in the order of |9 f (1.0 )|

(multiplied by a positive constant when 3, is large). More formal results are shown in Lemma|[G.6]
Lemma G.6. Under Assumptionand when the hyperparameters satisfy: i) 1 < /P2 < 1,
ii) B is large enough such that A(Bz) is small enough to satisfy (34), where A(B2) is a non-negative
constant that approaches 0 when B2 approaches 1. More Specifically, A(B2) needs to satisfy (p1, p2
and ps are defined in Appendix|F7]).

(1 = B2)4np2 1 2p2 2p3 3n
A =+ -1 Pap 4+ | |23 o1 d
" { % (WT >}(\ . ( 7 (1 - iigyinan) <1—m Vi
2
<

1
VI0D1d’

(34

Then, we have the following result when k is large enough such that B%k_l) < and k>4:

T

E { Z(m) + Z(bl) - Z {(a2) + (b2)}}

1 large 1 large l large

2 nfl
= E [Z alfiajzz)] +E [Z 9f (@) Z Mk, — Oufi Cl’ko))]

llarge 1 large l k,0 =0

—dé, ZLEE {Z |0 (xk,o)] —dzsl\/g Z|mlkz—azfz(xko)|}
2 i=0
> d\/léTldEmin{ Dldllvf(l“w)|2,||Vf(wk0)|1}
~0(_) ~ OWD).

Proof of Lemma|[G.6|can be seen in Appendix [G.9

Remark G.7. Condition (34) specifies the smallest threshold of 35 to ensure the convergence. This
condition can be translated into the threshold funtion ~; (n) mentloned in Theorem [3.1] . As arough
estimate, Lemma requires B2 > y1(n) = 1 — O ((1 = B7)/(n?p)), where p = p1paps. As
discussed in Appendix|F.1| we have 0 < p3 < v/np; < n. When py, ps, p3 achieve their upper bound
at the same time, we get the worst case bound B > v1(n) =1 — O ((1 — B7)/n*5). However, p is
highly dependent on the problem instance f(x) and training process. Our experiments in Appendix
shows that p is often much smaller than its worst case bound, making the threshold of /35 lower than
it appears to be. Note that for adaptive gradient methods, we are not the first to provide the threshold
on [, for convergence guarantee: a similar threshold on 35 was firstly provided for RMSProp by (Shi
et al.| 2020). We prove that the threshold also exists for Adam, but with extra dependence on ;.
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Remark G.8. We emphasize that the constant term O (/D) will vanish to 0 as S5 goes to 1. This
can be seen in the proof in Appendix [G.9](the definition of F);) and Remark [G.14]

Based on Lemma|G.6] we can further rewrite (31) as follows.

E Zialfm,o);”%] ¢ E{Z<a1>+ () - Z{<a2>+<b2)}} - R

=1 i=

1 large 1 large I large
Lemmal[G.0| 1 X 2D1d 2
> ———F \Y IV
2 e mm{ DIV f o) 319 £ @0
1 R
-0(—=) — O(vVDo) —d— 35

The proof of Theorem [3.T]is concluded by plugging (33) into Descent Lemma (23) and then taking
telescope some from k& = t( to k = T'. These steps are quite standard in non-convex optimization.
We finish these calculation in Lemmal[G.9]

Lemma G.9. When inequality (33) holds, we have the following results based on Descent Lemma

@5):

ke[1,T) Dy

=0 (1‘\’%) + O(v/Dy).

Proof of Lemma [G.9] can be seen in Appendix [G.I0} Now, the whole proof of Theorem [3.1] is
completed.

min E lmin{ 2D1d||Vf(ffk,0)||§7||Vf(33k,0)||1H

G.2 Proof of LemmalG.1]

To prove Lemma[G.1] we only prove (28). The proof for (27) can be analogized from the proof of
(28). We discuss the following two cases:

Case 1: When O, f (xx,0) (M1 ks — O1fi(xr0)) <0, we have

o f (xk,o) (ml,k,i - 8lfi(xk70)) (;) O f(xk,0)(Mmi,k,i =0 fi(®Tk,0)) 1

where (a) is because of /U1 x; > \/B5/Vik.0-

Case 2: When 8lf (.Tk’()) (ml’;m- — 8lfi(:vk}0)) > O, we have

alf (ﬁk,o) (ml,k,i - alfi(wk,o)) _ 8lf (mk,o) (ml,k,i - alfi(ﬂik,o)) 1
O £/ VL,k,0 \/(1 + (’Ul,k,i — Ul,k,o)/”l,k,o)
(;) O f (xk,0) (Mik,i — O fi(Tw,0)) 1- |V, — Vik,0] (36)
- VULE,0 2v1,k,0

where (%) is due to \/fﬂ > 1 — £. We further have
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Vik,i — VLE,0] = (1 7ﬂ2)(alf7'k,i(x7'k,i)2+/8281f7'k,i71(x7'k,i—1)2 +'”+B;7181f7k,1(x7k,1)2
+(B§ - l)alka,o(ka,o)Q + ( ?Ll - 1)8lf7k—1,n71(x"'kfl,n—l)z + - )

T ) S Bt (@)’
=
(1= 52) Zﬁ (O fri iy (@ o) + 20 = ) Dkl O fry oy (2 )] + (0= 3)° A7)
=
< (-5 fﬁé (max 00y ) + 206 = ) B X |00 )| + (6 = ) A7)
=
2 a-mys (02 00 fi(r, o) + 2 M8 (91 fi (2, ) + max |90 fi (21, ) )

=0

(1 - ﬁ2)4n mzax |alfi(:r‘rk,o)|2

IN

IN

where () is due to the condition in the Lemma max; |0 f; (27, )| > Qr > 1Ay Plug the above
result into (36) we have

VUL, o V/VLE,0
s Of (zro) (Mg — Ofi(zk0)) 1— (1= B2)dnps 372 01 filwr, o)1 /m
= VOLkO 2v1,k,0
(*;*> O f (xr,0) (Muk,i — Oufi(Tr0)) <1 (- /32)4774)2)
- /Vl,k,0 By
In the last step ( * *), we use the following Lemma|G.10} which is based on (Shi et al.; 2020).

Lemma G.10. Under Assumption if the l-th component of Vfi(xyo) satisfies

max; |0 fi(zko)| > Qk = Aln—\/‘/g%, we have

2v k0

o f (xr,0) (Mik,i — O fi(zk,0)) > O f (xr,0) (Mik,i — 01 fi(Tr,0)) <1 _ (1 — B2)4n max; 8lfi(x7k,0)2>

(37N

V1,0 By

- s> 22
72Ot (o) 2

VL k,0 5

(Ouf (z1,0))° — 203

Proof. The proof idea of Lemma[G.10]is similar as Lemma F.1 in (Shi et al.| 2020), but with the
following differences:

1. The condition of Lemma F.1 in (Shi et al., 2020) both require the full batch gradient |0, f (zx0)| >
nQy, which is different from our condition. Here, we choose the condition of Lemma [G.10]
because it meets the need of our decomposition strategy in (3T)) .

2. The constant Q) is different. The difference is due to the different update formula of RMSProp
and general Adam.

Anyhow, Lemma|G.10]can be easily proved following most of the steps in Lemma F.1 in (Shi et al,
2020). We omit the proof for brevity. O

Combining the above Case 1 and Case 2, we have
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O f (xk,0) (M, — O fi(xr,0))

Z /Ul ki

%

\Y

where §; = 1= %24%2 +

(=

G.3 Proof of LemmalG.2]

_1)_

O f (xr,0) (Mik, — O fi(zro)) 1

2

V/ULk,0 B3

Ouf (xx,0) (Mik,i — Oufi(xk,0)) ( (- 52)4np2)
2 Vo ' ;
Ti:l O f (xk,0) (M, — Oufi(xr,0))
— VULk,0

Ouf (xx,0) (Mik,i — Oufi(xk,0)) 1
* Z N ( N 1)

O f (xr,0) (Mik,s — O fi(Tr,0)) ( (1— 52)471172)
+ Z \/ULk,0 >
Z O f (xr,0) (M, — Oufi(2r,0))
— VUL

\J/:%)) |mu ki — Oufi (Tr,0)| s

s

Proof is completed.

We first prove the result for j = 1. We discuss the following two cases.

O f(xr,0) > O f(zr—1,0),

Case 1: when T NoEik

when 9, f(zx,0) < 0, we have

(9[f(33k,0) @ alf(l‘k’o) (1 B (1 — ﬁ2)4np2>
VULEO T \/ULk=1,0 By '

When 0; f(z1,0) > 0, we have

Of(wr0) o Oif(wko) 1
VULED  \/ULk—1,0 \/B%
In conclusion, we have:
ofleeo) ) 0uf(zro) <1 3 (1—52)47102) Af(zro) 1
VUko VOLk=1,0 B " VOLk—10 /By
< Oflero) o T Of(2ho) <7(1*52)4n,02) Of(zro) (1
T VULk-1,0 VULk—1,0 B3 T VUk=10 \ \/By
af(xro) | 10uf(eo) (1 o (L—B2)4nps

= VOLk=1,0 * VOLk—1,0 <\/@ T By )
@ of(ero) | |0f(zeo)l (L, (1= P2)dnp: !
= VUlk-10 N By By (1 _ (1765#)

40



Lemm<a 8lf(37k,0) n % 1 14 (1 — ﬂ2)4np2 1
= Vueo B \ VB 3 (1 G=gglinez )
2
_ o Afmo) | 28 &
VULE—1.0 By (1 _ u—%#) '
2

where 6; = < \1ﬁ — 14 (=B)ine 2) is a constant that goes to 0 when S35 goes to 1. Therefore, we
2

2

have
alf(xk,o) - 3lf(33k—1,0) < 8lf(33k,o) - 8lf(xk_170) n 2p§ 1 5,
VVLEO VVLE=1,0 N VULE=1,0 By (1 _ U—%‘#)
2
temmsB2 2 Angiey) | [203 1 5
a VULE—1,0 By (1_ ug}&) v
2

Note that

O f(zk.0) < O f(zr—1,0),
Vik,0 — /ULk—1,0

Of(zr0) & Of(wx0) <1 (- B2)4np2>
VOLEO \/ULk-10 By '

When 0, f(zk0) < 0, we have

Case 2: when

when 9, f(zx,0) > 0, we have

O f(xr0) S O f(xro) 1
VOEOD  NULk—1,0 \/BY

Following the same strategy as in Case 1, we can show that

O f(xk,0) S Af(zro) 203 1 5
\/ULk,0 T VULk—1,0 By (1_ O_Bﬂ?#) v

2

which further implies

Af(zro)  Of(@k-10) o Of(xro) —Of(wk10) 203 1 5,
NI VULE—1,0 - VULk—1,0 By (1 _ Mw)

By
Lo Bngen) (263 ! 5
- Vo \ B (1= Gggiee)
2

Case 1 and Case 2 together, we have

Of (k) _ Oif(@r—r0)| _ P* L1y n 293 1 5,
/UL k0 VOLk—1,0 |~ A/UlLk=1,0 5 (1_(1—55#)
2

Now we consider the case when 5 > 1. Based on the above inequality, we have
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Of(zko)  Ouf(zr—jo0)
NN s

(’I’L2An(k,1) n nQAn(k,Q) n n TLQAn(kfj)> 4 2p§ 1 5
oo L Tm(kzd) P -5
/Ulk—1,0 /Ul k—2,0 V/Ulk—75,0 By (1 _ (1—55#)

2

2
An . 2 2
< 1 + 1 4. 41 w ] %;51
jn (i—1n VUk=j,0 B (1 _ (1762)47192)
\/ B2 \/ B2 [
2
L i BnGg o |203 1

< - 5
- 1- -2 ok By _ (1—B2)4npy
NG e >\ 27

The proof is completed.

G.4 Proof of Lemmal[G.4|

To prove Lemma we need to further decompose E[} ;... (b1)]. First and foremost, we write

S my k. in an explicit form
i=0 MU,k,i p .

Mgy = (1= B{0fr, (@ri) + - + Biifry o (Th0)
BT Fr s (@rm )+ BT o (@r-10)
"
i
BT gy s (@) + 4 BT o (21.0))
+BETIT O f (w1,0) %)

}SIiHCC Of(x1,0) = O f(z10)(1 = P1)(A+ Sr+ -+ 57°) and O, f(x10) = Z?:_ol Oifi(x1,0), we
ave

BEVY fx10) = (1= BOLBETT T O fo(wr0) + - 4+ BETITTO fl i (210
+ﬁ§k71)n+i+231fo(x1,o) Foe gt 5§k71)n+i+251fn71($1,0)
+
+
+B0 fo(x1,0) + -+ BT O fro1(x1,0)} (39

Plugging (39) into (38), we have

Mg = (1= B){0ufr (@ri) + -+ BiOUfr o (h0)
+6;+1f7k,1,n,1(xk71,'n71) + -+ Bj’i-‘—nka,l,O(mkfl,O)

+6§k72)n+i+1alfﬁm,1 (xl,n—l) 4t /B§k71)n+ialf71’0 ($1,0)
+/B§k—l)n+i+lalf0(m1’0) IS ﬁ§k71)n+i+131fn71(331,0)

+5§k71>"+i+231f0(271,0) R 5§k71)n+i+2alfn—l(331,0)
+BT 0 fo(x1,0) + -+ B0 fa—1(x1,0)} (40)
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Using (40), we have (For each ‘epoch’, we suggest readers to read from bottom to the top.)

n—1
Mg = E myk,i
i=0

My kn—1+- "+ Myko0

(1=p0){

Oifryymn (Thyn—1) + -+ 5?_1&]"%0 (2k,0)
01 frpy o (Thn—2) + -+ B{Lizazfrkyo (Tk,0)
+ .

+01 fry, o (Tk,0)

k-th epoch

+BT 0 fry gy (Tt 1) + o+ 5?+n_131f7k_1yo(xk,1,0)
+ﬁ?718lka71,n71 (xk—lm—l) +oeeet ﬂ?+n72alf7'k71,o (-Tk—l,o)
+ ce

FB101fri_y oy @h—1,n-1) + o+ BTy o (Tr—1,0)

k—1-th epoch

+
+
J’_B}k_l)nalfn,nfl (xl,n—l) + T+ ﬂik_l)n+n_1alf71,o (xlﬁo)

BT fry oy (@) o BTy (w100)
BT O @) o+ B0 o (w1,0)

1-th epoch

+ﬁ§k71>n+nalf0 (z1,0)+ -+ ﬁ;kil)n+nalfn—1($1,o)
Jrﬁgkil)nj%ilalfo(%,o) + -+ ﬂ%kil)wrnilalfn—l(l?l,o)
Jr P

+ﬁ§k71)n+lal,f(1 (x1,0) + -+ ﬁgkfl)nﬂazfnﬂ(fm,o)Jr

0-th epoch

3 1)

Note that in (@T), the power of 31 grows slower in the blue part (when k& = 0), such a transition will

cause trouble in bounding the » "~

(mu ki — OLfi(zk,0)). Therefore, we need to define an auxillary

sequence M/ . which does not involve such a phase transition. We define M; ;. as follows. (For each
‘epoch’, we suggest readers to read from bottom to the top.)

/
M 4,

(1 -804
alfrk,n_l (xk,nfl) +--+ ﬂin_lalfrk’o(xk,(])
01 fryy o (Thn—2) + -+ 5?72@]"%,0(%1@,0)

+01fry, o (Tk,0)

k-th epoch
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FBT Oy s (Then—1) o+ BT T O e o (Tr—1,0)

B Oy @h1mt) + o+ BYT PO o (@k-1.0)
4.
+/Blalf7'k_1,n—1(‘rkfl,nfl) +ot B?alf‘rk—lvo(zkil’o)

k—1-th epoch

=+

+
+5§k71)"81fn,n_1 (T1,n-1) + -+ 5§k71)n+n7181f71,o($170)
+5§k72)n+n716lf7_1m71 (l'l,nfl) 4ot ﬂ§kf1)n+n72alfn,0 (fl,O)
+5§k72)n+16lf7—1,n71 (T1,n—1) + -+ ﬂ§k71)nalfﬂ'1,0 (z1,0)

1-th epoch
HBETITG, fo(w10) 4 -+ BTG £ (21.0)
+5§k71)n+n7181f0(1’1,0) + 4 5§k71)n+2<n71)alfn—1(931«,0)
+ PPN
B0 fo(wro) 4+ BTV 1 (1,0)+

0-th epoch

3 42)

Now we bound Z?;Ol(ml,k,i — Oifi(xro)) with the help of Ml’7k. Denoting Fjj :=

Z?;ol 01 fi(xr,0), we have:

n—1

=0

n—1 n—1
> (migi = 0ifi(zro)) = Y mugi— Y Oifizko)
=0 =0

M — Fi g
—| My — Ml/,k| + Ml/}k —Fip (43)

v

To proceed, we use the relation 1 = (1 — $1)(1 + 81 + 57 + - - - ) to rewrite F) .

n—1

Fie:=Y_ afi(wre) = (1—pB1)

=0

N fr1(Tho) + -+ By O fr1(zh0)
+0; fr—2(@ho) + -+ By O fr2(2h0)

+ .

+0fo(xro) + -+ By O folano)
k-th epoch

+

+
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+5§k71)n01fn71($k,0) +-- 4 5§k71)n+nilalf”*1<x’“o)
BT, fuma(wh0) + -+ BT f o 0)
_|_ PPN

+8EIR G, fo (o) + - -+ BETIF TN, £ (2 0)

1-th epoch

B0 fr1(@0) + -+ 4 BT O fro1 (w0)
+/3fnalfn—2(3?k,0) + -+ ﬁfn+n_1alf7L—2(xk70)

+.-
+BY" O fo(xr0) + -+ + BT O fo(k o)
0-th epoch
h (44)

For the sake of better presentation, we rewrite F ;, and M/ . as follows:

E,k = (F‘l’k)k + -+ (E,k)l + (Fl,k:)o + (Fl,k)_l + - )

Mg i= (Mfy), + -+ (M) + (M), + (M) +--,

where (Fl,k)j contains the summand of Fj j, in the j-th epoch, j = k,k — 1, --- — oo. Similarly for
Mj ;.. Now, we separate M ; — I, into two parts.

Ml/,k -Fhy = [(Mllk)k — (Fig), + - (Ml,,k)l - (Fl,k)l}

(M) g = By 4 (ML) = (Fii) ]
Now, we rewrite E[} 2, |, (b1)]:

DY i (o) Z_:(mz,k,i — 0ufi(wr.0))

v
[ large k.0

[ large

0 0
> B[} 0uf (k0| My — M, || +E | Y lf(CUk,O)(Ml/Jc — R
_l large \/m [ large \/’IT’O

o f(x
3 0 f ( k’O)‘IMz,k*MZ,kl
_llarge \/%

1)

Y
\
=
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+E | S ((0tf), = Frw) + -+ (M), = (Fie, )

v
[ large k,0

(2)

|01 f (21,0)] , )
-k —— |(M — (F +. (M _(F
_l%e VUk0 ( l,k)o (Fi.k)g ( lJC)foo ( l’k)foo‘

(3)
(45)

We bound (1), (2) and (3) respectively. We bound (1) and (3) in the following Lemma|G.11|and
Lemma Since the difference of M;  — M, only occurs in the high order terms of the infinite

sum sequence, (1) is expected to vanish as k grows. Similarly for (3).

Lemma G.11. When k is large enough such that: ﬁgkil)n

BT
< \/17 and k > 4, then we have

ZM|MH€_MH@| <Gy—

(46)
l large v Uk,0 \/E
where G4 = d 2;,?51 Van(n — 1) S0 E(|0a fi(z1,0)]) -
Lemma G.12. When k is large enough such that: ng_l)" < \/L and k > 4, then we have
‘alf Tk,0 | ’ ! ! 1
(M] ), — (Fii)g + -+ (M —(Fa) ‘ <Gs—, (47
l;rgg N = (Fik)g (M) = (Fir)_o STk

2 o ALV2 . n— n— 1— "2
where Gy = dyJ T8 (P22 i don (1= B771) X000 Bl fiCe )| 257

We relegate the proof of Lemma|G.T1]and [G.12]to Appendix [G.3|and[G.6

Now we bound (2). This part involves the difficulties (i), (ii) and (iii) mentioned in Appendix
We bound (2) in Lemma

k—1)n

Lemma G.13. When k is large enough such that: B; < ﬁ = and k > 2, then we have

g

E l%e(w ((Ml’,k)k — (Fip)y +- + (M), - (Fl,k)l)

d n—1
Ge
> S G (z 5 |alfi<xk,o>> |
vk =1 i=0
The constant terms G and G are specified in Appendix|G.7]

Proof is shown in Appendix[G.7]
Combining Lemma[G.11] [G.12]and[G.13| together, we conclude the proof.

d n—1
E[Z (bl)] > —% (G4 + G5+ GG — G76,E (ZZO aLfi( Tk,0 ) .

[ large
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G.5 Proof of Lemma|G.11]

By definition of M ; and Mj ; (see @I) and [@#2)), they only differ when k& < 0. More specifically,
We have (For each ‘epoch’, we suggest readers to read from bottom to the top.)

!
Mk — M,

1-p

( §k—1)n+n _ §k—1)n+n+1> 3zf1(x1,o) bt ( %k—l)n+n - %k—l)n+n+n—1> 3zfn—1(x1,o)

+
N (6@ D ) B i) + e (BT BT 9y f ()
+ <5(’“ Untl _ glk=1) "+2) Afi(@1,0) + -+ ( (rmimrt gy n+n) I fn-1(21,0)

0-th epoch
n (5 (k—1)n+n+1 Bkn+n) O fol1.0) + - (ﬁ§k71)n+n+1 _ 5fn+n+n71) O fr-1(z1,0)
+

( (k—1)n+3 kn+2) (k—1)n+3 kn+n+1
+ (B -p A fo(zr0) +---+ (A — b O fn-1(z1,0)
N (B(k Dn+2 /Bkn+1) Aufolzro) + -+ ( (h=Dn+2 _ B{mm) N fr1(x10)
-1-th epoch

+ (5(k Dntn+2 5(k+1)n+n> Oifolzio)+ -+ ( %kfl)wrn” - 5§k+1)n+n+n71) A fr-1(z1,0)
+
N (5(k Dn+d (k+1)n+2> Afo(zro) + -+ ( (b=Dntd _ ﬁ§k+1)n+n+1) A fn-1(z1,0)
N <ﬂ(k Dn+3 (k+1)n+1) A folzio) + -+ ( %k_l)"ﬁ - ,B;Hl)wrn) O fn-1(z1,0)

-2-th epoch
4 (48)

We start with the 1st column in the ‘O-th epoch’ (from the bottom to the top).

The 1st column in the ‘O-th epoch’ = (k_l)nH( — B0 f1(z1,0)]
+B IR0~ B1) |01 fr(210)]
+ .
LI 6o
< %k_l)nﬂn(l — B1)|0f1(1,0)] (49)

Similarly, we can bound every column in the in the ‘O-th epoch’, e.g. last (n — 1-th) column can be

bounded as follows.

The last column in the ‘0-th epoch’ = (k_l)n+1(1 — B0 fr1(z1,0)]

FBETIMR (1 - B9, frum i (1,0)]
+

+5<’“ DL = B O fa (210)]
59 1)n+1n(n, 1)1 = B1)|0ifa=1(z1,0)] (50)

IN

Summing up all the columns, we have
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The ‘O-thepoch’ < B{* V" 'n(n —1)(1 = 81) D |01 fi(w1.0)|

n—1
< BT -1 =80 Y A filwo)] (51)
i=0
Using the same technique, it can be shown that
n—1
The “I-thepoch” < A" 2n(n— 1)1 = B1) > |01 filw10)], (52)
i=0
The 2-thepoch” < B V" 3n(n - 1)(1 = $1) D" [Aufi(w1,0)] (53)
i=0
Plugging all these results in (@8], we have
M _ M/ n—1
% < ik—l)’n-‘rln(n_1)(1_/61)Z|8lf1(x1’0)|(1+251_|_3/Bf_|_)
=0
n—1 1
= ﬁ;k—l)nﬁ‘ln(n — 1) Z ‘6lfi($1’0)|m‘
n—1
< ﬂ;k_l)n Z |0 fi(x1,0)
51
That is to say, when £ is large enough such that 3; (k=1)n < \/Z% we have

n—1

Bt

| My — M | < - 1n(n —1) Z |8 fiz1,0)] (54)
1=0
When & > 2
< ’31[ Z 101 fi(1.0) (55)

Combining with Lemma[G.T0} the proof is completed.

G.6 Proof of Lemma|G.12

We start with (Ml/,k)o — (F1,k)o-

Ml’k _(E,k) —1)n+n —1)n+n+n—

% = BTV fo(wr0) -+ BTN, fua (21,0)
—|—ﬁ<k 1)n+n— 181f0($1 0)_|_.,.+ﬁ§k71>n+2(n71>8zfn—1(ILO)
Jr

+61k 1) n+1alf0(ll O) + -+ ﬂ{k71>n+nalfn—l(xl,0)

(Ml/vk)o
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N { B O fr1(zr0) + -+ BT T O fas1 (Thy0)
+BL" O fr—2(@h0) + 4 BT T O fu—2(@h,0)

+8L" O folwno) + -+ B Difo(wno) }
(Flvk)o
n—1
= Z 5,
=0
where
0 = Z (B£k71>n+jalfi(m1,o) - ﬁfn+j7181fi(xk,0))
j=1
= Z (ﬂ(k Dntj kn+j71) Oufi(1.0) +Zﬁfn+g‘71 (Ofi(w10) — O0f(who))
j=1
5@ >

‘We further have

n

5;1 _ Zﬂ§k71)n+j (1 _ Bilfl) alfi(fl,())

Jj=1

< BFTIM (1= BrTY 10 fi(20))]
(56)
A1k —1)2n
617 < kn+j—1 1
b ZB (k: -1 -1
< ginDailk 1)2n? 57
s A nk—1)—1 o7
Therefore,
|(M] 1), — (Fii)o] =,
1-5 N ;5’
= Aq(k—1)2n2
< ; <n5§k_1)n+l (1= B77") 0ufi(m10)| + ﬁfn;(kl)1>
n k— 1) nS (k—1)n+1 n—1 =
_ g Lalk— D g (=8NS |afi(wo) (8
Yk -1 ° ! Z;

Using the same calculation, we can get the following result:

(Mll,k)_ = (Flr) 4 A1 k2n®

Repeat this calculation, we have
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Lt [(Ml’k)o — (Fie)o+ - (Ml’,k)foo - (Fz,k),oo]

11—/
Bim2n® Ay (k—2)n (h=1)n
< Ao k—1)+ kot
N (= d GRS )
n—1
+n (1= 8771 > jafi(w10)] ( {emmt g gt )
1=0
B andA, "
< LISl g iprog.
< 1) 1 (1+p1 )
n—1
tn (1= BT S OufiCwno)| (B0 4 B )
i=0
LenmaED - B"2n° A 1
- nlk—1)—1(1-p7)2
L n—1 ﬁ(k—l)n
+n(1-677) Z |01 fi(z1,0)] 117 a
i=0 1
When " 1" < \/%, we further have:
1 ’ /
-5 [(Mz,k)o — (Fir)o+ - (Min)__ — (Fz,k),oo]
< B 2n3 Ay 1
- n(k—1)—1(1—p7)?
n—1 5n 1
1— n—1 a : 1
+n (1 - 8] );| @)l T g =
kl—f 7 213 A, 1
- n(k—1)—1(1-757)?
n—1
n—1 . fBIL g
+n (1B ); |01 fiz10)l5 —B{‘\/;
) BIonP V2 1
- Vnk (1-57)?
n—1 ,Bn 2
n—1 . 1 “
(=BT 2 ool gy
where (%) : \/ﬁ < /2 when k > 4. Therefore, we have

1 -
‘(Ml/,k)o — (Fui)o + o (M) _ . — (Evk)foo’ < ﬁ%

b}

5 ren’Av2 1- n— n—1 1-61)B72
Gs = . NG (117;1”1)2 +n (1 st 1) im0 |alfi(xl70)|%'

Combining with Lemma[G.10] the proof is completed with constant G5 defined in Lemma[G.12]

G.7 Proof of Lemma|G.13|

In this section, we derive a lower bound for E {Z“arge al\f/%‘)) ((Ml’,k)k — (Fip), + -+ (Ml/’k)1 — (Flk)l)}

We will use the ideas mentioned in Appendix [G.1](i.e., Step 1,2 and 3). We first rewrite “/ large" into
indicator function as follows:
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VVE,0

VE,0

EL?M«Mu)k—<Fz’k>k+~~+(Mz,k> - (Fi) ﬂ [Z ) (), = () oo (1), -

VE (1-82)"By

where I, = ]I(maxl\alfl (ko) > Qp := D1 ™ Vi 32V2 ) We also define I,_; :=
I (maxi 01 fi (xK—j0)| > Zp:k_j Qp>, it will be used later.

We take the conditional expectation over the history before xz;0. We first focus on

Ex {Zle I 81\1;%0) ((Ml/,k) L (sz)k)} and we delegate the history part for later analysis.

For each possible (Ml/,k)k — (F,x) . we first convert all 2, ; into o using Lemma Since
(Ml/,k)k contains (n — 1) +---+ 1= % terms of z, ; (with ¢ # 0), we have

emma p— 2 —_
(Mix), ’ Z S ;n D + (1= B){

O frpns (@r0) + - 4 BT O r o (Th0)
O frno (@) + o+ BY 20 r o (Th0)

+01fry. o (Tk0) }
k-th epoch
1-— 2(n—1)A,
_ (1 =B)n én ) Dk b M

Using the same strategy for analyzing the color-ball toy example, we have

E % _ F n—1
k[ ll,k_ ,6(1 L)k % (—(n =111 —2(n = )BT — - — (n— 1) (n — IBLY) S 01 filwn o)
: 1=0
n—1
- (—%/31 T C 16?”) > 0fi(ono)

d 2 2 d
O f(zk,0) " 2p3 (1 — B1)n"(n — 1)Ank A f(z,0)
e [E 000 (ur), - )] xR o [ 2L (- (0,)
_ 4 203 (1 — B1)n?(n — 1) Ay,
R 2
d 1 2 5 n—1 ,_ 1\ "=
+ZH}C(1*61> (*551*531*"'* ) izzoalfi(Ik,O)
o2 — n2(n — 1A, d O f(x n-l
= —d :’ (1= Bu)n( 1)k + Zﬂkilf( k’n)(l = B1)J1 > O fi(z,0)
B3 2 =1 Tk,0 i=0
We denote J; = (—2p8; — 2% — ... — 2=L3271) "it will be used repeatedly in the following

derivation.
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Now we move one step further exert Ex_; (). In particular, we need to calculate

Ex—1 {]Ek [Z Hk% ((Ml,k)k — (Fik)g) + ZHA:M ((]\"jl,/,k:)k71 - (Fzﬁk)k_1> }

=1 v Uk.0 i
d n—1
Oif(xk,0) Ouf(zk,0) p
> En_ I ————=(1 )J afi( + P M 4 — (Flk),
> Eg ; E oo (1—p51) 1; i fi(Tk,0) ]z; Joro (( L)y — ( Ik)k,71>
(a) (b)
21 20
_d 2%(1 B1)n”(n 1)Ank. (59)
B3 2

The blue term is the residue from the k-th epoch. The red term is the main component in the (k —1)-th
epoch. Before calculating E;_(-), we need to convert all the variable x into xj_1 o using Lipschitz
property. First of all, we work on (a).

| Of(@ro)
(a) = gﬂkﬁ(l—ﬂlﬂlg&ﬂ(“ﬁ)
d n—1
Lemm:a Z]Ik - al\f/(miko) (1—p1)A Z O fi(xko0)
=1 ’ =0
d n—1
+;ﬁk,klalf( fTI’COO)( — B1)N1 ;@fz Tk,0)

LemmalG.10] d 81.]0(51%0 p3 n-l
> Z]Ik,k—l \/7 - B1) lealfz Tk,0) — Z]Ikk 1 (1-p |J1||Zazfz Zk,0)

_ n—1
> z;ﬂk, 71L %{f)(l—ﬁl)Jliz;alfi(l'kO Z:Hkk 1\/7 B1)| 1] <Zz; 101 fi(k-1,0)| + 1 Do 1>>
d n—1
> ;Hk ko1 81\‘];(%“0)( —B1)J1Z:31fi(mk,o)
d . 2 202
ZH Ps |J1|Z|alfl Tr-10)] = \/57;(1ﬁ1)IJ1n2An<k1>
an d iy
L dE2 Z . _181\f/1’7ko)( _51)J1;alﬁ(m_1,o)
2 2 3
—(1=B1)d 2%|J1|N2An(k71)7(1*/81)d 27%|J1|n(@k+Qk—1)*(1*51)d Lpr?UlmzA"(k*l)
ﬂg 62 62
: O0f (wh-1.0)
> ;]Ik _ ﬁ(l*ﬂ1)<}1;alfi(mk—l,0)
O f(zr—1,0) alf(xk,o) = )
*;Hkk 1 S0 NG (1= B1)| /1] ;alfz(xk—lﬂo)

2 2
—2(1 - B)d —25”,? | T2[n® Doy — (1= Br)dy | —2;3 11 n(Qk + Q1)
2 2
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d

n—1
Z Ir k-1 M(l — B1)J1 Z O fi(Tr—1,0)
=0

Ve
=1 k—1,0

LemmalG2]
>

d n—1
- Z Tk k—1(1 — B1)]J1] Z O fi(zr—1,0)
=1 i=0

( 1 nzﬁnw,l) 2p32 1
1— N

2p3 2 2p3
—2(1-p1)d ﬁﬁ|Jl|n Ap—1y — (1 = p1)d BﬁUﬂ”(Qk + Qr-1)
2 2

where Tpp_; = 1 (maxi 101 fi(z1.0)| > Qr and max; |0, fi(wr—j0)| > Yn_y_; Qp) and
Tppj =1 (maxi |01 fi(xk0)| > Qr and max; |0 fi(xk—j0)] < Zszk’—j Qp) . By Lemma

we know I, 1,1 = I;_1, so we have:

LemmalG.10] d alf(wk—l 0) =
N I, 2R 1.0/ 0 gy T O fi(Tr—
@ 2 2 TR A 00 3 fieicso)
1 2
—d(1 - ﬁl)|J1|“n2An(k—1)M
NG
d n—1
_ 2p3 1
== BOA 3 ifilwn-1.0) ( 5(1_<a>)5>
=1 i=0 By
2 2 2 2
_2(1 = Bu)d ﬁ|J1|n2An(k—1) —(1-p1)d ﬁHﬂn(Qk + Qr-1)
) 2
Lemmal[E2] d alf(l‘k—l 0) =
< T, k= b0/ g J O fi(zp—1,
27 Dl ” (1= B0 D Bifi(eeoto)
1 2
—d(1 - 51)\J1|171”2A”(’“—” nBy
d n—1 2p2 1
B L ) 2An 3 L
( 51)J1|<Zalf(a:k,o) +n Dk 1>> \/;(1_<1—52Mnm) &
=1 =0 5;’

91— By | 25| 0 sy — (1= Bu)dy | 23| T (@i + Qi ).
3 5

The blue term will be handled using color-ball method when taking conditional expectation Ex_1(-).
Now we derive a lower bound for (b). Similarly as before, we rewrite (M ! k) and (F; l,k)kq as
k=1

follows.

(1), "E S s — (= 55y
Lk) 1 - l,k—1 1)P1 n(k—1)s

LemmalE2 "3
(E,k)k_l > (Fl,k:—l)k_l - (1 - 61)51 n An(krfl);

where

53

_— 5
1 - n (1—B3)4n
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M- = (1—=p5){
+BLO0fr 1y (@h—1,0) A BYT T O o (Th—1,0)
BT Oy (The10) + o BYT 20 e o (Te—10)

+ e
8101 fri sy (Tr—1,0) + -+ B O fr o (Th—1,0)}
k—1-th epoch
(Fie—1) Zalfz zr-10) = (1—PB1)B{

Ofrn1(xr_10)+ 4+ B 0 frn1(Th_10)
+0fr—2(Th—1,0) + -+ B O fr—2(E-1,0)
_|_ e

+01fo(xk-10) + -+ Br  Ofo(zr-1.0)}

(k—1)-th epoch

We now calculate (b). Using the same idea as in (a), we have

L af(@ro)
(b) = l:ZI]Ik vk’(’) ((Ml,k)k_l - (E»k)k—l)
LemmalG.10]and[E2] d 5] 2 2 "
> ;Hkut(;:;o) (M1 — (Frr—1)y_,) —d /BL;U —B1) (b1 + B7) nsAn(k—l)
emmaj a 8
= ;Hk k-1 lff(vil,coO) (A1 — (Fir—1)j_1) Z]Ik bt l,f/(vil,COO) (Arg—1 = (Frre-1)gs)
—d,/iﬁ(l — B1) (B1 + BY) 0 Do)
2
LemmalG.10] 15, d - 2 2
! ZHM @(%k (i) = DT T s = (Fa), |
—dy| 2;3 (1= B1) (B1 + B n* Ay
2
Defofﬁk)k,l d
;Hk,klaf/(%zo) (M jo—1 — (Frp-1)),_1) — ey ?6’23( — B0 (B + BT)n* (Qk + Qr—1)
—d,/%pm — 81) (Br + B) n* D)
2
LemmalG.2] o
> ;Hkk 1%(/ﬂm 1— (Fle—1),_ 1)
RQAn(k_l) 2p§ 1
2p3 2[7% n 3
—d N (1= B1)(Br+ B (Qr + Qu—1) — d ﬂ—n(l —B1) (B + B7) n” Dpr—ny
2 2
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To proceed, we derive an upper bound for |7} ;-1 — (Fix—1),_4|-

Mig—1— (Frp—1),_ 4| < | AMp-1]+ ‘(Fz,k—l)k,l‘
n—1 n—1
< (1=B0)Bn Y |afi(zr-1.0)| + (1= B1)BIN Y |00 fi(wr-1,0)|
i=0 i=0

Therefore, we have:

® > Zﬂk LH(% = (B

5 T N7 R S— ) R wa( )
— an 7 1 a1 — M1 1 1 1Ji\Tk— 1,0
—~\1- \/F /Vk—1,0 Jeis (1 _ %)

205 208 ny 3
d B (1= B1)(Br + BIIn® (Qk + Q1) —d i (1= B1) (Br + BY) n" D r—1)
2 2

d

LemmalG.10land[G3] O,
> ZH,M(//M 1= (Fik-1),_1)

- Norsw
1 2 n
—d (1_1 nﬂn) (1= B1)(Br + Bi)n’ Dngery
V5% ’
) _
2p3 1
By oy S S oAt
- B B

_d\/QBTT?(l_Bl)(BH-[ﬁ) (Qk+Qk1)_d\/2573( = B1) (Br + Bi)n” ety

The red term will be handled using color-ball method when taking conditional expectation Faj,_1(+).
Now we have derived lower bounds for both (@) and (b). Combining together, we have:
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d d P .
Zﬂkm ((Ml/,k)k _ (E,k)k) + Zﬂkm <(]\'1{~k)k—1 - (E,k)k]>:| }

Er_1 {Ek

=1 v/ Vk,0 - /Vk,0
- Of (wr0) S A (@o) ()
% Eg—1 ;Hklvi\/i—ljoo(l_ﬂl)Jliz:;alfi(mk,O)+;Hle\/%J<(]wl,k)k—1 _(Fl,k)k71>

(a) ()

g 28 (A= Bun’(n = 1) A
By 2

d n—1 d .
O f(Tr—1,0) O f(xk—1,0)
> Ej_ Tpoq ——— (1 — 1) J Oifi(xr—1,0)+ Y Ip1——— (M1 — (Firp—1),_
> k 1{12_:1 k—1 o (1—-71) 1; i fi(Tk—1,0) ; k-1 S (M -1 — (Frp—1)5_,)
1 2
—d(1 - ﬂl)\J1|1_71"ZAn(kfl) nBr
VBE :
d n—1 ) 2,02 1
) It R
- (1 - Bl)“]l‘ ( Z:alfz(x'k,o) +n A"(k—1)> ﬁg (1 B (1,62)47”32)51
=1 =0 B

2p3 2 2p3
—2(1 = B1)d W\Jﬂn Ape—1y — (1 = p1)d W\Jﬂ”(Qk + Qr-1)
2 2

—d (11 n;) (1= B1)(Br + BN Doy

d 2 n—1
- Z QL;{ (1 ! 7) 01(1 = B1)(Br + B1)n <Z |01 fi(zh,0)] + ngﬁn(km)
=1 2

_ (1—=B2)4npy ;
(j; =0

— 27[)5, _ ny,2 _ % o n 3
d B (1=81)(B1+ Br)n” (Q + Q1) — d i (1= 51) (B1+ B1)n" D)
2 2
—d Lp%(l—ﬁl)rﬁ(n— 1)Ank
By 2

For the first term in the above inequality, we can calculate it using the idea in the color-ball toy
example:

d O f(xr—1,0) n—1 d A f(zr-1.0)
Er—1 {;Hklm(l —B1) 1 ; O fi(zr—1.0)+ ;Hkﬂﬁ (Mipr (Ekl)kl)}
L af(@aeio) -
- ;kalﬁ(l - B1)BT N ;) A fi(zr_1.0).

To proceed, we further take E;_o(+) and bound

d n—1 d
A f(xe—1,0) n O f(xw,0) ,
Er_ Tp g ——22(1 — J o fi _ + I ———— ( (M, & — (F; .
k—2 ;:1 1 e (1-51)p1 1;:0 L fi(Tk-1,0) ;:l b Joro <( L) g — lyk)kfz>
(a) (b)

Repeat this process until £ = 1, we have:
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0, ) /
E l%r:gel\é(%]fo’o) ((Ml,k)k — (Fip), +- -+ (Ml,k)l — (Fl,k)1>

d n—1
O f(x1,0)
> (1- ’“”J]E§117*§ai
> (1=p51)B"N 2 1 Vo ) fi(21,0)
+Error; + Errors + Errors
Q BT O f(x1,0
> - )| LE I o fi
S = 1[; \/Tzlfx“’

+Error; + Errors + Errors

n

where (x) holds for large & such that 8 (k=Dn < \/ilil We specify Errory, Errory, Errors as follows.

Error; = —d(1—61)|J1|% By (Z n(k—j)>
- = \| npBz —
- b 2P% 1 5 o J
- (1= B1)| 1] i _— "(i+1
; A1)y (Z 1 fi(@k,0) ) \/ 5 (1_ (1_5/6254"/]2) 1 (;51 U+ ))

2p32 1
—d(1 = B1)Dpr_1y| 1|02 Lt B 1)
(1= B1) A1 |1ln ( 5 (17(17/32)4@2) )(Zﬁ G+ )
By
2(1 — B1)d %J 2 f A
- - B1) ﬂ"' 1n Bi n(k—1—j3)
2 =0

—(1—p1)d %péul\”[@k + Qr—1+ 81 (Qr + Qr—1 + Qr—2) + - - -]

Since d3 = limg 00 25;11 (B 4 /k%j is a finite constant, we have Z;io ﬁ{"An(k_j) = ?155’5. In

addition, we have

Qr + Qr—1 + B (Qr + Qr—1+ Qr—2) +---]

—
*
~

< Q4B+

+Qr—1 + B Q-1+ Qr—2) + B (Qr-1 + Qu—2 + Qr—3) +
(%)
< QB4 ) +2Qk—1 + 2 (B12Qk—1 + B7"3Qu—1 + )

LemgaEﬂ 0 1 420 1
- sy T -y
1

< 5
< Qr 75 TERE

where () uses the following fact: consider integers & > J > 0, we have Z i1 \/7 <2 \/Jfl
This inequality can be simply proved by taking the integral over f The final inequality is due to
Qr—1 < 2Qy. Now, we have
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1 A16
Error; > *d(1*51)|J1|17 n? -

_\/LZ nﬂzr

d
203 1 !

ST - B4 o 0

l; Bu)l 1] ( )(\/;(1_(1—/35)47w) 1) (1—-p7)?
o o [203 1 1+ 87 Ay

2d(1 = B1)|J1|n (\/;(1_043%) 51) (1-87)% /n(k—1)

By
922 A6 2p3 1

—(1 = B1)d B'O;|J1|n2M—(l—ﬁl)d\/?;ulmfﬁkw

Errors = —d (1_11 n; )(1—ﬂ1 (B1+ B (2251 n(k—1 J))

mIcO

2 n—1 0o 4
- 2/? _1 : : 01(1 = Br)(B1 + B)n Z 101 fi(zk,0)] Z(] +1)87Y
B3 (1 _ (155#) — =
—d 27%% . 51(1 = B1)(B1 + BY ) D) i(] +1)260
Bs (1 . (1_%&> =~

—dy 5”3 (1= B1)(Br + BN (Qr + Q1) + BM(Qk + Qre1 + Quz) +++)
2

203
—d @(1—51 (B +B1)n Zﬁl n(k—1—j)

Based on the calculation in Lemmal[ET} we have

B 1 2 14 s 8L 92
Errory > d(l_\/lﬁ7 n§’> (1—=51)(B1+ B )n NGV

2p 1 1
a Z 3 (1 (1— ﬁz)4np2) 01 (1= B1)(Br + Br)n <Z 1S v ) m
o

+ 1+ 47 VANTD
1— ny,. 3 + b1
: <1_(1—52V4”p2)61( Br)(Br+ Br)n

ﬁn

(1 =87 /n(k—1)

) 1
~d 523 (L= B (B + B2k Grg—ys

d\/523(1—51)(ﬂ1+6) \/lf}

2p3 3
[22 d\/2(1 - pin® o
Errors = —d Bpg (1-=751)n (E 51 n(k—j)) = % 1527
2

vk vn
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Since 2 = g; < 1and |J;| < n, we have

| J1] % 1 1-5 n 2p3 1 2n(1 — B3y)
By (1—(1*%%) (1-p7)? By (17%> (1-Br)2

2

- % 3n 1
s B (1 . 1—2,82 (71 + 4272")) (1- ﬂ?)

<2 (for k > 2), we have:

Using the fact that

AT SV
8 ! /

[ lkao Ml,k)k — (Fie), +---+ (Ml,k)l - (Flk)1)]

1 large
> - =(1= 1) |hE Zﬂlalf Zalfl 21,0)
- \/k:

+Error; + Errors + Err0r3

>

d n—1
—%—Gﬂh (ZZ|8lfz Tk,0 )7

where

n—1

d
Go = a1 VaLAL 5B |5 S o) | + a0 -
2 a f By
1 ST
d(1 = B)|h|———n? 2
+ ( ﬂl)l 1|1_\/@ nﬁz \F
2 2p3 1 L+ (7 Aiv2
+d(1 — By)|i|n ( @(1_0—55347@)51) (L=A1) vn

+2(1 - ﬁl)d %|J1|’I’L2 A162\/§_5(1 - ﬂl)d @Uﬂn Alnf 32\/>
\/ 85 (1 ﬂl) (

2 NG N
1 2 A
a1\ | A A)B A ﬂ?)ndﬁaz
VAR
205 ! ‘ o3 L+ BT A16aV/2
+d 5”(1(152)4NPZ>51(1 B1)(B1 + B )n T GF vn
By
203 1 32v/2
e b + BN s Ay ———
6 ( 61)(/31 5 ) 1(1 o “8'{1,)2 1n\/ﬁ(1 - [))2) BS

+d ”;(1—81)(/31% ) n’ ?527

o % 3n 1
7 = Bg (17%<71+4g{721")> (1_/6?)

59




where J; = (=1, — 287 — ... — ”T’lﬁf_l), §y = limy_ oo Z?;ll(ﬂf)j,/k%j (if needed, we

can further bound J; by n for simplicity). This conclude the proof.

G.8 Proof of LemmalG.5

We now derive upper bounds for ),
very straightforward using inequality

@ag )and >, 1, (b2). The upper bound for ;... (a2) is

9 2 2 D
Z (a2 = 51 p3 Z Z |8lfz Lk,0 | < 61 %\/Dilpld <|8af (xk’0)| + \/Dilod> .
2

[ large I large =0

. 2p2 —
Now we shift gear 0 » ;. (b2) 1= 6M/% 1 large Z?zol |mi ks — O fi(xk,0)]. To proceed, we

need an upper bound for ), Jarge > |ml ki — Oifi(zk,0)|- For each i, we perform the following
decomposition.

d
> muni = dufilwro)l < D (1= B) [BiOifre(@ho) + -+ Oty (214)] — Oufilro)]
=1

1 large

(d1)

+Z |87 M k1] - (60)

(d2)

To start, we bound (dy ).

(d) <

M=

{100 fr0@r,0)l + 101 frp s (o) + - 4 10 fry (i) | + 1O fi(@r0) |}

~

1

M=

{100 fr0@r,0)l + 101 fr (e )|+ -+ 101 fr oy (@hin—1)| + [0 fi(20) |}

~

1

—

d

{1ofi(zro)| } + Z |01 fi(2r,0)] + dDpk + - - - + nd Ay,
1i=0 =1

@ 2\/Diprd <|8 f (ko) +1/ D0d> + n(n—2|— 1)dAnk
— 2/Dipd <|8 f (@r0) +1/ Dlod> Lt ynd ©1)

n—

M=

~

Wk

Now, we bound (dz). Recall Z alfl(xl 0) = O f(x1,0), we have

Imig—1n-1] < (1 =81 [101fr sy @k—10—1)] + BlOUfrey o (Th—1—2)| + -]

n—1
+81 S |01 fi(w0)) 62)

=0

Note that for any € [0,n — 1], 7 € [0,n — 1], ¢ € [1, k — 1], we have the following result.

60



O fi(Tr—t.5) < 10 fi(xr,0)| + 101 fi(wh,0) — O fi(Tr—t.5)]
Lemmal[F72] )
= 1O fi(,0)| + (0 = 5) D (h—tyn + D k—t41)n + - + DA G—1)n
< 101 fi(Tr0)] + Dk—1)n + Do—1yn—1+*** + D(k=1)n—[(n—j)+(t=1)n—1]
< 10 fi(@r,0)] + D—1yn—1 + De—1)n—2 + - + Dh—1)n—[(n—j)+(t—1)n]
) 2[(n —j) + (t = 1)n]A
< oL fi(x + , 63
< 101 fi(zK,0)] M (63)
where () uses the following fact: consider integers k > J > 0, we have ijl \/klfj <2 1;77 .

Plugging (63) into (62) and re-arranging the index, we have

M=

I:lalkafl,nfl(xk—lan_1)| + /31|alf7'k'—1,n—2 (xk—lyn—Q)‘ + - }

d
=Y @ (1=p51)
=1

=1
d
(k 1>TLZZ\8lf, (w1,0)
=1 i=0
3,3 (k—1)n
< (1-8) Y BT [Fp1d<|a F(@o)| + l?ld)Jrn(Zk?iAll)—l]
q; n—1
BTSN o fi(w0)]
1=1 i=0
< - [mld(wmkwﬁ%m}

q

Jun

n—

=1
d
+5£k71>n Z Z O fi(x1,0)
=1 i=0

LemmalFT] D 1 24N
< VD p1d<| f (ko) + O) -

Dyd L=51y/nk-1)-1
d n—1
BTSN TS o fi(.0)
=1 i=0
When k > 4 D ]_ 2 QdA
< vD p1d<|8 f(@ro)l + 4/ °d>+1_61 *Q%l
d n—1
B3 S oy fu (0
=1 i=0
(@) D 1 2v2dA
< VD1p1d<|aaf($k,0)|+ Dlod>+151 \C%l
VBT =
+ > > loufil@o) (64)
\/E =1 i=0

f
where the second last inequality holds because: when k > 4, \/W < . (4) holds when k

is large enough such that 5§k Dn < \/Eli Further, F < \(/@1 when k > 2.

Now, we have derived upper bounds for (d;) and (dz). Plugging (64) and (67) into (60), we conclude
the proof.
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[

d n—
as D 1)nd
2 2l = fonall TS 3nvDipd (la F o) + D10d> +%A
nd 2\/5&1 \/>7’L/81 d n—1
+ ot
1-061 Vnk ;;| L fi(1,0)
_ L [dntin? % S
a VE #AlJr 1-01 +V2n ] ;”sz(lh,oﬂh
+3nvDip1d <|8 J (@r0)| + god). ©65)
1

2p3 Z Z|mlk1 O fi(Tr0)]

! large I large =0

—
=

N

~
Il

[202 (1 [d(n+1)n? a2v2nl L=
< & 523 { 7k 5 A+ 5 + V20 ; |sz‘(301,0)||1]

+3n\/Diprd <|8 [ (ko) + \/70d> } :

The proof is concluded by adding expectation on both sides of the inequality.

G.9 Proof of LemmalG.6l

D (a)+ D () = Y {(a) + (b))}

[ large [ large [ large
-1
Ouf (wr0)” S (Th0) S
= E 25}7 +E| Y > (muki = Oufi(w0))
llarge V L:k,0 llarge V UL,k,0 =0

2 2
*d51\/ ps lz 101 fi (k.0 ] - d51\/ pd Z |mi ki — O fixk 0)]
1=0 1=

Lemmddnddndm o 1 D,
E[Z lf(xko)] — —= (G4 + G5+ Gg) — Grd1/D m(}Ea f(zro)l + “)

[ large % Ul,k,0 \/% Dld

s, 2;23 d(n —|—21)n2A1+d2\[\gA1 V2nAT Z]EHV]‘} 3?10)”1] NG

—01 \/ 3”\ﬁﬂ1d (EW [ (Tr,0)| + D10d>,

where constant terms G4, G5, Gg, G7 can be seen at the end of Appendix[G.7}

ouf(zk,0)? > Ao f(21,0)*
VOLEO T \/Va,k,0

, we have

Since oo = argmaxi—=1.2.... .d |8lf ({L‘k’o)| and Zl large
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D (@) + > ()= D {(az)+ (b

[ large [ large [ large

S E{aaf(xk,O)Z}
- v Va,k,0

202 (d(n +1)n? A2v2 /A =
G+ Gt Go 4 ”3( (- Dnt | BV L S g >>]

By 2 1— B g Vk
o (2B an 1 Gy | /Dipmd E|0n f (21.0)] + 1/ 2%
52 7 101 k,0 Dld
8af (xk 0)2 1
= p{ LR o RE|0.f (tro)| — Fi, 66
{ N 2\/E 3 Do f (21,0)] 1 (66)
where I := §; 2p3 {d("ﬂ)nz Ap + dQ\[‘FAl +V2n8p ZZ o IV fi(x: 0)||1} +G41+G5+G;
F3:= 94, ( 2/)3477/ + G7) v D1ip1rd,
Fy =6, ( 2p3 dn + G7) v Diprd Dld
Now, we discuss two cases.
Case (a): when |0, f (71.,0)] > 42 ——1—— - 52)\/ﬁ In this case, we have the following result.
2 2
5af(a?k,o) > aaf(xk,o)
VoRkO (1= B2) (190 fr o (@r o)l 4 Baldefr sy (@i am) 2 )
S 9o f(x1.0)”
A= 82) (0 oy @e0) P+ BolOnfry 1 (000) + Bl )
Lemgam 8af(:rk,0)2
2
\/(1—ﬂ2) (ZJ 0(\/|6 f(zr0)? + 5aVDhid +Zt 1 n(k—l)—t) ﬁ%)
> 9o f (z1.0)?
V0 80 (552088 (100 (ora)P + ) D+ 42320 ] ra) P+ gD +83253,))
Lem;am a f(xk 0)
¢D1 ((10F @0l + B2) + 10 f el + Bl i + racte)
caseo 0af (r0)?

oS (s eeoP + £y)

Now we consider the following two sub-cases.

* When 0, f(21,0)? < 2o

— Dyd’
8af(xk 0)2 1
Gal Wk0) g, = 10, ~F
%Ua,k,o 2\/E 3| f(xk,O)‘ 4
aaf (xk 0)2 1 Dy
Tl VAR S Y R
2 5D, 2 - 3 Did 4
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¢ When aaf(l'k’o) Z

d
(xko) 1
Oaf @)™ g 1 gy _F
s N 5 0af (xr0)| — Fu
|0 f (7k.0)] 1
> Dl TR0l p — Ry, _F
> = %b.d P 3[0af (zk0)| — Fi
1 1
— 10 f (z1 . R)-FP— _F
| f(fl?k,o)|( 5D1d 3> 2\/E 4

> |0 f (2r,0)] ( F3\| — - F}

1 1
- - _
V5D1d 3) >k D1d

Combining together, we have the following results for Case (a).

6af(:ck,o)2} 1 ‘ {aaf(xk,of ( 1 )} 1
L T A Fy———F%5 |0, —F, > oI TR 18, . _r gL
{ Nor 2\/% 3|0af (xk,0)|—Fa4 > min =D, |0 f (Tk,0)] D 5 2\/E
Case (b):  When |0, f(xk0)|<4f(1 B«.,)\/W’Weh‘we
8ocf(xk0)2 1 1
L A Fy— — By 0L f (z —F > —Fh——F0.f(z _F
{ Nor 2~ F8l0af (@ro)l = Fu 2z = Ba10af (@ro)| = Fi
1 A
>y — F34V2 _F
2 g P e
1
= —ﬁGl—Fél, (67)

where Gy := Fy + F34v/2 W Now, the following two claims are both true.

e Claim 1:
2
A
@ > Ouf (zr0)° 1 (4\@(1%2)71&%) _Ya _rp
= T D,k 5D, N
e Claim 2:

1 1 Ay 1
> 'a“f(””k’°)'<\/m‘F3>‘ﬁ“u—ﬁz)m(m

1
Gy —
\/E 1

Combining Claim 1 and Claim 2, we have

> min{M 0uf (o)l (g~ 1) | - P

)

V5Do V5D1d
IR (4\f(1 mm) 4V2A, ( 1 _F) e
VE V5Do "(1- B2)vDind \5Drd !
. . [ Oaf (z10)* 1 1
= min{ ST 00 el (g ) g0
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<4f“ 52)\/W> 4v2A, ( 1
v5Do ’ (1—B2)v/Dind \ V/5D1d

where G5 := max

- Fg) yen

Combining Case (a) and Case (b) together, we have

. aaf (xk,0)2 1
E “Z“;e(al) +l%£e(b1) —l%:ge{(az) + (b > Emln{m, 0a.f (x1,0)] (\/m — FS)}
1
_ﬁGz _
. IV f (g, 0)ll3 1 F3
> Emm{ L Vs 0)||1<Wm_d>}
_%Gz — Fy,

where the last inequality is because of ||V f (x.,0)||3 < dOa f (xk, 0)’,

(zk, 0)||1 < d|Oaf (zr0) |-

Recall F3 — 0 when 82 — 1, so there exists an interval (1 — ¢, 1], such that \/; —F5 > \/101T1d’

or equivalently F3 < \/m (note that F is the same as “A((3)” stated in the condition of Lemma
1

. With such a choice of 52, we have the following results by changing all the F3 into ﬁ:

IV (o)l 1
E Z(a1)+ Z(bl)_ Z{(a2)+(b2)} > ]Emln{ IV f (@ 0)||17
 large U large  large dv/5Dqg dy/10D,d
1
_ﬁGQ — Fy.
> ————[Emi \Vi \V
—  dv/10D1d mm{ H f(xkO)HQaH f(l’ko)h}
1
_ﬁG2 — F5.
In inequality (+), we change Fy into F5 := /5% \/101T1 This is because: first, Fy = F3 \/D>1d :
second, Fi3 < m,

The proof of Lemma[G.6]is completed.
We restate all the constants as follows (G4, G5, G are specified in Appendix |G.7):

2
A
G = max (4\/5(1732).1/1317”1) 42N, + Gy
2= V5D, ) (1=B2)v/Dindy/10D:d 1
G1 = F2 + 4\@ A1

1—52)\/D1nd\/10D1d;

Bn

. Dg 1
I = \/ Did VI0D:d"

Remark G.14. We comment that we can always replace Fj in the final result by Fjy, i.e., we can choose
not to apply the last inequality () in the proof. The benefit of using F} is that F; monotonously
decrease to 0 when increasing 3 to 1. This monotone property is not shown in the notation of Fj.
Nevertheless, we choose to use Fj since it is a much cleaner constant.

£y = 6, 2p2 {‘WI)”ZA + d2ffA1 +\fnﬂl Zz ) |\sz(3310)||1 + Gy + G5+ Ge;
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G.10 Proof of Lemmal[G.9

Based on Descent Lemma, we have

T T
Z (rh s.of B3)) < Z E(Vf (2k0),Tko — Tht1,0)
= k—to

T
L
< Ef(2100) —Ef (wr410) + Y SEl|zh+10 = zrolly

k=to
2
e d —
2 e 3 5 (B

2
Lin [ (1-8) 1
w0 -+ 5 (n O

Plugging in the r.h.s. of (33), we have the following relation after rearranging.

D)9 fano) |Vf<xk,o>|1} ~E|o()| - owﬁ(»]
0

Sl-

T
7o .
Z; ok ldemm{

T 2
<Ef (@)~ '+ 3 % Ldn <770 (11—552 L )

2
k=to

Recall we have 2 (f Vio — ) <> to f’z’“ b 1 <log T;gl, Further, since ||-||1 > ||-]|2,
we get the following relation when ¢ty = 1.

mm{ 2D Vf<zko>2,||w<m>||2H

1 dv/10D:dn . Ldn (1-p1) 1
ﬁT Ef (z1,0) — f* +log(T + 1) 5 (770 =3

2
51 ) +H2 +F57

(69)

We specify all the constant as follows. For all the following constants, We keep the same notation as
their appearance in their corresponding lemmas.

F — DO 1 .
5 Dyd \/10D:d’
._ no(Ga+dFy) .

Hy = RV

. 322 1-8 1 .
Fy = Mn®yngZ56s BT VI Y

2
42
L ( (1— BQ)\/W) 427, .
Gy := max V5Do ' (1=Ba)v/DrndyioDyd [ T G
. Ay .
Gy :=F+ 4\@(1,52)\/D1nd\/10D1d’

3
Fy 1= 014/ B“ {WAl + % + V287 Y IV fi(z1o)llh | + Ga + Gs + Ge:
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2 2n nS TL n— _ n
Gs =d 25% (61 2\/51\/5(11 ﬁl)z +n (1 - 1) Zi:olE|3af¢($1,0)|%/§) ;

2p3

75 [2P3 (1 _

+ f 2d ﬁg (1 /81)
—— B VR

B 2 LP% 1 L+ 87 A2
(1= Byl afn (\/ By (1_(15527{4@2)51) (1-81)% n

Gy=d 2p3ﬂ1\fn( 1) 3750 E(10afilxro)l);

Gs = B7(1-pB)V2|4] 2p3 [Z

I Z O fi(z1,0)

1 PEVANT
+d(1—f31)\J1\17n2 =

2p3 2 N102V/2 2p32 32v/2
+2(1 = 1 Jiln® ———=——=5(1 = B1)dy| =2 |J1|n Ainyn —
( )y |z [ Jn NG (1—=p1) 52|1|( 51)1 =57 B
1 2 ny, 32
d | s [ | (1= BB+ BN
o B Vi
B any, 3 1+/3Il A1(52\/i
+dV q" (1 = s)>4np2> L= A+ B gy vn
2
321/2
+2d —1—3 (81 + 87 A =
\ gy 0B D7 g 8”) VN Gy
[2 A

+d o’" 1—31 51-5—3{1)7737102

Ay = no\/Lliﬁ 11,371;
2

51 = _ (- 5224HP2 L _ 1),
where Ji = (=L — 257 — = BELE0TT), 6y = limgoo D521 (B4 /55 = 22 f
needed, we can further bound J; by n for simplicity.
Further, p1, p2, p3 are constants satisfying the following conditions for VI = 1, - - - | d. Usually, these

constants can be different for different problems. In the worst case, we have 0 < p3 < y/np; < n.
ps is larger when 0; f; (o) are more aligned.

Piloifi(zro)l |
S8 fi(ze0)

|max; 8y fi (zx.0)|*

L5 loufi(zr,0)l?’

[0y Oufilmr,0)
\/% 7o fi(zr,0)?
The proof of Lemma|[G.9]is now completed. This also concludes the whole proof of Theorem 3.1}

p1L >

P2

Y

P3

G.11 Dissussion on Bias Correction Terms and Non-Zero ¢ (Hyperparameter for Numerical
Stability)

In the above analysis, we focus on Adam without bias correction terms and we consider € = 0 (e
is the hyperparameter for numerical stability in Algorithm [T)). For completeness, we now briefly
discuss how to incorperate the bias correction terms and non-zero € into our analysis above. Based on
the current convergence proof, we only requires several additional simple changes. We list them as
follows.
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Adam with bias correction terms: This bias correction terms are introduced by (Kingma & Bal
</1—8Fk /1_ Rk
2014)). It can be implemented by (1) changing the stepsize 7y, into 7, = 11_ ﬂfl N = 11_ Bfl %;
1 1
(2) change the initialization of Algorithm[I]into my,—1 = v1,—1 = 0. More details can be seen in
(Kingma & Bal 2014))). We now explain how to inlcude this two changes into our analysis.

(1) Change of stepsize: We observe that the new stepsize 1jj, is well bounded around the old stepsize
Nk, 1., T, € [v/1 — Bang, ﬁnk] Therefore, to prove the convergence of Adam with 7j;, we add
the follwing steps into the current proof.

¢ Whenever we need an upper bound on 7, we use 7 < ﬁr]k. Then we follow the original
analysis with an extra constant ﬁ This step will appear in Lemma It turns out we only

need to change the constant A, in Lemma into ljﬁl \/”%k Ll\_/gQ 117% . The rest of the
A

2

analysis remains the same.

¢ Whenver we need a lower bound on 7j;, we use 17, > /1 — [om;. Then we follow the original
analysis with an extra constant /1 — (. This step will appear in Lemma and we only need
to change the constant terms in the final result. The rest of the analysis remains the same.

(2) Change of initialization: In our current analysis, we use initialization my,_1 = V f(x() and
v1,—1 = max; V[fi(zo)o Vfi(zo). Now we explain how to prove convergence with initialization
my,—1 = v1,—1 = 0.

* Weuse mi 1 = V f(zo) at Lemma|G.11} in which we bound the difference between M/ ;, and
Mj ;.. The goal of this lemma is to control M; , — M, = (’)(ﬁik*l)").
As explained in the proof of Lemma|G.11} after expanding MM , and M; , into serieses, they only

differ when “k < 07 (as shown in equation (48))). When we use mq,—1 = 0, half of the terms in
equation (@8) will become 0. However, it does not affect the result of Lemma[G.TT]|since all the

terms in equation (@8) are (at least) weighted by ﬂ%k_l) ". So even if half of them to be 0, the
rest of the terms is still in the order of ﬂ%kil)”. Therefore, Lemma still holds with a few
changes on the constant terms.

* We use v1,_1 = max; Vf;i(zg) o Vfi(xo) at Lemma Which is mainly based on Lemma

F.1 in (Shi et al.} |2020). According to (Shi et al.l [2020): to include bias correction terms into
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analysis, we just need to add one more constraint k& > + 1 and then we can reach the same

conclusion.

Adam with non-zero ¢: In our current analysis, we consider ¢ = 0. In practice, € is often set to
be a small postive number such as 108, Proving convergence with ¢ > 0 is strictly simpler. It only
requires a few simple changes based on the current proof. We explain as below.

When ¢ # 0, the new 2nd-order momentum becomes 9y, o := /U 0 + €. This brings the following
changes:

* Whenever we want an upper bound on 9y, o, we can choose one of the following upper bound.
— When VU0 2> € We have 9,0 < 2\/%. Then, we follow the same steps in the current
proof with minor changes on the constant.
— When ,/vi 0 < €, we have 0y o < 2e. This step, again, decouple the statistical dependency
between V fr1. o(z) and /vy ¢. It changes Adam into SGD and thus simplifies the proof.
Many technical lemmas could be skipped in this case.

* Whenever we want a lower bound on 9y, o, we have 0, o > €. This step decouples the statistical
dependency between V f. o(z) and , /T ¢. It changes Adam into SGD and thus simplifies the
proof. Many technical lemmas could be skipped in this case.
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