Appendix for “Generalization Guarantee of SGD for
Pairwise Learning”

Yunwen Lei' Mingrui Liu?> Yiming Ying?
1School of Computer Science, University of Birmingham, Birmingham B15 2TT, United Kingdom
2Department of Computer Science, George Mason University, Fairfax, VA 22030, USA
3Department of Mathematics and Statistics, State University of New York at Albany, USA
y.lei@bham.ac.uk mingruil@gmu.edu yyingQ@albany.edu

A Table of Notations

We collect in Table[A.T|the notations of performance measures used in this paper.

X input space Yy output space Z sample space
S training dataset n sample size Z i-th training example
flw;z,2") loss function Fg training risk F population risk
w arg miny, Fg(w) w* arg miny F(w) A(S) | output of algorithm A to S
L smoothness parameter | G Lipschitz parameter o strong convexity parameter
Nt step size T largest iteration number o randomly selected index
b sup, ez f(0;2,2") | 0 | sup, ez [IVf(0;2,2")]2 p probability measure

Table A.1: Table of Notations.

B Proof of Theorem /I

In this section, we prove Theorem|I|on the connection between on-average stability and generalization
bounds, following the arguments in [[15]. To this aim, we require the following lemma on the self-
bounding property of smooth loss functions.

Lemma B.1 ([20])). Assume for all z, 2', the function w — f(w; z, 2") is nonnegative and L-smooth.
Then |V f(w; 2, 2')||3 < 2L f(w; 2, ).

Proof of Theoremg] Part (a) was established in [16]. We only consider Part (b). According to the

symmetry between z;, z; and z;, 2, we know

BF(A(S) ~ Fs(AS)] = ey 3 EIF(A(S,) = Fs(A))]
i,5€[n]:i#]
= O E[AGS)s) - FAGS) w)), B
ij€lnli#j
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where we have used E., ., [ f(A(S;;); 2, 2;)] = F(A(S;;)) since z;, z; are independent of A(S; ;).
By the L-smoothness of f, we know

FCA(Si,5); 2is 2) — F(A(S); 215 25) < (A(Si ;) — A(S), V(A(S); 2, 25)) + §||A(5i,j) —A(S)II3

IN

1A(Si5) = AS)2lIVF(A(S); 21 25)l]2 + g\lA(Si,j) — A3

IA

L
FIA(S.5) = AS)IB + 5= IV FAS): 20 5) 1 + 5 1A(5:5) — A(S)IE

L+~
2

(L+IA(S:;) = ASHIE + (L +NIAS:) — AS)3 + %f(A(S); Zi) 2j),

IN

JA(S:5) — A(S)[2 + §f<A<s>; % %)

IN

where we have used Lemma [B.T]in the last second inequality and the following inequality in the last

step
IA(Si,5) — A(S)II3 < 20| A(Si,z) — A(Si)I3 + 2| A(S;) — A(S)[I3-

Since E[|| A(S; ;) — A(Si)|[3] = E[[A(S;) — A(S)|3], we know

E[f(A(Si5); 2is 2) = F(A(S); 25, 25)] < (L+7)E[IA(S:) — A(S)3]
+(L+ME[IA(S;) — AGS)3] + %E[f(A(S); zi, 25)]-
We can plug the above inequality back into (B.I)), and get

5 T (2L EIAS) - AS)E] + TELAAS) 5 2)])

n{n—1) i,j€[n)eiti

E[F(A(S)) — Fs(A(S))]

ALED) S EllA(s:) - AGS)IB) + ZEIFs(AS))].

=1

The proof is complete. O

C Proof of Theorem 2

In this section, we prove Theorem@ To this aim, we first introduce some lemmas. The following
lemma provides moment bounds for a summation of weakly dependent and mean-zero random
functions with bounded increments under a change of any single coordinate [1,/10]. We denote by

S\{z:} the set {z1,...,%-1,%i+1,...,2n}. The L,-norm of a real-valued random variable Z is
denoted by || Z||, := (E[|Z|])*,p > 1.

Lemma C.1 ([1l]). Let S = {z1,...,2n} be a set of independent random variables each taking
values in Z and M > 0. Let hq, ..., hy, be some functions h; : Z™ — R such that the following

holds for any i € [n]
1 |Eg\ 123 [hi(S)]| < M almost surely (a.s.),
2. E., [hi(S)] = 0as.,
3. forany j € [n] with j # i, and 2] € Z

|hi(S) — hi(z1, -, 251, 2] Zj41, -, 2n) | < B. (C.1)
Then, for any p > 2 .

H 3 hi(S)Hp < 12v2pnBlogy n] + AM/pr.

i=1

The bounds on moments of random variables can be used to establish concentration inequalities, as
shown in the following lemma [[1, [10].



Lemma C.2. Leta,b € Ry and § € (0,1/e). Let Z be a random variable with || Z||,, < \/pa + pb
for any p > 2. Then with probability at least 1 — ¢

|Z] < e(a\/log(e/é) + blog(e/é)).

The following lemma relates F(A(S) — Fs(A(S)) — E[F(A(S))] to Eg/ [f(A(S"); 21, 25)]. A
notable property is that A(S”) is independent of .S and therefore can be considered as a fixed point,
which simplifies the application of concentration inequalities. Lemma [C.3]is motivated by a recent
work in pointwise learning [10]].

Lemma C.3. Let A be an e-uniformly stable deterministic algorithm. Let S = {z1,...,2,},5" =
{#1,..., 2]} be independent datasets. Then for any p > 2 there holds

| Feaws)-Fs(as)-BIRAE)+ 5 3B [FA(S):2002)]
l#J

< 4e+96V2pe[log, n/2].
P

Proof. Let p > 2 be any number. It was shown that [16]

‘Ezz[f(A(S);Z,Z Zf ); Zis %5) ng ‘ <4e, (C2)
17’5.7 z#y

where we introduce
005(8) = B [, 5 [F(A(S1): 2.2)] — FA(S: i), Vi € [
and S; ; is defined in Eq. (3-4). For any i # j € [n], define

hi i () = 9i5(5) = Es\ (202,395 (5),
from which and (C.2) we get the following inequality for any p > 1

Jras) - mas) - oy L Moy PO
(C 3)
We have the following representation of U-statistic [3]]
1 1 L5
nn—1) > his(S) EZ@Z}‘W(OJ(HL%J)(S)’
z;éj T 24 4=1
where the sum is taken over all permutations 7 of {1, ..., n}. It then follows from Jensen’s inequality

Lz L

> ]’Lﬂ(i)ﬂr(i‘f‘l_%J)(S)Hp | J

N3

J

)

that
1 1 1
=l 2 < 5 2 1y s3],
(C.4)

where the last identity is due to the symmetry of permutations (note || - ||, involves an expectation). It
is clear that

1\3\3

HM

Es\(zivziy 5 3 0eir 121 () = Es\(zinz,y 0 )) {gi,i+L%j (9) = Es\(zi0z,4 5 1900+ 1 2] (S)] =0,
(C.5)

where Eg\ ., y denotes the expectation w.r.t. S\{z; U 2;; | = | }. Furthermore, there holds

Vzip 2

Einziﬂ_%J [gZ,Z+L%J (S)]

5 (B 5 (A it 150 2. )] — Ao 5020 72015))] =0.
(C.6)

Z7Uz1+L JE i L+L7LJ

Forany k € [[§]] with k # i and 2/, 2}/, | » | € Z, itis clear from the uniform stability of A that

5 kk+|2
]Ez/z EZ7Z[f(A(St,1+|_%J)a27Z)] ]Ez’z+ULJEZ7Z[f(A(Sz'(,i+[7§LLJ2J));Z7Z)]‘ < 2,



where §"*121) i the set derived by replacing the k-th element of S; ;| » | with z;/ and k + | 5 |-th

iit 5]
element with Z}Z e In a similar way, one can show
2

(k,k+1%1)
[f(A< iﬂ'-&-[%f )? Ziy Zi+[g])] ‘ < 2e.

’

’
FoFip )

[f(A(Siiv12)); 20> ziv12))] — B

’
Zih 2]

We can combine the above two inequalities together and get

Gii+ %] () — Gii+| 2] (S(k’kﬂgj))‘ < e,

where S(5*+131) i the set derived by replacing the k-th element of S with 2} and k + | Z]-th
element with z,’c’ Y Similarly, one can show
2

’ES\{inzi+L%J}[gi,iJrL%J(S)] - ]ES\{ziuZiH%J}[gi,iﬂgJ(S(k’kH%J))]‘ < de.

We can combine the above two inequalities together and get

Piiv2)(S) = hiiy 2] (5(’“"““%“)‘ < 8e. (C.7)

According to (C3)), (C:6) and (C7), we know that the conditions of Lemma [C.I hold with M =
0,n=|%],8=2862 =2 Uz aand h;i(S) = h;y|2(S). Therefore, one can apply Lemma
[Clto show that

Lg]
| D" hisr51(9)]] < 96vpellog n/21.

i=1

1
5]
We can plug the above inequality and (C-4) back into (C.3)) and get the following inequality for any

p=2
1
|Peaws) = Fs(as) — 1y Do Bo\n9s(5)]| < e+ 96v2pellogy m/2]. (CH)
i#£]

Furthermore, the symmetry between S and S’ implies (note Eg/[A(S');z,z2;] =
]ES\{Z/L'UZJ'}EZLZ; [f(A(Sl,J)a Zis Zj)])

Es\{z:0219i,5 (9)] = Eg\ (2,02, Bzt 2/ {]Ez,z [f(A(Si;): 2, Z)] — fF(A(Si); 2, Zj)}
=E[F(A(S))] — Es [f(A(S"); 2, )] -

The stated bound then follows by combining the above two inequalities together. The proof is
complete. O

We require a Bernstein inequality for U-Statistic [3] (inequality A.1 on page 868) to prove Theorem
Lemma C.4 (Bernstein inequality for U-Statistic). Let Z1, ..., Z, be independent variables taking
values in Z and q : Z x Z — R. Let B = sup, ; |q(z, Z)| and 0§ be the variance of ¢(Z, Z). Then
forany ¢ € (0, 1) with probability at least 1 —

1 o ~ 2Blog(1/9) 202 log(1/4)
‘”("*1) i,je[zn]::i;éjq(Z“Z]) Fz 2l 2)]| < 3|n/2] ln/2]

(C.9)

Proof of Theorem[2] Let S = {z1,...,2,},5" = {z],...,2,} be independent datasets. We have
the following error decomposition

F(A(S)) — Fs(A(S)) — F(w") + Fs(w") = £+

Es[PA(S)] = F(w) = s s [/(A(S)i2.2)] + Fs(w?)
i#£]



where
§ = F(A(S) — Fs(A(5)) — Es[F(A(S))] ZES’ )i 2i, 25)]-
Z#J
Due to the symmetry between S and S’ we further get
F(A(S))=Fs(A(S)—F(w")+Fs(w") = {&+Es [F(A(S))|=F (W) —Es [Fs (A(S)) |+ Fs(w”)
and therefore
FA(S)) ~ F5(A(8))~ F(w")+ Fs(w®) = £+ g/ [F(A(S") ~ F(w") ~ Fs(A(S'))+ Fs (w*)].
(C.10)
Note A(S’) is independent of S and can be considered as a fixed model if we only consider the

randomness induced from S. We now apply a concentration inequality to study the behavior of
Es [F(A(S)) — F(w*) — Fs(A(S")) + Fs(w*)]. For any z, 2/, define

q(2,2") = Esr[f(A(S"); 2, 2")] — f(w";2,2).
Then it is clear

Eor[F(A(S") = F(w?) = Fs(A(S") + Fs(w")| = Ez,74(2,7') o) e )
%#J

The variance of ¢ can be bounded by
Ez2(q°(Z2,Z2')) <Ez2Es [(f(A(S); Z2,2") — f(w*; Z, Z’))Z]
=Bz s[(f(A(S):2.2') ~ f(w"; 2.2))7),

where we have used the symmetry between S and S’ as well as the Jensen’s inequality. We can apply
Lemmawith the above ¢ to show the following inequality with probability at least 1 — §/2

2Blog(2/9) n 202 10g(2/5)
3[n/2] [n/2]

Furthermore, Lemmaimplies that ||¢]|, < 2pe(1 + 48v/2[log, n/2]) for any p > 2, from which
and Lemma we derive the following inequality with probability at least 1 — §/2

Eor[F(A(S") = F(w") = Fs(A(S")) + Fs(w")] <

¢ < 2ee(1 + 48v/2[log, n/2]) log(2e/4).

We can combine the above two inequalities and Eq. (C.10) together and derive the stated inequality
with probability at least 1 — §. The proof is complete. O

D Optimization Errors

The following lemma provides the optimization error bounds of SGD for convex, strongly convex and
nonconvex problems. The optimization error analysis of SGD (Algorithm I} for pairwise learning
is the same as that for pointwise learning. The underlying reason is that both algorithms build
an unbiased estimator (stochastic gradient) of the true gradient, and perform the update along the
negative direction of the stochastic gradient. Part (a) is standard, see, e.g., [17]]. Part (b) was given in
[L5]. Part (c) can be found in [7, [12]. Part (d) was given in [14]. Part (e) can be found in [9].

Lemma D.1. Let {w;}, be produced by (3.2) and w € W be independent of SGD.
(a) Letw( ) = ( Z;Zl n;w;)/ Z;Zl n;. If Fg is convex andAssumptionholds, then forallt € N

G2y )+ ||W||2
2Zj 17y

(D.1)

E4[Fs(wi")] - Fs(w) <



(b) Let Assumptions[I} Bl hold. If n, < 1/(2L) and is nonincreasing, then for all t € N

t t
Y niEalFs(wj) — Fs(w)] < (1/2+ L) w3 +2L ) 17 Fs(w) (D2)
Jj=1 j=1

and

t t
> nfEa[Fs(wy)] < mllwli3 +2  nfEa[Fs(w)]. (D.3)
j=1 J=1

(¢) Let Fs be o-strongly convex and ny = 2/(o(t 4+ 1)). Let w}, = (Z;zl iw;)/ Z;zl Jj- If either
Assumption 3| or Assumption 2| holds, then
EalFs(Wy)] — Fs(w) = O(1/(to) + [[w|/3/t%). (D.4)
If Assumption 3| holds, then with probability at least 1 — &

Fs(w}) — Fs(w) = 0(log(1/6)/(t0)). (D.5)

(d) Let Assumptions hold andnj < 1/(2L). Forany § € (0, 1), the following inequality holds
with probability at least 1 — §

S IV s = (an +log(1/9)). (D.6)

Jj=1

Furthermore, the following inequality holds with probability at least 1 — § simultaneously for all

t=1,...,T
T 1 1
Iwealle =0((1+ 3 02) " (1+ an) " log(1/9) ). D7)
k=1
(e) Let Assumptions hold. Ifn, = % then
Eal[Fs(we)] - inf[Fs(w)] = O(1/(t5%)). (D.8)

E Proofs on Smooth and Convex Problems

In this section, we present the proof related to stability and generalization for pairwise learning
with convex and smooth loss functions. The following lemma shows the gradient map w —
w — 1V f(w; z, 2") is nonexpansive, which is very useful to study the stability bounds.

Lemma E.1 ([6]). Assume for all z € Z, the function w — f(w;z,2') is convex and L-smooth.
Then foralln < 2/L and z, 2" € Z there holds

[w =0V f(wiz,2) = w + V(w222 < [w = w2

Based on Lemma [EI] we can prove Theorem [3]on stability bounds.

Proof of Theorem[3} For any i € [n], define S; as (3.3). Let {w,}, {wt } be produced by SGD
(Algorithm[I) w.r.t. S and S; , respectively. For any S and i € [n], we denote

LS,i(W) = Z (f(W,Zz,ZJ)‘Ff(W,Z],Zl)), LSi,i(w) = Z (f( ,Z“Zj)—Ff(W;Zj,ZZ/')).

JE[n]:j#i j€[n):ii
(E.1)
If iy # i and j; # i, it follows from (3.2) that
i i i 2 i
Iwisr = Wi 13 = [lwe = wi? =V F(wis 2, 25,) + eV (w5 22,255 < llwe = wi |3,



where we have used Lemma[E-T]in the last inequality. If i; = 4, it follows from (3:2) that
i i i 2
Iweer = w13 = [lwe = wi® = eV fwis 20,2 + 0V w5 2120
< (U p)liwe = wi 3+ (L /) |V (w05 20, 23) = V f (w15 27,2503

< (1 p)lIwe = w13+ 200+ 1/ (195 (wes 22, 23113 + 1V £(wi™s 2, 23113
< (1 p)llwe = w3 + AL+ 1pn? (F(wes 22, 23,) + (w321, 23,) ),
where we have used the elementary inequality
(a+b)? < (1+p)a®+ (1+1/p)b*, Vp>0
and the self-bounding property (Lemma [B.T). If j; = i, we can similarly show that
Iwir = wi2i I3 < (U4 p)llwe = wiP 3+ AL+ 1/p)ng (£ (wes 20,0 20) + Fwi¥s 21, 2]) )

Note the event 4; # i and j; # i happens with the probability % and iy = 1,5, = j for

1 # j happens with probability 1/(n(n — 1)). We can combine the above three cases together and
derive

i (n—1)(n—2) ;
B, [Iwre —wi ] < W”Wt w3
+n(n ( L+ p)llw: — wgi)H%+4L(l+1/p)ntQ( (Wt7zl?zj)+f<wt)7Zl7ZJ))>
JG[n]ﬁﬁl
tomm 2 (U pliwe = Wi IE AL 1) (F(wes 20 20) + Fwi: 25,2D) )
n( i o MW 2, % 320 %
JEn JF

AL(1+ 1/p)n?

= (L 2p/m)lfwe = wil |3+ = (Lsa(wa) 4 Lsa(wi).

where Ej, means the conditional expectation w.r.t. k; := (i¢, j¢). It then follows that

2p D2y ALA+ 1P} ¢ i
— ZEI% |Wt+1 Wt+1|| ] (1+ ) Z ||Wt § )H%"‘W_l)t Z (LS,i(Wt)‘FLSi,i(W,g )))
i=1
We can take expectation over both sides and get
1 & ; 1 2D\ — ; 8L(1+ 1/p)n?
=Y Ellwen—wih I3 < = (14 2) Y Bflwe - w5+ TtZE Lsi(wy)],
i=1 i=1 i=1

where we have used the following identity due to the symmetry between z; and 2|

E[Ls, i(wi")] = E[Lsi(w,)].

According to the definition of Lg; we know

ZLS,i( Z Z F(W; 2, 2)) + f(wW; 25,2)) = 2n(n — 1)Fs(w).

i=1 i=1 jeln]j#i

We can combine the above two equations together and get
1< 2p i 16L(1+ 1/p)n?
SS Bl - wikBl < (14 2) ZE Iwe = wi? |3 + ==L R [F (wy)].
i=1

We can apply the above inequality recursively and get

S Bl — w3 < YD S (4 B i)



We can choose p = n/(2t) in the above inequality and note
2p\t—J
(1+=2) T <+1/) <e
n
It then follows that

1 & 16L(1 + 2t/n
=D Ellwin w3 < Z E[Fs(w;)]
=1

The proof is complete. O
We now use the above stability bounds to prove generalization bounds in Theorem 4]

Proof of Theoremd] We can plug the on-average argument stability bounds in Theorem [3] into
Theorem [T with A(S) = w, and get

32L(L +7)(1 + 2t/n)e i

E[F(wy)] < E[Fs(w;)] + (1 + L/7)E[Fs(wy)].

=1

Multiplying both sides by n; and taking a summation then gives

Zm < (14L/7) ZmJE Fs(wi)]+ 32L(L+7>(1+2T/n)6z Z_: n7E[Fs(w;)]

n
t=1

It then follows that

> mE[F(wy) — Fs(w)] < (14 L/7) ZntE Fs(wy) — Fs(w)]+

T T t—1
Lin S nE{Fs(w)) + 2L DL A 2T/E S S g (),
t=1 =1

n
t=1

According to (D.3) and 7, = 7, the above inequality implies further

T

> nE[F(wWi) = Fs(w)] < (14 L/v)

t=1 t

nE[Fs(wi) — Fs(w)]+

[M]=

Il
-

T
LATyE(Fs(w)] + ZHEE D2 S )+ oPEFs(w)).

We can plug into the above inequality and get

> nEIF(wi) = Fs(w)] < (14 L/9) ((1/2 + Ln)E[|w|3] + 2L > n*E[Fs(w)] )+
t=1

t=1

LATyB[Fs(w)] + ZHEEDEZIINE S i+ omPEFs(w)).
t=1

It then follows from the Jensen’s inequality that

BIF ()] ~ ElFs(w) = O((Tn) ™ ElI i) + Tl Fs(w)])) + 2200
o(ME T (g 2] + 7oPEIFs(w)]) ).
The stated bound then follows directly. The proof is complete. O

Finally, we present the proof of Corollary [3}



Proof of Corollary[5] We choose w = w* in Theorem [ and get

1 AT+ T2/n)772)

E[F (W) — Fs(w")] :0((n+;+ iJFM).

E[Fs(w*)]) +O(T77 .

(E.2)
Note E[Fg(w*)] = F(w*).

We first prove Part (a). Since 7 < 1/v/T and T' < n, the inequality (E.Z) becomes

- -1, 1y 1A +T/n)
E[F(Wr)] — F(w* :O(T é+f+f+7).
F ()] = Fw) vy T nvT
We can choose v = /n to get that E[F(wr)] — F(w*) = O(1/y/n).
We now turn to Part (b). In this case, the inequality (E.2)) becomes
_ L1 v
E[F(wr)] - F(w") =0 (- +-— +1).
[F(wr)] - Fw) = O+ -+ 1

We can choose v = 1 to get E[F'(wr)] — F(w*) = O(1/n). The proof is complete. O

F Proofs on Convex and Nonsmooth Problems

In this section, we present the proof related to stability and generalization for pairwise learning with
convex and nonsmooth loss functions. We first prove stability (Theorem|[6)) and excess risk bounds
(Theorem[7)) for Algorithm[I] Then we move to excess risk bounds for Algorithm [2] (Theorem 8).

F.1 Proofs of Theorem[6land Theorem

We need to introduce a concentration inequality [19] which is useful for developing high-probability
bounds.

Lemma F.1 (Chernoff’s Bound). Ler X1,...,X; be independent random variables taking values
in {0,1}. Let X = Z;Zl X; and . = E[X]. Then for any 6 > 0 with probability at least

1—exp(— 12 /(2 + 5)) we have X < (14 0)p. Furthermore, for any & € (0, 1) with probability
at least 1 — § we have

X < p+1log(1/6) + +/2ulog(1/6).
Proof of Theorem|[6] Suppose S and S’ differ by the first example. If i; # 1 and j, # 1, then
2
[Werr = wigall3 = [[We =0V f(Wis 20,5 25,) — wi + 0.V f(wis 20,25 |
2
= ||wie =V f(Wi; 21,5 25,) — Wi + 0V (W5 23, Zj,,)Hz
= [lwe = Wil — (We = Wi, eV f(We; 23, 25,) = 0eV (W5 23,5 25,)) + 407, G2
< lwe — will3 + 407 G2,

where we have used the fact (w; —wy, V f(Wy; 2, 25, ) — V.f(W}; 2i,, 2;,)) > 0 due to the convexity
of f. Otherwise,

IWess = Wi |3 = [fwe =0V F (Wi zi0.25,) = Wi+ mV (w2, 25
< (L4 p)[we — Will3 + U+ 1p)n? |V (Wi 2, 25,) — V(Wi 2L, 2|3
< (L +p)we — will3 +4(1 + 1/p)nf G?,
where we have used Assumption[2] Combining the above two cases, we derive
Iwerr = wiall3 < (14 Pl —rorj=1) lIwe = w3 + 4G9 (1 + p™ i1 orje=y) (D)
=(1+ p)Hm:m”:H [we — will3 +4G?n; (1 +p71H[it:1 orje=1])> (F.2)
where 1) denotes the indicator function. Taking expectations over both sides of (F.I), we get

E[[lwWesr = wip 3] < (1+2p/n)E[lwe — wi3] + 4G%n (1 + 2/ (pn)),



where we have used E[l;,—1 or j,—1]] < 2/n. We apply the above inequality recursively and get

E[[|wes1—wi4]3] <4G*(1+2/(pn)) Zn? (1+2p/n)t_j < 46’2(1+2/(pn))772t(1+2p/n)t.

j=1
We can choose p = n/(2t) and use the standard inequality (1 + 1/t)! < e to get
E[wis1 — wigqll3] < 4G%et (1 + 4t/n)n”.

This proves the stability bound in expectation. We now turn to high-probability bounds. It follows

from (F.2) that
t

t
— ]I'i y=1lorj, ;=
Iwerr = Wi l3 <4G*Y ni(1+p  Lymiorgemy) [ (1 p)twmtoon =)
k=1 k'=k+1
t

t
< 4GP [T+ p)lw=roan=y 7 (14 p~ Lipm1 o jy=11)
k=1 k=1
t

= 4G n?(1 + p) == Tx=tors= (t+p! Z Ty =1 or ju=1)-
k=1

We can apply Lemma|F. 1| with X3 = Ij;, —1 or j,—1), # < 2t/ to get the following inequality with
probability at least 1 — 9

t
Z H[Zk:1 Ol‘jk:” S 2t/n + lOg(l/(S) + \/ 4tn_1 10g(1/5)

k=1
Therefore, with probability at least 1 — § there holds

Wi — Wil <
4G20% (1 + p)Qt/"HOg(l/‘s)+ dtn=" log(1/9) (t +pt (2t/n + log(1/6) + /4tn—1 log(l/é))).

‘We can choose 1

P St jn 1 10g(1/6) + /3tnTlog(1/9)

in the above inequality and derive the following inequality with probability at least 1 —6 ((1+1/z)* <
€)

[Wet1 — Wi ll3 < 4G%nPe(t + (2t/n +log(1/6) + \/4tn—1 10g(1/5))2).
The proof is complete. ]

We can use the above stability bounds to develop excess risk bounds in Theorem [7) for SGD with
nonsmooth problems.

Proof of Theorem[]} Let {w;},{w}} be defined in Theorem [6] According to [#.2) and Jensen’s
inequality, we know

E[|[wit1 — Wyyqll2] < 2GV2et(1 + 2Vt /n)n.
It then follows that SGD with ¢-iterations for nonsmooth problems is on-average loss e-stable with

€ <4G2V2et (1 +2vt/n)n.

This together with the relationship between on-average stability and generalization shows
E[F(w;) — Fs(wt)] < 4G*V2et(1 +2vt/n)n.

We can take an average of the above inequalities to get

% > E[F(w;) — Fs(we)] < 4G*V2eT (1 42T /n)n.
t=1

10



It then follows from (D.T) that
E[F(wr)] — F(w*) = E[F(wr) — Fs(wr)] + E[Fs(Wr) — Fs(w*)]
2T 2 * (|2
< 4GPV2eT (1 + 2VT n)n + G"Q#H'W”?
n

where we have used the Jensen’s inequality and (D.I). The stated bound then follows from the choice
T=n?andn = T—1%. The proof is complete. O

F.2 Proof of Theorem[§|

We now turn to Theorem 8| on excess risk bounds of Algorithm 2]based on the iterative localization
technique [} [11]. We need to introduce some definitions. For any i, let

W; = arg min Fg, (w). (F.3)

Note w; is derived by applying SGD with n; = ;n;/(t + 1) to minimize ﬁsi (w), with the iterates
weighted according to Part (c) of Lemma|[D.T] We need the following lemmas.

Lemma F.2. Let Assumptions hold. For any § € (0,1), the following inequality holds with
probability at least 1 — §/(2k): ||W; — w; 2 = O(v/miv log%(2k/5)).

Proof. It is clear that Fg, is \; := 2/(in;)-strongly convex. According to (D.3), the following
inequality holds with probability at least 1 — §/(2k)

Fs,(wy) — B, (W) = O(log(2k/5) /(T:\,)) = O(log(2k/3)/(n,\,)).

It then follows from the definition of W; and the strong convexity that
Wi — will3 < Fs,(w;) — Fs, (W;) = O(log(2k/5)/(ni):)) (F.4)

and therefore
Wi — wil[3 = O(log(2k/3)/(n;))) = O(nii log(2k/4)).
The proof is complete. O

The following lemma establishes the uniform stability of pairwise learning with strongly convex
objectives.

Lemma F.3 ([16]). Suppose f : W x Z x Z — R takes a structure f = { + r, where { :
Wx ZxZw—Randr: W — R. Assume for all z, z', we have |V {(w; z, 2 )||2 < G. Suppose Fs

is o-strongly convex and define A as A(S) = arg minwew Fs(w). Then A is %—uniformly stable.

The following lemma establishes the excess risk bounds for the empirical risk minimizer defined in
[E3).

Lemma F.4. Let Assumptions hold. Let W; be defined in (F3). With probability at least
1 — §/(2k) the following inequality holds for any w € W

. _ 1
F(w;)— F(w) = O(’yi log n; log(k/d) + n; 1 log(k/é)) + WHW — wi,1||§.

Proof. For any i, define

Fi(w)=Ezz[f(w;2,2")] + lw —wi_1[|3

'Y

and w; = arg miny, E(w) Denote by A} the deterministic algorithm outputting the minimizer
of Fs,. Since Fg, is \; = 2/(vy;n;)-strongly convex and f is Lipschitz continuous, it follows

11



from Lemma that A’ is 4G?~;-uniformly stable. Furthermore, we have the following bound on
variances

Bz [(f(A1(S:): 2, 2) = F(w}5 2,2'))7] < G*Es, [ 41(Si) — wi 3]
2G?

It follows from the definition of W; and Theorem(A = Al F = E) that with probability at least
1-46/(2k)

<

2

Es, [Fi(4(S)) — Fi(wy)] = G*yiniBs, [Fi(4j(S:)) — Fy(w))].

Fi(W;) — Fy(w}) < Fy(W;) — Fs, (W;) — Fy(w}) + Fs,(w}) =
O(ilog mi log(/8) + n; " log(k/6) +n;* (viny log(k/6)Es, [F(41(S0) — Fy(wi)])*).

On the other hand, the uniform stability of A’ and Part (a) of Theorem implies that
Es, [F;(W;) — Fs, (%;)] = O(,).
It then follows that (note Eg, [Fs, (w?)] = F;(w}) since w} is independent of .S;)
Es, [F;(W;) — F;(w})] = Es, [Fi(W;) — Fs, (w})]
< Eg, [E(Wz) - ﬁsi (wi)] = O().

We can plug the above inequality back into (F.3) and get the following inequality with probability at
least 1 — §/(2k)

Fy(wi) = Fi(w) < Fi(3;) = Fi(w}) = O(ilog ni log(k/6) + n; * 1og(k/0) ).
Then the following inequality holds with probability at least 1 — ¢ /(2k)

1 ~ 2
—[|W; — w3+ —
Vil YiTlg

1 .
= O(% logn; log(k/d) + n;l 1og(k/6)) — W — wi1]|3 +

F(Ww;) — F(w) = Fi(%;) — Fy(w) — lw —wi 13

[w — wi_1]]3.

v (2042

The stated bound then follows directly. The proof is complete. O
Based on the above lemmas, we are now ready to prove Theorem 8]

Proof of Theorem[8] Let w; be defined by (F3). Let wg = w*. We have the following error
decomposition

k
F(wy) = F(w*) =Y (F(W;) = F(W;_1)) + F(wg) — F(Wy). (F.6)
i=1
According to Lemmal|F.2] we know the following inequality with probability at least 1 — §/(2k)
F(wy) = F(Wy) < G|lwy, = Wil = Ok log? (2k/0)). (F.7)

Furthermore, we can apply Lemma with w = w;_; for different ¢ to get the following inequality
with probability 1 — ¢

k

> (F(w) — F(wi-1) = 3 (O Tog s Tog(k/6) + o k/8)) + L=t — i)
i=1 i=1 Vil
. k
- o — woll3 -
= O(vy1logny +ny ") log(k/d) + TQ + ZEZQ (O(%‘ logn; 4+ n; ) log(k/8) + po

* (12 k n; 2
= O(y1logny +ny ") log(k/s) + Il + ZO(% logn; +n; ' + L%) log(k/6),

: i
=2 v

[Wi 1 —wi 13

)



where we have used Lemma|[F.2)in the last step. We can combine the above three inequalities together
and get the following inequality with probability at least 1 — ¢

F(wy) = F(w") = O(y/moy log* (k/5))

2
FEL) log (/)

’Lnl

* (]2 k
+ O(y1 logny +ny ) log(k/d) + H;NnHQ + ZO(% logn; +n; ' +
!

2171'”22(171')72

k
g 1 * —i P
—O(vr g+ il 3 (2 st 2

=2

)) tog(k/9)

= O(\/ﬁ'yn_% +vlogn + %Hw*”% +n7E 4 7) log(logn/é),
where we have used 2F =< /n and
k= %ﬂogz nl, vi=7v/2, ni=[n/2".
We can take v =< n~2||w* | to get F(wy) — F(w*) = O(log(logn/d) logn||w*||/y/n) with
probability at least 1 — 4.

Furthermore, it is clear that the total number of gradient computations is of the order of

k

k
> Ti=> n/2=n.
i=1

i=1

The proof is complete. O

G Proofs on Strongly Convex Problems

In this section, we present the proofs related to excess risk bounds for pairwise learning with strongly
convex objectives (Theorem [9) and Theorem [I0). We first prove generalization bounds for smooth
problems. To this aim, we introduce a lemma.

Lemma G.1 ([16]). Assume for all S € Z™, Fg is o-strongly convex w.rt. || - |. Let A(S) =
arg minw ey Fs(w) and Assumption[3|hold. If on > 8L, then

1024L2  64L
+ 2 )E[F5(AS))- (G.1)

E[F(A(S))] - Fs(A(S)) < (

n2o?
Proof of Theorem[9} According to (G.I)), we know the following generalization bound for ERM
applied to strongly convex and smooth problems

16L
n2g?

E[F(wh) ~ Fs(wh)] < 64L( gt + B[ Fs(wi)]. G2)

The L-smoothness of f implies the L-smoothness of F', which implies

F(A(S)) ~ F(w§) < (A(S) — wi, VE(wE)) + 5 () — w3

IN

* * L *
1A(S) = willa [ VE(WE)ll2 + 5 [A(S) = w3

1 . .
< 57 IVE(wE)[5 + LIIAS) = w3,

where we have used the Cauchy-Schwartz inequality in the last step. According to Lemma[B.T|and
the inequality Fis(w}%) < Fg(w*), we know

E[|VF(w)l3] = E[IVF(ws) — VF(w")|3] < 2LE[F(w§) — F(w")] = 2LE[F(w§) — Fs(w")]

. ) 6L 1 )
< 2LE[F(w}) — Fs(wh)] < 12817 (n202 + E)JE[FS(WS)],
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where we have used (G.2)). Furthermore, the o-strong convexity of Fis implies
* 2 *
1A(S) = wil3 < = (Fs(A(S)) = Fs(w5)).
o

We can combine the above three inequalities together and derive

E[F(A(S)) — F(w5)] < 64L(71260LZ + %)E[mwg)} + %E[FS(A(S)) ~ Fs(wy)).

We can combine the above inequality and (G.2)) together and get

E[F(A(S)) - Fs(w})] = EIF(A(S)) — F(w)] + E[F(w) — Fs(ws)] (G.3)
< 1981( 0% + LVE[Fs(wy)] + ZCE[Fs(A(S)) ~ Fs(ws)].
The stated bound then follows since
E[Fs(w)] < E[Fs(w)] = P(w"). (G4)
The proof is complete. O

We now turn to Theorem [I0]on nonsmooth problems.

Proof of Theorem According to Lemma [F.3]and Part (a) of Theorem [T} we know the following
generalization bound for ERM applied to strongly convex and Lipschitz continuous problems

8G?
< —.

E[F(ws) — Fs(wg)]

no

The Lipschitz continuity of f implies the Lipschitz continuity of F'. Therefore, it follows from the
strong convexity of Fis that

2(Fs(A(S)) — Fs(ws)).

g

F(A(S)) = F(ws) < GlA(S) = will2 < G\/
We can combine the above two inequalities together and use (G.3) to derive

E[F(A(S)) - Fs(w})] < 20 4 G\/ ZELLSAG) = F(we))]

no

The stated bound then follows from (G.4). The proof is complete. O

We now consider the application to the specific SGD. It shows how we should early-stop the algorithm
to get the optimal bound O(1/(no)). Part (a) and Part (b) are for smooth and nonsmooth cases,
respectively.

Corollary G.2 (SGD). Let {w} be the sequence produced by SGD with n, = 2/(c(t + 1)). Let Fg
— / t . t .
be o-strongly convex and w; = ( > =1 jo)/ > j=1J-

(a) If Assumption[3|holds and on > 8L, then
E|Fg(wWE
E[F(w}) — F(w")] = O(W +1/(To®) +B[|w5|3/(T%7)). (G5

In particular, one can choose T < n /o to get the excess population risk bound O(1/(no)).

(b) If Assumption 2 holds, then

E[F(A(S)) - Fs(w3)] = 2% 40 W 1/(To) + EHIW%II%]/TZ). 6

no g

In particular, one can choose T < n? to get the excess population risk bound O(1/(no)).

14



Proof. According to Eq. (D.4), we know
Ea[Fs(Wr)] = Fs(wg) = O(1/(To) + |lws[3/T?). (G.7)
We first prove Part (a). We can plug the above optimization error bounds into Theorem [9]and derive
_ . 16L 1 N "
B[P (wh) — F(w")] = 128L( —— + — JE[Fs(w5)] + O(1/(T0?) +E[|w5[3)/(T%)).
This gives (G.J).
We now consider Part (b). We plug into Theorem [I0]and derive
L 8G? 1/(To) + E[[[wg]2]/T2
E[F(A(S)) - Fs(w5)] <~ + O(V [@o) + Bl BTy

o
This gives (G.6). The proof is complete. O

H Proofs on Uniform Convergence of Gradients for Pairwise Learning

In this section, we present the proofs on the uniform convergence of gradients (Theorem [T T} Corollary

and Corollary [I3).
H.1 Proof of Theorem (1]

To prove Theorem [T} we first introduce a useful lemma called the McDiarmid’s inequality [19] for
handling the concentration of functions with bounded increments.

Lemma H.1. Letcy,...,c, € Ry. Let Z1, ..., Z, be independent random variables taking values
in a set Z, and assume that g : Z"™ — R satisfies
sup |g(21, ,Zn)_g( ,Zi_l,Zi,Zi_y_l,"')lSCi (Hl)

21,520,251 €EZ

fori=1,... ,n. Then, forany 0 < § < 1, with probability at least 1 — § we have

1 3
9(Z1,.... 2,) <E[g(Z1,.... Z,)] + (5 D 1og(1/5)) :
i=1
The following lemma gives a high-probability bound on the uniform deviation between population
gradients and empirical gradients.

Lemma H.2. Let § € (0,1) and S = {z1,...,2,} be examples drawn independently from p.
Suppose Assumption[3|holds. Then with probability at least 1 — § we have

9 L5

su VF(w)—VFg(w < —FEgE. su H V(W 24,20 n H
p V) = VEs(lly < TyBste aup | 2 eV ftwizzigl]

Y

. \/8(LR+ b)* log(1/5)

n
where ¢; are independent Rademacher variables.

Proof. By the L-Lipschitz continuity of V f, the following inequality holds for all w € Wg

IV f(w; 2, 25)ll2 < IV F(05 21, 25) |2 + Ll wll2 < LR+ V. (H.2)
Let S = {z],...,2.} be independent examples drawn independently from p and S; =
{#1,.--12i—1, %}, Zi+1,- - - » Z2n }. Then, we have
’ sup ||VF(W) — VFS(W)H2 — sup ||VF(W) — VFSi(w)H2‘
weEWR wEWR

< sup ’HVF(W)—VFS(W)HZ—HVF(W)—VFS,L(W)HZ‘g sup ||V Fs(w) — VFs, (w)]|,
wEWR wEWR

! , ,

= e K%Z;# (VFwi21,25) + (w32, 2) = V(w3 2l 2) = V f(wi 25, 2) |
Aln —1) N A(LR+V)

S ERHY) ==
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where we have used (H.2)) for all w € Wg. Therefore, (H.I) holds with
g(z1,-..,2n) := sup [||VF(W) — VFs(W)”Q]
wEWR

and ¢; = 4(LR+1b") /n. We can apply Lemmato derive the following inequality with probability
1-96

2
8(LR+ V") log(1/0
sup |VF(w)—VFs(w)], <IES[ sup HVF(W)—VFs(W)HQ}_i_\/ ( ) (1/ )
weWR weEWR n
(H.3)
For any w € Wg, define ¢, : Z2 X Z +— Ras
aw(2,2) =Bz [Vf(w;2,2")] = Vf(w;z,2").
Then it is clear that
1
VF(w) — VFs(w) = sl Z. _qw(zi,zj).
INISAR ]
Analogous to Eq. (C4)), we have
5]
ES[ sup ||[VF — VFs(w }S]Es[ sup q zz,zz n H]
Jw [VF(w) Il Sup Z (e zer1)
By the standard symmetrization trick, we get
L5)
1 !
Es[ sup TZ (Ez.z [Vf(w; Z,Z")] =V f(w; Zi,ZiH%J))H }
wEWR L§J i1 2
75
:]ES{ sup n Z Vf W,zz,zz_'_L J) V f(w; 2, Zit|n 1) H}
wEWR § -1
1 3]
<E /[ sup ||+ Vw2l 2l n)) — V(W zi, 204 n H }
A e 1:1( ( +1z)) ( +130)|,
1 3]
= —Egg. [ sup e(Vi(wsyzl, 2t n) = V(W2 24 n H]
|_§J wWEWR i=1 ( ( +L2J) ( H_LQJ)) 2
L)
IE)S]E€ sup eV(W;zi, zip 0 H .
I. J wEWR ; ( +L2J) 2
We can plug the above two inequalities back into (H:3) to derive the stated inequality with probability
1 — 4. The proof is complete. O

We now use Lemma[H:2]to prove Theorem|[TT]

Proof of Theorem[I1] According to Jensen’s inequality, we know

13 , 13 ,
’Zéivf(w§zi,zi+LgJ)H2D SEE[ sup Zéivf(W;ZuZiH%J)H }
i—1 WEWR U5y 2

(]E6 sup [
weEWR

n

e|: sup <§: f(w; Ziazi+\_%J)aZ€ivf(W§ Zm%ﬂg])ﬂ
-1

wEWR i=1
L5]
< sup Z V f(w; Ziy Zig |2 1) Vf(w; Ziy Ziy | J)>

weWR ;7

+2E6[ sup Z 6i€j<Vf(W; zi,ziH%J),Vf(w;zj,zjﬂgj)ﬂ
WEWR 1<ici<|2)

< ng (LR + V)2 + nlds(Fr), (H4)
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where we have used (H.2) and the definition of Rademacher chaos complexities. It then follows that

‘Zelww % %y 1) H | < \/T(LR—i—b) nls(Fr).

We can plug the above bound into Lemma[H.2]to derive the stated bound with high probability. [

E. sup [
weWR

H.2 Proof of Corollary [12]

To prove Corollary [T2] it suffices to estimate the involved Rademacher chaos complexity [[13 21].
We handle this term by applying the entropy integral (Lemma [H.3)) in terms of covering numbers.

Definition 1 (Covering number). Let (G, d) be a metric space and set 7 C G. For any € > 0, a set
F% C Fis called an e-cover of F if for every f € F we can find an element g € F* satisfying
d(f,g) < e. The covering number N (e, F, d) is the cardinality of the minimal e-cover of F:

N (e, F,d) := min {\}'A| : F2 is an e-cover of}'}.

Lemma H.3 (21]). Let F : Z x Z + R be a function class with sup ;. ds(f,0) < D and

S={%,...,Z,} C Z, where dg is a pseudometric on F defined as follows
1 . o 1/2
as(f.0)= (=5 X Gz g 2)l) (H5)
1<i<j<n
Then b
E, e f(Gn 2] < 24 1 F.ds) + 1)dr.
- {ilelg): Z eicif(Z zj)} e/o og (N (r, F,dg) + 1)dr

1<i<j<n

Proof of Corollary[I2} For any i € [|5]], we define Z; = (2,2 (2)) and fw;z) =
f(W; 2, 2i4 | n ). Then the Rademacher chaos complexity U, (Fr) can be written as

1 7S P~
Uz(Fr) = mEe{ sup Z eiej<Vf(W;zi),Vf(w; zj)>], (H.6)
20 TWEWR 1<ici<| g
where S = {#,... 2|z }. We define a metric dg over Fr by

dg(w, w') = (L;}P S [(Vitwiz). Viwiz) - (Vw5 9wz ) )

1<i<i<| 5]
For any w and w’ in Wk, there holds

PR ww) = Y [(VFwi5), Vi(wi5) — (VFw' 2), VW 5)

1<i<j<[ %]

<2 Y (Vi(wiz) - ViW:E),ViwiE) 2 Y (VW) Viwiz) - VW 5))

1<i<j<[ %] 1<i<j<[ %]

<2 N ||Viwsz) - VIS H)LViw ) a2 S VAW 2RIV F(ws 5) —

1<i<j<| 2] 1si<j<|3]
= ~ 2 x ~
<20 3 [[IVAwiE)|; + VAW 213 Ihw - w3
1<i<i<|3]
< L*(LR+V)*n(n —1)|w — w'||3, (H.7)

where we have used the elementary inequality (a1 + az)? < 2(a? + a3) and the decomposition
(Vf(w; %), Vf(w;Z) - < f( $5), V(W' 2)) =
(VF(w:z) = V(W' 2), V(W 5) + (VW' 2), V(Wi 2) = V(W' 5))
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in the first inequality, the L-smoothness of f in the third inequality and (H.2)) in the last inequality. It
then follows that

log N (r, Fin, dg) < logN(r/(QL(LR + b’)),WR,dg)
< dlog (6LR(LR n b’)r‘1>,

where we have used the classical result log N (r, Wg, d2) < dlog(3R/r) [18] and ds is the metric
over Wr, defined by da(w, W) = ||w—W/||2. Furthermore, (H.7)) also implies dg(w,0) < 2LR(LR+
V') for w € Wg. We can now apply Lemma|H.3|to show that

2(LR+V')LR
Uz(Fr) < 246/ log (1 + N(r, Fr, dg))dr
0

2(LR+b')LR
< 24e/ (1og 2 + dlog (GLR(LR + b’)r—l))dr
0

< 48e(LR + b")LR(log 2 + dlog(3e)),

where we have used
2(LR+b)LR 1
/ log <6LR(LR + b’)fl)dr = 2LR(LR + V) / log(3/r)dr = 2LR(LR + V') log(3e).
0 0

The stated bound then follows by plugging the above bound on Rademacher chaos complexities into
Theorem[I1] The proof is complete. O

H.3 Proof of Corollary 13|

Our scheme to prove Corollary is to directly control the term H Zilj 6V f(W;2i, 24 2)) H in
2

Lemma[H.2} In more details, we show this term is related to two Gaussian processes which are more
easy to handle. Our analysis requires the following classical lemma on comparison between two
Gaussian processes (Slepian’s lemma).

Lemma H4. Let {Xy: 0 € O} and {g : 6 € O} be two mean-zero separable Gaussian processes
indexed by the same set © and suppose that

E[(Xo — X5)?] <E[(Vo — Vg)?], V0,0 € O. (H.8)

Then E[supycg Xo] < E[supyce Dol-
Lemma H.5. Suppose f : W x Z? — R takes the form (B.1). Then
L5 L%]
> eViwizs)|, < VACLRR+¥) (Y Io(iziig )

i=1

[N

E. sup
wEWR

Proof. By the structure of f, we know

E. sup
weWr

[%]
ZEin(W;Zi,ZngJ)‘L

=1

— !
= Eewevzl,gewl < 2 € (<W7¢(Ii7xiﬂgj)%T(yuyi+LgJ))¢(xi,xi+L%J),V>

L[5)

<E, sup ZWW((W D(is i 2))), T(Wir Yir 2))) (D(i, T 2 ), V),  (HI)
wEWR,vEW, i=1

N3
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where ¢’ denotes the derivative of ¢ w.r.t. the first argument, g1, ..., g, are independent N (0, 1)
random variables. Note the last step follows from the following inequality on Rademacher and
Gaussian complexities

%) %]
E. supZelf (z:) <E sungZ (2i)-
f i=1 S i=1
Define two mean-zero separable Gaussian processes indexed by Wgr x W,
%]
= Z glwl (<Wa ¢($i, x'H»L%J )>7 T(yi7 yH’L%J )) <¢<.’IJ“ x’H’L%J )? V>
i=1
Lz %]

v= \/i‘fzgiw/«“’;(ﬁ(xiaxi+|_%])>77'(yi7yi+L%J)) +V2(V + LyRr) > Gild(wi, wip 2)), V),

i=1

where g1, . .., gn, are independent N (0, 1) random variables. For any w, w’ € Wg and v, v’ € Wy,
it follows from the independence among g; and Eg? = 1,Vi = 1,..., n that
L3]

Eg [(%w,v - xw/,v’)z] = (¢/(<W7 d)(l'zv Lit| 2] )>7 T(yiv Yiv 2] )) <¢(xza Lit| 2] )7 V>
1

N3

%
2

- W((Wl, (x4, Lit| 2] )7 (i Yi+ 2] )) (B(z, Lit|2] )s VI>)

[%] 2
<2 (¢/<<W,¢($iaxi+[%J>>vT(yi,yi+L%J)) - ¢/(<W/a¢(xi7mz‘+[%])>77'(yi7yi+L%J))) (<¢($i7$¢+LgJ),V>)2
i=1
13) , .
+2 ( "W, d(xi, zig 2)) T (yi,ymgj))) (p(xi, zig2)), V) = (D(is 2y 2)), V"))
i=1
L%] 2
<267 ) (W((W,d)(xi,xmgj)%T(yi,ymgj)) - ¢/(<W,7(Z)(xiv$i+L%J)>aT(yivyi+L%j)))
=1
2 L%J 2
Q(b’ + Lan) (<¢(z¢,mi+L%J),v> —{&(x4, zi_ng),v’))
=1

=By [(Dwov — Dwv) ],

where we have used (a + b)? < 2a? + 2b?, the decomposition

O (W, (@i, i 2))s T(Wis Yir | 2)) (D@6, Tige 21), V)= (W, (@i, 2ig 21)), T(Wi, Vi 2))) (D@, iy 2)),

= (w/(<wa(b(xiaxiJrL%J»aT(yiayiqLL%j))_w/«W/a¢(xi7xi+[%J)>>7—<yiayiJrL%J)))<¢(mi7xi+L%j>av>
+ ¢/(<W/a (b(xw ‘,I"’H’L%J )>7 T(yi7 y2+L%J )) (<¢(mla mz+[%j )7 V> - <¢(l‘27 xz+[%j )7 vl>)

and the following inequality due to the L-smoothness of ¢

[ (W', d(i, i 2))), (Wi Yir 2))) | SV + LW, ¢(2s, 54 2))) — 0] <V + Ly Rr.
Therefore, we can apply Lemma[H.4]to show

E;, sup  Xyv<E;, sup QYwy
weWR,vEW: weEWR,vEW:

L) 3]

gﬂ,/} (W, @@, i 2 ), T(Yir Yig 2))) + V2(b' + LyRk)E, SEHVI\)/ gi{d(i, Tig 2 ), V)
v 1

|3
w3

< \@&EQ sup
wEWR

HM

L J L
<V2LyKE, sup Zgl W, O(Ti, Tig |2 ))) —l—\f(b + LyRk)E, sup

wEWR i=1 vEW,

J

w3

HM

g <¢(x17 x1+L%J )7 V>7
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where we have used the L,-Lipschitz continuity of 1)’ and the contraction lemma of Gaussian
complexities in the last step. Furthermore, it follows from the Jensen’s inequality that

L) L)

E, sup gi(w, ¢(xzvxz+L J)> E; sup <W» gi¢($i7$i+L%J)>
wEWR 1 wEWR 1

w3
3

3

L3] [3] L3]
i (%AMH%J)HQ < Ry | E, [< Zg@(l‘mxiﬂ%ﬁaz9i¢($i,$i+L%j)>}
=1 =1

[N

(i [¢(@i, it 2 )2 )

In a similar way, we can show

3] 3] 1
9:(0(ze 3ir15)).) < (D" ot zieiz )

1

wl3
wl3

E, sup
vews

HM

%

Therefore,

=

[3]
E, sup Xwv < (2LyRi + V') (Z p(zi, zig 2 )3 )

wEWR,vEW;

Plugging the above inequality into then gives the stated bound. The proof is complete. O
We now apply Lemma [H.3]to prove Corollary 13}

Proof of Corollary[I3} By Lemma[H.3]and the definition of x, we know
L5)

E. sup ZeNf(w;zi,zj)H < Vnk(2LyRe +1). (H.10)
wEWR i=1 2

According to the L,,-smoothness of 1, the function f is (L k?)-smooth
[V f(wi2,2") = VI(W;z )|,
= [ ((w, é(x,2)), 7(y,)) = ' (%, 6(x,2)), 7(3, 1)) | &, 2") |2
< Ly[(w =W, é(x, ) é(x, ") |2 < Lys?||w — WH2~

Therefore, Lemma [H.2] holds with L = L% We can plug (AI0) into Lemma[H.2and get the
stated bound. The proof is complete. [

I Proofs on Nonconvex Problems
In this section, we apply the uniform convergence of gradients to prove Theorem [T4]

Proof of Theorem|[I4] By the elementary inequality (a + b)? < 2(a? + b?) and (D.6)), we derive the
following inequality with probability 1 — 6/3

T T
S il VE(w)l3 = me|[VF(wi) — VEs(wi) + VFs(w; H2
t=1 t=1

T T

<23 || VE(ws) = VEs(wo)|[2 +2 3 mel|VEs(we)|[2
t=1 t=1
T

T
< 227716 Jmax [VF(w;) - VFS(Wt)Hi + O(an + log(1/9)).
t=1 =

t=1
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It then follows that

T o, T
—ZHVF (w3 <2 ,Jnax HVF (wy) — VFg(wy H2 (1)<Zm) (an+log(1/5))
t=1 =1

t=1

=2 max_|[VF(w,) = VEs(wy)|[; +O(T~*log(1/9)). L)

According to (D.7), with probability 1 — §/3 we have the following inequality uniformly for all
t=1,...,T

|willa < Ry := o(T% 10g(1/6)). 12)
According to Corollary the following inequality holds with probability 1 — §/3 (we assume
Rr>1)
sup [|[VF(w) — VFs(w)|2 = O(RT\/d n 1og(1/5)n*%). (13)
WGWRT

Combining (L), (L2) and (L3) together, with probability 1 — § we derive the following inequality

- Z IVE(wo)[3 =2, max [|VF(we) — VEs(w, |2+ O(T—% log(1/5)>

= O(R3(d+10g(1/8))n ") + O(T* log(1/5))
= O(VT10g*(1/5)(d +log(1/8))n~") + O(T~ ¥ log(1/6) ).

Therefore, we can choose T < nd~! to derive the following inequality with probability 1 — &

%Z IVE(w:)3 = O(Tf% log?(1/6)(d + log(l/(;))%)_
t=1

This gives the bound (5.4).

The proof of (5.5) is the same except using the uniform convergence of gradients established in
Corollary [[3]instead of Corollary [T2] We omit the proof for simplicity. The proof is complete. ~ [J

J Proofs on Gradient Dominated Problems

In this section, we prove Theorem [I5]on excess risk bounds for learning with gradient dominated
problems. The following lemma is a simple extension of a similar result in [6].

Lemma J.1. Assume for all z, 7', the function w — f(w; z, 2') is nonnegative and G-Lipschitz.
Let S = {z1,...,2zn,} and S = {21,..., 2.} be two datasets that differ by the first point. Let
{w.},{w;}} be the sequence produced by SGD (Algorithm w.rt. S and S, respectively. Then for
every z,z' € Z and every to € [n] we have

2Bt

sup f(w;2,2')+GE[[[wr—wr|[[1 & I, (A)|Pr{l & I, (4)},

w;z,z’

]E“f(WTa Z, Z/)if(wlTv 2 Z/)H S
where It(A) := {i1, 71, .., %, ji | is the set of indices selected by A in the first t iterations.

Proof. According to the law of total expectation, we know

Ellf(wriz,2") = f(whi2,2)|] = E[|f(Wrs 2, 2") = f(whi 2, 2)|[1L € I, (A)|Pr{1 € I, (A)}
+E[|f(wriz,2") = f(wis 2, 2)|[1 € L, (A)|Pr{l & I, (A)}.

According to the update rule, we know

-1) 2t
Pr{l € I, (A }<ZPr{ztf10rjt71} Z 2n no'

n—l

The stated bound then follows from the Lipschitz continuity of f. The proof is complete. O
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We follow the arguments in [6] to prove Theorem 3}

Proof of Theorem[I3] We first give the stability bounds. Suppose .S and S differ by the first example.
If iy # 1 and j; # 1, then

[wit1 —wiille = [|we =V F(Wes 21, 25,) — Wi +meV f(wis 2, 25,
< |lwe = willy + |V F(Wes 21, 25,) — eV F (W 26,5 23,) |
< (L4 Lo [|we — wi [,
Otherwise, we have

[Wit1 — Wigille < [[w — wil|2 + 2Gn,.
It then follows that

Ei,go) IWer1 — wigqll2]
< (1+ Ln,) | we — wi||,Pr{i; # Land j, # 1} + (|[we — wi|l2 + 2Gn)Pr{i, = Lor j, = 1}

(n—2)(1+ Ln 2
= ( t)|| = wily + = (llwe = will2 +2Gm.). a.1)
Let Ay = [||wt — wi|||1 & I, (A)], where I, (A) is defined in Lemma[J.1] Then it follows from
(1) that
n—2)(1+L 4G
JAVERTE.S ( )( 77t) Ny + — (At + 2G77t) < (1 +L(1- 2/n)77t)At + L

n

4G
< exp (L(1—2/n)n:) Ay + nnt.

Since A¢,4+1 = 0, we can apply the above inequality repeatedly and get
T

KA, 4G a 4Ge
Ar < Z H exp (L(1 —2/n)ng) L < Z H exp (Le(1 —2/n)/k)—-
t=to+1 k=t+1 t=to+1 k=t+1
T T T
1\ 4Gc 4Gce
< Z exp (Lc(l —2/n) Z E) e < Z exp (Lc(l —2/n) log(T/t)) p”
t=tp+1 k=t+1 t=to+1
T T
T\ Le(1=2/n)4Gc  4Gc
< - kg TLc(l 2/n) —Le(1-2/n)—1
- Z t ) nt n Z t
t=to+1 t=to+1
< LGCTLC(I—WTL) /T p—Le1=2/n)=1 4, < 1 4Gc< )LC(l—Z/n)
~ n to ~ Le(1—-2/n) n \tg ’

where we have used

2t+1
= )2 <c/t, c:=1/p.

26(t+1
We can combine the above bound and Lemma [J.T|together, and get

B[1fwrs =)~ Sz, )] =0(2 + G (1)),

We can choose tg < T' T and get the following stability bounds

E[|f(wr;z,2") = f(wh;2,2')|] = O<TT)

We can plug the above stability bounds into Part (a) of Theorem([T] and get the following generalization
bounds

E[F(wr) — Fs(wr)] = O(T%).

Furthermore, according to (D-8) we have the following optimization error bounds
Ea[Fs(wr)] — inf[Fs(w)] = O(1/(T5%).

We can plug the above generalization and optimization error bounds into (3.1, and get (5.7). The
proof is complete.

22



K Examples of Pairwise Learning

In this section, we give some specific examples of pairwise learning: metric learning, ranking and
AUC maximization. We denote (¢); := max(¢,0) and =" the transpose of = € R?. Let sign(t)
denote the sign of ¢t € R.

Supervised metric learning. In supervised metric learning, we assume ) = {41} and aim to
find a distance metric such that examples in the same class are similar while examples in different
classes are apart from each other under this metric. A typical choice is the Mahalanobis metric
of the form hy (7, 7;) = (W, (z; — x;)(x; — ;) 7),w € S¥?, where S¥*¢ denotes the set of
positive semi-definite matrices in R?*¢, A common loss function in metric learning for w on
z = (z,y),2 = (2',y') takes the form [8]

fw;2,2") = g(yy' (1 = hw(z,2))),
where g : R — R is a convex function for which some typical choices include the hinge loss
g(t) = (1 — t)+ and the logistic loss g(t) = log(1 + exp(—t)).

Ranking. For ranking problems, the output reflects the ordering between instances, i.e., the instance
x is considered to be better than z’ if y > 3. Our task is to predict the ordering between the objects
based on observations by constructing ranking rules hy, : X x X — R, and predict y > ¢/ if
hw(x,2") > 0 [3]]. A common pairwise loss function used in ranking problems takes the form

fwsz,2") = g(sign(y — v/ ) hw (2, 27)),
where g : R — R, is a convex function for which some typical choices are the exponential loss
g(t) = exp(—t), the logistic loss g(t) = log(1 4 exp(—t)) and the hinge loss g(¢) = (1 — t)4 [3].

AUC maximization. AUC is a widely used metric for measuring the performance of machine learning
algorithms in imbalanced classification. If ) = {£1}, the AUC score of a model hy, : X — Y
measures its probability of giving a larger value to a positive instance than to a negative instance. The
problem of AUC maximization can be formulated as a pairwise learning problem with the following
loss function [4}22]

f(W;Z,Z/) = g(WT(x - ‘/L‘/))H[yil,y’zfl]a (Kl)
where g : R — R, is a convex function for which some typical choices are the least square loss
g(t) = (1 —t)2, the logistic loss g(t) = log(1 + exp(—t)) and the hinge loss g(t) = (1 —t) .

L. Experimental Results

In this section, we present some experimental results to support our theory on the stability bounds. We
consider AUC maximization with the loss function of the form of (K:I)). We consider several datasets
available at the LIBSVM site [2], whose information is summarized in Table We transform
datasets with multiple class labels into datasets with binary class labels by grouping the first half of
class labels into positive labels, and grouping the remaining class labels into negative labels. We
randomly choose 80 percents of each dataset as the training set S, from which we perturb a single
example in S to create a neighboring dataset S’. We apply SGD (3.2) with the same parameters to .S
and S’, and get two sequence of iterates {w; } and {w}}. We then calculate the Euclidean distance
Ay = ||wy — w2 at each iteration to verify the stability of SGD. We consider step sizes of the form
ne = /T with 7 € {0.05,0.25, 1,4}, and report A, as a function of the number of passes (the
iteration number ¢ divided by the sample size n). We repeat the experiments 100 times and report the
average as well as the standard deviation. Since we develop stability bounds for both smooth and
nonsmooth loss functions, we consider two representative loss functions: the smooth logistic loss
(i.e., Eq. with ¢(¢) = log(1 + exp(—t))) and the nonsmooth hinge loss (i.e., Eq. with
g(t) = (1 =1)4).

In Figure[L.T} we report the Euclidean distance A\; for AUC maximization with the hinge loss and
the 4 stepsize sequences, while in Figure[L.2] we report AA; for AUC maximization with the logistic
loss. It is clear that A\, is an increasing function of both ¢ and 7, which is consistent with our stability
bounds in Theorem [3]and Theorem[6] It is also clear that the Euclidean distances for the logistic
loss are significantly smaller than those for the hinge loss if we consider the same stepsize sequence,
which is also consistent with Remark 4 on the comparison of stability bounds for SGD with smooth
and nonsmooth problems.
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Table L.1: Description of the datasets used in the experiments.

datasets |# inst # feat|datasets | # inst # feat|datasets| # inst # feat| datasets | #inst # feat
a3a |3185 122 |acoustic|78823 50 |cifarl0 [50000 3072 | gisette 7000 5000
madelon | 2600 500 | mnist {60000 780 | usps | 7291 256 |webspam_u|350000 254
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Figure L.1: Euclidean distance A; as a function of the number of passes for the hinge loss.
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Figure L.2: Euclidean distance A\, as a function of the number of passes for the logistic loss.
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