A Auxiliary lemmas

In this section, we introduce auxiliary lemmas that are necessary for our proofs.

Lemma 10 ([21, Lemma 19]). If f(-) is £-smooth and p-Hessian Lipschitz, n = 1/4, then the gradient descent
sequence {x¢} obtained by xi+1 := x¢ — 0V f(x¢) satisfies:

Flxesn) = fx) <l V)2, (37)
for any step t in which Negative Curvature Finding is not called.

Lemma 11 ([21, Lemma 23]). For a {-smooth and p-Hessian Lipschitz function f with its stochastic gradient
satisfying Assumption 1, there exists an absolute constant c such that, for any fixed t, to, v > 0, with probability
at least 1 — 4e*, the stochastic gradient descent sequence in Algorithm 8 satisfies:

t—1 9
o
Ftgn) = fxty) € =2 DIV F (i) |P 4 e 2=t +0), (38)
8 par l
if during to ~ to + t, Stochastic Negative Curvature Finding has not been called.

1/2
Lemma 12 ([21, Lemma 29]). Denote a(t) := [z:;})(l + )2 and B(t) = (1+17) /2.
Ifny € 10, 1], then we have

1. at) < B(t) foranyt € N;

2. a(t) > B)/V3, Yt>W2/(my).

Lemma 13 ([21, Lemma 30]). Under the notation of Lemma 12 and Appendix D.1, letting —v = )\,,,11,(7:[),
forany 0 <t < I, and v > 0 we have

Pr (llap ()] < A(Eynrs - VE) > 1 - 2¢7", 39)
and
Blt)grs 6 5
Pr(Jlap ()1 2 G570 - 5) 21 2 @)
Pr (Ilqp(t)l\ > ﬁl(é)\%s -6) >1-4. 1)

Lemma 14 ([21, Lemma 37]). Given i.id. Xi,...,X, € R" all being zero-mean nSG(0;), then for any v >
0, and B > b > 0, there exists an absolute constant c such that, with probability at least 1 —2nlog(B/b)-e~*:

ZO’?ZB or HZXIHSC max{Zaf,b}w. (42)
i=1 i=1 i=1

The next two lemmas are frequently used in the large gradient scenario of the accelerated gradient descent
method:

Lemma 15 ([22, Lemma 7]). Consider the setting of Theorem 21, define a new parameter

5 Vi
T = W *CA, (43)

for some large enough constant ca. If |V f(x,)|| > € for all T € [0,7), then there exists a large enough
positive constant cao, such that if we choose ca > cao, by running Algorithm 2 we have E  — Eq < =&, in

which & =/ —5; . 62\7, and E; is defined as:
Er = f(x-) + L [[v-1? (44)
T - T 277 T .

Lemma 16 ([22, Lemma 4 and Lemma 5]). Assume that the function f is ¢-smooth. Consider the setting of
Theorem 21, for every iteration that is not within 7' steps after uniform perturbation, we have:

Ery1 < E;, (45)
where E; is defined in (44) in Lemma 15.
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B Proof details of negative curvature finding by gradient descent

B.1 Proof of Lemma 17

Lemma 17. Under the setting of Proposition 3, we use o to denote

o = |y ll/llyell, (46)
where y, || is the component of y in the subspace & spanned by {uy,uz, ..., u,}. Then, during all the T
iterations of Algorithm 1, we have oy > Qumin for
o |7
min = =4/~ @7)
4 \n

given that oo > \/§60.

Proof. In this proof, we consider the worst case, where the initial value cvo = \/g do and the component yo,1
along u; equals 0. Also, the eigenvalues satisfy

A2 = A3 == XAp = —/pe, Ap+1 = App2 = -+ = Apo1 = —y/pe + v, (48)

for an arbitrarily small positive constant v, which can make components of y: in & as large as possible to
make a; smaller. Out of the same reason, we assume that each time we make a gradient call at point x, the
derivation term A from pure quadratic approximation

A = Vhy(x) — H(0)x, (49)

lies in the direction that can make o as small as possible. Then, the component A in & should be in the
opposite direction to x|, and the component A in & should be in the direction of x . Hence in this case,
we have ||y¢, 1 ||/||yt|| being non-decreasing, since v can be arbitrarily small. Also, it admits the following
recurrence formula:

Iyers,Lll = (1+ (Vpe — ) /O)lye ]+ IALI/E (50)
< 1+ vpe/Ollye || + 1Al /¢ G

A
< (14 v/ en”w [”)nyuu, (52

where the second inequality is due to the fact that v can be an arbitrarily small positive number. Note that since
lly7¢,1.11/|ly¢|| is non-decreasing in this worst-case scenario, we have

IAL 1AL ol 2[A]

< < < 2pr, (53)
lyecll = llyell lyoll = llyell
which leads to
lyerr,oll < (L4 /pe/l+20r /Oy, L] (54)
On the other hand, suppose for some value ¢, we have o > amin Withany 1 < k& < ¢. Then,
ezl = 1+ Vpe/Ollyesr, L1l — 1Ay11/¢ (55)
A
> (14 vae/t— A2y (56)
Lyl
Note that since ||y+,||/[|y¢|| > cmin, we have
A A
N 57
lyell = cminllye|
which leads to
lyerinll = (1 + /pe/t — pr/(amm))|lye,ll- (58)

Then we can observe that

lyeqll o llyoqll 1+ pe/l—pr/(aminl)\?t
z : ( ) : (59)
lye ol llyo,cll 1+ \/pe/t+2pr/L
where
1 + \//TG/E - pr/(aminé)
> - min - -
T i et 2 (VR prl ) (1= pe/E = 2pr/) (60)
2pr 1
>1-— 2 _ >1 - —
>1—pe/t p—r 1 7 (61)
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by which we can derive that

lyean < lyoull .
> 221 - 1/.77) (62)
llye, oIl = llyo,Ll
lyo,ll t llyo,ll
> 2o exp (-~ ) = e 63)
llyo, .| T -1 2[lyo,Ll
indicating
ay = ||Yt7H || > Hyo,” ‘ > Qmin - (64)

VIye P+ 1Tye P~ 4lyo,cll —

Hence, as long as oy > amin forany 1 < k < ¢ — 1, we can also have oy > amin if ¢ < 7. Since we have
Qo > Qmin, We can thus claim that ay > amin for any ¢ < .7 using recurrence. O

B.2 Proof of Proposition 5

To make it easier to analyze the properties and running time of Algorithm 2, we introduce a new Algorithm 4,
which has a more straightforward structure and has the same effect as Algorithm 2 near any saddle point x.

Algorithm 4: Accelerated Negative Curvature Finding without Renormalization(X, /', 7).

xp < Uniform(Bg(r’)) where By (') is the £2-norm ball centered at X with radius r’;
Zy < Xq;
fort=1,...,.7" do

xis ez — (LAY (i 2R 4 %) - V)

Vitl £ X1 — Xy

Ziy1 & Xeqp1 + (1 - Q)VtJrl;

Output Xgr=X_

%o =%

Quantitatively, this is demonstrated in the following lemma:

Lemma 18. Under the setting of Proposition 5, suppose the perturbation in Line 5 of Algorithm 2 is added at
t = 0. Then with the same value of v', T, X and Xo, the output of Algorithm 4 is the same as the unit vector &
in Algorithm 2 obtained ' steps later. In other words, if we separately denote the iteration sequence of {x:}
in Algorithm 2 and Algorithm 4 as

{X1,0,X1,1,.-.,X1,9}, {x2,0,%X2,1,...,X2,9/}, (65)
we have
b —X X -X
Ly =X Xpgr— X (66)
x1,7/ = %I [lx2,2 — X[

Proof. Without loss of generality, we assume X = 0 and V f(X) = 0. Use recurrence to prove the desired
relationship. Suppose the following identities holds for all £ < ¢ with ¢ being some natural number:

X2,k _ xl,k7 Z2,k _ Zl,/k ) (67)
[x2kll 7 2kl v
Then,
VA VA
xaen =20 =1 2T o ) = 2l 9 (). (68)

Adopting the notation in Algorithm 2, we use x’l,tﬂ and z’l’tﬂ to separately denote the value of x1 ;41 and
z1,++1 before renormalization:

X101 =21, — NV (21,), 2101 =X1e41 + (1 —0) (X1 001 — X1,¢)- (69)
Then,
Z2, Z2,
X2,t41 = I T,t| (21t — MV f(z1,)) = Hri/tl X141, (70)

which further leads to

_ llz2ell s

Z2+1 = X2,041 + (1 — 0)(X2,041 — X2,0) = L (71)
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Note that z1 141 = ”zlrin -z 411, we thus have
1,t+1
Z2,t+1 Z1,t+1
L St L (72)
l|Z2,¢41]] 7!
Hence,
z z z z
Xo41 = Il 2/,t| 'Xll,t+1 _ I 2;t . M X141 = H27tl+1‘| X141 (73)
r r llz1.c] r
Since (67) holds for k = 0, we can now claim that it also holds for k = .7". OJ

Lemma 18 shows that, Algorithm 4 also works in principle for finding the negative curvature near any saddle
point X. But considering that Algorithm 4 may result in an exponentially large ||x:|| during execution, and it is
hard to be merged with the AGD algorithm for large gradient scenarios. Hence, only Algorithm 2 is applicable
in practical situations.

Use H (%) to denote the Hessian matrix of f at X.Observe that # (X) admits the following eigen-decomposition:

H(%) =) Auu, (74)
i=1
where the set {u; }j-; forms an orthonormal basis of R™. Without loss of generality, we assume the eigenvalues
A1, A2, ..., Ay corresponding to ui, ug, .. ., u, satisfy
AL <A <o <y, (75)

in which Ay < —,/pe. If ., < —,/pé€/2, Proposition 5 holds directly, since no matter the value of &, we can

have f(x /) — f(X) < —+/€3/p/384. Hence, we only need to prove the case where A, > —,/pe, in which
there exists some p with

Ap < —/p€ < Apti- (76)
We use & to denote the subspace of R™ spanned by {u;,uz,...,u,}, and use & to denote the subspace
spanned by {up41, Upy2, ..., un}. Then we can have the following lemma:

Lemma 19. Under the setting of Proposition 5, we use o to denote

o=yl
t — ’
[l |l

)

in which Xy, is the component of Xy in the subspace & . Then, during all the T iterations of Algorithm 4, we
have oy > oy, for
% [T

in = 78
Omin ] n7 ( )

given that afy > \/§60,

Proof. Without loss of generality, assume X = 0 and V f(X) = 0. In this proof, we consider the worst case,
where the initial value oy = \/§ 0o and the component o, along u; equals 0. Also, the eigenvalues satisfy

X=X === —VPE  Api1 = Apr2 == Anot = /P 1, (79)

for an arbitrarily small positive constant v, which can make components of x; in & as large as possible to
make «; smaller. Out of the same reason, we assume that each time we make a gradient call at point z;, the
derivation term A from pure quadratic approximation

A= L2 (9o ) - 300 L), )

lies in the direction that can make o as small as possible. Then, the component A in & should be in the
opposite direction to z, and the component A in & should be in the direction of z, . Hence in this case,
we have both ||x¢, ( ||/||x¢|| and ||z, 1 ||/||z¢|| being non-decreasing, since v can be arbitrarily small. Also, it
admits the following recurrence formula:

vz, ]l < (14 n(voe =) (x| + (1= ) (lIxesr, ]l = [xe. 1)) +nll AL 8D
< (14 nv/pe) (Ixesr, 1+ (1 = O UIxerr, 1| = l1xe, 1)) +nll AL (82)
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where the second inequality is due to the fact that v can be an arbitrarily small positive number. Note that since
lIx¢, 1 ||/ |lx¢|| is non-decreasing in this worst-case scenario, we have

1A AL ol _ 2081y . )
lern, ol = el lxo,Lll = fIxesal]
which leads to
[xer2, ] < (14 ny/pe+ 2nor") (2 = 0)[xesr, ]| = (1= 0)Ixe, 1 ]])- (84)
On the other hand, suppose for some value ¢, we have o}, > a;, withany 1 < k < ¢ + 1. Then,
etz = 1+ n(v/pe = ) (e, [l + (1= O Uyl = lIxe 1)) +nll Ay (85)
> (14 0v/p€) (1, | + (1 = O) (el = 1%, 1) = nll Al (86)
Note that since ||x¢11,)[|/]|%t]| > nin, We have
181> I e 87)
||zt+1,|\H aminl|zt+1”
which leads to
etz = (1+nv/pe = npr' /aiuin) (2 = O) Iyl = (1 = 0) [, 1])- (83)
Consider the sequences with recurrence that can be written as
Cvz = (1+R)((2—0)&1 — (1 - 0)&) (89)
for some x > 0. Its characteristic equation can be written as
2 —(1+r)2-0)z+(1+r)(1—-0) =0, (90)
whose roots satisfy
1+r 4(1-10)
- 2 0)+ 2_92_4447> 1
x2(<)\/<>1+ﬁ, e
indicating
1 t
b= (25) (@e-0+n +Ca2-0-p)), ©92)
where p = 1/(2 — 6)2 — %, for constants C1 and C being
2—0— 1
C1 =~ HEO + &1,
24 (1+K)p
93)
Cy — 2—0+ M& B 1 ¢
T Y (e

Then by the inequalities (84) and (88), as long as o}, > aiy;, forany 1 < k < ¢ — 1, the values ||xy, 1 || and
[I¢,i || satisfy

2—0—pu1 1 14+ K1\t .
< (= . (2 —
el < (- =g ot g e) (F) c@-eret o8
2—0+4+p1 1 1+k1\? t
- : (2-6-— 5
+( o o,1 (14_}“)}&51@) ( 5 ) ( pL)’, 95)
and
20— 1 L+rpy ¢
> — . -(2—-0 96
WWH_< o &”+ﬂ+%Mw&m>< 3 > ( + 1) (96)
2—-0+ 4] 1 1+ kNt +
- : (2-0— ), 97
( 20 o, T &,n) ( 5 ) ( By o7
where
KL = 1y/pe + 2npr’, §o,1. = [|x0, 1], 0 =0+r1)o,1, (98
K| = ny/pe —npr’ [Anin, o, = I1%o,ls &) = A+ K)o, (99)
Further we can derive that
14+ K1\t
‘WMMSHMAW( 2L)~@—0+ugﬁ (100)
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and

IIXo lIxoll (145
llxe,1l >

. )t~(2—9+;¢”)f. (101)

Then we can observe that

lxeqll o lxoqll  /L4myNt 260+ )\t
T2 2ol : : 102
lIxe, L]l = 2[Ixo,Ll (1+I€L) (2—9+,ul) (102)
where
1 + K
> (1 1-— 1
Ty = ETm =) (103)
>1— (24 1/cmin)npr’ — kKL (104)
> 1—2npr’ /Qin, (105)
and
2—0 1 2—0
T 14w/2-0) 106

2—0+pr  1+p/(2-0)

L+ /1= arasesa®
_ ( 1(2=0) (107)

1(1-9)
L+ y/1=- g he-o2

1 92+KH(270)2 1 92+HL(2—9)2
> (1 ) (1 - ) 108
> (145 T+r 2-0 T+ rs (108)
2k — Ry) 3npr’
>1- >1- 1
- 0 - CY;nina, ( 09)
by which we can derive that
1%,y [I%0,l < 4pr’
s ol ey ) 110
el = 2ol \' T aln (o
lI>0, ne
> X0l /o 11
= Aol ) w
lI0,1 i ll0.1
> IXol o (— ) > Xoqll 12
2o, P 7721) 2 Qo] (2
indicating
- [, Ixoull o o (113)

lce, T2 + Tice, 12~ 8llxo, L[] —

Hence, as long as o}, > o, forany 1 < k <t — 1, we can also have o} > al,;, if t < 7. Since we have
af > ami, and o) > al;,, we can claim that o) > by, for any t < .77 using recurrence. O

Equipped with Lemma 19, we are now ready to prove Proposition 5.

Proof. By Lemma 18, the unit vector € in Line 7 of Algorithm 2 obtained after .7 iterations equals to the
output of Algorithm 4 starting from X. Hence in this proof we consider the output of Algorithm 4 instead of
the original Algorithm 2.

If A\, < —\/pé€/2, Proposition 5 holds directly. Hence, we only need to prove the case where A\, > —,/pe/2,
in which there exists some p’ with

Ay < —/pef2 < Apy1. (114)

We use Gﬂ, &', to denote the subspace of R" spanned by {uy,uz,...,uy}, {u,1,up42,...,u,}. Fur-
’ ’

thermore, we define x; |r = Y0 | (i, x¢) Wi, X¢, 17 = E;’:p, (Wi, xe) wg, v = D0 (wg, Vi) ug,

Vi o= Z?:p, (us, v¢) u; respectively to denote the component of x} and v; in Algorithm 4 in the sub-

spaces &, &', and let a; := ||x; [|/|[x:||. Consider the case where ety > /7 8o, which can be achieved

with probability
Vol(By (1))
Priag >/ Zo0 b >1— /" >1- —1 11
r{ao - néo} - n(5o Vol(By (1)) 60 (115
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we prove that there exists some to with 1 < to < .7’ such that

Ik rll _ 7
=T L . 116
ool 8 (116)

Assume the contrary, for any ¢ with 1 < ¢ < .7, we all have HT"xjH/ ! > g and HZ”‘z'tLHIH > g. Focus on

the case where ||x; ||, the component of x; in subspace &' , achieves the largest value possible. Then in this
case, we have the following recurrence formula:

[xer2, 07l < (14 0v/Pe/2) (|Ixer, 1l + (1= O) (IIxerr, ol = [1xe, 10 11) + nll AL (117)
Since HZH’;’;"” > ‘ﬁ forany 1 < k <t + 1, we can derive that
/
A, o AL _ 20 W)
lIxerr, LIl + (1 = ) (e, | = lIxe,tll) = Nze,0ll = /o€
which leads to
ez, [l < (1 +0v/P€/2) (41,0l + (1= O)(xerr, 1o | = lIxe, D) +nll ALl (119)
< (L4 1v/pe/2 + 20" /3O (2 = O) 141,10 | — (1 = O)][xe o). (120)
Using similar characteristic function techniques shown in the proof of Lemma 19, it can be further derived that
1 -‘rH I\t
el < o, ol (525 ) - (2= 04+ ), (121)
— . el € Iz, /1l G
for ks =n\/pe/2+ 2pr'/\/peand pu s = /(2 — 0)% — ﬁ—lnf/)’ given H’;;jl > g and sz’;jl\ > g
forany 1 < k <t — 1. Due to Lemma 19,
8
O > i = 2/ VI<t< T (122)
8Vn
and it is demonstrated in the proof of Lemma 19 that,
1+ k¢t
g2 P2l (AEED o gy vici<s (123)
for ry| = ny/pe — npr’ [ Apin and p = /(2 — 0)% — 41(11%9) Observe that
Y , N7’ — N7
xzr,ull o 2lx0.1/] ,(1+m ) .(2 0+py ) (124)
Izl ll0,l L+ 2-0+
’ T’ — N\
Sz E(l-‘rliL) .<2 9+/LL) (125)
do 1+ Ky 2—0+
where
Ltry 1 —1- 1 <1- P (06
Lrp = 1+ (k) — k1) nVPe/2 + pr'(n/amin’ +2//PE) 4
and
/ 1(1-0)
2 -0+ pir 1+ 1- (14K, /)(2-6)2 (]27)
2—0+p _ __i0-9
w14, /1 <1+ﬂ”><279>2
< (128)
- 1(1—6) 1(1—6)
I+ (\/1 Fr, N2-07 \/1 <1+~H><2 6)2)
<1- % (129)
oo mPE (e (130)
- 46 16v/¢
Hence,
o 1/4\ g’
Il (2 fr 0y P W
xz/ gl = doV 16/ 8¢
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ny/,L/H < V/pE

Since ||x & < X2 contradiction. Hence, there here exists some to with
T [EZl 8¢

| < [|xz/]|, we have

1 < tg < 7’ such that H]?ﬁ\/ ! < g. Consider the normalized vector & = xy,/r, we use €+ and
0
& to separately denote the component of & in &', and &|. Then, [|éL/|| < \/pe/(8¢) whereas & || >

1 — pe/(8¢)?. Then,

e"H(0)e = (e + &) H(0) (L + &), (132)
since H(0)é,s € &', and H(0)é), € &, it can be further simplified to
e"H(0)e =&l H(0)e L + e[ H(0)e), (133)

Due to the ¢-smoothness of the function, all eigenvalue of the Hessian matrix has its absolute value upper
bounded by ¢. Hence,

. . R €
el e < el = 7. (134)
Further according to the definition of & |» we have
N . PE | A
& H(0)e) < — Y= &I, (135)
Combining these two inequalities together, we can obtain
R N . R R € /PE
aTH(0)e = eTH(0)e L, + el H(0)8) < _@Hemf + 6222 < —Tp. (136)
O

C Proof details of escaping from saddle points by negative curvature finding

C.1 Algorithms for escaping from saddle points using negative curvature finding

In this subsection, we first present algorithm for escaping from saddle points using Algorithm 1 as Algorithm 5.

Algorithm 5: Perturbed Gradient Descent with Negative Curvature Finding
Input: xy € R”;
fort =0,1,...,7do
if |V f(x¢)|| < e then
é +NegativeCurvatureFinding(x¢, 7, 7) ;
filxo) [e
A[fLx0)1\/ p

X1 S X¢ — %Vf(xt);

Xt < Xp — €;

Observe that Algorithm 5 and Algorithm 2 are similar to perturbed gradient descent and perturbed accelerated
gradient descent but the uniform perturbation step is replaced by our negative curvature finding algorithms.
One may wonder that Algorithm 5 seems to involve nested loops since negative curvature finding algorithm are
contained in the primary loop, contradicting our previous claim that Algorithm 5 only contains a single loop.
But actually, Algorithm 5 contains only two operations: gradient descents and one perturbation step, the same
as operations outside the negative curvature finding algorithms. Hence, Algorithm 5 is essentially single-loop
algorithm, and we count their iteration number as the total number of gradient calls.

C.2  Proof details of escaping saddle points using Algorithm 1

In this subsection, we prove:

Theorem 20. Forany e > 0and 0 < 6 < 1, Algorithm 5 with parameters chosen in Proposition 3 satisfies
that at least 1/4 of its iterations will be e-approximate second-order stationary point, using

oLl = 1)

. - log n)

iterations, with probability at least 1 — &, where [™ is the global minimum of f.
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n &

Proof. Let the parameters be chosen according to (2), and set the total step number 7" to be:
T:maX{MQ)_”JGS(f(XO) — - %}, (137)
€ €

similar to the perturbed gradient descent algorithm [21, Algorithm 4]. We first assume that for each x; we
apply negative curvature finding (Algorithm 1) with do contained in the parameters be chosen as

I S (138)
O 384(fxo - )\

we can successfully obtain a unit vector & with 87 Hé < —,/pe/4, as long as Amin(H(x:)) < —y/pe. The

error probability of this assumption is provided later.

Under this assumption, Algorithm 1 can be called for at most 384(f(xo0) — f*)/ 5 <Z 5 times, for otherwise
the function value decrease will be greater than f(xo) — f*, which is not p0s51ble Then the error probability
that some calls to Algorithm 1 fails is upper bounded by

384(f(xo0) — f*)\/ﬁz3 -0 = 6. (139)

For the rest of iterations in which Algorithm 1 is not called, they are either large gradient steps, |V f(x:)|| > e,
or e-approximate second-order stationary points. Within them, we know that the number of large gradient steps
cannot be more than 7'/4 because otherwise, by Lemma 10 in Appendix A:

f(xr) < f(x0) — Tne? /8 < f7,

a contradiction. Therefore, we conclude that at least 7'/4 of the iterations must be e-approximate second-order
stationary points, with probability at least 1 — §.

The number of iterations can be viewed as the sum of two parts, the number of iterations needed for gradient
descent, denoted by 77, and the number of iterations needed for negative curvature finding, denoted by 75. with
probability at least 1 — 4,

T :T:O<7(f("°){f )). (140)
€
As for Ty, with probability at least 1 — §, Algorithm 1 is called for at most 384(f(xo0) — f*),/Z times, and

by Proposition 3 it takes O(l"g") iterations each time. Hence,

* ~ 1 A - f
Ty = 384(f(x0) — )1/ 5 - O \O/gg) = o(YEU =T ogn). (141)
As a result, the total iteration number 17 + 15 is
5 ( (f(x0) — f7)
O(T logn). (142)
O

C.3 Proof details of escaping saddle points using Algorithm 2

We first present here the Negative Curvature Exploitation algorithm proposed in proposed in [22, Algorithm 3]
appearing in Line 16 of Algorithm 2:

Algorithm 6: Negative Curvature Exploitation(x;, vy, $)

if || v¢|| > s then
L Xt41 < Xt

else

L E=s-vi/|[vs

Xp argminxe{xﬁ&xt_&}f X);
Output (z;1,0).

Now, we give the full version of Theorem 7 as follows:
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Theorem 21. Suppose that the function f is ¢-smooth and p-Hessian Lipschitz. For any € > 0 and a constant
0 < § < 1, we choose the parameters appearing in Algorithm 2 as follows:

) €3 , 320 V4 n Y4
=2 /< = 2V g (2 /2 - 14
% 384Af 1\ p’ 7 (pe)t/4 Og(ég pe)7 ¢ N (143)
1

pro doe [ _ 1
T 32\ pn’ KT 4/’

63 _7 02 y
@@: — - C 5 Y= S = —, (]45)
Vr n 4p

where Ay := f(xo) — f* and f* is the global minimum of f, and the constant c 4 is chosen large enough to

satisfy both the condition in Lemma 15 and ca > (384)1/ . Then, Algorithm 2 satisfies that at least one of the
iterations z. will be an e-approximate second-order stationary point in

(144)

~ X — *
0<7(f( :1?75 ) og n) (146)
iterations, with probability at least 1 — §.
Proof. Set the total step number 7" to be:
AINH(T + T’ ~ x0) — f*
T—max{W,?GSAfﬂ’,/g}—o(W~1ogn>, (147)

where .7 = \/( - ca as defined in Lemma 15, similar to the perturbed accelerated gradient descent algorithm
[22, Algorithm 2]. We first assert that for each iteration x; that a uniform perturbation is added, after .7’
iterations we can successfully obtain a unit vector & with T Hé < — V/PE/4, aslong as Amin (H (%)) < —/PE.
The error probability of this assumption is provided later.

Under this assumption, the uniform perturbation can be called for at most 384(f(xo0) — f*)/ % times, for
otherwise the function value decrease will be greater than f(xo) — f*, which is not possible. Then, the

probability that at least one negative curvature finding subroutine after uniform perturbation fails is upper
bounded by

384(f(xo0) — f“)\/ﬁz3 -0 = 6. (148)

For the rest of steps which is not within .7 steps after uniform perturbation, they are either large gradient
steps, ||V f(x¢)|| > €, or e-approximate second-order stationary points. Next, we demonstrate that at least one
of these steps is an e-approximate stationary point.

Assume the contrary. We use N 5 to denote the number of disjoint time periods with length larger than T
containing only large gradient steps and do not contain any step within 7 steps after uniform perturbation.

Then, it satisfies
Ny>—L  _asuns /L > 2ch —380)ap, L > AL (149)
7= AT+ T e = e = &

From Lemma 15, during these time intervals the Hamiltonian will decrease in total at least N 5 - & = Ay,
which is impossible due to Lemma 16, the Hamiltonian decreases monotonically for every step except for
the 7’ steps after uniform perturbation, and the overall decrease cannot be greater than Ay, a contradiction.
Therefore, we conclude that at least one of the iterations must be an e-approximate second-order stationary
point, with probability at least 1 — 4. O

D Proofs of the stochastic setting

D.1 Proof details of negative curvature finding using stochastic gradients

In this subsection, we demonstrate that Algorithm 3 can find a negative curvature efficiently. Specifically, we
prove the following proposition:

Proposition 22. Suppose the function f: R" — R is {-smooth and p-Hessian Lipschitz. For any 0 < 6 < 1,
we specify our choice of parameters and constants we use as follows:

8¢ n TL?Q \/ﬁ
s = —— -1 s =101 5 7 1
T = Og(d\/ﬁ> t=10 og( 5 los <777"s)> (150)
R _ 16000 +)
"= W\ o N VT, (151)

22



Then for any point X € R" satisfying Amin(H (X)) < —./p€, with probability at least 1 — 35, Algorithm 3
outputs a unit vector € satisfying

eTH(x)e < —@, (152)

where H stands for the Hessian matrix of function f, using O(m - 72) = O < ?52/;‘) iteartions.

Similarly to Algorithm | and Algorithm 2, the renormalization step Line 6 in Algorithm 3 only guarantees that
the value ||y¢|| would not scales exponentially during the algorithm, and does not affect the output. We thus
introduce the following Algorithm 7, which is the no-renormalization version of Algorithm 3 that possess the
same output and a simpler structure. Hence in this subsection, we analyze Algorithm 7 instead of Algorithm 3.

Algorithm 7: Stochastic Negative Curvature Finding without Renormalization(x, rs, 7, m).

Zy < 0;
fort=1,...,7; do
Sample {9(1)7 62 ... 79(m)} ~ D;

gz 1) < 2=l Ly (g4 gl 1:09)) — g(x:09));
2
7z~ )+ &), &~ N(05):
Outputzz /||z7|.

Without loss of generality, we assume X = 0 by shifting R™ such that X is mapped to 0. As argued in the proof
of Proposition 3, H(0) admits the following following eigen-decomposition:

H(0) = Nuuf, (153)
i=1
where the set {u; };—, forms an orthonormal basis of R™. Without loss of generality, we assume the eigenvalues
A1, A2, ..., Ay corresponding to uy, ug, .. ., U, satisfy
AL <A << g, (154)

where A1 < —,/pe. If A, < —,/pe/2, Proposition 22 holds directly. Hence, we only need to prove the case
where \,, > —./pe/2, where there exists some p, p’ with

Ap < —V/pe < Apy1, Ay < —/Pef2 < Aprga. (155)
Notation: Throughout this subsection, let H := H(x). Use &, G to separately denote the subspace
of R™ spanned by {ui,uz,...,up}, {Up+1,Upta,...,us}, and use &), &) to denote the subspace of
R™ spanned by {ui,uz,...,uy}, {uy 41, up42,...,us}. Furthermore, define z, | := >°7_; (us,z¢) us,
Ze, L 1= i, (Wiy Ze) Wa, 2y 2= D00 (Ws, Ze) Wi, 2,1 = D (Wi, Z¢) U respectively to denote the

component of z: in Line 5 of Algorithm 7 in the subspaces &, & 1, G’H, &’ ,andlety = — ;.

To prove Proposition 22, we first introduce the following lemma:

Lemma 23. Under the setting of Proposition 22, for any point X € R™ satisfying Amin(V2f(X) < —./p€,
with probability at least 1 — 36, Algorithm 3 outputs a unit vector € satisfying

. n . pe
el := H Z (ui, &) w|| < 2 (156)
i=p
using O(m - ;) = O ( ?f;;l) iteartions.
D.1.1 Proof of Lemma 23
In the proof of Lemma 23, we consider the worst case, where \y = —y = —,/pe is the only eigenvalue less

than —,/p€/2, and all other eigenvalues equal to —,/p€e/2 + v for an arbitrarily small constant v. Under this
scenario, the component z, |/ is as small as possible at each time step.

The following lemma characterizes the dynamics of Algorithm 7:
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Lemma 24. Consider the sequence {z;} and let n = 1/L. Further, for any 0 < t < 7, we define

— _ Nzl c s\ oz
G i=glerr) = (VI (34 i) - VIR), (157
to be the errors caused by the stochastic gradients. Then z; = —qn(t) — dsg(t) — qp(t), where:
t—1
an(t) =0y (I —qH) T Aszr, (158)
7=0
for Ay = [ My (Yry2,)d — H, and
t—1 B t—1 B
Asg(t) =0 > T —nH)"" T, ap(t) =0 (I —nH) T e (159)
=0 7=0

Proof. Without loss of generality we assume X = 0. The update formula for z; can be written as

s =n (L (S - 910) <)
where
[EA Ts B _ ezl /1 Ts Ts — (%
s (Vf< ||ZtH Zt) Vf(o)) - rs 0 Hf (w ”ZtHZt> Hzt”ztdw - (H + At)zt7 (161)
indicating
zip1 = (I — nH)xe — n(Asze + G + &) (162)
t
=0 (I =nH)""(Aze + G+ &), (163)
=0
which finishes the proof. O

At a high level, under our parameter choice in Proposition 22, q,(t) is the dominating term controlling the
dynamics, and g (t) + gsg(t) will be small compared to q,(t). Quantitatively, this is shown in the following
lemma:

Lemma 25. Under the setting of Proposition 22 while using the notation in Lemma 12 and Lemma 24, we have

Bt)nrss  /pe
Pr (flan(t) + asa () < ST Y Ve < 2) 215, (164)

where —v := Amin(H) = —/pe.

Proof. Divide q,(t) into two parts:

ap,1(t) := (qp(t), ur) ui, (165)
and
Ap, 1/ (t) := dp(t) — ap,1(t). (166)
Then by Lemma 13, we have
t)nrs .
Pr(llqp,l(t)H < /B(\/)gr ~xﬂ) >1-2¢", (167)
and
B(t)m“s
Pr (HQP,l(t)” > W '5> >1-46/4. (168)
Similarly,
Pr (llap, ()] < Bur(Ore - Vi) > 1—2¢7", (169)
and
/(T s
Pr (llay, o (8)] > % 26) = 1-9/4, (170)
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where 3/ (t) := Qtm/2)" gey tyr = lon%. Then for all 7 < ¢/, we have

VY
B(7)
<V, (171)
Bi(1)
which further leads to

Pr (qu,l/(’r)H <281/ (t)nrs - \ﬂ) >1- 2" (172)

Next, we use induction to prove that the following inequality holds for all ¢t < ¢, /:
Pr (Jlan(7) + aug (1) | < Bus (P % v <t) =1 - 100t log (@)e—ﬂ (173)

nrs

For the base case ¢ = 0, the claim holds trivially. Suppose it holds for all 7 < ¢ for some ¢. Then due to
Lemma 13, with probability at least 1 — 2¢,/e™“, we have

]l < mllap @l + nllan(t) + asg (O] < 381 (T)nrs - V. (174)
By the Hessian Lipschitz property, A, satisfies:

1AL < pre. (175)
Hence,
t ~
lan(t+ DI < [In D (T —nH) " Arz | (176)
=0
t ~
<mprs Yy (I —nH)" "7 |z | 177
7=0
< (nprsngs) - (3B (t)nrs) - Ve (178)
B (t+nrs 0y/pe
< . .
- 10y/n 16¢ (179)

As for qsg(t), note that fT|.7-'T:1 ~ nSG((£+ £)||2- || //m). By applying Lemma 14 with b = o2 (t) - n?(£ +
£)?/m and b = o2 (t)n* (£ + £)*n?r2 /(mn), with probability at least

vny oo
1—4n 1og(ms> e, (180)
we have
L+ )1 (t+1Dnrs  64/pe
ot + DIl < TEEOVE (5 (1) -y < Bl e OVPE (s
m 20 8¢
Then by union bound, with probability at least
1 — 10n(t +1)*log (*/ﬁ)eﬂ, (182)
nrs
we have
1) pe
(¢ 1)+ gt 1) < B+ Dy - - P, (183)
indicating that (173) holds. Then with probability at least
1— 1002, log (@)w —§/4, (184)
nrs
we have
pe
letn(t20) + g ()| < et (£ - Y25 (185)

164
Based on this, we prove that the following inequality holds for any ¢, <t < Z:

B(r)nrs 0+/pe 2 Vny -,
< . P << >1-— _— .
Pr (th(T) ()l < SR S Vi <7 < t) >1- 10nt log<nrs>e (186)

We still use recurrence to prove it. Note that its base case 7 = ¢ / is guaranteed by (173). Suppose it holds for
all 7 < ¢ for some ¢. Then with probability at least 1 — 2¢te™“, we have

lz+]l < nllap@1 + nllan @) + asq (D)l (187)
< 2llapa (O]l + nllan(?) + asg (Bl (188)
< % NG (189)
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Then following a similar procedure as before, we can claim that

Blt+Dnrs 6 +/pe

t+1 o+ 1) < s 2 VI 190
(14 1)+ sy (04 1) < ST D (190)
holds with probability
1—10n(t +1)%log (@)eﬂ _2 (191)
nrs 4
indicating that (186) holds. Then under our choice of parameters, the desired inequality
Bt)nrsd  /Pe
t sg(D)] < == 192
lan(®) + ey (1)1 < Z57E2 Y (192)
holds with probability at least 1 — 4. O

Equipped with Lemma 25, we are now ready to prove Lemma 23.

Proof. First note that under our choice of .75, we have

l9p. L (Z)Il _ Vpe
Pr{-——r <-—)>1-0d (193)
( llap.1 (Z)l 16f)
Further by Lemma 25 and union bound, with probability at least 1 — 20,
llan(F5) + asq ()|l 20/n \/pe
< T) +asg( Tl s < 1o (194)
qu(z)u ||Qh( ) q 9( )” 5ﬁ(t)777'5 167

For the output &, observe that its component & ,» = €& — €j, since u; is the only component in subspace & .
Then with probability at least 1 — 36,

e < Vpe/(80). (195)
O

D.1.2 Proof of Proposition 22

Based on Lemma 23, we present the proof of Proposition 22 as follows:

Proof. By Lemma 23, the component € |/ of output e satisfies

A /e
’ < .
lewll < 3, (196)

Since & = €|/ + &/, we can derive that
. pe pe
> /1= >1-— . 197
eyl =,/ 602 2 (w0 (197)

éTﬁé: (éL/ +éH1)T’)L~[(éL/ +é”/), (198)

Note that

which can be further simplified to
e"He=¢el/He . + e[ Hey. (199)

Due to the /-smoothness of the function, all eigenvalue of the Hessian matrix has its absolute value upper
bounded by ¢. Hence,

AT 7 A R €
ele, <jel|f = 17, (200)
whereas
AT 17 A VPE .
e T (201)
Combining these two inequalities together, we can obtain
ATqia _ aT 474 AT 774 VPE L 2 pE \/pe
=€) ’ ’ P < ———||ey - 202
& He=6,Hey + & Hey < ——|l&yll” + o <~ (202)
O
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Algorithm 8: Stochastic Gradient Descent with Negative Curvature Finding.

Input: xo € R”;
fort=0,1,...,7T do
Sample {9(1)7 02, ... ,H(M)} ~ D,
g(Xt) = ﬁ Zj\il g(xt;e(ﬁ));
if [|g(x¢)|| < 3¢/4 then
& +StochasticNegativeCurvatureFinding(x;, 75, 75, m);

X Xy — fé(x0) S
t T A flx0) [\ T

Sample {49(07(9(2)7 . 7g(M)} ~ D;
g(xi) = 7 2, i 09);

| X1 < X — %g(xﬁet);

D.2 Proof details of escaping saddle points using Algorithm 3

In this subsection, we demonstrate that Algorithm 3 can be used to escape from saddle points in the stochastic
setting. We first present the explicit Algorithm 8, and then introduce the full version Theorem 9 with proof.

Theorem 26 (Full version of Theorem 9). Suppose that the function f is {-smooth and p-Hessian Lipschitz.
Forany € > 0 and a constant 0 < §s < 1, we choose the parameters appearing in Algorithm 8 as

5:235@\/5 z:%.10g<5f/np?>, Lzlolog(”'?log(n—f)), (203)

1) pe 160(¢ + ¢) 16¢Af
= e =00+ h /7. M = 204
" 480pn.Ts \ o m d+/pe Tt €2 (204)

where Ay := f(x0) — f* and [~ is the global minimum of f. Then, Algorithm 8 satisfies that at least 1/4 of
the iterations x; will be e-approximate second-order stationary points, using

O(U09) =) 102, 0%)

el

iterations, with probability at least 1 — §.

Proof. Let the parameters be chosen according to (2), and set the total step number 7" to be:
T:max{w,m(f(x@—f*).\/EZS}. (206)

We will show that the following two claims hold simultaneously with probability 1 — J,:

1. At most T'/4 steps have gradients larger than €;

2. Algorithm 3 can be called for at most 384A 7/ % times.

Therefore, at least T'/4 steps are e-approximate secondary stationary points. We prove the two claims sepa-
rately.

Claim 1. Suppose that within 7" steps, we have more than 7'/4 steps with gradients larger than e. Then with
probability 1 — §5/2,

T—1 2
Jer) = J(x0) < =3 D IVIGIP + e 35 (T +10g(1/82) < f* = f(x0).  (07)
=0

contradiction.

Claim 2. We first assume that for each x; we apply negative curvature finding (Algorithm 3), we can suc-
cessfully obtain a unit vector & with éT’H(xt)é < —/p€/4, as long as Amin(H(x:)) < —./pe. The error
probability of this assumption is provided later.
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Under this assumption, Algorithm 3 can be called for at most 384(f(xo0) — f*)\/5& < % times, for otherwise
the function value decrease will be greater than f(xo) — f™, which is not possible. Then, the error probability
that some calls to Algorithm 3 fails is upper bounded by

384(f(x0) — f*)\/ezs- (38) = 6. /2. (208)

The number of iterations can be viewed as the sum of two parts, the number of iterations needed in large
gradient scenario, denoted by 7%, and the number of iterations needed for negative curvature finding, denoted
by T>. With probability at least 1 — ds,

Ty =0M-T)= O(M) (209)

el

As for T, with probability at least 1 — 05, Algorithm 3 is called for at most 384(f(x0) — f*)4/ % times, and

~ 2 . . .
by Proposition 22 it takes O ( log ") iterations each time. Hence,

dy/pe
_ o [P Alog’ny _ Ar(f(x0) =) .
Ty = 384(f(x0) — f7) §'O<5\/,75)_0< - log n). (210)
As a result, the total iteration number 77 + 15 is
A (flxo) = ") | o
0(674 log n) @11)

E More numerical experiments

In this section, we present more numerical experiment results that support our theoretical claims from a few
different perspectives compared to Section 4. Specifically, considering that previous experiments all lies in
a two-dimensional space, and theoretically our algorithms have a better dependence on the dimension of the
problem n, it is reasonable to check the actual performance of our algorithm on high-dimensional test functions,
which is presented in Appendix E.1. Then in Appendix E.2, we introduce experiments on various landscapes
that demonstrate the advantage of Algorithm 2 over PAGD [22]. Moreover, we compare the performance of our
Algorithm 2 with the NEON™ algorithm [30] on a few test functions in Appendix E.3. To be more precise, we
compare the negative curvature extracting part of NEON™T with Algorithm 2 at saddle points in different types
of nonconvex landscapes.

E.1 Dimension dependence

Recall that n is the dimension of the problem. We choose a test function h(z) = %a:T’Hx + %x‘f where H is
an n-by-n diagonal matrix: # = diag(—e, 1, 1, ..., 1). The function h(z) has a saddle point at the origin, and
only one negative curvature direction. Throughout the experiment, we set ¢ = 1. For the sake of comparison,
the iteration numbers are chosen in a manner such that the statistics of Algorithm 1 and PGD in each category
of the histogram are of similar magnitude.

E.2 Comparison between Algorithm 2 and PAGD on various nonconvex landscapes

Quartic-type test function Consider the test function f(z1,22) = =21 — 27 + 223 with a saddle

point at (0, 0). The advantage of Algorithm 2 is illustrated in Figure 4.

Triangle-type test function. Consider the test function f(z1,z2) = 3cos(mw1) + %(332 +

cos(2mxy)—1

2
5 ) — 1 with a saddle point at (0, 0). The advantage of Algorithm 2 is illustrated in Figure 5.

Exponential-type test function. Consider the test function f(z1,22) = ——5 + 3 (22 — :c?efg”%)2 -1
1 1

x
[

with a saddle point at (0, 0). The advantage of Algorithm 2 is illustrated in Fi guré 6.
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Figure 3: Dimension dependence of Algorithm 1 and PGD. We set ¢ = 0.01, » = 0.1,n = 10? forp = 1, 2, 3.
The iteration number of Algorithm 1 and PGD are separately set to be 30p and 20p> + 10, and the sample size
M = 100. As we can see, to maintain the same performance, the number of iterations in PGD grows faster
than the number of iterations in Algorithm 1.
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Figure 4: Run Algorithm 2 and PAGD on landscape f(x1,z2) = %6:5‘11 — %x% + %x%. Parameters: 7 = 0.05
(step length), » = 0.08 (ball radius in PAGD and parameter r in Algorithm 2), M = 300 (number of sam-
plings).

Left: The contour of the landscape is placed on the background with labels being function values. Blue points
represent samplings of Algorithm 2 at time step tancep = 10 and tancep = 20, and red points represent sam-
plings of PAGD at time step tpagp = 20 and tpagp = 40. Similarly to Algorithm 1, Algorithm 2 transforms an
initial uniform-circle distribution into a distribution concentrating on two points indicating negative curvature,
and these two figures represent intermediate states of this process. It converges faster than PAGD even when
tancep <K tpaGD-

Right: A histogram of descent values obtained by Algorithm 2 and PAGD, respectively. Set tancep = 20 and
tpagp = 40. Although we run two times of iterations in PAGD, there are still over 20% of PAGD paths with
function value decrease no greater than 0.9, while this ratio for Algorithm 2 is less than 5%.
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Figure 5: Run Algorithm 2 and PAGD on landscape f(z1,22) = 3 cos(rz1) + %(372 + %) -1

Parameters: 17 = 0.01 (step length), r = 0.1 (ball radius in PAGD and parameter » in Algorithm 2), M = 300
(number of samplings).

Left: The contour of the landscape is placed on the background with labels being function values. Blue points
represent samplings of Algorithm 2 at time step tancep = 10 and tancep = 20, and red points represent
samplings of PAGD at time step tpagp = 40 and tpagp = 80. Algorithm 2 converges faster than PAGD even
when tancep <K teacp.

Right: A histogram of descent values obtained by Algorithm 2 and PAGD, respectively. Set tancp = 20 and
tpagp = 80. Although we run four times of iterations in PAGD, there are still over 20% of gradient descent
paths with function value decrease no greater than 0.9, while this ratio for Algorithm 2 is less than 5%.
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Figure 6: Run Algorithm 2 and PAGD on landscape f(z1,22) = f(z1,72) = —15 + 1 (22— mfefle))Q —1.

1 51%

Parameters: 1 = 0.03 (step length), » = 0.1 (ball radius in PAGD and paramete?r in Algorithm 2), M = 300
(number of samplings).

Left: The contour of the landscape is placed on the background with labels being function values. Blue points
represent samplings of Algorithm 2 at time step tancep = 10 and tancep = 20, and red points represent
samplings of PAGD at time step tpagp = 30 and tpagp = 60. Algorithm 2converges faster than PAGD even
when tancep < tpacp.-

Right: A histogram of descent values obtained by Algorithm 2 and PAGD, respectively. Set tancep = 20 and
tpagp = 60. Although we run three times of iterations in PAGD, its performance is still dominated by our
Algorithm 2.

Compared to the previous experiment on Algorithm 1 and PGD shown as Figure 1 in Section 4, these exper-
iments also demonstrate the faster convergence rates enjoyed by the general family of "momentum methods".
Specifically, using fewer iterations, Algorithm 2 and PAGD achieve larger function value decreases separately
compared to Algorithm 1 and PGD.

E.3 Comparison between Algorithm 2 and NEON™ on various nonconvex landscapes

Triangle-type test function. Consider the test function f(z1,z2) = 3cos(mz1) + %(12 +

cos(2mzy)—1

2
5 ) - % with a saddle point at (0, 0). The advantage of Algorithm 2 is illustrated in Figure 7.

Exponential-type test function. Consider the test function f(z1,22) = ——5 + 3 (22 — :c%efg”%)2 -1

el

1
2
with a saddle point at (0, 0). The advantage of Algorithm 2 is illustrated in Figure 8.
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Figure 7: Run Algorithm 2 and NEON™ on landscape f(z1, #2) = % cos(mz1) + 3 (22 +
Parameters: 17 = 0.04 (step length), » = 0.1 (ball radius in NEON* and parameter r in Algorithm 2), M = 300
(number of samplings).

Left: The contour of the landscape is placed on the background with labels being function values. Red points
represent samplings of NEON™ at time step txgon = 20, and blue points represent samplings of Algorithm 2
at time step tancgp = 10. Algorithm 2 and the negative curvature extracting part of NEON * both transform an
initial uniform-circle distribution into a distribution concentrating on two points indicating negative curvature.
Note that Algorithm 2 converges faster than NEON * even when tancep < ENEON.

Right: A histogram of descent values obtained by Algorithm 2 and NEON™, respectively. Set tancep = 10
and tneon = 20. Although we run two times of iterations in NEONT, none of NEONT paths has function
value decrease greater than 0.95, while this ratio for Algorithm 2 is larger than 90%.

Cos(27rzl)71) _ l

descent value sampling at ty . =40, U gp = 20

I ANCGD 283
W PAGD

- NEON+ sampling
= landscape

233

Frequency

50 40
%
9

gm0 0
2 a1 0 1 2 2 0 0 1 2 >06  (07:06] (08,07 (09:08] [1:09]
x x Descent value

Figure 8: Run Algorithm 2 and NEON™ on landscape f(z1,z2) = —1— % (1'2 —a:fe_x? ) % _1. Parameters:
1+e”1

n = 0.03 (step length), = 0.1 (ball radius in NEON" and parameter r in Algorithm 2), M = 300 (number
of samplings).

Left: The contour of the landscape is placed on the background with labels being function values. Red points
represent samplings of NEON™ at time step txgon = 40, and blue points represent samplings of Algorithm 2
at time step tancgp = 20. Algorithm 2 converges faster than NEONT even when tancep < ENEON-

Right: A histogram of descent values obtained by Algorithm 2 and NEON™, respectively. Set tancep = 20
and txgon = 40. Although we run two times of iterations in NEONT, there are still over 20% of NEONT paths
with function value decrease no greater than 0.9, while this ratio for Algorithm 2 is less than 10%.

Compared to the previous experiments on Algorithm 2 and PAGD in Appendix E.2, these two experiments
also reveal the faster convergence rate of both NEON™ and Algorithm 2 against PAGD [22] at small gradient
regions.
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