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1 APPENDIX A: BASIC ASSUMPTIONS AND NOTATIONS
1.1 Basic Assumptions

Before giving our theoretical results, we first present the common assumptions.
AssumPTION 1 (CONVEXITY). f; is u-strongly-convex for alli € [M], i.e.,
fiy) = fi(x) + (Vfilx).y - x) + Elly = I 1)
for all x,y in its domain and i € [M]. We allow 1 = 0, which corresponds to general convex functions.

ASSUMPTION 2 (SMOOTHNESS). The gradient of the loss function is Lipschitz continuous with constant f, for all x1, x5 € R¢

IVf (x1) = Vf (x2)ll < B llx1 = 2l @)
AssuMPTION 3. Let { be a mini-batch drawn uniformly at random from all samples. We assume that the data is distributed so that, for all

x € R4
Egx [Vfi (0] = Vfi(x). ®)

We also can get:

B [IVfi (6:8) = VAIP] < 0. @

AssUMPTION 4 (BOUNDED HETEROGENEITY). The dissimilarity of f;(x) and f(x) is bounded as follows:
LM
i Z; IVfi(x) - V)l < G~ )
i=

ASSUMPTION 5 (STOCHASTIC GRADIENT SMOOTHNESS). The gradient of the loss function is Lipschitz continuous with constant f3, for all
d
x1,x2 € R

IVf (x1:0) = Vf (2 DIl < Bllxes = x2l - (6)

Assumption 2 bounds the variance of stochastic gradients, which is common in stochastic optimization analysis [? ]. Assumption 3 bounds
the gradient difference between global and local loss functions, which is a widely-used approach to characterize client heterogeneity in
federated optimization literature [? ? ]. Assumption 5 is a necessary assumption in stochastic gradient noise reduction, an assumption that is
used only in the proof of the convergence speed of the FedBCGD+ algorithm.

1.2 Notation

We first define the notations to be used in analyzing the convergence properties of our algorithms.
1. x" is the r communication rounds global model.

T
2. x?j) is the j-th block of x, so that x" = xg) o, xU\})] . Note that xEj) is a virtual vector. It is realized at a hub j every r iterations,
but we will study the evolution of this virtual vector in every iteration.

3. xlrcj € R? are the local versions of the coordinates of the weight vector x?j) that each client k if hub j updates.
4. x* is is the minimum value of the function f(x).
5. Xk j (j) is the j-th block of x ; at client k in silo j, so that x(;) = % 2115:1 Xkj.(j)-

6. ylrcs is the local parameter vector that client j in silo k at iteration t.

7. Vi) Jrj (yk’ IHY ) is the partial derivative of f(x) with respect to coordinate block j, computed at client k in silo j using the coordinates

and rows at client k corresponding to minibatch .

r r\’ s r _1vK T rt
8.G" = (G(1)) ,...,(G(N)) ,WhereG(j) =I_<Zk:1 thl V(j)fk,j (yk’j;g).
It should be noted that components on x, i.e., x(j) are realized every T iterations when the hubs communicate with clients and with other

hubs, but we will study the evolution of these virtual vectors at each iteration. Therefore, based on the above definitions, assumptions and
our algorithms, we can express the evolution of the virtual global parameter/weight vector in the following forms:

K
le) L=t XL,1,<1>

r K r
*(2) 1 Ly F2,(2)
. X .

)

o
xEN ) L=t xlz,N,(N)
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ZIk<=1 Sio Yy fea (y,rctlg*)
K T ot
n Yooy L= Vo) fro (y,:’zaév) o
K :
St Zim1 VOO fin (y,r;j\,; {) :
In this case, we update all coordinates of the global weight vector x”, virtually at each time step ¢. We have the virtual gradient at each
time instant ¢ as:

Zf:l S V) fiea (y,’ctl,g)
Siet Ti=1 V2 fiez (y,r;,;;{)
: ©
YK ¥Lv | fw (g7t

k=1 2t=1 VN SN (Y € )|

Y S Y fi (y;’t)
S Vo il
Bs [G'] =$ =1 2i=1 '(Z)f (yl ) (10)

M T ,t
S S Vondi (v) - ]
We optimize the objective function of the tiered decentralized coordinate descent approach with periodic averaging. The objective is to train
a global model x”, which is a d-vector that can be decomposed as follows:

.
x" = xg)xb—'\})] (11)

where each x7 .. is the block of x”, or coordinates, for block j, r is communication rounds. The goal of the training algorithm is to minimize

an objective function with following structures.

2 APPENDIX B: THEORETICAL RESULTS OF FEDBCGD, FEDBCGD+

In this section, we only present the main theoretical results of the proposed FedBCGD, FedBCGD+ algorithms in Theorems 1-2, respectively.

The detailed proofs of Theorems 1-2 are given in Appendices respectively.
Moreover, we provide the convergence properties of the proposed FedBCGD algorithm. In addition, we also present the detailed proof for
the theoretical results in the next subsection.

THEOREM 1 (CONVERGENCE RATES OF FEDBCGD). Suppose that each function {f;} satisfies Assumptions 1,2, and 3. Then, in each of the

following cases, there exist weights {w, } and local step-sizes n, the output of FedBCGD (i.e. ZX) satisfies the following inequalities.

1. Case of strongly convex: f; satisfies Assumption 1 for u > 0,1 = O%T, i< % then

" [f (ZR)] (%) <[ = x4 pexp (_%f) N 128 [(1 B A_Ifi)i] G*+32%:
(384ﬁG2 + %ﬁo—z) (6144,32(;2 i %ﬁzdz)

o2 ?R? + o213R3

(12)

2. Case of general convex: Each f; satisfies Assumption 1 fory=0,7 = ——, § < %then
Bl )] -6

31
i (6raap262 + 2 p20%) |32 (1- &) %] 6* + 32| g
~ aR * a’R * VR (13)

(38462 + ﬁoz)% d

S wirs

+

Wi

2
a3R
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3. Case of non-convex: Each f; satisfies Assumption 2 and fj = %T, n< % then

RZHVf oo, 2N (3, K)oty e (1o K)o 2)

S Tkar ' VRTM TK M| TM
- 1
do\3 | 3842 9282 o2 (16y*f? 16y f?) o2 K\ 16y%p2 K 3
ro %) 38452 +_ﬂa_+( Yﬂ)az+( e TR DL P e
R) | a2 T a2 ™ TK M K M (14)

NI

) 1
il 3 115283 E
wo Q)T 20085 (K)o 11S2P7 (K o
R »az K M KTa? M

4 1
do\5 [ 9216 y2p* K 2304p% y? K 5
Y [ B e P e i iy P P
R) | & K M K a?T M
THEOREM 2 (CONVERGENCE RATES OF FEDBCGD+). Suppose that each function {f;} satisfies Assumptions 1,2, and 3. Then, in each of the
following cases, there exist weights {w,} and local step-sizes n, the output ofFedBCGD+ (ie, ER) satisfies the following inequalities.

1. Case of strongly convex: Each f; satisfies Assumption 1 for p > 0,fj = ——, § < min (_ﬁ LN) then
E[f (ER)] —f(x*) <O —D2 exp - min | - L (15)
30K’ 1628
2. Case of General convex: Each f; satisfies Assumption 1 for y = % then
[M BD?
sR\| _ * el
E[f(z )] f(x) <o X R (16)
2
3. Case of non-convex: Each f; satisfies Assumption 2 and fj = 711 al, n < ﬁ (%) * then
2
2 BF (M\3
_R pr(M
Eww <o (5 (%))
~ 2
where D? i= ([lx = x| + 35k TN, [le? - Vfi (+*) ) and F o= (f (x0) - £ (x*)).
3 APPENDIX C: MAIN LEMMAS
In this section, we prove some main lemmas, which play key roles for the proofs of Theorems 1-3.
LEmMMA 1. The following holds for any -smooth and u-strongly convex function h, and any x,y, z in the domain of h :
u
(Vh(x).z—y) 2 h(z) —h(y) + lly - z|® - Bliz - x|I*. (18)
Proof. Given any x,y, and z, we get the following two inequalities using smoothness and strong convexity of A :
(Vh(x). 2 =) 2 hz) ()~ D1z~ (19
(Vh(x).x =) = h(x) - h(y) + S 1y - x| (20)
Furthermore, applying the relaxed triangle inequality, we can get
Slly = xI1* = Flty — 211> = il — 211 (21)
Combining all the inequalities together, we have
+
(Vh(x) 2~ 9) 2 h(2) ~ h(g) + Lty 21 = Lo e, (22)

The lemma follows since f > p.

LEMMA 2 (BOUNDING HETEROGENEITY). Recall our bound on the gradient dissimilarity:

M
= D IV - VF I < G2 (23)
i=1
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465 If{fi} are convex, we can relax the assumption to 523
466 524
1 ,
o i DUV < G2+ 28 (F(x) - ). 29 7
’ i=1 526
469 527
470 Proof. According to the 1nequahty > llai = a||2 =1 N llail|* - ||a]|? for a; e R%,a = %Z;’zl aj, 528
471 529
M
4 1
472 2 2 530
— ) IVfi(x) = Vf()l” < G, (25)
473 M ; ﬁ f 531
474 532
M
475 1 533
476 M Z IVAEGI? < IVF(0)l? +G? 534
477 =1 535
478 <|v f(x) vf ()| + 62 26 536
479 ( ) 537
480 — 2 538
481 M Z ”Vﬁ (=) - Vf H G 539
482 (x) — ) 4 GZ. 540
<2 (- 1)
484 LemMA 3. (Relaxed triangle inequality). Let {v1, .. .,v;} be T vectors in R%. Then the following inequalities are true: 542
5 1 ||v,~+ij2 < (1+a)||zzi||2+(l+%)||vj||zforanya> 0, and o
486 544
487 2. ”21 lle < TZ‘i[:1 ||Ui||2- s
488 546

LEMMA 4. K is the number of selected clients in block j and M is the total number of clients. The following inequalities can be obtained.
489 547

490 1 i 2 K 1 i 548
Bl LA < IV +B (1= 3) 2 D ITAWIE, @) w
492 K i=1 M] KM i=1 550
493 . K 2 . M 551
494 1 . 1 . 9 552
Bz 2 VA®| < 5 2 IVAGIE. 28
i=1 i=1

496 554
197 Proof. Define I; as the random variable which indicates client i is selected in the r-th global epoch. 555
498 1 K 2 556
499 Ell= V£ 557
500 K ; fix) 558
501 l M 559
502 —E|l= V£(x)L 560
503 K Z ﬁ( ) ' 561
o0 i=1

504 . M 1 M 562
=E <E PRIICIEDY vmx)ﬂj>
506 i=1 i=1 564
507 . [ 565
=Bz | D, (VA@.VLE)E[LL]+ Y (V). VAG)E[L]
509 Li.j€[M],i#] ie[M] 567

- (29)
510 568
511 o1 K(K 1) K 569
=Bz | Z_ Sy (V) + _Z 31 (VG Vfi(x)
|Lje[M],i#] ie[M]

513 - 571
514 1 K(K-1) K(M - K) 572
515 = IZ ‘ Z M(M ) (Vﬁ(x)’ Vf](x)> + Z m <Vﬁ(x)’ Vﬁ(x)> 573
516 [i.j€[M] i€[M] 574
517 K 1 575
<E|IVf()I* +E (1 - M) O VAP
519 1 IE[M] 577
. . 2

o <5 > IVAGIE. o
B lE[Al] 579

522 580
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We will now proceed to the second part of our lemma’s exposition.

Proof :

1 & )
< M;HVﬁ(x)ll :

1o ’
2lg L VA

1< PR
Bl g L VAW| =B g 2 Ve
1 M 1 M
:E<E;Vﬁ(x)]li,l—<;Vﬁ(x)]Ij>

=E% Z

lije[M],i#)

(V£i(x), Vfi(x)) E[L1;] + Z (Vfi(x), Vfi(x)) E [I;]

ie[M]

1 K(K-1) K
| 2 o (EEVA@) ¢ Y V. A)
_l,]G[M],l#:j ie[M]
KK -1) K(M-K)
gL > M(M ) (VA V@) + ) M(M ) (VA VAiG)

K? lije[M ie[M
] DIV
ie[M]

M? K(K - 1) 9 1 [K K(K-
X i IV @I+ By [——

Z E[[V£()II?
€[M]

M MM -
(K 1) ]

M (K-
< —
S KM-1)

DBVl + 1[ (X - ”]

M-1)

ME-D 1
TKM-1)M

> EIVAGIE+ = [1-

ie[M]

=(M(K—l) +l[1 (K - 1)])

D, EIVA®I®

(M-1) i

> EIVA@)I?

K (M-1) M-1) S

= =S BIVA@I.

te[M]

LEMMA 5 (BOUNDED DRIFT).

Proof.

Elly

<E

1
1+ )E

T
ZE||yl.’”-xr |* < 61? ZZ”Vf P +3MT20%62.
t=1

™Mz

Il
—

i

;’t_l_xr_ﬂvfl( rit—1, )”
yir,t 1_ —TIVf( rit— 1)” + o’

1
1+ )E

rt—1 r
y;h X

2 2
w1t o g7 )| ot

rt—1 r

Yy, —x + 1720'2

T ”Vf( i 1) Vh () + Y ()

ri—1 r
y;h X

2
+2Tn? ||V £ (x"

? v oTy? HVf( i 1) VS (x7)

1
— + 2T772ﬁ2) E2 yrt 1 + 2T172|| Vfi (xr) ||Z + 1720'2

rt—1 r

y, - X

+2T}7 HVﬁ “ +;7 0'

)| +n?o?
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where the inequality < follows directly from Lemma 3. Let 2T5%8% < and unrolling the above recursion, we have

(T 1)’
E y(,t—l —x" 2
1
t-1 ) .
TZ(ZT" 94 I + ' )( +(T—1)) (34)
< (21 Vi ()| + 0% 5.
So, we can get
M T 2 M
ZZE Y- x" SZ (qu V£ ()P +n 0)3T2
i=1 t=1 i1 -
<673 ZZE“Vﬁ ” +3MT217 o2,
LEMMA 6. The variance of G" can be bounded by the following inequality
2 K T
SIRINIES R ATY R
Proof.
SRS rt ’
Z X kZ Z; Vit (ykjj;é)
j=1 =11t=
T K T N )
SOIPIPN YAty
1:1 tT:1 - (37)
< g 2 s ()
k=1t=1
T ShS r,t
<2 2 2 o s o
k=11t=1

LEMMA 7 (LINEAR CONVERGENCE RATE)). For every non-negative sequence {dr_1}, and any parameters 1> 0, fmax € (0,1/p],¢ > 0,R >

m, there exists a constant step-size ] < mayx and weights wy = (1— un)'=" such that for Wg := ZR 1 wr
1 ) w, w, = c
Yp = — (—r(l —pn)dr—1 — Ld, + cr]wr) =0 (pdo exp (—pnmaxR) + —) . (38)
Wr i\ n n HR

LEMMA 8 (SUB-LINEAR CONVERGENCE RATE). For every non-negative sequence {dy_1},>1 and any parameters jmax = 0,c > 0,R > 0, there
exists a constant step-size ] < max and weights w, = 1 such that,

R+1 2
1 dr—1 d d 2Ve1d, do \3 !
Yr = —— ( r-l ——r+Cll]+Cgl]2) < 0 + ° 0+2( 0 ) (323. (39)
R+1r=1 n n Mmax(R+1)  vYR+1 R+1

LEMMA 9 (SEPARATING MEAN AND VARIANCE). Let {1, ...,Z;} be r random variables in R? which are not necessarily independent. First
suppose that their mean is E [Z;] = &; and variance is bounded as E [||:i - §,~||2] < o?. Then, the following holds

Y=
i=1

Now instead suppose that their conditional mean isE [Zi | Bi-1,...E1] = & ie the variables {Z; — &} form a martingale difference sequence,
and the variance is bounded by E [||-i =&l ] < o2 as before. Then we can show the tighter bound

Zfz

E + 262, (40)

E +270°. (41)

i=1
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4 APPENDIX D: PROOF OF THEOREM 1

4.1 1. The rate of strongly convex and smooth convergence:

We outline the FEDBCGD algorihtm in Algorithm 1. In round r, we perform the following updates:
0" ="+ AT AXTTL = G (42)
K =x"l 4oL (43)

Before giving the convergence analysis of Theorem 3, we first present the following lemma.

LEMMA 10. Letz" =x" +y (x" —x"71),y = %, we can get

r+1 r 1 r
=z ———nG". 44
A (44)
Proof.
Zr+1 — xr+1 +y (xr+1 _ xr)
="+ r+1 +}’( r+1)
_ r r+1 r+1
=2 =y () + 0y (07
=z =y + (1+y)™! (45)
=z —yo" + (1+y) (" - nG")
274 (—y+(1+p)B)0” + (1+y) (-nG")
=z -n(1+y)G"
r 1 r
= _— G s
‘ 1—A”
with the equahty =, welet (-y + (1+y)4) =0,y = 1Z;. We complete the proof.

4.2 The proof of Theorem 1

Proof. We can then apply 2! = 2" — anG", a = ﬁ to bound the second moment of the server update as

EHZ}“+1 _ x*”2 _ E”zr“ —x*||2

<El]z" - x*”2 +naE(-G",z" - x*) +n?a’ B ||Gr||2 . (46)
— ——
C; G,

The term C; can be bounded by using perturbed strong-convexity (Lemma 1) with h = fi, x = yIZ’t, y=x*,and z = 2" to get

Jj=1 i=1 t=1
= - liivf( r,t) Zr—x*>

Mk:l t=1 l yi ’ (47)

! b r * r.t e, B * |2
<= 2 (B E) - ) =Bl =+ Ll - )

k=1i=1
ﬁ M T

ST(f )45 6% =2l =)+ 25T -

a b c
The term C; can be bounded by using Lemma 6 in <, Lemma 3 in <, Lemma 4 and Lemma 2 in <.
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929 987
930 988
931 989
932 990
933 991
934 992
935 993
936 994
937 995
938 996
939 5 997
940 G = E”Gr” 998
941 N 1 K T 2 999
Jt
942 = E EZZV(j)ﬁ"j (yll;,j;év) 1000
943 j=1 k=1 t=1 1001
944 N LK T LK T LK T 2 1002
— rt, r r
?45 _ZE I?ZZVU)ka(yk,j’g)_j?zzv(j)fk’j(x)+[_(Z V(j)fk,j(x) 1003
946 = i i o= 1004
947 2 9 1005
N K T K T N K T
948 1 ot 1 . 1 1006
< 23282 0 0 Vs (038) = 1 20 2 Vs 6| + 25282 DD Vs ()
j=1 k=1 t=1 k=1 t=1 = k=1 t=1
950 1008
N M T N K 2
951 a T - 2 2 1009
o52 <290 Z Z vaﬁ (67:8) = Vi i (v )H + 2R = > V() iy () 1010
953 J=li=l = J=1 k=1 1011
, M N K 2 ,
954 T 2 1 T 1012
2 2
o I ”Vf (s) - VA )|+ D 2rE] 2 DL Vs ()| +ageo s
956 =1 1=1 J=1 = 1014
957 M T , N LS 2 T (48) 1015
Lt 2 2
958 S 4]\—/[ Z Z HV(J)ﬁ (ylr ) — V(])ﬁ (xr)H + Z 2T E I? Z V(])fk,j (xr) + 4[—(0 1016
959 i=1 t=1 j=1 k=1 1017
960 M T 1018
T4 ) 2
%1 S4WZZ“y -x| +ZzT vaﬁw +4—o 1019
962 == 1020
963 1021
2 M T
964 ﬁ r.t 2 1022
s < M Z ||yl. —xr” +ZZE ZV<1)fk1 +4—0' o
i i=1 t=1 i
966 ) 1024
967 TA? M b2 2 . T , 1025
st S I AR s Z ZV(;)ﬁw “Vif &)+ V[ )| +ago e
i=1 t=1 j=1
969 1027
M T
970 b Tﬁz 2 5 1 1028
LS St w2 o ()42 L Z 19 ) + a2
k=1t=1
972 1030
M T
973 c TH? 2 K\T?/ , T , 1031
s <4 Dt - x TP+ 4T?B (F(x7) - £ (x*)) + 2 {1 - ibe (G +2B (f(x") —f(x*))) 40’ .
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5 APPENDIX E: PROOF OF THEOREM 2.

5.1 1. The rate of strongly convex and smooth convergence:
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We define client-drift to be how much the clients move from their starting point:
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LEMMA 12. We can get the bound of E;
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Proof. The term E; can be bounded by using perturbed strong-convexity (Lemma 1) with h = fj, x = yl ! y=x* andz=2" . Next we
will calculate the upper bound for Ej.
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We will now bound the final source of error which is the client-drift.
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1
LS -2

ieM

= ﬁ DByt VS (y,”;év) gV (50) + 0" -l + 0V () - 2
ieM
< (l+a)— E‘ Loz eV () - v )| (82)
(1+ )17 i ZEHCr—C;+ka (Zr)”Z
ieM

1 _
< (l+a)MZE‘y:’t L or
M

i€

+ (l + é) r]zé Z E“cr —cl +Vf (zr)Hz.

ieM

2
, we get

Once again using our relaxed triangle inequality to expand the other term 1\_1/1 YiemME ||cr —cl +Vfi(x

N SR I

ieM
1 M * *\ (2
:M;E”cr—c;+Vﬁ(xr)—Vﬁ (x*) + Vfi (x )”
(83)
< 3||Be"||? + ZHEC, v ()| +—Z||Vf ~ V()P
sifu B Vi () + 68 (F () - £ (x*)).
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The last step used the smoothness of f;. Combining the bounds on in the original inequality and using a = ﬁ we have

1
1+—) M
2 ( -1 rt—1 r2

_Z rt 1_r STZE yy — +6r72T/3(f(zr)—f(x*))
i i=1 (84)
6T .
ML 2 e - 5 )P
Unrolling the recursion, we get the following for any t € {1,...,T},
2 t-1 1 r
1 Z vt < (6T (£ () - £ () + 6TCr) (Z (1 — 1) )
T
< (TP (£ () = £ (%)) + 6T7Crr) (T = 1) ((1 rr) - 1) 65

< (6Tpr? (f (") - £ (+*)) + 6T7*Cr1 ) 3T
< 18Ty’ (f (") = f (x*)) + 18T*p°Cp—1.

. . _ 1 T _ : _ _ 1 T _ T )_
The inequality (T—1) (1 + TT) 1] < 3T canbe verified for T = 2, 3 manually. For T > 4, (T-1) | |1+ 7= 1] <Tlexp|7=x)—1) <

1 1
T (exp (%) - l) < 3T.

M
1
= B[] - VA ) (56)
i=1
Again averaging over t,
1w 2
i DI E|ypt -+ < 18T (F (27) - f (%)) + 18T Crr. (87)

t=11i

I
—-

LEMMA 14. For updates of FedBCGD+ with the control update and Assumptions 3-4, the following holds true for any 1j € [0,1/f] :

Blcr) < (1- 37 Gmre g (s (2] () - £ (4. )

Proof. We define client-drift to be how much the clients move from their starting point:

1 T M )
= o Z DBl -2 (89)
t=1 i=1
Plugging the above expression in the definition ofC, we get
1 & 2
- LS el - A
i=1
M 2
1 K _ K
-2 (1= 35 (11 =95 6) + 3 (195 6] 95 67 (0

M
s (1= 37 o1 5 2 EIA ) - A
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The final step applied Jensen’s inequality twice. We can then further simplify using the relaxed triangle inequality as follows:

K Kk & . *\ 112
101 = (1= ) Gr-s g 2 EIVA () -5 ()

< (1 - %) Cror + % iE”Vﬁ (1) - vs (x*)H2
K

i=1 (91)
M 2
< (1 - —) Cr_1+ 72 ;EHVﬁ (Zr_l) ~-Vfi (x*)
K K _
< (1) & el )] - rie0)
The last two inequalities follow from smoothness of {f;} and the definition
_ 1 iiE” rt _Zr”Z (92)
T T™ Yi ‘
t=1 i=1
LEMMA 15.
1 02 2 < ( ”) [T (1 - %) e (03)

With E; and Ej,we can get

E“z”’1 - x"(H2 <E ||zr - x*”2 +2naB(-G",z" - x*) +n*a? IE”G’H2
—— ——
Ey E,

(1 W”)Tllz |+ 2naT (=f () + f (*))

2r7aﬁ ( )];;( )+r72a2 (%)i“Ec;—Vﬁ Eall (94)
T

(12T s onat (o1 ) ) ¢ netp et DS

+8T%2 ()Z”Ec -V ()P,

iz
with 7 = anT, we have

< (1= Bl =2 o ) )+ Lo ]z > (1 - =)

=1 t=1
2 (1) %5 2 (95)
esi () 25 s - 94 ()
i=1

< (1 - %) =" - x*||2 +27 (=f (2") + f (x*)) + [278 + 47%] & + SF2E[Cr] .

IN

r

+

—

~
l

Jun

We can use Lemma 13 (scaled by 972 % ) to bound the control-lag

302 =3
spicr < LI (7 () - () + 2L, (06

Now recall that Lemma 14 bounds the client-drift:

oM .
972?@5( W) C’1+9(MK 1)q20,_1

+ 972 (4/5 (= [f (zr—l)] —f (%) + 2ﬁ28) .

(97)
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Adding all three inequalities together, we have

Hzr+1 —x*||2 + 9ﬁ2MCr

: (“ﬁ?y)”f_x*”u( W)9’7 = Cro1 = (2= 3678 = 5482 (f (') - f (x*)) (98)
+ [~ +4i* B?| & + (% —9+8+ 54;7) 7Cr_1.

Finally, with 7§ < # and 7j < 1z,3; the lemma follows from noting that

;1
—54f23% — 3687 +2 > 0, (99)
- fiB+4i* B> <0, (100)
%—9+8+54ﬁ£0. (101)

The final rate for the case of strongly convex follows simply by unrolling the recursive bound and using Lemma 7,
||zr+1 *|| + 952 —Cr < ( 777;1) “zr - x*”2 + ( ”’7) 9% ]I\(—/ICr_l, (102)
]E[f(ER)] - f(x*) Sé(%bzexp (—mm{%LM@}R)) (103)

5.2 2: The convergence rate of general convex and smooth case:

2741 = |7 + 9:72%& < (1 - %) [l2" — x*|* + (1 - %) 9:72%0,,1. (104)
For general convex case, we have p = 0, then the following inequality holds:
et = o2t < - +( "7’7)952%@_1. (105)

For the general convex setting, averaging over r in Lemma 8,

M pD?
E[ (’R)]— <0 =5- 106
flz X R (106)
5.3 3. The convergence rate of non-convex and smooth case:
Recall that in round r, we update the control variate
Vfi(x") ifieS”
ol = rfjl(x) nreen (107)
c; otherwise

We introduce the following notation to keep track of the lag in the update of the control variate: define a sequence of parameters {a;’t}

Ot

such that for any i € [M] and t € [T] we have ;" := =x%andforr > 1,

o o1t (108)

! a; " otherwise .

e {y?’t ifieS"
By the update rule for control variates (19) and the definition of {a;’t} above, the following property always holds:

cz’j =Vfi;(x). (109)

We can then define the following =, to be the error in control variate for round r:

g = TMZZE““ -2|P. (110)

t=1 i=
Also recall the closely related definition of client drift caused by local updates:
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™z

.le
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E [Hyi’t - ZrHZ] : (111)

T
1

I
-

From the smoothness of the function, we can obtain

Bf () < Bf () 4 B(VF (). 2~ ')+ Lm et o)
<Ef () +anB(Vf (), ~G) +h e B |67 (1)
— ——
F F

We will first calculate the upper bound limit for Fp,Let us analyze how the control variates effect the variance of the aggregate server
update.

P = 5|
N L& T 2
rt.
:j=1]E ?kzzl;%)fk’f (yk,j’g)-'-c(ﬂ ckj(])"'v(l)fkl( ) =V (259)
1 N M
SWZ;Z;t EHV(J)f( {) Vinli (& é/)+c(1) l(J)+V(J)f‘( )H
j=1i=
L NoMmoT
< 3 2 2 B[V () - VA 0) e -+ A @)
j=1i=
1 M T
SWZZEHW’( ;5)—Vﬁ( ) +c" =l +Vfi () +Vf (") - Vfi ()
i=1 t=1 (113)
Tzﬁz M rt rn2 2
< (5 ) -1+ ZEuc VR arE e - s )
ar?| &
(e 2B I
M T 2 M
4T L2 AT . .
SMZ;;EH%”—Z ||2+WZ;EI|ci—Vﬁ Col's
1= = i=
1 M TZ
warie| g [ - A ]| + 7 2 EIF I
i=1
< AT?B2E, + 8T E, 1+4T2E||Vf WP
LEMMA 16. Suppose f; satisfies Assumptions 4-5. We can bound the drift &, < ﬁ ZieMEHy;’t - z’”2 as
& < 24Tzr]zﬁzE||zr - ar”z + 12T2772E||Vf (zr)”2 (114)
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Proof. First, we observe thatif T = 1, &, = 0 since y: = x" for all i € [M] and that Z,_; and the right hand side are both positive. Thus
the lemma is trivially true if T = 1 and we will henceforth assume T > 2. Starting from the update rule (18) for i € [N] and ¢ € [T]

1 2
LS a2

ieM

1
_1lyg

W 2
S(1+a)$ZE

ieM

_ 2
op eV (05 E) = VA (5 0) e = el + 0V (<) -2

rt—1 r
Yo -z

2+(1+%) EHVﬁ(” 1,) Vi (250 +c" —cf +Vfi (2 )2

1 1 -
< (1 + 1 +4Tﬁ2r72) i leZA:/IE y;’t R +4T’72M k%:‘/[EHcr - Vf (zr)”z
1
4Ty’ Z E|Vf (%) - f|* + 4Tn?E||VF )| (115)
ieM
1 1
S(1+T—1+4Tﬂ2n2)ﬂi€%“4 yl” L +4Tr; Z ”c -Vf(z )||

am? = S B[V () - o[ + 4’| ()
ieM

1 1
<1+ +4Tﬂ2q2)— E
(1o a5
< 24T fPE || - &' |* + 12720%E ||V (")

2
rt—1 r
Y; -z

+ 8Tr]2[3’2E Hzr - arHZ + 4Tr72E||Vf (zr)”z

Averaging the above over i, the definition of ¢ and E,_1, we have

1

7 DB =1 < BBl - o | + 121 B VS ()] (116)

ieM

a
LEMMA 17. For updates of FedBCGD+ and Assumptions 3 and 4, the following holds true for any fj < ﬁ (%) fora e [%, 1] wherefj == aTn

17K 1 (K\*! 2 97 (K\*!
g <(1- B+ — = & 117
"( 36M) 1T g (M) 15 I + 48(M) r (117)

Proof. The proof proceeds similar to that of Lemma 13 except that we cannot rely on convexity. Recall that after round r, the definition of
a?’t implies that

271, (118)

= _ r__r||2 _ _£_ r-1_ _r|? 5 r=1_ _r|?
5, =Bl - 7| _(1 M) Bl - 2|t KBt
< (1 - M) Bl = el -2 (-2 ) 6 KRt

e e L

2

+— Bl =2 (119)

K
K.
s(1_g)(1+b)E;|arf1_zrf1||2+||zr_zrf1||2+(1_%)_( g2, + 28 v () F)

(1 - 5) (1+b) +8i°p ] o1+ (4ﬁ2ﬂ2 +2 (1 - %) %’72:62) &r

+ (4+2 (1 - ]\E/I) %) PE|Vf (Zr)”Z'
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The last inequality applied Lemma 15. Verify that with choice of b = W, we have (l - A_Ifl) (1+b) < (1 - %) and % < % Plugging
2a a
these values along with the bound on the step-size 827 < 3—16 (%) < %LM,ﬁ < ﬁ (%) fora e [% 1] completes the lemma.
17K 1 (K 2 97 (K\*7!
= 1- it — = Vf(z" Er. 120
"( 36M) Y2 (M) Iv5 GOIF + 48(M) v (120

Wi

LEMMA 18. Suppose the updates of FedBCGD+ satisfy Assumptions 2-4. For any effective step-size fj satisfying fj < 24,8 (A—Ifl)

(E [F ()] + 126% = ) ( [ ()| + 12pi o 1)——E|)Vf( | (121)
Proof. Applying the upper bounds of F; and Fa,
Ef (er) <Ef () +E(Vf (<) 27— )+ EE”er —zr”2
<Bf (&) +anB(VF (),-6 )45 e 867
——————— ———
F F,
<5f () - D|vp ()« Loty 4 Lot a2 28, + 35717,y 4 175 9 () (122)
<Ef(z ’7||Vf )P +(’7ﬂ +26% 2)8r+4 325, 1 + 2BiE||VF ()|
sEf(z')—(g—zﬁﬁz) vr ("] +('7ﬁ + 237 2)5 + 43528,
Also recall that Lemmas 16 and 17 state that
oM oM 17K 1 (K\%! . 97 (K \%*!
12p° B < 1257 (1 36M) r—l+@(ﬂ) IV (2 )IIZ+E(M) Sr) (123)
5 . 5 _ ;i .
gﬂzﬂsr <32 P81 + zézsz”Vf ("I (124)
Adding these bounds on E, and &, to that of E[ f(2*1)] gives
(E [f (z’“)] +12/33~2%5,) < (E [f ()] +12ﬂ3ﬁ2%5,_1)+(4+% 17),/3 2z, _ (125)
~ y 1 . N 2—-2a ~ . ~ 5 M 2-2a
—(g—zﬁ’iz—zﬁ'lz(g) —24'77)||Vf(z )”2*'(% Ty opit+ 4ﬁ'l (E) )ﬁzgr- (126)
(E [f(Z’)]+12ﬁ3ﬁ2KE) ( [ ()| + 12p o, 1)——E||Vf( I (127)

2-2a
By our choice of a = % and plugging in the bound on step-size S} (%) < ﬁ proves the lemma. The non-convex rate of convergence

now follows by unrolling the recursion in Lemma 18 and selecting an appropriate step-size 7} as in Lemma 8. Finally, note that if we initialize

= Vf; (x°) then we have Zy = 0. We can get
E [”Vf (Z-R)HZ <0 (%F (%)g) . (128)

6 APPENDIX F: MORE EXPERIMENTAL DETAILS

In this section, we give some experimental results:

6.1 Methods

We also demonstrate the robustness of FedBCGD and FedBCGD+ in different settings. For comparison, we use FedAvg [? ], SCAFFOLD [? ],
FedAvgM [? ], FedDC [? ], FedAdam [? ] FL baselines. The following is a detailed introduction to the experimental setup, model and dataset,
and comparison methods.
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6.2 Dataset processing

We evaluate FL on world datasets of image classification tasks including CIFAR-10 dataset, CIFAR-100 dataset, Tiny ImageNet dataset, mnist
dataset in our study.Both CIFAR10 and CIFAR100 datasets contain 60000 sheets of 3 x 32 x 32 images. For CIFAR10, there are 10 categories,
while there are 100 categories on CIFAR100. For CIFAR10 and CIFAR100, the sample size in the training set is 50000, and the sample size in
the test set is 10000. In the experiment, we set up 100 clients with 500 images per client.

Tiny ImageNet Challenge is the default course project for Stanford CS231N. Tiny Imagenet has 200 classes. Each class has 500 training
images, 50 validation images, and 50 test images. In the experiment, we set up 100 clients with 1000 images per client. We adjusted the size
to 256 x 256 and crop to 224 x 224 to preprocess each image

6.3 Model

To test the robustness of our algorithms, we use standard classifiers (including LeNet-5 [? ], VGG-11, VGG-19 [? ], and ResNet-18 [? ]), Vision
Transformer (ViT-Base) [? ], Logistic regression Model [? ]. We divided the parameters of the model into 5 blocks or more blocks and provide
the detailed parameter block division of the model in the Appendix.

6.4 Hyper-parameter setting

We provide hyperparameter settings for different datasets. For all real-world datasets in the convolutional network, including CIFAR10 and
CIFAR100, set the sampling rate to 10% for 100 clients. We set the batch size to 50, the number of local epochs for one round of communication
to 5, and the initial learning rate is searched in {0.01,0.03,0.05,0.1,0.2,0.3}. The learning rate decay for each round is 0.998, and the weight
decay is 0.001. We searched for FedBCGD and FedAvgM « in {0.4, 0.5, 0.6,0.7,0.8,0.9}, FedDC settings & = 0.01, FedAdam setting & = 0.9.

For the VIT model, experiments were conducted on Tiny ImageNet and CIFAR100 datasets, and a pre trained model was adopted, with a
sampling rate of 10% for 100 clients. We set the batch size for local training to 16, the number of local epochs for one round of communication
to 1, and the initial learning rate to search in {0.01,0.03, 0.05,0.1,0.2, 0.3}. The learning rate decay for each round is 0.998, and the weight
decay is 0.001. We searched for FedBCGD and FedAvgM « in {0.4, 0.5, 0.6,0.7,0.8,0.9}, FedDC settings « = 0.01, FedAdam setting & = 0.9.

For the logical classification model, we set the batch size to 50, the number of local epochs in one round of communication to 1 on EMNIST.
The initial learning rate is searched in {0.01, 0.03, 0.05,0.1,0.2, 0.3}, with a learning rate decay of 0.998 and a weight decay of 0.001 for each
round. We searched for FedBCGD and FedAvgM « in {0.4,0.5, 0.6, 0.7, 0.8, 0.9}, FedDC settings « = 0.01, FedAdam setting & = 0.9.

6.5 Results on Logistic Regression

We use a logistic regression model to verify the consistency between FedBCGD+’s practice and theory results. We conducted the classification
tests on the EMNIST dataset by using strongly convex and non-convex loss function models. To test the performance of our algorithms, we
use classical logistic regression problems, whose function has the following form:

Flx) = ~ ilo (1+exp (<bial x)) + 2 x| (129)
- N i=1 & P o 2 ’

where a; € R? and b; € {-1,+1} are the data samples, and N is their total number. We set the regularization parameter A = 10™*L, where L
is the smoothness constant.

From the results of logistic regression in Figure 8 (a), we observe that our FedBCGD and FedBCGD+ algorithms demonstrate faster
convergence speed. Particularly, under the strong convexity condition with high client data heterogeneity, our FedBCGD+ algorithm exhibits
even faster convergence compared to our FedBCGD, which aligns with our theoretical analysis.
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Figure 1: (a) Logistic regression with E=1 and p=0.1. (b) The problem with non-convex loss, where E=1 and p=0.1. The number
of blocks is set to N = 5.

ERM with Non-Convex Loss: We also apply our algorithms to solve the regularized Empirical Risk Minimization (ERM) problem with
non-convex sigmoid loss:

C A
min 3 fix) + 5l (130)
=1

xeRd n ;

where fi(x) =1/ [1 + exp (biaiTx)]. Here, we consider binary classification on EMNIST. Note that we only consider classifying the first class
in EMNIST.

From the results of the ERM problem in Figure 8 (b), we observe that our algorithms exhibit much faster convergence speeds than other
algorithms. Moreover, in the case of high client data heterogeneity, FedBCGD+ demonstrates faster convergence than FedBCGD, which is
consistent with our theoretical results.

6.6 Parameter Block Division

In this section we will show the parameter block division.

Parameter Block Network Layers =~ Number of parameters

Block 1 conv3-64 4800
Block 2 conv3-64 102400
Block 3 FC-1600 614400
Block 4 FC-384 73728
Block 5 FC-192 (share) 1920

Table 1: The parameters block division of the LeNet-5 network.
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Parameter Block  Network Layers =~ Number of parameters

2o Block 1 conv3-64 1728 2990
2o Block 1 conv3-128 73728 00
o Block 2 conv3-256 294912 @l
2904 2962
Block 2 conv3-256 589824
2905 2963
' Block 3 conv3-512 1179648 ’
e Block 3 conv3-512 2359296 o
2907 2965
Block 4 conv3-512 2359296
2908 2966
Block 4 conv3-512 2359296
2909 2967
Jo10 Block 5 FC-2048 2359296 Joes
o Block 5 FC-20438 2359296 2%’9
o1 Block share FC-100 102400 270
9013 Table 2: The parameter block division of the VGG-11 network. 2071
2914 2972
2915 2973
2916 2974
2917 2975
2918 2976
2919 2977
2920 2978
2921 2979
2922 2980
2923 2981
2924 2982
2925 2983
2926 2984
2927 2985
2928 2986
2929 2987
2930 2988
2931 2989
2932 2990
2933 2991
2934 2992
2935 2993
2936 Parameter Block  Network Layers ~ Number of parameters 0
237 Block 1 conv3-64 1728 %
2938 Block 1 conv3-64 36864 299
2939 Block 1 conv3-64 36864 o9
240 Block 1 conv3-64 36864 2%
o Block 1 conv3-64 36864 299
2942 3000
Block 2 conv3-128 73728
2943 3001
Block 2 conv3-128 147456
2944 3002
Block 2 conv3-128 147456 ’
2085 Block 2 conv3-128 147456 0
2946 3004
Block 3 conv3-256 294912
2947 3005
‘ Block 3 conv3-256 589824
s Block 3 conv3-256 589824 2000
2949 3007
Block 3 conv3-256 589824
2950 3008
Block 4 conv3-512 1179648
2951 3009
o Block 4 conv3-512 2359296 o
29;3 Block 5 conv3-512 2359296 o
Block 5 conv3-512 2359296
2954 3012
ross Block share FC-512 (share) 5120 s
29; . Table 3: The parameters block division of the ResNet-18 network. so14
2957 3015

2958 3016
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Parameter Block  Network Layers  Number of parameters

3017 Block 1 conv3-64 1728 3073
018 Block 1 conv3-64 36864 3076
3019 Block 1 conv3-128 73728 o7
3020 Block 1 conv3-128 147456 3078
0 Block 1 conv3-256 294912 07
sz Block 1 conv3-256 589824 2080
30 Block 1 conv3-256 589824 3081
S0z Block 1 conv3-256 589824 082
0 Block 2 conv3-512 1179648 3083
0% Block 2 conv3-512 2359296 s
027 Block 3 conv3-512 2359296 3083
. Block 3 conv3-512 2359296 e
zz;: Block 4 conv3-512 2359296 ;ZZ
Block 4 conv3-512 2359296 )

. Block 5 conv3-512 2359296 o
zzz Block 5 conv3-512 2359296 ;ZZT
e Block 5 FC-2048 1048576 s
e Block 5 FC-2048 131072 s
s0s6 Block share FC-100 25600 4094
5037 Table 4: The parameters block division of the VGG-19 network. 2005
3038 3096
3039 3097
3040 3098
3041 3099
3042 3100
3043 3101
3044 3102
3045 3103
3046 3104
3047 3105
3048 3106
3049 3107
3050 3108
3051 3109
3052 3110
3053 3111
3054 Parameter Block  Network Layers ~ Number of parameters 3112
3055 Block 1 ViT-Block 1 14299520 3113
3056 Block 2 ViT-Block 2 14299520 3114
3057 Block 3 ViT-Block 3 14299520 3115
3058 Block 4 ViT-Block 4 14299520 3116
3059 Block 5 ViT-Block 5 14299520 317
3060 Block share FC-100 153600 38
oot Table 5: The parameters block division of the VGG-19 network. :;;
3062 3

3063 3121
3064 3122
3065 3123
3066 3124
3067 3125
3068 3126
3069 3127
3070 3128
3071 3129
we 7 APPENDIX G: FEDBCGD AND FEDBCGD+ ALGORITHMS 3130
3073 The proposed FedBCGD+ and FedBCGD algorithms as shown in Algorithms 2 and 3, respectively. 3131

3074 3132
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3133 Algorithm 1 FedBCGD+ 3191
é1?4 1: Initialize x?’o = x™M Vi e [M]. ::
z:z 2: Divide the model parameters x into N blocks. sos
. 3: forr=0,..,Rdo sros
3138 * Client: . 3196
i3 5. Sample clients S C {l .. .,M},|S| = NK; sor
. 6:  Divide the sampled clients into N blocks; sros
a1 7. Communicate (x,c) to all clientsi € S; 1100
o, 8. for j=1,...,N client blocks in parallel do 100
'3143 o: for k = 1,...,K clients in parallel do 01
_ 10: Compute full batch gradient V fk’ j(xr); 0
s 11 fort=1,...,T local update do .
3146 12: Compute mini-batch gradient Vf; ; (xii 4 ) and Vfi ;j(x";{); 3204
z:; 13: x;’;ﬂ = xzs -nVfi; (xzs é’) +nc—ne ;i + Vi j(x7) = Vi j(x750); zzz
o 14: end for 07
3150 15 CJ/;,j - ka’j (x7); 3208
3151 16: Send xZ’j.:(j), xlrc’is and Ac(j) = c;;j’(j) —Ckj,(j), Aes = czngs — g j s to server; 3200
3152 17: ci — c:'; 3210
3153 18: end for 3211
3154 19: end for 3212
3155 20:  Server: 3213
3156 21:  for j =1,..., N Blocks in parallel do 3214
3157 22: Block j computes, 3215
3158 . r _1vyK _rnT | 3216
3159 > xr(j) N Krz_:le xrk’j’(j))r_ 3217
w0 ) TG HXG) TGy s
e B X X)) 3219
w26 e(y) = e(j) + 1 Dgog Ak () 220
3163 27 end for 3221
3164 28 Xy = ﬁ Zﬁvzl lef:l x;’;s; 3222
3165 29: Usr — }.Usr +x§_1 _ xg—l; 3223
3166 30:  X§ =X +05; 3224
B e T e
316

g 32 X7 = [xg), e ,x?L), x;T]T; 2997
3170 33: o = [v'g), el UEI]), ng] T; 3228
3171 T 3229
sy 3 €= [c(Tl), ) ..,c(TN),csT] ; 1230
3173 35: end for 3231
3174 3232
3175 3233
3176 3234
3177 3235
3178 3236
3179 3237
3180 3238
3181 3239
3182 3240
3183 3241
3184 3242
3185 3243
3186 3244
3187 3245
3188 3246
3189 3247

3190 3248
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