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A Proof of Theorem 3.1]

Preliminary discussion:
The following lemma from [1]] was used in the proof in the non inductive case [2].

Lemma A.1 (Latata, 2005). Let X be a random matrix with independent, zero mean entries, we have

E(|X]) < C; [ max /2E<ij>+m;mx¢ZE<ij>+4 E(xA) |,
J % %,

where Cy is a universal constant.

The proof of the result in [2] relies on this Lemma, which applies to random matrices with i.i.d. entries
and an elegant decomposition of the entries into two groups: (1) entries that have been sampled many
times, and (2) entries that have not been sampled too often. On group 1, the partial sums of the
Rademacher variables concentrate trivially (as the function is constant there), whilst on group 2, the
entries are well spread out and Lemma [A.T]limits the spectral norm similarly to the uniform case.
The idea of the proof is to carefully tune those two contributions by adjusting the threshold involved
in the split.

In our inductive situation, directly using a similar splitting strategy can only yield bounds with
non-logarithmic dependence on n, or bounds of the type of equation (3) (which are well known
and vacuous when the side information is of comparable size to the matrix). To understand the
problem intuitively, it is helpful to think of the case of ’community side information’, where users
and items can be divided into equally-sized groups (’communities’) by partition functions cy :
{1,2,...,m} - {1,2,...,d1} and ¢c; : {1,2,...,n} — {1,2,...,ds} respectively, with the rating
of (i, j) depending only on the groups ¢y (i) and ¢;(j) to which 7 and j belong respectively. If the
side information consists in indicator functions of the communities, simply applying known results
for standard matrix completion yields distribution-free bounds of order O(d®?,/r) (in this case
d = max(dy, ds) will be equal to the max number of communities), whilst applying existing IMC
results only yields bounds of order rd?.

Comparing the proof techniques in the MC and "IMC with communities" cases with this example
in mind, it becomes clear that the split should no longer be into frequently sampled entries and less
frequently sampled entries, but into frequently sampled communities and less frequently sampled
communities. To generalise this to arbitrary X, Y, we must define a concept of "frequently sampled"
combinations (X. ,,Y. ,) of columns of the side information matrices. In practice this corresponds
to a split between entries of X TRNY (where [Rn];,; contains the sum of the Rademacher variables
corresponding to entry %, j) by high or low variance: we use the rotational invariance of the trace
operator and equivalently express the Rademacher averages in inductive space. However, the
entries of the resulting matrix are certainly not independent, which makes it impossible to apply the
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concentration results from [I]]. Instead, we must rely again on the matrix Bernstein inequality [F.4]
Obtaining a covariance structure that is amenable to application of this result requires performing an
iterative procedure involving series of distribution dependent rotational transformations of the side
information and other estimates at each step.

Proof of Theorem[3.1] The theorem follows immediately from the classic result (Theorem [FI)) as
well as its variation [F.2]together with the Rademacher complexity bound below (Theorem[A.T). [

Recall that for any zi,...,xnx and any function class F we can define the (data dependent)

A~

Rademacher complexity R(,, . 5.y (F) as

N
I 1
R T1,..0sTn F) = Ea’ sup — Uif Ti), (Al)
e (F) = o s 3301 (0)
where the o;’s are i.i.d. Rademacher random variables (i.e. P(c; = 1) = P(0; = —1) = 0.5).

Theorem A.1. Let X € R™*% and Y e R™*% pe side information matrices. Consider the function
class

Fpm = {XMYT

1M < M}

We have the following bound on the expected Rademacher complexity of | o Faq:

o7 16xyIM + ¢ [100 d
Exl,___m\,m(lo]-"M)<bq/§+%log(2d)+ %\p (A2)

where U = [ log(2d) + \/log(N(QOMQK\/g[XQyﬂ/b + 1)] is a logarithmic quantity.

[ oxyMVd | ixyM b

Before we proceed with the proof, we need to establish a few lemmas.

In other words,

Lemma A.2 (Variation on Lemma 8 in [3]]). Let r € N and suppose we are given r fixed matrices
Ey,Ey,...,E. € R™ " with the property that |E,|; ; < B for all u,i,j. Now consider the
following function class for a constant C € RT:

Fo ;:{Z MEy M| <C VuSr}. (A4)

u=1

For any € > 0 there exists a cover C. < F with the following two properties:

1. For any Z € F there exists a Z € Ce such that for all (i,j) € [m] x [n] we have
Zij = Zijl < e

(AS5)

20B "
c€|<[0 ’”+1]

Proof. We consider the following discretised version of F for an ¢’ which will be determined later:

Dy = {Z pu€ By |(Vu) Pu€EZ A pu€] < C’} (A.6)
u=1

€

Let Z € F. We can write Z = Y, _, A\, E,, for some A,s. Let 7 = >y sign(Ay) [MJ €E,.



Note that Z € D.. Furthermore, for any ¢, 7 we have

$ 5k [ sencr [ | ]

u=1

Zij = Zij

(A7)

<B) € =Bre. (A.8)
u=1

€

Thus, setting ¢’ = Brs WE obtain that C, := D, is indeed a uniform e-cover of F w.r.t. to the L®
norm (over the whole sample space [m] x [n]).

Finally, it is trivial to calculate that

Cu| = [QC + 1] - [QCBT + 1] , (A.9)

€ €

as expected.
O

The following useful result is an immediate consequence of the McDiarmid inequality. A similar
result was presented in [4] (cf. Theorem 11 page 469) for the expected Rademacher complexity.

Lemma A.3. For any fixed x1, . ..,x N and any function class F mapping to [—1, 1] we have with
probability = 1 — § over the draw of the Rademacher variables o1, ... ,on,
N
1 - 21og(2/0)
sup — > 0if(Ti) — Rgq,...0n)(F)| <A/ ——. (A.10)
1 5 3303 = R () S

We now present the following result, of great importance to the proof of Theorem[A.T] and which
may be of independent interest. It may be viewed as a modification of Dudley’s Entropy theorem [F.6]
entertwined with Talagrand’s concentration Lemma.

Proposition A.4. Let 1, F> : X — R be two function classes, let | : R?> — [—1,1] be a bounded
loss function with Lipschitz constant (.

Assume that the function class F1 has the property for all ¢, it has a uniform cover of size N'(F1,€),
where N (F1, €) is some function of . That is to say, there is a cover C(e) of size N'(F1, €) such that
Sor all fi € F there exists f1 € C(¢€) such that for all x € X we have

Jiz) — fri(z)| < e (A.11)

Define the function class F = {f1 + fa|f1 € F, f2 € Fa}.

For all € and for any training set x1,...,xy, we have the following bound on the (expected)
Rademacher complexity of the function class [ o F:

f%(lo]:)é&—l—%g‘{(fg)—&-\/bg(MTﬂ’e))—l—q/%. (A.12)

In particular, the above also holds for the expected Rademacher complexity after taking expectations.

Remark: The requirement on the cover C(¢) is quite strong: we require that one fixed cover be an
e-cover w.r.t. the [ norm for any training set. However, this condition can be satisfied when the
function class considered is parametric and globally Lipschitz, as is the case in our application of the
result to the proof of Theorem [A.T]

Proof. Fix an € > 0 and let C(¢) be a uniform e cover of F;. By the Lipschitz property we have for
any o = (01,092...,0N):

N
?ggé;gil(f(xi)ayi) (A.13)
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iy e A9
1 . .
= sup sup — Doil(fi(z:) + [fr = fil(ws) + fal@s), vi) (A.15)
f1eF faeFs i=1
1Y
< _ . . ) .
< sup sup ; oil(fi(xi) + fa(z:), :) (A.16)
N
+ sup sup % Do [l([f1 = [il(@) + fu(@i) + fa(xi),yi) — U fa(z) + f2(xi)7yi)] (A1)
f1€F foeF> i=1
1Y
< sup sup — Z oil(fi(@i) + fo(®s), yi) + Le, (A.18)

fr1eF foeFs N

@
Il
—

where at the last line we have used the fact that [ is ¢-Lipschitz and that C(e) is an L* cover for any
dataset, including =1, zo,...,zxN.

Now, observe that for all f; € C (€) and for our fixed training set x1, . . ., 2 we can apply Lemma
to the function class

I, 0 Fp = {[lfaae) + o)) willls e o}

Thus, for any § > 0, we have w.p. > 1 — ¢ over the draw of the Rademacher variables,

1 . 1 .
Sup N Z; oil(fi(z:) + fa(wi), yi) — Eo S ; oil(fi(w:) + f2(xi),y:) (A.19)
1Y . A
= f§2£—2 N Z:Z:l O’il(fl (3’51) + fg(.’lﬁi), yi) - %(Zfl 9] .7:2) (AZO)
21og(2/6)
< . (A21)

where at the second line we have simply defined D?i(lfl 0 F2) :=Es;supy,cr, + Zf\il ol (fi () +
fa(@i),y:).

Now, composing inequality (A-2T)) with a union bound over all possible choices of fiec (e) we have
that for all 6 > 0, w.p.> 1 — §, every f; € C(e) satisfies

N
sup o) + o)) — (15, 0 F) (22
2672 i=1
< \/log(/\/ (F1, e)]37+ 2log(2/9) (A23)
2log(2/9) \/log(./\f(}—la €))
- \/N 4y ENT0) (A24)

Now, note that for any choice of f1, we can apply the Talagrand contraction Lemma(cf. [4] (Theorem
12 page 469), [3] (corollary 3.17) , [6](Lemma 8 page 1 of supplementary)) to the function class

R(lf, o F2) to obtain (for any fo):
R(if, 0 Fo) < 2AR(F). (A.25)
Plugging Equations (A-24) and [A:25]back into equation (AT8), we have that w.p. > 1 — 4,

1Y - 21og(2/6 log(N (F1,
igﬁgml(ﬂxi),w) < le + 2UR(F) +\/ ng\(]/ ) +\/Og( ](V L) (a26)




The only thing left to do is a simple integration over d: let X denote the random variable

logV(71,))

= sup Z oil( — le — 2UR(F) — ~ (A.27)
By equation (A.26) we have for all e > 0
P(X >¢) < 2exp (—622N) . (A.28)
Integrating over € we obtain
E(X) < J-OC 2 exp <—€22N> de (A.29)
0
= i/\]/vi Ooo exp(—6?)df = \/% : (A.30)

Plugging this equation (A.29) back into the definition of X (eq. (A.27 ) we obtain:

. 1
R(lo F) < be + 2UR(F) + 1| BN F19) Fl’ 4/ (A31)

as expected.

O
Proof of Theorem[A.1] Let &1,...,&, be sampled i.i.d from the sampling distribution D on
{1,2,...,m} x {1,2,...,n}. Let s1,89,...,sy be iild Rademacher random variables. For any
elementof { € {1,2,...,m} x {1,2,...,n} we also write e, for the matrix with all entries equal to

0 except the entry corresponding to &, which is set to 1.

Define the Rademacher matrix Ry := Zi\[:l €¢,S80. Define also U = X TRNY. This is a random
variable.

We begin with the following easy observations:
Tr (E(UUT)) =Tr (E(U'U)) =
—ZZmJHL szmmmw

u,v 1,7 ,J

— NT. (A.32)

ﬁM&

Simw
0)?

Note also that for any M, (XMY ", Ry ) = (M, U).

We will now need to iteratively define a sequence of matrices U*, U*, M*, V* ¢ R%*9 and
T for k = 0,1,..., K for some stopping time K. The whole construction depends on a real
parameter p > 0 which will be chosen later. It is important to note that although the construction of
Uk, U, M*, V* also depends on the sampling distribution D, it is a deterministic construction and
does not depend on the data (the same is true of M* for a given core matrix M).

T is a sequence of reals defined by 75, = E(|U*|2,)
First, we set U = V9 = U, MY = M (and Ty = NT).
Assuming that U* and M* have been defined already, we define the next iteration as follows.

We first obtain an orthogonal matrix AF ¢ ]@dl X_dl (resp. B* € R?*d2) which diagonalises
E(UR(U*)T) (resp. E((UF)TU¥)) so that E(U*(U*)T) = (A¥)~1D, A% and E((UF)T (U*)) =
(B¥)~1DyB* for some diagonal matrices D1, D.

Now, we define

vkt = ARk Bk (A.33)



MFY = A MR BE. (A.34)

Now, by construction of the matrices A**! and B**!, the matrices E((V**1)[V(+D]T) and
E([V#+D]T1V#+1) are both diagonal. We now split according to two cases: Case 1:

Var(VEH) <p Yu,v (A.35)
Case 2: equation (A-33)) does not hold, i.e. there exists ug 41, vg1 € R4 >4 with Var(V,EFL ) >
.
In case 1, we end the procedure and set K = k. In case 2, we set
Th+1 _ jrk+1 k+1
U =V —eup i1 i VMHM+1 (A.36)

(i.e. U**! s identical to V**! on all entries except (ux 1, Vg1 1) Where it is set to zero.)

The procedure repeats until case 1 occurs. Note that since the only operations on M are from
equation we have that M* = A=t AF=1 AN BOB' .. BF-! = A*=1 M BF~1 where
AF=1 (resp. BF~1) denotes the orthogonal matrix A*~tA¥=1 A0 (resp. BB ... B*~1). Finally,
we define

k—1 0
Uk = TT1a1'0" [ BT = [A* "ok B (A37)
=0 i=k—1

Now, observe that by the rotational invariance of the Frobenius norm and the nuclear norms:

| M%) = | M| (A38)
E(IVF* %) = E(U* %) = E(U*R) = T« (A.39)

and therefore for all £k < K — 1:
Terr = E(IU* YR = To = Var(Vill L) < Te - p. (A.40)

In particular, since 7o = E(|U|%,) = T'N is finite, the procedure must finish in finite time K with
I'N

K< —. (A41)
P

Now, U* is of course only the reexpression of U* in the original orthogonal basis: in particular by
the rotational invariance of the Frobenius inner product we have

(M, U*Y = (M*, T".

Further, we can express the recurrence relations (A.36) and (A.33) directly in this original orthogonal
basis in terms of transformations on the U*s:

Uk+1 — [Ak]*lf]k+1[§k]fl (A42)
= [‘Zlk]il [Vk+1 - euk+17ﬂk+1v1fkt11,vk+1:| [Bk]il (A43)
= [Ak]71 [AkﬁkBk - ewc+17vk+1<AkUkBkv euk+1ﬂ)k+1>] [Bk]71 (A'44)
= [AF]7H [AFARTURBR ' BY — ey on  KAFURBY ey o] [BF]TH (A45)
= [ k]il [AkUkBk - 6uk+1 Uk+1<AkUkBk7 euk+1,vk+1>] [Bk]il (A46)

A

U <AkUkBk euk+17’0k+1>[Ak] euk+1,vk+1[Bk]_1 (A47)
U <Uk [Ak] e’U«k+1~,’Uk+1[Bk] 1>[Ak]_1euk+1,’vk+1[‘§k]_l (A48)
—(U*, E)Ey, (A.49)

where at the second line (A:43)) we have used equation (A.36), at the third line (A:44) we have used
equation (A-33)), at the fourth line (A43) we have used equation (A:37), at the fifth line (A.46) we



have used equation (A-37) again as well as a simplification via the definitions of A* and B*, at the
seventh line (A.48)) we have used properties of the Frobenius inner product, and at the eighth and last
line (A49) we have defined Ej, = [A*] 7 ey, .., [B*] 7. Note again crucially that the Ejs are
deterministic matrices.

Now, we write P for the (projection) operator Py, : Ra*d2 — Rérxdz . 7 s (W, E}). Then
equation (A49) can be written

UL = (I — P)U*, (A.50)
where I denotes the identity operator from R? %92 to itself. Iterating, we obtain for all k

k—1
vk =] -p)U. (A51)
i=0

Note that both Py, and (I — Py) are self-adjoint. Hence, we can write

k—1
(MU*y = M ]I - 7%-)U> (A.52)
1=0
0
=( [] a-Pnm, U> (A.53)
i=k—1
=(M",U), (A.54)

where at the last line we have defined M* = []0_, | (I — P;)M.

Now, note that we can write

0
MF = H (I—"P))M (A.55)
i=k—1

k—1 u+1

=M->P, || U-P)M (A.56)
u=0 i=k—1
k—1 u+1

=M-> E, <Eu [T - Pi)M> (A.57)
u=0 i=k—1
k—1

=M — )Y E\(M), (A.58)
u=0

where we have defined \* (M) := <Eu7]_[;:,j_1(l - PZ)M> Note that |E,|lp = |Eu| = 1
and since each operator (I — P;) is a projection and in particular a contraction with respect to the

Frobenius norm we have that || H;‘Ikl_l(l —Pi)M | < |M|r < |M]|4. Hence for any M with
[ M|+ < M we have forany u < k < K:

AR (M) < M. (A.59)

We note that by construction, the matrix VE+! = AFUFBF = AF[AF—1U*B*~1B*, has the
property that E((VE+1)[VE+D]TY and E([V(E+D]TVE+1) are both diagonal, and

Var(VEH) <p Y, v (A.60)

Thus, we have
(WS s)T| = [EQ@EHVED]T)| < pds < pd, (A61)
(WS [0 = [BQV DTV | < pdy < p. (A62)



We now have the tools to proceed with the proof of the equation (A.2).

We define the following function classes:

K—-1
Fp o= { D MXEY T\ < M} (A.63)
k=0
0
o {x[ [T —pon |y |M||*<M}. (A.64)
i=K—1

By the constructions above and in particular equation we have F < F; + F». Furthermore,
also by the construction of U* etc., we can bound the Rademacher complexity of Fo:

0
Ee,...ex R(F2)) =E sup < l]—[
=K-1

[M]lx<M

0

=E sup
|M|*<M<L=l;[1
0
=E sup (I—-"P;)M
|M|*<M<L=11:[1

MI|YT RN> (A.65)

, XTRNY> (A.66)

, U> (A.67)

=E sup (M, UF) (A.68)
| M5 <M
< ME (|UK]) (A.69)

where as usual |-| denotes the spectral norm.

Now, observe that

K—1 N K-1
UK =T[a-Pyu=> [[UI-P)X ey (A.70)
i=0 o=1 i=0
N K—
= Z H I —Pi)wegyis, (A.71)

which is a sum of i.i.d centred random matrices. Thus we can apply Proposmon (F4) to it. The value
of "M" i Hee = iy | < xy,

the operator HK ! (I —"P;) is a contraction with respect to the Frobemus norm, and the spectral norm
is certainly bounded by the Frobenius norm). A bound on the value of "¢" from Proposition (E.4))
follows from our iterative construction and in particular from equations (A.61)) which ensure that "¢
is bounded by +/pd:

N
> ps<A/pd. (A72)
o=1

It follows by an application of Proposition (F4) to equation (A.69) that
NEg,.,...ex (R(F2)) < ME (JUX]) (A73)

< /8/3(1 + +/log(2d)) M~/pd Vi Y(1+1og(2d))).  (A74)

On the other hand, a simple application of Lemmal[A.2]tells us that 77 admits a uniform L* cover
Cy/n (w.r.t. the whole sample space), of granularity 1/N with

Noo(Fi, 1/N) = [Cyyn| < 2NMxy K +1]% < [N@MxyK +1)]%, (A.75)

since the maximum entry of F,, is bounded by xy for any w.



By Proposition (rescaled taking into account the bound b on the loss function) we have for any
training set

Fin(loF) < le + 2Ry (Fo) + b\/log(ﬂo(ﬁl’ YN | gy /Zﬁ”. (A.76)

Taking expectations with respect to the training set on both sides and then applying equation
and we obtain:

E[Rn(l o F)] < % + UE Ry (Fo)) + b\/log(F“O(ﬁl’ YN) 1y %ﬁ (A7)
<+ 2 VAR Vi) + B+ gz e
Klog(N(2MxyK + 1)) \/ﬁ
; b\/ - vy (A79)
2r £ 104M 16xy /M
< by ~tyt T\/m\/ﬁ TN log(2d) (A.80)
. b\/rlog(NQM:;er/p +1) ASD)
o ¢ 100M 16xy¢M
<y S+ 5 + — V108 2d)y/pd + = log(2d) (A.82)
2172 2172
N b\/x y log(N(QMx;[x v2|N/p + 1))7 (A83)

where at line (A.81]) we have plugged in the bound for K from equation (A.41) and at line (A.83) we
have used the fact that I’ < x%y?.

We can finally set the value of p, to balance the two contributions in equation (A.8T)) above: we set

xyNb
= A.84
P Tomeva A
which plugged into equation (A.83) gives
E[Rn (Lo F)] (A.85)
/2 16xy/ 14 10¢
<b WW + % log(2d) + OTM log(2d)+/pd+ (A.86)
242 3y3
b\/x y2log(N(2M[x3y3|N/p + 1)) (A.87)
p
2r  16xylM + ¢
<y )L XY .
b N + N log(2d)+ (A.88)

\/W [x/log(—%l) +\log(NEOMVAR2y2I b+ 1) |, (A89)

as expected.

B Proof of Propositions[3.1 and [3.2]

Proposition [3.2]is included in the wordier version [B.T|and proved below.



Proposition B.1. Wp.> 1 — 5f0r all M with | M| <

E[I(XMYT)e, Ge)] - N DX MY T)e, Ge) (B.1)
£eQ
< \;MNM max(oy,02)(1 + +/log(2d)) + /\/lxy(l +log(2d)) + b %

thus as long as N > 9[xy/max(co},02)]?(1 + log(2d)), we have with probability > 1 — & over the
draw of the training set S

E[I(XMY )¢, Go)] — - S U(XMs¥ T)e, G) ®2)
e
6¢Mmax(ol,02)(1 + 4/log(2d)) log(2/4)
< VN * b\/ N

Proof of Proposition|B.1, We will show the following bound on the Rademacher complexity of the
function class Faq := {XMY T : |[M| < M}

M(max (0%, 02)(1 + +/log(2d)) + ]i]/\/l xy (1 + log(2d)) (B.3)
and for N > 9[xy/max (o}, 02)]*(1 + log(2d)):

(%) < 3Mmax(ol, a\i/)ﬁ(l + «/log(2d))’ (B.4)

The claims then follow from Theorem [FI} together with Talagrand’s contraction Lemma.

Now, by the circular properties of the trace and the duality between the nuclear and spectral norms,
writing F for the matrix with F; j := > | o,1c0_(; ),

1 1 1 1
—(UXMYT F —Tr(XMYND)T )= —Ter(YM'X"TF)= —Te(X"FYMT
| YT R = MY TYTR) = T ) = - T )

1
N<XTFY, M) < |M|4| X TFY]. (B.5)

R(Fm)=E sup [1<XMYT,F>]
| M5 <M

M
< WIE(HXTFYH). (B.6)

The term E(|XTFY|) can be written as >, ToTegYds = PN 0o;,y;, . thus, we can prove
concentration inequalities for it using the non commutative Bernstein inequality (Proposition (E.4)).

We first note that for all 4, j, |z;y] | < xy. Furthermore, we have E; ;), (|[ziy, 1[ziy/17]) =

IS Pyl vl | = |5 psza] y 21 = | 5wl al = || = (o1)% and similarly,
Eijy~p ([[iy] 1T [ziy] 1]) = (03)

Using this together with Proposition (F4) we obtain

8 8
E(|XTFY]) < \/N\/;max(ai,ai)(l +4/log(2d)) + Xy (1+log(2d)). (BT
Plugging this back into equation (B.6), we obtain

1 8 L 1 8
E(R) < \/NM\/;IH&X(J*, o2)(1+ +/log(2d)) + N/\/lgxy(l + log(2d)) (B.8)
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(which yields (B3)) and as long as N > 9[xy/max (o, c2)]*(1 + log(2d)),

E(R) < jNM\/gmax(ai, o2)(1 + +/log(2d)) + \/—%M max(oy,02)y/1 + log(2d)

- 3Mmax(ok,02)(1 + 4/log(2d)) (B.9)

< \/N 5 .
as expected. This establishes equation (B.4) and the claim follows from Talagrand’s concentration
lemma and the Rademacher Theorem [E 1] O

Proposition [3.1] follows from the more general result below.

Proposition B.2. Let us write Faq for the function class corresponding to matrices of
the form XMYT with |M|, < M. Assume uniform sampling and write K :=

XTX|YIZ YTY| X3
ax [\/dl XXV, fg, VIR |
m n n m

We have with probability > 1 — 6, for all M € Fq:

E[I(XMY )¢, Ge + Ce)] ——Zl (XMY T)e,Ge + ¢)
e

< M’Cm(ljﬁ log(2d)) + 6.N/\/lxy(l +log(2d)) + b 10g2(]2\f/5)’

where \/r = (M/+/d1d2) and b is a bound on the loss.

Similarly, as long as

(B.10)

Vixy
N>
>9[ -

2
] (1 + log(2d)) (B.11)

we have with probability = 1 — § over the draw of the training set S, for all a M € Fy:

EU«XMYwaGgH@];gy«XMYw&@+<a
<vaﬁmmcvﬂXTX|YuwaYTY|X'ax1+\ﬂmazn>+byﬂmxwa
JN 2N
_ 6CK/rd(1 + /log(2d)) log(2/0)
N 2N

Furthermore, the above result holds under the following more general "uniform inductive marginals"
condition (analogous to the "uniform marginals”):

me]n and Yj, Y pijleil? = = (B.13)

— mn
2¥)

(B.12)

Proof of Proposition|B.2] In this case, let us simply compute the values of o} and o2. We have, by
y;|?, thus under conditions (B-13)), ¢; = HYHFY for all 4, and therefore

definition, ¢; = Zj Pi,j

e o IXTXY )R
= || = &= T~ Tkr B.14
(o1 = || . (B.14)
Similarly, we have k; = —”ii”fr for all 5 and
~ YTY|| X3
mn

Plugging equations (B.T4) and (B:T3) into the first result (B:2)) yields inequality (B:12) as expected.
O
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Remark: The sample complexity provided by Proposition above scales like

O((1/€?)[rK?dlog(d)]) where € is the tolerance in terms of expected loss. In the case of iden-
tity side information we recover the result of O([rdlog(d)]/e?) from [7]. In the inductive case, the
result is similar but with the correction term offered by X#, which makes the bound better when the
side information has lower effective dimension.

For instance, suppose d; = ds, m = n and the dimensions of X and Y are both k « d, and the top
left k£ x k entries of X and Y form an identity matrix, with all other entries of X and Y being zero.
Suppose also we are in the uniform sampling scenario. We then have that K2 = k?/d?, yielding
a sample complexity O([drk?/d?log(d)]/€?) = O([kr% log(d)]/€®), which is counter-intuitively
tight because of the extra factor of g. Indeed, it would appear the problem is similar to the uniform

sampling case with identity side information and a k x k matrix, which should yield a bound of
O(krlog(k)), but not better.

However, this factor comes from the scale parameter e. Indeed, recall that the expected error is
computed with respect to the sampling distribution in both cases. In this example, every entry (i, j)
where either z; = 0 or y; = 0 is known to be equal to zero. This means that we only need ed?/k?
accuracy on the non zero entries to reach € accuracy overall. However, only k2 /d? entries are usable
(corresponding to x; # 0 and z; # 0). This means if we were using an optimal strategy, we would

actually have a sample complexity of O( Z—ik log(k)). Our own sample complexity is actually slightly
worse than that due to the smoothing procedure, which ensures stability and theoretical guarantees,
but deprives us of a small part of the advantages of the weighting and adjustment. It is worth noting
that this slight limitation is similar to an analogous weakness in the results of [7]: indeed, even in the
MC case treated in that reference, the smoothed weighted trace norm[ﬂ (which requires knowledge of
the distribution) yields bounds of order O(rnlog(n)). That is the case even if the (known) distribution
happens to be supported on a subset of the matrix with size 1 x n where 1 < n, despite the fact that
a direct application of the result to the smaller matrix would yield better bounds in this case. It is
interesting but challenging to consider the possibility of extending both our results and those of [7] to
cover for these effects.

C Proof of Proposition 3.3]

Proposition [3.3] follows from the wordier result below:
Proposition C.1 (Long version of proposition . Wp. = 1—9, forall M € ]T"r:

E[I(XMYT)e,Ge + )] - % DU MY T)e, Ge + o) (C.1)
£eQ

- 80VT/rVd(1 + 4/log(2d))  12¢xy+/dydyr(1 + log(2d)) b log(2/6)

< T + i + N

Further, as long as N > min(dy, dz) 18x 18xy? (1 + log(2d)), we have with probability = 1 — § over

the draw of the training set S for all M € }-r

E[I((XMY e, Ge)] - - D UMY e, Ge)

£eQ
_ 20VTVrVA( + 3 /log2d) | [log(2/6) C2)
N 2N «

Proof. This follows from a careful application of the Proposition [B.1|to a modified problem where
the side information matrices X and Y are replaced by XP~1D~2 and YQ_lE_%.

Let §(x), 8(cl) (etc.) denote the value taken by x, o, (etc.) after the substitution above. Thus, we
only need to show that replacing the values of the quantities appearing in formula (B.2)) by their new
values (computed below gives the formula (C.2)).

!The exact, non-empirical version

12



We have 0(x) = [[XP1D"2]T|s0 < x|D" 2| <= xy/2% . And similarly, 0(y) < y4/2%.
We also have (M) = /rT.
One trickier computation is that of 6(o}) and §(c2):

1

(o) is the spectral norm of the matrix 6(X) = X P~1D~% evaluated with respect to the post-
substitution inner product {, )4 (;). Note that the new values 6(g;) and (r;) for x; and g; have the
following properties:

0(q:) = > pi|0(y;)]?
J
=il QB |
J

~1
< Y igluilP1E2 )
i

2qid>
< , C3
T (C3)
and similarly
2/43 dl
0
(kj) < T
In particular, for any vector v € R we have
. . 2d. 2d
[0l = <0, v00) = v diag(8(g))o < v diag(q)o =" < |olf (C4)
and similarly for vectors in R™ with a factor of %.
As a result we can compute:
0(0;)% = 0(X)" diag(6(a))(0(X))]
= [(XP~'D™2)" diag(0(¢))(X P~ D~2)]
2d
< TIXPD7%)T diag(q)(X P~ D™2)]
2 ~ 2
— d2 HD‘EP[P‘lDP]P_lD_%\ 02 T l21|
4d2
< ==, C5
T (&)
and similarly
4d
(cl)? < Tl (C.6)

Plugging the post substitution values computed above into each of the relevant expressions in
Proposition[B.1] we obtain first that w.p. > 1 — ¢:

%Q(M) max(0(o),0(02))(1 + +/log(2d)) + 6—69(/\/1)19(xy)(1 + log(2d)) (C.7
—P\fma «/ «/4d1 1+ 4/log(2d)) 126 dldQ/F SV Txy (1 + log(2d))
(C.8)

 8CVT/rVd(1 + \/log(2d)) . 120+/rdyds
B N

ii xy (1 + log(2d)) (C.9)

(C.10)

as expected.
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And then also that (wp. > 1—8) E [I(XMY T)e, Ge)| = & Seeq (X MY T)e, Ge) — by /12820
is bounded above by

)1+ ogad))  BVTVrmax(y/ 4 /4 (1 + log(24)

6£0(M) max(0(ck),0(c2))
VN VN
_ 120vT/rVd(1 + 1/log(2d))
— i 7

with the condition that NV needs to be larger than
90([xy/ max(oy, 03)])* (1 + log(2d))

=9 [xy\/QFTI\/QIZTQ/\/E\/&r VT (1 + log(2d))

18 2,2
= mil’l(dhdg) Xy

(1 + log(2d)), (C.11)

as expected. O

D Proof of Theorem 3.2

Theorem [3.2)follows from the longer version below.

Theorem D.1. Fix any target matrix G and distribution p. Define Zs = arg min(ig(Z): Z € ]\-ir)
For any 6 € (0,1), with probability > 1 — § over the draw of the training set we have

2log(13%)[y(d + 3) + ]

I(Z) <infl(Z) + [486/ry(x + y)? + 2b] \/

! N ; (D.1
where v = x2y
U(Z) <infl(Z) + [966y/ry(x + y)? + 40] \/ 2 log(12d) h](vd ke O

s

Proof of Theorem The lemmas which are used are proved below.
We write Z* for an element of argminz /(7). First, by applying Proposition we have that
N = +/min(dy, d2)18v(1 + log(2d)), we have with probabiltiy > 1 — §/3:

(F) - i5(2) < ZYEVIV \/1{ Vioa(2d)) loig/a) D.3)

Define C(S) = max ( - 1) Note that (1 —C(S))Z* € F,. Thus, using Lemma
we also have similarly with probablhty 1-4/3:

Is((1=C(8)2%) = U(1 - O(8)) Z*) (D4
24£\F Tyy/rVd(1 + 4/log(2d)) log 6/5)
VN 2N

as long as N = 8y2 + y([8d + 20][log(2d) + log($)]. By definition, since (1 — C(5))Z* € Fr we
also have

Is(Z) —Is((1—C(8)2*) <0. (D.5)

Next, by Lemma aslongas N > 2 log(%) [v(d + 3) + 2], with probability > 1 — §/3 over the
draw of the training set:

(1= C(8))Zx) = U(Z4)

14



— 1 2log(224)[y(d + 3) + 7]
< Tl |  + N L

y?
covir| Lo L) ¢ 2lo(12)[(d +3) + 7] o
Y N

Combining all of the above, we get that as long as N > 2log(%¢)[v(d + 3) + 4?] and N >

y/min(dy,d2)18v(1 + log(2d)), we have

UZ) = U(Z) (D.7)

<UZ)—1s(2) +1s(Z) —Is((1 - C(5)2*)+ (D.8)
Is((1—C(9)Z*) = 1((1 = C(9)Z*) + 1((1 — C(S)) Zs) — U(Zx)

- 1207/T/rVd(1 + +/log(2d)) b \/10g(6/ )

i o (D.9)
24@[ VrVd(1 + 4/log(2d)) log(6/4) (D.10)

VN 2N '
Mﬂ[ ] \/210g<12dmj<vfz+3) 9] o)
< 4867\/fﬁ\fd/%+ 4/1og(2d)) + o log2(]6v/5) D.12)
(R +yz)\/2log(12d)[vj(\;i+3) +72] D13)

4809V T/rV/d(1 + +/log(2d))

< i (D.14)
+ [0y/ry(x? + y?) + 20] \/210g(5d)[ ](\;l +3)+7] (D.15)
< [480y/ry(x + y)? + 20] \/2 log(%d)hj(j 3+ (D.16)

Furthermore, the conditions on /N can now be dropped since the RHS is greater than b whenever N
fails to satisfy either of them.

The expectation version of the theorem follows directly from Lemma[F3] O

E Lemmas for the proof of Theorem [3.2]

Proposition E.1. For any § € (0, 1), with probability = 1 — §, we have

1

HD PP'D 3| <2, (E.1)

&v

as long as N = 8y? + ~[8dy + 20][log(2d) + log(3)].
Similarly, for any § € (0, 1), with probability > 1 — §, we have

<2, (E.2)

O

as long as N = [8y% + ~[8d + 20]][log(2d2) + log(3)]-
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Proof. We will write T for the matrix D>PP~1D~% whose spectral norm we want to bound.

‘We consider the matrix
T:=D 3PP 'DPP'D~% = (T-H)T(T™Y). (E.3)

We can write 7 as a sum of independent random matrices as follows:

ip 1 o~
Tim 5 D D74P | Gaead el + 5o loe Plue 21| P~
2d
£eQ
_1 1 o~ 1
= Do D3P | gl iyl + o el 1| D
1) 1
S ON E4
B NZ * (E4)
o=1
where ) is the multi-set containing all the iid sampled entries and A =
b- QP[ f"“:sl”yfé’“”ﬁH%HQIIyszllgl] P7'D~% and the £ (0 = 1,...,N) are the

sampled entries.

Now, we can compute the expectation of 7 and A as follows:

~_ 1

1 1xo1
BT) = B = DousDLP el lul? ¢ g lelPlulP1 | P57 w9

|

= D—5PP—1DPP—1D—§ =1 (E.6)

Now, note that for any (7, j) € {1,2,...,m} x {1,2,...,n} we have

1 i1 1
Il = |B4P | GoaT Il + 51 ||xi|2|yj|21] PODE < (pxty? DI
1 ~ 2d x2y?
<GPyt + D)5 < 1=v+1 E.7
(2XY+2d1)F £2y+ v+ (E.7)
By abuse of notation, we write below A for the random variable A where € € {1,2,...,m} x
{1,2,...,n} is distributed according to p.
We now begin to bound |E((A — E(A))(A —E(A))T)|. We first note that
IE (A —E(A)(A—EA) )| =|EQAAT) —E(A)EA) T
= [E(AAT) — 1| < |E(AAT)]. (E.8)
Thus, we now note that by equation (E4):
E(AAT) = (E.9)

T
e ] ey 7] N S 1l 71 I

i D™ i I{\P~"D P iT; Il P "D =.
Zp:] °P [ 2 Lid; + 2d1 2 Lid; + 2d1 2

.3

From this it follows that

~_ 1

[E(AAT)] < i | P

)

(E.10)

1 1 o~ 1
DA |Gl | PDp |

~ 1 1 -1n- 1 “'Ds
o e T e g L P P
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-QP[ mT|yJ|2] PB- 1P[|xz| ||yj|21] Pt

~ 1

Zp” 4 | el PP | PP P

4,J

Nl

We bound each of the four terms above separately:

For the first (and key) term, we have:

Zpu D7:P [w] |y; | P~ D7 P [aia] |y 2] P D™
0]

Nl=

1 ~_ 1 Nl ~_ 1 BRI
< 1|12 pis DT3P [wial Jy;|?) PT1D ™3| sup | D3P [wia] |yy2] P71 D
i,j By
12d1 ~77 1 -4
< Ty me 2P [wia] |y;|*] P~ D2
4T
di 2.2 -3 -1 —17-2 di 2,2 -1 di
— SExy HD spp-'DPP D zH:—ny DD < -5 (E.11)
For the second term we have
DR | Ll 21| P D | T2 | P D
¥ EANT zizy |y;
2dy 2
x2y? |~ 1 ~ 1 (1 < IR
< S HD 21Dz ;Pi,jD 2P[2xixi |yj|2]P ‘D7z
2 22d 2,2
XYy 2l HD"PP lppp—iDp3| < XY (E.12)
2d, 22y?
For the third term we obtain similarly:
-1 . 2| p—1p-1 —175-1 x%y?
W | gl | PRDP | Sl | PDE < 5 < 6y
Flnally for the fourth term we have:
s DA P | o a2y 12T P DT P | Py 2 | P D
i 2d, / 2d, /
2,271 2,2 2
y'D y72dy " 2, (E.14)
2dy 2d.T°

Plugging equations (E-I1), (E12), (EI3) and (E4) into equations (EI0) and (E=) we finally

obtain:

|IE (A —EA)A—EA) )| < |E(AAT)]| < v(di +2) ++° (E.15)

We now apply the non-communtative Bernstein inequality (F3)) to 7 — E(7) which is the average
of N ii.d. instances of A. With the notation from Proposition we have M = v + 1 (from

equation (E-7)), v? = ZJOV 1 NQ[ (dy +2) +97] = [W(dl + 2) + 2] (from equation (E.13)),
n = m = dy and we obtain (for all 7):

PUT BT > 7) < Cayexp (12
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NT2/2
< (2d)exp ( DT 1>r/3) (E16)

Setting 7 = % we obtain, as long as N > [8y2 + [8d; + 20]][log(2d,) + log(})]:

P <|T— E(T)| > ;) < (2d) exp (‘1;1{427/3)

N
< (2d) exp <_8[7(d1 +2) +92] +2(y + 1))

< (2dy) — N
SO EPA T T [8dy + 20]
<. (E.17)

Thus, we now know that as long as N > 8y2 + 7[8d; + 20][log(2d) + log(3)] we have with
probability > 1 — § that

17 —E(T)| < (E.18)

DN | =

This already implies that ||7| < 1 + 0.5 < 2 and therefore |7~!| < /2, leaving us only the second
inequality to prove.

We will show that inequality (EI8) actually implies inequality (E:T).

To that effect, recall from equation (E3) that 7 = (T-1)T(T~!) = G~ where G = TT". Thus

we have G = [I + (T — I)]”". Rewriting this as G [I + (7 — I)] = I and taking spectral norms
on both sides we obtain

|IGlloims (I + (T =1)]) <1, (E.19)
where for any symmetric matrix A, oi,¢(A) denotes the smallest eigenvalue of A.
Now note that by inequality (EI8), for any unit vector v, we have
1 1
VI I+ (T-Dv=1-v"(T-Dvz1—|(T-10)|= -5 =3 (E.20)
Thus the smallest eigenvalue of [[I + (7 — I)]| is bounded below by 1, i.e.

Ot ([I+ (T =1)]) = % (E.21)

Plugging inequality (E-2T)) back into identity (E:19), we obtain:
G| < 2. (E.22)

Finally, recall that G = TTT and thus |G| = |T'|?, which together with inequality (E.22) finally
implies

1T < V2, (E23)
as expected. O

Lemma E.2. Let M € R4 %% pe g fixed matrix with | M|, = 1. For any § € (0,1) we have that
wp. > 1—6, (aslong as N = 2log(22)[v(d + 3) + 2]):

2log(4)[v(d + 3) + 4]
N b)
(E.24)

N|=

| M| = |DzPP'D 2 ME 3QQ ' E*|, < | M| 1+\/

where d := max(dy, ds).
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~

Proof. Writing M for the matrix D2 PP~'D~3 ME~3% Q@flﬁ% we want to control, we have by
the properties of the trace norm:

T 1 2 2 T 37
[ M = IB%X (2 [HAHH + HBHFr] :AB' = M>

Let /vl é denote the Iygtriwces WlAlichArealize thg n;l\aXiIIllle abO\ig N NowAnotE that we
have [D sPP-1D- 3] 'AB[E-:QQ'E2]"' = [D:PP 1D 2] ' M[E-:QQ 'Ez]!
AB = M where

:QQ'E~:]7'B. (E.25)

In particular, we have

1 ~
I = e (5 (141 + 1B1%] - 45 = 37

1
> 5 |1AlE + 1B |- (E26)

Now, we can express A and B as [D2 PP~*D~2]A and [E2QQ ' E~%]B respectively, and thus
we have

T Lrix2 502
I8 = 5 [ 1Al + 151
L R R -SSRy M1 g~ 1
:5[||[D2PP DUNAR, + B2 QQ BT NBIR]
D:p 1 ~1A 11, ~ ~
<max(|[D} PP DI B2 QQ IS | 1A + 1B
<max(ﬂ[ﬁéﬁP—lﬁ—%]u,H[E%Q BT IM (E.27)

=
O

Hence, we need to bound the quantity max(|[D? PP~1D~z]| QE~z]]|).
11ar notation to proposition l we have T; = [13%]313*1]5*%] [Dz 13P’11~)*%] and 7o =
[E:QQ1E~4]]

Picking up the proof of proposition (E-I)) at equation (E:I6)), we obtain (for all 7 < 1):

P(|[DzPP'D 5|2 =21+ 1) <P(|Ti —I| > 1)

< (2dy) exp <u2f1{427/3)

N72/2
< (2d —
e (e )
NtT2/2
< (2d _— ] E.28
e (s ) ®2
O
Rewriting, this implies that with probablity greater than 1 — §, we have
TIPS 2log (24 )[y(dy + 3) + 72
H[D%PP D- %]HZ < 1+\/ Og( 5 )[/75\[1 ) Y ]’ (E.29)

as long as N > 21og(%)[ (dy + 3) ++2].
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> 2log(222)[(d2 + 3) + 72]) we have (for any &) with probability > 1 —§

Similarly, (as long as N
A i~ 2log(22)[(dz + 3) + 72
54 GQ- Q‘é]l2<1+\/ e + 9+ 71, (€30
Putting the above two results together and plugging them into equation (E-27)), we obtain (as long as
N = 2log(2d)[v(d + 3) + 7?]) with probability greater than 1 — §
L. < IAF 2log(F)[v(d +3) + 72
M < | M« 1+\/ alil EV ) £ 7] , (E31)
as expected.
Lemma E.3. Fix M, such that | M| = |D: PMQ'Ez| = \/rsT' < \/rI. Define
(E.32)

1)7
*

where M = D3 I3MQ E3.
YT, as long as N = 2 log(Z)[v(d + 3) + ~2], with

Writing Zs = XM, YT = XM,Y " = XM,V ",
probability = 1 — § over the draw of the training set
H[Z4)i, Gy ])

E(ij)~p (l [(1 —C9)NZx)i,j, G ]
AT [;2 N ;2] \/mog(‘;)h%w) 7] 3

Proof. We have, writing © for the matrix with ©, ; = p; ; and using the notation | A| for the matrix

1 —
—— M,
Ty

C(S) = max (0,

obtauied from /i by replacing each entry by its absolute value
Eijy~p (! [(1 - 0(5))[2*]1',;» Gijy] = U[[24)is: Giip])

- Zpu CNZs)ij: Giiy] = L[ 2l Giig]

Kpr| (1- N Zxlig — [Z*]i,j}
(8) Y pij|[Zelig| = €C(5)<O, | Zs]> = C(5) (O, XM YT}

o
(E.34)

5) <é, RIITY,
where we write © for the matrix with ©; ; = ©, ; sign([X M, Y T]; ;) for all 7, j
Replacing the expressions X P~'D~3 and YQ_IE_% for X and Y respectively and using the

circular invariance of the trace we obtain

]E(i e U[A = CONZelig, Gigy] = U[Ze)ig, Gap])
S) <(:)7)N(J\Z)7T> =C(9) <C:), [XP‘lﬁ_%]J\ZE—%QYT>

e
10(S) <5*%PXT€)YQ*1E*%,M>
(
(

(C(S)| M| D2 PXTOYQ 1 E Y|
E %] (E.35)

[ﬁféprAfl] A®B [B*YQ o

0C(S)| My«

where A, B are arbitrary invertible matrices
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Now by Lemmal[E.5] setting A = diag(|z1>, ..., [zn]?) and B = diag(|y1]?,. - .. [|lya]?), we
obtain:

H [f)—%PXTA—l] A®B [B—1YQ—1E—%]

~ ~ ~ T
< % [D*%PXTA*I] diag(AOB1,) [D*%PXTA*] '
~ T ~ ~
+;H[B‘1YQ‘1E‘5] diag(ﬂnA@B)[ lyQ 1B~ H (E.36)
1 ~_1 T . ~ ~_1 T T
<53 [D FPX ]dlag(@Bln) [D FPX ]
1 1 5-1 T . T a5\ 15-1
o [YQ E ] diag(1,48) [YQ'E ] (E.37)
< L [B—%PXT] diag(©B1 [IND‘%PXT_T
= 2$2 la’g( n) ]
1 1=l T . T B 15— 1
58 [YQ E ] diag(1},40) |[YQ™'E ] (E.38)
L [5—%PXT] diag( )[f)—%PXT]T
- 2&2 la’g q
1 EESEES L 171
+2—g2 [YQ E 2] diag(x) [YQ E 2] (E.39)
= 2% D zpp-'ppPpP~'D = E:YQ 'QEQ'QE 2
XL
11
<5+ (E40)

where at line (E36), we have used Lemma E.5|and at line (E:38) we have used that diag(©B1,,) <
diag(©B1,) (i.e. diag(©B1,) — diag(©B1,,) is positive semi-definite).

Now, using Lemma [E.2] together with equation (E-40) above plugged into equation (E-33), we finally
obtain that as long as N > 2 log(%d)['y(d + 3) + 2], we have with probability > 1 — §:

Eijy~p (l [(1 = C(SN[Zx]i.y, G, j)] -1 [[Z* igr Gig ])

< (C(8)|Ml || D73 PXTATY | ABB| By Q T B

]

< (c($)| L1, [1 +;]

1 ] \/210g(§l)h(d+3) +7% (E.41)

~ 1
<l | 5+ 55 “ 7

as expected. O

Lemma E4. Foranyr > 0and § € (0,1), as long as N > 8y* + v[8d + 20][log(2d) + log(3)],
we have with probability = 1 — 0 over the draw of the training set:

sup [|Z(Z)*lAs(Z)I] < sup [!l(Z)flAS(Z)H (E.42)
ZeF, Ze]:4w
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Proof. This follows from Lemmaupon noticing that if Hﬁ% PP-1D-3| < V2,and XMY T €

F, and HE%Q@—lﬁ—% <2, and XMYT e -

|| = |D*PP' D™ s ME 2QQ ™ E*|s < 2| M| (B:43)
Using this and the fact that '/ < <y yields the result immediately. O

Lemma E.5. Let U € R4*™ K e R™*" V e R"*% be matrices and let 1,, (resp. 1,,) denote a
column vector in R™ (resp. R"™) all of whose entries are equal to 1.

We have the following bound on the spectral norm of UKV :

1 . .
UKV < 5 [|U diag(K1a)U | + [V diag(1g, K)V] . (E.44)

Proof. The result essentially follows from the Cauchy-Schwarz inequality. Indeed, let . € R4 and
v € R?% be two unit vectors. We have, using Cauchy-Schwarz at the second line:

i=1
m n 1
< 2 > 3 [T UK ; + [Vol; Ky ]

TU diag(K14,)U "u + 5 ”UTVT diag(1y, K)Vv

[|U diag(K14,)UT| + |V diag(14, K)V|]. (E.45)
Since v and v were arbitrary unit vectors, the result follows. O

F Low-level lemmas

Here collect Lemmas from the literature that are useful for our proofs. Sometimes we need to prove
them purely to obtain explicit constants, but everything in this section is known.

Lemma F.1 (Non commutative Khinchine inequality [8} 9, [10]]). Let X € RI*4 be q matrix with
Jjointly Gaussian, centred real-valued entries. There exists a universal constant C}, such that the
following bound holds on the expectation of the spectral norm of X :

E (1X]) < Ci/log(@) | |E(XTX) % + |B(XXT)|? ] 1)

Recall the following classic theorem [[11} 12} 4]:

Theorem F.1. Let Z, 71, . .., Z, be i.i.d. random variables taking values in a set Z, and let a < b.
Consider a set of functions F € [a,b]*. V& € (0, 1), we have with probability > 1 — § over the draw
of the sample S that

1

Vfe F, E(f *i F(21) + 2Eg(Re (F)) + (b — ap [ 2820

n

3

We also have that with probability = 1 — ¢, the following data-dependent bound holds:

log(4/5).

1 n
E(f - 2 -
VfeF, n; zi) + 2Rs(F) + 3(b — a) -

Proposition F.2 (Bernstein inequality, cf. [13]], Corollary 2.11). Let X1, X, ..., Xy be independent
real valued random variables with the following properties for some real numbers v, M

* X; < M almost surely
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* YL E(XP) <2
Let S = Zfil X; — E(X;), we have (forall t = 0)

t2/2
P(S>1t) <exp <u2+§\4t/3> . (F2)

The inequality can be extended to the matrix-wise case as follows:

Proposition F.3 (Non commutative Bernstein inequality, Cf. [14]). Let X1, ..., X be independent,
zero mean random matrices of dimension m x n. For all k, assume | Xy | < M almost surely, and
denote p? = max(|E(Xr X)), |[E(X)} Xi)|) and v? = ¥, p?. Forany T > 0,

72/2
( Z X ) (m + n) exp ( S MT/3> : (F3)

Proposition F.4. Under the assumptions of Proposition writing 0% = Zle pﬁ, we have
s
E( ) V8/3a(1 + +/log(m + n)) (1 + log(m + n)). (F4)
k=1

Proof. The result in O notation is an exercise from [[15]], and a similar result is also mentioned in
both [7]] and [L6]].

For completeness and to get the exact constants, we include a proof as follows.

LetY = HZle X H By Proposition splitting into two cases depending on whether M < o

or TM > o2 we have

. 372 . 3T
P(Y > 7) < min (1, (m + n)exp [_802]) + min (1, (m + n)exp [_8]\/[]> (F.5)

Now note that writing « for log(m + n)8M /3, we have

fo 1A (m+n)exp (—;\;) dr (F.6)

K e 0]
<L 1A (m+n)exp (—;\;) dT-‘rL (m + n)exp (—;&) dr

. —8M( n) C3r\]” +8M(m+n) 3k
<K 3 m + n)exp _M H—/{ 3 exp i

8M(m+n) 8M

=K+ — 3  —3 — (1 + log(m + n)). (E7)

We also have, writing v for o+ /log(m + n)8/3,

@ 372 v « 372
f 1A (m+n)exp (—2) dej 1d7‘+J (m + n)exp <—2> dr

<Y+ L}OO exp <—3(T2&:27’Z}2)) dr <y + J;O exp <_3(7—8;2¢)2> dr
<+ oy/21/3 = o [\log(m + m)8/3 + /27/3] < \/8/30(1 + /log(m + ). (F8)

Plugging inequalities (F.6) and (E-8) into equation (F3)), we obtain:

Q0

E(Y) < J P(Y > 7)dr < /8/30(1 + /log(m + n)) 1+log (m +n)), (F.9)

0
as expected. O
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Lemma F.5. Let F' be a random variable that depends only on the draw of the training set. Assume
that with probability = 1 — 6,

E(F) < f(6), (F.10)

for some given monotone increasing function f. Then we have, in expectation over the training set:

i 2 ot (E.11)

In particular, if f(0) = C; log(%) + Cy, then we have in expectation over the draw of the training
set:

< ——+0Ca. (F.12)

P(X>f(0) <9 (F.13)

Let us write A; for the event A; = {F < f(5;)} where we set §; = 27 fori = 1,2, ... . We also set
A; = A\A;_; fori = 1,2, ... with the convention that Ay = J so that A; = A;.

We have, for i > 2, P(4;) < P(AS ;) < ;—1,and fori = 1, P(A;) <1 = §;_1. Thus we can write
0 - - 0
E(F) < ) E(X|A)P(A) < ) E(X| Ao < ) f(0:)0i1, (F.14)

yielding identity (F.IT)) as expected.

Next, assuming f(9) = Cy log(%) + Cs, we can continue as follows:

18

oe]
E(F —C2) < Y. f(6:)6i-1 < . [C14/log(27)]2" (F.15)
i=1 i=1
& 1—3 C
CWViR <o Y V2 = —— F.16
g[ | Z o (F.16)
where at the second line we have used the fact that for any natural number 7, Vi< \/Ei_l. O

As an immediate consequence we obtain the following Rademacher type theorem in expectation:

Theorem K.2. Let Z, 71, ..., Zn be i.i.d. random variables taking values in a set Z, and let a < b.
Consider a set of functions F € [a,b]*. ¥§ € (0,1), we have in expectation over the draw of the

sample S that
L 1
}Q;E( g ) < 2E(Rs(F)) + 5(b— a)4 /N' (F.17)

Proposition F.6 ( [17,[18.[19])). Let F be a real-valued function class taking values in [0, 1], and
assume that 0 € F. Let S be a finite sample of size n. For any 2 < p < oo, we have the following
relationship between the Rademacher complexity R(F|s) and the covering number N (F|S, €, | -||)-

R(Fls) < inf (4a + 22 1\/1 N(FIS, e |-1,)d
(Fls) < Inf { 4o+ =2 | Jlog N(FIS,€ [-p)de )

where the norm |-|, on R™ is defined by |z = (37" |2:[P).
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Figure G.1: Weighted RMSE as a function of w .

G More detailed discussion of the experimental setting

G.1 Synthetic data

Generation and training procedure: First we sample matrices A and B in R™*? with i.i.d.
N(0, 1) entries. We also sample K; and K5 in R¥*". We then compute F' = AK; K, B and set
G = mnormalize(F), X = v/mdnormalize(A) and Y = v/md normalize(B) where the operator
normalize normalises the matrix to have unit Frobenius norm. Regarding the sampling distribution,
we set p; ;0cexp(A|G; j|) where A is a hyperparameter. In particular, when A = 0 we have uniform
sampling. For each n € {100,200} we evaluate the following (d, r) combinations: (30,4), (50, 6)
and (80, 10). In order to study a meaningful data-sparsity regime, in each case we sampled drw
entries where w € {1,2, 3,4, 5}. Each (n,d, r) configuration was tested on 50 matrices. Training
details: the \s were chosen in the range [107¢,2 x 10?], each configuration was run to convergence
without warm starts.

More detailed results: Below are detailed results of the syntehtic data experiments. The first
graph [G.T] shows the performance as a function of our data sparsity paramameter w in different
configurations, whilst Figure provides the corresponding boxplots documenting the variance
with respect to the draw of the random matrix. Figure[G.2]shows, in many different situations, the
progression of performance as the size of the side information increases. Corresponding boxplots are
provided in Figure[G.4]

We observe that our methods (especially the smoothed version) generally outperform standard IMC
in the meaningful sparsity regimes. Interestingly, when data is too sparse to make any meaningful
prediction, standard IMC frequently outperforms our method (though our methods become better
as more data becomes available), suggesting that o could be tuned depending on the sparsity of the
observations.

G.2 Description of real-life datasets

. Douba (R € R*999%4577): Douban is a social network where users can produce content
related to movies, music, and events. Douban users are members of the social network and
Douban items are a subset of popular movies. The rating range is {1, 2, ..., 5} and the entry
(i, j) corresponds the rating of user ¢ to movie j. To construct side information, we collected
the following data from the Douban website: each movies’ genres, its number of views, the
number of people who rated the movie, and the number of reviews written.

 LastFM (R € R875>4354): [ ast.fm is a British music website that builds a detailed profile
of each user’s musical taste. Differently from the other datasets an entry (i, j) represents the
number of views of user ¢ to band/artist j. We expressed the number of views in a log scale.

’Rating matrix available in https://doi.org/10.7910/DVN/JGHIHA
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The website allows users to tag artists, which provides us with the opportunity to group the
items (artists) by their associated tags.

» MovieLens (R € R6040x3382): We consider the MovieLens 1M dataset, which is a broadly
used and stable benchmark dataset. MovieLens is a non-commercial website for movie
recommendations. Just as in Douban, an entry (7, j) represents the rate of user ¢ to movie j
on a scale from 1 to 5. We used movies’ genres and gender as item and user side information
respectively.

Training details: In all real data experiments, we used 85% of the data for training, 10% for
validation and 5% for the test set.

We optimized the model (I8) via the accelerated subgradient method of [20], alternating the optimiz-
ation between each term with only two iterations per term.

To choose a suitable hyper parameter range, the matrices X and Y were normalised to have Frobenius
norm +/m and 4/n respectively, and values in the range [1,200] were explored for both A;, As.
Initially, twenty alternations were run for each tested hyper parameter combination. We then ran the
model to convergence for the final hyperparameter configuration. For the real data experiments, we
used a rank-restricted version of the SVD’s with rank 30.

We performed the experiments in a cluster with 72 CPUs (3GHz) and 750GB of RAM. We relied on
warm starts to reach convergence faster. For a given X, Y, and given a solution Z; + Z5 (with Z;
(resp. Z2) corresponding to the inductive (resp. non inductive) term), a warm start X MYT + Z,
can be constructed as follows: Set Zyp = Z5. Set My = (X" X)'XTZ,Y(YTY) L. If X or Y is
not full rank the above inverses can be replaces by pseudoinverses.

H Variations on the optimization problems and loss functions

Models involving a non-inductive term We first note that using the subadditivity of the Rademacher
complexity, it is trivial to obtain results for a combined function class corresponding to the regular-

iser (I8):
2

Proposition H.1. Suppose for simplicity that m = n, di = dy = d, and ’;z;} = v < K for some

constant K = O(1) and define the function class 57-1,7-2 = {XMYT +Z:|D:PMQ'Ez|, <
~1 L1

I\ri A|D}FZE?|« < +/T2}. Aslong as N = T where T is O(n), wp. = 1 — & we have for all

Fe QNTMQ:

(H.1)

I(F) — is(F) <O ((z + b)w> .

VN

Proof. Follows from the Rademacher complexity bound from Proposition [3.3] (cf. also Prop[B.T)
applied to both side information pairs (X,Y") and (I, I), together with the subadditivity of the
Rademacher complexity. Note that the condition on 7 is only necessary to get rid of O(1/N) terms
for cosmetic purposes.

Lagrangian Formulation and Square Loss

Similarly to other work ([21} 2] etc.) we expressed our results in terms of bounds on the expected loss
of the empirical risk minimizers subject to explicit norm constraints. However, it is easy to express
similar results for the solution to a regularised optimization problem in "Lagrangian formulation"
such as the ones we proposeﬂ We have also relied on a bounded loss function. However, in most
practical situations, the values of the entries are restricted by domain knowledge (for instance, in
the Recommender Systems field, ratings are typically restricted to the range [1, 5]). This effectively
renders any Lipschitz loss bounded, including the square loss, as long as one also truncates the output
of the algorithm to fit the required range.

We begin by completing the (trivial) proof of Corollary [3.4]

3just as in the case of exact norm constraints, the hyperparameters must be assumed to have been properly
tuned

27



Proof of Corollary[3.4} Since G satisfies the optimization constraints on the training set €2, we must

have HIND%PM#Q*E 3 |+ < 4/rGT, which allows us to apply proposition (C.IJ) to the loss function
®4¢ o1, which coincides with [ when applied to the matrix & (Z4) — G. O]

We now show further how to adapt our result[C.1]to make it apply to the solution to a Lagrangian
formulation involving the square loss. Further similar manipulations can be applied to our other
results.

Proposition H.2. Assume that the noise C is bounded by a fixed constant C almost surely, and that
so are all of the entries of the ground truth matrix G. Let

. 1 N1 15l
My = arg min DIXMYT =Gy —Gjl7; + AND2PMQ ™ E? 4,
(i,5)€Q

and Zy := X M,\Y T denote the solutions to a Lagrangian formulation of the problem with the square
loss | (which is unbounded).

Furthermore, we also write ®(x) = Poc(x) = sign(z) min(|z|,2C), € = I(G) for the expected

square loss at the ground truth (i.e. the variance of the noise) and A := C? %. We assume
that X is tuned so that gf/%r <A< 2\5/%
We have the following bound on the expected L? risk of ®oc(XMy\Y T):
2
Ee (|<I>20[XMAYT]§ — G — (| ) — (Do (XMAYT)) (H.2)
480/T d(1 log(2d 2 1+ log(2 log(4
e, BOVIVAVEL 4 Iog2) | T2y vidar(1+log(2d) o [log(4/6)
VN N 2N

Proof. Since [(¢) < C? for any || < C we have by Hoeffding’s lemma that with probability
=>1-6/2,

lls(G) —1(G)] < C? %. (H.3)

Then (with the same probability) we have
15(Zx) + A|D2 PMAQ™'E? |4 < I5(G) + M/raT

<U(G) + AyraT + 2y | 108E/0)

2N
=l(G)+ A+ \/rgl
< 3[€ + A, (H.4)
where at the last line, we have used the constraint on .

It follows that

~ ~ A
1D} PMQ B, < HETA]

A
< 64/ral, (H.5)
where we have made another use of the constraint on .

It follows that Z € Fagy. Let | = ®4 ol be the truncated square loss: [(a, b) = min(|a — b|, 4C)2.
By Propositionwe now have with probability > 1 — g over the draw of the training set:

E [f((XMAYT)g, Ge + gg)] — % DMIXMY e, Ge + ) (H.6)
e

4 Although this tuning depends on the sample size N slightly, it converges as N tends to infinity and is there
for purely cosmetic purposes (to avoid extra logarithmic terms in the final formula).
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_ A8VTVrVd(L + \/log(2d)) | T2lxy/didar(1 + log(2d)) Loy [108(4/0)
< Wici + I + N

Writing A for the quantity

480+/T/rVd(1 + \/log(2d))  T20xy~/didyr(1 + log(2d)) ) (4/9)
+ + 16C“ | ————=,
VN N 2N
it now follows that (w.p. = 1 — 4)

U@oc(XMAY ) = Ee [1((Poc (X MY e, Ge + C6)]
— B¢ [l((X MY T)e, Ge + Go)| = U(XDLYT))

<Ils(XMYT)+A (H.7)
<Ig(XMYT) + A <3[€+ A+ A, (H.8)

where at equation (H.7) we have used equation and at equation (H.8) we have used equa-
tion (H.4). The result follows.

O

I Further discussion

I.1 Deeper comparison to related works

Here we discuss some related works in more detail than in the main paper.

One very interesting other work is [22]] which introduces a joint model that imposes a nulcear norm
based constraint on both M and X MY T through a modification of the objective: first, the matrices
X and Y are augmented by columns of ones resulting in the matrices X = [X,1] and Y = [V, 1].
Predictors then take the form £ = X M (Y)" + A, with nuclear norm regularisation imposed on both
E and M, and Frobenius norm regularization imposed on A, with the constraint that P (E) = Rg
where Rq denotes the observed entries. Thus the model achieves a similar aim as [21] through a
different and more original approach. The authors then provide an efficient algorithm for their model
and prove some theoretical guarantees: for exact recovery, they obtain a rate of O(rd log(d) log(n))
in the uniform sampling case. This is the same as [20], except that the assumptions on X and Y
are weaker (no orthogonality assumption). Of course, both [22]] and [20] require a realisability
assumption for exact recovery to be possible. In addition to that, the authors of [22] also show
distribution-free bounds for the approximate recovery case which scale as O(y? log(n)) where
is an upper bound on the ground truth spectral norm of the matrix M (G in their notation). That
bound is comparable to the bounds of the form (E]} from [21} 23 [24]], though the precise results are
different in formulation (and rely on a different optimizer). Note that in addition to pertaining to a
completely different optimization problem, our results for approximate recovery lack any dependence
on n, even logarithmic, and also do not have the implicit dependence on d;ds present in that paper.
Note that although it is claimed in the paper that the rate is "log(n)", this is because in that informal
presentation of the results the authors are treating their "v" (which scales at least as v/dydsr) as
a constant, which amounts to treating the size of the side information as a constant. This type of
formulation is standard and also used in [20], but corresponds to a different perspective as in this work
we want to remove the dependence on d, ds. Note also that although it is not explicitly stated in the
paper that the exact recovery results rely on a uniform sampling assumption, such an assumption is
implicit. Indeed, such an assumption is standard in all exact recovery results: there is no known exact
recovery result for arbitrary distributions for either MC or IMC. Further, the results would be clearly
wrong without such an assumption (assume for instance identity side information and a sampling
distribution which only samples the top left quadrant, all of which is perfectly compatible with the
coherence assumptions on X, Y and the ground truth matrix G (F in their notation)). The first
obvious implicit use of the uniform sampling assumption is in line 70 of the supplementary material.
As we explain later, even defining the concept of exact recovery in the non uniform sampling case has
not been done explicitly to the best of our knowledge, and no results exist for this for either inductive
matrix completion or matrix completion in general.
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In [25]], the authors explicitly study a disentangled version of [21]] specifically tailored to the case
of community side information. Whilst generalisation bounds are provided which scale similarly to
ours in the case of community side information, those are obtained through a direct application of the
matrix completion results from [2]] to the auxiliary problem where each community is treated as a
single user. In particular, the results are not applicable in a more general context and they did not
introduce any of the novel proof techniques we rely on here.

[26] proves rates of d?r3log(d) in the case of exact recovery, as well as abstract conditions for the
possibility of exact recovery in a more general context and results for other problems closely related
to inductive matrix completion (such as matrix regression, see also [27} 28]); [29], which proved
a similar sample complexity rate together with an efficient optimization strategy with favourable
convergence rates; and of course [20], which both introduced the MaxIDE algorithm (an involved form
of projected gradient method with an integrated line search over the step sizes) to solve problem (2)),
and proved sample complexity bounds of order rd log(d) log(n) for exact (noiseless) recovery under
the assumption of uniform sampling. Recently, convergence and generalisation guarantees were
shown for an exciting model which functions as inductive matrix completion with unknown "side
information matrices X, Y which must be learned by a two layer neural network from some raw user
and item side information, jointly with the low rank problem [30]. We note that this applies to a fixed
rank problem and does not rely on a nuclear norm regulariser.

Further remarks on related works: In Table[I]and Table 2] we are only concerned with sample
complexity. It is worth noting that many important gains were also achieved in the direction of
improving computational complexity through better algorithms [29} 31].

We also do not compare here with results obtained for other regularisation strategies including the max
norm [32, 33| 34]] etc., all of which apply exclusively to matrix completion without side information.
We do note in passing that rates of O(nrlog(n)) were obtained very early for matrix completion
with an explicit low-rank assumption [32]. In both MC and IMC, the relevance of the more recent
branch of the literature is tied to the impractical nature of explicitly minimizing the rank and the fact
that the low rank assumption is not satisfied exactly, justifying the use of nuclear norm based methods
and the soft relaxations of the rank that they bring into the theoretical analysis.

J Discussion and future directions

J.1  On transductive Rademacher complexity:

Some results in [2] and [[7] are formulated in the transductive [35] setting. In this context, we
assume that the set of observed entries is sampled without replacement, and the training and test
sets are divided uniformly. There is a parallel theory in this case with a concept of transductive
Rademacher complexity at the key. In some cases the bounds can be better in some aspects. For
instance, the transductive bound in [2] scales like O(nrlog(n)) in the case of a distribution where the
probabilities of each entries are within a ratio of each other. Such a bound follows in our iid setting
from Proposition[3.3] and indeed similar results had been otherwise obtained (for the non inductive
case) in [32], as the authors of 2] mention. As another significant advantage, the transductive bounds
in [[7]] involve a smaller power of the log term.

There are two reasons why we didn’t prove transductive bounds in our setting: (1) The transductive
Rademacher complexity is bounded above by the standard Rademacher complexity up to a constant
of 4 ﬂ In particular, all of our results also hold up to a constant in a transductive setting. ﬂ 2)
Contrary to the MC case, we do not believe that we would get better bounds in this context. Indeed,
the main reason the transductive setting improves the bounds is because it prevents the oversampling
of single entries (see how in the proof of the main theorem in [2]], one must distinguish between the
oversampled entries and the moderately sampled entries). It is easy to see by comparing to our proof
of Theorem 3.1] especially consolidating the intuition via the example of community side information,
that the benefits would not carry over to the inductive case: even if the entries are sampled without
replacement, the combinations of communities can still be sampled many times. Thus we do not
expect significant gains from this approach.

3See Footnote 1 on page 3407 of [2l], and Lemma 1 in [35]
SThis remark also applies to earlier work, they merely proved the transductive bounds because in the matrix
case, this provides an actual improvement.
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J.2 Open directions

There are many possible open problems related to this work and to distribution-free matrix completion
in general:

* Is it possible to provide a rigorous theoretical explanation why the empirically weighted
trace norm outperforms the exactly weighted version in the synthetic data experiments?

* Can we make the bounds even more sensitive to the alignement of the side information
vectors?

* In what situations can one remove the /log(d) term in Proposition

Regarding the extra log term in Theorem 3.1} we would like to note that although we do not see how
to remove it in general, it is straightforward to remove it (at the cost of higher order dependence on
the coherence of X and Y') in the specific case where the columns of X and Y each have distinct
support (i.e. the columns of X2 and Y2, defined as matrices whose entries are the squares of those of
X and Y respectively, are orthogonal), in which particular case a proof with more similarities to that
in [2] still holds.
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K Table of notations

Table K.1: Table of notations for quick reference
Notation Meaning
[A] spectral norm of matrix A
A<B B — A is positive semi-definite
A« nuclear norm of matrix A
1 Identity matrix
G e R™*" ground truth matrix
&1, &N sampled entries
€{1,...,m} x{1,...,n})
Ce Noise observed at sample &
X e R™*4 (resp. Y € R"*9) Row (resp. column) side information matrix
M matrix to optimize (predictors: X MY ")
=0 ={&,...,¢{N} (training) set of observed entries
z; = X;. side information vector for ith user (row)
y; = X, side information vector for jth item (column)
x (resp. y) max; |z;|? (resp. max; |z;[?)
z (resp. y) min; [2;|? (resp. min; |;?)
x2y2
v z2y?
d max(dy, ds)
Dij Probability of sampling (4, j)
=P(¢ = (4, 7))
P sampling distribution
M constraint on [ M,
hi j deg (i.9) Number of times entry (, j) was sampled
loss function
b global upper bound on [
L Lipschitz constant of [
Z(Z) IE(i,g) (l([XMYT]z ]7G1J +Cw))
(or more rigorously) E5 A([XMY e, 605 80)
I2) N Digpea IXMY ] 5, Gij + i)
(or more rigorously) L Zle (XMY e, 60,60)
E Zzgp%] szZH?JJHZ
r NZ”hqumH IIyyH2

q; (resp. q;)

kj (resp. §;)
(v, w); (resp. (v, wy,)
(v, wy; (resp. v, wpe)

5t

D (resp. lA))
FE (resp. F)

)

O

¢ Ot

ZJ 1 Pijllysl? (resp. N Z] 1 07193 1>)
Z:n 1 Dij xZH (resp. N Zz 1 i,j | xiHZ)
>t vigiw; (resp. Z?:1 vihjw;)

iy Vidiws 25 vk,

X7 diag(q)X = pI . pmxz T“y]

X7 diag((j) Zz] NTiT T”yj

VT diag(k)Y =3, ; pmygyj S lza])?

YT diag(R)Y = X, ; " v59] i)
Eigenvalues of L (resp. L)
Eigenvalues of R (resp. R)

orth. matrix diagonalising L so L = P~'DP
orth. matrix diagonalising R so R = Q~'EQ
aD+ (1 —a)-1

I
2

(In theorems, o = %)
alb+(1- a);;l
aD + (1 - a)dLI

r
51

aF +(1-a)
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X (resp. Y) XP 1D 2 (resp. YQLE2)

Y’ (resp. Y') XpP-lD"3 (resp. YQ1E2)
X (resp. f/’) XP1D-3 (resp. Y@flﬁfé)
X (resp. V) XP D% (resp. YQ1E3)
M D}PMQ'E?
M D:PMQO'E3
M DiIPMQ'E3
hVe D:PMQ'E3
ol e R4 (resp. 02 € R%) singular values of X (resp Y) wrt (-, ) (resp. (-, -))
equivalently: = /Dy (02 = «/ vw) forall u < dy (resp. v < da)
ol (resp. 02) max(c?t) (resp. max(o?))
cu (7) (resp. ¢r(4))) community to which user ¢ (resp. item ;) belongs
51 (resp. EI) same as D (resp. E)
(with identity side info)
Hence: LVI]M = alyr B+ (1-a)t
and: [E;];,; = a3, "+ (- o) g,
Fr XMYT : |M|s < /T
Fr XMYT ¢ |}, < /T
Zs argmmZef El(Ze, Ge + Ge)
Zs argmin(ig(Z) : Z € F,)
Zs argming,_z El(Z¢, Ge + ()
ZS argminZGJf.r Els(Z)
IfGeF, G =7y
IfGeF, G =7y
g UG) = B pl((XMsY T)e, Ge + Ce)
Groiro {XMYT +7Z st

|DYPMQ-1E}|, < Ty  |DE2EF|, < f}
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