
Do Neural Nets Need Gradient Descent to Generalize?
Matrix Factorization as a Theoretical Testbed

Anonymous Author(s)
Affiliation
Address
email

Abstract

Conventional wisdom attributes the mysterious generalization abilities of over-1

parameterized neural networks to gradient descent (and its variants). The recent2

volume hypothesis challenges this view: it posits that these generalization abilities3

persist even when gradient descent is replaced by Guess & Check (G&C), i.e., by4

drawing weight settings until one that fits the training data is found. The validity of5

the volume hypothesis for wide and deep neural networks remains an open question.6

In this paper, we theoretically investigate this question for matrix factorization7

(with linear and non-linear activation)—a common testbed in neural network the-8

ory. We first prove that generalization under G&C deteriorates with increasing9

width, establishing what is, to our knowledge, the first case where G&C is provably10

inferior to gradient descent. Conversely, we prove that generalization under G&C11

improves with increasing depth, revealing a stark contrast between wide and deep12

networks, which we further validate empirically. These findings suggest that even13

in simple settings, there may not be a simple answer to the question of whether14

neural networks need gradient descent to generalize well.15

1 Introduction16

Overparameterized neural networks trained by (variants of) gradient descent are a cornerstone of17

modern artificial intelligence (AI) [103, 43, 2, 15, 56, 2]. Typically, an overparameterized neural18

network can fit its training data with any of multiple weight settings, some of which generalize well19

(i.e., perform well on unseen test data), while others do not. The fact that weight settings found by20

gradient descent often generalize well is a mystery attracting vast attention [117, 50, 78, 75, 73].21

Conventional wisdom states that this phenomenon stems from a special implicit bias induced by22

gradient descent when applied to overparameterized neural networks [93, 37, 55, 60].23

Recently, it has been argued that gradient descent is not necessary for overparameterized neural24

networks to generalize well, and in fact, any reasonable (non-adversarial) optimizer that fits the25

training data can suffice [20, 16, 102, 102, 11]. Notable empirical support for this argument was26

provided by Chiang et al. [20], who demonstrated that generalization comparable to that of gradient27

descent can be attained by Guess and Check (G&C), i.e., by repeatedly drawing weight settings from28

a specified prior distribution, until a weight setting that happens to fit the training data is drawn. For a29

particular prior distribution over weight settings, hypothesizing that G&C attains good generalization30

is equivalent to the so-called volume hypothesis [20, 77], which states the following. Define the31

volume of a collection of weight settings to be the probability assigned to it by a posterior distribution32

obtained from conditioning the prior distribution on the training data being fit. Then, the volume of33

weight settings that generalize well is much greater than the volume of weight settings that do not.34

Aside from Chiang et al. [20], several works have supported the volume hypothesis in certain cases35

involving wide and deep overparameterized neural networks [16, 40, 41]. However, the literature also36
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includes contrasting evidence. In particular, Peleg and Hein [77] systematically experimented with37

overparameterized neural networks of varying width and depth, and found that the generalization38

attainable by G&C is inferior to that of gradient descent, most prominently with larger network39

widths. Overall, the current literature on overparameterized neural networks portrays a conflicting40

picture regarding how the generalization attainable by G&C compares to that of gradient descent,41

and how this depends on network width and depth.42

In this paper, we present a theoretical study that takes a step toward elucidating the foregoing picture,43

i.e., toward delineating the extent to which wide or deep overparameterized neural networks need44

gradient descent in order to generalize well. Our theoretical study centers on matrix factorization—a45

common testbed in the theory of neural networks, used for studying generalization [36, 5, 63, 23,46

111, 66] as well as other phenomena [35, 12, 94, 34]. Past analyses of matrix factorization have47

contributed to real-world neural networks—yielding theoretical insights [3, 4], concrete mathematical48

tools [83, 84], and practical methods that improve empirical performance [54, 95]. In its basic form,49

matrix factorization is akin to using overparameterized neural networks with linear (no) activation50

for tackling the low rank matrix sensing problem. We consider a more general form that allows for51

alternative (non-linear) activations as well [81].52

Our first contribution is a theorem proving that, with an anti-symmetric activation (e.g., linear, tanh53

or sine), if the width of a network increases, then the generalization attained by G&C deteriorates,54

to the point of being no better than chance—or more precisely, no better than the generalization55

attained by randomly drawing a single weight setting from the prior distribution while disregarding56

the training data. The theorem applies to any prior distribution satisfying mild conditions, including57

the canonical Gaussian and uniform distributions considered in previous works [16, 40]. In light58

of known results proving that gradient descent attains good generalization [21, 64, 65, 55, 93], we59

conclude that there are cases where the generalization attainable by G&C is provably inferior to that60

of gradient descent—that is, cases where overparameterized neural networks provably need gradient61

descent in order to generalize well. To our knowledge, this is the first formal proof of the existence of62

such cases.63

As a second contribution, we provide a theorem proving—for linear activation and a normalized Gaus-64

sian prior distribution—that if the depth of a network increases, then the generalization attained by65

G&C improves, to the point of being perfect. This theorem, which essentially implies that increasing66

network depth renders gradient descent not necessary for good generalization, stands in stark contrast67

to our analysis of increasing network width. We empirically showcase this contrast, demonstrating68

that in matrix factorization, the generalization attained by G&C improves with network depth but69

deteriorates with network width, whereas gradient descent attains good generalization throughout.70

The findings in this paper suggest that even in simple settings, there may not be a simple answer71

to the question of whether neural networks need gradient descent to generalize well: the answer72

may hinge on subtle dependencies between network width and depth. We hope that our study of73

matrix factorization will serve as a stepping stone towards deriving a complete answer for real-world74

settings, thereby illuminating the role of gradient descent in modern AI.75

1.1 Paper Organization76

The remainder of the paper is organized as follows. Section 2 reviews related work. Section 377

introduces notation and the setting we study. Section 4 delivers our theoretical analysis, followed78

by Section 5 which presents an empirical demonstration. Section 6 discusses the limitations of our79

theory. Finally, Section 7 concludes.80

2 Related Work81

Numerous works have been devoted to understanding why overparameterized neural networks trained82

by gradient descent (or variants thereof) often generalize well [117, 50, 10, 52, 1, 9, 118, 74, 19, 91,83

87]. While this generalization is most commonly attributed to an implicit bias induced by gradient84

descent [90, 57, 76, 93, 37, 64, 51, 110, 21, 116, 6, 70, 65, 25, 112, 109, 69, 55, 107, 60, 82], an85

emerging view is that much of it stems from the architectures of neural networks. Results supporting86

this emerging view include: (i) results that establish a certain notion of simplicity when a weight87

setting is drawn from a prior distribution [11, 102, 47, 71, 27]; (ii) results that establish good88

2



generalization in a Bayesian framework, i.e., when predictions are defined through an expectation89

over weight settings, where the probability of weight settings is higher the better they fit the training90

data [108, 49]; and (iii) results that establish good generalization with G&C, i.e., when a weight91

setting is drawn from a posterior distribution obtained from conditioning a prior distribution on the92

training data being fit [40, 16, 41, 98]. Among these, the third category—i.e., results concerning93

G&C—is arguably the most aligned with the standard learning paradigm, as it involves selecting a94

single weight setting that fits the training data.95

Chiang et al. [20] and Peleg and Hein [77] compared the generalization attainable by G&C to that96

of gradient descent, by experimenting with overparameterized neural networks of varying width97

and depth. Chiang et al. [20] provided evidence suggesting that: (i) the generalization attainable by98

G&C is on par with that of gradient descent; and (ii) increasing the width of an overparameterized99

neural network improves the generalization of G&C. Peleg and Hein [77] pointed to confounding100

factors in the experimental protocol of Chiang et al. [20], and made different observations, namely:101

(i) the generalization attainable by G&C is inferior to that of gradient descent; (ii) increasing the102

width of an overparameterized neural network improves the generalization of gradient descent but103

not that of G&C; and (iii) increasing the depth of an overparameterized neural network deteriorates104

the generalization of both gradient descent and G&C. The latter observation does not align with the105

conventional wisdom, i.e., with the extensive empirical and theoretical evidence that deep neural106

networks generalize better than shallow ones [5, 96, 68, 42]. Peleg and Hein [77] accordingly hedge107

this observation, effectively implying that it may result from confounding factors.108

Our work is similar to those of Chiang et al. [20] and Peleg and Hein [77] in that it compares the109

generalization attainable by G&C to that of gradient descent for overparameterized neural networks110

of varying width and depth. It markedly differs from these past works in that it provides a rigorous111

theoretical analysis (the works of Chiang et al. [20] and Peleg and Hein [77] are purely empirical),112

and focuses on a simplified model (matrix factorization). This allows for a controlled study free113

from confounding factors. In particular, it allows us to prove—for the first time, to the best of our114

knowledge—that there are indeed cases where the generalization attainable by G&C is inferior to115

that of gradient descent.116

3 Preliminaries117

3.1 Notation118

We use non-boldface lowercase letters for denoting scalars (e.g., α ∈ R, d ∈ N), boldface lowercase119

letters for denoting vectors (e.g., v ∈ Rd), and non-boldface uppercase letters for denoting matrices120

(e.g., A ∈ Rd,d). For d ∈ N, we define [d] := {1, . . . , d}. We let ∥ · ∥2 and ∥ · ∥F stand for the121

Euclidean norm of a vector and the Frobenius norm of a matrix, respectively.122

3.2 Low Rank Matrix Sensing123

Low rank matrix sensing is a fundamental and extensively studied problem in science and engineering124

[33, 99, 80, 17, 92, 111]. In its basic form, the goal in low rank matrix sensing is to reconstruct a low125

rank matrix based on linear measurements. Namely, for m,m′, r, n ∈ N, where r < min{m,m′}126

and n < m ·m′, the goal is to reconstruct a ground truth matrix W ∗ ∈ Rm,m′
of rank r based on127

(Ai ∈ Rm,m′
, yi ∈ R)ni=1, where:128

yi = ⟨Ai,W
∗⟩ := Tr(A⊤

i W
∗) , i ∈ [n] . (1)

We refer to (Ai)
n
i=1 as measurement matrices, and to (yi)

n
i=1 as the corresponding measurements.129

The above can be cast as a supervised learning problem. Indeed, we may identify a matrixW ∈ Rm,m′
130

with the linear functional that maps A ∈ Rm,m′
to ⟨A,W ⟩ ∈ R. Our goal is then to learn the linear131

functional W ∗ based on the training data (Ai, yi)
n
i=1, i.e., based on the training instances (Ai)

n
i=1132

and their corresponding labels (yi)ni=1. The training data induces a training loss defined over linear133

functionals (or equivalently, over matrices):134

Ltrain : Rm,m′
→ R≥0 , Ltrain(W ) :=

1

n

∑n

i=1

(
⟨Ai,W ⟩ − yi

)2
. (2)

Any W ∈ Rm,m′
that minimizes the training loss, i.e., that fits the training data, necessarily135

coincides with W ∗ on instances in span{Ai}ni=1 (meaning ⟨A,W ⟩ coincides with ⟨A,W ∗⟩ for all136
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A ∈ span{Ai}ni=1). Accordingly, we quantify generalization (performance on unseen test data) via137

instances orthogonal to span{Ai}ni=1, or more precisely, through the following generalization loss:138

Lgen : Rm,m′
→ R≥0 , Lgen(W ) :=

1

|B|
∑

A∈B

(
⟨A,W ⟩ − ⟨A,W ∗⟩

)2
, (3)

where B ⊂ Rm,m′
is some orthonormal basis for the orthogonal complement of span{Ai}ni=1 (it is139

straightforward to show that Lgen(·) is independent of the particular choice of B).140

Much of the literature on low rank matrix sensing concerns a canonical special case where the141

measurement matrices (Ai)
n
i=1 satisfy a restricted isometry property (RIP) as defined below [33].142

Such a property holds with high probability when (Ai)
n
i=1 are drawn from common distributions, for143

example Gaussian or Bernoulli [8].144

Definition 1. We say that the measurement matrices (Ai)
n
i=1 satisfy a restricted isometry property145

(RIP) of order ρ ∈ N with a constant δ ∈ (0, 1), if for every matrix W ∈ Rm,m′
whose rank is at146

most ρ, it holds that:147

(1− δ)∥W∥2F ≤ ∥A(W )∥22 ≤ (1 + δ)∥W∥2F ,
where A(W ) := (⟨A1,W ⟩ , . . . , ⟨An,W ⟩)⊤ ∈ Rn.148

3.3 Matrix Factorization149

Matrix factorization is a common testbed in the theory of neural networks, used for studying gen-150

eralization [36, 5, 63, 23, 111, 66] as well as other phenomena [35, 12, 94, 34]. Analyses of matrix151

factorization have contributed to real-world neural networks—yielding theoretical insights [3, 4], con-152

crete mathematical tools [83, 84], and practical methods that improve empirical performance [54, 95].153

In its basic form, matrix factorization is akin to using overparameterized neural networks with linear154

(no) activation for tackling the low rank matrix sensing problem described in Section 3.2. We consider155

a more general form that allows for alternative (non-linear) activations as well [81]. Concretely, in156

our context, a matrix factorization with activation σ : R → R, width k ∈ N and depth d ∈ N≥2,157

refers to learning a matrix W ∈ Rm,m′
aimed at approximating the ground truth rank r matrix W ∗,158

through the following parameterization:159

W =Wd σ(Wd−1 σ(Wd−2 · · ·σ(W1)) · · · ) , (4)

where W1 ∈ Rk,m′
, Wj ∈ Rk,k for all j ∈ {2, . . . , d− 1}, Wd ∈ Rm,k, and the application of σ(·)160

to a matrix signifies an application of σ(·) to each of the matrix’s entries. We refer to W1, . . . ,Wd as161

the weight matrices of the factorization, and to a value assumed by (W1, . . . ,Wd) as a weight setting.162

Our interest lies in the overparameterized regime, where the width k does not restrict the rank of the163

learned matrix W . Accordingly, we assume throughout that k ≥ min{m,m′}.164

The low rank matrix sensing losses Ltrain(·) and Lgen(·) in Equations (2) and (3), respectively, induce165

training and generalization losses for the matrix factorization. With a slight overloading of notation,166

these are:167

Ltrain(W1, . . . ,Wd) :=
1

n

∑n

i=1

(〈
Ai ,Wd σ(Wd−1 · · ·σ(W1) · · · )

〉
− yi

)2
, (5)

and:168

Lgen(W1, . . . ,Wd) :=
1

|B|
∑

A∈B

(〈
A ,Wd σ(Wd−1 · · ·σ(W1) · · · )

〉
− ⟨A,W ∗⟩

)2
. (6)

3.4 Gradient Descent169

Similar to real-world neural networks, matrix factorization admits a non-convex training loss, for170

which a baseline optimizer is gradient descent emanating from small random initialization [24, 100].171

Various studies—theoretical [24, 12, 36, 34, 120] and empirical [5, 30, 14]—were devoted to training172

matrix factorization with this baseline optimizer. In the context of Section 3.3, it amounts to173

implementing the following iterations:174

W
(t+1)
j ←W

(t)
j − η ∂

∂Wj
Ltrain

(
W

(t)
1 , . . . ,W

(t)
d

)
, j ∈ [d] , t ∈ N ∪ {0} , (7)

where Ltrain(·) is the training loss defined in Equation (5), η ∈ R>0 is a predetermined step size (learn-175

ing rate), and (W
(0)
1 , . . . ,W

(0)
d ) holds a randomly chosen initial weight setting of small magnitude.176

4



3.5 Guess & Check177

A conceptual alternative to gradient descent is Guess and Check (G&C) [20, 16, 41]. In the context178

of the matrix factorization described in Section 3.3, let P(·) be a probability distribution over179

weight settings, i.e., over values that may be assumed by the tuple of weight matrices (W1, . . . ,Wd).180

Regard P(·) as a prior distribution, and let ϵtrain > 0 be some threshold on the training loss Ltrain(·)181

(Equation (5)). Applying G&C to the matrix factorization then consists of repeatedly drawing182

(W1, . . . ,Wd) from P(·), until the condition Ltrain(W1, . . . ,Wd) < ϵtrain is met. From a statistical183

perspective, this is equivalent1 to a single draw of (W1, . . . ,Wd) from P(· |Ltrain(W1, . . . ,Wd) <184

ϵtrain), where the latter is the posterior distribution obtained from conditioning P(·) on the event185

Ltrain(W1, . . . ,Wd) < ϵtrain.186

4 Theoretical Analysis187

Consider a matrix factorization (Section 3.3) optimized by gradient descent (Section 3.4) or G&C188

(Section 3.5). A large body of theoretical work [36, 62, 5, 66, 29, 111, 119, 63, 92, 53, 115] has189

been devoted to establishing that gradient descent attains good generalization under various choices190

of width and depth for the factorization. In this section we tackle the question of whether gradient191

descent is needed for good generalization. Specifically, we theoretically analyze the generalization192

attainable by G&C as the width and depth of the factorization vary.193

4.1 Distributions Over Weight Settings194

Both G&C and gradient descent are defined with respect to a probability distribution over weight195

settings: for G&C it is the prior distribution (see Section 3.5), and for gradient descent it is the196

distribution from which initialization is drawn (see Section 3.4). We consider a broad class of197

distributions over weight settings specified by Definitions 2 and 3 below.198

Definition 2 defines a regular distribution over R as one that has zero mean, is symmetric, and assigns199

positive probability to every neighborhood of the origin. This definition of regularity covers canonical200

distributions over R, for example zero-centered Gaussian distributions and uniform distributions over201

symmetric intervals. Definition 3 builds on Definition 2 to specify the class of distributions over202

weight settings we consider. Namely, given a regular distribution (over R) Q(·), Definition 3 defines203

a distribution over weight settings generated byQ(·) as one in which entries are independently drawn204

from Q(·), and then subject to Kaiming scaling [44], i.e., scaling that preserves magnitudes when205

the width of the factorization grows. This definition of a generated distribution covers Kaiming206

Gaussian and Kaiming Uniform distributions: common choices for the initialization of gradient207

descent [46, 114, 97] and the prior of G&C [16, 40, 41]. Definition 3 also defines a distribution208

over weight settings generated by Q(·) with normalization, as one that is generated by Q(·), with209

an additional normalization (scaling) that ensures the product of weight matrices has unit norm.210

The role of this normalization is to preserve magnitudes when the depth of the factorization grows,211

analogously to the role of normalization techniques applied when training real-world deep neural212

networks [101, 113, 89, 7, 48].213

Definition 2. LetQ(·) be a probability distribution over R. We say thatQ(·) is regular if the following214

conditions hold: (i) Q(·) has zero mean and all of its moments exist, i.e., Eα∼Q(·)[α] = 0 and215

Eα∼Q(·)[|αp|] <∞ for all p ∈ N; (ii)Q(·) is symmetric, meaning α ∼ Q(·) implies−α ∼ Q(·); and216

(iii)Q(·) assigns positive probability to every neighborhood of the origin (i.e., for any neighborhood I217

of 0 ∈ R, if α ∼ Q(·) then the probability of the event α ∈ I is positive).218

Definition 3. Let Q(·) be a regular probability distribution over R (Definition 2), and let P(·) be219

a probability distribution over weight settings, i.e., over values that may be assumed by the tuple220

of weight matrices (W1, . . . ,Wd). For every j ∈ [d], denote by mj the number of columns in the221

weight matrix Wj , and by Qj(·) the probability distribution over R obtained from scaling Q(·) by222

1/
√
mj (meaning α ∼ Qj(·) implies √mjα ∼ Q(·)). We say that P(·) is generated by Q(·) if223

(W1, . . . ,Wd) ∼ P(·) implies that W1, . . . ,Wd are statistically independent, and for every j ∈ [d]224

the entries of Wj are independently distributed per Qj(·). We say that P(·) is generated by Q(·)225

with normalization if (W1, . . . ,Wd) ∼ P(·) can be implemented by drawing (W1, . . . ,Wd) from a226

distribution generated by Q(·), and then dividing by ∥Wd · · ·W1∥1/d each entry of Wj , for j ∈ [d].227

1See [32, 86] for folklore arguments justifying the equivalence.
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4.2 Increasing Width: Need for Gradient Descent228

In this subsection, we consider a regime where the width of the matrix factorization increases, and229

prove that gradient descent is needed for good generalization. In particular, we establish cases230

where the generalization attainable by G&C is provably inferior to that of gradient descent. To our231

knowledge, this is the first formal proof of the existence of such cases.232

Definition 4 below defines an admissible activation as one that is non-constant, piece-wise continu-233

ously differentiable, has a polynomially bounded derivative, and does not vanish on both sides of the234

origin. This definition of admissibility covers most activations used in practice (e.g., tanh, sigmoid,235

ReLU and Leaky ReLU [88, 59, 72, 67]).236

Definition 4. We say that the activation σ : R→ R is admissible if the following conditions hold:237

(i) σ(·) is non-constant; (ii) σ(·) is (continuous and) piece-wise continuously differentiable; (iii) the238

derivative of σ(·) is polynomially bounded, i.e., there exist p ∈ N and c ∈ R>0 such that σ′(α) ≤239

c(1 + αp) for every α ∈ R at which σ′(·) is defined; and (iv) σ(·) does not vanish on both sides of240

the origin, i.e., any neighborhood of 0 ∈ R includes some α ∈ R for which σ(α) ̸= 0.241

Theorem 1 below proves—for cases where the activation is admissible and anti-symmetric (e.g., it is242

linear, tanh or sine)—that as the width of the factorization increases, the generalization attained by243

G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization244

attained by randomly drawing a single weight setting from the prior distribution while disregarding245

the training data. In the limit of width tending to infinity, the theorem applies to any prior distribution246

generated by some regular distribution over R (Definitions 2 and 3). If the regular distribution over R247

is a zero-centered Gaussian, then the theorem also accounts for finite widths.248

Theorem 1. Suppose the activation σ(·) is admissible (Definition 4), and that it is anti-symmetric,249

meaning σ(−α) = −σ(α) for all α ∈ R. Let Q(·) be a regular probability distribution over R250

(Definition 2), and letP(·) be the probability distribution over weight settings that is generated byQ(·)251

(Definition 3). Let ϵtrain, ϵgen ∈ R>0. Regard P(·) as a prior distribution, and consider the posterior252

distribution P(· |Ltrain(W1, . . . ,Wd) < ϵtrain), i.e., the distribution obtained from conditioning P(·)253

on the event that the training loss Ltrain(·) is smaller than ϵtrain. Then, as the width k of the matrix254

factorization tends to infinity, the posterior probability of the event that the generalization loss Lgen(·)255

is smaller than ϵgen, converges to its prior probability, i.e.:256

P
(
Lgen(W1, . . . ,Wd)<ϵgen

∣∣Ltrain(W1, . . . ,Wd)<ϵtrain
)
−P

(
Lgen(W1, . . . ,Wd)<ϵgen

)
−−−−→
k→∞

0 .

Moreover, in the canonical case where Q(·) is a zero-centered Gaussian distribution, i.e., Q(·) =257

N (· ; 0, ν) for some ν ∈ R>0, it holds that for any k:2258

P
(
Lgen(W1, . . . ,Wd)<ϵgen

∣∣Ltrain(W1, . . . ,Wd)<ϵtrain
)
−P
(
Lgen(W1, . . . ,Wd)<ϵgen

)
= O

(
1√
k

)
.

Proof sketch (full proof in Appendix A). The proof begins by establishing an equivalence between a259

matrix factorization and a feedforward fully connected neural network: each column of a factorized260

matrix W (Equation (4)) can be seen as the output of a feedforward fully connected neural network261

when its input is a standard basis vector. This equivalence allows us to utilize the theoretical results262

of Hanin [38] and Favaro et al. [31], originally developed for feedforward fully connected neural263

networks of large widths.264

The proof proceeds to treat the case where Q(·) is an arbitrary regular probability distribution265

(over R), and the width k tends to infinity. It is shown that there, the factorized matrix W converges266

in distribution to a random matrix Wiid ∈ Rm,m′
whose entries are independently drawn from a267

zero-centered Gaussian distribution. Since the measurement matrices (Ai)
n
i=1 are orthogonal to268

the basis B that defines the generalization loss (Equation (3)), the events Ltrain(Wiid) < ϵtrain and269

Lgen(Wiid) < ϵgen are statistically independent. Therefore, conditioning on the event that the training270

loss is lower than ϵtrain does not change the probability of the event that the generalization loss is271

lower than ϵgen.272

Finally, the proof turns to the case whereQ(·) is a zero-centered Gaussian distribution, and the width k273

is finite. For that, it is shown that the probabilities of the events Ltrain(W ) < ϵtrain and Lgen(W ) <274

2The O-notation below hides constants that depend on σ(·), ϵtrain, ϵgen and ν, as well as the ground truth
matrix W ∗, the measurement matrices (Ai)

n
i=1, the depth d and the dimensions m and m′ of the matrix

factorization. See Appendix A.3 for details.
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ϵgen converge to those of the events Ltrain(Wiid) < ϵtrain and Lgen(Wiid) < ϵgen, respectively, at a275

sufficiently fast rate.276

Theorem 3.3 from Soltanolkotabi et al. [92]—restated as Proposition 1 below—is a representative277

result from the large body of work establishing that gradient descent attains good generalization [36,278

62, 5, 66, 29, 111, 119, 63, 53, 115]. The result proves—for cases where the activation is linear, the279

depth is two, and the measurement matrices satisfy an RIP (Definition 1)—that gradient descent280

(with small step size and small Kaiming Gaussian initialization) attains good generalization, with281

probability (over the initialization) tending to one as the width of the factorization increases. In light282

of this result, Theorem 1 establishes cases where the generalization attainable by G&C is provably283

inferior to that of gradient descent. To our knowledge, this is the first formal proof of the existence of284

such cases.285

Proposition 1 (restatement of Theorem 3.3 from [92]). There exists a universal constant c1 ∈ R>0286

with which the following holds. Suppose the activation σ(·) is linear (i.e., σ(α) = α for all α = R),287

and the depth d equals two. Let Q(·) be a zero-centered Gaussian probability distribution, i.e.,288

Q(·) = N (· ; 0, ν), with variance ν ∈
(
0, O(k−27/2)

)
. Let P(·) be the probability distribution over289

weight settings that is generated by Q(·) (Definition 3). Assume the measurement matrices (Ai)
n
i=1290

satisfy an RIP (Definition 1) of order 2r + 1 (recall that r is the rank of the ground truth matrix W ∗)291

with a constant δ ∈
(
0, Õ(1)

)
. Consider minimization of the training loss Ltrain(·) via gradient292

descent (Equation (7)) with initialization drawn from P(·) and step size η ∈
(
0, Õ(1)

)
. Then,293

there exists some τ ∈ N, τ = Õ(η−1), such that for any width k of the matrix factorization, after294

τ iterations of gradient descent, with probability at least 1−O(e−c1k) over its initialization, the295

generalization loss Lgen(·) is O(ν3/10k−3/20).3296

4.3 Increasing Depth: No Need for Gradient Descent297

In this subsection, we consider a regime where the depth of the matrix factorization increases, and298

prove that gradient descent is not necessary for good generalization. In particular, Theorem 2 below299

establishes cases where, as the depth of the factorization increases, the generalization attained by300

G&C improves, to the point of being perfect. This stands in contrast to our analysis of increasing301

width (Section 4.2), which established cases where the generalization attainable by G&C is provably302

inferior to that of gradient descent.303

The cases to which Theorem 2 applies are those where the activation is linear, the ground truth matrix304

has norm and rank equal to one, the measurement matrices satisfy an RIP (Definition 1), and the prior305

distribution is generated with normalization (Definition 3) from a zero-centered Gaussian distribution306

(over R). The theorem is non-asymptotic, meaning it applies to finite depths, not only to the limit of307

depth tending to infinity.308

Theorem 2. Suppose the ground truth matrix W ∗ satisfies ∥W ∗∥F = 1 and its rank r equals one.309

Suppose the activation σ(·) is linear (i.e., σ(α) = α for all α = R). Assume the measurement310

matrices (Ai)
n
i=1 satisfy an RIP (Definition 1) of order two with some constant δ ∈ (0, 1). Let Q(·)311

be a zero-centered Gaussian probability distribution, i.e., Q(·) = N (· ; 0, ν) for some ν ∈ R>0. Let312

P(·) be the probability distribution over weight settings that is generated by Q(·) with normalization313

(Definition 3). Then, there exists c ∈ R>0 (dependent only on δ) such that, for any ϵtrain ∈ R>0 and314

any depth d of the matrix factorization:4315

1− P
(
Lgen(W1, . . . ,Wd) < ϵtrainc

∣∣Ltrain(W1, . . . ,Wd) < ϵtrain
)
= O

(
1
d

)
.

Proof sketch (full proof in Appendix B). The proof begins by decomposing the factorized matrix W316

(Equation (4)) into a product of three matrices: W =WdWd−1:2W1, where Wd−1:2 :=Wd−1 · · ·W2.317

It then utilizes concentration bounds (established by Hanin and Paouris [39]) for the singular values318

of a product of square random Gaussian matrices, to establish that for any γ ∈ R>0, the probability319

3Throughout the statement of Proposition 1, the O- and Õ-notations hide constants that depend the dimen-
sions m and m′ of the matrix factorization, and on the ground truth matrix W ∗. The Õ-notation also hides
factors logarithmic in k and ν. See Appendix E for details.

4The O-notation below hides constants that depend on the measurement matrices (Ai)
n
i=1, the ground truth

matrix W ∗, the dimensions m and m′ of the matrix factorization, and the width k of the matrix factorization.
See Appendix B for details.
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Figure 1: In line with our theory (Section 4.2), as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. In contrast, gradient descent attains good generalization across all widths. Each of the above plots
corresponds to a matrix factorization as described in Section 3.3, with a different activation σ(·): linear activation
(σ(α) = α) for the left plot; tanh activation (σ(α) = tanh(α)) for the middle plot; and Leaky ReLU activation
(σ(α) = max{c · α, α}, with c = 0.2) for the right plot.5 In each plot, the generalization loss (Equation (6))
is shown against the width of the matrix factorization, for three optimizers: gradient descent with small step
size and small initialization (Section 3.4), G&C with a Kaiming Gaussian prior distribution (Section 3.5), and
simply drawing a single weight setting from the prior distribution while disregarding the training data. For
each combination of width and optimizer, we report the median (marker) and interquartile range (error bar) of
generalization losses attained over eight trials (differing only in random seed). Across all experiments reported
in this figure: the matrix factorization had depth two and dimensions m = m′ = 5; the ground truth matrix
had (Frobenius) norm and rank equal to one; and the training data size was n = 15. We note that with Leaky
ReLU activation, which lies beyond the scope of our theory, the generalization attained by gradient descent is
not as good as it is with linear and tanh activations. For further implementation details and experiments see
Appendices F and G, respectively.

that Wd−1:2 is within γ (in Frobenius norm) of a rank one matrix is 1− exp(−Ω(d)). The proof then320

shows that this implies W is within γ of a rank one matrix with probability 1−O(1/d). Utilizing the321

RIP and choosing γ appropriately, it is then proven that the probability of the events Ltrain(W ) < ϵtrain322

and Lgen(W ) ≥ ϵtrainc occurring simultaneously is O(1/d). Finally, it is shown that the probability of323

Ltrain(W ) < ϵtrain is Ω(1), which in turn implies that the probability of Lgen(W ) ≥ ϵtrainc conditioned324

on Ltrain(W ) < ϵtrain is O(1/d). This is the sought-after result.325

5 Empirical Demonstration326

In this section, we corroborate our theory by empirically demonstrating that in matrix factorization327

(Section 3.3), the generalization attained by G&C (Section 3.5) improves as depth increases but328

deteriorates as width increases, whereas gradient descent (Section 3.4) attains good generalization329

throughout. Figures 1 and 2 present such demonstrations, plotting generalization as a function330

of width and depth, respectively, for both G&C and gradient descent. The demonstrations in331

Figures 1 and 2 cover the theoretically analyzed linear and tanh activations, as well as the Leaky332

ReLU activation [67] which lies beyond the scope of our theory.5 Additional demonstrations covering333

further cases (including gradient descent with momentum [79]) are provided in Appendix F. Code for334

reproducing all demonstrations will be made publicly available with the camera-ready version of the335

paper.336

6 Limitations337

It is important to acknowledge several limitations of our theory. First, while a large body of theoretical338

work [36, 62, 5, 66, 29, 111, 119, 63, 92, 53, 115] has been devoted to establishing that gradient339

descent attains good generalization in matrix factorization, Theorem 3.3 from [92] (restated as340

Proposition 1 herein)—which applies only when the activation is linear, the depth is two, and the341

measurement matrices satisfy an RIP (Definition 1)—is the only result at our disposal that formally342

guarantees low generalization loss with high probability for gradient descent with a positive (non-343

infinitesimal) step size and conventional (data-independent) initialization. Second, the guarantees we344

prove for G&C—namely, Theorems 1 and 2—include unspecified constant factors, and in particular,345

5We attempted to include a demonstration with the more popular ReLU activation [45], but its tendency
to zero out matrix entries rendered G&C computationally infeasible, as an excessive number of draws were
required to obtain a weight setting that fits the training data.
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Figure 2: In line with our theory (Section 4.3), as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 1, except for the following differences: (i) generalization losses are shown against the depth
(rather than the width) of the matrix factorization; (ii) only gradient descent and G&C were included in the
experiments (the optimizer drawing a single weight setting from the prior distribution was excluded); (iii) the
prior distribution of G&C included normalization (Definition 3); and (iv) the matrix factorization had variable
(rather than fixed) depth and fixed (rather than variable) width, with the latter set to five. We did not include
depths greater than ten in our experiments, as they led to excessively long run times for gradient descent (due to
vanishing gradients). For further implementation details and experiments see Appendices F and G, respectively.

are non-vacuous only when the width or depth of the matrix factorization is sufficiently large. Third,346

Theorem 1 assumes that the activation is anti-symmetric. Fourth, Theorem 2 imposes even stronger347

assumptions: the activation is linear, the ground truth matrix has norm and rank equal to one, and the348

measurement matrices satisfy an RIP. Fifth, Theorem 1 requires the G&C training loss threshold ϵtrain349

to be specified (the theorem does not rule out the possibility that for any width, a sufficiently350

small ϵtrain will lead G&C to attain good generalization), and although Appendix C proves a result that351

allows unspecified ϵtrain, it does so under stringent assumptions not imposed by Theorem 1. Finally,352

Theorems 1 and 2 consider different types of prior distributions: Theorem 1 excludes normalization353

(Definition 3), whereas Theorem 2 includes it. While we empirically demonstrate that the conclusions354

of our theory hold beyond its formal scope, the above limitations remain. We hope that this paper will355

serve as a stepping stone towards addressing these limitations, and more broadly, towards extending356

our theory from matrix factorization to real-world neural networks.357

7 Conclusion358

Conventional wisdom attributes the miraculous generalization abilities of neural networks to gradient359

descent. A recent bold argument claims that gradient descent is not necessary for neural networks to360

generalize well, and in fact, any reasonable optimizer can suffice. This is justified by the so-called361

volume hypothesis, which posits that among the weight settings that fit the training data, the volume362

of the weight settings that generalize well is much greater than the volume of the weight settings that363

do not. While several works have supported the volume hypothesis in certain cases involving wide364

and deep neural networks, the literature also includes contrasting evidence.365

In this paper, we presented a theoretical study for matrix factorization (with linear and non-linear366

activation)—a common and important testbed in the theory of neural networks—to rigorously examine367

the validity of the volume hypothesis. Our first contribution is a proof that the volume hypothesis fails368

when the width of a network is large (compared to its depth), thereby establishing—for the first time, to369

the best of our knowledge—a case where gradient descent is provably necessary for a neural network370

to generalize well. As a second contribution, we proved that the volume hypothesis holds when371

the depth of a network is large (compared to its width). These contributions reveal a stark contrast372

between wide and deep networks, which we further validated through empirical demonstrations.373

Overall, our findings suggest that even in simple settings, there may not be a simple answer to374

the question of whether neural networks need gradient descent to generalize well: the answer may375

hinge on subtle dependencies between network width and depth. We hope that our study of matrix376

factorization will serve as a stepping stone towards deriving a complete answer for real-world settings,377

thereby illuminating the role of gradient descent in modern AI.378
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A Proof of Theorem 1686

This appendix proves Theorem 1. Appendix A.1 establishes an equivalence between a matrix factor-687

ization and a feedforward fully connected neural network. This equivalence allows us to utilize the688

theoretical results of Hanin [38] and Favaro et al. [31], developed for feedforward fully connected689

neural networks of large widths. Relying on these results: Appendix A.2 treats the case where Q(·)690

is an arbitrary regular probability distribution and the width k tends to infinity; and Appendix A.3691

treats the case where Q(·) is a zero-centered Gaussian distribution and the width k is finite.692

A.1 An Equivalence Between Matrix Factorizations and Fully Connected Neural Networks693

We begin by defining the concept of a fully connected neural network.694

Definition 5. A fully connected neural network of depth d ∈ N with input dimension m′ ∈ N,695

output dimension m ∈ N, hidden dimension k ∈ N and activation function σ(·) is a function696

xα ∈ Rm′ 7→ z
(d)
α ∈ Rm of the following recursive form:697

z(j)α =

{
W1xα, j = 1

Wjσ(z
(j−1)
α ), i = 2, . . . , d

,

where W1 ∈ Rk,m′
, Wd ∈ Rm,k and W2, . . . ,Wd ∈ Rk,k are the networks weights, and σ applied698

to a vector is shorthand for σ applied to each entry.699

Next, we prove a useful equivalence which shows that when a matrix factorization and a fully700

connected neural network share their weights and activation function, each of the columns of the701

former are equal to the outputs of the latter when input the appropriate standard basis vectors.702

Lemma 1. Let α ∈ [m′]. For any weight matrices W1, . . . ,Wd and activation function σ(·), the α703

column of the matrix factorization W (Equation (4)) produced by the weight settings (W1, . . . ,Wd)704

and the activation function σ(·), is equal to the the output of the fully connected neural network705

(Definition 5) produced by the weights (W1, . . . ,Wd) and the activation function σ(·), when the input706

is eα ∈ Rm′
, the standard basis vector holding 1 in its α coordinate and zeros in the rest. Formally,707

we denote this as708

[W ].α = z(d)α ,

where [W ].α is the α column of W and z
(d)
α is the output of the fully connected neural network when709

the input is eα ∈ Rm′
.710

Proof. We prove the claim via induction on d. First, for the base case, it trivially holds that711

[W1:1].α =W1:1eα = z(1)α .

Next, fix j ∈ [d] and assume that [W1:j ].α = z
(j)
α . We thus have that712

[W1:j+1].α =W1:j+1eα

=Wj+1σ(W1:j)eα
=Wj+1σ(W1:jeα)

=Wj+1σ([W1:j ].α)

=Wj+1σ(z
(j)
α )

= zj+1
α ,

where the third equality is due to Lemma 21, and the fourth equality is due to the inductive assumption.713

With this we complete the proof.714

A.2 Proof for Arbitrary Regular Distribution and Infinite Width715

The outline of the proof for the arbitrary prior case is as follows; Appendix A.2.1 presents Theorem 3,716

of which the arbitrary prior case of Theorem 1 is a special case. Appendix A.2.2 provides a useful717

Lemma used in the proof of Theorem 3. Appendix A.2.3 adapts a result from Hanin [38] showing718

that an infinitely wide matrix factorization converges in distribution to a centered Gaussian matrix719

(Definition 8). Finally, Appendix A.2.4 applies tools from probability theory to show that the latter720

convergence implies the conditions required for Lemma 2 in Appendix A.2.2.721
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A.2.1 Restatement of the Arbitrary Prior Case of Theorem 1722

The arbitrary prior case of Theorem 1 follows from Theorem 3, which allows for the distributionQ(·)723

and the activation σ(·) to be slightly more general. Theorem 3 is presented below; afterwards, we724

demonstrate how it implies the arbitrary prior case of Theorem 1.725

Theorem 3. Let d ∈ N be a fixed depth. Let Q(·) be some probability distribution on R which726

satisfies727

E
x∼Q(·)

[x] = 0, E
x∼Q(·)

[x2] = 1 ,

has finite higher moments and is symmetric, i.e., if x ∼ Q(·) then −x ∼ Q(·). Let σ(·) be an728

activation function that is not constant and antisymmetric, i.e.,729

∀x ∈ R. σ(x) = −σ(−x) ,

furthermore suppose that σ is absolutely continuous, and that its almost-everywhere defined derivative730

is polynomially bounded, i.e:731

∃p > 0 s.t. ∀x ∈ R
∥∥∥∥ σ′(x)

1 + |x|p

∥∥∥∥
L∞(R)

<∞ .

Suppose also that732

E
x∼Q(·)

[
σ2(x)

]
> 0 .

Let ϵgen, ϵtrain, cW > 0. Suppose that for any j ∈ [d], the entries of Wj ∈ Rmj+1,mj are drawn733

independently by first sampling x ∼ Q(·) and then setting [Wj ]rs =
√

cW
mj
x. Then the matrix734

factorization W satisfies735

lim
k→∞

P
(
Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain

)
= lim

k→∞
P (Lgen(W ) < ϵgen) .

Let Q(·) be a regular distribution over R (Definition 2), and let σ(·) be an admissible activation736

function (Definition 4) that is antisymmetric. First, observe that since Theorem 3 allows for arbitrary737

cW > 0, the condition for Ex∼Q(·)[x
2] = 1 is satisfied with cW = Ex∼Q(·)[x

2]. Next, note that since738

Q(·) assigns a positive probability to every neighborhood of the origin and has finite higher moments,739

and since σ(·) does not vanish on both sides of the origin, it must hold that740

E
x∼Q(·)

[σ2(x)] > 0 .

The rest of the conditions in Theorem 3 are directly fulfilled by the properties of regular distributions741

(Definition 2) and the properties of admissible activation functions (Definition 4) that are antisymmet-742

ric. Overall we showed that Theorem 3 applies for Q(·) and σ(·), and so the arbitrary prior case of743

Theorem 1 will follow from Theorem 1.744

A.2.2 Sufficient Condition for Theorem 3745

A useful Lemma used in the proof of Theorem 3 is provided below. The Lemma shows that for an746

infinitely wide matrix factorization (Equation (4)) with probabilities for low training loss and low747

generalization loss equal to that of a centered Gaussian matrix (Definition 8), the probability for748

having low generalization loss (Equation (3)) conditioned on having low training loss (Equation (2))749

is equal to the probability of having low generalization loss.750

Lemma 2. Let ϵgen, ϵtrain > 0. Let Wiid ∈ Rm,m′
be a centered Gaussian matrix (Definition 8).751

Suppose that as k → 0, the quantities752

|P (Ltrain(W ) < ϵtrain ,Lgen(W ) < ϵgen)− P (Ltrain(Wiid) < ϵtrain ,Lgen(Wiid) < ϵgen)| ,
753

|P (Ltrain(W ) < ϵtrain)− P (Ltrain(Wiid) < ϵtrain)| ,

and754

|P (Lgen(W ) < ϵgen)− P (Lgen(Wiid) < ϵgen)|
all tend to 0. Then755

lim
k→∞

P
(
Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain

)
= lim

k→∞
P (Lgen(W ) < ϵgen) .
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Proof. By the definition of the conditional probability756

P
(
Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain

)
=
P (Ltrain(W ) < ϵtrain ,Lgen(W ) < ϵgen)

P (Ltrain(W ) < ϵtrain)
.

Observe that P (Ltrain(Wiid) < ϵtrain) > 0 does not depend on k. Therefore, we have that757

lim
k→∞

P
(
Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain

)
=

limk→∞ P (Ltrain(W ) < ϵtrain ,Lgen(W ) < ϵgen)

limk→∞ P (Ltrain(W ) < ϵtrain)

=
P (Ltrain(Wiid) < ϵtrain ,Lgen(Wiid) < ϵgen)

P (Ltrain(Wiid) < ϵtrain)

= P
(
Lgen(Wiid) < ϵgen

∣∣∣Ltrain(Wiid) < ϵtrain

)
= P (Lgen(Wiid) < ϵgen)

= lim
k→∞

P (Lgen(W ) < ϵgen) .

In the penultimate transition we have used the fact that the measurement matrices A in B are758

orthogonal to A1, . . . , An and thus759

P
(
Lgen(Wiid) < ϵgen

∣∣∣Ltrain(Wiid) < ϵtrain

)
= P

(
1

B
∑
A∈B

(⟨A,Wiid⟩ − ⟨A,W ∗⟩)2 < ϵgen

∣∣∣ 1
n

n∑
i=1

(⟨Ai,Wiid⟩ − yi)2 < ϵtrain

)

= P

(
1

B
∑
A∈B

(⟨A,Wiid⟩ − ⟨A,W ∗⟩)2 < ϵgen

)
= P (Lgen(Wiid) < ϵgen) ,

where the second equality stems from the fact that for any fixed vectors v1, . . . , vr which are760

orthogonal (each of the flattened matrices A1, . . . , An and the flattened A), and a vector of indepen-761

dent identically distributed zero-centered Gaussian variables X (the flattened Wiid), the variables762

{⟨X, vi⟩}1≤i≤r are independent.763

A.2.3 Convergence in Distribution to a Centered Gaussian Matrix764

In this section we prove that in the limit of infinite width, the matrix factorization converges in765

distribution to a centered Gaussian matrix (Definition 8). Key to the proof is the main result of766

Hanin [38] which characterizes the convergence of infinitely wide fully connected neural networks to767

Gaussian processes. We present here a slightly adapted version which is sufficient for our needs.768

Theorem 4 (Theorem 1.2 of [38] (adapted)). Let T ⊆ Rm′
be some compact set. Let Q(·) be some769

probability distribution on R which satisfies770

E
x∼Q(·)

[x] = 0, E
x∼Q(·)

[x2] = 1

and has finite higher moments. Suppose that for any j ∈ [d], the entries ofWi ∈ Rmj+1,mj are drawn771

independently by first sampling x ∼ Q(·) and then setting [Wj ]rs =
√

cW
mj
x. Additionally, suppose772

that σ is absolutely continuous and that its almost-everywhere defined derivative is polynomially773

bounded:774

∃p > 0 s.t. ∀x ∈ R
∥∥∥∥ σ′(x)

1 + |x|p

∥∥∥∥
L∞(R)

<∞ .

Then as k → ∞, the sequence of stochastic processes xα ∈ Rm′ 7→ z
(d)
α ∈ Rm given by a fully775

connected neural network (Definition 5) set with weightsW1, . . . ,Wd converges weakly inC0(T,Rm)776

to Γd
α, a zero-centered Gaussian process taking values in Rm with independent identically distributed777

coordinates. For any r ∈ [m] and inputs xα,xβ ∈ T , the coordinate-wise covariance function778

K
(d)
αβ := Cov

([
Γ(d)
α

]
r
,
[
Γ
(d)
β

]
r

)
= lim

k→∞
Cov

([
z(d)α

]
r
,
[
z
(d)
β

]
r

)
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for this limiting process satisfies the following recursive relation:779

K
(j)
αβ = cW E[σ(zα)σ(zβ)],

(
zα
zβ

)
∼ N

(
0,

(
K

(j−1)
αα K

(i−1)
αβ

K
(j−1)
αβ K

(j−1)
ββ

))
for j = 2, . . . , d, with the initial condition780

K
(1)
αβ = cW E

[
σ
([

z(1)α

]
1

)
σ
([

z
(1)
β

]
1

)]
,

where the distribution of
([

z
(1)
α

]
1
,
[
z
(1)
β

]
1

)
= (W1xα,W1xβ) is determined by the distribution of781

the weights W1.782

Proof. The above is an adaption of Theorem 1.2 in [38], where the fully connected neural network783

has no biases. For a full proof see Hanin [38].784

We now move to the following Proposition arising from Theorem 4, showing that for a symmetric785

distribution Q(·) and an antisymmetric activation function σ, the random variables corresponding to786

the network’s outputs when the inputs xα,xβ are two distinct standard basis vectors, converge in787

distribution to independent identically distributed zero-centered Gaussian vectors.788

Proposition 2. Let T ⊆ Rm′
be the unit sphere. Suppose the assumptions of Theorem 4 hold.789

Suppose also that:790

• The distribution Q(·) is symmetric, i.e., if x ∼ Q(·) then −x ∼ Q(·).791

• The activation function σ is not constant and antisymmetric, i.e.,792

∀x ∈ R. σ(x) = −σ(−x) .

• It holds that793

E
x∼Q(·)

[
σ2(x)

]
> 0 .

Let α, β ∈ [m′] be two distinct indices. Denote eα ∈ Rm′
the standard basis vector holding 1 in its α794

coordinate and zeros in the rest. Denote eβ similarly. Then as k →∞ the random output vectors z(d)α795

and z
(d)
β corresponding to eα and eβ respectively converge in distribution to two independent random796

vectors each with independent entries drawn from the same zero-centered Gaussian distribution.797

Proof. Per Theorem 4, as k →∞ the variables z(d)α and z
(d)
β converge in distribution to zero-centered798

Gaussian vectors where for any distinct indices r, r′ ∈ [m]:799

• The entries
[
z
(d)
α

]
r
,
[
z
(d)
α

]
r′

are independent.800

• The entries
[
z
(d)
β

]
r
,
[
z
(d)
β

]
r′

are independent.801

• The entries
[
z
(d)
α

]
r
,
[
z
(d)
β

]
r′

are independent.802

Next, using the notation of Theorem 4, we prove via induction on d that K(d)
αβ = 0, K(d)

αα = K
(d)
ββ and803

that K(d)
αα is finite and positive. First, for the base case, note that we have804

K
(1)
αβ = cW E

[
σ
([

z(1)α

]
1

)
σ
([

z
(1)
β

]
1

)]
= cW E

[
σ ([W1eα]1)σ

(
[W1eβ ]1

)]
= cW E

[
σ
(
[W1]1,α

)
σ
(
[W1]1,β

)]
= cW E

[
σ
(
[W1]1,α

)]
E
[
σ
(
[W1]1,β

)]
,
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where the ultimate transition is due to the independence of [W1]1,α and [W1]1,β . Next, since Q(·) is805

symmetric and σ is antisymmetric, we obtain by Lemma 20 that806

E
[
σ
(
[W1]1,α

)]
= E

[
σ
(
[W1]1,β

)]
= 0 .

Overall, we obtain that807

K
(1)
αβ = cW · 0 · 0 = 0 .

Additionally, since [W1]1,α and [W1]1,β are both drawn from Q(·), we obtain that808

K(1)
αα = cW E

[
σ
([

z(1)α

]
1

)
σ
([

z(1)α

]
1

)]
= cW E

[
σ
(
[W1]1,α

)
σ
(
[W1]1,α

)]
= cW E

[
σ
(
[W1]1,β

)
σ
(
[W1]1,β

)]
= K

(1)
ββ .

Finally, by our assumption we have that809

K(1)
αα = cW E

[
σ
(
[W1]1,α

)
σ
(
[W1]1,α

)]
= cW E

x∼Q(·)
[σ2(x)] > 0 .

as required. Next, fix j ∈ [d] and assume that K(j)
αβ = 0, K(j)

αα = K
(j)
ββ and that K(j)

αα is finite and810

positive. Hence, plugging the inductive assumption into Theorem 4, we obtain that811

K
(j+1)
αβ = cW E [σ(zα)σ(zβ)]

where812 (
zα
zβ

)
∼ N

(
0,

(
K

(j)
αα K

(j)
αβ

K
(j)
αβ K

(j)
ββ

))
= N

(
0,

(
K

(j)
αα 0

0 K
(j)
αα

))
.

Therefore, zα and zβ are independent identically distributed zero-centered Gaussian variables. Hence,813

we obtain that814

K
(j+1)
αβ = cW E [σ(zα)]E [σ(zβ)] = cW · 0 · 0 = 0 ,

where the penultimate transition is due to Lemma 20. Additionally,815

K(j+1)
αα = cW E [σ(zα)σ(zα)] = cW E [σ(zβ)σ(zβ)] = K

(j+1)
ββ .

Finally, we have by our inductive assumption that K(j)
αα is finite and positive, thus the non-constant816

random variable zα ∼ N (0,K
(j)
αα) has finite moments. Therefore, since σ has a polynomially817

bounded derivative almost-everywhere and it is not constant, it holds that818

K(j+1)
αα = cW E [σ(zα)σ(zα)] > 0

as required. Thus by Theorem 4, for any j ∈ [m], the entries
[
z
(d)
α

]
j

and
[
z
(d)
β

]
j

converge in819

distribution to two independent identically distributed zero-centered Gaussian variables as k →820

∞. Overall we have shown that as k → ∞, the random vectors z
(d)
α and z

(d)
β converge to two821

independent random vectors each with independent entries drawn from the same zero-centered822

Gaussian distribution, completing the proof.823

The last two arguments imply the following important Corollary, which states that as k →∞, the824

matrix factorization W converges in distribution to a centered Gaussian matrix (Definition 8).825

Corollary 1. As k → ∞, the matrix factorization W converges in distribution to the random826

matrix Wiid ∈ Rm,m′
whose entries are drawn independently from the same zero-centered Gaussian827

distribution.828

21



Proof. Per Proposition 2, as k →∞, the random output vectors z(d)1 , . . . , z
(d)
m′ corresponding to the829

inputs e1, . . . , em′ converge in distribution to independent random vectors each with independent830

entries drawn from the same zero-centered Gaussian distribution. Therefore, as k →∞, the random831

matrix832 (
z
(d)
1 . . . z

(d)
m′

)
∈ Rm,m′

converges in distribution to the random matrix Wiid ∈ Rm,m′
whose entries are drawn independently833

from the same zero-centered Gaussian distribution. The claim follows by Lemma 1 which states that834

the above matrix is equal to W .835

A.2.4 Convergence in Distribution Implies Sufficient Condition836

In the previous section, Corollary 1 showed that W converges in distribution to a random matrix837

with independent entries drawn from the same zero-centered Gaussian distribution. In this section,838

we use basic tools from probability theory in order to show that this convergence in fact implies the839

quantities in Lemma 2 converge, completing the proof of Theorem 1. We begin by introducing the840

concept of continuity sets:841

Definition 6. Let X be some random variable on the space Ω. A set A ⊆ Ω is a continuity set of X842

when843

P(X ∈ ∂A) = 0

where ∂A is the boundary of A.844

The main tool we employ in this part of the proof is Portmanteau’s Theorem, which states that845

convergence in distribution implies convergence in the probability of any continuty set:846

Theorem 5. Let {Xk}∞k=1 be a series of random variables on the same space Ω. Let X be a random847

variable on the space Ω. If848

Xk

dist.
−−−−−→

k→∞
X

then for any continuity set A of X (Definition 6) it holds that849

lim
k→∞

P(Xk ∈ A) = P(X ∈ A)

Proof. See Duchi [28].850

In order to invoke Theorem 5, we continue to showing that the sets in question are all continuity sets851

of Wiid. We begin by showing that the set with low training error and the set with low generalization852

error are both continuity sets of Wiid.853

Proposition 3. The sets854

Sgen := {W ∈ Rm,m′
: Lgen(W ) < ϵgen}, Strain := {W ∈ Rm,m′

: Ltrain(W ) < ϵtrain}

are continuity sets of Wiid (Definition 6).855

Proof. Consider the first set (the proof is identical for the second). The boundary of the set is of the856

form857

{W ∈ Rm,m′
: Lgen(W )− ϵgen = 0}

Since Lgen(W ) is a polynomial in the entries of W and Lgen(W
∗) − ϵgen ̸= 0, the polynomial858

Lgen(W ) − ϵgen is not the zero polynomial. Therefore by Lemma 23 the boundary has Lebesgue859

measure zero. Per Corollary 1, Wiid has a continuous distribution over Rm,m′
and thus it must hold860

that861

P
(
Wiid ∈ {W ∈ Rm,m′

: Lgen(W )− ϵgen = 0}
)

= 0 ,

i.e., the set is a continuity set.862
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The next Lemma shows that the intersection of two continuity sets is also a continuity set, hence863

Proposition 3 implies that Sgen ∩ Strain is also a continuity set.864

Lemma 3. Let X be a random variable over the space Ω. Let A,B ⊆ Ω be continuity sets of X865

(Definition 6). Then the set A ∩B is a continuity set of X .866

Proof. Per Definition 6 it holds that867

P(X ∈ ∂A) = 0, P(X ∈ ∂B) = 0

and so868

P(X ∈ ∂A ∪ ∂B) = 0 .

Hence, the proof follows if869

∂(A ∩B) ⊆ ∂A ∪ ∂B .

First, recall that for any X ⊆ Ω870

∂X = X ∩ CΩ(X) ,

where X is the closure of X and CΩ(·) is the complement operator. Next, we have that871

(A ∩B) ⊆ A, (A ∩B) ⊆ B .

Finally, it holds that872

CΩ(A ∩B) = CΩ(A) ∪ CΩ(B) = CΩ(A) ∪ CΩ(B) ,

therefore,873

∂(A ∩B) = (A ∩B) ∩ CΩ(A ∩B)

= (A ∩B) ∩
(
CΩ(A) ∪ CΩ(B)

)
=

(
(A ∩B) ∩ CΩ(A)

)
∪
(
(A ∩B) ∩ CΩ(B)

)
⊆
(
A ∩ CΩ(A)

)
∪
(
B ∩ CΩ(B)

)
= ∂A ∪ ∂B

as required.874

Overall, we have shown that Corollary 1 implies together with Theorem 5 and Proposition 3 that875

lim
k→∞

|P (Lgen(W ) < ϵgen} ∩ {Ltrain(W ) < ϵtrain})− P (Lgen(Wiid) < ϵgen} ∩ {Ltrain(Wiid) < ϵtrain})| = 0 ,
876

lim
k→∞

|P ({Ltrain(W ) < ϵtrain})− P ({Ltrain(Wiid) < ϵtrain})| = 0 ,

and877

lim
k→∞

|P (Lgen(W ) < ϵgen})− P (Lgen(Wiid) < ϵgen})| = 0 .

Hence, the proof follows by invoking Lemma 2 which implies Theorem 1.878

A.3 Proof for Gaussian Distribution and Finite Width879

The outline of the proof is as follows; Appendix A.3.1 presents Theorem 6, of which the canonical880

case of Theorem 1 is a special case. Appendix A.3.2 provides a useful Lemma used in the proof.881

Finally, Appendix A.3.3 adapts a result from Favaro et al. [31] showing that a matrix factorization882

with Gaussian weights has a bounded convex distance from a centered Gaussian matrix (Definition 8)883

and arguing that the latter bound implies the conditions required for the Lemma in Appendix A.3.2.884
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A.3.1 Restatement of the Canonical Case of Theorem 1885

The canonical case of Theorem 1 follows from Theorem 6, which allows for the activation σ(·) to be886

slightly more general. Theorem 6 is presented below; afterwards, we demonstrate how it implies the887

canonical case of Theorem 1.888

Theorem 6. Let d ∈ N be a fixed depth. Let N (·) be the standard Gaussian distribution, i.e.,889

N (·) := N (·; 0, 1). Let σ(·) be an activation function that is not constant and antisymmetric, i.e.,890

∀x ∈ R. σ(x) = −σ(−x) ,

furthermore suppose that σ is absolutely continuous, and that its almost-everywhere defined derivative891

is polynomially bounded, i.e:892

∃p > 0 s.t. ∀x ∈ R
∥∥∥∥ σ′(x)

1 + |x|p

∥∥∥∥
L∞(R)

<∞ .

Suppose also that893

E
x∼N (·)

[
σ2(x)

]
> 0 .

Let ϵgen, ϵtrain, cW > 0. Suppose that for any j ∈ [d], the entries of Wj ∈ Rmj+1,mj are drawn894

independently by first sampling x ∼ N (·) and then setting [Wj ]rs =
√

cW
mj
x. Then there exists a895

constant c > 0 dependent on m,m′, d, σ, cW , n, ϵtrain and ϵgen, and a constant k0 ∈ N dependent on896

c and P(Ltrain(Wiid) < ϵtrain), such that for any k ≥ k0 the matrix factorization W satisfies897

P
(
Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain

)
− P (Lgen(W ) < ϵgen) ≤

2c√
k

P(Ltrain(Wiid) < ϵtrain)− c√
k

.

Note that the above bound is of order 1√
k

.898

Remark 1. For any k ≥ k0 it holds that899

2c√
k

P(Ltrain(Wiid) < ϵtrain)− c√
k

·
√
k =

2c

P(Ltrain(Wiid) < ϵtrain)− c√
k

= Ω(1) ,

hence900

2c√
k

P(Ltrain(Wiid) < ϵtrain)− c√
k

= O

(
1√
k

)
.

Let N (·; 0, ν) be a zero-centered Gaussian distribution, and let σ(·) be an admissible activation901

function (Definition 4) that is antisymmetric. First, observe that since Theorem 6 allows for arbitrary902

cW > 0, one may view N (·; 0, ν) as the standard Gaussian distribution N (·) scaled by
√
ν. Next,903

note that since N (·) assigns a positive probability to every neighborhood of the origin and has finite904

higher moments, and since σ(·) does not vanish on both sides of the origin, it must hold that905

E
x∼N (·)

[σ2(x)] > 0 .

The rest of the conditions in Theorem 6 are directly fulfilled by the properties of admissible activation906

functions (Definition 4) that are antisymmetric. Overall we showed that Theorem 6 applies for907

N (·; 0, ν) and σ(·), and so it suffices to prove Theorem 6.908

A.3.2 Sufficient Condition for Theorem 6909

A useful Lemma used in the proof of Theorem 6 is provided below. Before presenting the Lemma,910

we define the convex distance between random variables, and prove that the sets of matrices with911

either low training error or low generalization error are convex.912

Definition 7. Let m ∈ N and let X and Y be two m-dimensional random variables. The convex913

distance between X and Y is defined as914

dc(X,Y ) := sup
B
|P(X ∈ B)− P(Y ∈ B)| ,

where the supremum runs over all convex B ⊂ Rm.915
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Remark 2. The convex distance between two random matrices is naturally defined as the convex916

distance between their corresponding flattened vector representations.917

Lemma 4. Let ϵgen, ϵtrain > 0. The sets918

Strain :=
{
W ∈ Rm,m′

: Ltrain(W ) < ϵtrain

}
, Sgen :=

{
W ∈ Rm,m′

: Lgen(W ) < ϵgen

}
are convex.919

Proof. We prove that Sgen is convex (one can prove the same claim about Strain using identical920

arguments). To do this, it suffices to show that Ltrain(W ) is a convex function. Because sums of921

convex functions are convex, it suffices to show that the function corresponding to a single test matrix,922

namely923

(⟨A,W ⟩ − ⟨A,W ∗⟩)2

for some A ∈ B is convex, and this is the case because it is the composition of an affine function924

with the convex function x→ x2.925

Remark 3. The intersection of two convex sets is convex, thus the following set is also convex926 {
W ∈ Rm,m′

: Ltrain(W ) < ϵtrain ,Lgen(W ) < ϵgen

}
.

We are now ready to present the Lemma. The Lemma show that if the convex distance between the927

matrix factorization (Equation (4)) and a centered Gaussian matrix (Definition 8) is O
(

1√
k

)
, then for928

any large enough k the probability for having low generalization loss (Equation (3)) conditioned on929

having low training loss (Equation (2)) is no more than orderO
(

1√
k

)
larger than the prior probability930

of having low generalization loss.931

Lemma 5. Let ϵgen, ϵtrain > 0. Let Wiid ∈ Rm,m′
be a centered Gaussian matrix (Definition 8).932

Suppose that there exists some c > 0 such that the convex distance between W and Wiid (Definition 7)933

satisfies934

dc(W,Wiid) ≤
c√
k

.

Then there exists some k0 ∈ N dependent on c and P(Ltrain(Wiid) < ϵtrain) such that for any k ≥ k0935

it holds that936

P
(
Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain

)
≤ P(Lgen(W ) < ϵgen) +

2c√
k

P(Ltrain(Wiid) < ϵtrain)− c√
k

.

Proof. Per Definition 7, Lemma 4, , and Remark 3, the fact that dc(W,Wiid) ≤ c√
k

implies that937

|P(Ltrain(W ) < ϵtrain)− P(Ltrain(Wiid) < ϵtrain)| ≤
c√
k

,
938

|P(Lgen(W ) < ϵgen)− P(Lgen(Wiid) < ϵgen)| ≤
c√
k

,

and939

|P(Ltrain(W ) < ϵtrain ,Lgen(W ) < ϵgen)− P(Ltrain(Wiid) < ϵtrain ,Lgen(Wiid) < ϵgen)| ≤
c√
k

.

By the definition of the conditional probability we have that940

P(Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain) =
P(Ltrain(W ) < ϵtrain ,Lgen(W ) < ϵgen)

P(Ltrain(W ) < ϵtrain)
.

Since Wiid is a centered Gaussian matrix (Definition 8), it holds that P(Ltrain(Wiid) < ϵtrain) > 0 and941

so for any942

k ≥
(

c

P(Ltrain(Wiid) < ϵtrain)

)2

=: k0
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it holds that P(Ltrain(Wiid) < ϵtrain)− c√
k
> 0. Therefore, for any such k the above is bound by943

P(Lgen(W ) < ϵgen

∣∣∣Ltrain(W ) < ϵtrain)

≤
P(Ltrain(Wiid) < ϵtrain ,Lgen(Wiid) < ϵgen) +

c√
k

P(Ltrain(Wiid) < ϵtrain)− c√
k

=
P(Ltrain(Wiid) < ϵtrain) · P(Lgen(Wiid) < ϵgen) +

c√
k

P(Ltrain(Wiid) < ϵtrain)− c√
k

≤
P(Ltrain(Wiid) < ϵtrain) ·

(
P(Lgen(W ) < ϵgen) +

c√
k

)
+ c√

k

P(Ltrain(Wiid) < ϵtrain)− c√
k

= P(Lgen(W ) < ϵgen) ·
P(Ltrain(Wiid) < ϵtrain)

P(Ltrain(Wiid) < ϵtrain)− c√
k

+
P(Ltrain(Wiid) < ϵtrain) · c√

k
+ c√

k

P(Ltrain(Wiid) < ϵtrain)− c√
k

≤ P(Lgen(W ) < ϵgen) +

2c√
k

P(Ltrain(Wiid) < ϵtrain)− c√
k

.

In the third transition we have used the fact that the measurement matrices A in B are orthogonal to944

A1, . . . , An and thus945

P (Lgen(Wiid) < ϵgen ,Ltrain(Wiid) < ϵtrain)

= P

(
1

B
∑
A∈B

(⟨A,Wiid⟩ − ⟨A,W ∗⟩)2 < ϵgen ,
1

n

n∑
i=1

(⟨Ai,Wiid⟩ − yi)2 < ϵtrain

)

= P

(
1

B
∑
A∈B

(⟨A,Wiid⟩ − ⟨A,W ∗⟩)2 < ϵgen

)
· P

(
1

n

n∑
i=1

(⟨Ai,Wiid⟩ − yi)2 < ϵtrain

)
= P (Lgen(Wiid) < ϵgen) · P (Ltrain(Wiid < ϵtrain)) ,

where the second equality stems from the fact that for any fixed vectors v1, . . . , vr which are orthog-946

onal (each of the flattened matrices A1, . . . , An and the flattened A), and a vector of independent947

identically distributed zero-centered Gaussians X (the flattened Wiid), the variables {⟨X, vi⟩}1≤i≤r948

are independent.949

A.3.3 Bound on Convex Distance from a Centered Gaussian Matrix950

In this section we prove that for any width k, the matrix factorization has a bounded convex distance951

from a centered Gaussian matrix (Definition 8). Key to the proof is a result of Favaro et al. [31]952

which provides a bound on the convex distance a fully connected neural network has from a Gaussian953

process. We present a softer adaption of it sufficient for our needs.954

Theorem 7 (Theorem 3.6 of [31] (adapted)). Let N (·) be the standard Gaussian distribution.955

Suppose that for any j ∈ [d], the entries of Wj ∈ Rmj+1,mj are drawn independently by first956

sampling x ∼ N (·) and then setting [Wj ]rs =
√

cW
mj
x. Additionally, suppose that σ is absolutely957

continuous and that its almost-everywhere defined derivative is polynomially bounded:958

∃p > 0 s.t. ∀x ∈ R
∥∥∥∥ σ′(x)

1 + |x|p

∥∥∥∥
L∞(R)

<∞ .

For any j = 2, . . . , d denote the matrix K(j) ∈ Rm′,m′
by959

∀α, β ∈ [m′]. K
(j)
αβ = cW E[σ(zα)σ(zβ)],

(
zα
zβ

)
∼ N

(
0,

(
K

(j−1)
αα K

(j−1)
αβ

K
(j−1)
αβ K

(j−1)
ββ

))
with the initial condition960

∀α, β ∈ [m′]. K
(1)
αβ = cW E

[
σ ([W1eα]1)σ

(
[W1eβ ]1

)]
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where for α ∈ [m′], the vector eα ∈ Rm′
is the standard basis vector holding 1 in its α coordinate961

and zeros in the rest. Additionally, for α ∈ [m′] denote by z
(d)
α the output given by a fully connected962

neural network (Definition 5) set with weights W1, . . . ,Wd for the input eα. Lastly, for α ∈ [m′]963

denote by Γ
(d)
α a m-dimensional zero-centered Gaussian vector with964

∀α, β ∈ [m′], r, r′ ∈ [m]. Cov
([

Γ(d)
α

]
r
,
[
Γ
(d)
β

]
r′

)
= 1r=r′K

(d)
αβ .

If for any j ∈ [d] the matrix K(j) is invertible, then there exists c > 0 dependent on965

m,m′, d, σ, cW , n, ϵtrain and ϵgen such that for any k ∈ N it holds that966

dc

((
z(d)α

)
α∈[m′]

,
(
Γ(d)
α

)
α∈[m′]

)
≤ c√

k
,

where we have implicitly regarded
(
z
(d)
α

)
α∈[m′]

and
(
Γ
(d)
α

)
α∈[m′]

as m′ ·m-dimensional random967

vectors.968

Proof. The above is an adaption of case (1) of Theorem 3.6 in [31], where the fully connected neural969

network has no biases, the partial derivatives in question are all of order zero and the finite collection970

of distinct non-zero network inputs is {eα}m
′

α=1. For a full proof see Favaro et al. [31].971

We move forward to the following Lemma, showing that for an antisymmetric activation function σ972

the covariance matrices K(j) are not only invertible but also a positive multiple of the identity.973

Lemma 6. Suppose the assumptions of Theorem 7 hold. Suppose also that974

• The activation function σ is not constant and antisymmetric, i.e.,975

∀x ∈ R. σ(x) = −σ(−x) .

• It holds that976

E
x∼N (·)

[
σ2(x)

]
> 0 .

Then for any j ∈ [d] there exists a positive constant b(j) > 0 such that K(j) = b(j)Im′977

Proof. The proof is extremely similar to that of Proposition 2. We prove via induction on d that978

K
(d)
αβ = 0, K(d)

αα = K
(d)
ββ and that K(d)

αα is finite and positive. First, for the base case, note that we979

have980

K
(1)
αβ = cW E

[
σ ([W1eα]1)σ

(
[W1eβ ]1

)]
= cW E

[
σ
(
[W1]1,α

)
σ
(
[W1]1,β

)]
= cW E

[
σ
(
[W1]1,α

)]
E
[
σ
(
[W1]1,β

)]
,

where the ultimate transition is due to the independence of [W1]1,α and [W1]1,β . Next, since N (·) is981

symmetric and σ is antisymmetric, we obtain by Lemma 20 that982

E
[
σ
(
[W1]1,α

)]
= E

[
σ
(
[W1]1,β

)]
= 0 .

Overall, we obtain that983

K
(1)
αβ = cW · 0 · 0 = 0 .

Additionally, since [W1]1,α and [W1]1,β are both drawn from N (·), we obtain that984

K(1)
αα = cW E

[
σ
(
[W1]1,α

)
σ
(
[W1]1,α

)]
= cW E

[
σ
(
[W1]1,β

)
σ
(
[W1]1,β

)]
= K

(1)
ββ .
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Finally, by our assumption we have that985

b(1) := K(1)
αα = cW E

[
σ
(
[W1]1,α

)
σ
(
[W1]1,α

)]
= cW E

x∼Q(·)
[σ2(x)] > 0 .

as required. Next, fix j ∈ [d] and assume that K(j)
αβ = 0, K(j)

αα = K
(j)
ββ and that K(j)

αα is finite and986

positive. Hence, plugging the inductive assumption into Theorem 4, we obtain that987

K
(j+1)
αβ = cW E [σ(zα)σ(zβ)]

where988 (
zα
zβ

)
∼ N

(
0,

(
K

(j)
αα K

(j)
αβ

K
(j)
αβ K

(j)
ββ

))
= N

(
0,

(
K

(j)
αα 0

0 K
(j)
αα

))
.

Therefore, zα and zβ are independent identically distributed zero-centered Gaussian variables. Hence,989

we obtain that990

K
(j+1)
αβ = cW E [σ(zα)]E [σ(zβ)] = cW · 0 · 0 = 0 ,

where the penultimate transition is due to Lemma 20. Additionally,991

K(j+1)
αα = cW E [σ(zα)σ(zα)] = cW E [σ(zβ)σ(zβ)] = K

(j+1)
ββ .

Finally, we have by our inductive assumption that K(j)
αα is finite and positive, thus the non-constant992

random variable zα ∼ N (0,K
(j)
αα) has finite moments. Therefore, since σ has a polynomially993

bounded derivative almost-everywhere and it is not constant, it holds that994

b(j+1) := K(i+1)
αα = cW E [σ(zα)σ(zα)] > 0

completing the proof.995

Theorem 7 and Lemma 6 together imply the following Corollary, which states that
(
z
(d)
α

)
α∈[m′]

is996

bounded away from a zero-centered Gaussian vector with independent entries.997

Corollary 2. There exists c > 0 dependent on m,m′, d, σ, cW , n, ϵtrain and ϵgen such that for any998

k ∈ N, the m′ · m-dimensional random vector
(
z
(d)
α

)
α∈[m′]

corresponding to the concatenated999

outputs of the fully connected neural network (Definition 5) for the inputs (eα)α∈[m′] satisfies1000

dc

((
z(d)α

)
α∈[m′]

,
(
Γ(d)
α

)
α∈[m′]

)
≤ c√

k
,

where the random variables
([

Γ
(d)
α

]
j

)
α∈[m′],j∈[m]

are independently drawn from N
(
0, b(d)

)
.1001

Lemma 1 and Corollary 2 together imply that the matrix factorization W has the required bound on1002

its convex distance from a centered Gaussian matrix Wiid (Definition 8). Hence, the proof follows by1003

invoking Lemma 5 which implies Theorem 6.1004

B Proof of Theorem 21005

This appendix proves Theorem 2. Appendix B.1 begins by establishing that for any γ ∈ R>0, the1006

factorized matrix W (Equation (4)) is within γ (in Frobenius norm) of a rank one matrix with1007

probability 1 − O(1/d). This finding is utilized by Appendix B.2, which establishes that the1008

probability of the eventsLtrain(W ) < ϵtrain andLgen(W ) ≥ ϵtrainc occurring simultaneously isO(1/d).1009

Appendix B.3 shows that the probability of Ltrain(W ) < ϵtrain is Ω(1). Finally, Appendix B.41010

combines the findings of Appendices B.2 and B.3 to prove the sought-after result.1011
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B.1 W is Close to a Rank One with High Probability1012

According to Definition 3, the matrices Wj are obtained by normalizing matrices W ′
j where each1013

entry of W ′
j is drawn independently from the distribution Qj . Specifically, each entry of Wj equals1014

the corresponding entry of W ′
j divided by ∥W ′

d · · ·W ′
1∥1/d. In this section, we will analyze the1015

spectrum of the matrix W ′
d−1:2 := W ′

d−1 · · · · ·W ′
2 using results from Hanin and Paouris [39] to1016

show that this implies that with high probability, W is close to a rank one matrix.1017

Note that because we normalize the final product, we can assume without loss of generality that1018

Q(·) is the standard normal distribution N (·; 0, 1) rather than N (·; 0, ν). Any scaling factor from1019

ν would be eliminated by the normalization. Thus, each entry of W ′
j is independently drawn from1020

N (0, 1/mj), where mj is the number of columns in Wj as defined in Definition 3.1021

For any d > 3 and t ∈ [k], we will denote the random variable that is the tth singular value of W ′
d−1:21022

by sd−2,t, and the related quantity of the Lyapunov exponents by λd−2,t, defined as follows:1023

λd−2,t =
1

d− 2
log (sd−2,t) .

The following Theorem provides concentration bounds on the deviation of the Lyapunov exponents1024

of W ′
d−1:2.1025

Theorem 8. There exist universal constants {µk,t}kt=1, c1, c2 and c3 such that for all 1 ≤ p ≤ r ≤ k,1026

and any s for which1027

s ≥ c3r

(d− 2)k
log

(
ek

r

)
,

it holds that1028

P

(∣∣∣∣∣1k
r∑

t=p

(λd−2,t − µk,t)

∣∣∣∣∣ ≥ s
)
≤ c1 exp (−c2k(d− 2)smin {1, ψk,r(s)}) ,

where ψk,r(s) is the function1029

ψk,r(s) =

{
kmin

{
1, ksr

}
, r ≤ k

2

kmin
{
ηk,r,

s
log(1/ηk,r)

}
, k

2 < r ≤ k

for1030

ηk,r :=
k − r + 1

k
∈
[
1

k
,
k − 1

k

]
.

Proof. See Theorem 1.1 in Hanin and Paouris [39].1031

We now show that the above deviation estimate implies that with probability converging exponentially1032

to 1, there is a constant gap between the largest and second largest Lyapunov exponents.1033

Lemma 7. There exist constants c4, c5, c6 > 0 independent of d such that for all d ≥ c41034

P (λd−2,2 ≤ λd−2,1 − c5) ≥ 1− exp (−c6(d− 2)) .

Proof. Obviously µk,1 − µk,2 > 0. We define c5 :=
µk,1−µk,2

3 . Plugging in p = r = 1 into1035

Theorem 8 we get that1036

P (|λd−2,1 − µk,1| ≥ s) ≤ c1 exp (−c2k(d− 2)smin {1, ψk,1(s)})
for all s ≥ c3

k(d−2) log (ek). We take d large enough such that c5 ≥ c3
k(d−2) log (ek) and take s = c5.1037

Plugging in the definition of ψk,1, one may obtain that1038

c2k(d− 2)smin {1, ψk,1(s)} = Ω(d) ,

hence1039

P (|λd−2,1 − µk,1| ≥ c5) ≤ c1 exp (−Ω(d)) .
The same argument can be applied for p = r = 2 to conclude that1040

P (|λd−2,2 − µk,2| ≥ c5) ≤ c1 exp (−Ω(d)) .

Combining these two results by union bound and the triangle inequality yields the theorem.1041
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The following Lemma implies that the spectrum of W ′
d−1:2 is rapidly decaying, and in particular that1042

it can be well approximated by a rank one matrix.1043

Lemma 8. Let E be the best rank one approximation to W ′
d−1:2. It holds with probability at least1044

1− exp (−c6(d− 2)) that1045

∥W ′
d−1:2 − E∥F
∥E∥F

≤
√
(k − 1) exp (−c5(d− 2)) ,

where c5 and c6 are the same constants as in Lemma 7.1046

Proof. By the definition of Lyapunov exponents and Lemma 7 we have that with probability ≥1047

1− exp (−c6(d− 2)), the following inequality holds for all t ≥ 2:1048

sd−2,1

sd−2,t
≥ sd−2,1

sd−2,2
= exp ((d− 2)(λd−2,1 − λd−2,2)) ≥ exp (c5(d− 2)) ,

hence we obtain that1049

∥W ′
d−1:2 − E∥F
∥E∥F

=

√∑k
t=2 (sd−2,t)

2

sd−2,1
≤

√
(k − 1)(sd−2,2)

2

sd−2,1
≤
√

(k − 1) exp (c5(d− 2))

as required.1050

We now show that not only W ′
d−1:2, but also the end-to-end matrix W ′ =W ′

dW
′
d−1:2W

′
1 is approxi-1051

mately rank one.1052

Lemma 9. There exist constants c11, c12, c13 > 0 independent of d such that with probability at least1053

1− 2
c12
d
− 2

c11
d(k2)

− exp (−c13(d− 2)) ,

the product of unnormalized matrices W ′ :=W ′
d · . . . ·W ′

1 can be written as1054

W ′ = O +R

where O is a rank one matrix and1055

∥R∥F
∥O∥F

≤ d6
√
(k − 1) exp (−c5(d− 2))

for the constant c5 described in Lemma 8.1056

Proof. We start from the decomposition obtained in Lemma 8, namely the decomposition1057

W ′
d−1:2 = E + (W ′

d−1:2 − E) ,

where E has rank one and1058

∥W ′
d−1:2 − E∥F
∥E∥F

≤
√
(k − 1) exp (−c5(d− 2)) ,

which holds with probability ≥ 1− exp (−c6(d− 2)). Plugging into W ′ we obtain that1059

W ′ =W ′
dW

′
d−1:2W

′
1 =W ′

dEW
′
1 +W ′

d

(
W ′

d−1:2 − E
)
W ′

1 .

Note that rank(W ′
dEW

′
1) = 1 whenever W ′

dEW
′
1 ̸= 0, which holds with probability 1. Now we can1060

set O =W ′
dEW

′
1 and R =W ′

d(W
′
d−1:2 − E)W ′

1. It therefore suffices to upper bound the ratio1061

∥W ′
d(W

′
d−1:2 − E)W ′

1∥F
∥W ′

dEW
′
1∥F

.

We will separately give an upper bound on1062

∥W ′
d(W

′
d−1:2 − E)W ′

1∥F
and a lower bound on1063

∥W ′
dEW

′
1∥
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that hold simultaneously with high probability. First, note that by Lemmas 24 and 25, for a sufficiently1064

large d, with probability ≥ 1− 2 exp (−c10d) it holds that1065

∥W ′
d(W

′
d−1:2 − E)W ′

1∥F ≤ ∥W
′
d∥F ∥W

′
1∥F ∥W

′
d−1:2 − E∥F

≤ d2∥W ′
d−1:2 − E∥F .

For the lower bound on ∥W ′
dEW

′
1∥F , consider the SVD decompositions of W ′

d and W ′
1 given by1066

W ′
1 =

r1∑
t=1

σ1
t u

1
t

(
v1t
)⊤

and1067

W ′
d =

rd∑
t=1

σd
t u

d
t

(
vdt
)⊤

.

Likewise, as a rank one matrix, E can be written as1068

E = ∥E∥FuEv
⊤
E .

Invoking Lemma 26 with i = j = 1 we obtain that1069

∥W ′
dEW

′
1∥F ≥ ∥E∥Fσ

d
1σ

1
1

〈
vd1 , uE

〉 〈
vE , u

1
1

〉
.

It suffices to lower bound the absolute values of each of the terms in the product above. Note that by1070

Lemma 27 all terms are independent. To lower bound σ1
1 and σd

1 we apply Lemma 28 which yields1071

that1072

P
(
σ1
1 ≥

1

d

)
≥ 1− c11

d(k2)

and1073

P
(
σd
1 ≥

1

d

)
≥ 1− c11

d(k2)

where c11 is the constant from Lemma 28. To lower bound
∣∣〈vd1 , uE〉∣∣ and

∣∣〈vE , u11〉∣∣ we invoke1074

Lemma 29 which yields that1075

P
(∣∣〈vd1 , uE〉∣∣ ≥ 1

d

)
≥ 1− c12

d

and1076

P
(∣∣〈vE , u11〉∣∣ ≥ 1

d

)
≥ 1− c12

d

where c12 is the constant from Lemma 29. Hence by the union bound, with probability at least1−1077

2 c12
d − 2 c11

d(k
2) it holds that1078

∥W ′
dEW

′
1∥F ≥

1

d4
∥E∥F .

Applying the union bound once more, we obtain that with probability at least1079

1− 2
c12
d
− 2

c11
d(k2)

− exp (−c6(d− 2))− 2 exp (−c10d)

the following holds:1080

∥W ′
d(W

′
d−1:2 − E)W ′

1∥F
∥W ′

dEW
′
1∥F

≤ d6
√
(k − 1) exp (−c5(d− 2)) .

The proof follows by choosing c13 such that1081

exp (−c13(d− 2)) ≥ exp (−c6(d− 2)) + 2 exp (−c10d) .

1082

Now that we’ve shown that W ′ can be approximated by a rank one matrix with high probability as d1083

tends to infinity, we are ready to show this for the normalized matrix W =W ′/∥W ′∥F as well.1084
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Lemma 10. Let1085

C(γ) := {W : W = X + Y, rank(X) = 1, ∥Y ∥F < γ} .

Let Cd,γ be the event that W ′

∥W ′∥F
∈ C(γ). Then for any γ > 0, if1086

γ ≥ 1

|d−6(k − 1)−0.5 exp (c5(d− 2))− 1|

then1087

P (Cd,γ) ≥ 1− 2
c12
d
− 2

c11
d(k2)

− exp (−c13(d− 2)) ,

where c11, c12, and c13 are the same constants as in Lemma 9.1088

Proof. By Lemma 9, with probability ≥ 1 − 2 c12
d − 2 c11

d(k
2) − exp (−c13(d− 2)) it holds that the1089

unnormalized matrix W ′ can be written as1090

W ′ = O +R ,

where O has rank one and1091

∥R∥F
∥O∥F

≤ d6
√
(k − 1) exp (−c5(d− 2))

from which it follows that1092

∥R∥F
∥W ′∥F

≤
∥R∥F

|∥O∥F − ∥R∥F |
≤ 1

|d−6(k − 1)−0.5 exp (c5(d− 2))− 1|
.

Consider the normalized matrixW ′/∥W ′∥F and its best rank one approximation denoted asX . Then,1093

it holds that1094 ∥∥∥∥ W ′

∥W ′∥F
−X

∥∥∥∥
F

≤
∥W ′ −O∥F
∥W ′∥F

=
∥R∥F
∥W ′∥F

≤ 1

|d−6(k − 1)−0.5 exp (c5(d− 2))− 1|
≤ γ.

as required.1095

B.2 If W is Close to Rank One Then Low Training Loss Ensures Low Generalization Loss1096

In this appendix, we show that if the RIP holds and a learned matrix W is close enough to a rank1097

one matrix, achieving low training loss ensures low generalization loss. This is formally stated in the1098

Lemma below.1099

Lemma 11. Suppose that the measurement matrices (Ai)
n
i=1 satisfy the RIP of order 1 (see Defini-1100

tion 1) with a constant δ ∈ (0, 1) and A is defined as in Definition 1. Suppose that there exists some1101

constant b > 0 such that for any matrix M ∈ Rm,m′
it holds that1102

∥A(M)∥F ≤ b∥M∥F .

Let M ∈ Rm,m′
be a matrix such that1103

∥A(M)∥2F ≤ ϵ ,

and suppose that1104

M = E +R ,

where rank(E) ≤ 1. If1105

∥R∥F ≤
√
1− δ(

√
2− 1)

√
ϵ

1 + b
√
1− δ

,

then1106

∥M∥2F ≤
2ϵ

1− δ
.
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Proof. By the definition of A it holds that1107

A(E) = A(M)−A(R) ,
therefore, using the triangle inequality we obtain that1108

∥A(E)∥F ≤ ∥A(M)∥F + ∥A(R)∥F ≤
√
ϵ+ b∥R∥F .

By the RIP, the above results in1109

∥E∥F ≤ (1− δ)−
1
2 (
√
ϵ+ b∥R∥F ) .

Finally, we obtain by the triangle inequality that1110

∥M∥F ≤ (1− δ)−
1
2 (
√
ϵ+ b∥R∥F ) + ∥R∥ .

The proof follows by plugging the assumption on ∥R∥F and rearranging.1111

B.3 Lower Bounds on the Probability of Low Training Loss1112

In this Appendix, we show that the probability of attaining low training loss is bounded from below1113

as d tends to infinity. The argument is formally stated in the next Lemma.1114

Lemma 12. Suppose that W ∗ has rank one and that ∥W ∗∥F = 1. Then for any ϵ > 0 it holds that1115

P (Ltrain(W ) < ϵ) ≥ Ω(1)

as d→∞.1116

Proof. By the law of total probability we have that1117

P (Ltrain(W ) < ϵ) ≥ P
(
Ltrain(W ) < ϵ

∣∣∣Cd,γ

)
· P (Cd,γ) ,

where Cd,γ is as defined in Lemma 10. Additionally, By Lemma 10 it holds that1118

lim
d→∞

P (Cd,γ) = 1 .

It therefore suffices to show that1119

P
(
Ltrain(W ) < ϵ

∣∣∣Cd,γ

)
≥ Ω(1) .

as d→∞. Observe that1120

P
(
Ltrain(W ) < ϵ

∣∣∣Cd,γ

)
≥ P

(
∥W −W ∗∥2F <

ϵ

b

∣∣∣Cd,γ

)
,

where b is the Lipschitz constant of A as defined in Lemma 11. Thus it suffices to lower bound the1121

latter probability. By the symmetry of the Gaussian distribution (see Lemma 27) and the symmetry1122

of the event Cd,γ we have that for any c > 0 the following holds for any rank one matrix E with1123

∥E∥F = 1:1124

P
(
∥W −W ∗∥2F <

ϵ

b

∣∣∣Cd,γ

)
= P

(
∥W − E∥2F <

ϵ

b

∣∣∣Cd,γ

)
.

Now we set γ = ϵ/2b and consider the M :=M
(

ϵ
2b , d

)
matrices E1, . . . , EM from Lemma 30. By1125

the triangle inequality and the union bound we have that1126

1 = P
(
Cd,γ

∣∣∣Cd,γ

)
= P

 ⋃
1≤i≤M

{
W ; ∥W − Ei∥2F <

ϵ

b

} ∣∣∣Cd,γ


≤

∑
1≤i≤M

P
({
W ; ∥W − Ei∥2F <

ϵ

b

} ∣∣∣Cd,γ

)
.

Now again by symmetry we have1127 ∑
1≤i≤M

P
({
W ; ∥W − Ei∥2F <

ϵ

b

} ∣∣∣Cd,γ

)
=M · P

({
W : ∥W −W ∗∥2F <

ϵ

b

} ∣∣∣Cd,γ

)
.

Therefore, we conclude that1128

P
({
W : ∥W −W ∗∥2F <

ϵ

b

} ∣∣∣Cd,γ

)
≥ 1

M
as required.1129
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B.4 Proof of Sought-After Result1130

We are now ready to prove Theorem 2. Let us define Cd,γ as in Lemma 10. For convenience we will1131

denote by Gd,c the event that Lgen (W ) < cϵ, and by Ld the event that Ltrain (W ) < ϵ. By the law of1132

total probability it holds that1133

P
(
Gd,c

∣∣Ld

)
≥ P (Gd,c ∩ Ld ∩ Cd,γ)

P (Ld)
.

By Lemma 11, if we set1134

γ =

√
1− δ(

√
2− 1)

√
ϵ

1 + b
√
1− δ

where b is the Lipschitz constant of A, and1135

c =
2

1− δ
,

then we obtain that1136

Gd,c ∩ Ld ∩ Cd,γ ⊆ Ld ∩ Cd,γ .
Hence,1137

P
(
Gd,c

∣∣Ld

)
≥ P (Ld ∩ Cd,γ)

P (Ld)
= 1−

P
(
Ld ∩ CC

d,γ

)
P (Ld)

≥ 1−
P
(
CC

d,γ

)
P (Ld)

.

By Lemma 10, for large enough d it holds that1138

P
(
CC

d,γ

)
< 2

c12
d

+ 2
c11
d(k2)

+ exp (−c6(d− 2)) = O(1/d) .

By Lemma 12, P (Ld) = Ω(1) and so1139

lim
d→∞

P
(
Gd,c

∣∣Ld

)
= 1−O (1/d)

completing the proof.1140

C Increasing Width with Unspecified ϵtrain1141

Theorem 1 requires the G&C training loss threshold ϵtrain to be specified. Thus, the theorem does1142

not rule out the possibility that for any width, a sufficiently small ϵtrain will lead G&C to attain good1143

generalization. In this appendix, we state and prove a result—Theorem 9 below—that allows for an1144

unspecified ϵtrain. Theorem 9 imposes assumptions beyond those of Theorem 1: (i) the depth of the1145

matrix factorization is two; (ii) the prior distribution is generated by a zero-centered Gaussian; (iii) the1146

activation is linear; and (iv) the factorization is square, i.e., m = m′ (though this latter assumption1147

can easily be lifted). Moreover, Theorem 9 considers a case in which the prior-induced probability1148

distribution of the factorized matrix W (Equation (4)) is shifted such that its mean is the ground truth1149

matrix W ∗. The theorem establishes that even with this shift—which makes good generalization1150

easier to attain—the posterior probability of low generalization loss conditioned on low training loss1151

converges to the prior probability of low generalization loss.1152

Theorem 9. Let m, k ∈ N and let ϵgen > 0. Let W1 and W2 be random matrices of dimensions m, k1153

and k,m, respectively. Assume that the entries of both W1 and W2 are drawn independently from1154

N (0, 1). Consider the normalized product which is then centered around the ground truth matrix1155

W ∗, i.e.:1156

W :=
1√
mk

W1W2 +W ∗ .

Then, it holds that:1157

lim
k→∞

sup
ϵtrain>0

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain)− P (Lgen(W ) < ϵgen) = 0 .

Proof. The proof is delivered by Appendices C.1 to C.4 below. Appendix C.1 establishes that locally1158

uniform convergence of densities implies convergence of probabilities. Appendix C.2 calculates the1159

characteristic function of the factorized matrix W . Appendix C.3 establishes that the conditional1160

probabilities in Theorem 9 can be approximated by conditional probabilities of bounded sets. Finally,1161

Appendix C.4 combines the above to prove the sought-after result.1162
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C.1 Locally Uniform Convergence of Densities Implies Convergence of Probabilities1163

Convergence of probability measures in convex distance, as in Appendix A, is not sufficient for1164

proving a results which deal directly with the case of unspecified ϵtrain. This is so because the1165

denominator and the numerator of the conditional probability can be arbitrarily small, and the convex1166

distance gives an additive approximation guarantee. To prove such a result we will first have to prove1167

that a stronger notion of convergence which we introduce in this Appendix holds in our case.1168

Theorem 10. Suppose that Gn and G have continuous densities gn and g (with respect to Lebesgue1169

measure) on Rm. Suppose that Gn

dist.
−−−−−→G, the densities gn are uniformly bounded, i.e., there1170

exists M : Rm → R such that1171

∀x ∈ Rm, sup
n∈N
|gn(x)| ≤M(x) <∞ ,

and gn are also equicontinuous, i.e., for each ϵ > 0 there exists δ(ϵ) such that if ∥x− y∥2 < δ(ϵ)1172

then1173

∀n ∈ N, |gn(x)− gn(y)| < ϵ .

Then1174

lim
n→∞

sup
x∈Rm

|gn(x)− g(x)| → 0 .

Proof. This is a slight adaptation of Lemma 1 in Boos [13].1175

Lemma 13. Let {fn}n∈N be a family of probability densities on Rm with respective characteristic1176

functions φn(t) (Definition 11). Suppose that the L1-norms of the characteristic functions weighted1177

by ∥t∥2 are uniformly bounded, i.e.,1178

∀n ∈ N,
∫
Rm

∥t∥2 · |φn(t)|dt ≤M ,

where M > 0 is a constant independent of n. Then the family fn is uniformly bounded and1179

equicontinuous.1180

Proof. Note that the above bound implies that there also exists some M̂ > 0 independent of n such1181

that1182

∀n ∈ N,
∫
Rm

|φn(t)|dt ≤ M̂ .

We employ the decomposition1183 ∫
Rm

|φn(t)|dt =
∫
∥t∥2≤1

|φn(t)|dt+
∫
∥t∥2≥1

|φn(t)|dt .

The first summand is uniformly bounded for all n because the integrand is at most 1 (any charactersitic1184

function satisfies |ϕ(t)| ≤ E(| exp (i ⟨t, X⟩) |) = 1) and the domain has finite volume, whereas the1185

second summand is upper bounded by1186 ∫
∥t∥2≥1

∥t∥2 · |φn(t)|dt ≤
∫
Rm

∥t∥2 · |φn(t)|dt ≤M.

It now follows by Lemma 32 that for any x ∈ Rm1187

sup
n∈N
|fn(x)| ≤ sup

n∈N,y∈Rm

|fn(y)| ≤
1

(2π)m
M̂ .

It remains to verify that {fn}n∈N are equicontinuous. To see this, note that by Lemma 33 :1188

|fn(x)− fn(y)| ≤
∥x− y∥2
(2π)m

∫
Rm

∥t∥2 · |φn(t)|dt ≤
∥x− y∥2
(2π)m

M.

This bound is uniform in n and depends only on the distance ∥x− y∥2. For any given ϵ > 0, choose1189

δ(ϵ) = (2π)mϵ
M . Then for all ∥x− y∥2 < δ(ϵ), we have:1190

∀n ∈ N, |fn(x)− fn(y)| < ϵ .
Thus, the family {fn}n∈N is equicontinuous.1191
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Lemma 14. Let {fn}n∈N be a sequence of probability density functions on Rm that converges1192

uniformly to a limit density f . Suppose that f is positive and smooth on Rm. For any bounded set1193

K ⊂ Rm such that K ⊆ B(0, R), the ratio of probabilities assigned by fn and f to K converges to1194

1, i.e.,1195

lim
n→∞

∫
K
fn(x)dx∫

K
f(x)dx

→ 1 .

furthermore, this convergence is uniform over all subsets contained in B(0, R).1196

Proof. The positivity and smoothness of f imply that f is bounded below on bounded sets—indeed,1197

K is contained in B(0, R) on which f is bounded from below. That is, there exists a constant c > 01198

such that for all x ∈ B(0, R) it holds that1199

f(x) ≥ c .

Since fn → f uniformly on Rm, for any ϵ > 0 there exists N ∈ N such that for all n ≥ N and all1200

x ∈ K it holds that1201

|fn(x)− f(x)| < cϵ ≤ ϵf(x) .

Thus, we can bound fn(x) as:1202

(1− ϵ)f(x) ≤ fn(x) ≤ (1 + ϵ)f(x) .

Integrating this inequality over K, we obtain1203

(1− ϵ)
∫
K

f(x)dx ≤
∫
K

fn(x)dx ≤ (1 + ϵ)

∫
K

f(x)dx .

Dividing through by
∫
K
f(x)dx (which is strictly positive since f > 0 and K is compact), we obtain1204

that1205

1− ϵ ≤
∫
K
fn(x)dx∫

K
f(x)dx

≤ 1 + ϵ.

Taking the limit as n→∞, we conclude:1206 ∫
K
fn(x)dx∫

K
f(x)dx

→ 1 .

Furthmore, the above convergence does not depend on K itself but only on B(0, R), hence the1207

convergence is uniform over all susbsets contained in B(0, R).1208

C.2 Calculation of Characteristic Function1209

To apply the results of the previous subsection, we need to calculate the characteristic function so1210

that we can bound its integral as in Lemma 16. We begin with the following formula.1211

Lemma 15. Given the random variable W = 1√
mk
W1W2, where W1,W

⊤
2 ∈ Rm,k are matrices1212

with independent standard Gaussian entries, the characteristic function f̂k(T ) = E[ei⟨T,W ⟩] for1213

T ∈ Rm,m is given by:1214

f̂k(T ) =

 1√
det
(
Im + TT⊤

km

)


k

.

Proof. Since for any random variable X and constant c ∈ R we have1215

f̂cX(T ) = f̂X(cT ) ,
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it suffices to compute the characteristic function without the 1√
mk

factor, which we denote by f̂ . We1216

have that1217

⟨T,W ⟩ =
m∑
i=1

m∑
j=1

TijWij

=

m∑
i=1

m∑
j=1

Tij

k∑
p=1

W
(1)
ip W

(2)
pj

=

m∑
i=1

m∑
j=1

k∑
p=1

TijW
(1)
ip W

(2)
pj

=

k∑
p=1

m∑
j=1

W
(2)
pj

m∑
i=1

TijW
(1)
ip .

Note that the variables1218

m∑
j=1

W
(2)
pj ,

m∑
i=1

TijW
(1)
ip

are independent for distinct values of p, hence1219

f̂k(T ) =

k∏
p=1

E
W

(1)
ip ,W

(2)
pj

exp
i m∑

j=1

W
(2)
pj

m∑
i=1

TijW
(1)
ip

 .

To evaluate the above expression we first fix W (2)
pj , i.e., we consider the expectation1220

E
W

(1)
ip

exp
i m∑

j=1

W
(2)
pj

m∑
i=1

TijW
(1)
ip

 .

Let Z ∈ Rm such that (Z)j :=
∑m

i=1 TijW
(1)
ip . Note that Z is a Gaussian random variable (being a1221

linear combination of Gaussian random variables) with mean zero and covariance1222

(ΣZ)pl = ⟨Tp, Tl⟩ ,
where Tp, Tl ∈ Rm are the pth and lth rows of the matrix T , respectively. Therefore by the formula1223

for the characterstic function of a Guassian variable (see Lemma 34) we obtain1224

E
W

(1)
ip

exp
i m∑

j=1

W
(2)
pj

m∑
i=1

TijW
(1)
ip

 = exp
(
−0.5

〈
W (2)

p ,ΣZW
(2)
p

〉)
,

where W (2)
p ∈ Rm is the vector whose jth entry is W (2)

pj . It remains now to evaluate this expectation1225

with respect to W (2)
p as well. Thus our task reduces to evaluating the expectation, with respect to a1226

standard Gaussian, of a function of the form1227

exp
(
−0.5

〈
W (2)

p ,ΣZW
(2)
p

〉)
where Σ is PSD. We now apply Lemma 35 to obtain the formula:1228

E
W

(2)
p

[
exp

(
−0.5

〈
W (2)

p ,ΣZW
(2)
p

〉)]
=

1√
det(Im +Σ)

=
1√

det(Im + TT⊤)

where the second equality uses the definition of Σ. It follows that1229

f̂k(T ) = f̂

(
T√
k

)
=

 1√
det
(
Im + TT⊤

km

)


k

as required.1230
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We are now ready to show that the integrals of the characteristic functions f̂k are bounded, even if1231

multiplied by ∥T∥F , which will allow us to derive the equicontinuity of the corresponding densities.1232

Lemma 16. For f̂k defined in Lemma 15 it holds that1233

sup
k∈N

∫
Rm,m

∥T∥F · |f̂k(T )|dT <∞ .

Proof. Recall that by Lemma 15 above it holds that1234

∫
Rm,m

∥T∥F |f̂k(T )|dT =

∫
Rm,m

∥T∥F

 1√
det(Im + TT⊤

km )

k

dT .

Using the change of variables to singular values and the Vandermonde determinant (Corollary 3), we1235

may write the above as1236

∫
Rm,m

∥T∥F

 1√
det(Im + TT⊤

km )

k

dT

= Cm

∫
Rm

+

(
m∑

p=1

σ2
p

)1/2

·

 1∏m
i=1

√
1 +

σ2
i

km

k ∏
1≤i<j≤m

(σ2
i − σ2

j )dσ

where Cm is a constant depending on the dimension m. Using the elementary bound1237 ∏
1≤i<j≤m

(σ2
i − σ2

j ) ≤
m∏
i=1

σ
2(m−i)
i

we obtain the following upper inequality1238

∫
Rm

+

(
m∑

p=1

σ2
p

)1/2

·

 1∏m
i=1

√
1 +

σ2
i

km

k ∏
1≤i<j≤m

(σ2
i − σ2

j )dσ

≤ Cm

∫
Rm

+

(
m∑

p=1

σ2
p

)1/2

·

 1∏m
i=1

√
1 +

σ2
i

km

k
m∏
i=1

σ
2(m−i)
i dσ .

Now we apply the inequality
√
a+ b ≤

√
a+
√
b to the Frobenius norm term:1239 (

m∑
p=1

σ2
p

)1/2

≤
m∑

p=1

√
σ2
p .

This separates the sum into individual terms:1240

m∑
p=1

∫
Rm

+

σp ·

 1∏m
i=1

√
1 +

σ2
i

km

k
m∏
i=1

σ
2(m−i)
i dσ .

Using Fubini’s Theorem, the integral separates into a sum over m products of individual integrals:1241

m∑
p=1

m∏
i=1
i ̸=p

∫ ∞

0

 1√
1 +

σ2
i

km

k

σ
2(m−i)
i dσi ·

∫ ∞

0

 1√
1 +

σ2
i

km

k

σ2(m−p)+1
p dσp.

This decomposition allows the integral to be expressed as a sum of m factorized integrals, each1242

involving a single variable.1243
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We now perform for each 1 ≤ i ≤ m the change of variable xi = σi√
km

, which gives dxi = dσi√
km

1244

and overall1245

Mm

m∑
p=1

k
m
2 k

∑m
i=1(m−i)k

1
2

m∏
i=1
i ̸=p

∫ ∞

0

(
1√

1 + x2i

)k

x
2(m−i)
i dxi ·

∫ ∞

0

 1√
1 + x2p

k

x2(m−p)+1
p dxp

=Mm

m∑
p=1

k
m2

2 + 1
2

m∏
i=1
i ̸=p

∫ ∞

0

(
1√

1 + x2i

)k

x
2(m−i)
i dxi ·

∫ ∞

0

 1√
1 + x2p

k

x2(m−p)+1
p dxp ,

where we have again absorbed the multiplicative dependence on m (which remains constant through-1246

out our analysis) into a constant Mm.1247

We now perform another change of variables x2i = yi, which gives 2xidxi = dyi. Overall for i ̸= p1248

we get a factor of1249

1

2

∫ ∞

0

1

(1 + yi)
k
2

y
m−i− 1

2
i dyi

and for i = p a factor of1250

1

2

∫ ∞

0

1

(1 + yp)
k
2

ym−p
i dyi .

It remains to examine the asymptotics of these expressions for large k. To do this we note that by the1251

definition of the Beta function (Definition 12), we have that1252 ∫ ∞

0

1

(1 + yi)
k
2

y
m−i− 1

2
i dyi = B

(
m− i+ 1

2
,
k

2
−
(
m− i+ 1

2

))
and by Lemma 37 we have1253

B

(
m− i+ 1

2
,
k

2
−
(
m− i+ 1

2

))
=

Γ
(
m− i+ 1

2

)
Γ
(
k
2 −

(
m− i+ 1

2

))
Γ
(
k
2

) ,

where Γ(·) is the Gamma function (Definition 10). By Lemma 38 the above is of order k−(m−i+ 1
2 ).1254

The same calculation gives for i = p a term of order k−(m−p+1). Summing these terms we get that1255

the product is of order1256

k−(m
2 +

m(m−1)
2 + 1

2 ) = k−(m2

2 + 1
2 ) .

Overall, the terms dependent on k cancel and each of the m integrals remain bounded as k →∞, as1257

required.1258

We summarize the above discussion by the following Lemma.1259

Lemma 17. Let W1, (W2)
⊤ ∈ Rm,k be matrices with entries drawn independently from N (0, 1),1260

and let W = 1√
mk
W1W2. For any bounded set K ⊆ B(0, R) ⊆ Rm,m we have1261

lim
k→∞

P(W ∈ K)

P(Wiid ∈ K)
→ 1 ,

where Wiid ∈ Rm,m is a matrix with entries drawn independently from N(0, 1
m ), and furthermore1262

this convergence is uniform over all subsets K ⊆ B(0, R).1263

Proof. By Theorem 11, W converges as k →∞ to Wiid in total variation distance, and hence also in1264

distribution. Combining this with Lemmas 13 and 16 implies that the conditions of Theorem 10 are1265

satisfied. Clearly the limiting density, being a product of Gaussian densities, is smooth and positive.1266

Hence the conclusion is a consequence of Lemma 14.1267
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C.3 Approximation by Conditional Probabilities of Bounded Sets1268

We would ultimately like to bound conditional probabilities involving the events {Lgen(W ) < ϵgen}1269

and {Ltrain(W ) < ϵtrain}. Unfortunately, Lemma 14 applies only to bounded subsets of Rm,m, and1270

the events above are unbounded. We will circumvent this difficulty by intersecting {Lgen(W ) < ϵgen}1271

with B(0, R), for sufficiently large R, and arguing that the approximations thus obtained are suffi-1272

ciently precise. Specifically, we have the following Lemma.1273

Lemma 18. Let BR(V ) be the event that a random matrix V is contained in an open ball of radius1274

R around the origin1275

BR(V ) := {V ∈ B(0, R)}
It holds that1276

lim
R→∞

sup
k∈N,ϵ>0

|P (BR(W ) | Ltrain(W ) < ϵtrain)− 1| = 0 .

Proof. To see this, we first note that by the law of total probability1277

P (BR(W ) | Ltrain(W ) < ϵtrain)

=

∫
Rk,m

P (BR(W ) | Ltrain(W ) < ϵtrain,W2) f (W2 | Ltrain(W ) < ϵtrain) dW2 ,

where f(W2 | Ltrain(W ) < ϵtrain) is the conditional density of W2 given Ltrain(W ) < ϵtrain. Now note1278

that given W2 we have that W = 1√
mk
W1W2 is a zero-centered Gaussian random variable (with a1279

covariance matrix which depends on W2). Furthermore the set {W1 : Ltrain(W ) < ϵtrain} is convex1280

and since W ∗ = 0 it is also symmetric. Furthermore, the set B(0, R) is convex and symmetric for1281

any R. We can therefore apply the Gaussian Correlation inequality (Lemma 39) to conclude that1282

P(BR(W ) | Ltrain(W ) < ϵtrain,W2) ≥ P(BR(W ) |W2)

and therefore1283

P (BR(W ) | Ltrain(W ) < ϵtrain) ≥
∫
Rk,m

P (BR(W ) |W2) f (W2 | Ltrain(W ) < ϵtrain) dW2 . (8)

Let W2,:j be the jth column of W2. Consider the following set:1284

R̂(c) :=
{
W2 : ∀i ∈ [m], ∥W2,:j∥2 ≤ c

√
k
}
.

This set is convex and symmetric, so we can again apply the law of total probability by conditioning1285

on W1 to get1286

P
(
W2 ∈ R̂(c) | Ltrain(W ) < ϵtrain

)
=

∫
Rm,k

P
(
W2 ∈ R̂(c) | Ltrain(W ) < ϵtrain,W1

)
f (W1 | Ltrain(W ) < ϵtrain) dW1

Given W1, the set {Ltrain(W ) < ϵtrain} is again convex and symmetric, and W = 1√
mk
W1W2 is a1287

zero-centered Gaussian, so again by the Gaussian Correlation inequality (Lemma 39) we have1288

P
(
W2 ∈ R̂(c) | Ltrain(W ) < ϵtrain

)
≥
∫
Rm,k

P
(
W2 ∈ R̂(c) |W1

)
f (W1 | Ltrain(W ) < ϵtrain) dW1

= P
(
W2 ∈ R̂(c)

)∫
Rm,k

f (W1 | Ltrain(W ) < ϵtrain) dW1

= P
(
W2 ∈ R̂(c)

)
,

where we have used the fact that the event W2 ∈ R̂(c) is independent of W1. Overall we therefore1289

obtain that1290

P
(
W2 ∈ R̂(c) | Ltrain(W ) < ϵtrain

)
≥ P

(
W2 ∈ R̂(c)

)
.
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Now note that by Lemma 40, we can choose c > 0 independent of k such that P
(
W2 ∈ R̂(c)

)
is1291

arbitrarily close to 1. We have by Equation (8) that1292

P (BR(W ) | Ltrain(W ) < ϵtrain) ≥
∫
R̂(c)

P (BR(W ) |W2) f (W2 | Ltrain(W ) < ϵtrain) dW2 .

Now we claim that for R(η) sufficiently large, independent of both ϵtrain and k, the integrand can be1293

made to satisfy1294

P
(
BR(η)(W ) |W2

)
≥ 1− η

for any W2 ∈ R̂(c). To do this, note that each entry of W is of the form1295

1√
mk
⟨W1,i:,W2,:j⟩

for some i, j ∈ [m], where W1,i: is the ith row of W1. Each row of W1 consists of k independent1296

standard Gaussians, and by assumption W2,:j is a vector of norm ≤ c
√
k. Thus we have that the1297

product is a Gaussian variable with zero mean and variance ∥W2,:j∥2 ≤ c2k. Thus after dividing by1298
1√
mk

we get a zero-centered Gaussian variable whose variance is independent of k. It now follows1299

by a union bound that we can select R := R(c,m) independent of k and ϵtrain such that the matrix W1300

will lie in B(0, R) with probability larger than 1− η whenever W2 ∈ R̂(c). Overall we get that1301

P (BR(W ) | Ltrain(W ) < ϵtrain) ≥ (1− η)P
(
W2 ∈ R̂(c) | Ltrain(W ) < ϵtrain

)
≥ (1− η)P

(
W2 ∈ R̂(c)

)
,

which can be made arbitrarily close to 1 (by Lemma 40), as required.1302

We would also like to show that the approximation is precise with respect to the measure of the1303

random matrix Wiid which W converges to as k →∞:1304

Lemma 19. Let Wiid be a centered Gaussian matrix (Definition 8). It holds that1305

lim
R→∞

P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen ∩BR(Wiid))

P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))
= P (Lgen(Wiid) < ϵgen) .

Furthermore, this convergence is uniform with respect to ϵtrain, ϵgen.1306

Proof. Since BR, {Ltrain(W ) < ϵtrain} and {Lgen(W ) < ϵgen} are convex and symmetric, we can1307

apply the Gaussian Correlation inequality (Lemma 39) to the numerator to obtain that for all R1308

P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen ∩BR(Wiid))

P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))

≥
P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))P (Lgen(Wiid) < ϵgen)

P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))

= P (Lgen(Wiid) < ϵgen) ,

hence the same inequality holds in the limit. On the other hand, by applying the Guassian Correlation1309

inequality to the denominator we get1310

P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen ∩BR(Wiid))

P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))

≤
P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen ∩BR(Wiid))

P (Ltrain(Wiid) < ϵtrain)P (BR(Wiid))

≤
P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen)

P (Ltrain(Wiid) < ϵtrain)P (BR(Wiid))

=
P (Ltrain(Wiid) < ϵtrain)P (Lgen(Wiid) < ϵgen)

P (Ltrain(Wiid) < ϵtrain)P (BR(Wiid))

=
P (Lgen(Wiid) < ϵgen)

P (BR(Wiid))
,
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where the second inequality follows by basic probability properties, and the penultimate equality1311

follows by the independence of Ltrain(Wiid) < ϵtrain and Lgen(Wiid) < ϵgen. The ratio P(Lgen(Wiid)<ϵgen)
P(BR(Wiid))

1312

tends to P (Lgen(Wiid) < ϵgen) as R→∞, hence the proof is complete.1313

C.4 Proof of Sought-After Result1314

We are now ready to prove Theorem 9. We assume WLOG that W ∗ = 0 as all claims are invariant to1315

a mean shift. First note that we have1316

lim
k→∞

P(Lgen(W ) < ϵgen) = P(Lgen(Wiid) < ϵgen)

where Wiid is a centered Gaussian matrix (Definition 8), hence it suffices to show that1317

lim
k→∞

sup
ϵtrain>0

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain)− P (Lgen(Wiid) < ϵgen) = 0 .

First, let η1, η2 > 0. We can choose a radius R := R(η1, η2) > 0 such that both1318

sup
k∈N,ϵtrain>0

|P (BR(W ) | Ltrain(W ) < ϵtrain)− 1| < η1

and1319 ∣∣∣∣P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen ∩BR(Wiid))

P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))
− P (Lgen(Wiid) < ϵgen)

∣∣∣∣ < η2 .

Note that such an R exists by Lemma 18 and Lemma 19. Then, we rewrite the conditional probability1320

using the law of total probability by conditioning on the events that W is within B(0, R) and its1321

complement:1322

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain)

= P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain, BR(W ))P (BR(W ) | Ltrain(W ) < ϵtrain)

+ P
(
Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain, BR(W )C

)
P
(
BR(W )C | Ltrain(W ) < ϵtrain

)
.

By the choice of R and the triangle inequality we have1323 ∣∣∣∣P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain)−

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain, BR(W ))

∣∣∣∣ < 2η1 .

Next, note that1324

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain, BR(W ))

=
P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen ∩BR(Wiid))

P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))
.

By Lemma 14, we can divide and multiply by the corresponding probabilities obtained with respect1325

to the matrix Wiid which we converge to as k →∞, and rewrite this ratio as1326

P (Ltrain(W ) < ϵtrain ∩ Lgen(W ) < ϵgen ∩BR(W ))

P (Ltrain(W ) < ϵtrain ∩BR(W ))

=
P (Ltrain(Wiid) < ϵtrain ∩ Lgen(Wiid) < ϵgen ∩BR(Wiid))

P (Ltrain(Wiid) < ϵtrain ∩BR(Wiid))
· α(k,R)

where α(k,R)→ 1 as k →∞ (uniformly in ϵtrain, ϵgen). Again by the choice of R we have that1327 ∣∣∣∣P (Ltrain(W ) < ϵtrain ∩ Lgen(W ) < ϵgen ∩BR(W ))

P (Ltrain(W ) < ϵtrain ∩BR(W ))
− P (Lgen(Wiid) < ϵgen)

∣∣∣∣ < η2 .

Overall we obtain that for any ϵtrain > 01328

lim sup
k→∞

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain)

≤ 2η1 + lim
k→∞

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain, BR(W ))

≤ 2η1 + η2 + P (Lgen(Wiid) < ϵgen) .
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Since the above holds for all η1, η2 > 0 we obtain that1329

lim sup
k→∞

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain) ≤ P (Lgen(Wiid) < ϵgen) .

A symmetric argument applied to lim infk→∞ P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain) implies that1330

lim inf
k→∞

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain) ≥ P (Lgen(Wiid) < ϵgen)

and hence1331

lim
k→∞

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain) = P (Lgen(Wiid) < ϵgen) .

Since the above holds uniformly in ϵ > 0 we conclude that1332

lim
k→∞

sup
ϵtrain>0

P (Lgen(W ) < ϵgen | Ltrain(W ) < ϵtrain)− P (Lgen(W ) < ϵgen) = 0

as required.1333

D Auxiliary Theorems, Lemmas and Definitions1334

In this appendix we provide additional theorems, lemmas and definitions used throughout our proofs.1335

Definition 8. Let W ∈ Rm,m′
be a random matrix. We say that W is a centered Gaussian matrix1336

when the entries of W are drawn independently fromN (0, ν) where ν ∈ R>0 is some fixed variance.1337

Lemma 20. Let P(·) be some distribution on R that is symmetric, i.e., if x ∼ P(·) then −x ∼ P(·).1338

Let f : R→ R be some antisymmetric function, i.e.,1339

∀x ∈ R. f(x) = −f(−x) .

Then1340

E
x∼P(·)

[f(x)] = 0 .

Proof. Since P(·) is symmetric and f is antisymmetric, it holds that1341

E
x∼P(·)

[f(x)] = E
−x∼P(·)

[f(−x)] = − E
−x∼P(·)

[f(x)] = − E
x∼P(·)

[f(−x)] .

The claim follows by rearranging.1342

Lemma 21. Let f : R → R be some function, A ∈ Rm,m′
be some matrix and α ∈ [m′] be some1343

index. Denote by eα ∈ Rm′
the standard basis vector with 1 in its α entry and zeros elsewhere. Then1344

f(A)eα = f(Aeα)

where f applied to a matrix or a vector is a shorthand for f applied to each entry.1345

Proof. Observe that1346

f(A)eα =

 f(A11) · · · f(A1m′)
...

. . .
...

f(Am1) · · · f(Amm′)

 eα

=

 f(A1α)
...

f(Amα)


= f(Aeα)

as required.1347

Definition 9. The total variational distance (TV distance) between two random variables X,Y on1348

the same space Ω is defined as1349

TV (X,Y ) = sup
A⊆Ω
|P(X ∈ A)− P(Y ∈ A)|
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Lemma 22. For any two random variables X,Y on the same space Ω and any c > 0 It holds that1350

TV (cX, cY ) = TV (X,Y )

Proof. By Definition 9 it holds that1351

TV (X,Y ) = sup
A⊆Ω
|P(X ∈ A)− P(Y ∈ A)|

For any A ⊆ Ω denote c ·A := {c · x|x ∈ A}. Hence the above is equal to1352

sup
A⊆Ω
|P(cX ∈ c ·A)− P(cY ∈ c ·A)| = TV (cX, cY )

as required.1353

Theorem 11. Let {Wj}j∈[d] be a set of random matrices where for each j ∈ [d], Wj ∈ Rmj+1,mj1354

where md+1 = m, m1 := m′ and mj = k for all j = 2, . . . , d. Suppose that for each j ∈ [d],1355

the matrix Wj is centered Gaussian (Definition 8) with variance 1
mj

. Let W =
∏1

j=dWj and let1356

W ∗ ∈ Rm,m′
be a centered Gaussian matrix with variance 1

m′ . Assume that k ≥ m. Then1357

TV (W,W ∗) ≤ C(d− 1)

√
m ·m′

k

for some universal constant C > 0.1358

Proof. Theorem 1 in Li and Woodruff [61] states that for random matrices Uj ∈ Rmj+1,mj , j ∈ [d]1359

where md+1 = m,m1 = m′ and mj = k, j = 2, . . . , d with entries drawn independently from1360

N (0, 1), and a random matrix U ∈ Rm,m′
with entries drawn independently from N (0, 1), it holds1361

that1362

TV (
1√
k
U,

1∏
j=d

1√
k
Uj) ≤ C(d− 1)

√
m ·m′

k

for some universal constant C > 0 such. Per Lemma 22, scaling 1√
k
U and

∏1
j=d

1√
k
Uj by a factor1363

of
√
k√
m′ preserves the TV distance between the two random variables. Hence,1364

TV (
1√
m′
U,

2∏
j=d

1√
k
Uj ·

1√
m′
U1) = TV (

1√
k
U,

1∏
j=d

1√
k
Uj) ≤ C(d− 1)

√
m ·m′

k
.

The proof concludes by noting that W =
∏2

j=d
1√
k
Uj · 1√

m′U1 and W ∗ = 1√
m′U .1365

Lemma 23. Let p : Rd → R be some polynomial. The zero set of p,1366

{x ∈ Rd : p(x) = 0},

is either Rd or has Lebesgue measure zero.1367

Proof. See Caron and Traynor [18].1368

Lemma 24. For any two matrices A ∈ Rm,n and B ∈ Rn,p it holds that1369

∥AB∥F ≤ ∥A∥F ∥B∥F

Proof. This is a clssical result that follows from the Cauchy-Schwarz inequality.1370

Lemma 25. For any centered gaussian matrix X ∈ Rp,q (Definition 8) there exists a sufficiently1371

large constant N ∈ R>0 and a constant c10 ∈ R>0 depdendent on p, q such that with probability at1372

least 1− e−c10N it holds that1373

∥X∥F ≤ N .
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Proof. This follows from standard concentration inequalities for χ2 random variables.1374

Lemma 26. Let A ∈ Rm,n and C ∈ Rp,q be matrices with singular value decompositions1375

A =

rA∑
i=1

σA
i u

A
i

(
vA
i

)⊤
, C =

rC∑
j=1

σC
j u

C
j

(
vC
j

)⊤
.

We denote the the rank one summands of A and C as1376

Xi = σA
i u

A
i

(
vA
i

)⊤
, Yj = σC

j u
C
j

(
vC
j

)⊤
.

Let B ∈ Rn,p be a rank one matrix of the form1377

B = uBv
⊤
B .

Then for any i ∈ [rA], j ∈ [rC ] it holds that1378

∥ABC∥2F ≥ ∥XiBYj∥2F .

Proof. Substituting the singular value decompositions of A and C into the product, we obtain1379

ABC =

(
rA∑
i=1

Xi

)
B

 rC∑
j=1

Yj

 .

Expanding the product yields1380

ABC =

rA∑
i=1

rC∑
j=1

XiBYj .

To show that the terms XiBYj are mutually orthogonal, we compute the Frobenius inner product1381

between two distinct terms:1382

⟨XiBYj , Xi′BYj′⟩ = Tr
(
(XiBYj)

⊤(Xi′BYj′)
)
.

Using the definitions1383

Xi = σA
i u

A
i

(
vA
i

)⊤
, Yj = σC

j u
C
j

(
vC
j

)⊤
,

the term XiBYj expands as1384

XiBYj = σA
i σ

C
j

(
(vA

i )
⊤uB

) (
v⊤
Bu

C
j

)
uA
i

(
vC
j

)⊤
.

Therefore,1385

(XiBYj)
⊤
= σA

i σ
C
j

((
vA
i

)⊤
uB

) (
v⊤
Bu

C
j

)
vC
j

(
uA
i

)⊤
.

Likewise,1386

Xi′BYj′ = σA
i′ σ

C
j′

((
vA
i′
)⊤

uB

) (
v⊤
Bu

C
j′
)
uA
i′
(
vC
j′
)⊤

.

Substituting into the inner product and factoring out scalars we obtain that1387

⟨XiBYj , Xi′BYj′⟩ =

σA
i σ

C
j

((
vA
i

)⊤
uB

) (
v⊤
Bu

C
j

)
σA
i′ σ

C
j′

((
vA
i′
)⊤

uB

) (
v⊤
Bu

C
j′
)
Tr
(
vC
j

(
uA
i

)⊤
uA
i′
(
vC
j′
)⊤)

.

Using the cyclic property of trace,1388

Tr
(
vC
j

(
uA
i

)⊤
uA
i′
(
vC
j′
)⊤)

=
((

vC
j′
)⊤

vC
j

)((
uA
i

)⊤
uA
i′

)
.

Since the singular vectors uA
i ,v

A
i ,u

C
j ,v

C
j are orthonormal,1389 (

uA
i

)⊤
uA
i′ = δii′ ,

(
vC
j

)⊤
vC
j′ = δjj′ .

Thus, the trace vanishes whenever i ̸= i′ or j ̸= j′. Applying the Pythagorean theorem for the1390

Frobenius norm,1391

∥ABC∥2F =

rA∑
i=1

rC∑
j=1

∥XiBYj∥2F .

Since every term in the sum is non-negative, for any i ∈ [rA], j ∈ [rC ] it holds that1392

∥ABC∥2F ≥ ∥XiBYj∥2F
as required.1393
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Lemma 27. LetW ∈ Rm,n be a centered Gaussian matrix (Definition 8) with variance one. Consider1394

the singular value decomposition (SVD) of W :1395

W = UΣV ⊤ ,

where U ∈ Rm,m and V ∈ Rn,n are orthogonal matrices, and Σ is a diagonal matrix of singular1396

values. Then, the first left singular vector u1 (the first column of U ) and the first right singular vector1397

v1 (the first column of V ) are uniformly distributed on the unit spheres Sm−1 and Sn−1, respectively.1398

Proof. Since W is an m,n matrix with independent standard normal entries, its distribution is1399

invariant under orthogonal transformations. That is, for any orthogonal matrices Q ∈ O(m) and1400

P ∈ O(n), the distribution of W satisfies1401

QWP
d
=W .

This follows from the fact that a Gaussian matrix remains Gaussian after orthogonal transformations,1402

and the standard normal distribution is rotationally invariant.1403

Consider the singular value decomposition1404

W = UΣV ⊤ .

The left singular vectors of W are the eigenvectors of WW⊤, and the right singular vectors are1405

the eigenvectors of W⊤W . Since W is rotationally invariant, so is the Gram matrix WW⊤, which1406

determines the left singular vectors. Specifically, for any fixed orthogonal matrix Q,1407

QWW⊤Q⊤ d
=WW⊤ .

This implies that the eigenvectors of WW⊤, which form the columns of U , must be uniformly dis-1408

tributed on the unit sphere Sm−1, since no particular direction is preferred. Thus, u1 ∼ Unif(Sm−1).1409

Similarly, considering W⊤W , the right singular vectors (columns of V ) are eigenvectors of W⊤W ,1410

and by the same rotational invariance argument,1411

PW⊤WP⊤ d
=W⊤W

for any orthogonal matrix P ∈ O(n). This implies that v1 ∼ Unif(Sn−1).1412

The singular values σ1, . . . , σmin(m,n) of W are independent of the singular vectors. This follows1413

from standard results in random matrix theory, where the eigenvectors of a Wishart matrix (which1414

are the singular vectors of W ) are independent of its eigenvalues (which correspond to the squared1415

singular values of W ). Thus, u1 and v1 are independent from the singular values and remain1416

uniformly distributed on their respective spheres.1417

Definition 10. The Gamma function, denoted by Γ(z) for z > 0, is defined as:1418

Γ(z) =

∫ ∞

0

tz−1e−tdt .

Lemma 28. Let A ∈ Rm,n be a centered Gaussian matrix (Definition 8) with variance one. Then1419

there exists a constant c11 ∈ R>0 depdendent on m,n such that for any x ∈ (0, 1) it holds that1420

P (σ1(A) ≤ x) ≤ c11xmn

where σ1(A) is the largest singular value of A.1421

Proof. Note that ∥A∥2F is a Chi-squared random variable with mn degrees of freedom, i.e., it holds1422

that ∥A∥2F ∼ χ2
mn. The density of for this distribution is given by1423

f(x;mn) =

x
mn
2

−1e−
x
2

2
mn
2 Γ(mn

2 )
, x > 0

0 , x = 0
,

where Γ(·) is the Gamma function (Definition 10). Hence, we obtain that1424

P
(
∥A∥2F ≤ x

)
=

∫ x

0

f(s;mn)ds = O(x
mn
2 ) .
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Now note that for any matrix M ∈ Rm,n it holds that1425

σ1(M)2 ≥
∥M∥2F

min{m,n}
,

thus1426

P (σ1(A) ≤ x) = P
(
σ1(A)

2 ≤ x2
)
≤ P

(
∥A∥2F ≤ min{m,n}x2

)
= O(xmn)

as required.1427

Lemma 29. Let v ∈ Rn be some fixed unit vector, and let u be a random vector uniformly distributed1428

on the unit sphere Sn−1 in Rn. Define Z = ⟨u,v⟩ as their inner product. Then there exists a constant1429

c12 ∈ R>0 depdendent on n such that for any x ∈ [−1, 1]1430

P(|Z| ≤ x) ≤ c12|x| .

Proof. First note that by symmetry, we can assume WLOG that v is also uniformly distributed on1431

the unit sphere. By Theorem 1 in Cho [22], the probability density function of Z for any z ∈ [−1, 1]1432

is given by:1433

fZ(z) =
Γ
(
n
2

)
√
π Γ
(
n−1
2

) (1− z2)n−3
2 ,

where Γ(·) is the Gamma function (Definition 10). In particular, Z has a bounded density supported1434

on [−1, 1]. It follows that for any x ∈ [−1, 1]1435

P (|Z| ≤ x) =
∫ x

−x

fZ(z)ds = O(|x|)

as required.1436

Lemma 30. For any m,n ∈ N and ϵ ∈ R>0, there exists a collection of rank 1 matrices {Ei ∈1437

Rm,n}i∈[M ] where M is depdendent on m,n and ϵ, such that for any rank 1 matrix E ∈ Rm,n with1438

∥E∥F = 1 there exists some index i ∈ [M ] for which1439

∥E − Ei∥F < ϵ .

Proof. Standard, see Vershynin [105].1440

Definition 11. Let X be a random vector taking values in Rm. The characteristic function of X is1441

the function φX : Rm → C defined for any t ∈ Rm by:1442

φX(t) = E
[
ei⟨t,X⟩

]
,

where ⟨t, X⟩ denotes the standard inner product in Rm.1443

Lemma 31. Let X be a random vector taking values in Rm and let ϕX(t) be its characteristic1444

function (Definition 11). If X has a probability density function fX(x), then it can be recovered1445

using the following inversion formula1446

fX(x) =
1

(2π)m

∫
Rm

e−i⟨t,x⟩ϕX(t)dt .

Proof. Standard, see Zitkovic [121].1447

Lemma 32. Let f : Rm → [0,∞) be a probability density function with characteristic function1448

φ(t). The supremum of f , denoted by ∥f∥∞ := supx∈Rm |f(x)|, is bounded by the L1-norm of its1449

characteristic function. Specifically,1450

∥f∥∞ ≤
1

(2π)m

∫
Rm

|φ(t)|dt .
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Proof. By the Fourier inversion formula for a probability density function f on Rm (Lemma 31):1451

f(x) =
1

(2π)m

∫
Rm

e−i⟨t,x⟩φ(t)dt .

Taking the absolute value, we get:1452

|f(x)| ≤ 1

(2π)m

∫
Rm

∣∣∣e−i⟨t,x⟩
∣∣∣ |φ(t)|dt .

Since
∣∣e−i⟨t,x⟩

∣∣ = 1 for all t ∈ Rm, the latter simplifies to:1453

|f(x)| ≤ 1

(2π)m

∫
Rm

|φ(t)|dt .

Taking the supremum over all x ∈ Rm, we obtain:1454

∥f∥∞ ≤
1

(2π)m

∫
Rm

|φ(t)|dt

as required.1455

Lemma 33. LetX be a random vector in Rm with density function fX(x) and characteristic function1456

ϕX(t). For any two points x,y ∈ Rm, the difference between their densities is bounded by:1457

|fX(x)− fX(y)| ≤ ∥x− y∥2
(2π)m

∫
Rm

∥t∥2|ϕX(t)|dt .

Proof. From the inversion formula for the density function (Lemma 31), we write:1458

fX(x)− fX(y) =
1

(2π)m

∫
Rm

(
e−i⟨t,x⟩ − e−i⟨t,y⟩

)
ϕX(t)dt .

By factoring out the exponentials:1459

e−i⟨t,x⟩ − e−i⟨t,y⟩ = e−i⟨t,y⟩
(
1− ei⟨t,y−x⟩

)
.

Taking absolute values and using the bound:1460 ∣∣∣1− ei⟨t,y−x⟩
∣∣∣ ≤ | ⟨t,y − x⟩ | ,

resulting in1461

|fX(x)− fX(y)| ≤ 1

(2π)m

∫
Rm

| ⟨t,y − x⟩ ||ϕX(t)|dt .

Finally, applying the Cauchy-Schwarz inequality we obtain that1462

| ⟨t,y − x⟩ | ≤ ∥t∥2∥x− y∥2 ,

which implies that1463

|fX(x)− fX(y)| ≤ ∥x− y∥2
(2π)m

∫
Rm

∥t∥2|ϕX(t)|dt

as required.1464

Lemma 34. Let X ∼ N (0,Σ) be a zero-centered Gaussian random vector in Rm with covariance1465

matrix Σ ∈ Rm,m. The characteristic function of X is given for any t ∈ Rm by:1466

φX(t) = exp

(
−1

2
⟨t,Σt⟩

)
.

Proof. Standard, see Vershynin [106].1467
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Lemma 35. Let X ∼ N (0, Im) be a standard Gaussian random vector in Rm, and let A ∈ Rm,m1468

be a positive semi-definite (PSD) matrix. It holds that1469

E
[
e−X⊤AX

]
=

1√
det(Im + 2A)

.

Proof. The expectation is given by:1470

E
[
e−X⊤AX

]
=

∫
Rm

e−x⊤Ax 1

(2π)m/2
e−

1
2x

⊤xdx .

Combine the exponential terms:1471

e−x⊤Axe−
1
2x

⊤x = e−
1
2x

⊤(2A+Im)x .

Thus,1472

E
[
e−X⊤AX

]
=

1

(2π)m/2

∫
Rm

e−
1
2x

⊤(2A+Im)xdx .

This is the Gaussian integral over Rm for a quadratic form. Using the standard result for multivariate1473

Gaussian integrals1474 ∫
Rm

e−
1
2x

⊤Bxdx =
(2π)m/2√
det(B)

where B is a PSD matrix. Observing that the matrix B = Im + 2A is PSD, we conclude that1475

E
[
e−X⊤AX

]
=

1√
det(Im + 2A)

as required.1476

Lemma 36. Let f : Rm,m → R be a function that depends only on the singular values of a matrix1477

X ∈ Rm,m. Then, the integral of f over the space Rm,m matrices can be expressed as an integral1478

over the singular values as follows:1479 ∫
Rm,m

f(X)dX = Cm

∫
σ1≥σ2≥···≥σm≥0

f(σ) ·∆(σ)2dσ

where:1480

• Cm is a constant depending on the dimension m.1481

• ∆(σ) =
∏

1≤i<j≤m(σ2
i − σ2

j ) is the Vandermonde determinant of the squared singular1482

values.1483

• dσ represents the differential volume element over the singular values.1484

Proof. Consider the singular value decomposition (SVD) of X:1485

X = UΣV ⊤ ,

where U, V ∈ O(m) are orthogonal matrices, and Σ = diag(σ1, σ2, . . . , σm) is a diagonal matrix1486

containing the singular values σi of X .1487

The differential volume element dX in the space of m,m matrices can be decomposed into the1488

product of volume elements corresponding to U , Σ, and V , along with the Jacobian determinant of1489

the transformation:1490

dX = J(Σ)dUdΣdV

where J(Σ) is the Jacobian determinant associated with the change of variables from X to (U,Σ, V ).1491

For a function f that depends only on the singular values, the integral over the orthogonal matrices U1492

and V contribute to the constant Cm, allowing us to focus on the integral over the singular values.1493
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The Jacobian determinant J(Σ) for the transformation involving singular values in the space of m,m1494

matrices is given by:1495

J(Σ) = ∆(σ)2

where ∆(σ) =
∏

1≤i<j≤m(σ2
i − σ2

j ) (see Rennie [85]).1496

Therefore, the integral over the space of m,m matrices can be rewritten as:1497 ∫
Rm,m

f(X)dX = Cm

∫
σ1≥σ2≥···≥σm≥0

f(σ) ·∆(σ)2dσ

where dσ is the measure on the singular values.1498

Corollary 3. Consider the function f(X) = ∥X∥F

 1√
det

(
I+X⊤X

km

)
k

, where X ∈ Rm,m. Using1499

the change of variables to singular values (Lemma 36):1500

∫
Rm,m

∥X∥F

 1√
det
(
I + X⊤X

km

)


k

dX

= Cm

∫
σ1≥σ2≥···≥σm≥0

(
m∑
i=1

σ2
i

)1/2

·

 1√∏m
i=1 1 +

σ2
i

km

k

∆(σ)2dσ ,

where:1501

• ∥X∥F =
(∑m

i=1 σ
2
i

)1/2
is the Frobenius norm of X .1502

•
√
det
(
I + X⊤X

km

)
=

√∏m
i=1

(
1 +

σ2
i

km

)
.1503

• ∆(σ) =
∏

1≤i<j≤m

(
σ2
i − σ2

j

)
is the Vandermonde determinant of the squared singular1504

values.1505

This reduces the integral to one over the singular values σ1, σ2, . . . , σm.1506

Definition 12. The Beta function, denoted by B(x, y) for x, y > 0, is defined as:1507

B(x, y) =

∫ ∞

0

tx−1

(1 + t)x+y
dt .

Lemma 37. For any x, y > 0 it holds that1508

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
.

Proof. Standard, see Davis [26].1509

Lemma 38. For large z, the ratio of the Gamma function evaluated at z and z + c for any constant c1510

satisfies:1511

Γ(z + c)

Γ(z)
∼ zc as z →∞ .

Proof. Using Stirling’s approximation for the Gamma function:1512

Γ(z) ∼
√
2πzz−1/2e−z, as z →∞ ,
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we compute the ratio:1513

Γ(z + c)

Γ(z)
∼
√
2π(z + c)z+c−1/2e−(z+c)

√
2πzz−1/2e−z

.

Simplify the terms:1514

Γ(z + c)

Γ(z)
∼ (z + c)z+c−1/2e−c

zz−1/2
.

Taking the dominant term for large z, we approximate z + c ∼ z, so:1515

Γ(z + c)

Γ(z)
∼ zc

as required.1516

Lemma 39. Let Φ denote a Gaussian measure on Rn with mean zero and covariance matrix Σ. For1517

any two closed, symmetric, convex subsets A,B ⊂ Rn, the Gaussian Correlation Inequality (GCI)1518

states:1519

Φ(A ∩B) ≥ Φ(A)Φ(B) .

Proof. See Latała and Matlak [58].1520

Lemma 40. For all δ > 0, there exists a constant c(δ) such that with probability at least 1− δ, the1521

norm of an L-dimensional standard Gaussian vector X ∼ N (0, IL) satisfies:1522

∥X∥ ≤ c(δ)
√
L .

Proof. See Vershynin [104].1523

E Theorem 3.3 From Soltanolkotabi et al. [92]1524

Proposition 1 restates Theorem 3.3 from Soltanolkotabi et al. [92] using O- and Õ-notations. For1525

completeness, Proposition 4 below restates the theorem without these notations.1526

Proposition 4 (restatement of Theorem 3.3 from [92], without O- and Õ-notations). There exist1527

universal constants c1, . . . , c10 ∈ R>0 with which the following holds. Suppose the activation σ(·)1528

is linear (i.e., σ(α) = α for all α = R), and the depth d equals two. Let κ ∈ R>0 be the condition1529

number ofW ∗. LetQ(·) be a zero-centered Gaussian probability distribution, i.e.,Q(·) = N (· ; 0, ν),1530

with variance1531

0 < ν ≤ c1∥W ∗∥F
√
m′

k9.5 (max{m+m′, k})4

( √
k −
√
r − 1

c2κ2
√
max{m+m′, k}

)c3κ

(recall that r is the rank of the ground truth matrix W ∗, whose dimensions are m and m′). Let P(·)1532

be the probability distribution over weight settings that is generated by Q(·) (Definition 3). Assume1533

the measurement matrices (Ai)
n
i=1 satisfy an RIP (Definition 1) of order 2r + 1 with a constant1534

δ ∈ (0,min{1, c4/(κ3
√
r)}). Consider minimization of the training lossLtrain(·) via gradient descent1535

(Equation (7)) with initialization drawn from P(·) and step size1536

0 < η ≤ c5
κ5∥W ∗∥F

· 1

ln
(

4
√
2(km′)1/4∥W∗∥F√
ν(

√
k−

√
r−1)

) .

Then, there exists some τ ∈ N which satisfies1537

τ ≤
c6 ln

(
4
√
2(km′)1/4∥W∗∥F√
ν(

√
k−

√
r−1)

)
ησmin(W ∗)

,

such that for any width k of the matrix factorization, after τ iterations of gradient descent, with1538

probability at least 1− c7 exp(−c8k) + ck−r+1
9 over its initialization, the generalization loss Lgen(·)1539

is no more than c10∥W ∗∥7/10F ν3/10/(km′)3/20.1540

51



0 25 50 75 100 125 150
Width

0.0

0.1

0.2

Ge
ne

ra
liz

at
io

n 
Lo

ss

Linear

Momentum
Prior
G&C

0 25 50 75 100 125 150
Width

0.00

0.05

0.10

0.15

0.20
Tanh

0 25 50 75 100 125 150
Width

0.00

0.05

0.10

0.15
Leaky ReLU

Figure 3: In line with our theory (Section 4.2), as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. This figure adheres to the caption of Figure 1, except that we employ gradient descent with a momentum
coefficient of 0.9 [79]. For further details see Figure 1 and Appendix G.
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Figure 4: In line with our theory (Section 4.3), as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2, except that we employ gradient descent with a momentum coefficient of 0.9 [79]. For further
details see Figure 2 and Appendix G.

F Further Experiments1541

Section 5 corroborates our theory by empirically demonstrating that in matrix factorization (Sec-1542

tion 3.3), the generalization attained by G&C (Section 3.5) deteriorates as width increases and1543

improves as depth increases, whereas gradient descent (Section 3.4) attains good generalization1544

throughout. This appendix reports further experiments.1545

Figures 3 and 4 respectively extend Figures 1 and 2 to account for gradient descent with momentum.1546

Figures 5 and 6 respectively extend Figures 1 and 2 to account for a ground truth matrix of rank two.1547

Figures 7 and 8 respectively extend Figures 1 and 2 to account for G&C with a Kaiming Uniform1548

prior distribution. Figures 9 and 10 respectively extend Figures 1 and 2 to a special case where the1549

measurement matrices are indicator matrices (meaning each holds one in a single entry and zeros1550

elsewhere), leading to what is known as low rank matrix completion—a problem that has been studied1551

extensively [125, 123, 127, 122, 129, 124]. Finally, Figure 11 extends Figure 2 to account for G&C1552

with a prior distribution that does not include normalization (Definition 3).1553

G Experimental Details1554

In this appendix, we provide experimental details omitted from Section 5 and Appendix F. Code for1555

reproducing all demonstrations will be made publicly available with the camera-ready version of the1556

paper. All experiments were implemented using Pytorch [126] and carried out on a single Nvidia1557

RTX A6000 GPU.1558

Ground truth matrix. In all experiments the ground truth matrices were generated via the following1559

procedure. First, two matrices U ∈ Rm,r and V ∈ Rr,m′
were generated by independently drawing1560

each of their entries from the standard Gaussian distribution N (·; 0, 1). Here r stands for the desired1561

ground truth matrix rank. Then, the ground truth matrix was set as1562

W ∗ =
b

∥UV ∥F
· UV ,

where b stands for the desired ground truth matrix norm. This procedure ensured that W ∗ had rank r1563

and norm b. In the experiments reported in Figures 5 and 6, the ground truth matrices were of rank1564

two and norm one. In the rest of the experiments, the ground truth matrices were of rank one and1565

norm one.1566

Measurement matrices. In all experiments, the training measurement matrices were generated by1567

independently drawing each of their entries from the standard Gaussian distribution N (·; 0, 1), and1568
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Figure 5: In line with our theory (Section 4.2), as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. In contrast, gradient descent attains good generalization across all widths. This figure adheres to the caption
of Figure 1, except that the ground truth matrix had rank two and the training data size was n = 22. For further
details see Figure 1 and Appendix G.
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Figure 6: In line with our theory (Section 4.3), as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2, except that the ground truth matrix had rank two and the training data size was n = 22. We
note that with larger depths, the generalization attained by gradient descent is not as good as it is with smaller
depths.6For further details see Figure 2 and Appendix G.

then normalizing each matrix to have norm one. For each set of training measurements, the corre-1569

sponding orthonormal basis B was generated by performing the Gram-Schmidt process and taking the1570

components which were not spanned by the original set of measurements. In the experiments reported1571

in Figures 5 and 6 the amount of training measurements was 22. In the rest of the experiments the1572

amount of training measurements was 15.1573

G&C optimization. A G&C sample consisted of a drawing of the weight matrices W1, . . . ,Wd and1574

computation of the factorization W (Equation (4)). If the training loss (Equation (5)) of the given1575

factorization is lower than ϵtrain then the sample is considered succesful. Table 1 reports the value of1576

ϵtrain used in each experiment.1577

For each trial—that is, for each random draw of the ground truth and measurement matrices—the1578

G&C algorithm was executed by drawing num_samples samples and averaging the generalization1579

losses of all succesful samples. Table 2 reports the value of num_samples used in each experiment.1580

To efficiently execute the G&C algorithm, the following batched implementation was used. Given1581

a sample batch size bs, for each layer j ∈ [d], the layer’s weight matrices Wj ∈ Rmj+1,mj were:1582

(i) drawn in parallel as a tensor of dimensions (bs,mj+1,mj); (ii) multiplied in parallel with the1583

factorizations produced in the previous layer via the bmm(·) function of Pytorch; and; (iii) applied the1584

activation function elementwise. The weights of the jth layer were drawn with independent entries1585

from either N (·; 0, 1) or U(·;−1, 1) and then scaled by√mj . This procedure was performed until a1586

total of num_samples samples are accumulated. In experiments where the final factorizations were1587

normalized, a softening constant of size 10−6 was added to the denominator.1588

GD optimization. In all of the experiments we trained gradient descent using the empirical sum of1589

squared errors as a loss function and optimized over full batches.1590

All weights matrices were initialized as follows. First, for each layer j ∈ [d], the layer’s weight matrix1591

Wj ∈ Rmj+1,mj was drawn with independent entries from U
(
·;−1/√mj , 1/

√
mj

)
(this is the1592

default Pytorch initialization). Next, in order to facilitate a near-zero initialization, all weight matrices1593

were further scaled by a scalar init_scale. init_scale was set to 10−3 in all the experiments1594

6We examined weight settings found by gradient descent, and observed that with larger depths, the factorized
matrix W (Equation (4)) had an effective rank [128] lower than that of the ground truth matrix W ∗. This aligns
with the conventional wisdom by which adding layers to a matrix factorization leads gradient descent to have
stronger implicit bias towards low rank [5, 23]. The fact that it was possible to fit the training data with an
effective rank lower than that of the ground truth matrix, is an artifact of the training data size being limited in
order to ensure reasonable runtime by G&C.
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Figure 7: In line with our theory (Section 4.2), as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. This figure adheres to the caption of Figure 1, except that the prior distribution of G&C was Kaiming
Uniform. For further details see Figure 1 and Appendix G.
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Figure 8: In line with our theory (Section 4.3), as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2, except that the prior distribution of G&C was Kaiming Uniform. For further details see
Figure 2 and Appendix G.

of Figures 1, 3, 5, 7, and 9. Table 3 reports the values of init_scale used in the experiments of1595

Figures 2, 4, 6, 8, 10, and 11.1596

In order to facilitate more efficient experimentation, we optimized using gradient descent with an1597

adaptive learning rate scheme, where at each iteration a base learning rate is divided by the square1598

root of an exponential moving average of squared gradient norms (see appendix D.2 in Razin et al.1599

[84] for more details). We used a weighted average coefficient of α = 0.99 and a softening constant1600

of 10−6. Note that only the learning rate (step size) is affected by this scheme, not the direction1601

of movement. Comparisons between the adaptive scheme and optimization with a fixed learning1602

rate showed no significant difference in terms of the dynamics, while run times of the former were1603

considerably shorter. The base learning rate η was set to 10−4 in all the experiments of Figures 1, 3,1604

5, 7, and 9. Table 4 specifies the base learning rates used in the experiments of Figures 2, 4, 6, 8, 10,1605

and 11. Table 5 specifies the number of epochs used in each experiment.1606
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Figure 9: In line with our theory (Section 4.2), as the width of a matrix factorization increases, the generalization
attained by G&C deteriorates, to the point of being no better than chance, i.e., no better than the generalization
attained by randomly drawing a single weight setting from the prior distribution while disregarding the training
data. This figure adheres to the caption of Figure 1, except that measurement matrices were indicator matrices
(meaning each held one in a single entry and zeros elsewhere), leading to a low rank matrix completion problem.
For further details see Figure 1 and Appendix G.
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Figure 10: In line with our theory (Section 4.3), as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2, except that measurement matrices were indicator matrices (meaning each held one in a
single entry and zeros elsewhere), leading to a low rank matrix completion problem. For further details see
Figure 2 and Appendix G.
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Figure 11: In line with our theory (Section 4.3), as the depth of a matrix factorization increases, the generalization
attained by G&C improves, thereby approaching that attained by gradient descent. This figure adheres to the
caption of Figure 2, except that the prior distribution of G&C did not include normalization. For further details
see Figure 2 and Appendix G.

Table 1: Training error ϵtrain used in the experiments of Figures 1 to 11.

Setting ϵtrain

Figures 1, 3, 5, 7, and 9 0.02
Figures 2, 4, 8, and 10 0.0035
Figures 6 and 11 0.01

Table 2: Number of G&C samples used in the experiments of Figures 1 to 11.

Setting num_samples

Figures 1, 3, 5, 7, and 9 108

Figures 2, 4, 6, 8, 10, and 11 109
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Table 3: Gradient descent initialization scale used in the experiments of Figures 2, 4, 6, 8, 10, and 11 (increasing
depth). The first three columns (left) specify the experiment (setting, activation function and associated depths
d), and the last column specifies value of init_scale used.

Setting Activation d init_scale

Figures 2, 4, 6, 8, 10, and 11 Linear, Tanh, Leaky ReLU 2, 3, 4 0.001
Figures 2, 4, 6, 8, 10, and 11 Linear, Tanh 5, 6, 7, 8 0.1
Figures 2, 4, 6, 8, 10, and 11 Linear, Tanh 9, 10 0.2
Figures 2, 4, 6, 8, 10, and 11 Leaky ReLU 5 0.03
Figures 2, 4, 6, 8, 10, and 11 Leaky ReLU 6, 7 0.1
Figures 2, 4, 6, 8, 10, and 11 Leaky ReLU 8, 9 0.2
Figures 2, 4, 6, 8, 10, and 11 Leaky ReLU 10 0.8

Table 4: Gradient descent base learning rate used in the experiments of Figures 2, 4, 6, 8, 10, and 11 (increasing
depth). The first three columns (left) specify the experiment (setting, activation function and associated depths
d), and the last column specifies the base learning rate η used.

Setting Activation d η

Figures 2, 4, 6, 8, 10, and 11 Linear, Tanh 2, . . . , 10 0.01
Figures 2, 4, 6, 8, 10, and 11 Leaky ReLU 2, 3, 4 0.01
Figures 2, 4, 6, 8, 10, and 11 Leaky ReLU 5, . . . , 10 0.1

Table 5: Number of gradient descent epochs used in the experiments of Figures 1 to 11. The first two columns
(left) specify the experiment (setting and activation functions), and the last column specifies the number of
epochs used.

Setting Activation Number of Epochs
Figures 1, 3, 5, 7, and 9 Linear, Tanh, Leaky ReLU 100000
Figures 2, 4, 8, 10, and 11 Linear, Tanh 20000
Figure 6 Linear, Tanh 50000
Figures 2, 4, 6, 8, 10, and 11 Leaky ReLU 50000
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NeurIPS Paper Checklist1607

1. Claims1608

Question: Do the main claims made in the abstract and introduction accurately reflect the1609

paper’s contributions and scope?1610

Answer: [Yes]1611

Justification: All of our theoretical claims and empirical results are clearly presented in1612

Sections 3 and 4 and Section 5 respectively.1613

Guidelines:1614

• The answer NA means that the abstract and introduction do not include the claims1615

made in the paper.1616

• The abstract and/or introduction should clearly state the claims made, including the1617

contributions made in the paper and important assumptions and limitations. A No or1618

NA answer to this question will not be perceived well by the reviewers.1619

• The claims made should match theoretical and experimental results, and reflect how1620

much the results can be expected to generalize to other settings.1621

• It is fine to include aspirational goals as motivation as long as it is clear that these goals1622

are not attained by the paper.1623

2. Limitations1624

Question: Does the paper discuss the limitations of the work performed by the authors?1625

Answer: [Yes]1626

Justification: The limitations of our work are properly discussed in Section 6.1627

Guidelines:1628

• The answer NA means that the paper has no limitation while the answer No means that1629

the paper has limitations, but those are not discussed in the paper.1630

• The authors are encouraged to create a separate "Limitations" section in their paper.1631

• The paper should point out any strong assumptions and how robust the results are to1632

violations of these assumptions (e.g., independence assumptions, noiseless settings,1633

model well-specification, asymptotic approximations only holding locally). The authors1634

should reflect on how these assumptions might be violated in practice and what the1635

implications would be.1636

• The authors should reflect on the scope of the claims made, e.g., if the approach was1637

only tested on a few datasets or with a few runs. In general, empirical results often1638

depend on implicit assumptions, which should be articulated.1639

• The authors should reflect on the factors that influence the performance of the approach.1640

For example, a facial recognition algorithm may perform poorly when image resolution1641

is low or images are taken in low lighting. Or a speech-to-text system might not be1642

used reliably to provide closed captions for online lectures because it fails to handle1643

technical jargon.1644

• The authors should discuss the computational efficiency of the proposed algorithms1645

and how they scale with dataset size.1646

• If applicable, the authors should discuss possible limitations of their approach to1647

address problems of privacy and fairness.1648

• While the authors might fear that complete honesty about limitations might be used by1649

reviewers as grounds for rejection, a worse outcome might be that reviewers discover1650

limitations that aren’t acknowledged in the paper. The authors should use their best1651

judgment and recognize that individual actions in favor of transparency play an impor-1652

tant role in developing norms that preserve the integrity of the community. Reviewers1653

will be specifically instructed to not penalize honesty concerning limitations.1654

3. Theory assumptions and proofs1655

Question: For each theoretical result, does the paper provide the full set of assumptions and1656

a complete (and correct) proof?1657
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Answer: [Yes]1658

Justification: All of our assumptions are clearly presented before each claim. All claims are1659

rigorously proven in the appendix, with short proof sketches in the main paper.1660

Guidelines:1661

• The answer NA means that the paper does not include theoretical results.1662

• All the theorems, formulas, and proofs in the paper should be numbered and cross-1663

referenced.1664

• All assumptions should be clearly stated or referenced in the statement of any theorems.1665

• The proofs can either appear in the main paper or the supplemental material, but if1666

they appear in the supplemental material, the authors are encouraged to provide a short1667

proof sketch to provide intuition.1668

• Inversely, any informal proof provided in the core of the paper should be complemented1669

by formal proofs provided in appendix or supplemental material.1670

• Theorems and Lemmas that the proof relies upon should be properly referenced.1671

4. Experimental result reproducibility1672

Question: Does the paper fully disclose all the information needed to reproduce the main ex-1673

perimental results of the paper to the extent that it affects the main claims and/or conclusions1674

of the paper (regardless of whether the code and data are provided or not)?1675

Answer: [Yes]1676

Justification: We provide all implementation details in Appendix G, and plan on releasing1677

our code publicly.1678

Guidelines:1679

• The answer NA means that the paper does not include experiments.1680

• If the paper includes experiments, a No answer to this question will not be perceived1681

well by the reviewers: Making the paper reproducible is important, regardless of1682

whether the code and data are provided or not.1683

• If the contribution is a dataset and/or model, the authors should describe the steps taken1684

to make their results reproducible or verifiable.1685

• Depending on the contribution, reproducibility can be accomplished in various ways.1686

For example, if the contribution is a novel architecture, describing the architecture fully1687

might suffice, or if the contribution is a specific model and empirical evaluation, it may1688

be necessary to either make it possible for others to replicate the model with the same1689

dataset, or provide access to the model. In general. releasing code and data is often1690

one good way to accomplish this, but reproducibility can also be provided via detailed1691

instructions for how to replicate the results, access to a hosted model (e.g., in the case1692

of a large language model), releasing of a model checkpoint, or other means that are1693

appropriate to the research performed.1694

• While NeurIPS does not require releasing code, the conference does require all submis-1695

sions to provide some reasonable avenue for reproducibility, which may depend on the1696

nature of the contribution. For example1697

(a) If the contribution is primarily a new algorithm, the paper should make it clear how1698

to reproduce that algorithm.1699

(b) If the contribution is primarily a new model architecture, the paper should describe1700

the architecture clearly and fully.1701

(c) If the contribution is a new model (e.g., a large language model), then there should1702

either be a way to access this model for reproducing the results or a way to reproduce1703

the model (e.g., with an open-source dataset or instructions for how to construct1704

the dataset).1705

(d) We recognize that reproducibility may be tricky in some cases, in which case1706

authors are welcome to describe the particular way they provide for reproducibility.1707

In the case of closed-source models, it may be that access to the model is limited in1708

some way (e.g., to registered users), but it should be possible for other researchers1709

to have some path to reproducing or verifying the results.1710

5. Open access to data and code1711
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Question: Does the paper provide open access to the data and code, with sufficient instruc-1712

tions to faithfully reproduce the main experimental results, as described in supplemental1713

material?1714

Answer: [Yes]1715

Justification: We provide all implementation details in Appendix G, and plan on releasing1716

our code publicly.1717

Guidelines:1718

• The answer NA means that paper does not include experiments requiring code.1719

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/1720

public/guides/CodeSubmissionPolicy) for more details.1721

• While we encourage the release of code and data, we understand that this might not be1722

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not1723

including code, unless this is central to the contribution (e.g., for a new open-source1724

benchmark).1725

• The instructions should contain the exact command and environment needed to run to1726

reproduce the results. See the NeurIPS code and data submission guidelines (https:1727

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.1728

• The authors should provide instructions on data access and preparation, including how1729

to access the raw data, preprocessed data, intermediate data, and generated data, etc.1730

• The authors should provide scripts to reproduce all experimental results for the new1731

proposed method and baselines. If only a subset of experiments are reproducible, they1732

should state which ones are omitted from the script and why.1733

• At submission time, to preserve anonymity, the authors should release anonymized1734

versions (if applicable).1735

• Providing as much information as possible in supplemental material (appended to the1736

paper) is recommended, but including URLs to data and code is permitted.1737

6. Experimental setting/details1738

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-1739

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the1740

results?1741

Answer: [Yes]1742

Justification: We provide all implementation details in Appendix G, and plan on releasing1743

our code publicly.1744

Guidelines:1745

• The answer NA means that the paper does not include experiments.1746

• The experimental setting should be presented in the core of the paper to a level of detail1747

that is necessary to appreciate the results and make sense of them.1748

• The full details can be provided either with the code, in appendix, or as supplemental1749

material.1750

7. Experiment statistical significance1751

Question: Does the paper report error bars suitably and correctly defined or other appropriate1752

information about the statistical significance of the experiments?1753

Answer: [Yes]1754

Justification: The results reported in Section 5 and Appendix F show the medians and their1755

corresponding inter-quartile ranges, each computed from eight distinct random seeds.1756

Guidelines:1757

• The answer NA means that the paper does not include experiments.1758

• The authors should answer "Yes" if the results are accompanied by error bars, confi-1759

dence intervals, or statistical significance tests, at least for the experiments that support1760

the main claims of the paper.1761
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• The factors of variability that the error bars are capturing should be clearly stated (for1762

example, train/test split, initialization, random drawing of some parameter, or overall1763

run with given experimental conditions).1764

• The method for calculating the error bars should be explained (closed form formula,1765

call to a library function, bootstrap, etc.)1766

• The assumptions made should be given (e.g., Normally distributed errors).1767

• It should be clear whether the error bar is the standard deviation or the standard error1768

of the mean.1769

• It is OK to report 1-sigma error bars, but one should state it. The authors should1770

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis1771

of Normality of errors is not verified.1772

• For asymmetric distributions, the authors should be careful not to show in tables or1773

figures symmetric error bars that would yield results that are out of range (e.g. negative1774

error rates).1775

• If error bars are reported in tables or plots, The authors should explain in the text how1776

they were calculated and reference the corresponding figures or tables in the text.1777

8. Experiments compute resources1778

Question: For each experiment, does the paper provide sufficient information on the com-1779

puter resources (type of compute workers, memory, time of execution) needed to reproduce1780

the experiments?1781

Answer: [Yes]1782

Justification: We provide all implementation details in Appendix G, and plan on releasing1783

our code publicly.1784

Guidelines:1785

• The answer NA means that the paper does not include experiments.1786

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1787

or cloud provider, including relevant memory and storage.1788

• The paper should provide the amount of compute required for each of the individual1789

experimental runs as well as estimate the total compute.1790

• The paper should disclose whether the full research project required more compute1791

than the experiments reported in the paper (e.g., preliminary or failed experiments that1792

didn’t make it into the paper).1793

9. Code of ethics1794

Question: Does the research conducted in the paper conform, in every respect, with the1795

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?1796

Answer: [Yes]1797

Justification: This paper fully conforms with the NeurIPS Code of Ethics.1798

Guidelines:1799

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.1800

• If the authors answer No, they should explain the special circumstances that require a1801

deviation from the Code of Ethics.1802

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-1803

eration due to laws or regulations in their jurisdiction).1804

10. Broader impacts1805

Question: Does the paper discuss both potential positive societal impacts and negative1806

societal impacts of the work performed?1807

Answer: [NA]1808

Justification: The paper deals with theoretical properties of generalization in deep learning,1809

and the work performed has no societal impact.1810

Guidelines:1811

• The answer NA means that there is no societal impact of the work performed.1812
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• If the authors answer NA or No, they should explain why their work has no societal1813

impact or why the paper does not address societal impact.1814

• Examples of negative societal impacts include potential malicious or unintended uses1815

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations1816

(e.g., deployment of technologies that could make decisions that unfairly impact specific1817

groups), privacy considerations, and security considerations.1818

• The conference expects that many papers will be foundational research and not tied1819

to particular applications, let alone deployments. However, if there is a direct path to1820

any negative applications, the authors should point it out. For example, it is legitimate1821

to point out that an improvement in the quality of generative models could be used to1822

generate deepfakes for disinformation. On the other hand, it is not needed to point out1823

that a generic algorithm for optimizing neural networks could enable people to train1824

models that generate Deepfakes faster.1825

• The authors should consider possible harms that could arise when the technology is1826

being used as intended and functioning correctly, harms that could arise when the1827

technology is being used as intended but gives incorrect results, and harms following1828

from (intentional or unintentional) misuse of the technology.1829

• If there are negative societal impacts, the authors could also discuss possible mitigation1830

strategies (e.g., gated release of models, providing defenses in addition to attacks,1831

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from1832

feedback over time, improving the efficiency and accessibility of ML).1833

11. Safeguards1834

Question: Does the paper describe safeguards that have been put in place for responsible1835

release of data or models that have a high risk for misuse (e.g., pretrained language models,1836

image generators, or scraped datasets)?1837

Answer: [NA]1838

Justification: The paper does not deal with data or models that have a high risk for misuse.1839

Guidelines:1840

• The answer NA means that the paper poses no such risks.1841

• Released models that have a high risk for misuse or dual-use should be released with1842

necessary safeguards to allow for controlled use of the model, for example by requiring1843

that users adhere to usage guidelines or restrictions to access the model or implementing1844

safety filters.1845

• Datasets that have been scraped from the Internet could pose safety risks. The authors1846

should describe how they avoided releasing unsafe images.1847

• We recognize that providing effective safeguards is challenging, and many papers do1848

not require this, but we encourage authors to take this into account and make a best1849

faith effort.1850

12. Licenses for existing assets1851

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1852

the paper, properly credited and are the license and terms of use explicitly mentioned and1853

properly respected?1854

Answer: [NA]1855

Justification: The paper does not use existing assets.1856

Guidelines:1857

• The answer NA means that the paper does not use existing assets.1858

• The authors should cite the original paper that produced the code package or dataset.1859

• The authors should state which version of the asset is used and, if possible, include a1860

URL.1861

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1862

• For scraped data from a particular source (e.g., website), the copyright and terms of1863

service of that source should be provided.1864
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• If assets are released, the license, copyright information, and terms of use in the1865

package should be provided. For popular datasets, paperswithcode.com/datasets1866

has curated licenses for some datasets. Their licensing guide can help determine the1867

license of a dataset.1868

• For existing datasets that are re-packaged, both the original license and the license of1869

the derived asset (if it has changed) should be provided.1870

• If this information is not available online, the authors are encouraged to reach out to1871

the asset’s creators.1872

13. New assets1873

Question: Are new assets introduced in the paper well documented and is the documentation1874

provided alongside the assets?1875

Answer: [Yes]1876

Justification: We provide all implementation details in Appendix G, and plan on releasing1877

our code publicly.1878

Guidelines:1879

• The answer NA means that the paper does not release new assets.1880

• Researchers should communicate the details of the dataset/code/model as part of their1881

submissions via structured templates. This includes details about training, license,1882

limitations, etc.1883

• The paper should discuss whether and how consent was obtained from people whose1884

asset is used.1885

• At submission time, remember to anonymize your assets (if applicable). You can either1886

create an anonymized URL or include an anonymized zip file.1887

14. Crowdsourcing and research with human subjects1888

Question: For crowdsourcing experiments and research with human subjects, does the paper1889

include the full text of instructions given to participants and screenshots, if applicable, as1890

well as details about compensation (if any)?1891

Answer: [NA]1892

Justification: The paper does not involve crowdsourcing nor research with human subjects.1893

Guidelines:1894

• The answer NA means that the paper does not involve crowdsourcing nor research with1895

human subjects.1896

• Including this information in the supplemental material is fine, but if the main contribu-1897

tion of the paper involves human subjects, then as much detail as possible should be1898

included in the main paper.1899

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1900

or other labor should be paid at least the minimum wage in the country of the data1901

collector.1902

15. Institutional review board (IRB) approvals or equivalent for research with human1903

subjects1904

Question: Does the paper describe potential risks incurred by study participants, whether1905

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1906

approvals (or an equivalent approval/review based on the requirements of your country or1907

institution) were obtained?1908

Answer: [NA]1909

Justification: The paper does not involve crowdsourcing nor research with human subjects.1910

Guidelines:1911

• The answer NA means that the paper does not involve crowdsourcing nor research with1912

human subjects.1913

• Depending on the country in which research is conducted, IRB approval (or equivalent)1914

may be required for any human subjects research. If you obtained IRB approval, you1915

should clearly state this in the paper.1916
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• We recognize that the procedures for this may vary significantly between institutions1917

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1918

guidelines for their institution.1919

• For initial submissions, do not include any information that would break anonymity (if1920

applicable), such as the institution conducting the review.1921

16. Declaration of LLM usage1922

Question: Does the paper describe the usage of LLMs if it is an important, original, or1923

non-standard component of the core methods in this research? Note that if the LLM is used1924

only for writing, editing, or formatting purposes and does not impact the core methodology,1925

scientific rigorousness, or originality of the research, declaration is not required.1926

Answer: [NA]1927

Justification: The core method development in this research does not involve LLMs as any1928

important, original, or non-standard components.1929

Guidelines:1930

• The answer NA means that the core method development in this research does not1931

involve LLMs as any important, original, or non-standard components.1932

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1933

for what should or should not be described.1934
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