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Abstract

Conventional wisdom attributes the mysterious generalization abilities of over-
parameterized neural networks to gradient descent (and its variants). The recent
volume hypothesis challenges this view: it posits that these generalization abilities
persist even when gradient descent is replaced by Guess & Check (G&C), i.e., by
drawing weight settings until one that fits the training data is found. The validity of
the volume hypothesis for wide and deep neural networks remains an open question.
In this paper, we theoretically investigate this question for matrix factorization
(with linear and non-linear activation)—a common testbed in neural network the-
ory. We first prove that generalization under G&C deteriorates with increasing
width, establishing what is, to our knowledge, the first case where G&C is provably
inferior to gradient descent. Conversely, we prove that generalization under G&C
improves with increasing depth, revealing a stark contrast between wide and deep
networks, which we further validate empirically. These findings suggest that even
in simple settings, there may not be a simple answer to the question of whether
neural networks need gradient descent to generalize well.

1 Introduction

Overparameterized neural networks trained by (variants of) gradient descent are a cornerstone of
modern artificial intelligence (AI) [[103} 143} 2 [151 156} [2]]. Typically, an overparameterized neural
network can fit its training data with any of multiple weight settings, some of which generalize well
(i.e., perform well on unseen test data), while others do not. The fact that weight settings found by
gradient descent often generalize well is a mystery attracting vast attention [[117} |50} [78l [75} [73]].
Conventional wisdom states that this phenomenon stems from a special implicit bias induced by
gradient descent when applied to overparameterized neural networks [93 137, 155} 60].

Recently, it has been argued that gradient descent is not necessary for overparameterized neural
networks to generalize well, and in fact, any reasonable (non-adversarial) optimizer that fits the
training data can suffice [20, [16} 102, 102, [I1]. Notable empirical support for this argument was
provided by Chiang et al. [20], who demonstrated that generalization comparable to that of gradient
descent can be attained by Guess and Check (G&C), i.e., by repeatedly drawing weight settings from
a specified prior distribution, until a weight setting that happens to fit the training data is drawn. For a
particular prior distribution over weight settings, hypothesizing that G&C attains good generalization
is equivalent to the so-called volume hypothesis [20, [77], which states the following. Define the
volume of a collection of weight settings to be the probability assigned to it by a posterior distribution
obtained from conditioning the prior distribution on the training data being fit. Then, the volume of
weight settings that generalize well is much greater than the volume of weight settings that do not.

Aside from Chiang et al. [20], several works have supported the volume hypothesis in certain cases
involving wide and deep overparameterized neural networks [16} 40, 41]]. However, the literature also
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includes contrasting evidence. In particular, Peleg and Hein [[77] systematically experimented with
overparameterized neural networks of varying width and depth, and found that the generalization
attainable by G&C is inferior to that of gradient descent, most prominently with larger network
widths. Overall, the current literature on overparameterized neural networks portrays a conflicting
picture regarding how the generalization attainable by G&C compares to that of gradient descent,
and how this depends on network width and depth.

In this paper, we present a theoretical study that takes a step toward elucidating the foregoing picture,
i.e., toward delineating the extent to which wide or deep overparameterized neural networks need
gradient descent in order to generalize well. Our theoretical study centers on matrix factorization—a
common testbed in the theory of neural networks, used for studying generalization [36} 5, 163} 23|
1114 166] as well as other phenomena [35} 12,194, 134]]. Past analyses of matrix factorization have
contributed to real-world neural networks—yielding theoretical insights [3} 4], concrete mathematical
tools [83}184]], and practical methods that improve empirical performance [54.[93]). In its basic form,
matrix factorization is akin to using overparameterized neural networks with linear (no) activation
for tackling the low rank matrix sensing problem. We consider a more general form that allows for
alternative (non-linear) activations as well [81]].

Our first contribution is a theorem proving that, with an anti-symmetric activation (e.g., linear, tanh
or sine), if the width of a network increases, then the generalization attained by G&C deteriorates,
to the point of being no better than chance—or more precisely, no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding
the training data. The theorem applies to any prior distribution satisfying mild conditions, including
the canonical Gaussian and uniform distributions considered in previous works [16} 40]. In light
of known results proving that gradient descent attains good generalization [21} 164} 65, 55} 93], we
conclude that there are cases where the generalization attainable by G&C is provably inferior to that
of gradient descent—that is, cases where overparameterized neural networks provably need gradient
descent in order to generalize well. To our knowledge, this is the first formal proof of the existence of
such cases.

As a second contribution, we provide a theorem proving—for linear activation and a normalized Gaus-
sian prior distribution—that if the depth of a network increases, then the generalization attained by
G&C improves, to the point of being perfect. This theorem, which essentially implies that increasing
network depth renders gradient descent not necessary for good generalization, stands in stark contrast
to our analysis of increasing network width. We empirically showcase this contrast, demonstrating
that in matrix factorization, the generalization attained by G&C improves with network depth but
deteriorates with network width, whereas gradient descent attains good generalization throughout.

The findings in this paper suggest that even in simple settings, there may not be a simple answer
to the question of whether neural networks need gradient descent to generalize well: the answer
may hinge on subtle dependencies between network width and depth. We hope that our study of
matrix factorization will serve as a stepping stone towards deriving a complete answer for real-world
settings, thereby illuminating the role of gradient descent in modern Al

1.1 Paper Organization

The remainder of the paper is organized as follows. Section [2] reviews related work. Section 3]
introduces notation and the setting we study. Section ] delivers our theoretical analysis, followed
by Section[5| which presents an empirical demonstration. Section [6]discusses the limitations of our
theory. Finally, Section[/|concludes.

2 Related Work

Numerous works have been devoted to understanding why overparameterized neural networks trained
by gradient descent (or variants thereof) often generalize well [117, 150, (10} 52} 1} 9L 118174, |19} 91}
87]. While this generalization is most commonly attributed to an implicit bias induced by gradient
descent [90, 157, [76, 93| 137, 64} [511 1110, 21} [116L 6L [70 165L [251 [112} [109} 169, 155, 107, 160, [82[], an
emerging view is that much of it stems from the architectures of neural networks. Results supporting
this emerging view include: (i) results that establish a certain notion of simplicity when a weight
setting is drawn from a prior distribution [[11}, (102} |47} [71, 27]; (ii) results that establish good
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generalization in a Bayesian framework, i.e., when predictions are defined through an expectation
over weight settings, where the probability of weight settings is higher the better they fit the training
data [108}, 49]; and (iii) results that establish good generalization with G&C, i.e., when a weight
setting is drawn from a posterior distribution obtained from conditioning a prior distribution on the
training data being fit [40} [16} 141, 98]]. Among these, the third category—i.e., results concerning
G&C—is arguably the most aligned with the standard learning paradigm, as it involves selecting a
single weight setting that fits the training data.

Chiang et al. [20] and Peleg and Hein [[77] compared the generalization attainable by G&C to that
of gradient descent, by experimenting with overparameterized neural networks of varying width
and depth. Chiang et al. [20] provided evidence suggesting that: (i) the generalization attainable by
G&C is on par with that of gradient descent; and (ii) increasing the width of an overparameterized
neural network improves the generalization of G&C. Peleg and Hein [77] pointed to confounding
factors in the experimental protocol of Chiang et al. [20], and made different observations, namely:
(i) the generalization attainable by G&C is inferior to that of gradient descent; (ii) increasing the
width of an overparameterized neural network improves the generalization of gradient descent but
not that of G&C; and (iii) increasing the depth of an overparameterized neural network deteriorates
the generalization of both gradient descent and G&C. The latter observation does not align with the
conventional wisdom, i.e., with the extensive empirical and theoretical evidence that deep neural
networks generalize better than shallow ones [5} 96} 168, 42]]. Peleg and Hein [[77] accordingly hedge
this observation, effectively implying that it may result from confounding factors.

Our work is similar to those of Chiang et al. [20] and Peleg and Hein [77] in that it compares the
generalization attainable by G&C to that of gradient descent for overparameterized neural networks
of varying width and depth. It markedly differs from these past works in that it provides a rigorous
theoretical analysis (the works of Chiang et al. [20] and Peleg and Hein [[77] are purely empirical),
and focuses on a simplified model (matrix factorization). This allows for a controlled study free
from confounding factors. In particular, it allows us to prove—for the first time, to the best of our
knowledge—that there are indeed cases where the generalization attainable by G&C is inferior to
that of gradient descent.

3 Preliminaries

3.1 Notation

We use non-boldface lowercase letters for denoting scalars (e.g., a € R, d € N), boldface lowercase
letters for denoting vectors (e.g., v € R%), and non-boldface uppercase letters for denoting matrices
(e.g., A € R4, For d € N, we define [d] := {1,...,d}. Welet| - ||z and || - || stand for the
Euclidean norm of a vector and the Frobenius norm of a matrix, respectively.

3.2 Low Rank Matrix Sensing

Low rank matrix sensing is a fundamental and extensively studied problem in science and engineering
[330199,180L 17,192, [111]]. In its basic form, the goal in low rank matrix sensing is to reconstruct a low
rank matrix based on linear measurements. Namely, for m,m’,r,n € N, where r < min{m, m’}
and n < m - m’, the goal is to reconstruct a ground truth matrix W* € R™ m" of rank r based on
(A; € R™™ y; € R)P_,, where:

= (A3, W) == Te(4] W*) , i € [n]. )
We refer to (A;)P_, as measurement matrices, and to (y; )7, as the corresponding measurements.

The above can be cast as a supervised learning problem. Indeed, we may identify a matrix W € R™ m’
with the linear functional that maps A € R™™ to (A, W) € R. Our goal is then to learn the linear
functional W* based on the training data (A;, y;)j—,, i.e., based on the training instances (A;)}—,
and their corresponding labels (y;)?_,. The training data induces a training loss defined over linear
functionals (or equivalently, over matrices):
m,m’ 1 n 2

Liin s R™™ = Rz, Loin(W) = —> (4 W) =) @
Any W € R™ ™" that minimizes the training loss, i.e., that fits the training data, necessarily
coincides with W* on instances in span{A;}?_; (meaning (A, W) coincides with (A, W*) for all



137
138

139
140

141
142
143
144

145
146
147

148

149

151
152
153

154
155
156
157
158

160
161
162
163
164

165
166
167

168

169

170
171
172
173
174

175
176

A € span{4;}™ ;). Accordingly, we quantify generalization (performance on unseen test data) via
instances orthogonal to span{A;}?_;, or more precisely, through the following generalization loss:

: 1 )
‘Cgen (R™T — RZO ) ‘Cge“(W) = @ ZAGB (<Aa W> - <A7W >)2’ (3)

where B € R™™" is some orthonormal basis for the orthogonal complement of span{A4;}? ; (it is
straightforward to show that L, (-) is independent of the particular choice of B).

Much of the literature on low rank matrix sensing concerns a canonical special case where the
measurement matrices (A;)7_; satisfy a restricted isometry property (RIP) as defined below [33]].
Such a property holds with high probability when (A;)?_; are drawn from common distributions, for
example Gaussian or Bernoulli [8].

Definition 1. We say that the measurement matrices (A;)?_; satisfy a restricted isometry property
(RIP) of order p € N with a constant § € (0,1), if for every matrix W € R™ " whose rank is at
most p, it holds that: )

1= a)WE < JAW)IE < (1 + )W,

where A(W) := (A1, W) ..., (A, W)T € R™.

3.3 Matrix Factorization

Matrix factorization is a common testbed in the theory of neural networks, used for studying gen-
eralization [36} 15,163} 23| [111} 66] as well as other phenomena [35} [12} 94} 34]. Analyses of matrix
factorization have contributed to real-world neural networks—yielding theoretical insights [3\ 4], con-
crete mathematical tools [83l[84], and practical methods that improve empirical performance [54}935].

In its basic form, matrix factorization is akin to using overparameterized neural networks with linear
(no) activation for tackling the low rank matrix sensing problem described in Section[3.2] We consider
a more general form that allows for alternative (non-linear) activations as well [81]. Concretely, in
our context, a matrix factorization with activation o : R — R, width k € N and depth d € N>»,
refers to learning a matrix W € R™ ™" aimed at approximating the ground truth rank r matrix W*,
through the following parameterization:

W=Wago(Wg—10(Wa—z---a(W1))---), )

where W, € RF™ W, € R** forall j € {2,...,d — 1}, Wy € R™*, and the application of o (-)
to a matrix signifies an application of o (-) to each of the matrix’s entries. We refer to W7y, ..., Wy as
the weight matrices of the factorization, and to a value assumed by (W7, ..., Wy) as a weight setting.
Our interest lies in the overparameterized regime, where the width k does not restrict the rank of the
learned matrix W. Accordingly, we assume throughout that & > min{m, m'}.

The low rank matrix sensing 10sses Lirqin (-) and Lgen(-) in Equations (2) and , respectively, induce
training and generalization losses for the matrix factorization. With a slight overloading of notation,
these are:
1 n 2
Etrain(Wla R Wd) = — Z_i (<A1 , Wy U(Wd—l ce U(Wl) - )> _ yl) , 5)
n =1
and:

L‘gen(Wlw . .,Wd) = % ZAEB (<A,Wd U(Wdfl . "U(Wl) .. >> _ <A, W*>>2 ©)

3.4 Gradient Descent

Similar to real-world neural networks, matrix factorization admits a non-convex training loss, for
which a baseline optimizer is gradient descent emanating from small random initialization [24, [100].
Various studies—theoretical [24, 12} 136,134} [120] and empirical [} 30, [14]—were devoted to training
matrix factorization with this baseline optimizer. In the context of Section [3.3] it amounts to
implementing the following iterations

Wit Wi - ”aW Loain (W, oW | jeld, teNU{0}, )
where Lyin () is the tralnlng loss defined in Equation . n € Ry is a predetermined step size (learn-
ing rate), and (W( Wd ) holds a randomly chosen initial weight setting of small magnitude.
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3.5 Guess & Check

A conceptual alternative to gradient descent is Guess and Check (G&C) [20L (16} 41]. In the context
of the matrix factorization described in Section let P(-) be a probability distribution over
weight settings, i.e., over values that may be assumed by the tuple of weight matrices (W1, ..., Wy).
Regard P(-) as a prior distribution, and let €y, > 0 be some threshold on the training 10ss Lin (+)
(Equation (3))). Applying G&C to the matrix factorization then consists of repeatedly drawing
(Wy,...,Wy) from P(-), until the condition Ly (W1, ..., Wy) < €qain is met. From a statistical
perspective, this is equivalemﬂ to a single draw of (W1, ..., Wy) from P(- |Leain(W1, ..., Wy) <
€wain)» Where the latter is the posterior distribution obtained from conditioning P(-) on the event
ACtrain(vvla sy Wd) < €train-

4 Theoretical Analysis

Consider a matrix factorization (Section [3.3) optimized by gradient descent (Section [3.4) or G&C
(Section @]) A large body of theoretical work [36} 162} 5, (66} 29, 111} 119} 163} 192} 53, [115] has
been devoted to establishing that gradient descent attains good generalization under various choices
of width and depth for the factorization. In this section we tackle the question of whether gradient
descent is needed for good generalization. Specifically, we theoretically analyze the generalization
attainable by G&C as the width and depth of the factorization vary.

4.1 Distributions Over Weight Settings

Both G&C and gradient descent are defined with respect to a probability distribution over weight
settings: for G&C it is the prior distribution (see Section [3.5), and for gradient descent it is the
distribution from which initialization is drawn (see Section [3.4). We consider a broad class of
distributions over weight settings specified by Definitions 2] and [3 below.

Deﬁnition[Z]deﬁnes a regular distribution over R as one that has zero mean, is symmetric, and assigns
positive probability to every neighborhood of the origin. This definition of regularity covers canonical
distributions over R, for example zero-centered Gaussian distributions and uniform distributions over
symmetric intervals. Definition [3] builds on Definition [2] to specify the class of distributions over
weight settings we consider. Namely, given a regular distribution (over R) Q(-), Definition [3|defines
a distribution over weight settings generated by Q(-) as one in which entries are independently drawn
from Q(-), and then subject to Kaiming scaling [44]], i.e., scaling that preserves magnitudes when
the width of the factorization grows. This definition of a generated distribution covers Kaiming
Gaussian and Kaiming Uniform distributions: common choices for the initialization of gradient
descent [46] [114}97]] and the prior of G&C [16, 40, 41]. Definition E] also defines a distribution
over weight settings generated by Q(-) with normalization, as one that is generated by Q(+), with
an additional normalization (scaling) that ensures the product of weight matrices has unit norm.
The role of this normalization is to preserve magnitudes when the depth of the factorization grows,
analogously to the role of normalization techniques applied when training real-world deep neural
networks [[101, (113} 89,7, 148]].

Definition 2. Let Q(-) be a probability distribution over R. We say that Q(-) is regular if the following
conditions hold: (i) Q(-) has zero mean and all of its moments exist, i.e., Eqvo(.)[@] = 0 and
Ea~o[la?|] < coforall p € N; (ii) Q(-) is symmetric, meaning o ~ Q(-) implies —a ~ Q(-); and
(iii) Q(-) assigns positive probability to every neighborhood of the origin (i.e., for any neighborhood Z
of 0 € R, if & ~ Q() then the probability of the event « € 7 is positive).

Definition 3. Let Q(-) be a regular probability distribution over R (Definition , and let P(-) be
a probability distribution over weight settings, i.e., over values that may be assumed by the tuple
of weight matrices (W7,. .., Wy). For every j € [d], denote by m; the number of columns in the
weight matrix W}, and by Q;(-) the probability distribution over R obtained from scaling Q(-) by
1/,/m; (meaning a ~ Q;(-) implies /mja ~ Q(-)). We say that P(-) is generated by Q(-) if
(Wi,...,Wq) ~ P(-) implies that W7, ..., Wy are statistically independent, and for every j € [d]
the entries of W; are independently distributed per Q,(-). We say that P(-) is generated by Q(-)
with normalization if (W1, ..., Wy) ~ P(-) can be implemented by drawing (W7, ..., Wy) from a
distribution generated by Q(-), and then dividing by ||W - - - W1 ||/¢ each entry of W}, for j € [d].

'See [32}[86] for folklore arguments justifying the equivalence.
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4.2 Increasing Width: Need for Gradient Descent

In this subsection, we consider a regime where the width of the matrix factorization increases, and
prove that gradient descent is needed for good generalization. In particular, we establish cases
where the generalization attainable by G&C is provably inferior to that of gradient descent. To our
knowledge, this is the first formal proof of the existence of such cases.

Definition [d] below defines an admissible activation as one that is non-constant, piece-wise continu-
ously differentiable, has a polynomially bounded derivative, and does not vanish on both sides of the
origin. This definition of admissibility covers most activations used in practice (e.g., tanh, sigmoid,
ReLU and Leaky ReLU [88, |59, 72} 167]).

Definition 4. We say that the activation o : R — R is admissible if the following conditions hold:
(i) o () is non-constant; (if) o(+) is (continuous and) piece-wise continuously differentiable; (iii) the
derivative of o(-) is polynomially bounded, i.e., there exist p € N and ¢ € R+ such that o/(«) <
¢(1 + aP) for every a € R at which o/(-) is defined; and (iv) o(-) does not vanish on both sides of
the origin, i.e., any neighborhood of 0 € R includes some « € R for which o («) # 0.

Theorem [T]below proves—for cases where the activation is admissible and anti-symmetric (e.g., it is
linear, tanh or sine)—that as the width of the factorization increases, the generalization attained by
G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding
the training data. In the limit of width tending to infinity, the theorem applies to any prior distribution
generated by some regular distribution over R (Definitions [2] and [3). If the regular distribution over R
is a zero-centered Gaussian, then the theorem also accounts for finite widths.

Theorem 1. Suppose the activation o () is admissible (Definition E]) and that it is anti-symmetric,
meaning o(—a) = —o(a) for all o € R. Let Q(-) be a regular probability distribution over R
(Definition|2)), and let P(-) be the probability distribution over weight settings that is generated by Q(-)
(Definition ﬁ . Let €qain, €gen € R0. Regard P(-) as a prior distribution, and consider the posterior
distribution P (- | Lain(W1, . .., Wa) < €uain), L-€., the distribution obtained from conditioning P(-)
on the event that the training 1oss Liain(-) is smaller than €yyin. Then, as the width k of the matrix
factorization tends to infinity, the posterior probability of the event that the generalization loss Leen(-)
is smaller than €gen, converges to its prior probability, i.e.:

’P(ﬁgen(Wh ey Wd) < €gen | Etrai"(Wh T Wd) < Etrain) _,P(»Cgen(Wla R Wd) < egen) m 0.

Moreover, in the canonical case where Q(-) is a zero-centered Gaussian distribution, i.e., Q(-) =
N (-50,v) for some v € Rxq, it holds that for any kf]

P (Loen (W, ..., Wa) < €gen | Lurain(W1, - - ., Wa) < €rain) =P (Leen (W1, . .., Wa) < €gen) = O(ﬁ) )

Proof sketch (full proof in Appendix[A]). The proof begins by establishing an equivalence between a
matrix factorization and a feedforward fully connected neural network: each column of a factorized
matrix W (Equation (@) can be seen as the output of a feedforward fully connected neural network
when its input is a standard basis vector. This equivalence allows us to utilize the theoretical results
of Hanin [38] and Favaro et al. [31]], originally developed for feedforward fully connected neural
networks of large widths.

The proof proceeds to treat the case where Q(-) is an arbitrary regular probability distribution
(over R), and the width £ tends to infinity. It is shown that there, the factorized matrix W converges
in distribution to a random matrix Wiq € R™™ whose entries are independently drawn from a
zero-centered Gaussian distribution. Since the measurement matrices (A;)?_, are orthogonal to
the basis B that defines the generalization loss (Equation ), the events Lyain(Wia) < €ain and
Egen(I/Viid) < €gen are statistically independent. Therefore, conditioning on the event that the training
loss is lower than ey,;, does not change the probability of the event that the generalization loss is
lower than €gep.

Finally, the proof turns to the case where Q(-) is a zero-centered Gaussian distribution, and the width k
is finite. For that, it is shown that the probabilities of the events Liin(W) < €yain and Lgen (W) <

>The O-notation below hides constants that depend on a(~), €urains €gen and v, as well as the ground truth
matrix W*, the measurement matrices (A;)j_;, the depth d and the dimensions m and m' of the matrix
factorization. See Appendix [A.3|for details.
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€gen converge to those of the events Liin(Wiid) < €grain and Egen(I/Vﬁd) < €gen, respectively, at a
sufficiently fast rate.

Theorem 3.3 from Soltanolkotabi et al. [92]—restated as Proposition [T| below—is a representative
result from the large body of work establishing that gradient descent attains good generalization [36)
62, 15,166, 29 111,119} 163,153} [115]. The result proves—for cases where the activation is linear, the
depth is two, and the measurement matrices satisfy an RIP (Definition [[)—that gradient descent
(with small step size and small Kaiming Gaussian initialization) attains good generalization, with
probability (over the initialization) tending to one as the width of the factorization increases. In light
of this result, Theorem [T]establishes cases where the generalization attainable by G&C is provably
inferior to that of gradient descent. To our knowledge, this is the first formal proof of the existence of
such cases.

Proposition 1 (restatement of Theorem 3.3 from [92]]). There exists a universal constant ¢; € R
with which the following holds. Suppose the activation o () is linear (i.e., o(a)) = a for all « = R),
and the depth d equals two. Let Q(-) be a zero-centered Gaussian probability distribution, i.e.,
Q(-) = N(-;0,v), with variance v € (0,0(k~27/2)). Let P(-) be the probability distribution over
weight settings that is generated by Q(+) (Definition . Assume the measurement matrices (A;)7,
satisfy an RIP (Deﬁnition of order 2r + 1 (recall that r is the rank of the ground truth matrix W*)
with a constant § € (07 O(l)). Consider minimization of the training loss Elmin(~)~via gradient
descent (Equation (T)) with initialization drawn from P(-) and step size n € (0,0(1)). Then,
there exists some 7 € N, 7 = O(n~1), such that for any width k of the matrix factorization, after

T iterations of gradient descent, with probability at least 1 — O(e~“'*) over its initialization, the
generalization loss Lgen(-) is O(V3/10k73/20)_

4.3 Increasing Depth: No Need for Gradient Descent

In this subsection, we consider a regime where the depth of the matrix factorization increases, and
prove that gradient descent is not necessary for good generalization. In particular, Theorem [2 below
establishes cases where, as the depth of the factorization increases, the generalization attained by
G&C improves, to the point of being perfect. This stands in contrast to our analysis of increasing
width (Section[#.2), which established cases where the generalization attainable by G&C is provably
inferior to that of gradient descent.

The cases to which Theorem [2] applies are those where the activation is linear, the ground truth matrix
has norm and rank equal to one, the measurement matrices satisfy an RIP (Definition[T), and the prior
distribution is generated with normalization (Definition 3 from a zero-centered Gaussian distribution
(over R). The theorem is non-asymptotic, meaning it applies to finite depths, not only to the limit of
depth tending to infinity.

Theorem 2. Suppose the ground truth matrix W* satisfies |W*||r = 1 and its rank r equals one.
Suppose the activation o(+) is linear (i.e., o(a) = « for all « = R). Assume the measurement
matrices (A;)I—, satisfy an RIP (Definition[l) of order two with some constant § € (0,1). Let Q(-)
be a zero-centered Gaussian probability distribution, i.e., Q(-) = N (-;0,v) for some v € R-q. Let
P(-) be the probability distribution over weight settings that is generated by Q(-) with normalization
(Definition[3). Then, there exists ¢ € R~ (dependent only on ) such that, for any €yyin € Rso and
any depth d of the matrix factorization.%]
).

Proof sketch (full proof in Appendix[B)). The proof begins by decomposing the factorized matrix W
(Equation (@)) into a product of three matrices: W = WyW;_1.0W1, where Wy_1.0:=Wy_1 --- Wy,
It then utilizes concentration bounds (established by Hanin and Paouris [39]) for the singular values
of a product of square random Gaussian matrices, to establish that for any v € R+, the probability

1- P(Egen(Wl, ceey Wd) < €trainC ’ Elrain(Wla ceey Wd) < 6train) = O(

-

*Throughout the statement of Proposition the O- and O-notations hide constants that depend the dimen-
sions m and m’ of the matrix factorization, and on the ground truth matrix W*. The O-notation also hides
factors logarithmic in k and v. See Appendix@for details.

“The O-notation below hides constants that depend on the measurement matrices (A;)j—;, the ground truth
matrix W*, the dimensions m and m’ of the matrix factorization, and the width k of the matrix factorization.
See Appendix [B|for details.



320
321
322
323
324
325

326

327
328
329
330
331
332
333

335
336

337

338
339
340
341
342
343
344
345

Linear Tanh Leaky RelLU

wn
9 sl 3 P P 0.20 7= F 3 0.151 3333 3 3
S s % |
go,z 0.15
2 GD 0.10
[ —4— Prior 0.10
50t —4— G&C
[ 0.05 0.05
[
C
80.0 0.00 0.00
0 25 50 75 100 125 150 0 25 50 75 100 125 150 0 25 50 75 100 125 150
Width Width Width

Figure 1: In line with our theory (Section , as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. In contrast, gradient descent attains good generalization across all widths. Each of the above plots
corresponds to a matrix factorization as described in Section with a different activation o (-): linear activation
(o(ar) = a) for the left plot; tanh activation (o () = tanh(«)) for the middle plot; and Leaky ReLU activation
(o(a) = max{c- «a, a}, with ¢ = 0.2) for the right plot. In each plot, the generalization loss (Equation @))
is shown against the width of the matrix factorization, for three optimizers: gradient descent with small step
size and small initialization (Section [3.4), G&C with a Kaiming Gaussian prior distribution (Section[3.3), and
simply drawing a single weight setting from the prior distribution while disregarding the training data. For
each combination of width and optimizer, we report the median (marker) and interquartile range (error bar) of
generalization losses attained over eight trials (differing only in random seed). Across all experiments reported
in this figure: the matrix factorization had depth two and dimensions m = m’ = 5; the ground truth matrix
had (Frobenius) norm and rank equal to one; and the training data size was n = 15. We note that with Leaky
ReLU activation, which lies beyond the scope of our theory, the generalization attained by gradient descent is
not as good as it is with linear and tanh activations. For further implementation details and experiments see
Appendices|Fland[G] respectively.

that W,_1.2 is within -y (in Frobenius norm) of a rank one matrix is 1 — exp(—£2(d)). The proof then
shows that this implies W is within -y of a rank one matrix with probability 1 — O(1/d). Utilizing the
RIP and choosing -y appropriately, it is then proven that the probability of the events Liin(W) < €qrain
and Lgen (W) > €qainc occurring simultaneously is O(1/d). Finally, it is shown that the probability of
Lisgin(W) < €uain is (1), which in turn implies that the probability of Leen(W) > €qainc conditioned
on Liain (W) < €qrain is O(1/d). This is the sought-after result. O

S Empirical Demonstration

In this section, we corroborate our theory by empirically demonstrating that in matrix factorization
(Section [3.3)), the generalization attained by G&C (Section [3.5) improves as depth increases but
deteriorates as width increases, whereas gradient descent (Section [3.4) attains good generalization
throughout. Figures [T] and [2] present such demonstrations, plotting generalization as a function
of width and depth, respectively, for both G&C and gradient descent. The demonstrations in
Figures [I] and 2] cover the theoretically analyzed linear and tanh activations, as well as the Leaky
ReLU activation [67] which lies beyond the scope of our theoryE] Additional demonstrations covering
further cases (including gradient descent with momentum [79]) are provided in Appendix [} Code for
reproducing all demonstrations will be made publicly available with the camera-ready version of the

paper.
6 Limitations

It is important to acknowledge several limitations of our theory. First, while a large body of theoretical
work [36} 162, 15} 166, 29, [111} [119} 163}, 192} 153} [115]] has been devoted to establishing that gradient
descent attains good generalization in matrix factorization, Theorem 3.3 from [92] (restated as
Proposition [T| herein)—which applies only when the activation is linear, the depth is two, and the
measurement matrices satisfy an RIP (Definition [I)—is the only result at our disposal that formally
guarantees low generalization loss with high probability for gradient descent with a positive (non-
infinitesimal) step size and conventional (data-independent) initialization. Second, the guarantees we
prove for G&C—namely, Theorems [T|and Z}—include unspecified constant factors, and in particular,

SWe attempted to include a demonstration with the more popular ReLU activation [43], but its tendency
to zero out matrix entries rendered G&C computationally infeasible, as an excessive number of draws were
required to obtain a weight setting that fits the training data.
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Figure 2: In line with our theory (Section , as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure[T} except for the following differences: (i) generalization losses are shown against the depth
(rather than the width) of the matrix factorization; (ii) only gradient descent and G&C were included in the
experiments (the optimizer drawing a single weight setting from the prior distribution was excluded); (iii) the
prior distribution of G&C included normalization (Definition[3); and (iv) the matrix factorization had variable
(rather than fixed) depth and fixed (rather than variable) width, with the latter set to five. We did not include
depths greater than ten in our experiments, as they led to excessively long run times for gradient descent (due to
vanishing gradients). For further implementation details and experiments see Appendices[ﬂand respectively.

are non-vacuous only when the width or depth of the matrix factorization is sufficiently large. Third,
Theorem [I] assumes that the activation is anti-symmetric. Fourth, Theorem 2]imposes even stronger
assumptions: the activation is linear, the ground truth matrix has norm and rank equal to one, and the
measurement matrices satisfy an RIP. Fifth, Theoremﬂ]requires the G&C training loss threshold €,
to be specified (the theorem does not rule out the possibility that for any width, a sufficiently
small €y, Will lead G&C to attain good generalization), and although Appendix [C|proves a result that
allows unspecified €yain, it does so under stringent assumptions not imposed by Theorem |1} Finally,
Theorems|[I] and [2] consider different types of prior distributions: Theorem [I]excludes normalization
(Definition [3), whereas Theorem [2]includes it. While we empirically demonstrate that the conclusions
of our theory hold beyond its formal scope, the above limitations remain. We hope that this paper will
serve as a stepping stone towards addressing these limitations, and more broadly, towards extending
our theory from matrix factorization to real-world neural networks.

7 Conclusion

Conventional wisdom attributes the miraculous generalization abilities of neural networks to gradient
descent. A recent bold argument claims that gradient descent is not necessary for neural networks to
generalize well, and in fact, any reasonable optimizer can suffice. This is justified by the so-called
volume hypothesis, which posits that among the weight settings that fit the training data, the volume
of the weight settings that generalize well is much greater than the volume of the weight settings that
do not. While several works have supported the volume hypothesis in certain cases involving wide
and deep neural networks, the literature also includes contrasting evidence.

In this paper, we presented a theoretical study for matrix factorization (with linear and non-linear
activation)—a common and important testbed in the theory of neural networks—to rigorously examine
the validity of the volume hypothesis. Our first contribution is a proof that the volume hypothesis fails
when the width of a network is large (compared to its depth), thereby establishing—for the first time, to
the best of our knowledge—a case where gradient descent is provably necessary for a neural network
to generalize well. As a second contribution, we proved that the volume hypothesis holds when
the depth of a network is large (compared to its width). These contributions reveal a stark contrast
between wide and deep networks, which we further validated through empirical demonstrations.

Overall, our findings suggest that even in simple settings, there may not be a simple answer to
the question of whether neural networks need gradient descent to generalize well: the answer may
hinge on subtle dependencies between network width and depth. We hope that our study of matrix
factorization will serve as a stepping stone towards deriving a complete answer for real-world settings,
thereby illuminating the role of gradient descent in modern Al
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A Proof of Theorem

This appendix proves Theorem[I] Appendix [A.T]establishes an equivalence between a matrix factor-
ization and a feedforward fully connected neural network. This equivalence allows us to utilize the
theoretical results of Hanin [38] and Favaro et al. [31]], developed for feedforward fully connected
neural networks of large widths. Relying on these results: Appendixtreats the case where Q(-)
is an arbitrary regular probability distribution and the width k tends to infinity; and Appendix
treats the case where Q(-) is a zero-centered Gaussian distribution and the width & is finite.

A.1 An Equivalence Between Matrix Factorizations and Fully Connected Neural Networks

We begin by defining the concept of a fully connected neural network.

Definition 5. A fully connected neural network of depth d € N with input dimension m’ € N,
output dimension m € N, hidden dimension & € N and activation function o(-) is a function

()

X, € R™ zy ' € R™ of the following recursive form:

() W1Xa, j =1
Zy' = (j—1) . )
Wio(zg ), 1=2,...,d

where W, € Rk’m/, Wy € R™F and W, ..., Wy € R*F are the networks weights, and o applied
to a vector is shorthand for o applied to each entry.

Next, we prove a useful equivalence which shows that when a matrix factorization and a fully
connected neural network share their weights and activation function, each of the columns of the
former are equal to the outputs of the latter when input the appropriate standard basis vectors.

Lemma 1. Let « € [m/]. For any weight matrices W1, . .., W4 and activation function o (), the «
column of the matrix factorization W (Equation (4))) produced by the weight settings (W1, ..., Wy)
and the activation function o(-), is equal to the the output of the fully connected neural network
(Definition[3) produced by the weights (W1, ..., Wq) and the activation function o (-), when the input
ise, € le, the standard basis vector holding 1 in its o coordinate and zeros in the rest. Formally,
we denote this as

W]

where [W] _ is the o column of W and zt(xd) is the output of the fully connected neural network when

a=2

the input is e, € R™

Proof. We prove the claim via induction on d. First, for the base case, it trivially holds that
Wia] , = Wiieq = z,(ll) .

Next, fix j € [d] and assume that [Wy.;] = 2. We thus have that

[W1:j+1].a = Wiji1€q

= Wjp10(Wi;)eq

= Wjp10(Wijeq)

= Wjit10([Wijla)

=Wjwi0 (Zg ))

e
where the third equality is due to Lemma[21] and the fourth equality is due to the inductive assumption.
With this we complete the proof. O

A.2 Proof for Arbitrary Regular Distribution and Infinite Width

The outline of the proof for the arbitrary prior case is as follows; Appendix [A.2.| presents Theorem [3]
of which the arbitrary prior case of Theorem|I]is a special case. Appendix|[A.2.2]provides a useful
Lemma used in the proof of Theorem 3] Appendix [A.2.3]adapts a result from Hanin [38] showing
that an infinitely wide matrix factorization converges in distribution to a centered Gaussian matrix
(Definition [§). Finally, Appendix[A.2.4]applies tools from probability theory to show that the latter
convergence implies the conditions required for Lemma[2]in Appendix
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A.2.1 Restatement of the Arbitrary Prior Case of Theorem

The arbitrary prior case of Theorem follows from Theorem which allows for the distribution Q(-)
and the activation o(+) to be slightly more general. Theorem [3|is presented below; afterwards, we
demonstrate how it implies the arbitrary prior case of Theorem

Theorem 3. Ler d € N be a fixed depth. Let Q(-) be some probability distribution on R which
satisfies

E [z] =0, E [2%]=1,

z~9Q(") z~0Q(")

has finite higher moments and is symmetric, i.e., if v ~ Q(.) then —x ~ Q(-). Let o(-) be an
activation function that is not constant and antisymmetric, i.e.,

Ve e R. o(x) = —o(—x),
furthermore suppose that o is absolutely continuous, and that its almost-everywhere defined derivative
is polynomially bounded, i.e:
o'(x)

dp>0stVereR
I S x 1+ [2]F

< 00.
L (R)

Suppose also that
E [o%*(z)] >0.
z~0Q(")
Let €gen, €ain, cw > 0. Suppose that for any j € [d), the entries of W; € R™i+1™i gre drawn
independently by first sampling x ~ Q(-) and then setting [W;],s = \/%x Then the matrix

factorization W satisfies

klingop (ﬁgen(W) < €gen Etrain(W) < €train) = klgl;op ('Cgen(W> < 6gen) .

Let Q(-) be a regular distribution over R (Definition [2), and let o(-) be an admissible activation
function (Definition E]) that is antisymmetric. First, observe that since Theorem E] allows for arbitrary
cw > 0, the condition for B, g(.)[2%] = 1 is satisfied with ¢y = Ey~ o) [#%]. Next, note that since
Q(-) assigns a positive probability to every neighborhood of the origin and has finite higher moments,
and since o(+) does not vanish on both sides of the origin, it must hold that

E [0%(z)] >0.
z~Q(4)

The rest of the conditions in Theorem [3|are directly fulfilled by the properties of regular distributions
(Definition [2)) and the properties of admissible activation functions (Definition ) that are antisymmet-
ric. Overall we showed that Theorem 3| applies for Q(-) and o(+), and so the arbitrary prior case of
Theorem [ will follow from Theorem ]

A.2.2 Sufficient Condition for Theorem

A useful Lemma used in the proof of Theorem [3is provided below. The Lemma shows that for an
infinitely wide matrix factorization (Equation (4))) with probabilities for low training loss and low
generalization loss equal to that of a centered Gaussian matrix (Definition [8)), the probability for
having low generalization loss (Equation (3))) conditioned on having low training loss (Equation (2))
is equal to the probability of having low generalization loss.

Lemma 2. Let €gen, €ain > 0. Let Wiig € R™™ be a centered Gaussian matrix (Definition @)
Suppose that as k — 0, the quantities

|7) (Etrain(W) < €train 5 Egen (W) < Egen) -P (Etrain(mid) < €train 7['gen(VViid) < 6gen)
|P (Etrain(W) < Etrain) -P (Etrain(vviid) < Etrain)| ,

>

and
[P (Leen(W) < €gen) = P (Len(Wiia) < €gen)|
all tend to 0. Then
lim P (ﬁgen(W) < €gen| Luain(W) < qrain) = lim P (Loen(W) < €gen) -
—00

k—o0
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Proof. By the definition of the conditional probability
P (Etrain(W) < €train Egen(W) < Egen)
P (‘Ctrain (W) < 6train) ’
Observe that P (Lyain(Wiia) < €wain) > 0 does not depend on k. Therefore, we have that
hmk%oo P (ﬁtrain(W) < €train ) ’Cgen(W) < 6gen)
hmk—>oo P (Etrain(W) < 6tralin)
_ P (Etram( 11d) < €train 5 Egen(vviid) < 6gen)
P (ﬁtraln( nd) < 6train)
=P (Lgen(m/iid) < €gen Ltrain(VViid) < Gtrain)

=P (Egen(mid) < 6gen)
= Jim P (Ly(1V) < )
i—00

P (cgen(W) < €gen

»Ctrain(W) < 6train) =

lim P (Egen(W) < €gen

k—o0

Etrain(W) < 6train) =

In the penultimate transition we have used the fact that the measurement matrices A in 5 are
orthogonal to Ay, ..., A, and thus

P (»Cgen (I/Viid) < €gen »Ctrain (I/Viid) < 6train)

1 *
=P (B > (A, Wig) = (A, W)? < €gen|—

AeB

1 n
Z AzavVud ) <6train>
n i=1

_p (é S (A, Wia) — (A W) < g)

AeB
=P (‘Cgen(VViid) < 6gen) s
where the second equality stems from the fact that for any fixed vectors vq,..., v, which are
orthogonal (each of the flattened matrices Ay, ..., A, and the flattened A), and a vector of indepen-
dent identically distributed zero-centered Gaussian variables X (the flattened Wj4), the variables
{{X, v;) h1<i<r are independent. O

A.2.3 Convergence in Distribution to a Centered Gaussian Matrix

In this section we prove that in the limit of infinite width, the matrix factorization converges in
distribution to a centered Gaussian matrix (Definition [8)). Key to the proof is the main result of
Hanin [38]] which characterizes the convergence of infinitely wide fully connected neural networks to
Gaussian processes. We present here a slightly adapted version which is sufficient for our needs.

Theorem 4 (Theorem 1.2 of [38] (adapted)). Let T C R™' be some compact set. Let Q(-) be some
probability distribution on R which satisfies

E [z]=0, E [’]=1
z~Q(4) z~Q(4)
and has finite higher moments. Suppose that for any j € [d), the entries of W; € R™i+1"™3 gre drawn
independently by first sampling x ~ Q(-) and then setting [W;],s = ./ f,‘f’ x. Additionally, suppose

that o is absolutely continuous and that its almost-everywhere defined derivative is polynomially
bounded:

o'(x)

3 1 R
p > 0s.t. Vo € 5 2]

< 00.
L=>=(R)

Then as k — oo, the sequence of stochastic processes X, € R™ z&) € R™ given by a fully

connected neural network ( Deﬁnmon@) set withweights W7y, . .., W4 converges weakly in C° (T, R™)
to ', a zero-centered Gaussian process taking values in R™ with independent identically distributed
COOrdinates. For any r € [m] and inputs xo,%xg € T, the coordinate-wise covariance function

K = Cov ([ (d)}r’ [ng)}r) ~ lim Cov ([Z&‘”L» {zgd)}r)
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for this limiting process satisfies the following recursive relation:

(-1) (i—1)
‘ Za K9 K¢
Kc(gg = cw Elo(2za)0(25)], <ZB> ~N (0’ (K(jl) K(1ﬂ1)>>

for 5 = 2,...,d, with the initial condition

KW _

o =ewk o ([20],) 7 ([27],)]

where the distribution of ( [z&l)} L [zg)} 1) = (W1x,, Wixg) is determined by the distribution of
the weights W7.

Proof. The above is an adaption of Theorem 1.2 in [38]], where the fully connected neural network
has no biases. For a full proof see Hanin [38]]. ]

We now move to the following Proposition arising from Theorem ] showing that for a symmetric
distribution Q(-) and an antisymmetric activation function o, the random variables corresponding to
the network’s outputs when the inputs x,, Xg are two distinct standard basis vectors, converge in
distribution to independent identically distributed zero-centered Gaussian vectors.

Proposition 2. Let T' C R™' be the unit sphere. Suppose the assumptions of Theorem 4| hold.
Suppose also that:

* The distribution Q(+) is symmetric, i.e., if x ~ Q(-) then —x ~ Q(-).

* The activation function o is not constant and antisymmetric, i.e.,

Ve eR. o(x) = —o(—x).

e It holds that
E [o%(x)] >0.
z~Q(+) [ ]

Let o, B € [m/] be two distinct indices. Denote e, € R™ the standard basis vector holding 1 in its o

coordinate and zeros in the rest. Denote eg similarly. Then as k — oo the random output vectors z( )

and z(ﬂ ) corresponding to e, and eg respectively converge in distribution to two independent random

vectors each with independent entries drawn from the same zero-centered Gaussian distribution.

Proof. Per Theorem | as k — oo the variables z( ) and z( ) converge in distribution to zero-centered

Gaussian vectors where for any distinct indices r, 7" € [m ]

* The entries [z(g)} , {z&dq are independent.
r r!

* The entries [zéd)} , {ng)} are independent.

¢ The entries [zad)} , {z(ﬂd)} _are independent.

Next, using the notation of Theoreml we prove via induction on d that K, (d) =0, K ((lda) = K (d) and

that K, C(m) is finite and positive. First, for the base case, note that we have

K =ewk |7 (2] o ([27],)]

= aw E [ (Wheal, )U([Wleﬁ] )]
=cwk|o ( m)”( )}
—cwE o (IWil,,)] 2 [(wuﬁ)J
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where the ultimate transition is due to the independence of [W1], , and [W1], 5. Next, since Q(:) is
symmetric and o is antisymmetric, we obtain by Lemma [20] that

Elo (Wil.)] =E o (Wi,)] =0.
Overall, we obtain that
EY =cw-0-0=0.

Additionally, since [W1], , and [W1], 4 are both drawn from Q(-), we obtain that

K& =ewelo ([40] ) (7],
- [ (W) (191
= | ((Wil,5) o (Wil
= K.
Finally, by our assumption we have that

KD =cwE [a ([Wl]l’a) o ([Wl]m)} =cw %%(.)["2(:”)] >0.

as required. Next, fix j € [d] and assume that Kgg) =0, K((yj ) — Ké]ﬁ) and that K((fg is finite and
positive. Hence, plugging the inductive assumption into Theorem[4] we obtain that

KG™ = ew Elo(2a)0(25)]

where
(4) (4) (7)
Koo K
(j’g) ~N (O’ (K(J) K?f))) =N (O’ ( Sa K?J))) :
ap BB «
Therefore, z, and zg are independent identically distributed zero-centered Gaussian variables. Hence,

we obtain that

K9 = ewEo(2a)|E0(25)] = ew -0-0 =0,

where the penultimate transition is due to Lemma[20] Additionally,
. i+1
KU = ew Elo(2a)0(2a)] = ew Elo(25)0(2)] = K55
Finally, we have by our inductive assumption that K, &Joz is finite and positive, thus the non-constant

random variable z, ~ N(0, K, &2) has finite moments. Therefore, since o has a polynomially
bounded derivative almost-everywhere and it is not constant, it holds that

KUY = ey Bl0(24)0(24)] > 0

as required. Thus by Theorem , for any j € [m], the entries [z&d)} ~and [z(ﬁd)} ~converge in
j j

distribution to two independent identically distributed zero-centered Gaussian variables as k —
00. Overall we have shown that as £ — oo, the random vectors zg,d) and ng) converge to two

independent random vectors each with independent entries drawn from the same zero-centered
Gaussian distribution, completing the proof. O

The last two arguments imply the following important Corollary, which states that as & — oo, the
matrix factorization W converges in distribution to a centered Gaussian matrix (Definition|g).

Corollary 1. As kK — oo, the matrix factorization W converges in distribution to the random

. ’ . . .
matrix Wiig € R™™ whose entries are drawn independently from the same zero-centered Gaussian
distribution.
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Proof. Per Proposition as k — oo, the random output vectors z§d)7 . ,zfﬁ,) corresponding to the

inputs eq, . .., e, converge in distribution to independent random vectors each with independent
entries drawn from the same zero-centered Gaussian distribution. Therefore, as k — oo, the random
matrix

(ng) ZSS,))GR"”W

converges in distribution to the random matrix Wiiq € R”™" whose entries are drawn independently
from the same zero-centered Gaussian distribution. The claim follows by Lemma|[I| which states that
the above matrix is equal to W.

A.2.4 Convergence in Distribution Implies Sufficient Condition

In the previous section, Corollary [1| showed that W converges in distribution to a random matrix
with independent entries drawn from the same zero-centered Gaussian distribution. In this section,
we use basic tools from probability theory in order to show that this convergence in fact implies the
quantities in Lemma 2] converge, completing the proof of Theorem[I] We begin by introducing the
concept of continuity sets:

Definition 6. Let X be some random variable on the space €. A set A C ) is a continuity set of X
when

P(X €0A)=0
where JA is the boundary of A.
The main tool we employ in this part of the proof is Portmanteau’s Theorem, which states that

convergence in distribution implies convergence in the probability of any continuty set:

Theorem 5. Let { X }3° , be a series of random variables on the same space ). Let X be a random
variable on the space . If
dist.

Xy — X
k—o0

then for any continuity set A of X (Definition|6)) it holds that
klim P(Xr e A)=P(X € A)
— 00

Proof. See Duchi [28]]. O

In order to invoke Theorem[5] we continue to showing that the sets in question are all continuity sets
of Wiiq. We begin by showing that the set with low training error and the set with low generalization
error are both continuity sets of Wijg.

Proposition 3. The sets
Sgen = {W S Rm,m/ : »Cgen(W) < Egen}v Strain = {W € Rm7m/ : »Ctmin(W) < 6train}
are continuity sets of Wiy (Definition @

Proof. Consider the first set (the proof is identical for the second). The boundary of the set is of the
form
(W eR™™ : Loen(W) — €gen = 0}

Since Lgen(W) is a polynomial in the entries of W and Len(WW*) — €gen 7# 0, the polynomial
Lgen (W) — €gen is not the zero polynomial. Therefore by Lemma [23|the boundary has Lebesgue

measure zero. Per Corollary|l| Wj;4 has a continuous distribution over R™™" and thus it must hold
that

P(V[/iid < {W < Rmﬂn/ : £gen(W) — €gen = 0}) =0,

i.e., the set is a continuity set. O
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ss3 The next Lemma shows that the intersection of two continuity sets is also a continuity set, hence
864 PropositionE]implies that Sgen, N Strain 1s also a continuity set.

ge5s Lemma 3. Let X be a random variable over the space ). Let A, B C Q be continuity sets of X
se6  (Definition[6). Then the set AN B is a continuity set of X.

867 Proof. Per Definition [f]it holds that
P(X€0dA) =0, P(Xe€dB)=0
ges and so
P(X € )DAUOB) =0.
ssa Hence, the proof follows if
(AN B) COAUIB.
g7o  First, recall that for any X C )

X =X NCo(X),

871 where X is the closure of X and Cq/(+) is the complement operator. Next, we have that

(AnNB)CA, (ANB)CB.
g72  Finally, it holds that

CQ(A N B) = CQ(A) U CQ(B) = CQ(A) U CQ(B) S

g73  therefore,

0(ANB)=(ANB)NCq(ANB)

=(ANB)N <CQ(A) U Csz(B)>

= ((AmB) mCQ(A)) U <(AﬂB) OCQ(B)>

- (AmCQ(A)) U (Bm%(B))
=0AUOB

g74  as required. O

875 Overall, we have shown that Corollary [I|implies together with Theorem [5| and Proposition [3]that
kh_?olo P (Lgen(W) < €gen} N {Lirain(W) < €ain}) — P (‘Cgen(VViid) < 6gen} N {Lusain(Wiia) < €ain})| = 0,
876
Jm [P ({ Lirain(W) < €urain}) — P ({ Lirain(Wiia) < €train})| = 0,
877 and

klgrolo [P (Leen(W) < €gen}) = P (Lgen(Wiia) < €gen})| = 0.
78 Hence, the proof follows by invoking Lemma [2] which implies Theorem T}

s79  A.3 Proof for Gaussian Distribution and Finite Width

ss0 The outline of the proof is as follows; Appendix [A.3.T|presents Theorem[6} of which the canonical
sst  case of Theorem [T]is a special case. Appendix [A.3.2|provides a useful Lemma used in the proof.
ss2  Finally, Appendix |A.3.3]adapts a result from Favaro et al. [31]] showing that a matrix factorization
ss3a  with Gaussian weights has a bounded convex distance from a centered Gaussian matrix (Definition[8)
ss4 and arguing that the latter bound implies the conditions required for the Lemma in Appendix[A.3.2]
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A.3.1 Restatement of the Canonical Case of Theorem

The canonical case of Theorem [I{follows from Theorem @ which allows for the activation o (-) to be
slightly more general. Theorem [6]is presented below; afterwards, we demonstrate how it implies the
canonical case of Theorem[Il

Theorem 6. Let d € N be a fixed depth. Let N (+) be the standard Gaussian distribution, i.e.,

N() :=N(0,1). Let o(-) be an activation function that is not constant and antisymmetric, i.e.,
Ve eR. o(x) = —o(—x),

furthermore suppose that o is absolutely continuous, and that its almost-everywhere defined derivative

is polynomially bounded, i.e:

o'(x)

1+ |z|p

< 00.

dJp>0st.VxelR ’
Le=(R)

Suppose also that

IN]%(.) [0'2(58)] > 0.

Let €gen, €rain, cw > 0. Suppose that for any j € [d), the entries of W; € R™i+1™i gre drawn
independently by first sampling x ~ N'(-) and then setting [W;],s = | [z, Then there exists a
J

constant ¢ > 0 dependent on m, m', d, o, ¢y, M, €ain and €qen, and a constant ko € N dependent on
¢ and P (Liain(Wiia) < €wain), such that for any k > ko the matrix factorization W satisfies

2c
2
P Loen(W) < €gen| Lirain(W) < €gain )| — P (Loen(W) < €gen) < —.
(LeenT) < egn| Lrain W) < exain) = P (Lgen( W) < egen) Pl <] =
Note that the above bound is of order ﬁ
Remark 1. For any k > kg it holds that
2c
v VE = 2c -0
P(‘Ctrain(vviid) < 6lrain) - ﬁ P(»Ctrain(vviid) < Etrain) - ﬁ ( )’
hence
2c
Vi —0 <1)
,P(Actrain(VViid) < Etrain) - ﬁ \/E

Let N'(+;0,v) be a zero-centered Gaussian distribution, and let o(-) be an admissible activation
function (Definition d) that is antisymmetric. First, observe that since Theorem [6] allows for arbitrary
cw > 0, one may view N (-; 0, v) as the standard Gaussian distribution A/(-) scaled by /v. Next,
note that since N(-) assigns a positive probability to every neighborhood of the origin and has finite
higher moments, and since o (-) does not vanish on both sides of the origin, it must hold that
E [0%(x)] >0.
N (o)

The rest of the conditions in Theorem [6]are directly fulfilled by the properties of admissible activation
functions (Definition [)) that are antisymmetric. Overall we showed that Theorem [6] applies for
N(+;0,v) and o(+), and so it suffices to prove Theorem [6]

A.3.2 Sufficient Condition for Theorem@

A useful Lemma used in the proof of Theorem|[6]is provided below. Before presenting the Lemma,
we define the convex distance between random variables, and prove that the sets of matrices with
either low training error or low generalization error are convex.

Definition 7. Let m € N and let X and Y be two m-dimensional random variables. The convex
distance between X and Y is defined as

d.(X,Y):=sup|P(X € B) - P(Y € B)|,
B

where the supremum runs over all convex B C R™.
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Remark 2. The convex distance between two random matrices is naturally defined as the convex
distance between their corresponding flattened vector representations.

Lemma 4. Let €gen, €ain > 0. The sets

Strain 1= {W cR™™ . Lirain(W) < etrain} . Sgen 1= {W e R™™ . Loen(W) < egen}

are convex.

Proof. We prove that Sy, is convex (one can prove the same claim about Sy;.qi, using identical
arguments). To do this, it suffices to show that Ly, (W) is a convex function. Because sums of
convex functions are convex, it suffices to show that the function corresponding to a single test matrix,
namely

2
(4, W) = (A, W)

for some A € B is convex, and this is the case because it is the composition of an affine function

with the convex function z — x2. O

Remark 3. The intersection of two convex sets is convex, thus the following set is also convex

{W S Rm,m/ : Ctrain(W) < €train ) L:gen(W) < 6gen} .

We are now ready to present the Lemma. The Lemma show that if the convex distance between the
matrix factorization (Equation ) and a centered Gaussian matrix (Deﬁnition is O (ﬁ) , then for
any large enough k the probability for having low generalization loss (Equation (3))) conditioned on
having low training loss (Equation ) is no more than order O ﬁ larger than the prior probability

of having low generalization loss.

Lemma S. Let €gen, €pain > 0. Let Wiq € R™™ be a centered Gaussian matrix (Definition |8).
Suppose that there exists some ¢ > 0 such that the convex distance between W and Wiyq (Definition
satisfies

c
VE'
Then there exists some ko € N dependent on ¢ and P(Liyain(Wiid) < €uain) sSuch that for any k > ko
it holds that

dC(Wa VViid) S

2c
Vi
144 in(W in) < W .
P ([:gen( ) < Ceen [:tram( ) < 6tram> - P(Egen( ) < Egen) + P(Etrain(VViid) < 6lrain) - \/CE

Proof. Per Definition |7} Lemma , , and Remark the fact that d.(W, Wiq) < ﬁ implies that

|P(Etrain(W) < 6train) - P(Etrain(vviid) < 6train)| S % 5

C
‘,P('Cgen(W) < egen) - P(ﬁgen(vviid) < 5gen)| < ﬁ s
and

|P(£train(W) < €train » Egen (W) < 6gen) - P([ftrain(vviid) < €train wcgen(VViid) < 6gen)| S

<

By the definition of the conditional probability we have that
73('ctraina/v) < €rain » Egen(W) < 6gen)
P(Elrain(W) < 6Lrain) '

Since W4 is a centered Gaussian matrix (Definition , it holds that P(Lyain(Wid) < €ain) > 0 and
so for any

,P(‘Cgen(W) < €gen Etrain (W) < 6train) =

Cc

2
k> =k
o (P(‘ctrain(vviid) < Etrain)) 0
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it holds that P (Liain(Wiid) < €train) — \;E > 0. Therefore, for any such k the above is bound by

7D([fgen(vv) < €gen [flrain( ) < 61rzun)

P(Etram( 11d) < €train » gen( 11d) < 6gen) ﬁ
o P(ﬁtram( nd) < 6train) - ﬁ
,P(»Ctram( ud) < Etrain) : P(Egen(mid) < Egen) + ﬁ

P (£train (I/Viid) < 6train) - ﬁ

P(Etrdm( 11d) < Etrain) : (P(‘cgEH(W) < Ggen) + ﬁ) + ﬁ
P(Etram( 11d) < 6train) - ﬁ

P(ﬁtram( ud) < 6train) P(ﬁtrdm( “d) < Etrain) T T
P(Ltraln( 11d) < etrain) - ﬁ ,P(L:tram( 11d) < 6tram) - T

2c

vk
< .
= P(ﬁgen(W) < Ggen) ’P(ﬁlram( nd) < €train) - ﬁ

<

=P (Lgen(W) < €gen) -

In the third transition we have used the fact that the measurement matrices A in B are orthogonal to
Aq,..., A, and thus

P (Egen(vviid) < 6gen ;Ltrain(‘/viid) < 6train)

=P (; S (A, Wia) — (A T2 < cgen, + D ((Ae, W) — 3)* < )

AeB i=1
1 . 1 n
=P (B D (A, Wia) — (A, 7)) < 6gen) P (n > (A, Wia) — 13)* < €lrain>
AeB i=1
=P (Egen(VViid) < 6gen) -P (»Ctram( iid < Etmm)) s
where the second equality stems from the fact that for any fixed vectors v1, . .., v,, which are orthog-
onal (each of the flattened matrices Ay, ..., A, and the flattened A), and a vector of independent

identically distributed zero-centered Gaussians X (the flattened Wiiq), the variables {(X, v;) }1<i<r
are independent. O

A.3.3 Bound on Convex Distance from a Centered Gaussian Matrix

In this section we prove that for any width k&, the matrix factorization has a bounded convex distance
from a centered Gaussian matrix (Definition @ Key to the proof is a result of Favaro et al. [31]
which provides a bound on the convex distance a fully connected neural network has from a Gaussian
process. We present a softer adaption of it sufficient for our needs.

Theorem 7 (Theorem 3.6 of [31]] (adapted)). Ler N(-) be the standard Gaussian distribution.
Suppose that for any j € [d|, the entries of W; € R™i+1"™i are drawn independently by first

sampling © ~ N (-) and then setting [W;],s =, /:n—“]’x Additionally, suppose that o is absolutely
continuous and that its almost-everywhere defined derivative is polynomially bounded:
o'(x)

1+ |x|P

dJp>0st.VxelR < 00.

Le>=(R)

Forany j =2, ...,d denote the matrix K\9) ¢ R™ ™ by

(-1 el
v K8Y KL
Vau 8 € Im'). Kof = ew Blo(za)o(zs)l (ZB) N (O, (K(jﬁl) Kéjil)))

with the initial condition

Va, B € [m']. K§) = ew E [0 ((Wiea],) o ((Wieg),)]
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where for o € [m/], the vector e, € R™ is the standard basis vector holding 1 in its o coordinate

and zeros in the rest. Additionally, for o € [m'] denote by sz” the output given by a fully connected

neural network (DeﬁnitionE]) set with weights W1, ..., Wy for the input e,,. Lastly, for a € [m/]
denote by I‘((ld) a m-dimensional zero-centered Gaussian vector with

Vo, B € [m'],r,r" € [m]. Cov ([fod)L, [F»(Bd)}r/) = L:ng?.

If for any j € [d] the matrix KU) is invertible, then there exists ¢ > 0 dependent on
m,m’,d, o, cyw, N, €rain and €gen SUch that for any k € N it holds that

. <(ng))ae[m/1 ’ (F‘(”d))ae[mf]) = %

where we have implicitly regarded (z&d)) ] and (I‘&d)) ] as m' - m-dimensional random
acg[m’ acg[m’
vectors.

Proof. The above is an adaption of case (1) of Theorem 3.6 in [31], where the fully connected neural
network has no biases, the partial derivatives in question are all of order zero and the finite collection

of distinct non-zero network inputs is {ea}gil. For a full proof see Favaro et al. [31]. O

We move forward to the following Lemma, showing that for an antisymmetric activation function o
the covariance matrices K ) are not only invertible but also a positive multiple of the identity.

Lemma 6. Suppose the assumptions of Theorem[7|hold. Suppose also that
* The activation function o is not constant and antisymmetric, i.e.,
Ve eR. o(x) = —o(—x).

e It holds that

zNIjE:,[(.) [az(x)} > 0.

Then for any j € [d] there exists a positive constant b'9) > 0 such that K9) = pU) T,

Proof. The proof is extremely similar to that of Proposition [2} We prove via induction on d that
Kédﬁ) =0, K é%) =K gg and that K&@ is finite and positive. First, for the base case, note that we
have

K'Y = ewE [0 ((Wiea)y) o ((Wies), )]
=cwE {U ([Wl]l}a) g ([Wl]lﬁﬁ)}
= ewE[o (I7l,,.)| B [7 (11],)]

where the ultimate transition is due to the independence of [W1], , and [W1]; 4. Next, since (- is
symmetric and o is antisymmetric, we obtain by Lemma[20] that

2o ()] =2 (31,)] =0

Overall, we obtain that

KEY =cw-0-0=0.

Additionally, since [W1], , and [W1], 4 are both drawn from N/(-), we obtain that
K(&Q =cwE [U ([Wl]l,a) o ([Wl]l,a)}

=cw E [U ([Wl]Lﬁ) g ([Wl]lﬁ)]
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Finally, by our assumption we have that

bV = K = ew [o (Wi, ) o (M),)] = ew E @] >0.

as required. Next, fix j € [d] and assume that Kgﬁ) =0, K&Q = Kéjﬁ) and that K&Q is finite and
positive. Hence, plugging the inductive assumption into Theorem @ we obtain that

KG™ = ew Elo(2a)0(25)]

G) ) ()
<Zo¢) NN 0, Kaa Kaﬂ :N 0, Kaja 0 )
%5 KY) K§) 0 K

Therefore, z, and zg are independent identically distributed zero-centered Gaussian variables. Hence,
we obtain that

where

K™ = ew Elo(za)| Elo(=5)] = ew -0-0 =0,
where the penultimate transition is due to Lemma[20] Additionally,
KGN = ew B [0(20)0(0)] = ew Elo(z5)0(2)] = Kgi.

Finally, we have by our inductive assumption that K ,(XJOE is finite and positive, thus the non-constant

random variable z, ~ N(0, K ,&{2) has finite moments. Therefore, since o has a polynomially
bounded derivative almost-everywhere and it is not constant, it holds that

bUTY = KU = ey E [0(20)0(2a)] > 0

completing the proof. O

Theorem [7|and Lemma |6|together imply the following Corollary, which states that (z((ld)

is
)(le[nmq
bounded away from a zero-centered Gaussian vector with independent entries.

Corollary 2. There exists ¢ > 0 dependent on m,m’,d, o, cyw,n, €xin and €gen such that for any

k € N, the m’ - m-dimensional random vector (z&d)) - corresponding to the concatenated
ac(m’/

outputs of the fully connected neural network (Definition |5)) for the inputs (ey)

. <<Z&d))ae[m’1 ’ (F‘(*d))ae[m']> = %

where the random variables < [F(ad)}

acm’] satisfies

) are independently drawn from N (0, b(d)).
1/ aglm’],j€[m)]

Lemma [T]and Corollary [2]together imply that the matrix factorization W has the required bound on
its convex distance from a centered Gaussian matrix Wij;q (Definition @) Hence, the proof follows by
invoking Lemma 5 which implies Theorem [6]

B Proof of Theorem

This appendix proves Theorem[2] Appendix [B.I|begins by establishing that for any v € R, the
factorized matrix W (Equation (4))) is within v (in Frobenius norm) of a rank one matrix with
probability 1 — O(1/d). This finding is utilized by Appendix which establishes that the
probability of the events Liwin (W) < €ain and Lgen (W) > €ainc occurring simultaneously is O(1/d).
Appendix shows that the probability of Liain(W) < €yain is 2(1). Finally, Appendix
combines the findings of Appendices [B-2]and [B:3]to prove the sought-after result.
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B.1 W is Close to a Rank One with High Probability

According to Deﬁnition the matrices W; are obtained by normalizing matrices WJ’ where each
entry of WJ’ is drawn independently from the distribution Q;. Specifically, each entry of W; equals
the corresponding entry of W divided by [[Wj--- W] /4. In this section, we will analyze the

spectrum of the matrix W)_, ., := W)_, - --- - Wj using results from Hanin and Paouris [39] to
show that this implies that with high probability, 1V is close to a rank one matrix.

Note that because we normalize the final product, we can assume without loss of generality that
Q(+) is the standard normal distribution A/ (-; 0, 1) rather than N'(+;0,v). Any scaling factor from
v would be eliminated by the normalization. Thus, each entry of W]’ is independently drawn from
N(0,1/my), where m; is the number of columns in W as defined in Definition 3]

Forany d > 3 and t € [k], we will denote the random variable that is the ¢th singular value of W_, ,
by sq—2,+, and the related quantity of the Lyapunov exponents by A\q_ ¢, defined as follows:

1
Ad—2p = 5—log ($a-2,t) -

2
The following Theorem provides concentration bounds on the deviation of the Lyapunov exponents
of Wi_1.s-

Theorem 8. There exist universal constants {uk,t}le, c1,co and c3 such that forall 1 < p <r <k,
and any s for which
Cc3Tr

s> —"—1lo %
W2k B\7 )

> S> < ¢y exp (—e2k(d — 2)smin {1, ¥ . (s)}) ,

it holds that

g

where 1y, () is the function

1 T
% Z()\d—zt - Mk:,t)

t=p

or(s) kmin{l,%}, rgg
kr(S) = . s
kmln{nk’r7m}, §<T§k
for
o k—r+1 l k—1
M =T Bk |
Proof. See Theorem 1.1 in Hanin and Paouris [39]. ]

We now show that the above deviation estimate implies that with probability converging exponentially
to 1, there is a constant gap between the largest and second largest Lyapunov exponents.

Lemma 7. There exist constants c4, cs5, cg > 0 independent of d such that for all d > c4
P (Ai—22 < Ag—21 —¢5) > 1 —exp(—cs(d—2)) .

HFk,1—HEk,2

Proof. Obviously g1 — pg2 > 0. We define ¢5 := —5—=. Plugging inp = r = 1 into
Theorem 8 we get that

P (|)\d—2,1 - ,uk71| Z S) S C1 eXp (—Cgk’(d — 2)5 min {1, wk,l(s)})
forall s > % log (ek). We take d large enough such that c5 > % log (ek) and take s = ¢s.
Plugging in the definition of v ;, one may obtain that
cok(d — 2)smin {1, ¢ 1(s)} = Q(d),

hence

P (|Aa—21 — pr1| > ¢5) < crexp (=(d)) .
The same argument can be applied for p = r = 2 to conclude that

P (|Xa-2,2 = pr,2| = ¢5) < crexp (—Q(d))

Combining these two results by union bound and the triangle inequality yields the theorem. O
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The following Lemma implies that the spectrum of W);_, , is rapidly decaying, and in particular that
it can be well approximated by a rank one matrix.

Lemma 8. Let E be the best rank one approximation to W/,_, . It holds with probability at least
1 —exp (—cg(d — 2)) that
Wi 1,—F
Wacra ZBle < =T exp (~estd - 2)).
1B
where c5 and cg are the same constants as in Lemmal[7]

Proof. By the definition of Lyapunov exponents and Lemma [/| we have that with probability >
1 — exp (—cg(d — 2)), the following inequality holds for all ¢ > 2:

Sd— Sq—
22l s 221 oxp ((d — 2)(Ad_21 — Ad_22)) > exp (cs(d — 2))
Sd—2,t Sd—2,2

hence we obtain that

Wiss = Bl _ Vb (a2 _ /(b= D(samsa)

£l 7 Sd—2,1 o Sd—2,1 -

(k — 1) exp (cs(d — 2))
as required. O

We now show that not only W_, ,, but also the end-to-end matrix W' = W;W/_, ., W/ is approxi-
mately rank one.

Lemma 9. There exist constants c11, c12, c13 > 0 independent of d such that with probability at least

C12 C11

1=2-—- 27{1(’62) —exp(—ci3(d—2)),
the product of unnormalized matrices W' := WY - ... - W{ can be written as
W' =0+R

where O is a rank one matrix and

IR < dﬁmexp (—es(d—2))
1017

for the constant c5 described in Lemmal(8|

Proof. We start from the decomposition obtained in Lemma 8] namely the decomposition
Wito=E+Wi12-E),
where E has rank one and
W) ,—F
W12~ Blle _

Vk—1)exp (—cs(d—2))
&1l

which holds with probability > 1 — exp (—cg(d — 2)). Plugging into W’ we obtain that
W = W(QW(Q—LQW{ = WQEW{ + Wé (Wu/l—m - E) Wll

Note that rank(W/EW{) = 1 whenever W;EW/ # 0, which holds with probability 1. Now we can
set O = W/EW/ and R = W/(W)_,., — E)W7. It therefore suffices to upper bound the ratio

WaWi_10 — E)Willp
IWaEWT |

We will separately give an upper bound on
IWa(Wi_10 — EYWillp

and a lower bound on
[WaEWH||
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that hold simultaneously with high probability. First, note that by Lemmas[24]and 23] for a sufficiently
large d, with probability > 1 — 2 exp (—cjod) it holds that

Wa(Wir2 = EYWillp < IWall pIWTll W12 = Ell
< dP|Wi1o — Bllp-
For the lower bound on ||W;EW7|| -, consider the SVD decompositions of W and W given by

1
’ 1,1 1\ 1
Wy = thut (Ut)
t=1
and
Td T
;o d, d(,.d
W, = Zatut (vf) .
t=1
Likewise, as a rank one matrix, £ can be written as
T
E = ||E|| pugvg -
Invoking Lemma 26| with ¢ = j = 1 we obtain that

IWaEWilp > | Bllpofor (vi,ug) (ve, ui) -

It suffices to lower bound the absolute values of each of the terms in the product above. Note that by
Lemmaall terms are independent. To lower bound o and o we apply Lemmawhich yields

that )
1 _ C11
1 c
d~ = _ M1
P (01 > d) >1 207

where ¢;; is the constant from Lemma To lower bound |(v{,ug)| and |(vg, u})| we invoke
Lemma 29| which yields that

and

and )
C
P (|<vE,ui>| > d) >1- -2

where ¢4 is the constant from Lemma[29] Hence by the union bound, with probability at leastl —

292 — Qdfié) it holds that

1
IWaEWillp = 2l Ellp -

Applying the union bound once more, we obtain that with probability at least

C12 C11
1- 27 - Qd(kQ) —exp (—cg(d —2)) — 2exp (—c10d)
the following holds:
WaWa1.o = EWillp _ 6
~ < d0/(k—T)exp(—es(d—2)) .
IWaEWH |

The proof follows by choosing c13 such that
exp (—c13(d — 2)) > exp (—ce(d — 2)) + 2exp (—c10d) .
O

Now that we’ve shown that W’ can be approximated by a rank one matrix with high probability as d
tends to infinity, we are ready to show this for the normalized matrix W = W'/||W’|| r as well.
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Lemma 10. Ler
Cly) ={W: W=X+Y,rank(X) =1, |Y||r <~} .

Let Cy ., be the event that W' € C(v). Then for any v > 0, if

We
Y21 0.5 :
|d=6(k —1)705 exp (c5(d — 2)) — 1]
then
c c
P(Caqy) 21-2-F - zﬁ —exp (—c13(d — 2))

where c11, c12, and c13 are the same constants as in Lemma[9

Proof. By Lemmaﬂ with probability > 1 — 242 — Qdfié) — exp (—cy13(d — 2)) it holds that the
unnormalized matrix W' can be written as

W/ == O + R s
where O has rank one and

1Bl

o1 < Ve (~es(d ~2)

from which it follows that

12l ¢ 12l ¢ 1 _
W le = [IOllp = IR gl — [d=0(k = 1)=%% exp (¢s(d — 2)) — 1|

Consider the normalized matrix W'/ ||W’|| r and its best rank one approximation denoted as X. Then,
it holds that

wo W' =Ollp _ lIBlg 1
/ < / - / = |4—6 —0.5 <7
Wl g F Wl g W[y = [d=0(k = 1)=%2 exp (cs(d — 2)) — 1
as required. O

B.2 1If W is Close to Rank One Then Low Training Loss Ensures Low Generalization Loss

In this appendix, we show that if the RIP holds and a learned matrix W is close enough to a rank
one matrix, achieving low training loss ensures low generalization loss. This is formally stated in the
Lemma below.

Lemma 11. Suppose that the measurement matrices (A;)?_, satisfy the RIP of order 1 (see Defini-
tion with a constant § € (0, 1) and A is defined as in Deﬁnition Suppose that there exists some

constant b > 0 such that for any matrix M € R™™ it holds that
A < blIM| 5.
Let M € R™™ be a matrix such that
A7 <e,
and suppose that
M=FE+R,
where rank(E) < 1. If
VI=3(V2 - 1)V

R|p < ,
1l < 1+bv/1-0

then
2¢

1-46°

2
[M||7 <
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Proof. By the definition of A it holds that
A(E) = A(M) — A(R),
therefore, using the triangle inequality we obtain that
IAE p < [ADD]p + IAR) | p < Ve+blIR|r.
By the RIP, the above results in
[Ellp < (1=06)"2(Ve+b|RIF).

Finally, we obtain by the triangle inequality that

_1

M|y < (1-0)"2(Ve+blR|r) + ||IR]|.

The proof follows by plugging the assumption on || R|| 7 and rearranging. O

B.3 Lower Bounds on the Probability of Low Training Loss

In this Appendix, we show that the probability of attaining low training loss is bounded from below
as d tends to infinity. The argument is formally stated in the next Lemma.

Lemma 12. Suppose that W* has rank one and that ||W*| p = 1. Then for any € > 0 it holds that
P (‘Ctrain(W) < 6) > Q(].)
as d — oo.

Proof. By the law of total probability we have that
P (Luain(W) < €) 2 P (Lain(W) < €|Cuz ) - P (Cu)

where Cy  is as defined in Lemma[];ﬁ} Additionally, By Lemma@] it holds that
lim P (Cdﬁ) =1.
d—o0

It therefore suffices to show that

P (,cm(W) <e

Cd,’y) > Q(1).
as d — oo. Observe that
%2 €
P (Lean(W) < € Ca) = P (IW = WIl} < 5[Cas) -

where b is the Lipschitz constant of A as defined in Lemma|[TT} Thus it suffices to lower bound the
latter probability. By the symmetry of the Gaussian distribution (see Lemma[27) and the symmetry
of the event Cy , we have that for any ¢ > 0 the following holds for any rank one matrix £ with
[E|lp = 1:

P (IW =Wl < 5|Cas) =P (IW = Bllf < |Cas) -

Now we set v = €/2b and consider the M := M (i, d) matrices E1, ..., Fj; from Lemma By
the triangle inequality and the union bound we have that

1 =P (Can|Car)

€
_p 1<LAM{W; W — Bl < 5} ’cdﬁ

< > P({wiiw-El} <1}|Cas) -

1<i<M
Now again by symmetry we have

S ({W; W - B3 < g} ‘CM) —M-P ({W W= WA < g} ‘cdﬂ) .
1<i<M

Therefore, we conclude that
1

P ({W W w2 < g} ‘cdﬁ) > -

as required. O
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B.4 Proof of Sought-After Result

We are now ready to prove Theorem 2] Let us define Cy - as in Lemma[I0] For convenience we will
denote by G 4, the event that Lg., (W) < ce, and by Lg the event that Liv.in (W) < €. By the law of
total probability it holds that

> P (Gd,c NLgN Cdﬁ)

PGaclta) 2 =5,
By Lemma IT] if we set
VTR 1) Ve
1419
where b is the Lipschitz constant of A, and
2
R

then we obtain that

Gd,c NLgN Cdﬁ CLsgnN Cd’7 .
Hence,

e c
P (Ga,e|La) > PLaNCay) _y _ PALanCa,) (Ld mcd”) >1- P\%s) (Cd’”)
=P (L) Py ~  P(La)

By Lemma|[I0] for large enough d it holds that

C12 C

P(CF,) <277 + 2y +exp (—co(d — 2)) = O(1/d).

By Lemmal(12] P (Lq) = (1) and so

Jim P (Gae|La) =1-0(1/d)

completing the proof. O

C Increasing Width with Unspecified ¢,

Theoremﬂ]requires the G&C training loss threshold e, to be specified. Thus, the theorem does
not rule out the possibility that for any width, a sufficiently small ey, will lead G&C to attain good
generalization. In this appendix, we state and prove a result—Theorem [0] below—that allows for an
unspecified €qain. Theorem [9]imposes assumptions beyond those of Theorem|[I} (i) the depth of the
matrix factorization is two; (i) the prior distribution is generated by a zero-centered Gaussian; (iii) the
activation is linear; and (iv) the factorization is square, i.e., m = m’ (though this latter assumption
can easily be lifted). Moreover, Theorem [J] considers a case in which the prior-induced probability
distribution of the factorized matrix W (Equation (@) is shifted such that its mean is the ground truth
matrix W*. The theorem establishes that even with this shift—which makes good generalization
easier to attain—the posterior probability of low generalization loss conditioned on low training loss
converges to the prior probability of low generalization loss.

Theorem 9. Let m, k € N and let €gen > 0. Let W1 and Wy be random matrices of dimensions m, k
and k,m, respectively. Assume that the entries of both Wy and Wy, are drawn independently from
N(0,1). Consider the normalized product which is then centered around the ground truth matrix
W+, ie.:

1 *
W mwl Wy + W7,

Then, it holds that:
lim sup P (Cgen(W) < €gen | Etrain(W) < 6train) - P (Egen(W) < 6gen) =0.

k=00 €41 >0

Proof. The proof is delivered by Appendices to below. Appendix establishes that locally
uniform convergence of densities implies convergence of probabilities. Appendix [C.2]calculates the
characteristic function of the factorized matrix W. Appendix establishes that the conditional
probabilities in Theorem [9] can be approximated by conditional probabilities of bounded sets. Finally,
Appendix combines the above to prove the sought-after result. O
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C.1 Locally Uniform Convergence of Densities Implies Convergence of Probabilities

Convergence of probability measures in convex distance, as in Appendix [A] is not sufficient for
proving a results which deal directly with the case of unspecified €y,iy. This is so because the
denominator and the numerator of the conditional probability can be arbitrarily small, and the convex
distance gives an additive approximation guarantee. To prove such a result we will first have to prove
that a stronger notion of convergence which we introduce in this Appendix holds in our case.

Theorem 10. Suppose that G,, and G have continuous densities g,, and g (with respect to Lebesgue
dist.

measure) on R™. Suppose that G,,——— G, the densities g,, are uniformly bounded, i.e., there

exists M : R™ — R such that

vx € R™, suplgn(x)| < M(x) < oo,
neN

and g,, are also equicontinuous, i.e., for each € > 0 there exists §(€) such that if |x — y||, < d(€)
then

VneN, |g.(x)—gn(y)l <e.

Then
lim sup |gn(x)— g(x)| — 0.
n—oo xER™
Proof. This is a slight adaptation of Lemma 1 in Boos [13]]. O

Lemma 13. Let {f,, }nen be a family of probability densities on R™ with respective characteristic
Sunctions ¢, (t) (Definition . Suppose that the L*-norms of the characteristic functions weighted
by ||t||,, are uniformly bounded, i.e.,

Ve [ el len(®)lde < 1,
R"Yl

where M > 0 is a constant independent of n. Then the family f, is uniformly bounded and
equicontinuous.

Proof. Note that the above bound implies that there also exists some M >0 independent of n such
that

Vn €N, / o (8)]dt < T

We employ the decomposition

n(t)|dt = »(t)|dt n(t)]dt .
/Rm on(6)] /|t|2g1'“” (t)] +/|t|221|s0 (t)]

The first summand is uniformly bounded for all n because the integrand is at most 1 (any charactersitic
function satisfies |¢(t)| < E(]exp (i (t, X)) |) = 1) and the domain has finite volume, whereas the
second summand is upper bounded by

[ Ul eat®lde< [ Jell - oatolde < 01
Itll,>1 o

It now follows by Lemma [32]that for any x € R™

1 N

sup [fn(x)] < sup  |fu(¥)] £ ——

neN| Gl neN,yeR™ ()l (2m)m
It remains to verify that { f,, },,cw are equicontinuous. To see this, note that by Lemrna :

HX—Y||2/ Ix =yl
2(x) — fu(y)] < t]l, - |on(t)]dt < M
1£a) = £ul)| < g [ el (el < Fo T
This bound is uniform in n and depends only on the distance ||x — y||2. For any given € > 0, choose
d(e) = % Then for all ||x — y||2 < (¢), we have:
VneN, [fu(x) = faly)l <e.

Thus, the family { f,, }nen is equicontinuous. O
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Lemma 14. Let {f, }nen be a sequence of probability density functions on R™ that converges
uniformly to a limit density f. Suppose that f is positive and smooth on R™. For any bounded set
K C R™ such that K C B(0, R), the ratio of probabilities assigned by f, and f to K converges to
1, ie.,

fK fn(x)dx

lim — 1.

n—soo fK f(x)dx

furthermore, this convergence is uniform over all subsets contained in B(0, R).

Proof. The positivity and smoothness of f imply that f is bounded below on bounded sets—indeed,
K is contained in B(0, R) on which f is bounded from below. That is, there exists a constant ¢ > 0
such that for all x € B(0, R) it holds that

f(x)>c.

Since f,, — f uniformly on R™, for any € > 0 there exists NV € N such that for all n > N and all
x € K it holds that

[fn(x) = F(X)| < ce < ef(x).

Thus, we can bound f,,(x) as:

(I—ef(x) < fux) < (1 +6)f(x).

Integrating this inequality over K, we obtain

(-0 [ fodix< [ piax<(+a [ reoi.

Dividing through by || 5 J(x)dx (which is strictly positive since f > 0 and K is compact), we obtain
that

fK fr(x)dx

l-es fo(x)dx

<1l+e

Taking the limit as n — oo, we conclude:

fK fn(x)dx
S f(x)dx -

Furthmore, the above convergence does not depend on K itself but only on B(0, R), hence the
convergence is uniform over all susbsets contained in B(0, R). O

C.2 Calculation of Characteristic Function

To apply the results of the previous subsection, we need to calculate the characteristic function so
that we can bound its integral as in Lemma|[I6] We begin with the following formula.

Lemma 15. Given the random variable W = \/ﬁWl Wy, where W1, W2T e R™* qre matrices
with independent standard Gaussian entries, the characteristic function fk(T) = E[e¥TM)] for

T € R™™ is given by:
k
P 1

fu(T) =
det (Im + TTT)

km

Proof. Since for any random variable X and constant ¢ € R we have

fex(T) = fx(cT),
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it suffices to compute the characteristic function without the \/7 factor, which we denote by f We
have that

i=1 j=1p=1
kK m m
=D W) W)
p=1j=1 i=1

Note that the variables

are independent for distinct values of p, hence

k m m
f H EW(l) W(z) exp ZZ Wzgjz) TijWi(pl)

,
p=1 7 =1 i=1

To evaluate the above expression we first fix W;S ' ), i.e., we consider the expectation

2 1
exp ZW,Ej) T Wy

=1

W(l)

Let Z € R™ such that (Z); := > ", TLJW(I) Note that Z is a Gaussian random variable (being a
linear combination of Gaussian random varlables) with mean zero and covariance

(Ez)pl = <Tval> >

where T},,T; € R™ are the pth and Ith rows of the matrix 7', respectively. Therefore by the formula
for the characterstic function of a Guassian variable (see Lemma[34) we obtain

B o0 (102 S | | = e (<05 (w2 mawi2))

( . . 2)

where Wp2) € R™ is the vector whose jth entry is szj . It remains now to evaluate this expectation

with respect to W,§2> as well. Thus our task reduces to evaluating the expectation, with respect to a
standard Gaussian, of a function of the form

exp (~0.5 (W2, 2w )

where ¥ is PSD. We now apply Lemma 35]to obtain the formula:

EWI()z) [exp (—0.5 <W152), EZW52)>)} = \/det(Ilm =) \/det 1+ TTT)

where the second equality uses the definition of 3. It follows that

as required. O
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1231 We are now ready to show that the integrals of the characteristic functions fk are bounded, even if
1232 multiplied by ||T|| -, which will allow us to derive the equicontinuity of the corresponding densities.

1233 Lemma 16. For fk defined in Lemma it holds that

sup / 17| - |fo(T)ldT < oo
keN Jrm.m

1234 Proof. Recall that by Lemma[I5]above it holds that

o 1
/R [T F(T)dT = / 1T ar.

det(l,, + L)

1235 Using the change of variables to singular values and the Vandermonde determinant (Corollary 3)), we
1236 may write the above as

k
1

/ IT]» =7
Rm,m det(lm + Y;gj;n )

m 1/2
—C,, / (2}3) A——] I ?*-c?do
R p=1

2
a; N
| |ZT;1 1+ k;n 1<i<j<m

1237 where (', is a constant depending on the dimension m. Using the elementary bound
m
2 2 2(m—i)
I <]~
1<i<j<m i=1

1238 we obtain the following upper inequality

m 1/2
1
/ (205,) () T e2-te
m _ m 072 . .

+ \p=1 Hi:l 1+ T 1<i<j<m

m 1/2 ) -
Z 2 ” 2(m—1i)
R \p=1 [, \/1+ i=1

i
km

1239 Now we apply the inequality v/a + b < \/a + v/ to the Frobenius norm term:

m 1/2 m
2 2
(Z UP) < Z V-
p=1 p=1
1240 This separates the sum into individual terms:
k

- 1 e m—1
D e e I | Ll
p=1"RY [TE 1+ 25 ) =t

1241 Using Fubini’s Theorem, the integral separates into a sum over m products of individual integrals:

k k

17 [ 1 : > 1

Z H/ —_— J?(m—l)dgi . / —— Uﬁ(mfp)JrldUp.
—1:-17Y0 / 9 0 / I

1242 This decomposition allows the integral to be expressed as a sum of m factorized integrals, each

1243 involving a single variable.
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We now perform for each 1 < i < m the change of variable z; = \/%, which gives dz; = %
and overall

k

k
n ~ o0 1
M, § % i (=i s | |/ 22m ”dxi-/ | 2Pty
1+x ’ 0 /1—|—x12) b ?

k

m

k
m2 _; ° 1
=M, E EE s | I/ x?(m Z)dxi-/ — | 2Pty
< 1+x > o /1+x12, P P

where we have again absorbed the multiplicative dependence on m (which remains constant through-
out our analysis) into a constant M,,.

We now perform another change of variables x? = y;, which gives 2z;dx; = dy;. Overall for i # p
we get a factor of

and for ¢ = p a factor of

1 o0 1 s
*/ — ;" Pdy; .
2Jo (1+yy)>

It remains to examine the asymptotics of these expressions for large k. To do this we note that by the
definition of the Beta function (Definition[T2)), we have that

> 1 m—i—1 1k 1
e T 2dy, = B _'+,7,_ — 74 =
/0 (Ltyi v (m 22 (m ' 2))

and by Lemma 37| we have
Lk (I T i D i)

where I'(+) is the Gamma function (Definition . By Lemma 38|the above is of order fe—(m=its),

The same calculation gives for i = p a term of order k~(™~?*1) Summing these terms we get that
the product is of order

m— 7”2
(B0 (S

Overall, the terms dependent on & cancel and each of the m integrals remain bounded as & — oo, as
required. O

We summarize the above discussion by the following Lemma.

Lemma 17. Let W1, (Wg)T € R™* be matrices with entries drawn independently from N(0, 1),
and let W = ﬁwlwz. For any bounded set K C B(0, R) C R™™ we have

i PWEK)
k—o0 T)( iid € }%T)

where Wiq € R™™ is a matrix with entries drawn independently from N (0, %) and furthermore
this convergence is uniform over all subsets K C B(0, R).

Proof. By Theorem W converges as k — oo to Wj;4 in total variation distance, and hence also in
distribution. Combining this with Lemmas[T3]and [I6]implies that the conditions of Theorem [I0]are
satisfied. Clearly the limiting density, being a product of Gaussian densities, is smooth and positive.
Hence the conclusion is a consequence of Lemma [14] O
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C.3 Approximation by Conditional Probabilities of Bounded Sets

We would ultimately like to bound conditional probabilities involving the events {Lgen (W) < €gen}
and { Luyain(W) < €yain }. Unfortunately, Lemmaapplies only to bounded subsets of R"™™, and
the events above are unbounded. We will circumvent this difficulty by intersecting { Lgen(W') < €gen}
with B(0, R), for sufficiently large R, and arguing that the approximations thus obtained are suffi-
ciently precise. Specifically, we have the following Lemma.

Lemma 18. Let Br (V') be the event that a random matrix V is contained in an open ball of radius
R around the origin

Br(V) :={V € B(0,R)}
It holds that
R}i_{noo kesth)w |P(BR(W) | Liain(W) < €tgain) — 1| = 0.
Proof. To see this, we first note that by the law of total probability
P (BRW) | Lirain(W) < €urain)

= P (BR(W) | ['Lrain(W) < €train; WZ) f (WQ | Ltrain(W) < 6lrain) dWs,

Rk.m
where f(Wa | Liain(W) < €qain) is the conditional density of Wo given Liyain (W) < €qain. Now note
that given W5 we have that W = —L_W, W, is a zero-centered Gaussian random variable (with a

vmk
covariance matrix which depends on W5). Furthermore the set {W7 : Lyin(W) < €yain } 1S convex

and since W* = 0 it is also symmetric. Furthermore, the set B(0, R) is convex and symmetric for
any R. We can therefore apply the Gaussian Correlation inequality (Lemma[39) to conclude that

P(BR(W) ‘ Ltrain(W) < €trainy WQ) 2 P(BR(W) | WQ)

and therefore

P (BR(W) ‘ »Ctrain(W) < 6train) > - P (BR(W) | WZ) f (W2 | ELrain(W) < 6train) dWs. (8)

Let W3,.; be the jth column of W5. Consider the following set:

R(c) = {W2 L Vi€ [m], [Walle < C\/E}.

This set is convex and symmetric, so we can again apply the law of total probability by conditioning
on W to get

P <W2 S R(C) ‘ ['train(W) < 6train)
= / . P (W2 S R(C) | Etrain(W) < €train, Wl) f (Wl | Etrain(W) < 6train) dWl
RrR™

Given W7, the set { Liin(W) < €rain } 1S again convex and symmetric, and W = ﬁWl Wy is a
zero-centered Gaussian, so again by the Gaussian Correlation inequality (Lemma[39) we have

P (W2 € R(c) | Luan(W) < etram)

> /R P (Wa € RO W2) £ (Wi | LinlV) < i) AW
=P (W2 c R(c)) [ OV L) < anin) AW

=P (W € (o)) ,

where we have used the fact that the event W, € R(c) is independent of W;. Overall we therefore
obtain that

P (W2 € R(e) | Luan(W) < enam) > P (W2 € R(c)) .
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Now note that by Lemma ({40, we can choose ¢ > 0 independent of k such that P (W2 € ]:B(c)) is
arbitrarily close to 1. We have by Equation (8] that

P (BR(W) | Etrain(W) < Etrain) Z A( )P (BR(W) | WQ) f (WQ | Elrain(W) < 6I;]'ain) dWQ .
R(c

Now we claim that for R(n) sufficiently large, independent of both €,,;, and k, the integrand can be
made to satisfy

P (Bripy(W) [ W) >1—n

for any W5 € R(c). To do this, note that each entry of W is of the form
1
—— (Wi, Wa
m < 1, 2, ]>

for some i, j € [m], where W1 ;. is the ith row of TW7. Each row of W consists of k independent
standard Gaussians, and by assumption W3 .; is a vector of norm < cV'k. Thus we have that the

product is a Gaussian variable with zero mean and variance ||W5 .; I* < k. Thus after dividing by

\/ﬁ we get a zero-centered Gaussian variable whose variance is independent of k. It now follows

by a union bound that we can select R := R(c,m) independent of k and €, such that the matrix W
will lie in B(0, R) with probability larger than 1 — 7 whenever W5 € R(c). Overall we get that

P (Ba(W) | Lain(W) < rin) = (1= 0)P (W2 € R() | Luain(W) < e

> (1—79)P (W2 e R(c)) ,

which can be made arbitrarily close to 1 (by Lemma[40), as required. O

We would also like to show that the approximation is precise with respect to the measure of the
random matrix Wjq which W converges to as k — oco:

Lemma 19. Ler W4 be a centered Gaussian matrix (Definition @) It holds that
lim P (Etrain(mid) < €train N Lgen(VViid) < €gen N BR(VViid))
R—00 P (Lirain(Wiia) < €train N Br(Wiia))

Furthermore, this convergence is uniform with respect to €uain, €gen-

= P (ﬁgen(VViid) < 6gen) .

Proof. Since Br, {Luain(W) < €wain} and {Lgen(W) < €gen} are convex and symmetric, we can
apply the Gaussian Correlation inequality (Lemma [39) to the numerator to obtain that for all R

P (Lirain(Wiia) < €ain N Lgen(Wiia) < €gen N Br(Wiia))
P (Lirain(Wiia) < €wain N Br(Wiia))
< P (Lirain(Wiia) < €train N Br(Wiia)) P (Lgen(Wiia) < €gen)
- P (Liain(Wiia) < €wain N Br(Wiia))
=P (Leen(Wiia) < €gen)
hence the same inequality holds in the limit. On the other hand, by applying the Guassian Correlation
inequality to the denominator we get
P (‘Ctrain(VViid) < €grain N Egen(VViid) < €gen N BR(VViid))
P (Licain(Wiia) < €wain N Br(Wiia))
< P (LLrain(VViid) < €grain N Egen(VViid) < €gen N BR(VViid))
- P (Lirain(Wiia) < €train) P (Br(Wiia))
< P (Lirain(Wiia) < €train N Lgen(Wiia) < €gen)
T P (Liain(Wiia) < €wain) P (Br(Wiia))
P (Lirain(Wiia) < €train) P (Lgen(Wiia) < €gen)
P (Lirain(Wiia) < €wrain) P (Br(Wiia))
o P (Egen(vviid) < 6gen)
P (BR(Wia))
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where the second inequality follows by basic probability properties, and the penultimate equality
follows by the independence of Lirain(Wiia) < €rain ad Lgen(Wiia) < €gen. The ratio %
tends to P (Lgen(Wiid) < €gen) as R — 00, hence the proof is complete.

C4 Proof of Sought-After Result

We are now ready to prove Theorem[9] We assume WLOG that W* = 0 as all claims are invariant to
a mean shift. First note that we have

klim P(Leen(W) < €gen) = P(Leen(Wiia) < €gen)
—0o0

where Wjq is a centered Gaussian matrix (Definition |§|), hence it suffices to show that
hm sup P (‘Cgen(W) < €gen | Llrain(W) < 6lrain) -P (Lgen(VViid) < 6gen) =0.

k—o0 €grain >0
First, let ny, 72 > 0. We can choose a radius R := R(n1,72) > 0 such that both

sup |P(BR(W) | Etrain(W) < elrain) - 1| < m
keEN, €qrain>0

and
P (ﬁtrdm( 11d) < €train N Cgen( ud) < €gen N BR(VViid))
P (Etraln( 11d) < €train N BR(VVnd))

Note that such an R exists by Lemma[T8|and Lemma[T9] Then, we rewrite the conditional probability
using the law of total probability by conditioning on the events that W is within B(0, R) and its
complement:

P (Egen(W) < €gen | £train(W) < 6train)

=P (Egen(W) < €gen ‘ L‘lrain(W) < €train, BR( )) P( ( ) ‘ Etram( ) < Glrain)

+P (ﬁgen(W) < €gen | Ltrain(W) < €train BR C) ( ) ‘ Etrain( ) < 6train) .
By the choice of R and the triangle inequality we have

-P (ﬁgen(VViid) < Egen) <1n2.

P (‘Cgen(W) < 6gen | Etrain(W) < etrain) -

P (Egen(W) < €gen ‘ Ltrain(W) < €train; BR(W)) < 2m.

Next, note that
P (Egen(W> < 6gf:n | fctrain(W) < €train, BR(W>)
_ P (Llram( 11d) < €qrain N £gen( nd) < €gen N BR(VViid))
P (ﬁtram( ud) < €grain N BR(VVud))

By Lemma|[I4] we can divide and multiply by the corresponding probabilities obtained with respect
to the matrix Wj;q which we converge to as k — oo, and rewrite this ratio as

P (Etrain(W) < €rain N Egen(W) < €gen N BR(W))
P (Lirain(W) < €rain N Br(W))
_ P (Lirain(Wiia) < €train N Lgen(Wiia) < €gen N Br(Wiia)) ok, R)
P (Lirain(Wiia) < €train N Br(Wiia)) ’
where a(k, R) — 1 as k — oo (uniformly in €, €gen)- Again by the choice of I? we have that
P (Elrain(W) < €train N £gen(W) < €gen n BR(W))
P (»Ctrain(W) < €train N BR(W))
Overall we obtain that for any €y, > 0
limsup P (Leen(W) < €gen | Lirain(W) < €qrain)

k—o0

S 27’1 + kli}n;.lolp (»Cgen(W) < €gen | ﬁtrain(W) < €train BR(W))
<2m +mn+ P (Egena/viid) < 6gen) .

- P ([fgen(VViid) < Ggen) < 2.
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Since the above holds for all 11,72 > 0 we obtain that
lim SUPP (['gen(W) < €gen | Ltrain(W) < Etrain) <P (ﬁgen(VViid) < 6gen) .

k—oc0 -
A symmetric argument applied to lim infy_oc P (Leen(W) < €gen | Lirain(W) < €irain) implies that
hkrf_l)g;fp (Egen(W) < 6gen | [flrain(W) < 6train) Z 7) (Acgen(vviid) < €gen)

and hence
klggop (‘Cgen(W> < €gen | ctrain(W) < 6train) =P (Egen(vviid) < 6gen) .

Since the above holds uniformly in € > 0 we conclude that
lim sup P (Leen(W) < €gen | Lirain(W) < €qrain) — P (Lgen(W) < €gen) =0

k=00 €1yin>0

as required. O

D Auxiliary Theorems, Lemmas and Definitions

In this appendix we provide additional theorems, lemmas and definitions used throughout our proofs.

Definition 8. Let IV € R"™™ be a random matrix. We say that W is a centered Gaussian matrix
when the entries of W are drawn independently from A (0, v) where v € R+ is some fixed variance.

Lemma 20. Let P(-) be some distribution on R that is symmetric, i.e., if & ~ P(-) then —x ~ P(-).
Let f : R — R be some antisymmetric function, i.e.,

Ve e R. f(x)=—f(—x).
Then
E [f(z)]=0.

z~P(-)

Proof. Since P(-) is symmetric and f is antisymmetric, it holds that

E [f@]= E [f(-2)l=- E [f&)l=- E [f(-2)].
z~P(+) —z~P(-) —z~P(-) x~P(-)
The claim follows by rearranging. O

Lemma 21. Let f : R — R be some function, A € R™™' be some matrix and o € [m’] be some
index. Denote by e, € R™ the standard basis vector with 1 in its a entry and zeros elsewhere. Then

f(A)ea = f(Aea>

where f applied to a matrix or a vector is a shorthand for f applied to each entry.

Proof. Observe that

f(An) - f(A)
f(A)ea( L ea
f(Aml) T f(Amm’)
f(A1a)
f(Ama)
= f(Ae,)
as required. O

Definition 9. The rotal variational distance (TV distance) between two random variables X, Y on
the same space €2 is defined as

TV(X,Y)=sup |P(X € A) —P(Y € A)|
ACQ
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Lemma 22. For any two random variables X,Y on the same space 2 and any ¢ > 0 It holds that
TV(eX,cY)=TV(X,Y)

Proof. By Definition[J]it holds that

TV(X,Y) = sup |P(X € A) —P(Y € A)|

Forany A C Q denote ¢+ A := {c- x|z € A}. Hence the above is equal to

sup [P(cX € c- A) —P(cY € c- A)| =TV (cX,cY)
ACQ

as required. O

Theorem 11. Let {W;} c(q) be a set of random matrices where for each j € [d], W; € R™+1:™
where mgi1 = m, my := m' and m; = k forall j = 2,...,d. Suppose thatfor each j € [d],
the matrix W; is centered Gaussian (Definition E?I) with variance ——. Let W = H j—a W and let

W* € R™™ be a centered Gaussian matrix with variance H Assume that k > m. Then

m-m'

k

TV(W,W*) < C(d—-1)
for some universal constant C > 0.

Proof. Theorem 1 in Li and Woodruff [61]] states that for random matrices U; € R™i+2™i j € [d]
where mgi1 = m,m; = m’ and m; = k,j = 2,...,d with entries drawn independently from
N(0,1), and a random matrix U € R™™" with entries drawn independently from A/(0, 1), it holds
that

m-m'

\FUHI ) SCld—1)/—

for some universal constant C' > 0 such. Per Lemma | scaling fU and H i=d fU by a factor

of \/% preserves the TV distance between the two random variables. Hence,

m-m/

1 1
U,jl;[dﬁUj-ﬁUl) fUHf ) < Cd=1)\/—

The proof concludes by noting that W = H i—d fU \/%U 1 and W* =

Lemma 23. Let p : RY — R be some polynomial. The zero set of p,

{x e R¢: p(x) =0},

U. O

1
e

is either R% or has Lebesgue measure zero.

Proof. See Caron and Traynor [18]]. [
Lemma 24. For any two matrices A € R™" and B € R™P it holds that
[AB|lr < [|All#|| Bl

Proof. This is a clssical result that follows from the Cauchy-Schwarz inequality. O

Lemma 25. For any centered gaussian matrix X € RP9 (Definition|S) there exists a sufficiently
large constant N € R+ o and a constant c1y € R~ depdendent on p, q such that with probability at
least 1 — e~ it holds that

1 X][p <N
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Proof. This follows from standard concentration inequalities for x? random variables. O

Lemma 26. Let A € R™"™ and C' € RP*? be matrices with singular value decompositions
TA rc
- AA (AT _ Cc..C (. C\T
A=) oftul (vi) . C=) ofuf (vf) .
i=1 j=1

We denote the the rank one summands of A and C' as

T T
X; = 0'2411;4 (viA) , Y= JCuJC (vc) .

Let B € R™P be a rank one matrix of the form

B = uBV; .
Then for any i € [r4),j € [rc] it holds that

IABC|3 > | X, BY; |3

Proof. Substituting the singular value decompositions of A and C' into the product, we obtain
TA rc
ABC = (ZXZ> B ZYj
i=1 j=1

Expanding the product yields

TA TC

ABC =" X;BY;.

i=1 j=1

To show that the terms X; BY; are mutually orthogonal, we compute the Frobenius inner product
between two distinct terms:

(X;BY;, Xy BYy) = Tr (X, BY;) " (X BY;)) .

Using the definitions
X; = ocluf (Vf‘)T , Y= O'J-CI.IJC (VC)T ,
the term X; BY; expands as
T
X,BY; = Uf‘ojc ((vf)TuB) (v;uf) u (vc) .
Therefore,
T T
(X,»BYJ-)—r = UiAUjC ((vf) uB) (v;ujc) vjc (uf) .
Likewise,

Xy BYy = ool ((vi) up) (vEuf)ul (vF) .

Substituting into the inner product and factoring out scalars we obtain that
(X;BY;,XyBY;) =

oo ((vi) " up) (vEul) otal ((vi) " up) (viud) Tr (v (uf) Tu (v§) ) -

Using the cyclic property of trace,

T (v (u) T (v6) ") = ((v6) "9 () ") -

Since the singular vectors u*, vi*, u, v§' are orthonormal,

A T A C T c
(uf) ui =0, (v§) v =0d.
Thus, the trace vanishes whenever i # ¢’ or j # j'. Applying the Pythagorean theorem for the

Frobenius norm,
rA TC

2 2
IABC =) > IXiBYlly.

i=1 j=1
Since every term in the sum is non-negative, for any ¢ € [r4], j € [r¢] it holds that
2 2
JABCIZ > | X:BY; %
as required. O
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Lemma 27. Let W € R™"™ be a centered Gaussian matrix (Definition[8) with variance one. Consider
the singular value decomposition (SVD) of W :

W=UxV",

where U € R™"™ and V' € R™" are orthogonal matrices, and ¥ is a diagonal matrix of singular
values. Then, the first left singular vector Uy (the first column of U) and the first right singular vector
V1 (the first column of V) are uniformly distributed on the unit spheres S™~ and S™~!, respectively.

Proof. Since W is an m,n matrix with independent standard normal entries, its distribution is
invariant under orthogonal transformations. That is, for any orthogonal matrices @@ € O(m) and
P € O(n), the distribution of W satisfies

QWP 2w,

This follows from the fact that a Gaussian matrix remains Gaussian after orthogonal transformations,
and the standard normal distribution is rotationally invariant.

Consider the singular value decomposition
W=UsvV'.

The left singular vectors of W are the eigenvectors of W/ T, and the right singular vectors are
the eigenvectors of W T W. Since W is rotationally invariant, so is the Gram matrix WW T, which
determines the left singular vectors. Specifically, for any fixed orthogonal matrix @),

QWWTQT L wwT .

This implies that the eigenvectors of W/ T, which form the columns of U, must be uniformly dis-
tributed on the unit sphere S™~1, since no particular direction is preferred. Thus, u; ~ Unif(S™~1).

Similarly, considering W T T, the right singular vectors (columns of V) are eigenvectors of W T W,
and by the same rotational invariance argument,

PWTWPT LwTw
for any orthogonal matrix P € O(n). This implies that v ~ Unif(S™~1).

The singular values o1, . .., Omin(m,n) Of W are independent of the singular vectors. This follows
from standard results in random matrix theory, where the eigenvectors of a Wishart matrix (which
are the singular vectors of W) are independent of its eigenvalues (which correspond to the squared
singular values of W). Thus, u; and v; are independent from the singular values and remain
uniformly distributed on their respective spheres. O

Definition 10. The Gamma function, denoted by T'(2) for z > 0, is defined as:

I‘(z):/ t*~tetdt.
0

Lemma 28. Let A € R™" be a centered Gaussian matrix (Definition[8) with variance one. Then
there exists a constant c11 € R depdendent on m, n such that for any x € (0, 1) it holds that
P(o1(A) <) <cppa™

where o1 (A) is the largest singular value of A.

Proof. Note that ||A||fm is a Chi-squared random variable with mn degrees of freedom, i.e., it holds
that ||A||% ~ x2,,,- The density of for this distribution is given by

x 2 lef%

e a—
flasmn) = ¢ 22 0(=2) 7 ,

0, z=0

x>0

where I'(+) is the Gamma function (Definition[10). Hence, we obtain that

P (14l <2) = [ " flssmn)ds = O™,
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Now note that for any matrix M € R it holds that

M|
M 2 > H F
o1(M)" = min{m,n}’
thus
P(o1(A) <z)=P(01(A)* <2”) <P <||A||% < min{m,n}x2> =0(z™")
as required. O

Lemma 29. Let v € R” be some fixed unit vector, and let u be a random vector uniformly distributed
on the unit sphere S" ' in R™. Define Z = (u, v) as their inner product. Then there exists a constant
c12 € Rs depdendent on n such that for any x € [—1,1]

P(Z| < x) < c1a]z].

Proof. First note that by symmetry, we can assume WLOG that v is also uniformly distributed on
the unit sphere. By Theorem 1 in Cho [22], the probability density function of Z for any z € [—1, 1]
is given by:

r(2)
f2(2) = == Ay (L= 2%) 77,
val (23)
where T'(+) is the Gamma function (Definition . In particular, Z has a bounded density supported
on [—1, 1]. Tt follows that for any =z € [—1, 1]

P2l <) = [ fa(z)ds = O(a)

as required. [

Lemma 30. For any m,n € N and € € Ry, there exists a collection of rank 1 matrices {E; €
R™ ™ }ic(ar) where M is depdendent on m,n and ¢, such that for any rank 1 matrix E € R™" with
|E|| = 1 there exists some index i € [M] for which

|E - Eillp <e.

Proof. Standard, see Vershynin [105]. O

Definition 11. Let X be a random vector taking values in R™. The characteristic function of X is
the function ¢ x : R™ — C defined for any t € R™ by:

ox(§) =E[(49)].

where (t, X') denotes the standard inner product in R™.

Lemma 31. Let X be a random vector taking values in R™ and let ¢x (t) be its characteristic
function (Definition . If X has a probability density function fx(x), then it can be recovered
using the following inversion formula

1

X) = —— e HEx) .
£ 60 = o [ e ox(tyae

Proof. Standard, see Zitkovic [121]]. O
Lemma 32. Let f : R™ — [0,00) be a probability density function with characteristic function

©(t). The supremum of f, denoted by | ||, := supxerm |f(X)], is bounded by the L*-norm of its
characteristic function. Specifically,

1
17l < gy / ()t
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Proof. By the Fourier inversion formula for a probability density function f on R™ (Lemma 31)):

) 1 o—ilt)
£ = g [ e ottt

Taking the absolute value, we get:

1£(x)] < @ / e

Since [e=(**)| = 1 for all t € R™, the latter simplifies to:

[p(t)]dt .

F(x)] < @/Rm o(t)|dt

Taking the supremum over all x € R™, we obtain:

Il < g [ Ittt

as required. O

Lemma 33. Ler X be a random vector in R™ with density function fx (x) and characteristic function
¢x (t). For any two points x,y € R™, the difference between their densities is bounded by:

50 = £l < TV [ ellafoxoae

Proof. From the inversion formula for the density function (Lemma[31)), we write:

£ 60 = £x(v) = g [ (7 =) oc(tgae.

By factoring out the exponentials:

emi(tx) _ —ilty) _ o—ilty) (1 _ 6i<t,yfx>) .

Taking absolute values and using the bound:

1 — eHty—x)

< Ity -1,
resulting in
1
1560 = 5] < G [ 1y =) lox ()de.

Finally, applying the Cauchy-Schwarz inequality we obtain that

[ty —x) | < [[t]l2[lx -y

25

which implies that

1500 = 1x ) < B2 T pelalos olae

as required. O

Lemma 34. Letr X ~ N(0,X) be a zero-centered Gaussian random vector in R™ with covariance
matrix > € R™™, The characteristic function of X is given for any t € R™ by:

1
¢x(t) =exp (—2 (t, Zt>> :
Proof. Standard, see Vershynin [106]. O
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Lemma 35. Ler X ~ N (0, I,,,) be a standard Gaussian random vector in R™, and let A € R™™
be a positive semi-definite (PSD) matrix. It holds that

E {efxTAx} _ L

Vdet(I, +24)°

Proof. The expectation is given by:

E [e—XTAX:| _ e—xTAx 1 6_%xTde.
. (2m)m/?

Combine the exponential terms:

T 1,71 1,T
e~ X Axe—§x X _ p72X (2A+Im)x.

Thus,

glo-xTax] _ 1 o i3 QA L) gy
(2m)™/2 Jgm

This is the Gaussian integral over R™ for a quadratic form. Using the standard result for multivariate
Gaussian integrals

m/2
/ e—%xTBde — (271-)
m \/det(B)
where B is a PSD matrix. Observing that the matrix B = I,,, + 2A is PSD, we conclude that
E {e—XTAX} _ 1
det (L, + 2A)
as required. O

Lemma 36. Let f : R™™ — R be a function that depends only on the singular values of a matrix
X € R"™"™. Then, the integral of f over the space R™™ matrices can be expressed as an integral
over the singular values as follows:

/ F(X)dX = Gy, (o) Alo)?do
Rm.m 120232000 >0

where:

» (), is a constant depending on the dimension m.

s Alo) = ]_[1<i<j<m(ai2 — 07) is the Vandermonde determinant of the squared singular
values.

* do represents the differential volume element over the singular values.

Proof. Consider the singular value decomposition (SVD) of X:
X=Uxv',

where U,V € O(m) are orthogonal matrices, and ¥ = diag(cy, 09, . ..,0,,) is a diagonal matrix
containing the singular values o; of X.

The differential volume element dX in the space of m,m matrices can be decomposed into the
product of volume elements corresponding to U, X, and V', along with the Jacobian determinant of
the transformation:

dX = J(2)dUdSdV
where J(X) is the Jacobian determinant associated with the change of variables from X to (U, 3, V).

For a function f that depends only on the singular values, the integral over the orthogonal matrices U
and V contribute to the constant C,,, allowing us to focus on the integral over the singular values.

49



1ae4 The Jacobian determinant J(X) for the transformation involving singular values in the space of m, m
1495 matrices is given by:

J(8) = A(o)?
196 where A(0) = [[,c; ;< (07 — 07) (see Rennie [85]).

1497 Therefore, the integral over the space of m, m matrices can be rewritten as:

/ f(X)dX =Cp, flo) - A(o)*do
Rmom 012022:20m20
1498 where do is the measure on the singular values. O
k
1a9  Corollary 3. Consider the function f(X) = | X || r W , where X € R™™, Using
© km

1500 the change of variables to singular values (Lemma

k

1
/ 1X s ax
o Jdet (1+32X)

mo O\ /2 ) ’
=Cn ZU? N — A(o)*do,
01202>-20m >0 \ ;1 Hm11+%
1= m
1501 where:
m on1/2 . .
1502 « | Xllp = (2%, 02) " is the Frobenius norm of X.
2

1508 . \/det (I—|— Xk:nX) = \/Hﬁl (1 + ,:T‘n)
1504 e Alo) = H1§i<j§’m (JZZ — J?) is the Vandermonde determinant of the squared singular
1505 values.
1506 This reduces the integral to one over the singular values 1,02, ...,0m,.

1507 Definition 12. The Beta function, denoted by B(x, y) for ,y > 0, is defined as:

oo ta:—l
B = ———dt.
1508 Lemma 37. For any x,y > 0 it holds that

I'(2)I'(y)
B = 4=
1509 Proof. Standard, see Davis [26]. O

1510 Lemma 38. For large z, the ratio of the Gamma function evaluated at z and z + c for any constant c
1511 satisfies:

szc as z — 0o
I'(z) '

1512 Proof. Using Stirling’s approximation for the Gamma function:

[(z) ~ V212"~ Y2e7% asz — oo,
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1534
1535
1536

1537

1538
1539

1540

we compute the ratio:

T(z+c) V2r(z+c)rte1/2e=(3e)
I'(z) V22— 1/2¢=% '

Simplify the terms:
F(Z+C) (z+c)z+c—1/2€—c

T(2) ~ Sa—1/2
Taking the dominant term for large z, we approximate z + ¢ ~ z, so:
P(zte)
I'(z)
as required. O

Lemma 39. Let ® denote a Gaussian measure on R™ with mean zero and covariance matrix ¥. For
any two closed, symmetric, convex subsets A, B C R", the Gaussian Correlation Inequality (GCI)
states:

B(ANB) > B(A)D(B).

Proof. See Latata and Matlak [58]]. O]

Lemma 40. For all § > 0, there exists a constant ¢(0) such that with probability at least 1 — 0, the
norm of an L-dimensional standard Gaussian vector X ~ N (0, Ir) satisfies:

IX| < e(8)V'L.

Proof. See Vershynin [[104]]. O

E Theorem 3.3 From Soltanolkotabi et al. [92]

Propositionrestates Theorem 3.3 from Soltanolkotabi et al. [92] using O- and O-notations. For
completeness, Proposition ] below restates the theorem without these notations.

Proposition 4 (restatement of Theorem 3.3 from [92], without O- and O-notations). There exist
universal constants c1, . .., c19 € Rso with which the following holds. Suppose the activation o (-)
is linear (i.e., o(a)) = a for all « = R), and the depth d equals two. Let k € R~ be the condition
number of W*. Let Q(-) be a zero-centered Gaussian probability distribution, i.e., Q(-) = N(-;0,v),
with variance

O<rv< — )
k9% (max{m + m/, k})

e[ W [V’ VE-r-o1r )
cok?y/max{m + m/ k}

(recall that r is the rank of the ground truth matrix W*, whose dimensions are m and m’). Let P(-)
be the probability distribution over weight settings that is generated by Q(-) (Definition . Assume
the measurement matrices (A;)?_; satisfy an RIP (Definition|l)) of order 2r + 1 with a constant
§ € (0,min{1, cs/(k3\/7)}). Consider minimization of the training loss Luin(-) via gradient descent

(Equation (1)) with initialization drawn from P(-) and step size

0 < < Cs 1
TS (4\/§<km'>1/4|\W*nF) '
Vo (Vh—/r1)

Then, there exists some T € N which satisfies
N\1/4 ‘lf*‘
1 (4\/§(km )7l F)
S SR Y VY
o namin(W*) ’
such that for any width k of the matrix factorization, after T iterations of gradient descent, with
probability at least 1 — cy exp(—csk) + ch "+ over its initialization, the generalization loss Lgen(-)

is no more than cyo||W* \|;/101/3/10/(km’)3/20.
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Figure 3: In line with our theory (Section , as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. This figure adheres to the caption of Figure[T] except that we employ gradient descent with a momentum
coefficient of 0.9 [79]]. For further details see Figure El and Appendix El
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Figure 4: In line with our theory (Section , as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure[2] except that we employ gradient descent with a momentum coefficient of 0.9 [79]. For further
details see Figure[2|and Appendix

F Further Experiments

Section [5| corroborates our theory by empirically demonstrating that in matrix factorization (Sec-
tion @E the generalization attained by G&C (Section [3.5)) deteriorates as width increases and
improves as depth increases, whereas gradient descent (Section [3.4) attains good generalization
throughout. This appendix reports further experiments.

Figures 3| and || respectively extend Figures|l|and [2|to account for gradient descent with momentum.
Figures [5]and [6|respectively extend Figures|l|and [2|to account for a ground truth matrix of rank two.
Figures|/|and [8|respectively extend Figures|l|and[2|to account for G&C with a Kaiming Uniform
prior distribution. Figures 0] and [I0|respectively extend Figures[T]and 2]to a special case where the
measurement matrices are indicator matrices (meaning each holds one in a single entry and zeros
elsewhere), leading to what is known as low rank matrix completion—a problem that has been studied
extensively [125] 123|127, [122][129, [124]. Finally, Figure [[T|extends Figure[2]to account for G&C
with a prior distribution that does not include normalization (Definition [3)).

G Experimental Details

In this appendix, we provide experimental details omitted from Section[5]and Appendix [F] Code for
reproducing all demonstrations will be made publicly available with the camera-ready version of the
paper. All experiments were implemented using Pytorch [126] and carried out on a single Nvidia
RTX A6000 GPU.

Ground truth matrix. In all experiments the ground truth matrices were generated via the following

procedure. First, two matrices U € R"™" and V' € R™™" were generated by independently drawing
each of their entries from the standard Gaussian distribution NV (-; 0, 1). Here r stands for the desired
ground truth matrix rank. Then, the ground truth matrix was set as

_ b
IOV |

where b stands for the desired ground truth matrix norm. This procedure ensured that W* had rank r

and norm b. In the experiments reported in Figures[5|and [f] the ground truth matrices were of rank

two and norm one. In the rest of the experiments, the ground truth matrices were of rank one and
norm one.

w* uv,

Measurement matrices. In all experiments, the training measurement matrices were generated by
independently drawing each of their entries from the standard Gaussian distribution N'(+; 0, 1), and
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Figure 5: In line with our theory (Section , as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. In contrast, gradient descent attains good generalization across all widths. This figure adheres to the caption
of Figure[T} except that the ground truth matrix had rank two and the training data size was n = 22. For further
details see Figure[Tjand Appendix
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Figure 6: In line with our theory (Section , as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2] except that the ground truth matrix had rank two and the training data size was n = 22. We
note that with larger depths, the generalization attained by gradient descent is not as good as it is with smaller
depthsﬂ:or further details see Figure and Appendix

then normalizing each matrix to have norm one. For each set of training measurements, the corre-
sponding orthonormal basis B was generated by performing the Gram-Schmidt process and taking the
components which were not spanned by the original set of measurements. In the experiments reported
in Figures [5] and [6] the amount of training measurements was 22. In the rest of the experiments the
amount of training measurements was 15.

G&C optimization. A G&C sample consisted of a drawing of the weight matrices W1, ..., Wy and
computation of the factorization W (Equation (). If the training loss (Equation (5)) of the given
factorization is lower than €, then the sample is considered succesful. Tableﬂ]reports the value of
€wrain USed in each experiment.

For each trial—that is, for each random draw of the ground truth and measurement matrices—the
G&C algorithm was executed by drawing num_samples samples and averaging the generalization
losses of all succesful samples. Table [2]reports the value of num_samples used in each experiment.

To efficiently execute the G&C algorithm, the following batched implementation was used. Given
a sample batch size bs, for each layer j € [d], the layer’s weight matrices W; € R™i+1"™ were:
(i) drawn in parallel as a tensor of dimensions (bs, m;1,m;); (ii) multiplied in parallel with the
factorizations produced in the previous layer via the bmm(-) function of Pytorch; and; (iii) applied the
activation function elementwise. The weights of the jth layer were drawn with independent entries
from either A(+;0,1) or U(-; —1,1) and then scaled by /7. This procedure was performed until a
total of num_samples samples are accumulated. In experiments where the final factorizations were
normalized, a softening constant of size 10~% was added to the denominator.

GD optimization. In all of the experiments we trained gradient descent using the empirical sum of
squared errors as a loss function and optimized over full batches.

All weights matrices were initialized as follows. First, for each layer j € [d], the layer’s weight matrix
W; € R™i+1™ was drawn with independent entries from ¢/ (-;.—.1'/ Vg, 1/, /mj) (this is the
default Pytorch initialization). Next, in order to facilitate a near-zero initialization, all weight matrices
were further scaled by a scalar init_scale. init_scale was set to 1073 in all the experiments

%We examined weight settings found by gradient descent, and observed that with larger depths, the factorized
matrix W (Equation ) had an effective rank [128] lower than that of the ground truth matrix W*. This aligns
with the conventional wisdom by which adding layers to a matrix factorization leads gradient descent to have
stronger implicit bias towards low rank [5l [23]]. The fact that it was possible to fit the training data with an
effective rank lower than that of the ground truth matrix, is an artifact of the training data size being limited in
order to ensure reasonable runtime by G&C.
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Figure 7: In line with our theory (Section , as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. This figure adheres to the caption of Figurem except that the prior distribution of G&C was Kaiming
Uniform. For further details see Figure[T]and Appendix[G}
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Figure 8: In line with our theory (Section , as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2] except that the prior distribution of G&C was Kaiming Uniform. For further details see

Figure 2] and Appendix

of Figures and 0] Table []reports the values of init_scale used in the experiments of
Figures 2] and

In order to facilitate more efficient experimentation, we optimized using gradient descent with an
adaptive learning rate scheme, where at each iteration a base learning rate is divided by the square
root of an exponential moving average of squared gradient norms (see appendix D.2 in Razin et al.
[84] for more details). We used a weighted average coefficient of o = 0.99 and a softening constant
of 107, Note that only the learning rate (step size) is affected by this scheme, not the direction
of movement. Comparisons between the adaptive scheme and optimization with a fixed learning
rate showed no significant difference in terms of the dynamics, while run times of the former were
considerably shorter. The base learning rate 7 was set to 10~# in all the experiments of Figures|1} 3]
Bl[7 and [0 Table[]specifies the base learning rates used in the experiments of Figures 2} [} [6] [8] [L0}
and[T1] Table[3specifies the number of epochs used in each experiment.
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Figure 9: In line with our theory (Section4.2)), as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. This figure adheres to the caption of Figure[T] except that measurement matrices were indicator matrices
(meaning each held one in a single entry and zeros elsewhere), leading to a low rank matrix completion problem.
For further details see Figure[T|and Appendix|G}
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Figure 10: In line with our theory (Section, as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2] except that measurement matrices were indicator matrices (meaning each held one in a
single entry and zeros elsewhere), leading to a low rank matrix completion problem. For further details see

Figure 2] and Appendix
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Figure 11: In line with our theory (Section4.3), as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure[2] except that the prior distribution of G&C did not include normalization. For further details

see Figure[J]and Appendix

Table 1: Training error €y, used in the experiments of Figuresto

Setting €train
Figures 0.02
Figures 2] (4] |8} 0.0035
Figures [6|and 0.01

Table 2: Number of G&C samples used in the experiments of Figures to

Setting num_samples
Figures 1] 7, and 108
Figures n and 10°
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Table 3: Gradient descent initialization scale used in the experiments of Figures @ and (increasing
depth). The first three columns (left) specify the experiment (setting, activation function and associated depths
d), and the last column specifies value of init_scale used.

Setting Activation d init_scale
Figures L and Linear, Tanh, Leaky ReLU 2,3,4 0.001
Figures [2| L and [1 ] Linear, Tanh 9,6,7,8 0.1
Figures 2] L and [1 ] Linear, Tanh 9,10 0.2
Figures [2] L and |1 ] Leaky ReLU 5 0.03
Figures 2| L and |1 1] Leaky ReLU 6,7 0.1

L and [1 ] Leaky ReLU 8,9 0.2
L and |1 1] Leaky ReLU 10 0.8

Table 4: Gradient descent base learning rate used in the experiments of Figures EL @ and|11|(increasing
depth). The first three columns (left) specify the experiment (setting, activation function and associated depths
d), and the last column specifies the base learning rate n used.

Setting Activation d n

Figures L and Linear, Tanh  2,...,10 0.01
Figures 2| L and|[I1] Leaky ReLU 2,3,4 0.01
Figures 2] Land(l1| Leaky ReLU 5,...,10 0.1

Table 5: Number of gradient descent epochs used in the experiments of Figuresto The first two columns
(left) specify the experiment (setting and activation functions), and the last column specifies the number of
epochs used.

Setting Activation Number of Epochs
Figures|1} 3} [5} (7, and (9 Linear, Tanh, Leaky ReLU 100000
Figures [2| A 8} (10} and Linear, Tanh 20000
Figure [6) Linear, Tanh 50000

Figures |2}

, EI, |§|, and Leaky ReLU 50000
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: All of our theoretical claims and empirical results are clearly presented in
Sections [3]and 4] and Section [5|respectively.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations of our work are properly discussed in Section [6]
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

 The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All of our assumptions are clearly presented before each claim. All claims are
rigorously proven in the appendix, with short proof sketches in the main paper.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all implementation details in Appendix [G} and plan on releasing
our code publicly.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide all implementation details in Appendix [G] and plan on releasing
our code publicly.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide all implementation details in Appendix [G] and plan on releasing
our code publicly.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The results reported in Section [5|and Appendix [F|show the medians and their
corresponding inter-quartile ranges, each computed from eight distinct random seeds.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide all implementation details in Appendix [G] and plan on releasing
our code publicly.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This paper fully conforms with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper deals with theoretical properties of generalization in deep learning,
and the work performed has no societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

12.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper does not deal with data or models that have a high risk for misuse.

Guidelines:

The answer NA means that the paper poses no such risks.

Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: The paper does not use existing assets.

Guidelines:

The answer NA means that the paper does not use existing assets.
The authors should cite the original paper that produced the code package or dataset.

The authors should state which version of the asset is used and, if possible, include a
URL.

The name of the license (e.g., CC-BY 4.0) should be included for each asset.

For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We provide all implementation details in Appendix [G} and plan on releasing
our code publicly.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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1917 * We recognize that the procedures for this may vary significantly between institutions

1918 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
1919 guidelines for their institution.

1920 * For initial submissions, do not include any information that would break anonymity (if
1921 applicable), such as the institution conducting the review.

1922 16. Declaration of LLM usage

1923 Question: Does the paper describe the usage of LLMs if it is an important, original, or
1924 non-standard component of the core methods in this research? Note that if the LLM is used
1925 only for writing, editing, or formatting purposes and does not impact the core methodology,
1926 scientific rigorousness, or originality of the research, declaration is not required.

1927 Answer: [NA]

1928 Justification: The core method development in this research does not involve LLMs as any
1929 important, original, or non-standard components.

1930 Guidelines:

1931 * The answer NA means that the core method development in this research does not
1932 involve LLMs as any important, original, or non-standard components.

1933 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
1934 for what should or should not be described.
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